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Abstract: In this work, we deal with the problem of approximating and equivalently formulating
generic nonlinear systems by means of specific classes thereof. Bilinear and quadratic-bilinear sys-
tems accomplish precisely this goal. Hence, by means of exact and inexact lifting transformations,
we are able to reformulate the original nonlinear dynamics into a different, more simplified format.
Additionally, we study the problem of complexity/model reduction of large-scale lifted models of
nonlinear systems from data. The method under consideration is the Loewner framework, an estab-
lished data-driven approach that requires samples of input–output mappings. The latter are known
as generalized transfer functions, which are appropriately defined for both bilinear and quadratic-
bilinear systems. We show connections between these mappings as well as between the matrices of
reduced-order models. Finally, we illustrate the theoretical discussion with two numerical examples.

Keywords: nonlinear systems; complexity model reduction; data-driven methods; bilinear quadratic
structure; transfer functions; lifting transformations

1. Introduction

Many problems from the applied sciences that involve a dynamic process under study,
either to be solved, simulated, or even controlled, are described by models that could
contain a considerable amount of variables and/or many inputs and outputs. This is partic-
ularly true in the context of fluid dynamics. For instance, equations, such as Navier–Stokes,
Burgers’, or Kuramoto–Sivashinsky, are nonlinear partial differential equations (PDEs),
which are complex and challenging to deal with by means of conventional/direct methods.

Thus, these equations are often discretized and linearized, resulting in linear ordinary
differential equations (ODEs) described by a huge amount of states (internal variables).
The large dimension results in high computational complexity, which leads to challenges
in terms of simulation, analysis, and design. Consequently, there is a need to obtain
a simplified model of smaller dimensions, which can still be used to provide accurate
information for the simulation, analysis, and control of such systems.

Model reduction is commonly viewed as a methodology used for reducing the com-
putational complexity of large scale complex models in numerical simulations. The goal is
to construct a smaller system with the same structure and similar response characteristics
as the original. For an overview of conventional model reduction methods, we refer the
reader to the books [1–3]. For a fairly general overview on system-theoretical model order
reduction (MOR) approaches, we refer the reader to [4]. In this work, we assume that the
nonlinear systems to be modeled contains quadratic nonlinearities or it can be equivalently
transformed to such a structure.

This class of systems is of interest since most smooth nonlinear systems can be exactly
reformulated (lifted) as quadratic or quadratic-bilinear time-invariant systems (QBTIs),
provided that the nonlinearities are analytical. Thus, even if the original model does not
involve explicitly (only) quadratic nonlinearities, we could assume this structure (as we
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will see in the next sections). The main lifting approaches involve artificially introducing
new variables into the state-space representation, computing derivatives, and rewriting all
relations in the required format.

MOR methods specifically tailored for reducing QBTI systems have been proposed in
[5–8]. Such approaches are fairly new, and most of them represent extensions of the tech-
niques proposed for model reduction of linear time-invariant (LTI in short) systems and bi-
linear time-invariant (BTI) systems [9]. The latter class of systems represent a class of mildly
nonlinear dynamical systems, which inherits many properties from LTIs; more specifically
speaking, BTIs have many systems and control theoretical quantities that are very closely
related or can be easily extended from LTIs (infinite Gramians, system norms, stability
properties, etc.). Additionally, model reduction of BTIs is a fairly established sub-field of
MOR that has been constantly developed in recent decades. We mention here the research
endeavors [10–14] that preceded the more recent works in [15–19].

With an ever-increasing availability of measured data in many engineering fields,
the need for incorporating measurements in the modeling process has steadily grown over
recent decades. The main challenge lies in effectively using the available data in order to con-
struct/learn models that can accurately represent the dynamics of the underlying dynamic
process. Sometimes, in order to satisfy accuracy requirements, the fitted/learned models
might have large dimensions and, hence, not be suitable for fast numerical simulation.

Thus, it is of interest to learn reliable reduced-order surrogate models to be used
instead. Here, we assume that such models have particular dynamic structure, i.e., the non-
linearities include bilinear or quadratic-bilinear terms. As seen in the sequel, this is by
no means restrictive. In recent years, many data-driven and learning methods have been
designed specifically for the case of BTIs [20,21] and also for QBTIs [22–26]. Here, we men-
tion another prolific method for learning models from data, the so-called dynamic mode
decomposition (DMD) [27,28], which was recently extended to deal with BTIs in [29,30].

In this work, we cover a number of recent extensions of the data-driven non-intrusive
method known in the MOR community as the Loewner framework (LF), originally intro-
duced in [31]. We show various applications and connections between two prominent
extensions of LF. Another goal of this work is to illustrate some properties and similarities
of two established reformulation (lifting) strategies:

1. Rewriting the dynamics of a generic nonlinear system (with analytic nonlinearities)
into an equivalent form by enforcing quadratic-bilinear terms, and

2. Approximating systems with quadratic-bilinear terms with bilinear systems by ne-
glecting higher-order terms (such as cubic) from the power series expansion.

Lifting and reformulation strategies include classical approaches, such as the ones
in [32,33], as well as more modern methods. Some of the latter were already used in
connection to MOR applications, such as in [25,34,35]. In this work, by following such
processes, we are able to establish connections between the generalized transfer functions
(input–output mappings in the frequency domain) of the two classes of lifted systems
(bilinear and quadratic-bilinear).

Additionally, we provide methods of connecting the reduced order models in bilinear
format with the original matrices corresponding to the quadratic-bilinear (lifted) model.
To the best of the author’s knowledge, connections, such as the ones mentioned above
are indeed new and represent a fair share of this work’s novelty factor. Finally, we will
show applications of the approaches under consideration for two benchmarks examples
(a semi-discretized classical problem of computational fluid dynamics and a nonlinear
electrical circuit).

2. Transforming the Original Dynamics to Quadratic or to Bilinear Format

This section discusses several methods for finding simplified or equivalent models
for given complex nonlinear problems. Specifically, one requires approximated models
written in matrix format (as state-space representation). Then, one could asses how well the
approximation performs and how the equivalent model captures the inherent properties of
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the original, complex, and possibly large-scale nonlinear system. In this section, we present
two important classes of methods, which yield reformulated systems with specific struc-
tures (bilinear and quadratic-bilinear). We will start with the former in what follows, which
is based on truncating power series.

As the Taylor series expansion is used to approximate infinitely differentiable complex-
valued functions around a particular expansion point, so do some of the methods presented
in this section (for nonlinear systems). Since we require finite-dimensional models, a trun-
cation is in order. This would be the first limitation as truncation automatically introduces
an error. The other is that, in some cases, the approximation is usually good enough only
around the expansion point but not very accurate in other regions. Finally, the dimen-
sions of the rewritten system are much higher than those of the original nonlinear system
(denoted here with n), e.g., polynomial growth in n.

The alternative is equivalently rewriting the dynamics involving analytic nonlinearities
by adding variables and/or by computing derivatives. In doing so, it turns out that the
reformulation is exact (no approximation is involved) and additionally, the increase in the
dimensions of the rewritten system is linear in n. The downside is that this applies only
to nonlinear functions with certain properties (however, in practical applications, many
relevant cases are indeed covered).

Consider a nonlinear system described in state-space representation by the following
system of differential equations:

ΣN :

{
ẋ(t) = f(x(t)) + g(x(t))u(t),
y(t) = Cx(t),

(1)

where x : R → Rn is the state variable, u : R → R is the control input, and y : R → R
is the observed output. Additionally, let t > 0, x(0) = x0, and nonlinear vector-valued
functions f, g : Rn → Rn that are analytic in x. For simplicity, assume that the output y
depends linearly on the variable x (the more general case would be y(t) = h(x(t)) with
h : Rn → Rn also analytic in x).

