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We study the Hatano-Nelson model, i.e., a one-dimensional non-Hermitian chain of spinless
fermions with nearest-neighbor nonreciprocal hopping, in the presence of repulsive nearest-neighbor
interactions. At half-filling, we find two PT transitions, as the interaction strength increases. The
first transition is marked by an exceptional point between the first and the second excited state
in a finite-size system and is a first-order symmetry-breaking transition into a charge-density wave
regime. Persistent currents characteristic of the Hatano-Nelson model abruptly vanish at the tran-
sition. The second transition happens at a critical interaction strength that scales with the system
size and can thus only be observed in finite-size systems. It is characterized by a collapse of all
energy eigenvalues onto the real axis. We further show that in a strong interaction regime, but away
from half-filling, the many-body spectrum shows point gaps with nontrivial winding numbers, akin
to the topological properties of the single-particle spectrum of the Hatano-Nelson chain. Our results
contribute to an understanding of fermionic many-body systems with non-Hermitian Hamiltonians.

Introduction—Non-Hermitian topological phases con-
stitute one of the most recent active research fields in con-
densed matter, cold atom, and photonic physics [1–29].
They have been experimentally realized in different plat-
forms of high controllability [30–44]. So far, most previ-
ous efforts have been devoted to single-particle physics,
with no or only perturbatively small many-body interac-
tions. It is well known that in Hermitian systems strong
interactions among particles give rise to many exotic phe-
nomena, such as unconventional superconductivity, Mott
insulators, and density-wave ordering [45–47]. Thus,
it is of fundamental interest to explore non-Hermitian
phenomena in many-body systems with strong interac-
tions [48–71]. Most of the existing studies on this subject
are focused on the issues of non-Hermitian many-body lo-
calization [49–52] and the non-Hermitian skin effect [54–
62]. However, many-body interaction effects, especially
on bulk fermionic properties, remain largely unexplored
even in simple models.

In this Letter, we study the Hatano-Nelson model of
spinless fermions, a prototypical one-dimensional non-
Hermitian system with nearest-neighbor nonreciprocal
hopping [72], in a ring geometry and under the presence
of the Pauli principle and strong Coulomb interactions.
At half-filling [Fig. 1(a)], we find that as the interaction
strength increases, the imaginary energies of the many-
body spectrum are substantially suppressed, giving rise
to two PT transitions. The first transition is marked
by an exceptional point between the two lowest excited
states (LES) [73] of a finite-size system [see a sketch in
Fig. 1(b)]. By employing exact diagonalization, we show
that this transition corresponds to a first-order quantum
phase transition of the system ground state from a gap-
less phase to a gapped charge-density wave (CDW) that
breaks translation symmetry spontaneously [Fig. 1(c)].

Fig. 1. (a) Single-particle spectrum and (b) low-energy many-
body spectrum at half-filling in the absence of interactions.
The yellow arc denotes the filled states. Two LES have mo-
menta Q = ±π, identical real energy but opposite imaginary
energies ≈ ±4iγ. By increasing the interaction strength U to
a critical value Uc, the two LES collapse onto the real axis, as
sketched by the red arrows. (c) Phase diagram against γ and
U . The red line is UTD, the extrapolated Uc in the TDL. It
demarcates the gapless regime and the gapped CDW regime.

Moreover, it features a sudden disappearance of the char-
acteristic persistent current of the Hatano-Nelson model
in a low-temperature regime. The second transition cor-
responds to a full collapse of the many-body spectrum
onto the real axis. Its critical interaction strength, how-
ever, increases as the system size grows. Thus, it can
only be observed in finite-size systems.

For finite doping away from half-filling, the spectrum
stratifies into clusters with states of a different number of
simultaneously occupied nearest-neighbor sites. The en-
ergy clusters have nonzero extents along the imaginary
axis being largely unaffected by the interaction strength.
Furthermore, in finite-size systems, they exhibit point
gaps with nontrivial winding numbers, implying the lo-
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calization of the many-body states in the presence of
open boundaries [13–15, 74], also for strong interactions.
At half-filling, in contrast, the spectrum shrinks to open
lines (e.g., on the real axis) for strong interactions. Ac-
cordingly, the many-body states extend over the whole
lattice chain with open boundaries.
Interacting Hatano-Nelson model.—We consider the

interacting Hatano-Nelson model of spinless fermions de-
scribed by the following tight-binding Hamiltonian

