ANNALES

DE LA FACULTE
DES SCIENCES

Mathématiques

BURGLIND JORICKE
Conformal Invariants of 3-Braids and Counting Functions

Tome XXXI, n°5 (2022), p. 1323-1341.

https://doi.org/10.5802/afst.1721

© les auteurs, 2022.

Les articles des Annales de la Faculté des Sciences de Toulouse sont mis

a disposition sous la license Creative Commons Attribution (CC-BY) 4.0
BY

http://creativecommons.org/licenses/by/4.0/

A
.4 Publication membre du centre A AN
’ Mersenne pour I'édition scientifique ouverte v A } t A‘A
http://www.centre-mersenne.org/ v AN AA t
e-ISSN : 2258-7519 A :
MERSENNE AA W VY'Y e vy


http://www.centre-mersenne.org/
https://doi.org/10.5802/afst.1721
http://creativecommons.org/licenses/by/4.0/

Annales de la faculté des sciences de Toulouse Volume XXXI, n°5, 2022
pp. 1323-1341

Conformal Invariants of 3-Braids and Counting
Functions *)

BURGLIND JORICKE ()

ABSTRACT. — We consider a conformal invariant of braids, the extremal length
with totally real horizontal boundary values A¢;. The invariant descends to an in-
variant of elements of B, Z,, the braid group modulo its center. We prove that the
number of elements of B3, Z3 of positive Aty grows exponentially. The estimate ap-
plies to obtain effective finiteness theorems in the spirit of the geometric Shafarevich
conjecture over Riemann surfaces of second kind. As a corollary we obtain another
proof of the exponential growth of the number of conjugacy classes of B3,/ Z3 with
positive entropy not exceeding Y.

In the paper [8] a conformal braid invariant is defined, the extremal length
with totally real horizontal boundary values A,. Unlike the entropy the in-
variant A, distinguishes in many cases the elements of a conjugacy class of
braids. Both invariants, Ay, and the entropy, do not change under multipli-
cation by an element of the center of the braid group, hence, they descend
to invariants of B,, /' Z,,, the Artin braid group B,, modulo its center Z,. We
prove in this paper that the number of elements of B3,/ Z3 with positive Ay,
not exceeding a positive number Y grows exponentially. As a corollary we
obtain another proof of the exponential growth of the number of conjugacy
classes of elements of Bs,Z3 that have positive entropy not exceeding Y.
Our proof does not use deep techniques from Teichmiiller theory.

The first result that states exponential growth of the entropy counting
function is due to Veech [11]. More precisely, he considered conjugacy classes
of pseudo-Anosov elements of the mapping class group of a closed Riemann
surface S, maybe with distinguished points F,, with hyperbolic universal
covering of S'\ E,, and proved that the number of classes with entropy not
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exceeding a positive number Y, grows exponentially in Y. Notice that the
3-braids with positive entropy are exactly the 3-braids that correspond to
pseudo-Anosov elements of the mapping class group of the three-punctured
complex plane. The precise asymptotic for the entropy counting function is
given by Eskin and Mirzakhani [3] for closed Riemann surfaces of genus at
least 2. Both papers, [3] and [11], use deep techniques of Teichmiiller theory,
in particular, they are based on the study of the Teichmiiller flow.

The growth estimates for the counting function related to the extremal
length allow to obtain effective finiteness theorems in the spirit of the Geo-
metric Shafarevich Conjecture for the case when the base manifold is of
second kind ([9]).

Before defining the extremal length with totally real horizontal boundary
values we recall some facts. We consider an n-braid as a homotopy class of

loops with base point in the symmetrized configuration space. More detailed,

let C,,(C) &f {(21,...,2n) € C" : z; # z,ifj # k} be the configuration

space of n particles moving in the complex plane without collision. The
symmetric group S,, acts on C,,(C). The quotient C,,(C),/S,, is called the
symmetrized configuration space. Its elements F,, are unordered tuples of n
pairwise disjoint elements of C, which are denoted by E,, = {z1,...,2,}. We
also consider F,, as subset of C consisting of n points.

We identify B,, with the fundamental group m(C,(C), /Sy, E,) of the
symmetrized configuration space with base point E,, € C,(C),/S,. Recall
that there is an isomorphism B, 3 b — m(b) € M(D; ID, E,,) from the Artin
braid group B,, of n-braids with base point E,, onto the group 9(D; dD, E,,)
of isotopy classes of self-homeomorphisms of the closed disc I, which fix
the boundary circle pointwise and the set E,, setwise. The points of E,
may be permuted. The pure braid group PB, with base point E,, is the
group of braids that correspond to homeomorphisms which fix F,, pointwise.
Further, there is a bijective correspondence between elements b € B, /2,
and isotopy classes mo(b) of orientation preserving self-homeomorphisms
of the Riemann sphere P! with set of distinguished points E,, U {oo}, more
precisely the homeomorphisms contained in mq,(b) fix co and map the set
E,, (the base point) onto itself (maybe, with a permutation of the elements
of Ey,).

Notice that each self-homeomorphism of a punctured Riemann surface
S\ E,, extends to a self-homeomorphism of the closed surface S that fixes
the set of distinguished points E,,. We will identify self-homeomorphisms of
punctured surfaces with self-homeomorphisms of closed surfaces with distin-
guished points.
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The real configuration space C,(R) is defined in the same way as the
complex configuration space Cy,(C) with C replaced by R. The totally real
subspace C,,(R)/S,, of the symmetrized configuration space C,(C)/S,
is connected and simply connected. Take a base point E,, € C,(R)/S,.
The Artin braid group B, = m1(C,(C),/S,, E,) is isomorphic to the
relative fundamental group 7r1( 'w(C)/Sn, Ch(R),/S, ). The elements of
the latter group are homotopy classes of arcs in C,,(C)/S,, with endpoints
in C,(R)/S, .

