
Correlated Disorder Induced Anomalous Transport in Magnetically Doped
Topological Insulators

Takuya Okugawa,1 Tanay Nag,1, ∗ and Dante M. Kennes1, 2, †

1Institut für Theorie der Statistischen Physik, RWTH Aachen, 52056 Aachen,
Germany and JARA - Fundamentals of Future Information Technology.

2Max Planck Institute for the Structure and Dynamics of Matter,
Center for Free Electron Laser Science, 22761 Hamburg, Germany.

We examine the transport properties of magnetically doped topological insulator (TI) thin films
subject to correlated non-magnetic disorder. For the disorder we choose a quasi-periodic potential
with a random phase. We restrict the disorder to a central region, which is coupled to two leads in
a clean quantum spin Hall insulator (QSHI) state and concentrate on different orientations of the
quasi-periodicity in the two-dimensional central region. In the case of a diagonally oriented or purely
longitudinal quasi-periodicity we find different topological Anderson insulator (TAI) phases, with
a quantum anomalous Hall insulator (QAHI), a quantum spin Chern insulator (QSCI), or a QSHI
phase being realized before the Anderson insulation takes over at large disorder strength. Quantized
transport from extended bulk states is found for diagonal quasi-periodicity in addition to the above
TAI phases that are also observed for the case of uncorrelated disorder. For a purely transverse
orientation of the quasi-periodicity the emerging QSHI and QSCI phases persist to arbitrarily strong
disorder potential. These topological phase transitions (except to the Anderson insulator phase),
can be understood from a self consistent Born approximation.

Introduction— In recent years various non-interacting
quantum Hall phases such as, the quantum anomalous
Hall insulator (QAHI) [1, 2], the quantum spin Hall insu-
lator (QSHI) [3–5] as well as Weyl and Dirac semimetals
[6–8] have been identified. The QSHI phases have been
proposed theoretically [9, 10] as well as observed experi-
mentally [11, 12] in non-magnetic materials for example,
HgTe and Bi2Te3. Interestingly, the QSHI turns into a
QAHI, harbouring chiral edge states, when time reversal
symmetry (TRS) is broken [13–19]. This can be achieved
by magnetic doping [20, 21], exchange field [22, 23] and
staggered magnetic flux [24] and was recently experimen-
tally realized [25–35].

Remarkably, the QSHI phases are robust against weak
non-magnetic disorder while moderate disorder can in-
duce a topological phase, called a topological Anderson
insulator (TAI), even if the clean system remains a nor-
mal insulator (NI) [36–38]. The disorder results in a neg-
ative mass term for the band inversion as captured by
the self consistent Born approximation (SCBA). Impor-
tantly, weak magnetic disorder is shown to stabilize the
QAHI phase while the AI phase emerges for substantially
strong disorder [39–50]. However, non-magnetic disorder,
originating from the spatial inhomogeneities constitutes
an important factor in experiments as well [32, 47, 48, 51–
53] and has attracted recent attention [54–60]. The na-
ture of the various TAI phases also depend on the types
of disorder such as, site versus bond disorders [61].

Interestingly, the topological phase transitions (TPTs)
in the presence of both non-magnetic correlated disorder,
caused by quasi-periodic Aubry-André-Harper potential
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[62] in the two dimensional (2D) plane, and the magnetic
exchange field remain uncharted so far while the effect of
on-site random disorder [59], magnetic disorder [42, 43],
and non-magnetic correlated disorder [63, 64] are investi-
gated separately. In particular, we answer the following
question which is experimentally relevant as well [26, 27]:
how can we understand the rich interplay between mag-
netism and orientation of correlated disorder in the 2D
plane by examining the topological phase diagram? The
existence of a mobility edge in one-dimensional (1D)
quasi-periodic systems [65–68] further motivates us to ex-
plore its connection with the edge transport in 2D topo-
logical systems.

In this work, we consider Bi2Te3 thin film in the pres-
ence of magnetic exchange field and correlated disorder
(here, chosen as a quasi-periodic potential with random
phase), coupled to two semi-infinite clean non-magnetic
leads in the QSHI phase, to investigate the conductance
through the former. The disorder, depending upon its
orientation (see Fig. 1), can mediate a series of TPTs
as observed in the rich phase diagrams where the sys-
tem transits through a number of phases such as, NI,
QAHI, QSHI, quantum spin Chern insulator (QSCI), and
AI phases. The diagonal quasi-periodic potential, called
isotropic in the following, surprisingly yields quantized
conductance from the extended bulk states beside the
TAI (QAHI, QSHI and QSCI) phases with quantized
edge transport (see Fig. 2). For anisotropic longitudinal
[transverse] quasi-periodicity, the QSCI phase gets re-
markably suppressed [extended] when the exchange field
and disorder amplitude increase (see Fig. 3) [see Fig. 4].
The TPTs in the above cases are successfully captured
by the sign change of renormalized mass term computed
from SCBA.