Ĥ =
∑
`

[(t+ γ)ĉ†` ĉ`+1 + (t− γ)ĉ†`+1ĉ` + Un̂`n̂`+1], (1)

where ĉ†` (ĉ`) is the creation (annihilation) operator of
a fermion at lattice site `, and n̂` = ĉ†` ĉ` is the fermion
number operator with eigenvalues {0, 1}. The real pa-
rameters t and γ denote the reciprocal and nonreciprocal
components of the hopping between neighboring sites, re-
spectively. The last term in Eq. (1) describes the leading
Coulomb interaction with strength U > 0 between two
fermions at adjacent sites. Without loss of generality, we
set t > 0 to be our unit of energy.

To investigate the many-body bulk properties, we
consider the system in a ring geometry with L lattice
sites and N particles. For periodic boundary conditions
(PBC) or anti-PBC [75], the system respects a com-
bined space-time-reversal (PT ) symmetry [76]; thus, the
eigenenergies of the system are either real or come in
complex-conjugate pairs. For single particles without in-
teractions, the spectrum reduces to a closed orbit with a
point gap [Fig 1(a)][77], resulting in the non-Hermitian
skin effect of single-particle states at an open bound-
ary [4–6]. Moreover, the system has a particle-hole sym-
metry [76]. Thus, the spectrum for N particles is es-
sentially the same (up to an overall shift in energy) as
that for L−N particles. Both of these spectral relations
are reproduced by our exact-diagonalization calculations
presented below.
Low-energy PT transition and phase diagram.—It is

instructive to first analyze the case without interactions
(U = 0). In this case, the many-body spectrum displays
a scatter distribution pattern centered at the origin of the
complex-energy plane. When ncl = min(N,L−N)� 1,
its extent along the real and imaginary axes can be esti-
mated as ΞR ≈ tα{N,L} and ΞI ≈ γα{N,L}, respectively,
where α{N,L} = 2L sin(πncl/L)/π [76]. Clearly, the spec-
trum is larger when the system is larger and filled closer
to half-filling. For fixed finite ncl � L, however, its ex-
tent is approximately independent of L and determined
by α{N,L} ≈ 2ncl.

More intriguing features arise when the interaction is
present. We first consider the half-filled (N = L/2) sce-
nario and show that a PT transition appears at low
excitation energies, as U increases. As illustrated in
Fig. 1(b) and the inset of Fig. 2(a), at U = 0, there
is one ground state with purely real energy E0 and two

Fig. 2. (a) Flow of the many-body spectrum at half-filling as
U increases from 0 (cyan) to 3.5t (red). The insets display the
spectra at U = 0 and 3.5t, respectively. All energy eigenvalues
become real when U > Uc,all. We take L = 10 for illustration.
(b) Imaginary energy of LES |Im(E1(2))| as a function of U
for increasing L. The dependence of |Im(E1(2))| on U con-
verges to the red curve as L grows. (c) Maximum imaginary
energy of the spectrum max(ImE) (blue) and Uc,all (orange)
as functions of L. Both quantities diverge as L → ∞. In all
panels, γ = 0.2t. We adopt (anti-)PBC for odd (even) N .

LES with complex-conjugate energies E2 = E∗1 in sys-
tems with odd (even) N and (anti-)PBC [78]. When
L � 1, we have approximately E0 ≈ 2tL/π and E1 =
E∗2 ≈ E0 + 4t sin(π/L) + 4iγ cos(π/L). As U increases,
we find that the energies of the LES approach each other
and merge at an exceptional point on the real axis at a
critical interaction strength U = Uc, and split along the
real axis for U > Uc.