The isomorphism between 7y ( C,(C )/Sn, Cn(R),/S,, ) and the Artin
braid group with generators o, 7 = 1,...,n — 1, is given as follows. Take
any arc vy : [0,1] — C,,(C),/S,, with endpoints in C,,(R),S,, that represents
an element of the relative fundamental group m (Cy(C),/S,,, Cph(R),/S,, ).
Associate to the arc v its lift ¥ = (31,...,%,) : [0,1] = C,(C) for which
71(0) < ... < F,(0). For j=1,...,n— 1, the isomorphism maps the gen-
erator ¢; to the homotopy class of arcs in C,(C),S,, with endpoints in
Cn(R),/S,,, whose associated lift is represented by the following mapping.
The mapping moves the points 7;(0) and ;1 (0) with uniform speed in pos-
itive direction along a half-circle with center at the point (5;(0)+7,4+1(0)),
and fixes 7;/(0) for all j" # j,j + 1.

Let R be an open rectangle in the complex plane C. Speaking about
rectangles we will always have in mind rectangles with sides parallel to the
coordinate axes. Denote the length of the horizontal sides of R by b and the
length of the vertical sides by a. (For instance, we may consider R = {z =
x+4iy:0<2x<b 0<y<a}.) The extremal length of R introduced by
Ahlfors [2] equals A(R) = .

Let b € B,, be a braid. Denote its image under the isomorphism from
B, to the relative fundamental group w1 (C,(C)/S,,, Cn(R),/S, ) by by.
For a rectangle R as above let f : R — C,(C)/S,, be a mapping which
admits a continuous extension to the closure R (denoted again by f) which
maps the (open) horizontal sides into Cy,(R),/S,, . We say that the mapping
represents by, if for each maximal vertical line segment contained in R (i.e.
for R intersected with any vertical line in C) the restriction of f to the
closure of the line segment represents by, .

The definition of the extremal length of an n-braid with totally real hor-
izontal boundary values is the following ([7, 8]).

DEFINITION 1. — Let b € B, be an n-braid. The extremal length A (b)
with totally real horizontal boundary values is defined as

R a rectangle which admits a holomorphic map to}

A = inf :
w(b) = in {)‘(R) Cn(C) /S, that represents by,
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We recall that the centralizer Z, of the Artin braid group B, is the
subgroup generated by the element A2 with

def
A" ; (0'1 O'Q...O'n_l)(()'l 0'2...O'n_2) ...(0'1 0'2)0'1.

The invariant A, does not change under multiplication by A,, (see e.g. [8,
Lemma 1]), and, hence, it is an invariant on B,, /Z,.

Our results concern the case n = 3. The bounds in the main theorems
can be improved. For the sake of simplicity of the proof we restrict our-
selves to these estimates. We consider first the pure braid group modulo its
center, PBs /Z3, which is a free group in two generators 0]2/23, Jj =12
The counting function NAgz (Y), Y € (0,00), is defined as follows. For each
positive parameter Y the value of N%Bg (Y) is equal to the number of ele-
ments b € PB3 /25 with 0 < At (b) < Y. Note that here we count elements
of PB3,Z3 rather than conjugacy classes of such elements. We wish to
point out that (with the mentioned choice of the generators) the condition
Aty (b) > 0 excludes exactly the classes in PBs,Z3 of the even powers er2_k

of the standard generators of the braid group Bs (see [8, Theorem 1]).
THEOREM 2. — For all positive numbers Y > 600log8 the inequality
1
2

2€XP(900> < Npg, (Y) <

holds. The upper bound is true for all Y > 0.

ey (1)

Consider arbitrary 3-braids. The counting function Né\S (Y),Y € (0,00),
is defined as the number of elements b € B3,/ Z3 with 0 < A, (b) < Y. Note
that the condition A (b) > 0 excludes exactly the elements b € B3,/ Z3 that
are represented by b = ang for j=1or 2,and £ =0 or 1. (See Lemma 8
and Theorem 9 below.)

THEOREM 3. — For any positive number Y > 600log 8 the inequality

1 Y A 6TY
5 eXp(gOO) § NBg (Y) < 4e (2)

holds. The upper bound is true for all'Y > 0.

The entropy h(b) of braids b € B, is defined as the infimum over the
topological entropy of all homeomorphisms in the mapping class m(b) corre-
sponding to b. For the definition of the topological entropy and elementary
properties see [1]. The entropy h(b) does not change under conjugation and
does not change under multiplication by an element of the center of the braid
group. Moreover, the entropy of a braid b is equal to the infimum of entropies
of the elements of the mapping class mq,(b) that is associated to the image
of b in Bs,/ Z, (for a proof see [5]). We will speak about the entropy of a
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braid, or about the entropy of an element of B, Z, or about the entropy
of the conjugacy class of such elements.