Model and method— We start with a model of three
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FIG. 1. (Color online) The studied setup is demonstrated
in (a). The spatial representation of quasi-periodic poten-
tial εr = cos(2πηr) and disorder averaged local density of
states from the retarded Greens function of the central sys-
tem are shown for isotropic (b), (e); longitudinal (c), (f) and
transverse (d), (g) cases. Here, r = iα + jβ, with i, j be-
ing the lattice sites in x and y direction, respectively. We
choose gM = 30 and W = 350 meV to depict edge modes at
j = 1, 100 for the QAHI phase in (e)-(g).

quintuple layers of (Bi, Sb)2Te3 given by [9, 69]

H0(k) = N · Γ =

3∑
i=1

NiΓi (1)

where N1 = vF sin(kya)/a, N2 = −vF sin(kxa)/a, N3 =
m(k) = m0 + 2B[2 − cos(kxa) − cos(kya)]/a2 and Γ1 =
τxσ0, Γ2 = τyσz, and Γ3 = τzσ0. We note that τ and σ
represent orbital and spin degrees of freedom. Here, vF
(a) denotes the Fermi velocity (lattice spacing). A fer-
romagnetic order in the above topological insulator (TI)
thin film can be induced by magnetic doping with Cr or
Fe atoms [26, 28, 69]. Such a TRS broken TI can be
modeled as H(k) = H0(k) + gMτzσz where g represents
the Lande-g factor and M is the magnetic exchange field.
The Hamiltonian thus reads in the block-diagonal form
[25]:

H(k) =

(
Hu(k) 0

0 Hl(k)

)
, (2)

where the upper and lower block Hamiltonian Hu,l(k) =
N∓σ+ +N±σ− +mu,l(k)σz with N± = N1 ± iN2, σ± =
(σx ± iσy)/2 and mu,l(k) = N3 ± gM .

We study the effect of an on-site non-magnetic impu-
rity potential εr on the central magnetic TI (Eq. (2))
of dimension Lx × Ly which is coupled to semi-infinite
QSHI leads (Eq. (4)). The setup is shown in Fig. 1
(a). We model the impurity potential by a quasi-periodic
potential εr = W cos(2πηr + φ)/2, where W denotes

the amplitude of the potential i.e., disorder strength,
r = iα + jβ represents the location of lattice sites
on the 2D square lattice, φ is an offset chosen from a
uniform random distribution between [0, 2π) and η =

(
√

5 − 1)/2 is an irrational number. The disorder cor-
relation function takes the form Cm,n = 〈εi,jεi+m,j+n〉 =
W 2 cos

[
2πη(mα+ nβ)

]
/8. The real space Hamilto-

nian for the central system and the leads are given by
HCS(m0,M,W ) =

∑
rr′ [Hrr′(m0,M)+εrδr,r′ ]C

†
rCr′ and

HL,R(m0) = HCS(−|m0|,M = 0,W = 0), respectively,
where Hrr′(m0,M) is obtained from a Fourier transfor-
mation of H(k) in Eq. (2). The annihilation (creation)
operator Cr (C†r ) consists of a two-orbital and a spin-1/2
degrees of freedom. We note that on-site disorder breaks
the particle-hole symmetry.

Generally, α = β = 1 refers to the 2D isotropic (diag-
onally oriented) quasi-periodic potential. We also con-
sider purely longitudinal (transverse) quasi-periodicity
only along x (y)-direction choosing α = 1, β = 0
(α = 0, β = 1). The spatial configurations of these
disorder potentials are demonstrated in Fig. 1 (b), (c),
and (d) for φ = 0. Here, we consider a thickness of three
quintuple layers such that the model becomes trivial in
the clean and undoped limit with appropriate material
parameters: vF = 3.07 eVÅ, m0 = 44 meV, B = 37.3
eVÅ2 [69], and a = 20Å [59]. We compute the disorder
averaged conductance G (in units of e2/h) for the central
region and the corresponding standard deviation δG (in
units of e2/h), following the Landauer-Büttiker formal-
ism [70, 71] with recursive Green’s function technique
[59, 72–74], as a function of both disorder strength W
and exchange field gM (see Figs. 2, 3 and 4). The QSHI
and QSCI phases both are identified by quantized con-
ductance G = 2 (green) while the former [latter] appears
in the absence [presence] of exchange field. The QAHI
phases are characterized by quantized conductanceG = 1
(orange).

We also analyze the emergence of disorder mediated
TPTs using the SCBA [37]. Importantly, TAI phases
appear when the renormalized topological mass m =
m + δm becomes negative m < 0 as well as the renor-
malized chemical potential EF = EF + δµ lies inside
the band gap |EF | < −m̄. Exploiting the block di-
agonal form of the Hamiltonian (Eq. (2)), we can de-
compose the self energy into upper and lower blocks

Σu,l = Σu,l0 σ0 + Σu,lx σx + Σu,ly σy + Σu,lz σz. The correc-
tion terms, caused by the disorder, are thus found to be

δmu,l = Re[Σu,lz ] and δµu,l = −Re[Σu,l0 ]. The self energy
can be expressed through self-consistent equations by in-
corporating C(k) i.e., Fourier transform of the disorder
correlation function Cm,n, as follows [63, 64, 75]