To better understand the low-energy PT transition, we
determine Uc by employing exact diagonalization with
the Lanczos algorithm for varying γ and increasing L
[Figs. 1(c) and 2(b)]. Evidently, |Im(E1)| decays mono-
tonically with increasing U(< Uc) and completely van-
ishes when U > Uc. As L grows, the dependence of
|Im(E1)| on U converges to a curve [red line in Fig. 2(b)].
In the thermodynamic limit (TDL) L→∞, Uc converges
to a finite value UTD. Specifically, for fixed γ, Uc shows
a power-law scaling as L grows, i.e.,

Uc = UTD − βL−α, (2)

where α and β are positive numbers depending on γ.
This feature enables us to extrapolate UTD. The calcu-
lated phase diagram parametrized by U and γ is given
in Fig. 1(c), where the red line is UTD which marks the
phase boundary in the TDL [79]. We observe that UTD
grows monotonically with γ, indicating that the PT tran-
sition occurs even in the TDL and for ultrastrong non-
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Fig. 3. (a) Real part of the low-excitation-energy many-body
spectrum at half-filling as a function of U . Three lowest en-
ergy levels are respectively denoted as E0, E1 and E2. We
take L = 10 for illustration. (b) ∆gap as a function of U . The
inset plots log(∆01) as a function of log(U). (c) The first and
second (inset) derivatives of the free energy F as function of
U . (d) Persistent current |IP| (in units of e/~) as a function
of U . We consider γ = 0.6t in all panels, kBT = 0.4t and 50
lowest-Re(E) eigenstates in (c) and (d).

reciprocity (|γ| > t). More details of the calculation are
given in the Supplemental Material (SM) [76].

To further understand the physics behind the phase
diagram, we analyze the real part of the low-excitation-
energy spectrum [Fig. 3(a)]. For U < Uc, the two
LES are degenerate in real energy. The finite-size level
spacing ∆01 ≡ Re(E1 − E0) is approximately constant
[≈ 4t sin(2π/L)] for a wide range of U and increases sub-
tly when approaching Uc [Inset of Fig. 3(b)]. However,
∆01 decreases as L grows and it vanishes in the TDL, in-
dicating a gapless phase when U < Uc. For U > Uc, the
LES have vanishing imaginary energy while being split
in real energy. Upon further increasing U , the energy
splitting ∆gap ≡ Re(E2 − E1) increases whereas ∆01 de-
creases sharply [Fig. 3(b)]. More explicitly, ∆01 follows
a power-law dependence ∆01 ∝ U1−L/2 on L. Thus, in
large systems, one of the LES rapidly becomes degen-
erate with the ground state and is separated from the
excited states by a large gap ∆gap, implying a transi-
tion of the systems to a gapped regime. The degenerate
ground states break translation symmetry spontaneously,
forming a CDW with long-range density-density correla-
tion [76].
Free energy and persistent current.—Next, we con-

sider the free energy of the system, which reads F =
−kBT log(

∑
j e
−Ej/kBT ), where T is the temperature, kB

is the Boltzmann constant and the sum runs over all
eigenvalues. Since the PT symmetry ensures that the en-
ergy eigenvalues are real or come in complex-conjugate
pairs, F is always real. At low temperatures, F is de-
termined mainly by the low-Re(E) eigenstates in an en-
ergy window of magnitude kBT . As discussed before, in
the TDL, the system is gapless for U < Uc, whereas it
quickly develops a large energy gap after U > Uc. As a
result, F and its derivatives (with respect to U) change
significantly at the transition point Uc, provided that
∆01 < kBT � Uc. In Fig. 3(c), we calculate the first and
second derivatives of F at low temperatures as functions
of U . We observe that for L/2 � 1, the first derivative
F ′ ≡ dF/dU of F shows a sudden drop while the second
derivative F ′′ ≡ d2F/dU2 diverges at Uc. These features
are more pronounced in larger systems, suggesting that
the low-energy PT transition is of first order. This is in
sharp contrast to the Hermitian limit (γ = 0), where the
transition is of Berezinskii-Kosterlitz-Thouless type [80–
82] (see also [76]).

In a metallic ring, a persistent current Ip can be in-
duced as the response of F to a small change of magnetic
flux φ through the ring, i.e., Ip = −(e/~)∂F/∂φ [83].
Notably, by virtue of its non-Hermitian hopping, the
Hatano-Nelson model supports an imaginary current Ip
at zero flux for U < Uc [84]. In the TDL and for U = 0
and T = 0, Ip can be derived as Ip = 4ieγ/h [76]. More-
over, when ∆01 < kBT � Uc, Ip is approximately con-
stant for U < Uc, whereas it suddenly drops to zero for
U > Uc, as shown numerically in Fig. 3(d). For small
U , Ip saturates for large system size L, and it exhibits a
sudden drop at the phase transition that sharpens with
increasing L. This is in contrast to the persistent cur-
rent in Hermitian systems that requires a finite flux and
vanishes in the TDL [85]. Note that the imaginary cur-
rent corresponds physically to the delocalization of eigen-
states [72]. The sudden disappearance of Ip constitutes
another indicator of the metal-insulator transition in the
low-Re(E) regime.
PT transition in the full spectrum.—The full many-