The entropy of mapping classes of compact surfaces of genus at least 2
was first treated in the Astérisque volume [4] dedicated to Thurston’s the-
ory of surface homeomorphisms. Thurston gave a classification of mapping
classes on closed or punctured Riemann surfaces of genus g with n > 0 punc-
tures. Here 2g — 2 +n > 0, so that the universal covering of the Riemann
surface is the upper half-plane. According to Thurston a finite non-empty
set of mutually disjoint closed Jordan curves C'= {C1,...,Cy} on a closed
or punctured Riemann surface S is called admissible if no C; is homotopic
to a point in S, or to a puncture, or to a C; with ¢ # j. Thurston calls an
isotopy class of self-homeomorphisms of S reducible if there exists an admis-
sible system of curves C' = {C1,...,Cy} on S so that some homeomorphism
in the class (and, hence each homeomorphism in the class) maps C to an
isotopic system of curves. In this case we say that C reduces the class. If
there is no such system the class is called irreducible. Thurston proved that
an isotopy class of homeomorphisms is irreducible if and only if it (more pre-
cisely, its extension to the closed Riemann surface) either contains a periodic
homeomorphism or it contains a so called pseudo-Anosov homeomorphism.
Periodic self-homeomorphisms of closed Riemann surfaces (maybe, with dis-
tinguished points) have zero entropy, pseudo-Anosov homeomorphisms have
positive entropy.

We will also call a braid reducible, irreducible, periodic, or pseudo-Anosov
if its image in B,, /Z, corresponds to a class containing a reducible, irre-
ducible, periodic, or pseudo-Anosov homeomorphism, respectively.

Notice that the reducible elements of Bs,~Z5 are exactly the conjugates
of powers of o1,/ Z5. It is known that their entropy equals zero (for a proof
see e.g. [8, Theorem 2]). Since periodic elements of B3,/ Z5 have zero entropy,
the pseudo-Anosov 3-braids are exactly the 3-braids of positive entropy.

The entropy counting function IV, gﬁtr(Y), Y > 0, for n-braids is defined
as the number of conjugacy classes of pseudo-Anosov elements of B, Z,
with entropy not exceeding Y. For 3-braids the value NV, g’;tr(Y), Y >0, is
also the number of conjugacy classes of elements of B3, Z3 with positive
entropy not exceeding Y. The following theorem is a corollary of Theorem 3.

THEOREM 4. — For any number Y > 6007 log 8 the estimate

1 Y entr 12Y
300 (007 ) < VB0 < 1 ®)

holds. The upper bound holds for all positive Y .

- 1327 -



Burglind Jéricke

We will first prove Theorem 2. Notice that for each element b of the pure
braid group modulo its center PBs,Z3 there is a unique element b € PBs
that represents b and can be written as reduced word in o2 and o3. Indeed,
this representative b of b is determined by the property that the linking
number between the first and the third strand equals zero. Multiplying an
arbitrary element b € b with a suitable power of A3 one obtaines the required
element. Assigning to each element b € PB3,” 235 the mentioned element we
obtain an isomorphism to the free group in two generators o7 and o3, or,
equivalently to the fundamental group 71 (C\ {—1,1},0) of the twice punc-
tured complex plane with base point 0 with generators a; and as which
correspond to o7 and o3, respectively. Representatives of a; surround —1
counterclockwise and representatives of as surround 1 counterclockwise. If no
confusion arises we will identify an element of PBs,/Z3 = m (C\ {-1,1},0)
with the corresponding reduced word in the generators a; and as, or, eqiva-
lently, with the corresponding reduced word in o7 and o3.

The proof of Theorem 2 uses the syllable decomposition of words w €
m1(C\ {-1,1},0) introduced in [7, 8]. It is defined as follows. Write a word
w € m(C\{-1,1},0) in reduced form w = affll a?j ..., and call the afl’ the
terms of w. The syllables are of two kinds. First, each term a;fj with |k;| > 21is
a syllable (we call it a syllable of first type). Secondly, any maximal sequence
of consecutive terms af for which |k;| = 1 and all k; have the same sign is a
syllable (we call it a syllable of second kind). This gives a uniquely defined
decomposition into syllables. The degree or length of the syllable is the sum
of absolute values of the exponents of terms appearing in the syllable. We
make the convention that the number of syllables of the identity equals zero.

For a non-trivial word w € m1(C\{-1,1},0) = PB3, 25 we put L_(w) e
> log(3dy) and L4 (w) . > log(4dy), where each sum runs over the degrees

dy. of all syllables of w.

The main ingredient of the proof is the following lemma.

LEMMA 5. — Let Nﬁég be the function whose value at any Y > 0 is
the number of reduced words w € 7 (C\ {-1,1},0), w # Id, for which
L_(w) <Y. The following inequality

co
Npp,(Y)

/N

1.
5ea}Y (4)
holds.

We need some preparation for the proof of Lemma 5. Consider all finite tu-
ples (di,...,d;), where j > 1is any natural number (depending on the tuple)
and the d > 1 are natural numbers. Before proving Lemma 5 we estimate for
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Y > 0 the number N*(e¥) of different ordered tuples (dq,da,...,d;) (with
varying j) that may serve as the degrees of the syllables of words (counted
from left to right) with >°7 log(3dx) < Y. Put X = €. Then N*(X) is the
number of distinct tuples with [](3dx) < X.

Fix a natural number j. Denote by N¥(X), X > 1, the number of tuples

(d1,...,d;) for which H{ (3dr) < X. The number is not zero if and only if
j < 28X For X > 1 the equality

log3
N'(X)= ) NiX) (5)

SIS

holds.