Σu,l =

∫
dk C(k) (EF + iζ −Hu,l(k)− Σu,l)

−1

= W 2(Σ+
u,l + Σ−u,l)/16 (3)

with Σ±u,l = (EF + iζ −Hu,l(±αQ,±βQ)− Σu,l)
−1

, Q =
2πη and ζ → 0. The phase boundaries can be determined
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FIG. 2. (Color online) (a), (e), and (i) [(c), (g), and (k)] depict the conductance G with gM = 0, 30 and 52 meV, respectively,
for isotropic correlated disorder εr = W cos(2πηr + φ)/2 with α = β = 1 [uncorrelated random disorder εr ∈ [−W/2,W/2]
[59]]. The corresponding standard deviation δG are shown for isotropic correlated [uncorrelated random] disorder in (b), (f),
and (j) [(d), (h), and (l)]. We consider a central system HCS(m0,M,W ) of dimension Lx×Ly = 400a× 100a and 400a× 200a,
respectively, for zero and non-zero values of gM . The solid and dashed [blue and purple] lines trace out the phase boundaries

associated with Hu(k) and Hl(k) [|Eu,l
F | = mu,l

0 and |Eu,l
F | = −mu,l

0 ], respectively, according to the SCBA. The cartoon pictures
(A)-(F), depict the evolution of the band gap for topological (red valence and blue conduction bands in the uniform orange and
green background) and trivial (blue valence and red conduction bands in the white background) phases for Hu,l(k) separately.

by |Eu,lF | = −mu,l
0 for mu,l

0 < 0 and |Eu,lF | = mu,l
0 for

mu,l
0 > 0 segregating the TAI phases with quantized G 6=

0 from the trivial phases with non-quantized G. Note
that the SCBA fails to detect the TPTs to an AI phase
for strong disorder W > O(B/a2, vF /a).

Results— We start our discussion on TPTs induced
by the correlated disorder with Fig. 2 where we consider
the isotropic quasi-periodic potential i.e., α = β = 1
(see Fig. 1 (a)) and compare to the random disorder case
[59]. The bulk gap ∆ of the central system can be read
off by the Fermi energy EF at which the quantized con-
ductance G = 0, 1, and 2 (accompanied by δG = 0) can
either change to a non-quantized value with δG 6= 0 or a
quantized value with G > 2. The later phase with G > 2
is exclusively observed for the case of correlated disorder
which stems from extended bulk modes lying well above
the trivial and topological gap. The thin film is in the NI
phase for ∆ = m0 = 44 meV in the clean non-magnetic
case (see Fig. 2 (a)). With increasing disorder strength
regardless of whether the disorder is correlated or uncor-
related, the trivial gap reduces and eventually the gap

becomes topological at (W,EF ) ≈ (500 meV, 0 meV),
i.e., ∆ < 0 due to band inversion. At this point the thin
film enters into a QSHI phase with quantized G = 2.
The QSHI phase has a maximal gap at W ≈ 900 meV
and for larger disorder W rapidly turns into an AI. Upon
including a magnetic field gM = 30 meV as shown in
Fig. 2 (e), the trivial gap ∆ reduces to 14 meV in the
clean limit. The trivial system now first enters into a
QAHI with quantized G = 1 upon inclusion of disorder,
followed by a QSCI phase with quantized G = 2 and
eventually an AI phase takes over for strong disorder.
Upon increasing the magnetic field to gM = 52 meV,
as shown in Fig. 2 (i), the system already resides in the
QAHI phase, with topological gap |∆| = 8 meV, even in
the clean limit. For increasing disorder W , the system
similarly traverses through a series of QAHI → QSCI →
AI phases. However, the size of the QSCI (QAHI) phase
decreases (increases) significantly for gM = 52 meV as
compared to that of gM = 30meV.

The different TPTs except the transition to the AI
phase at large disorder are well captured by the SCBA
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FIG. 3. (Color online) We investigate the longitudinal quasi-
periodic potential α = 1 and β = 0 for the same set of param-
eters as Fig. 2. The size of the QSHI (QSCI) phase for zero
(non-zero) values of gM reduces as compared to the Fig. 2
(a) and (e).

as indicated by the lines in Fig. 2. The evolution of the
bulk gap for the central system in various phases and
their boundaries are schematically demonstrated in Figs.
2 (A)-(F). All these above features, obtained for corre-
lated disorder, are qualitatively similar to random disor-
der. However, the correlated disorder is found to stabilize
the TAI phases more clearly than random disorder as ev-
ident from the standard deviation δG profiles (see Figs. 2
(b), (d), (f), (h), (j), and (l))

For longitudinal quasi-periodicity α = 1 and β = 0
(see Fig. 1 (b)) we find a qualitatively similar picture,
as shown in Fig. 3, compared to the previous isotropic
case. Interestingly, the marked differences are that the
quantized transport from the bulk mode as well as the
QSCI phase at larger magnetic fields gM are absent in
the present case. The latter is a reservoir effect analyzed
in more detail in the Sec. II of SM.