body spectrum can also exhibit a PT transition at half-
filling. As shown in Fig. 2(a) for |γ| < t, the imag-
inary part of the spectrum is dramatically suppressed
by increasing U and, more remarkably, all energy eigen-
values collapse onto the real axis after a critical inter-
action strength Uc,all in a system with odd (even) N
and (anti-)PBC. This full PT transition can be under-
stood as follows. In the presence of Coulomb interac-
tion, the many-body Fock states of the system acquire
different Coulomb potentials determined by their occu-
pation configurations [86], forming different groups with
different Coulomb potentials (we term them Fock com-
ponents for convenience). At half-filling, we find that
the imaginary energies of the spectrum mainly stem from
the nonreciprocal hopping between different Fock compo-
nents. By increasing U , the energy separation between
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the Fock components grows and the coupling between
them becomes weaker. Thus, the imaginary energies are
suppressed. We stress that the complex-real transition
discovered here emerges in many-body spectrum and is
driven by two-particle interactions, distinctively different
from the complex-real transition in single-particle spec-
trum driven by random on-site potentials [72].

The critical interaction strength Uc,all depends on the
system size L and nonreciprocity γ. In larger systems,
there are more excited states with larger imaginary en-
ergies at U = 0. When L � 1, the maximal imaginary
energy max[Im(E)] is approximately 2γL/π, which grows
linearly with L [in contrast to the imaginary energies of
LES, which is bounded by Im(E1) < 4γ]. Thus, in order
to completely suppress the imaginary energies, a stronger
Uc,all is required. Explicitly, Uc,all scales with the system
size and can thus only be observed in finite-size systems
[Fig. 2(c)]. Similarly, for larger γ, we have larger imagi-
nary energies at U = 0 and thus expect a larger Uc,all.

For ultra-strong nonreciprocity |γ| > t, the imaginary
energies of the many-body spectrum stem not only from
the nonreciprocal hopping between different Fock compo-
nents but also from those between the Fock states within
the same component. Since these hoppings are not sup-
pressed by the U -driven separation of the Fock compo-
nents, the imaginary energy of the spectrum is a robust
property, and the full PT transition is not realized at
any finite interaction strength.
Energy clusters away from half-filling.—Finally, we

turn to the non-half-filled case where additional inter-
esting properties emerge in the presence of strong in-
teractions. First, the many-body spectrum is substan-
tially redistributed and dispersed from a connected area
in the complex plane into ncl clusters when U > ΞR, cf.
Figs. 4(a) and 4(b). Each cluster corresponds to a Fock
component with given Coulomb potential. Accordingly,
the clusters are centered respectively at the energies equal
to the Coulomb potentials, namely, εs = (N − s)U with
1 ≤ s ≤ ncl labelling the clusters. Second, each cluster by
itself also exhibits a symmetric pattern in the complex-
energy plane. Due to the particle-hole symmetry, the
clusters for L−N particles are the same as those for N
particles up to an overall energy shift |2N−L|U . Finally,
when the system is away from half-filling, the imaginary
energies of the spectrum always comprise nonreciprocal
hopping between states within the same Fock component.
Thus, the clusters are insensitive to U in the strong U
regime, except for the cluster centered at ε1, whose ex-
tent along the imaginary axis shrinks with increasing U .

The energy clusters can be characterized by nontrivial
topological invariants. To see this, for finite systems, we
introduce a twist angle φ to the PBC [8] (e.g., by apply-
ing a magnetic flux through the ring as discussed before).
When φ increases from 0 to 2π, all the eigenvalues be-
longing to a cluster s wind around the energy center εs in
the same direction determined by sgn(γ) [Figs. 4(c–e)].

Fig. 4. Many-body spectrum at (a) U = 0 and (b) 20t, re-
spectively. (c–e) Movement of the three energy clusters as the
twist boundary angle φ varies from 0 (cyan) to 2π (red). All
eigenvalues belonging to the same cluster wind around ≈ εs
in one direction. Parameters: L = 10, N = 3 and γ = 0.2t.