Notice first that Ni(X) = [5], where [z] denotes the largest integer not

exceeding the positive number z. Indeed we are looking for the number of
dq’s for which 1 < dy < g

The value of N for j > 2 is estimated by the following lemma. Notice
that the lemma holds also for j = 1 if in the inequality (6) we define 0! ey,
LEMMA 6. — Let j > 2. Then N} (X) =0 for X < 3). For X > 3

o<t () x(w(32) ) @

Proof. — The number N5 (X) is the number of tuples (dy,ds) for which
3d; - 3dy < X. Since dids > 1, Ni(X) = 0 for X < 32 If X > 32 the
inequality d; < % holds, and for given d; the number dy runs through all
natural numbers with 1 < dy < X . Hence, for X > 32

N < Y o 7)

kEZ: 1<k S
Put a = 352 and k' = g Since for positive numbers &’ and « with &’ > « the

inequality > < 1 [ :,_a 42 holds we obtain

ME< 3 2

For j > 3 we provide induction using the following fact. Let O <z <1
( 1()1gL)J) _ (= loig,) ( —logx)

Then for any positive integer j the value
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is negative. Hence, for ¥’ € (0,1) and 0 < oo < &/

K (—logz)d
= (~log(k)) < ~ / L L (9)

We saw that the lemma is true for j = 2. Suppose it is true for j. Prove
that then it holds for j + 1. The number N, (X) is the number of tuples
(di,...,dj11) for which 3dy - ... 3dj41 < X. Hence, N/ 1(X) =0if X <
391 If X > 37+ then d; < 31)% and for given d; the tuples (da, .. : djt1)
run through all tuples with 3ds - ... 3d;41 < 3%. Hence, for X > 3711

N*

LX) =Y N (;2)

keZ: 1<k X+

EYRS!
. . —1
1 1/2V'x 12 x )\
< = () Zwgl s (2) =& . (10
2 (;—1)!3(3) 3k<0g<3(3> 3k>> (10)
kez;1<k<y§1
Put a = 1(2)’7'X and k' = £. Then

Nia(X) < (j_lw > ii/(log(kl/))“

k'elZ:1<k'<

1
27 —1

1 27-1T 1
Z(—1 Jj—1
G=1) al x( ogz)  dx
1 ! -
_ J
< (j—l)'2 . (—logz)’~ dz
- 1 .
=(=1) 1(,_1)'2a (log )7 |} (11)
We obtain
. 1 o112V 172\ VY
Lemma 6 is proved. O

Lemma 6 implies the following upper bound for N*.

LEMMA 7. — For X < 3 the function N*(X) vanishes. Moreover, for
any positive number X

N(X) < (X) (13)
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Proof of Lemma 7. — Since all N7 (X) vanish for X' < 3 the value N*(X)
vanishes for such X. For X > 3, (5) and Lemma 6 imply

vws T i) 2=GE) )

JEZ;1<5<

Tog 3

¢ T (i)

jez 1 gleeX

= log 3
5
1 2 1 X\?
<X “logl =X ) |=(=]) - 14
peee(re(39) = (3) w0
Lemma 7 is proved. O
Proof of Lemma 5. — We assume that [logB] > 1. Otherwise N*(e¥)

vanishes, and therefore N7383 (Y) =0, and the inequality is satisfied. We will

use the notation N £ (Y), j > 1, for the number of different reduced words
w in m(C\ {-1 1} 0) that consist of j syllables and satisfy the inequal-
ity £_(w) = 7_,log(3dx) < Y. Then Npg (Y) = S0 N~ (Y) with

7j=1
jo [logs] We will estimate N/~ (Y) by N7(X) with X =¥ Recall that

N*(e YY) is the number of dlfferent tuples (di,...,d;) with d > 1 for which
et (3d) <€

For this purpose we take a tuple (ds,...,d;) and estimate the number of
different reduced words with tuple of lengths of syllables (from left to right)
equal to (di,...,d;). The first syllable can be of type (1) or of type (2). The
type of the syllable and the first letter of the syllable (which may be a
or a2 ) together with its length completely determine the syllable. Hence,
there are at most 8 different choices for the first syllable if we require the
syllable to have exactly degree d; . For all other syllables the first letter of the
syllable cannot be a L if the last letter in the preceding syllable is ai for
the same a;. Hence, for all but the first syllable there are at most 4 Cl’lOlCQb
given the degree of the syllable and the preceding syllable.

We showed that for all j =1,...,79 = [1023] and each tuple (dy,...,d;),
there are at most 2 - 47 different reduced words with tuple of lengths of
syllables equal to (di,...,d;). Hence, for Y > log3 the number Nég (Y)

of reduced words w € m;(C\ {~1,1},0), w # Id, with []}°(3dx) < exp(Y)
equals

Jo Jo

L_ L_ 1 * 1 *

Npp,(Y) =D _N7=(Y) < > 2-4°Nj(e¥) = 2-4° . N*(¥). (15)
j=1 j
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Y

Using the inequality jo < % and Lemma 7 with X = e* we obtain the

requested estimate by the value

_5 logd 5 1
2-373 —|Y - 3Y). 16
exp<<10g3+3> ) < 2exp( ) (16)
We used the inequalities (}Egg +(5)) < 2.93 and 4.37% < 0.65 < 1. Lemma 5
is proved. O

Proof of Theorem 2. — We need the following inequality (see [8, Theo-
rem 1])

%E_(w) < Aer(w) < 300L 4 (w) (17)

which holds for all reduced words w representing elements in PB3 Z3 =
m1(C\ {—1,1},0) that are not equal to a power of a; or of as or to the
identity (equivalently, for which A (w) > 0).