FIG. 4. (Color online) We investigate the transverse quasi-
periodic potential α = 0 and β = 1 for the same set of pa-
rameters as Fig. 2. The QSHI (QSCI) phase remains stable
even at strong disorder unlike in the other two cases shown
in Fig. 2 and 3.

Next we analyze transverse quasi-periodic potential
along y-direction i.e., perpendicular to the transport di-
rection, with α = 0 and β = 1 (see Fig. 1 (c)). Contrary
to the above cases, the QSHI and QSCI phases continue
to exist with a topological gap ∆ < 0 even for strong
disorder W > 1000 meV irrespective of the values of ex-
change field as shown in Figs. 4 (a), (c) and (e). This
effect unique to the case of transverse quasi-periodic po-
tential can be captured within a simple SCBA approach.

Discussions— It is evident from the above investiga-
tions that the upper and lower block of the Hamiltonian
in Eq. (2), can be selectively made topological under the
appropriate orientations of correlated disorder. With in-
creasing disorder W , the lower block becomes topological
first followed by the upper block. As long as the direc-
tion of the magnetic field is not altered, the above feature
is observed in all the cases (flipping the magnetic field
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flips upper and lower block). We note that the individ-
ual phases for EF > 0 would also symmetrically appear
for EF < 0 owing to the emergent spectral symmetry of
the system under W → −W (see SM Sec. IV for more
discussion) [59].

The quasi-periodicity generically introduces mobility
edges such that there exist extended bulk states within
an energy interval between [E−, E+] in the middle of
the single particle spectrum around zero energy (see SM
Sec. V for more discussion). One expects these states
to participate in the electron transport through the cen-
tral disordered system above its bulk gap ∆ provided
|∆| < |E+ − E−|. For the isotropic quasi-periodic po-
tential, this mechanism of bulk transport might lead to
the quantized conductance with G > 2 and δG→ 0 even

though mu,l
0 > 0 (see Fig. 2(a), (e) and (i)). These re-

gions appear just outside the NI and TAI phases when
E− < EF < E+ and |EF | > |∆|, in marked contrast to
the random disorder case. The universality classes of the
TPTs between the TAI and non-TAI phases, [63, 64, 76–
78] reported here are left for future research.

On the other hand, for anisotropic quasi-periodicities,
the mobility edge energy interval |E+ − E−| for the
extended bulk states shrinks significantly resulting in
the suppression of quantized transport from the bulk
states lying above |∆|. This could be the reason
why non-quantized bulk conductance with G > 2 and
δG > 0 for longitudinal and transverse quasi-periodicities
is observed. The edge transport along x-direction is
severely (minimally) influenced for longitudinal (trans-
verse) quasi-periodicity as the mid-gap conducting edge
modes can (can not) become localized which are oth-
erwise delocalized along the transport direction at y =

1, Ly (see Figs. 1 (e)-(g)). Combining these insights one
notes that the TAI phase diagram for isotropic quasi-
periodic potential is an admixture of the anisotropic
quasi-periodic potentials along longitudinal and trans-
verse directions.

Our study is potentially relevant to model the ex-
perimental findings on QAHI phases in magnetic TIs
[26, 27, 32, 79–81]. Besides the solid state systems, TIs
are also realized for ultracold atomic gases in optical lat-
tices [82] where optical laser speckle potential could be
engineered to introduce the correlated disorder of the
type discussed here [83–85].
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I. QSHI MODEL

In this section, we extensively discuss the QSHI model as given by the Eq. (1) of the main text. The model
Hamiltonian for a QSHI is the following [9, 69]

H0(k) = N · Γ =

3∑
i=1

NiΓi (4)

where N1 = vF sin(kya)/a, N2 = −vF sin(kxa)/a, N3 = m(k) = m0 + 2B[2 − cos(kxa) − cos(kya)]/a2 and Γ1 =
τxσ0, Γ2 = τyσz, and Γ3 = τzσ0. We note that τ ∈ {A,B} and σ ∈ {↑, ↓} represent orbital and spin degrees of
freedom. Here, vF (a) denotes the Fermi velocity (lattice spacing). The QSHI model in Eq. (4) supports gapless
helical edge modes, protected by TRS T = iτzσxK with K being the complex conjugate operator: T H0(k)T −1 =
H0(−k). The model becomes trivially gapped for m0/B > 0 (B is chosen to be positive). This model has unitary
chiral symmetry and anti-unitary particle-hole symmetry, respectively, generated by C = τyσx and P = τxσzK:
CH0(k)C−1 = −H0(k) and PH0(k)P−1 = −H0(−k). Interestingly, the QSHI model has mirror symmetry Mxy =
C4My: MxyH0(kx, ky, kz)(Mxy)−1 = H0(ky, kx, kz) where C4 [My] represents the generator of the four-fold rotational
symmetry [mirror symmetry along y-axis]. A magnetic field, breaking TRS, can be introduced in the model, as
discussed in Eq. (2) of the main text: H(k) = H0(k) + gMτzσz where g being the Lande-g factor and M is the
magnetic exchange field. The chiral edge modes in H(k) are preserved by the anti-unitary symmetry while the model
does not have the unitary symmetry.