Thus, a nontrivial winding number can be found as

νs =

∫ 2π

0

dφ

2πi

∑
j

∂φlog{Ej(φ)− εs}, (3)

where
∑
j sums over all eigenvalues in cluster s. Specif-

ically, we find that ν1 for cluster s = 1 is given by the
particle number, i.e. ν1 = sgn(γ)N . The νs for other
clusters depend also on L and diverge as L → ∞. On
the other hand, for fixed N in the TDL, the clusters form
at least one continuous orbit of eigenvalues surrounding
each energy center [76]. Hence, we can find nontrivial
topological invariants as the winding numbers of these or-
bits. Note that for open boundary conditions, the many-
body spectrum collapses to lines (for instance, on the real
axis when |γ| < t), thus the spectral winding number is
ill-defined. These nonzero winding numbers imply the lo-
calization of the many-body states at an open boundary
(if present) [55, 62, 87], regardless of the Pauli princi-
ple and strong interactions in the system, which we have
confirmed numerically in the SM [76]. Our observation
thus points to a many-body generalization of the spec-
tral winding number [13–15, 74] used to characterize the
non-Hermitian skin effect.

Finally, we note that at half-filling, in contrast, the
spectrum of a finite-size system with PBC shrinks to
open lines in the strong U regime, as discussed before.
In this case, the spectral winding numbers become ill-
defined. The many-body wavefunctions extend over the
whole system even with open boundaries [76].
Summary.—We have revealed two PT transitions in

the interacting Hatano-Nelson model at half-filling upon
increasing interaction strength: one is marked by an ex-
ceptional point between the two lowest excited states
and the other one is characterized by a full collapse of
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the many-body spectrum onto the real axis. We have
shown that the former transition corresponds to a first-
order symmetry-breaking transition into a gapped CDW
phase and features a sudden disappearance of the persis-
tent current at low temperatures. We have further shown
that with strong interactions but away from half-filling,
the many-body spectrum stratifies into multiple clusters
characterized by nontrivial winding numbers.
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Supplemental material for
"Symmetry breaking and spectral structure of the interacting Hatano-Nelson model"

In this Supplemental Material, we present the analysis of the system symmetries (Sec. I), the estimation of the
dimensions of the many-body spectrum (Sec. II), the calculation and more discussions of the critical interaction
strength (Sec. III), density-density correlation function (Sec. IV), free energy and persistent current (Sec. V), spectral
winding numbers and charge-density profiles (Sec. VI), and the results for other complementary half-filled cases
(Sec. VII).

Appendix I: PT and particle-hole symmetries

For general twisted periodic boundary conditions (PBC) with a twist bounary angle φ, the Hamiltonian reads

Ĥ =

L−1∑
`=1

[(t+ γ)ĉ†` ĉ`+1 + (t− γ)ĉ†`+1ĉ` + Un̂`n̂`+1] + eiφ(t+ γ)ĉ†Lĉ1 + e−iφ(t− γ)ĉ†1ĉL + Un̂Ln̂1, (I1)

In particular, φ = 0 and π correspond to PBC and anti-PBC, respectively. We define the PT symmetry operation as

PT ĉ`(PT )−1 = ĉL+1−`, PT i(PT )−1 = −i. (I2)

Acting with PT on Ĥ, we find

PT Ĥ(PT )−1

=PT
{ L−1∑
`=1

[(t+ γ)ĉ†` ĉ`+1 + (t− γ)ĉ†`+1ĉ` + Un̂`n̂`+1] + eiφ(t+ γ)ĉ†Lĉ1 + e−iφ(t− γ)ĉ†1ĉL + Un̂Ln̂1

}
(PT )−1

=

L−1∑
`=1

[(t+ γ)ĉ†L+1−`ĉL−` + (t− γ)ĉ†L−`ĉL+1−` + Un̂L+1−`n̂L−`] + e−iφ(t+ γ)ĉ†1ĉL + eiφ(t− γ)ĉ†Lĉ1 + Un̂1n̂L

=

L−1∑
=1

[(t+ γ)ĉ†+1ĉ + (t− γ)ĉ† ĉ+1 + Un̂+1n̂] + [eiφ(t+ γ)ĉ†Lĉ1 + e−iφ(t− γ)ĉ†1ĉL]† + Un̂1n̂L. (I3)

In the last line, we have replaced  = L− 1. For PBC and anti-PBC, it follows that

PT Ĥ(PT )−1 = Ĥ†. (I4)

This relation indicates that the energy eigenvalues of the many-body Hamiltonian must either be real or come in
complex-conjugate pairs.