The inequality (17) implies the inclusion {w : 0 < Ay (w) < Y} C {w #
Id : £_(w) < 2xY}. We obtain the inequality Ny (V) < N£53(277Y) and
by Lemma 5 the right hand side of this inequality does not exceed %eG’TY.

This gives the upper bound.

The lower bound is obtained as follows. Consider all reduced words in
m1(C\ {—1,1},0) of the form

a?trgZke (18)

where each k; is equal to 1 or —1. If j is the number of syllables (i.e the

number of the a¥) of a word w of the form (18), then A, (w) < 300L, (w) =

3004 log 8. Consider the words of the mentioned form for which j = jg def

[m]. Since jo must be at least equal to 2 we get the condition ¥ >
6001og 8. For the chosen jy the extremal length of the considered words does
not exceed Y. The number of different words of such kind is 27 = 2[s00%egs] >
exp(log2 - (WilfogS —-1)) = %exp(Ygoé.og%gQ) = %exp(%). Theorem 2 is
proved. O

Consider now arbitrary elements of the braid group modulo its center
B3, Z3 and their extremal length with totally real horizontal boundary val-
ues.

We need the following lemma and theorem from [8] which are formulated
in terms of braids.

LEMMA 8 ([8, Lemma 2]). — Any braid b € Bs which is not a power of
A3 can be written in a unique way in the form

ol by Af (19)
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where j = 1 or j = 2, k # 0 is an integer, £ is a (not necessarily even)
integer, and by is a word in o? and o2 in reduced form. If by is not the
identity, then the first term of by is a non-zero even power of oo if j = 1,
and the first term of by is a non-zero even power of o1 if j = 2.

For an integer I # 0 we put ¢(I) = [ if [ is even, and for odd [ we denote
by q(1) the even integer neighbour of [ that is closest to zero. In other words,
q(l) =1if 1 # 0 is even, and for each odd integer I, q(I) = I — sgn(l), where
sgn(l) for a non-zero integer number [ equals 1 if [ is positive, and —1 if [ is
negative. For a braid of form (19) we put 9(b) e O'g(k) b1. The pure braid
J(b) can be written as a word in o7 and o2. It is clear that ¥(bA3z) = ¥(b)

for b € Bs. For b € B, Z5 the value ¥(b) is well-defined by the relation

¥(b) ef ¥(b) for any b € Bs representing b. The following theorem holds.

THEOREM 9 ([8, Theorem 3]). — Let b € B be a (not necessarily pure)
braid which is not a power of Az, and let w be the reduced word in o? and

o2, that represents 9(b). Then
1
™

except in the case when b = Uf Ag, where j =1 orj =2, k # 0 is an integral
number, and £ is an arbitrary integer. In this case Ay (b) = 0.

Proof of Theorem 3. — Take any element of PBs,” Z3. Choose its unique
representative that can be written as a reduced word w in 0% and o3. We
describe now all elements b of Bz, Z3 with ¥(b) = w. If w # Id these are
2k

the elements represented by the following braids. If the first term of w is o7

with k # 0, then the possibilities are b = wA§ with £ = 0or 1, b = o P A
with £ =0 or 1, or b = o3;'wAf with £ = 0 or 1 and ;s # 0;. Hence, for
w # Id there are 8 possible choices of elements b € B3,/ Z5 with ¥(b) = w.
By Theorem 9 the set of b € B3,/ Z3 with 0 < At (b) < Y is contained in
the set of b € Bs,/Z3 with J(b) = w # Id, £L_(w) < 27Y. We obtain

c_
N (Y) < 8Npg, (27Y). (20)
By Lemma 5 we obtain Né\B (V) < 4e57Y.

Since each pure 3-braid is also an element of the braid group B3 the lower
bound of Theorem 2 provides also a lower bound for Theorem 3. Theorem 3
is proved. O

We prepare the proof of Theorem 4. A reduced word w # Id representing
an element of PB3, Zj3 is called cyclically reduced, if either the word consists
of a single term, or it has at least two terms and the first and the last term
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of the word are powers of different generators. Each reduced word which is
not the identity is conjugate to a cyclically reduced word.

A cyclically reduced word w representing an element of PB3, 25 is called
cyclically syllable reduced, if either the word consists of a single term, or
all terms enter with equal power +1 or —1 (in these two cases the word
consists of a single syllable), or the first and the last term of the word do
not enter with equal power +1 or —1 (in this case the word contains at
least two syllables). Each cyclically reduced word which is not the identity
is conjugate to a cyclically syllable reduced word.

For the proof of Theorem 4 we will use the following theorem from [8].

THEOREM 10 ([8, Theorem 2]). — Let b € PBs,/Z3 be represented by a

cyclically syllable reduced word w consisting of more than one syllable. Then
1 2.~

—L_(w) < =h(b) < 300L; (w). (21)

2 T

The extremal length in the sense of Ahlfors of a round annulus A={z¢
C:r <zl <rg}, 0<7r <re < oo, equals AM(A) = W There is

a bijective correspondence between conjugacy classes b of n-braids and free
isotopy classes of loops in C,,(C),/S,.