II. RESERVOIR EFFECT

In this section, we analyze Fig. 3 (e) of the main text where the QSCI phase is no longer observed although the

upper and lower block Hamiltonian Hu,l(k) both become topological with mu,l
0 < 0 as predicted by SCBA for disorder

strength W > 550 meV. Such a counter-intuitive observations can be caused by a reservoir effect that we explain
below at length. In order to understand the underlying reason, we vary the topological mass term from m0 to m1 in
the QSHI leads such that |m1| > |m0| while keeping the Hamiltonian HCS(m0,M,W ) of the central system unaltered
(see Fig. 5).

We concentrate on longitudinal quasi-periodicity εi = W cos(2πηi+φ)/2 with φ ∈ [0, 2π) in the central system. At
first, we consider a lead Hamiltonians given by HL,R(−|m0|). Following the SCBA, the QSCI phase is expected to
show up after the QAHI phase when increasing W . In the conductance G, we observe such a behavior for gM = 30
meV (see Fig. 5 (e)) while for strong magnetic field gM = 52 meV (see Fig. 5 (i)), there is no signature of the QSCI
phase following the QAHI phase upon increasing W . We now change the lead Hamiltonians to HL,R(−|m1|). In
this case, we find the QAHI phase is followed by a QSCI phase for gM = 30, and 52 meV from the conductance
analysis (see Figs. 5 (g) and (k)) which are in accordance with the SCBA. Therefore, enhancing the topological mass

(|m1| > |m0|) in the QSHI leads could resolve the apparent existence of a trivial phase in conflict with mu,l
0 < 0 from

SCBA. Importantly, the robustness of the QSCI phase in Fig. 5 (g) is confirmed by δG → 0 as shown in Fig. 5 (h).
This is different from Fig. 5 (f) where δG does not completely vanish inside the QSCI phase.

In addition, the QAHI phase with gM = 52 meV is not accurately captured by the SCBA for HL,R(−|m0|). We
find a certain zone in the phase diagram with G < 1 inside the predicted QAHI phase as shown by the red patches.
This zone is bounded by the solid blue and purple dashed lines of SCBA, for gM = 52 meV (see Fig. 5 (i)). These
non-quantized patches vanish when the QSHI leads are given by HL,R(−|m1|) instead of HL,R(−|m0|) complying with
the SCBA for the above choice of the leads (see Fig. 5 (k)).

Note that when a topological mass term of higher magnitude is considered for the QSHI leads i.e., |m1| > |m0|,
the effects of the reservoir gets suppressed. This effect may arise once the topological gap of the lead is less than or
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FIG. 5. (color online) (a), (e), and (i) [(c), (g), and (k)] depict the conductance G with gM = 0, 30 and 52 meV, respectively,
for the longitudinal quasi-periodicity εi = W cos(2πηi+ φ)/2, considering the QSHI lead Hamiltonian HL,R(−|m0|) (m0 = 44
meV) [HL,R(−|m1|) (m1 = 80 meV)]. The corresponding standard deviation δG are shown for the longitudinal quasi-periodicity
with HL,R(−|m0|) [HL,R(−|m1|)] in (b), (f), and (j) [(d), (h), and (l)]. The system sizes are taken to be Lx = 400a for all panels
and Ly = 100a for (a)-(d) and Ly = 200a for (e)-(l). Notice that the central system is always described by the Hamiltonian
HCS(m0,M,W ) irrespective of the topological mass term in the leads. The QSCI phase does [does not] appears for gM = 52
meV after QAHI phase for (k) [(i)] referring to the fact that the topological mass term in the QSHI leads is responsible for
such phenomena.

comparable to the gap of the central system. The interface between central system and leads essentially causes the
bulk modes of the leads to hybridize with the edge modes of the central system resulting in the contamination of the
topological properties for the latter [59]. Hence, only by increasing the mass term in the QSHI leads, we recover the
quantized edge transport of the central system more accurately. Upon inspecting the phase diagrams in Fig. 5, one
can comment that the topological gap in the leads |m1| has to be much larger than the renormalized bulk gap ∆
of the central system (|m1| � |∆|) to prevent bulk states of the leads from hybridizing with the edge modes in the
central system.
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III. PHASE DIAGRAMS AND BAND STRUCTURES

FIG. 6. (Color online) The energy dispersion of the non-magnetic isolated central system (Eq. (2) of the main text) in presence
of transverse quasi-periodic potential (α = 0 and β = 1) under the stripe geometry with infinite (open) boundary condition
along x (y)-direction. Here, we depict the TPT between the NI → QSHI phase i.e., G = 0→ G = 2, as shown in Fig. 4 (a) of
the main text. We can find the G = 0 phase for W = 200, the TPT at W = 370 and the G = 2 phase for W = 500. Moreover,
we separately consider φ = 0 and π to emphasize the emergent symmetry E(kx,W ) = −E(−kx,−W ). The colorbar denotes
the average localization y of a given momentum mode at kx in the finite y-direction.