Without loss of generality, we assume that: x(0) = 0, f(x(0)) = f(0) = 0. If this does
not hold, set x̂(t) = x(t)− x0(t) where x0(t) is the zero input solution. Use the following
notation f̂(x̂(t)) = f(x̂(t) + x0(t))− f(x0(t)). Then, rewrite the system equations in terms
of the new state:

˙̂x(t) = ẋ(t)− ẋ0(t) = f(x(t)) + g(x(t))u(t)− f(x0(t))

= f(x̂(t) + x0(t))− f(x0(t)) + g(x(t))u(t) = f̂(x̂(t)) + g(x(t))u(t),

and also ŷ(t) = C(x̂(t) + x0(t)). Consequently, it follows that

x̂(0) = x(0)− x0(0) = 0, f̂(x̂(0))) = f̂(0) = f(x0)− f(x0) = 0.

Definition 1 ([34]). The function h : R→ R is considered to be elementary if and only if it is a
polynomial, rational, exponential, logarithmic, trigonometric, or root function or a composition of
any of these classes of functions.

As mentioned in ([36]), there are a variety of practical applications where these kinds
of elementary function appear

1. h1(x) = xα1
1 xα2

2 · · · x
αk
k , x = [x1 x2 . . . xk]

T in chemical rate equations, metal–oxide
semiconductor field-effect transistor (MOSFET) in saturation mode.

2. h2(x) = x
k+x in chemical engineering, describing chemical rate equations or smooth-

ing functions.
3. h3(x) = ex in electronical circuit components, such as diodes or bipolar junction

transistors.
4. h4(x) = sin(x) in control systems theory (where x is the angle used in steering of

an object).



Appl. Sci. 2022, 12, 2333 4 of 23

2.1. Bilinear Systems

We analyze bilinear time-invariant systems ΣB = (C, E, A, N, B) characterized by the
following equations:

ΣB :

{
Eẋ(t) = Ax(t) + Nx(t)u(t) + Bu(t),
y(t) = Cx(t),

(2)

where E, A, N ∈ Rn×n, B ∈ Rn×m, C ∈ Rp×n and x ∈ Rn, u, y ∈ R. Here, we assume that
the matrix E is invertible and can be incorporated in the other matrices appearing in the
differential Equation (2) as:

Ă = E−1A, N̆ = E−1N, B̆ = E−1B, Ĕ = In,

where In ∈ Rn×n denotes the identity matrix of length n. However, in practical scenarios
in which the model is of large dimensions, we avoid explicitly computing the inverse of
matrix E, and incorporate it as above. That is why we will interchange the two (equivalent)
representations throughout the paper.

For simplicity of exposition, we will treat the single-input, single-output (SISO) case.
The multi-input multi-output case is indeed technically more involved; however, it is based
on the same type of reasoning.

2.1.1. Carleman’s Linearization

In what follows, we introduce a well-established numerical tool that enforces approx-
imating a nonlinear system with analytical nonlinearities be means of a bilinear system.
The technique is commonly known as Carleman’s linearization and was originally in-
troduced in [32]. Since this is an approximation technique, it follows that the bilinear
system obtained is clearly not equivalent to the initial one (in terms of the input–output
response). One main property of this method is that, as the dimension of the bilinear system
increases, the original nonlinear system is better approximated. Of course, in many cases,
one cannot overly increase the dimensionality, since this results in challenges, such as low
computational time or depleted memory storage.

The Kronecker product of the internal state variable x = [x1 · · · xn]T with itself is
defined as follows:

x⊗ x = [x2
1 x1x2 . . . x1xn . . . x2

n]
T ∈ Rn2

. (3)

Denote the composition of k Kronecker products of the same vector x with itself with

x(k)(t) = x(t)⊗ x(t)⊗ . . . ⊗ x(t) ∈ Rnk
, (4)

where x(0) = 1, x(1) = x, x(2) = x⊗ x and x(j) ⊗ x(k) = x(j+k), ∀j, k > 1. The infinite power
series (Maclaurin series) expansions in x(t) for both functions f and g are written as follows:

f(x(t)) =
∞

∑
k=1

Fkx(k)(t), g(x)(t) =
∞

∑
k=0

Gkx(k)(t), (5)

where G0 ∈ Rn×1, Fj, Gj ∈ Rnj×nj
, j > 1. Here, F1, G1 denote the Jacobian matrices

for f and g, respectively. Moreover, F2, G2 denote the matrices containing the second-
order derivatives (Hessian matrices), and so on (Fk, Gk denote the matrices containing the
kth-order derivatives).
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Now, by using a truncated version of the Maclaurin series of the functions by keeping
only the first N terms for both series, where N represents the truncation index, we can
write explicitly:{

f(x) = ∑N
k=1 Fkx(N) = F1x + F2x(2) + . . . + FNx(N),

g(x) = ∑N−1
k=0 Gkx(k) = G0 + G1x + . . . + GN−1x(N−1).

(6)

In the first equality in (6), we can neglect the term F0, without the loss of generality.
This is usually chosen to be 0 in the case of non-existing forcing terms (and if indeed it is
non-zero, it can be incorporated in the state vector by means of shifting). By substituting
(6) into the state equation in (1), we write

ẋ(t) =
N

∑
k=1

Fkx(k)(t) +
N−1

∑
k=0

Gkx(k)(t)u(t). (7)

Hence, it follows that the left hand side of the differential equation in (7) contains the state
variable vector x(t), while the right hand side contains various powers of it (x(2)(t), . . . , x(N)(t)).
The strategy is to modify the state variable by adding higher-order terms that were missing;
in this way, the dimension of the state vector increases. First, we compute the derivative of
x(2)(t) explicitly, as:

ẋ(2)(t) =
dx(2)(t)

dt
=

d
(
x(t)⊗ x(t)

)
dt

= ẋ(t)⊗ x(t) + x(t)⊗ ẋ(t)

=
[ N

∑
k=1

Fkx(k)(t) +
N−1

∑
k=0

Gkx(k)(t)u(t)
]
⊗ x(t)

+ x(t)⊗
[ N

∑
k=1

Fkx(k)(t) +
N−1

∑
k=0

Gkx(k)(t)u(t)
]

=
N−1

∑
k=1

[Fk ⊗ In + In ⊗ Fk]x
(k+1)(t) +

N−2

∑
k=0

[Gk ⊗ In + In ⊗Gk]x
(k+1)(t)u(t).

We introduce the following summation of j terms, each containing j− 1 Kronecker
products, as follows (for j > 2 and k > 1)

Fj,k = Fk ⊗ In ⊗ . . .⊗ In + In ⊗ Fk ⊗ In ⊗ . . .⊗ In + . . . + In ⊗ In ⊗ . . .⊗ Fk,

where we set F1,k := Fk, by definition. For example, the following formulas hold true:

F2,k = Fk ⊗ In + In ⊗ Fk, F3,k = Fk ⊗ In ⊗ In + In ⊗ Fk ⊗ In + In ⊗ In ⊗ Fk. (8)

In a similar manner, define Gj,k for j > 1, k > 0. It follows that the time derivative of
x(j)(t) can indeed be written in terms of the newly defined matrices as:

ẋ(j)(t) =
N−j+1

∑
k=1

Fj,kx(k+1)(t) +
N−j

∑
k=0

Gj,kx(k+1)(t)u(t), j > 1.

Increase the dimensions of the original state vector from n toN = n + n2 + . . . + nN =
nN−n
n−1 , whereas n is the dimension of the original state variable x(t). In doing so, we also

introduce a new state variable x⊗(t) defined as:

x⊗(t) =
[

x(t) x(2)(t) . . . x(N)(t)
]T
∈ Rn(N)

. (9)

By substituting the newly introduced notation in (9), we obtain a bilinear system with
the following realization
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{
ẋ⊗(t) = A⊗x⊗(t) + N⊗x⊗(t)u(t) + B⊗u(t),

y = C⊗x⊗(t),
(10)

where x⊗(0) = 0 and the matrices A⊗, N⊗ ∈ RN×N , B⊗,
(
C⊗
)T ∈ RN are as below:

A⊗ =



F1,1 F1,2 . . . F1,N
0 F2,1 . . . F2,N−1

0 0
. . . F3,N−2

...
...