A continuous mapping f of an annulus A = {z € C: r; < |z| < ra},
0 < <ry< oo, into C,(C),/S,, represents a conjugacy class b of n-braids
if for each circle {|z| = p} C A the loop f : {|z| = p} — C,(C)/S,
represents the conjugacy class b. The extremal length A( ) of b is defined as
A(b) = infaca A(A), where A denotes the set of all annuli which admit a
holomorphic mapping into C,,(C),/S,, that represents b. By [5] and [6] the
entropy of a conjugacy class of n-braids b equals h(b) = 7rA(b) The equality
h(b) = h(b) holds for any braid b representing b (see e.g. [5, 6]).

Pmof of the upper bound of Theorem 4. — We represent each conjugacy
class b of elements of Bg /Z3 by a conjugacy class b of elements of Bs. To
each conjugacy class b of elements of Bs with h(b) > 0 and each positive
number ¢ we will associate a braid b € Bs that represents b such that the
inequality

Au(b) < %h@) te (22)

holds. For this purpose we represent the conjugacy class bofb by a holomor-
phic map g : A — C3(C) /Ss from an annulus A of extremal length

MA) < %h(@) te (23)
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to the symmetrized configuration space. By Lemma 8 of [9] each loop that
represents b intersects the smooth real hypersurface

the three points 21, 29, 23
H def {21, 29,23} € C3(C) /S5 : are contained in a real line (24)
in the complex plane

of C5(C),/Ss. By the Holomorphic Transversality Theorem [10] we may as-
sume, after shrinking A (keeping inequality (23)) and approximating g, that
g is holomorphic in a neighbourhood A’ of the closure A of A and is transver-
sal to H. Hence, L o {z € A’ : g(z) € H} is a smooth real submanifold of
A’ of real dimension 1. Moreover, L contains an arc Ly C A with endpoints
on different boundary circles of A.

The set A\ Ly is a curvilinear rectangle. By this we man that the set
admits a conformal mapping w onto a rectangle R = {z = x + iy € C :
0<z<1,0<y< a} of extremal length a with the following properties.
Consider a lift (A \ Lo)™ of the set A\ Lo to the universal covering of A
and denote the projection map by p. The lift of the mapping w extends to a
homeomorphism from the closure of (A\ L)~ in the universal covering of A
onto the closure R of R such that the two components of p~1(9A \ L) are
mapped to the open vertical sides of the rectangle and the two components
of p~1(Ly) are mapped to the open horizontal sides of the rectangle.

The extremal length A(A \ Lg) is defined as the extremal length a of
the rectangle R. The inequality A(A \ Lg) < A(A) holds (see [2], or [9,
inequality (12)], or [8, Proof of the lower bound in Theorem 2]).

We may assume that Lo contains a point zo for which g¢(zp) is con-
tained in the real subspace C3(R),Ss, and, moreover, for some label {g1(z0),
92(20), g3(20)} of the points of g(zp) the equalities g;(z0) = 0, g3(z0) = 1
hold. To see this we will use the following notation. Let 2 be a complex affine
mapping, i.e. A({) = a( + 3, ¢ € C, where a and § are complex numbers,
a # 0. For a point E € C3(C),/S3 we denote by A(F) the triple of points in
C that is obtained by applying 2 to each of the three points of E.

Recall that g(Ly) C H. Take any point zg € Ly N A. Label the points
of g(z0) in any way by ¢1(20), g2(20), and gs(z0). We denote by 2., the
%é;)g%(;&)z(]), ¢ € C. Consider the mapping
z — Uy (9(2)), 2 € A, which assigns to each point z € A the point in

C5(C),/Ss that is obtained by applying the complex affine mapping 2., to

g(2). Then 2, (g ={0 92(z0) =91 (z0) 1} is contained in C3(R),/Ss, and

? g93(20)—91(20)”
has the required form

complex affine mapping ( —
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Since the set of complex affine mappings (with the topology of C* x C) is
connected, the mapping 2(, g is free isotopic to g on A, hence also represents
b. Replacing if necessary g by 2., g, we assume now that g(zg) € C3(R),Ss,
and has the required form.

Take the lift of the mapping g | A\ Ly to a mapping (g1, g2, g93) : A\ Lo —
C3(C) for which the continuous extension (g1(20), g2(20),93(20)) to 2o in
clockwise direction satisfies g1(z9) = 0 and g3(z9) = 1. We consider the
mapping z — «a(2)¢ + 5(2) &f A.(g9(z)), z € A\ Lo, which is obtained by
applying the variable complex affine mapping 2, 2.({) = #%7 to
g(z). Use the notation gy (z) for the mapping A, (g(2)), z € A \ Ly. The
value of this mapping for each z € A\ Ly is the triple {0, £ - (z) 318, 1}.
Hence, the continuous extension of this mapping to each of the strands of Lg
takes values in the real subspace C3(R),/S3 of the symmetrized configuration
space, and therefore the holomorphic mapping gg o w™' on R represents an

element of the relative fundamental group m (C5(C),/Ss,C5(R),/Ss3).