FIG. 7. (Color online) The energy dispersion of the isolated central system (Eq. (2) of the main text) for gM = 30 meV in
presence of transverse quasi-periodic potential (α = 0 and β = 1) under the stripe geometry with infinite (open) boundary
condition along x (y)-direction. Here, we depict TPTs between the NI → QAHI phase i.e., G = 0 → G = 1, the QAHI →
QSCI phase i.e., G = 1 → G = 2, as shown in Fig. 4 (c) of the main text. We can find a G = 0 phase for W = 100, the
TPT between NI and QAHI at W = 200, G = 1 phase for W = 300 and W = 400, the TPT between QAHI and QSCI phase
at W = 500, G = 2 QSCI phase for W = 600. Moreover, we separately consider φ = 0 and π to emphasize the emergent
symmetry E(kx,W ) = −E(−kx,−W ). The color bar denotes the average localization of a given momentum mode at kx in the
finite y-direction.

Here, we discuss how one can understand the phase diagram for transverse quasi-periodicity which is shown in Fig.
4 of the main text, from the band structure of the isolated central system considering Lx → ∞. In this case kx can
be considered as a good quantum number due to the translation symmetry along the x-direction. Notice that the
quasi-periodic potential along the y-direction breaks the translation symmetry only along that direction. This enables
us to probe the band structures by varying the disorder strength i.e., the amplitude of quasi-periodic potential W .
The results are shown in Figs. 6, 7 and 8, respectively, for gM = 0, 30 and 52 meV.

We numerically diagonalize HCS(m0,M,W ) =
∑
j,j′,kx

[Hj,j′,kx(m0,M) + εjδj,j′ ]C
†
j,kx

Cj′,kx considering εj =
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FIG. 8. (Color online) The energy dispersion of the isolated central system (Eq. (2) of the main text) for gM = 52 meV in
presence of transverse quasi-periodic potential (α = 0 and β = 1) under the stripe geometry with infinite (open) boundary
condition along x (y)-direction. Here,we depict TPT between the QAHI→ QSCI phase i.e., G = 1→ G = 2, as shown in Fig. 4
(e) of the main text. We can find a G = 1 phase for W = 400, the TPT between G = 1 and G = 2 at W = 580 and G = 2 phase
for W = 700. Moreover, we separately consider φ = 0 and π to emphasize the emergent symmetry E(kx,W ) = −E(−kx,−W ).

W cos(2πηj + φ)/2 and j = 1, · · · , Ly with C = {CA↑, CA↓, CB↑, CB↓}. Here, Hj,j′,kx(m0,M) is obtained after
the partial inverse Fourier transformation of H(k) in Eq. (2) of the main text along the y-direction only. We further
simplify the situation by considering only two specific values of φ = 0 and π such that εj → −εj or equivalently
W → −W for φ→ φ+ π. This allows us to look for the correlation between the energy dispersion and sign reversal
in W in a concrete manner. In addition, we measure average localization of each momentum mode in the y-direction,

associated with eigenenergy En(kx), as follows ȳn(kx) =
∑Ly

j=1 j(
∑
q |ψn,q(j, kx)|2) where ψn,q(j, kx) is the j-th com-

ponent of n-th eigenstate in the basis q = {A ↑, A ↓, B ↑, B ↓} as obtained from HCS(m0,M,W ) (see the colorbars in
Fig. 6, 7 and 8).

For the non-magnetic case as demonstrated in Fig. 6, we find that TPTs between the NI and QSHI phase are found
for (φ,W ) = (0, 370) and (π, 370) (W in units of meV). Here the gap between the doubly degenerate bulk valence
and conduction bands vanishes while the trivial [topological] gap is observed for (φ,W ) = (0, 200) and (π, 200)
[(φ,W ) = (0, 500) and (π, 500)]. In the topological case with W = 500, we find helical edge modes inside the bulk
gap −25 < E < 25 (in the units of meV) for φ = 0 and π while there exist no edge mode within the trivial gap for
W = 200. Notice that the critical disorder strength Wc ≈ 360, separating the QSHI from the NI phases, (see Fig. 4
(a) of the main text), can be approximately traced by the systematic investigations on the band structure in a stripe
geometry with Lx →∞ considered here.

In the same spirit, for magnetic field gM = 30 meV, the TPTs between NI and QAHI phase occur at Wc,1 = 200
and Wc,2 = 500 for the TPTs separating QAHI from QSCI phase (see Fig. 7). The size of the trivial and topological
gap, respectively, for the disorder amplitudes W = 100, and 300, 400, 600 are consistent with Fig. 4 (b) in the main
text. The important point to note here is that the QAHI (QSCI) phase hosts one (two) pair(s) of chiral mode(s) due
to TRS breaking. In the present case, the QAHI (QSCI) phase supports chiral modes coming from the lower block
Hamiltonian (both the lower and upper block Hamiltonian). We repeat the same analysis for gM = 52 meV in Fig. 8
where the TPT between the QAHI and QSCI phase takes place at Wc = 580. The trivial (topological) gap hosting
no (edge) modes are depicted for W = 400 (W = 700). Two pairs of chiral edge modes can also be seen inside the
topological gap for the QSCI phase.