...
...

0 0 . . . FN,1


, N⊗ =



G1,1 G1,2 . . . G1,N−1 0
G2,0 G2,1 . . . G2,N−2 0

0 G3,0
. . . G3,N−3 0

...
...

. . .
...

...
0 0 . . . GN,0 0


,

B⊗ =
[

G10 0 · · · 0
]
, C⊗ =

[
C 0 · · · 0

]
.

This procedure involves approximation techniques (based on Taylor series expansion
and truncation) to yield a BTI system that approximates the original system with generic
nonlinearities. The main challenge with this method is that the dimensions of the derived
bilinear system could be considerably higher than those of the original system. Indeed,
by increasing the truncation index N will result in a better approximation. However,
the increase in dimension of the bilinear system’s dimensionN might yield serious memory
storage problems (the storage of very large matrices). For many practical applications,
one would restrict to low values of N, such as N = 2 or N = 3.

Example 1. Consider a non-linear scalar system characterized by the equations:

ΣN0 :

{
ẋ(t) = −3x(t) + x(t) cos (x(t)) + u(t),
y(t) = 2x(t).

Next, we use the Taylor series around the origin for the function cos(x(t))

x cos (x(t)) =
∞

∑
k=1

ckxk(t) = x(t)− x3(t)
2!

+
x5(t)

4!
− . . . , ck =

0, k even
(−1)(k−1)/2

(k−1)! , k odd
,

and hence, write the differential equation as: ẋ(t) = −2x(t)−∑∞
k=3 ckxk(t) + u(t). We identify

the following values:

Fj,1 = −2j, Fj,k =

0, k even

j (−1)(k−1)/2

(k−1)! , k odd, k > 1
,

Gj,0 = j, Gj,k = 0, j, k > 1, C1 = 1, Ch = 0, h > 2.

First, we truncate at N = 3 and by using that x(k)(t) = xk(t), the new state variable is given by
x⊗1 (t) =

[
x(t) x2(t) x3(t)

]T ∈ R3; the dynamics of the bilinear system corresponding to
N = 3 are written as

ẋ⊗1 (t) = A⊗1 x⊗1 (t) + N⊗1 x⊗1 (t)u(t) + B⊗1 u(t), y(t) = C⊗1 x⊗1 (t),

with the system matrices computed as below:

A⊗1 =

 −2 0 − 1
2!

0 −4 0
0 0 −6

, N⊗1 =

 0 0 0
2 0 0
0 3 0

, B⊗1 =

 1
0
0

, C⊗1 =
[

2 0 0
]
.
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Next, we increase the truncation index to N = 5, i.e., x⊗2 (t) =
[

x(t) x2(t) . . . x5(t)
]T

with x⊗2 (t) ∈ R5. Hence, write the state and output equation as

ẋ⊗2 (t) = A⊗2 x⊗2 (t) + N⊗2 x⊗2 (t)u(t) + B⊗2 u(t), y(t) = C⊗2 x⊗2 (t),

with the following system matrices:

A⊗2 =


−2 0 − 1

2! 0 1
4!

0 −4 0 − 2
2! 0

0 0 −6 0 − 3
2!

0 0 0 −8 0
0 0 0 0 −10

, N⊗2 =


0 0 0 0 0
2 0 0 0 0
0 3 0 0 0
0 0 4 0 0
0 0 0 5 0

, (11)

B⊗2 =


1
0
0
0
0

, C⊗2 =
[

2 0 0 0 0
]
. (12)

2.2. Quadratic-Bilinear Systems

We analyze QBTI systems ΣQB = (E, A, Q, N, B, C) characterized by the follow-
ing equations:

ΣQB :

{
Eẋ(t) = Ax(t) + Q

(
x(t)⊗ x(t)

)
+ Nx(t)u(t) + Bu(t),

y(t) = Cx(t),
(13)

where E, A, N ∈ Rn×n, Q ∈ Rn×n2
, B, CT ∈ Rn and x ∈ Rn, u, y ∈ R.

For simplicity of exposition, we treat the single-input single-output (SISO) case.
The multi-input multi-output (MIMO) case is technically more involved but it is based on
similar ideas and procedural steps.

A strong argument for studying this problem is that a broad class of nonlinear systems
can be written in quadratic-bilinear form by using exact transformations. These transforma-
tions can be applied to many different fields, e.g., fluid mechanic systems, electrical circuit
models, and biochemical rate equations.

2.2.1. Reformulating Nonlinear Systems as QBTI Systems

Next, we mention a transformation that has been known in the literature as the
McCormick relaxation [33]. The main result of it is that, by computing derivatives or by
adding algebraic equations, the initial nonlinear system can be transformed into a QBTI
system. The advantage of this method is that no approximation is performed: the quadratic-
bilinear system is equivalent to the initial nonlinear system. The downside is that the
procedure works only for certain types of smooth analytic nonliniarities. For application
purposes, it works for some cases; however, nevertheless, one has to investigate the
applicability of this method to its full extent.

Next, we acknowledge that an algorithm that implements lifting procedures in an
automated way was explicitly formulated in [36]. As stated before, this is needed to
equivalently transform a general nonlinear system into a QBTI system as in (13). It is
to be noted that lifting strategies were already applied in various MOR-related works,
such as [25,35].

As originally introduced in [36], one can distinguish two main strategies, i.e., by adding
quadratic algebraic equations or by computing derivatives. The first procedure is seldom
applicable by its own, and in most cases, one has to combine both of them. To show how
the first approach works, we present a simple but self-explanatory example.
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Example 2. Start with the nonlinear differential equation ẋ = x + x3 + u. By introducing the
new variable z = x2, it follows that ẋ = x + xz + u, and hence the two are equivalent

ẋ = x + x3 + u⇔
{

ẋ = x + xz + u,
0 = z− x2.

For the second category, we present a probative example that illustrates the lifting approach
appropriately.

Example 3. Consider the same nonlinear system as before, i.e.,

ΣN1 :

{
ẋ(t) = −3x(t) + x(t) cos x(t) + u(t),
y(t) = 2x(t).

(14)

By introducing two additional variables: z(t) = sin x(t) and w(t) = cos x(t), compute the time
derivatives and then substitute the given terms

ẋ(t) = −3x(t) + x(t)w(t) + u(t),

ż(t) = ẋ(t) cos x(t) = [−3x(t) + x(t)w(t) + u(t)]w(t),

= −3x(t)w(t) + x(t)w2(t) + w(t)u(t),

ẇ(t) = − ˙x(t) sin x(t) = −[−3x(t) + x(t)w(t) + u(t)]z(t)

= 3x(t)z(t)− x(t)z(t)w(t)− z(t)u(t).

(15)

We managed to equivalently rewrite the original nonlinear system as a polynomial system but
with cubical nonlinearities as can be observed in (15). However, there is one more step until the
transformation to QBTI format is completed. We need to choose another two surrogate variables,
i.e., p(t) = x(t)z(t) and r(t) = x(t)w(t), to be able to equivalently rewrite the above CTI (cubic
time-invariant) system as a QBTI system. Hence, by substituting the new variables into (15),
we can re-write the differential equations as:

ẋ(t) = −3x(t) + r(t) + u(t),

ż(t) = −3r(t) + r(t)w(t) + w(t)u(t),

ẇ(t) = 3p(t)− p(t)w(t)− z(t)u(t).