Take a curve 7 : [0,1] — A with (0) = (1) = 2o that intersects Ly
only at zp and represents the counterclockwise generator of the fundamen-
tal group of A. The mapping g o v represents a braid b € b and also an
element in the relative fundamental group 7 (C5(C),/Ss,C5(R),/S3). The
mapping gy o | (0,1) extends continuously to the closed interval [0, 1]. The
extension (denoted by gy 07) represents an element of the relative fundamen-
tal group 71 (C3(C), /S5, C5(R),/S3). By the construction of gy the equality
g 07(0) = g o~(0) holds, and the two elements of the relative fundamental
group represented by g oy and by gy o v differ by a finite number of half-
twists. For the conformal mapping w : A\ Ly — R and the extremal length
a of the rectangle R the map z — e=%(?) 2 € A\ Lo, represents a half-twist.
For k € Z we consider the mapping g ., (%) e k2w0() go(2) from A\ Lo to
C3(C),/Ss. It has totally real horizontal boundary values. There exists an
integer number k such that g oy and g ., oy represent the same element of
m1(C5(C),/Ss,C3(R),/S3). Hence, the mapping gy, ow ™! : R — C5(C) /Ss
represents the element bt of the relative fundamental group that corresponds
to the braid b € b represented by gov-Since A(R) =a=A(A\ Lo) < A(4)
we obtained A, (b) < A(4) < h(b)

We achieved the following. For each conjugacy class b of 3-braids with
h(b) > 0 we obtained a braid b € b such that Ay (b) < 2h(b) + € for the a
priori given small positive number €. For each integer number [ the equalities

h(b AQZ) h(b ) and A, (bA2) = A4, (b) hold. Hence, the number of conjugacy

classes b of B3, Z3 of positive entropy not exceeding Y does not exceed
the number of elements b € B3,/ Z3 with Ay, (b) < %Y + . In other words,
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N (Y) < N, (2Y +¢). Since for £ we may take any a priory given positive
number, Theorem 3 implies

2
NE™™ (Y) < Ng, (Y) < 4e'?Y . (25)
s
We obtained the upper bound. O

For obtaining the lower bound we need the following preparations.

LEMMA 11. — Suppose by and by are elements of the free group F, in
n generators, that are both represented by cyclically reduced words. Then by
and by are conjugate if and only if the word representing bs is obtained from
the word representing by by a cyclic permutation of terms.

Proof. — Tt is enough to prove the following statement. If under the con-
ditions of the lemma by = w~'bjw for an element w € Fy, w # Id, then
by = w'~1bjw’ where b} is represented by a cyclically reduced word that is
obtained from the reduced word representing b; by a cyclic permutation of
terms, and w’ is represented by a reduced word which has less terms than
the word representing w.

This statement is proved as follows. Write w = wjw’ where wy € F,, is
represented by the first term of the word representing w, and by = o’ Bja”
where a’ and a” are represented by the first and the last term, respectively,
of the word that represents b;. Then by = w'~ 1w a’ {a”wlw If both
relations wi 'a’ # Id and a”w; # Id were true, then the first and the last
term of the reduced word representing b, would be a power of the same
generator of F,,, which contradicts the fact that by can be represented by a

cyclically reduced word. If either w; *a’ = Id or a”w; = Id, then the reduced

words representing b} et wi 'a’ Bja"w; and by are cyclic permutations of
each other. Hence, the statement is true. O

LEMMA 12. — The following equalities hold.

Asor = 023,

Asoy = 01A3, (26)
—1, —d A4 2 2 26
oy (o3 A3)01_02010201a

—1/ _—4 A4 2 2 2
g (01 A3)‘72—01020102

Proof. — The third equality is obtained as follows
Uf1(054A§)01 = ofloglAganggaglal
= (Jflagl)(020102)(020102)0510;1(020102)(020102)05101
= 03010507 . (27)

The fourth equality is obtained by conjugating the third equality by Az. O
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Recall that each braid § € B3 can be written uniquely in the form g =
cr;?ﬂlAg for an integer number ¢, a number 7 = 1,2, a number k£ = 0, 1, and
a braid $; that can be written as a reduced word in 0% and o3. Consider
two elements by and bs of PB3 Z3 C B3,/ Z35. We identify PBs,/Z3 with
the free group Fs in two generators a; and as.

LEMMA 13. — Suppose both, by and bay, are of the form
ali2 a2jE2 e a# a2i2 or a2i2 aliz e a§t2 afz , (28)
with a positive number of terms, and the reduced word representing b1 has
at least four terms. Then by cannot be conjugated to by by an element 3 of
Bs,Z3 that can be represented by a braid [ = ajﬂlAg with some j and £
and By being a word in o? and o3.

Proof. — Indeed, suppose the contrary,
by = 7 'byf3 (29)

with 3 represented by 8 = 0,31 A%, where £ = 0,1, and 1 € PB3 is a
word in 07 and ¢3. For j = 1,2, we let b; be the representative of b; which
can be written as reduced word in 0? and o3. By (26) there is an integer

number n such that the braid b} def O'j_leO'jAgn is a product of a posi-
tive even number of factors which either have alternately the form 7% and
(03030303)F!, or they have alternately the form oF? and (63030703)*!.
The braid 81 A4 Az B! can also be written as reduced word in 7 and o3.

Hence, by (29) the two braids b}, and ﬁlAéblAgéﬂfl must be equal.

Identify o with the generator a; and o3 with the generator as of the free
group Fy. The braid b is the product of at least two factors equal to ali2 and
(arazaiaz)*! alternately, or it is the product of at least two factors equal
to aziz and (asaasa; ) alternately. Hence, the reduced word representing
by contains at least 4 terms, and out of four consecutive terms at least two

terms appear with power +1 or —1.