One also notes that E(kx)→ −E(−kx) for φ→ φ+ π. Together with W → −W for φ→ φ+ π, we can obtain an
equivalence, E(kx,W ) = −E(−kx,−W ). This gives rise to the symmetric nature of the phase diagrams under phase
averaging in the main text for ±EF . Hence, we only restrict ourselves to positive values of EF while investigating the
phase diagrams in Figs. 2, 3 and 4 of the main text.
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FIG. 9. (Color online) We illustrate the average NPR In, following Eq. (5) for the isolated central system of dimension 30×30,
with isotropic and anisotropic longitudinal quasi-periodicities in upper and lower panel, respectively. The energy window of
mobility edge shrinks for the longitudinal case as compared to the isotropic case under substantially strong disorder. We
consider gM = 30 meV and (W,G) are stated accordingly.

IV. NORMALIZED PARTICIPATION RATIO

We now study the normalized participation ratio (NPR) In from the eigenvectors of a system with the spatial
dimension Lx × Ly, defined by

In =

〈(
pLxLy∑
i=1

|ψn(i)|4
)−1〉

/(pLxLy). (5)

Here the eigenvector for a given energy level En is denoted by ψn. In the present case, we consider the isolated
disordered central system HCS(m0,M,W ) =

∑
rr′ [Hrr′(m0,M) + εrδr,r′ ]C

†
rCr′ where Hrr′(m0,M) is obtained after

inverse Fourier transformation of H(k) as given in Eq. (2) of the main text. The 〈...〉 in Eq. (5) hence indicates
the disorder average and p = 4 as we have 2 orbital and 2 spin degrees of freedom. For the uniformly delocalized
eigenvectors in 2D, ψn extends equally over all sites |ψn(i)|2 ∼ (pLxLy)−1. The NPR In thus approaches unity for
the uniformly delocalized state. For a localized state with the localization length ε, one obtains the |ψn(i)|2 ∼ ε−1.
Hence, NPR becomes vanishingly small when ε �

√
LxLy. We compute the disorder averaged energy 〈En〉 and

study the NPR profile as a function of 〈En〉 depicted in Fig. 9 upper and lower panel for isotropic and longitudinal
quasi-periodicity, respectively, with gM = 30 meV fixed. For 1D systems, the NPR turns out to be very important
to probe the mobility edge profile, demarcating the localized states from the delocalized states, in the single particle
spectrum [65–68].

For the 2D case, one can similarly define an energy interval E− < E < E+ within which the NPR takes higher
value for the extended modes. We start with the clean case (W,G) = (0, 0) where a mobility edge is absent (see
Fig. 9). Upon increases W we observe that the delocalized states are symmetrically located around zero energy
(bounded within E± i.e., around the centre of the spectrum) and localized states are found to appear away from zero
energy (outside the E± i.e., around the edge of the spectrum). This refers to the emergence of mobility edge for
the disordered 2D system. Note that within our analysis, limited by finite size, multiple mobility edges might occur
(see Fig. 9 (W,G) = (450, 1) upper panel). The signature of extended modes becomes more pronounced for some
intermediate disorder window (see upper and lower panels in Fig. 9 (W,G) = (100, 0), (450, 1)). The energy window
associated with the mobility edge is smaller for the anisotropic case compared to the isotropic case for intermediate
disorder strength.

Interestingly, we find quantized transport but with G > 2 stemming from extended bulk modes for the isotropic
quasi-periodicity as shown in Fig. 2 of main text. This is the same scenario where a mobility edge is promoted.
Therefore, the low energy extended bulk states within the mobility edge might be responsible for the quantized
transport for the isotropic case when EF lies outside of the bulk gap ∆ of the central system. For the anisotropic
quasi-periodicity in contrast, the mobility edge shrinks more rapidly with W as compared to the isotropic case.
Therefore, low energy extended bulk modes might not appear when EF is outside of the bulk gap ∆.
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V. SCBA BASED ON THE CONTINUUM MODEL

In this section, we present the SCBA analysis based on the continuum model, derived from the Eq. (2) in the main
text. The self-energy Σ, as formulated by a 2 × 2 matrix is given by (EF −H − Σ)−1 = 〈(EF −H)−1〉 where 〈· · · 〉
represents the disorder average and H (H ) denotes the 2×2 k space (disordered real space) Hamiltonian. We expand
the Eq. (2) of the main text around the Γ = (0, 0) point to write down the Hamiltonian

H(k) =

(
Hu(k) 0

0 Hl(k)

)
, with Hl,u(k) =

(
al,u bl,u
cl,u dl,u

)
(6)

where al,u = m0 + Bk2 ∓ gM , bl,u = vF (ky ∓ ikx), cl,u = b∗l,u and dl,u = −al,u. The inverse block Hamiltonian