(16)

Then, the next step is to explicitly compute the derivatives of the two new variables p(t) and r(t) as:

ṗ(t) = ẋ(t)z(t) + x(t)ż(t)

= [−3x(t) + r(t) + u(t)]z(t) + x(t)[−3r(t) + r(t)w(t) + w(t)u(t)]

= −3x(t)z(t) + r(t)z(t)− 3x(t)r(t) + r2(t) + [z(t) + r(t)]u(t),

(17)

and also as

ṙ(t) = ẋ(t)w(t) + x(t)ẇ(t)

= [−3x(t) + r(t) + u(t)]w(t) + x(t)[3p(t)− p(t)w(t)− z(t)u(t)]
= −3x(t)w(t) + r(t)w(t) + 3x(t)p(t)− p(t)r(t) + [w(t)− p(t)]u(t).

(18)

By combining (16)–(18), it follows that we can construct a QBTI system n = 5 in the new
variable x̃(t) =

[
x(t) z(t) w(t) p(t) r(t)

]T . This lifted system is indeed equivalent to
the original scalar system in (14).



Appl. Sci. 2022, 12, 2333 9 of 23

3. Deriving Input-Output Mappings for the Two Classes of Systems
3.1. The Variational Equation Approach

Consider a nonlinear system ΣN as defined in (1). Assume that the nonlinear func-
tions f, g : Rn → Rn are analytic in x. Without loss of generality we also enforce that:
x(0) = 0, f(x(0)) = f(0) = 0.

Next, compute an approximate bilinear model ΣB via Carleman linearization presented
in Section 2.1.1 and an exact quadratic bilinear model ΣQB via the reformulation procedure
presented in Section 2.2.1. The idea is to decouple these two classes of systems and write
them equivalently as an infinite linear time-varying representation.

This approach (see [37,38]) studies the response of the systems to control inputs of
the form u(t) = αû(t) (α is an arbitrary scalar, and û(t) is a unitary signal). Since the
dynamical systems under considerations contain analytic non-linearities, it follows that the
solution x(t) also exhibits an analytic representation and thus can be written as an infinite
power series expansion in the parameter α, e.g.,

x(t) =
∞

∑
k=1

αkxk(t) = αx1(t) + α2x2(t) + α2x3(t) + . . . (19)

We proceed with the bilinear model obtained via Carleman linearizaton, i.e., as intro-
duced in (2)). By substituting (19) and the control input u(t) = αû(t) onto the differential
equation in (2), it follows that:

E
∞

∑
k=1

αk ẋk(t) = A
∞

∑
k=1

αkxk(t) + N
( ∞

∑
k=1

αkxk(t)
)

αû(t) + αBû(t)

=
( ∞

∑
k=1

αkAxk(t)
)
+
( ∞

∑
k=2

αkNxk−1(t)u(t)
)
+ αBû(t).

Now, since this differential equation and the equation for the initial state must hold for
any value of α, coefficients of same powers of α can be equated. By selecting the terms
corresponding to αk from both sides, we start with the equality Eẋ1(t) = Ax1(t) + Bû(t)
(for k = 1). In general, by collecting all terms corresponding to αk from both sides, for
k > 1, we obtain equalities, such as Eẋk(t) = Axk(t) + Nxk−1(t)û(t). Each equality can
be rewritten as Eẋk(t) = Axk(t) + Bk(t)û(t), by introducing Bk(t) := Nxk−1(t)u(t), k > 1.
Hence, a linear differential equation with time-varying coefficients (the vector Bk(t)).

The next step is to decouple the differential equation corresponding to the BTI system
into infinite many time-varying linear differential equations. We can, hence, rewrite the
initial dynamics equivalently as follows:

Eẋ(t) = Ax(t) + Nx(t)u(t)Bû(t) ⇔



Eẋ1(t) = Ax1(t) + Bû(t),
Eẋ2(t) = Ax2(t) + Nx1(t)û(t),

...
Eẋk(t) = Axk(t) + Nxk−1(t)û(t),

...

Denote with yk(t) = Cxk(t), ∀ k > 1. The initial BTI system is written equivalently as
infinitely many coupled linear subsystems. Denote with Σ

(k)
B the kth subsystem whose

dynamics are determined by xk (for k > 2), i.e.,

Σ
(k)
B :

{
Eẋk(t) = Axk(t) + Nxk−1(t)û(t),
yk = Cxk.

(20)
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Note that Σ
(1)
B is indeed a LTI system, while Σ

(k)
B is a LTV (linear time-varying) system for

all k ≥ 2.
Next, we continue with splitting the dynamics of the QBTI model in (13), similar to

the BTI models above. The following equality holds true:

Q
(
x(t)⊗ x(t)

)
= Q

( ∞

∑
k=1

αkxk(t)
)
⊗
( ∞

∑
k=1

αkxk(t)
)
=

∞

∑
k=2

αk
[ k−1

∑
j=1

Q
(
xj(t)⊗ xk−j(t)

)]
.

By substituting (19) and u(t) = αû(t) into the differential equation in (13), we write

E
∞

∑
k=1

αk ẋk(t) = A
∞

∑
k=1

αkxk(t) + Q
( ∞

∑
k=1

αkxk(t)
)
⊗
( ∞

∑
k=1

αkxk(t)
)

+ N
( ∞

∑
k=1

αkxk(t)
)

αû(t) + αBû(t)

=
∞

∑
k=1

αkAxk(t) +
∞

∑
k=2

αk
[ k−1

∑
j=1

Q
(
xj(t)⊗ xk−j(t)

)]
+

∞

∑
k=2

αkNxk−1(t)u(t) + αBû(t).

Now, similarly as for the bilinear case, since this differential equation is valid for all
α ∈ R, coefficients corresponding to the same powers of α can be equated and doing so for
the coefficients of αk, k > 1, we can write

Eẋk(t) = Axk(t) +
k−1

∑
j=1

Q
(
xj(t)⊗ xk−j(t)

)
+ Nxk−1(t)û(t). (21)

Decouple the differential equation above into infinitely many differential equations as

Eẋ1(t) = Ax1(t) + Bû(t),

Eẋ2(t) = Ax2(t) + Q
(
x1(t)⊗ x1(t)

)
+ Nx1(t)û(t),

...

Eẋk(t) = Axk(t) + Q
(
x1(t)⊗ xk−1(t) + . . . + xk−1(t)⊗ x1(t)

)
+ Nxk−1(t)û(t),

...

so that (19) holds true. Hence, the initial QBTI system is written equivalently as infinitely
many coupled LTV subsystems. Denote with Σ

(k)
QB the kth subsystem in variable xk:

Σ
(k)
QB :

{
Eẋk(t) = Axk(t) + ∑k−1

j=1 Q
(
xj(t)⊗ xk−j(t)

)
+ Nxk−1(t)û(t),

yk = Cxk.
(22)

The advantage of the variational equation approach is that the solution x(t) can be
derived by iteratively solving a series of LTV systems, which are non-linearly coupled.
For instance, starting with the first LTI subsystem, we can directly write the solution as
x1(t) =

∫ t
0 eA(t−τ)Bu(τ)dτ (assuming x1(0) = 0). By considering this expression as a

pseudo-input for the second subsystem, an expression for x2(t) can be directly derived,
and so on. By continuing this iterative procedure, one obtains the so-called Volterra series
representation [38] associated with the system ΣQB.
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3.2. Frequency Domain Mappings

The unilateral (or one-sided) Laplace transform of a univariate function f : R→ R is
defined as

F(s) = L{f(t)} =
∫ ∞

0
f(t)e−stdt, (23)

while the extension of it directly follows for the multivariate case:

Definition 2. Let f : Rn → R be a multivariate function in n variables. The Laplace transform of
f is defined as

F(s1, s2, . . . , sn) = L{f(t1, t2, . . . , tn)}

=
∫ ∞

0
. . .
∫ ∞

0
f (t1, t2, . . . , tn)e−s1t1 e−s2t2 . . . e−sntn dt1 . . . dtn.