To see the particle-hole symmetry explicitly, we divide the lattices into two sublattices A and B of even and odd
sites. We perform the transformation ĉ†` → ĉ` and ĉ` → ĉ†` on sublattice A while ĉ†` → −ĉ` and ĉ` → −ĉ

†
` on sublattice

B. Accordingly, the transformation for the occupation number operators reads n̂` → 1 − n̂`. Then, it is clear to see
that the transformed Hamiltonian takes the same form up to a constant energy shift.

Appendix II: Dimension of the many-body spectrum

The extent of the spectrum at U = 0 on the real and imaginary axes can be written as

ΞR ≈ tα{N,L} and ΞI ≈ γα{N,L}, (II1)

where κ are integers, ncl ≡ min(N,L−N) and

α{N,L} = 2
∑

|κ|6ncl/2

cos(2πκ/L). (II2)
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Fig. S1. (a) Critical interaction strength Uc as a function of L for different nonreciprocity γ. The color changes from cyan to
red when γ increases from 0 to 1.2t. The circle dots are exact diagonalization results and the curves are the fitting with the
power-law relation, Eq. (2), in the main text. (b) Extrapolated index α (right orange) and decaying strength β (left blue) as
functions of γ.

(a) (b)

Fig. S2. (a) Density-density correlation function as a function of U for increasing L, respectively. The red dotted curve sketches
the result in the TDL. Other parameters are γ = 0.6t and kBT = 0.1t. (b) is the same as (a) but for the Hermitian limit γ = 0.

For ncl � 1, we transform the summation in Eq. (II2) to an integral and obtain

α{N,L} =
2L

π
sin
(nclπ

L

)
. (II3)

At half-filling, ncl = L/2. Thus, α{N,L} simplifies to

α{N,L} =
2L

π
. (II4)

Appendix III: Critical interaction strength in the thermodynamic limit

The dependence of Uc on L follows a power-law scaling, as shown in Fig. S1(a). The circle dots are numerical results
obtained by exact diagonalization calculations while the curves are the fitting with the power-law relation, Eq. (2) in
the main text. The extrapolated Uc = UTD in the TDL is presented as the red line in Fig. 1(c) of the main text. The
fitting parameters α and β depend explicitly on γ, as shown in Fig. S1(b).
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(a)

2

Fig. S3. (a) Real part of the low excitation energy spectrum as a function of U . We take L = 10 for illustration. (b) Free
energy F(U), its first (b) F ′(U) and second (c) derivative F ′′(U) as functions of U . In contrast to the case with finite γ 6= 0,
F and its derivatives change smoothly when increasing U . γ = 0 and other parameters are the same as Fig. 3 in the main text.

Appendix IV: Density-density correlation function

To characterize the phase diagram, we compute the density-density correlation function by [91]

C` = 〈(n̂0 − 1/2)(n̂` − 1/2)〉

=

∑
j〈j|(n̂0 − 1/2)(n̂` − 1/2)e−βEj |j〉

Z
, (IV1)

where |j〉 are the right eigenstates of the many-body Hamiltonian with eigenvalues Ej , Z is the partition function given
by Eq. (V2). For concreteness, we consider the long-range correlation function with ` = L/2 and at low temperatures
1/β = kBT � t. In the low-temperature limit β → ∞, Eq. (IV1) describes the density-density correlation of the
ground state. The correlation function as a function of the interaction strength U for increasing L is shown in Fig.
S2. At U = 0, we find that CL/2 = 0. When increasing U , |CL/2| increases slowly in the small U regime but rapidly
around U = Uc. In the large U regime, |CL/2| saturates slowly to a universal value 0.25. For larger systems, these
features are more pronounced. In the TDL, we may expect |CL/2| to suddenly jump from zero to the universal value
0.25 at the transition, as sketched by the red dotted curve in Fig. S2(a). A similar behavior of |CL/2| happens for
γ = 0 but with the rapid increment around a smaller U , as shown in Fig. S2(b). Finally, we note that for odd L/2, we
have always CL/2 ≥ 0, while for even L/2, we have always CL/2 ≤ 0. This reflects that the ground state of the system
is likely to have staggered charge-density distribution, namely, different charge densities at odd and even lattice sites.