Indeed, put A = ajasajas. Replace in the product AélafﬂAe2 with ¢/, =
0,%£1, £, = 0,41, each factor A®* by the reduced word in a;, as, representing
it. We obtain a (possibly not reduced) word in aj, ag. If 4 =0 or ¢; = 1,
and ¢ = 0 or —1, the word is already reduced. If /; = —1, and ¢ = 0 or
—1, the reduced word representing the product, consists of the first three
letters of the word representing A~' = A%, a non-trivial power of a; and
all letters of the word representing A®. If £ = 0 or ¢; = 1, and {5 = 1,
the reduced word representing the product, consists of all letters of the word
representing At a non-trivial power of a; and the last three letters of the
word representing A = A% . Finally, if £/, = —1 and ¢, = 1 then the reduced
word representing the product, consists of the first three letters of the word
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representing A~' = A% a non-trivial power of a; and the last three letters
of the word representing A = A’. Hence, the reduced word representing bl
contains for each factor A% in the whole product at least the two middle
letters of the word representing the A%. The case, when b), is the product
of asajaza; and a3 is obtained by replacing the role of the generators a;
and as.

Since the braid A4b; Az* can be represented by a word of the form (28)
with at least four terms, we arrived at the following conjugation problem in
the free group Fo. We have an element By € Fy of the from (28) with at
least 4 terms, and an element By € [F5 written as reduced word with at least
4 terms, such that in each tuple of four consecutive terms there are at least
two terms that appear with power +1 or —1. Then there is no element of Fy
that conjugates By to Bs.

To prove the statement we assume the contrary. Suppose the reduced

word afll ah representing Bs is not cyclically reduced. Identify each term

Jz
a?j/’ of the word with the element of Fy represented by it. The conjugate

(a?ll)_lBgafll can be represented by a reduced word for which the consec-
utive sequence of all terms except perhaps the last is also a consecutive
sequence of terms of the reduced word representing Bs. Continue consecu-
tively in this way with the aj “ until we arrive at an element B) € Fy that
can be represented by a cyclically reduced word. The sequence of all consec-
utive terms except perhaps the last of this cyclically reduced word is also a

sequence of consecutive terms of the reduced word representing Bo.

Since BY is conjugate to By by an element of Fy and both are represented
by cyclically reduced words, the representing words have the same number
of terms (see Lemma 11). By the assumption for B; the number of terms is
at least 4. Then the words Bj and Bs have at least 3 consecutive terms in
common. Therefore B} contains a term that appears with power +1 which
is a contradiction. The lemma is proved. O

Proof of the lower bound of Theorem 4. — Consider the elements of
b € PB3,/Z3 C B3,/ 25 which can be represented by words of the form

w=ai?af? - aF?ai? (30)

in the generators a; and as of PB3,Z3 with at least 4 terms. We denote
the number of syllables (in this case the number of the terms a**) of the
word (30) by 25. Since each word w of form (30) is cyclically syllable reduced,

Theorem 10 implies that the entropy h( ) of the conjugacy class of the
element b € PB3, Z3 represented by w satisfies the inequality

h(b) < 300%£+(w) - g 230025 - log 8. (31)
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Take j = j, def [W}' For this choice of jj the inequality 5 -300L4 (w) <
Y holds. Since we required that the number of syllables 27 is at least 4, we
get the condition Y > 6007 log 8. The number of different words of such kind

equals 220,

We prove now that the number of different conjugacy classes of Bs, 23
that can be represented by elements in PBs corresponding to words (30)
with 27 syllables is not smaller than 222]'.7,0

0
claim. For each element b € PB3, Z3 of form (30) the number of elements
of PB3,/ Z3 of form (30) that are conjugate to b by an element of Bs ' Z3
does not exceed 2j.

. It is enough to prove the following

Suppose two elements by and by of PBs, 23 C B3, Z3 are represented by
a word of form (30) and belong to the same conjugacy class, i.e. by = fb; 371
for an element 8 € B3, Z3. Then by Lemma 13 the element [ is represented
by an element 8 = ;A% in B3 with 3; being a word in ¢? and 03 and
¢ =0,1. Put b, = As’by A3~ for the element A3z = Az, Z3;. Then b)
is represented by a word of form (28). If £ = 0 then the first terms of the
reduced words representing b} and b; are powers of the same generator
a;, if £ = 1 then the first terms of the reduced words representing b} and
b, are powers of different generators. By Lemmas 11 and 12 the reduced
word representing the element $1b} 8, Lis obtained from the reduced word
representing b by a cyclic permutation of terms. Thus, either the reduced
word representing b is obtained by an even cyclic permutation of terms of
the reduced word representing by, or by an odd cyclic permutation of the
terms of the reduced word representing AsbyAs™'. Hence the number of
different elements of PBj, Z3 that can be represented by words of form (30)
and are obtained from b; by conjugation with an element of B3, Z3 does
not exceed the number of cyclic permutations of 25 letters, i.e. 2j(. (Notice,
that e.g. by cyclically permuting the terms of a word with symmetries we
may sometimes arrive at the same word.)

We proved that the number of different conjugacy classes of PB3, 23
2290

250 "

represented by words of form (30) is not smaller than
0

We obtain
925

2j6

Ng,"(Y) > (32)
Notice that 27] > 2 for natural j. Indeed, the function x — % increases for
x > 2 (since (%)’ =-2. 4 %7 and log2 > 0.6) and for j = 1 and 2 the

x
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expression equals 2). Hence, % > 27, Hence, for Y > 6007 log 8

y 1
NEU(Y) > 9% > Jomoless

—le Y log 2 —le Y (33)
~ 2P 3007 10g8 ) ~ 2P\ 9007 )

The lower bound of the theorem is proved. O
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