Definition 3. The transfer function H(s) of an LTI system ΣL (with E = In) is defined as the
Laplace transfer of the impulse response h(t) = CeAtB. Hence, the transfer function can be written
in terms of the system matrices as follows H(s) = C(sI−A)−1B. By replacing the identity matrix
with E, we write the more general definition

H(s) = C(sE−A)−1B. (24)

The exact derivation follows

H(s) = L{h(t)} =
∫ ∞

0
h(t)e−stdt =

∫ ∞

0
CeAtBe−stdt =

∫ ∞

0
Ce−(sI−A)tBdt

= C
( ∫ ∞

0
e−(sI−A)tdt

)
B = C(sI−A)−1B.

Proposition 1 ([38]). If the mapping f : Cn → C can be written as a product of two mul-
tivariate factors x and y that do not depend on any common variables, i.e., f(t1, . . . , tn) =
x(t1, . . . , tj)y(tj+1, . . . , tn), then by applying the multi-variate Laplace transform to this equality,
it follows that F(s1, . . . , sn) = X(s1, . . . , sj)Y(sj+1, . . . , sn).

Definition 4. The `th (regular) transfer function associated with the system ΣB is defined by the
Laplace transform of the `th regular kernel. It can be expressed in terms of the system matrices as

Hw
` (s0, s1, . . . , s`) = C(s0E−A)−1N(s1E−A)−1N · · ·N(s`E−A)−1B, (25)

where ` > 1 and w = (N, N, . . . , N︸ ︷︷ ︸
(`−1) times

), and for ` = 0, we have H0(s0) = C(s0E−A)−1B.

In what follows, we introduce a special class of rational functions that can be inter-
preted as generalized transfer functions of QBTIs and were originally introduced in [23,39].
The advantage of using these functions is that they are written as one product only, requir-
ing chain multiplication of certain matrices, similar to the case of bilinear systems. Other
types of transfer functions have been used for MOR of QBTI systems, such as the class of
symmetric ones in [40]. Next, a series of definitions is set up following [23].

Definition 5. For Υ = {N, Q}, b ∈ {1, 2} and S ∈ Cb consider the function Γ : Υ×Cb →
Cnb×n, defined as follows:

Γ(w,S) =
{

Φ(s1), if w = N, S = (s1) and b = 1,
Φ(s1)B⊗Φ(s2), if w = Q, S = (s1, s2) and b = 2.

(26)

More precisely, in (26), it follows that Γ(N, s1) = (s1E−A)−1 and by Γ(Q, (s1, s2)) = (s1E−
A)−1B⊗ (s2E−A)−1.
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Denote with Υ` the set of all ordered tuples of length ` with entries from Υ, i.e., for all
` > 1, write Υ` = {(w1, w2, . . . , w`)|wk ∈ Υ, 1 6 k 6 `}. Moreover, Υ0 = {ε} contains only
the null symbol.

Definition 6. Let `, h > 0 be two integers so that ` 6 h 6 2` and consider the ordered tuple
S = (s0, s1, . . . , sh), where s0, s1, . . . , sh ∈ C. Additionally, let Sk, 1 6 k 6 ` be a tuple of
1 or 2 complex numbers from the set {s0, s1, . . . , sh} so that S1 } S2 } · · ·} S` = S . Finally,
let w = (w1, w2, . . . , w`) ∈ Υ` be a tuple of length ` > 0. Associate the following level ` rational
transfer function to the tuple w ∈ Υ`:

Hw
` (s0, s1, . . . , sh) =

{
CΦ(s0)B, ` = 0, w = ε,
CΦ(s0)w1Γ(w1,S1) · · ·w`Γ(w`,S`)B, ` > 1.

(27)

The rational functions introduced in (27) are hence divided into subcategories or levels.
It follows that a number of 2` functions are associated with level ` > 0. More precisely,
the one corresponding to level 0 is the linear transfer function Hε

0(s) = C Φ(s)B, which
can also be denoted with H(s). Furthermore, the two functions corresponding to level 1
are written as:

HN
1 (s0, s1) = C Φ(s0)N Φ(s1)B, HQ

1 (s0, s1, s2) = C Φ(s0)Q
(
Φ(s1)B⊗Φ(s2)B

)
.

Note that the rational functions above can indeed be computed by applying the multivariate
Laplace transform of time-domain kernels as explained in [38,39].

In general, a `th level transfer function defined in (27) is a multivariate rational function
depending on h variables {s1, . . . , sh} for `+ 1 6 h 6 2`+ 1.

Note that, if w = (N, N, . . . , N) ∈ Υ`+1, ` > 0 and S` = (s`), then the transfer function
Hw

`+1 exactly coincides to the bilinear transfer functions proposed in [15], i.e.,

Hw
` (s0, . . . , s`) = CΦ(s0)NΓ(N, s1) · · ·NΓ(N, s`+1)B = CΦ(s0)NΦ(s1) · · ·NΦ(s`)B.

3.3. A Conenction between the Transfer Functions of the Two Classes of Systems

The original quadratic system is transformed into a bilinear system by means of
Carleman linearization [32], as originally shown in [41] and later in [42], for particular
models from electrical or mechanical engineering.

Now, let us revisit the previous derivation by using the original equations of the
original quadratic-bilinear system written as

ẋ(t) = Ax(t) + Q(x(t)⊗ x(t)) + Nx(t)u(t) + Bu(t)

= Ax(t) + Qx(2)(t) + Nx(t)u(t) + Bu(t).
(28)

Then, we can write that

ẋ(2)(t) =
dx(2)(t)

dt
=

d
(
x(t)⊗ x(t)

)
dt

= ẋ(t)⊗ x(t) + x(t)⊗ ẋ(t)

=
(

Ax(t) + Qx(2)(t) + Nx(t)u(t) + Bu(t)
)
⊗ x(t)

+ x(t)⊗
(

Ax(t) + Qx(2)(t) + Nx(t)u(t) + Bu(t)
) (29)

By neglecting the higher-order cubic terms x(3)(t) in the equality above, we can write

ẋ(2)(t) ≈ (Ax(t) + Nx(t)u(t) + Bu(t))⊗ x(t) + x(t)⊗ (Ax(t) + Nx(t)u(t) + Bu(t)). (30)
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It follows that the matrices of the BTI system computed from (13) via Carleman’s lineariza-
tion are given as below:

A⊗ =

[
A Q
0 A⊗ In + In ⊗A

]
, B⊗ =

[
B
0

]
,

N⊗ =

[
N 0

B⊗ In + In ⊗ B N⊗ In + In ⊗N

]
, C⊗ =

[
C 0

]
,

(31)

while the state vector is given by x⊗(t) =
[

x(t)
x(t)⊗ x(t)

]
=

[
x(1)(t)
x(2)(t)

]
.

A first observation is that the poles of the BTI model in (31), derived by applying
Carleman’s linearization, and the poles of the original QBTI model are clearly connected.
By denoting with {σ1, . . . , σn} := σA the set of eigenvalues of matrix A ∈ Rn×n, since

A⊗ =

[
A Q
0 A⊗ In + In ⊗A

]
, it follows that the set of eigenvalues of matrix A⊗ ∈ RN×N

are written as σA ∪ {σA ⊕ σA}; here, the set {σA ⊕ σA} includes all possible sums between
two elements of σA, by allowing repetitions (poles with multiplicities). For example, when
n = 2, we have that {σA ⊕ σA} = {2σ1, σ1 + σ2, σ2 + σ1, 2σ2}.