Appendix V: Free energy and persistent current

The free energy of the interacting system at temperature T is given by

F = − 1

β
logZ, (V1)



S4

(a)
PBC

(b)
OBC

(c)

Fig. S4. (a) Movement of the energy eigenvalues at U = 0 as the twist boundary angle φ increases from 0 (cyan) to 2π (red).
All energy eigenvalues wind around E = 0 in the same direction. The spectral winding number for the spectrum is found as
ν = 12. (b) Charge density profiles of all the many-body states under PBC. (c) the same as (b) but for OBC. We consider
L = 10, N = 3, U = 20t and a relatively large γ = 0.9t for better illustration.

(b) (c)

PBC PBC PBC

OBC OBC OBC

(a1)

(a2)

(b1)

(b2)

(c1)

(c2)

(a)

Fig. S5. (a-c) Movement of the energy eigenvalues of the clusters at εs = 0, U and 2U , respectively, when the twist boundary
angle φ increases from 0 (cyan) to 2π (red). All eigenvalues belonging to the same cluster wind around the center in the same
direction. The spectral winding numbers for the three clusters are found as νs = 5, 4 and 3, respectively. (a1-c1) Charge density
profiles of the eigenstates with energies around εs = 0, U and 2U , respectively, when PBC are imposed. (a2-c2) the same as
(a1-c1) but for OBC. The charge-density profiles are markedly different for PBC and OBC. Moreover, the charge densities have
the tendency to localize at one open boundary when OBC are imposed. Other parameters are the same as Fig. S4.

where β = 1/kBT with kB being the Boltzmann constant, and Z is the partition function

Z =
∑
j

e−βEj . (V2)

The sum in Eq. (V2) runs over all energy eigenvalues. In the Hermitian limit γ = 0, all eigenvalues change smoothly
with increasing U [Fig. S3(a)]. Consequently, the free energy and its derivative also change smoothly, as shown in
Figs. S3(b–d).

The application of a magnetic flux through the ring changes the energy eigenvalues and hence the free energy
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periodically. The persistent current along the ring is determined by the derivative of the free energy with respect to
φ [83], i.e.,

Ip = − e
~
∂F
∂φ

, (V3)

where e is the elementary charge and ~ is the reduced Planck constant.
At zero temperature, the free energy is equal to the ground-state energy, i.e., F = E0. In the absence of interactions,

the ground-state energy can be found as

E0(φ) = −2
∑
|κ|6L/4

[
t cos

(2πκ

L
+
φ

L

)
+ iγ sin

(2πκ

L
+
φ

L

)]
, (V4)

where κ are integers. For L� 1, we approximate the summation in Eq. (V4) as an integral and obtain

E0(φ) = −L
π

∫ π/2

−π/2

dx
[
t cos(x) cos

(φ
L

)
− t sin(x) sin

(φ
L

)
+ iγ sin(x) cos

(φ
L

)
+ iγ cos(x) sin

(φ
L

)]
= −2L

π

[
t cos

(φ
L

)
+ iγ sin

(φ
L

)]
. (V5)

Plugging F = E0 into Eq. (V3), we find

Ip =
2e

~π

[
− t sin

(φ
L

)
+ iγ cos

(φ
L

)]
. (V6)

At zero flux φ = 0, we obtain the persistent current as

Ip = i
2e

~
γ

π
. (V7)

(a) (b)

Fig. S6. Charge-density profiles of many-body states for U = 0, t, 2t, 5t and 10t, respectively. We take two states, namely, (a)
the ground state and (b) the 50th lowest-Re(E) states, for illustrations. With increasing U , the charge-density profile of the
many-body states become extended over the whole lattice chain with open boundaries. L = 10, N = 5 and other parameters
are the same as Fig. S5