[Hl,u(k)]−1 thus takes the form

[Hl,u(k)]−1 =
1

al,udl,u − bl,ucl,u

(
dl,u −bl,u
−cl,u al,u

)
, (7)

The Fourier transformation of the disorder correlation function Cm,n = 〈εi,jεi+m,j+n〉 = W 2 cos
[
2πη(mα+ nβ)

]
/8 is

given by

C(k) =
W 2

8

∑
r

eik·r cos
[
2πη(mα+ nβ)

]
=
W 2

16

[
δkx,αQδky,βQ + δkx,−αQδky,−βQ

]
(8)

with Q = 2πη, r = mαî + nβĵ. Notice that m ∈ [1, Lx] and n ∈ [1, Ly] represent integer numbers. The self energy,
using Eq. (3) of the main text by setting Σl,u = 0 in the right hand side, is thus given by [63, 64, 75]

Σl,u =
W 2

16

[
1

M+
l,u

+
1

M−l,u

]

=
∑

kx=Q
±
x ,ky=Q

±
y

(
Al,u(kx, ky) Bl,u(kx, ky)
Cl,u(kx, ky) Dl,u(kx, ky)

)
. (9)

We note that the self-energy for the correlated case is thus characteristically different from that of the random disorder
where the correlation function C(k) no longer depends on k. Due to the structure of the correlation function C(k)
here, the k-sum reduces to a δ-function. Here M±l,u = EF + iζ − Hl,u(±αQ,±βQ). We denote Q±x = ±αQ and

Q±y = ±βQ. One can obtain

[A,D]l,u =
(W 2

16

) 1

ãl,ud̃l,u − b̃l,uc̃l,u
[d̃, ã]l,u (10)

where ã’s are function of kx and ky with ãl,u = EF + iζ − al,u, d̃l,u = EF + iζ + al,u, b̃l,u = −bl,u and c̃l,u = −b∗l,u.

The complete expressions of [A,D]l,u are found to be

Al,u =
W 2

16

∑
kx,ky

EF + iζ + (m0 +Bk2 ∓ gM)

(EF + iζ)2 − (m0 +Bk2 ∓ gM)2 − v2F k2

Dl,u =
W 2

16

∑
kx,ky

EF + iζ − (m0 +Bk2 ∓ gM)

(EF + iζ)2 − (m0 +Bk2 ∓ gM)2 − v2F k2
.

(11)

Here subscripts l, u in the left hand side correspond to ∓ sign in the right hand side.

We are interested in the computation of Σl,u0 = (Al,u+Dl,u)/2 and Σl,uz = (Al,u−Dl,u)/2 that yield the renormalized
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mass ml,u
0 = m0 + δml,u and chemical potential E

l,u

F = EF + δµl,u as given by

δµl,u = −Re[Σl,u0 ]

= −
(W 2

8

) EF
E2
F − v2Fx− (m0 +Bx∓ gM)2

δml,u = Re[Σl,uz ]

=
(W 2

8

) m0 +Bx∓ gM
E2
F − v2Fx− (m0 +Bx∓ gM)2

with x = Q2(α2+β2). The TAI phase is supported in the presence of disorder for ml,u
0 < 0. The correction in the mass

term δml,u turns out to be negative when m0+Bx∓gM < 0 [m0+Bx∓gM > 0] for E2
F −v2Fx−(m0+Bx∓gM)2 > 0

[E2
F − v2Fx− (m0 + Bx∓ gM)2 < 0]. The analytical findings hint to the situation when both δml < 0 and δmu < 0

for different combinations of numerator and denominator. Since δml,u < 0 can be satisfied regardless of the sign of
EF referring to the fact that TAI phases can exist for positive and negative values of EF .

VI. TOPOLOGICAL PHASE TRANSITIONS PREDICTED BY SCBA BASED ON THE LATTICE
MODEL

We now address the SCBA analysis (Eq. (3) of the main text), based on the lattice Hamiltonian, that accurately
complies with the Landauer-Büttiker numerical results. Examining Figs. 2, 3, and 4 of the main text, we below discuss

the phase boundaries following the profiles of ml,u
0 and |El,uF |. The TPTs, separating QAHI from the trivial phase, are

captured when ml
0 reverses its sign simultaneously with |ElF | = ±ml

0. The QAHI phase is found to be bounded by

dashed purple and solid blue in all figures. The QAHI thus appear when ml
0 < |E

l

F | < −ml
0 and mu

0 > 0. Similarly,
the TPTs between QAHI and QSCI phases, marked by the coincidence of solid blue and purple lines, are associated
with sign changes in mu

0 (while ml
0 < 0) simultaneously with |EuF | = ±mu

0 = 0. The QSCI/ QSHI phase appears on
the right side of the solid purple line. However, the boundary between the QSCI/QSHI and AI phases can not be
captured by SCBA. Following the same line of argument, the QSCI/ QSHI phase is expected to be confined within

mu,l
0 < |Eu,lF | < −m

u,l
0 and mu,l

0 < 0.
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