Next, we derive explicit formulas involving the transfer functions of the BTI system
characterized by the matrices in (31), in terms of the matrices of the original QBTI system.
We will be using the following matrix identity based on the Schur complement in order to
explicitly compute the inverse of matrix sIN −A⊗, i.e.,[

X Y
Z T

]−1

=

[
X−1 + X−1YS−1ZX−1 −X−1YS−1

−S−1ZX−1 S−1

]
where S def

= T− ZX−1Y. (32)

Choose now X = sIn − A, Y = −Q, Z = 0 and T = sIn2 − (A⊗ In + In ⊗ A). Hence,
S = T = sIn2 − (A⊗ In + In ⊗A). It follows that:

(
sIN −A⊗

)−1
=

[
(sIn −A)−1 (sIn −A)−1Q[sIn2 − (A⊗ In + In ⊗A)]−1

0 [sIn2 − (A⊗ In + In ⊗A)]−1

]
(33)

We can now compute the first transfer function of the bilinear model as in (4):

H0(s0) = C⊗
(
s0IN −A⊗

)−1B⊗ = C(s0In −A)−1B, (34)

which is the transfer function of classical LTI systems (here, corresponding to the linear
sub-model of the original QBTI system). Additionally, we can write that

HN⊗
1 (s0, s1) = C⊗

(
s0IN −A⊗

)−1N⊗
(
s1IN −A⊗

)−1B⊗

= C(s0In −A)−1N(s1In −A)−1B︸ ︷︷ ︸
HN

1 (s0,s1)

+K1(s0, s1), (35)

where K1(s0, s1) is a bivariate function defined as:

K1(s0, s1) = C(s0In −A)−1Q[s0In2 − (A⊗ In + In ⊗A)]−1

(B⊗ In + In ⊗ B)(s1In −A)−1B.
(36)
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Now, by using basic properties of the Kronecker product, such as (v⊗ In)w = v⊗w and
(In ⊗ v)w = w⊗ v for any vectors v, w ∈ Cn, one can write that:

K1(s0, s1) = C(s0In −A)−1Q[s0In2 − (A⊗ In + In ⊗A)]−1[
B⊗ (s1In −A)−1B + (s1In −A)−1B⊗ B

]
= C(s0In −A)−1Q[s0In2 − (A⊗ In + In ⊗A)]−1[
In ⊗ (s1In −A)−1 + (s1In −A)−1 ⊗ In

]
(B⊗ B).

(37)

Next, by using the identity (X⊗ Y)−1 = X−1 ⊗ Y−1 that holds for all invertible matrices
X, Y ∈ Rn×n, it follows that

In ⊗ (s1In −A)−1 = (s1In2 − In ⊗A)−1,

(s1In −A)−1 ⊗ In = (s1In2 −A⊗ In)
−1,

(s1In −A)−1 ⊗ (s1In −A)−1 = (s2
1In2 − (In ⊗A + A⊗ In) + A2)−1.

(38)

Hence, it follows that the function K1(s0, s1) above can be further simplified and written in
a similar format as to that of the quadratic transfer function HQ

1 (s0, s1, s1) given by:

HQ
1 (s0, s1, s1) = C(s0In −A)−1Q

[
(s1In −A)−1B⊗ (s1In −A)−1B

]
(39)

= C(s0In −A)−1Q
[
(s1In −A)−1 ⊗ (s1In −A)−1

]
(B⊗ B). (40)

4. Extensions of the Loewner Framework

The Loewner framework [31] constructs ROMs that approximate the transfer function
of the underlying model, by using data, i.e., samples of the transfer function at partic-
ular evaluation points. We refer the reader to the recent handbooks [43–45] for a more
comprehensive description.

Extensions of the Loewner framework have been proposed in recent years (some of
them collected in [39]); these were mainly based on matching values of the generalized
transfer functions introduced in Section 3, at certain evaluation points. Here, we present a
simplified presentation of the main approaches and refer to the original works in [20,23]
for a more detailed analysis, the general interpolation scheme, and many other derivations
and complementary results.

As in the classical linear case [31], the interpolation points are partitioned into two
disjoint sets of left and right interpolation points. Since the transfer functions corresponding
to the original bilinear or to the quadratic-bilinear system depend on multiple frequencies,
the interpolation points need to be arranged in a suitable way. To simplify the presentation,
we show the procedure for BTIs only, and we refer the reader to [23] for the algorithm in
the case of QBTIs.

Additionally, assume that k = 2k̃ left and right interpolation points are available,
which are grouped as follows:

left points : µ
(1)
1 , µ

(1)
2 , . . . , µ

(k̄)
1 , µ

(k̄)
2 ,

right points : λ
(1)
1 , λ

(1)
2 , . . . , λ

(k̄)
1 , λ

(k̄)
2 .

(41)

Next, the left and right interpolation points are grouped in multi-tuples for j = 1, . . . , k̃:

µ(j) = {(µ(j)
1 ), (µ(j)

1 , µ
(j)
2 )}, λ(j) = {(λ(j)

1 ), (λ(j)
2 , λ

(j)
1 )}. (42)
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The generalized controllability matrix R ∈ Cn×k associated with the right multi-tuples
λ(1), λ(2), . . . , λ(k̃) is

R =
[
R(1), R(2), · · · , R(k̃)

]
, (43)

where the matrices R(j) ∈ Cn×2, j = 1, . . . , k̃, are associated with the j-th multi-tuple λ(j)

in (42) are given by

R(j) =
[
(λ

(j)
1 E−A)−1 B, (λ

(j)
2 E−A)−1 N (λ

(j)
1 E−A)−1 B,

]
. (44)

Similarly, the generalized observability matrix O ∈ Ck×n associated with the left multi-
tuples µ(1), µ(2), . . . , µ(k̃) is given by

O =
[(
O(1))T ,

(
O(2))T , . . .

(
O(k̄))T

]T
∈ Ck×n, (45)

where O(i) ∈ C2×n, i = 1, . . . , k̄, correspond to the i-th multi-tuple µ(i) in (42) and

O(i) =

[
CT (µ

(i)
1 E−A)−1

CT (µ
(i)
1 E−A)−1 N (µ

(i)
2 E−A)−1

]
. (46)

Next, the Loewner matrix L and the shifted Loewner matrix Ls are defined using the
generalized controllability (43) and observability (45) matrices as

L = −O ER, Ls = −OAR . (47)

The fact that the Loewner matrices are factorized in terms of the pairs of matrices (E, A)
and (O,R) is an inherent property of the Loewner framework, which holds true for both
the bilinear and quadratic-bilinear extensions of the method.

Now, using the structure in (44) and in (46), it follows that:

L(i,j) = −O(i) ER(j) (48)

=


H0(µ

(i)
1 )−H0(λ

(j)
1 )

µ
(i)
1 −λ

(j)
1

HN
1 (µ

(i)
1 ,λ(j)

1 )−HN
1 (λ

(j)
2 ,λ(j)

1 )

µ
(i)
1 −λ

(j)
2

HN
1 (µ

(i)
1 ,µ(i)

2 )−HN
1 (µ

(i)
1 ,λ(j)

1 )

µ
(i)
2 −λ

(j)
1

HN,N
2 (µ

(i)
1 ,µ(i)

2 ,λ(j)
1 )−HN,N

2 (µ
(i)
1 ,λ(j)

2 ,λ(j)
1 )

µ
(i)
2 −λ

(j)
2

, (49)

and similarly for Ls
(i,j). Hence, matrices L and Ls are indeed data matrices, since all their

entries are samples of the system’s transfer functions denoted with H0(s0), HN
1 (s0, s1),

and HN,N
2 (s0, s1, s2) (evaluated at particular grid of points). Next, introduce matrices:

V = OB, W = CR, T = ONR, (50)

which can also be shown to be composed solely in terms of data, i.e., evaluations of the
same transfer functions, introduced in (25). For matrix T, one can show that the (i, j) block
is explicitly written as follows:

T(i,j) = O(i) NR(j) =

 HN
1 (µ

(i)
1 , λ

(j)
1 ) HN

2 (µ
(i)
1 , λ

(j)
2 , λ

(j)
1 )

HN
2 (µ

(i)
1 , µ

(i)
2 , λ

(j)
1 ) HN

3 (µ
(i)
1 , µ

(i)
2 , λ

(j)
2 , λ

(j)
1 )

. (51)

As in the linear case, we focus on the case characterized by a redundant amount of data,
which typically applies in practice. In such scenarios, the power of the Loewner framework
relies on compressing and extracting the relevant information from the (possibly large)
amount of data. Consequently, the singular value decomposition (SVD) is used as in
the sequel.
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However, other factorization schemes, such as the QR factorization, or the CUR
factorization [44], can indeed be used. Next, consider the (short) SVDs of the Loewner
matrices (47). The matrices Y, X ∈ Ck×r are obtained by selecting the first r columns of the
matrices Y1 and X2. We define the following projection matrices (see also [46]):

V = RX ∈ Cn×r, W = O∗Y ∈ Cn×r. (52)

The Loewner ROM is given by the following matrices:

Ê = −Y∗LX = W∗EV, Â = −Y∗LsX∗ = W∗EV,

N̂ = W∗NV, B̂ = W∗ B, Ĉ = V∗ C.
(53)

As in the linear case treated in [31], the projection matrices V, W, and the ROM have
complex entries; however, one can enforce real-valued matrices of the ROM if the sets of
left and of right interpolation points also contain the conjugate complex data as shown
in [43] (one also needs to apply some specific transformations).

As shown in (53), the Loewner ROM (53) can be computed using a Petrov–Galerkin
projection (see also [1] for more details on this classical and widespread approach). How-
ever, this requires explicit access to the matrices of the original system. As in the linear
case, it is possible to generate the same Loewner ROM directly from measurements of the
generalized transfer functions. We refer the reader to [23,46] for details on the extensions
and recent applications of the Loewner framework to QBTI systems.

Petrov–Galerkin Projections Applied to the Bilinear Model Computed via Carleman’s Linearization

In what follows, we will connect the structure of the projection matrices introduced
in (52) to the particular compressed quantities of the original QBTI system. For this, con-
sider that the projection matrices are of required dimension, i.e., V, W ∈ CN×r with
N = n2 + n, corresponding to the dimension of the bilinear model computed via Carle-
man’s linearization (for N = 2). Additionally, the projection matrices are split as:

V =

[
V1
V2

]
, W =

[
W1
W2

]
, (54)

with V1, W1 ∈ Cn×r and V2, W2 ∈ Cn2×r. These two matrices are used to construct
the realization of a bilinear system of reduced dimension computed by means of Petrov–
Galerkin projections applied to the bilinear model in (31):

Σ⊗B :

{
˙̂x⊗(t) = Â⊗x̂⊗(t) + N̂⊗x̂⊗(t)u(t) + B̂⊗u(t),

ŷ⊗ = Ĉ⊗x̂⊗(t),
(55)

where the matrices are computed as follows:

Â⊗ =
[
W∗1 W∗2

][ A Q
0 A⊗ In + In ⊗A

][
V1
V2

]
= W∗1AV1 + W∗1QV2 + W∗2(A⊗ In + In ⊗A)V2,

N̂⊗ =
[
W∗1 W∗2

][ N 0
B⊗ In + In ⊗ B N⊗ In + In ⊗N

][
V1
V2

]
= W∗1NV1 + W∗2(B⊗ In + In ⊗ B)V1 + W∗2(N⊗ In + In ⊗N)V2,

(56)
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while the other matrices are given by:

B̂⊗ =
[
W∗1 W∗2

][ B
0

]
= W∗1B, Ĉ⊗ =

[
C 0

][V1
V2

]
= CV1,

Ê⊗ =
[
W∗1 W∗2

]
In2+n

[
V1
V2

]
= W∗1V1 + W∗2V2.

(57)

It is to be noted that matrices V and W in (54) can indeed be chosen so that the
relation W∗V = Ir holds. This implies that W∗1V1 + W∗2V2 = Ir and hence, it follows that
Ê⊗ = Ir. The formulas in (56) and (57) show that the system matrices of the reduced-order
bilinear model Σ⊗B in (55) can be written as sums of appropriately compressed quantities,
as enumerated below:

1. Using the projection matrices W1 and V1 by projecting the quantities of the bilinear
sub-block of the original QBTI system: W∗1AV1, W∗1NV1, W∗1B, and CV1.

2. Using the projection matrices W2 and V2: W∗2(A⊗ In + In ⊗A)V2, and W∗2(N⊗ In +
In ⊗N)V2.

3. Using the projection matrices W2 and V1 or W1 and V2 (mixed terms): W∗2(B⊗ In +
In ⊗ B)V1 and W∗1QV2.

Hence, we demonstrated that the problem of projection-based model reduction of
BTI models of bi-linearized QBTI systems (using Carleman’s approach), boils down to
block-wise reduction of the original QBTI models.

5. Numerical Examples
5.1. The Viscous Burgers’ Equation

We start with an illustrative example to show the quadratic and bilinear modeling
and reduction concepts proposed in the previous sections: the viscous Burgers’ equation.
The equation was first introduced by Harry Bateman in 1915 and later studied by Johannes
Martinus Burgers in 1948 [47]. In the sequel, we follow the description from [42]. As was
stated there, the dynamics are characterized by the following PDE:

∂v(x, t)
∂t

+ v(x, t)
∂v(x, t)

∂x
=

∂

∂x

(
ν

v(x, t)
∂x

)
, (x, t) ∈ (0, 1)× (0, T) , (58)

subject to the initial and boundary conditions given (in our application) by:

v(x, 0) = f (x), x ∈ [0, 1], v(0, t) = u(t), v(1, t) = 0, t > 0 .

This PDE commonly occurs in the area of fluid dynamics where it is used for mod-
eling gas dynamics and traffic flow. The solution v(x, t) can be interpreted as a function
describing the velocity at (x, t). In general, the viscosity coefficient (here denoted by ν(x, t))
might depend on space and time as well.

In what follows, it is assumed that the viscosity coefficient ν is constant w.r.t. the time
variable. Furthermore, consider a zero initial condition on the system, i.e., f (x) = 0. Finally,
we assume that the left boundary is subject to a control.

A spatial discretization of Equation (58), is performed, by means of a classical first-
order Euler approximation scheme with equidistant step size h = 1

n+1 , Here, n denotes the
number of interior points of the interval (0, 1). The following spacial derivative approxima-
tions are used:

∂v
∂x

=
v(x + h)− v(x)

h
,

∂2v
∂x2 =

v(x + h)− 2v(x) + v(x− h)
h2 .

By substituting these formulas into (58), we manage to obtain the following QBTI
characterizing the original dynamics:
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v̇k(t) =


− v1(t)v2(t)

2h + ν
h2 (v2(t)− 2v1(t)) +

(
v1(t)

2h + ν
h2

)
u(t), k = 1,

− vk(t)
2h (vk+1(t)− vk−1(t)) + ν

h2 (vk+1(t)− 2vk(t) + vk−1(t)), 2 6 k 6 n− 1,

− vn(t)vn−1(t)
2h + ν

h2 (−2vn(t) + 2vn−1(t)), k = n.

(59)

The observed output is chosen to be the average o fall states, i.e., y(t) = 1
n ∑n

k=1 vk(t).
More precisely, for n = 3, we can write that

v̇1(t) = −
v1(t)v2(t)

2h
+

ν

h2 (v2(t)− 2v1(t)) +
(

v1(t)
2h

+
ν

h2

)
u(t),

v̇2(t) = −
v2(t)

2h
(v3(t)− v1(t)) +

ν

h2 (v3(t)− 2v2(t) + v1(t)),

v̇3(t) = −
v3(t)v2(t)

2h
+

ν

h2 (−2v3(t) + 2v2(t)), and y(t) =
v1(t) + v2(t) + v3(t)

3
.