Appendix VI: Winding numbers and charge density profiles

At U = 0, the flow of the energy eigenvalues of the spectrum as varying the twist boundary angle φ in a period
[0, 2π), and charge-density profiles of all many-body sates are shown in Fig. S4. In the strong interaction regime, the
flow of the energy eigenvalues and charge-density profiles of the many-body states associated with the energy clusters
(i.e., with the energies close to the respective cluster energy centers) are shown in Fig. S5. Clearly, all the energy
eigenvalues wind around the corresponding cluster energy centers when φ increases from 0 to 2π. Correspondingly, the
charge densities of the many-body states, which are evenly distributed in the system under PBC, tend to localize to
an open boundary. We note that the winding numbers defined by Eq. (3) in the main text are applicable to finite-size
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systems. Due to the finite-size effect, all energy eigenvalues are away from the energy centers of clusters, provided
that U is finite. Thus, the clusters have well-defined point gaps in finite-size systems.

In contrast, at half-filling and for |γ| < t (|γ| > t), the many-body spectrum of a finite system under PBC shrinks
onto the real axis (open lines parallel to the imaginary axis) as U increase. Accordingly, we observe that upon
increasing U , the charge-density profile of the many-body states become extended over the whole lattice chain with
open boundaries, as shown in Fig. S6. For concreteness and brevity, we show only the results for two states in Fig. S6.
However, we note that all other many-body states exhibit similar behaviors.

Figure S7 plots the energy clusters for fixed N and increasing L. As L grows, the energy eigenvalues fill the clusters
more densely. In the TDL, the clusters form continuous areas and orbits in the complex-energy plane. Thus, we can
always find a continuous orbit of eigenvalues that surround the energy center of a cluster. Thus, a nonzero topological
invariant can be obtained as the winding numbers of these orbits. We note that the extents of the clusters (including
the one at ε1 = (N − 1)U) on the real and imaginary axes are independent of large L. The extents of the clusters are
finite, provided that U is finite.

(a)

(b)

N=3, L=14

N=3, L=22

N=4, L=14

N=4, L=22

(c)

(d)

(e)
N=5, L=14

N=5, L=22(f)

Fig. S7. Energy clusters for fixed N and increasing L. The right, middle and left panels are for N = 3, 4 and 5, respectively.
The upper and lower panels are L = 14 and 22, respectively. As L grows, the energy eigenvalues fill the clusters more densely.
In the TDL, the clusters occupy continuous areas and orbits around their energy centers in the complex-energy plane.

Appendix VII: Other half-filled cases

In the main text, we have discussed (I) the half-filled cases with odd (even) N = L/2 and (anti-)PBC. In this section,
we discuss the results for the complementary half-filled cases (II), namely, with even (odd) N and (anti-)PBC. In
cases (II), the system has always two ground states with complex-conjugate energies; and there is no exceptional point
between two lowest excited states, as shown in Figs. S8(a) and (b). Thus, we do not observe the two PT transitions.
However, we observe that as the size of the system L grows, the excitation gap ∆gap becomes vanishingly small for
U < U ′c and increases rapidly for U > U ′c, and the critical interaction strength U ′c approaches with that one (Uc)
characterizing the low-energy T P transition in cases (I) [cf. Fig. S8(c)]. This result indicates that in the TD limit, the
phase transition from the gapless regime to the gapped CDW regime happens also in cases (II) and the corresponding
critical interaction strength coincides with that in cases (I).
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(a) (b) (c)

Fig. S8. Results for the cases with even (odd) N = L/2 and (anti-)PBC. (a) Many-body spectrum at half-filling in the absence
of interactions (U = 0). (b) Real part of the low-energy many-body spectrum as a function of U . We take L = 10 for
illustration. (c) Excitation gap ∆gap as a function of U . The light colored lines are the results for cases (I) and presented here
for comparison. We see that as L→∞, the metal-insulator transition in cases (II) resemble that in cases (I). Other parameters
are the same as that in Fig. 3 in the main text, namely L = 10 in panels (a) and (b), and γ = 0.6t in all panels.


	Symmetry breaking and spectral structure of the interacting Hatano-Nelson model
	Abstract
	 Acknowledgments
	 References
	I PT and particle-hole symmetries
	II Dimension of the many-body spectrum 
	III Critical interaction strength in the thermodynamic limit 
	IV Density-density correlation function 
	V Free energy and persistent current 
	VI Winding numbers and charge density profiles 
	VII Other half-filled cases