(60)

In what follows, for the numerical experiments, we use n = 90, and we put together a
QBTI system in 90 state variables described by equations in (59). The time-domain full-order
solution of this system is depicted in Figure 1 on the temporal-spatial grid [0, 1]× [0, 0.2].

Figure 1. The solution of the original full-order QBTI system.

Next, by making use of the Carleman linearization technique, we approximate the
above nth QBTI system ΣQB described by Equation (59), with a bilinear system of order
N = n2 + n = 8190. We follow the procedure discussed in the previous sections. We denote
with Σ⊗B the 8190th order initial bilinear system obtained by means of the Carleman
linearization. The model Σ⊗B is reduced using the bilinear Loewner framework to obtain

Σ̂
(1)
B of dimension r = 34 by following the procedure in Section 4.

As discussed there, one needs to start with a grid of interpolation points; in this case,
we choose 300 logarithmically spaced points in the interval [10−2, 102]ı with ı =

√
−1.

Then, by appropriately partitioning the data (sample points and evaluations of the transfer
functions at this points) and then extracting the dominant features, we compute a reduced-
order BTI model of dimension r = 34.

Here, this value was chosen with respect to the singular value decay of the Loewner
matrix L, as shown in the left plot of Figure 2 (the tolerance value for applying truncation
was chosen as τ = 10−14). Additionally, the poles of the original QBTI and of the reduced-
order BTI are displayed in the right plot of Figure 2. The former (QBTI) are all located on the
negative real axis, while the latter (BTI) tends to have the same behavior, with exceptions
given by some complex conjugate poles.
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Figure 2. The singular value decay of the Loewner matrix + tolerance value (left) and the poles of
the original QBTI system and of the reduced-order BTI system (right).

In what follows, we perform time-domain simulations in order to asses the quality
of approximation attained by the reduced-order model. We choose T = 10 seconds as
the end time of the simulation and excite the large-scale BTI system with a control input
u(t) = 1/5 · square(20t) · sin(16πt)e−t/2, where square(t) generates a square wave signal
with period 2π for the elements of the time array t (using the MATLAB specifications).

We compute the observed output as the average value of all state entries (in the

original setup) and compare the outputs of the two bilinear systems Σ⊗B and of Σ̂
(1)
B . The left

plot of Figure 3 contains the depiction of the two outputs, while the right plot depicts
the magnitude of deviation (absolute error) between the two signals. As can be observed,
a high approximation quality was attained.

0 1 2 3 4 5 6 7 8 9 10
-3

-2

-1

0

1

2

3

4
10

-3

Full BTI, N = 8190

Loewner BTI, r =34

0 1 2 3 4 5 6 7 8 9 10
10

-12

10
-11

10
-10

10
-9

10
-8

10
-7

Figure 3. The output of the original large-scale and of the reduced-order BTI systems (left) and the
absolute error, i.e., the magnitude of the deviation (right).

5.2. A Nonlinear RC Ladder Circuit

The next test-case is a nonlinear resistor-capacitor (RC) ladder electrical circuit first
introduced by [41]. Various variants of this model were used in many other MOR works,
such as [34] or [42]. The nonlinear first-order system under study models a RC network;
the nonlinearity is, hence, explained by nonlinear resistors consisting of a parallel connec-
tion between classical resistors with a diode as depicted in the schematic in Figure 4.

Figure 4. Schematic of the RC ladder circuit from [41].
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As shown in the original contribution [41], the underlying model of ordinary differen-
tial equations forms a SISO nonlinear time-invariant system characterized by:

ẋ1(t)
ẋ2(t)

...
ẋk(t)

...
ẋn(t)


=



−g(x1(t))− g(x1(t)− x2(t))
g(x1(t)− x2(t))− g(x2(t)− x3(t))

...
g(xk−1(t)− xk(t))− g(xk(t)− xx+1(t))

...
g(xn−1(t)− xn(t))


+



u(t)
0
...
0
...
0


, (61)

where the mapping g is defined as g : R → R defined as g(xi) = gD(xi) + xi, which
combines the effects of a diode and a resistor. The observed output is given by the first
state variable y(t) = x1(t). The non-linearity gD models a diode as a nonlinear resistor,
based on the classical Shockley model:

gD(xi) = iS(exp(uPxi)− 1), (62)

with material parameters iS > 0 and uP > 0. For this benchmark, the parameters were
selected as follows: iS = 1 and uP = 40 as in [41]. By substituting these values into (62),
we find that gD(xi) = exp(40xi)− 1, and hence it follows that g(xi) = exp(40xi) + xi − 1.

Analogous to the example in Section 2.2.1, the original nonlinear RC-ladder model can
be lifted into an equivalent QBTI model. For more details of the exact procedure, we refer
the reader to Section 5.5.1 in [42].

The lifted QBTI model from before, which is equivalent to the original nonlinear
system, is then transformed into a bilinear system by means of Carleman linearization
as originally shown in [41] and later in [42]. Consequently, the resulting BTI system has
dimensions n2 + n with n denoting the number of circuit blocks of the original system.
We follow here the procedures outlined in Sections 2 and 3.

We choose n = 50, and hence the original QBTI model ΣQB derived from (61) is of
dimension nq = 100 and the bilinear model Σ⊗B derived from (61) is of dimension nb = 2550.
Next, we choose 100 logarithmically spaced points in the interval [100, 102]ı. Then, by fol-
lowing the extended Loewner approaches, we compute a reduced-order BTI model of
dimension rb = 39 and a reduced-order QBTI model of dimension rq = 17. As before, these
values were chosen with respect to the singular value decay of Loewner matrices, as shown
in the left plot of Figure 5 (the tolerance value was τ = 10−14). Additionally, the poles of
the original QBTI and BTI systems are displayed in the right plot of Figure 5.
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BTI

QBTI

-160 -140 -120 -100 -80 -60 -40 -20 0

-10

-5

0

5

10 BTI system
QBTI system

Figure 5. The singular value decay of the Loewner matrices of the BTI and QBTI reduced systems
(left) and the poles of the reduced-order BTI and QBTI models (right).

Next, we perform time-domain simulations by using as the control input, the signal
u(t) = 0.2 · sawtooth(60t) · sin(100t). Here, sawtooth(t) generates a sawtooth wave signal
with period 2π for the elements of the time array t (using the MATLAB specifications).
We choose the end simulation time to be T = 1, and a discretization step of ∆t = 10−3.
The three output signals are illustrated in the left plot of Figure 6, i.e., that of the original
nonlinear system in (61), and the outputs of the reduced-order BTI and QBTI models
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computed via the Loewner approach. As can be seen, both of the latter two are in good
accordance with the original output.
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Figure 6. The output corresponding to the original nonlinear system, and to the Loewner BTI and
QBTI systems (left) and the magnitude of the absolute errors between the outputs (right).

Additionally, in the right plot of Figure 6, we also depict the magnitude of the absolute
approximation errors between the output of the original nonlinear model and the outputs
of the two reduced-order systems. As can be clearly observed, the QBTI model provides a
far better approximation quality that that of the BTI. This is indeed to be expected, since
the QB reformulation of analytic nonlinear systems is exact, while Carleman’s linearization
introduces errors in the enforced truncation.

6. Conclusions and Outlook

In this work, we addressed the problem of approximating generic nonlinear system
by means of enforcing a specific structure of the reduced-order models. Bilinear and
quadratic-bilinear systems accomplish precisely this goal, either by approximation or by
exact reformulation. Additionally, we dealt with complexity reduction of large-scale lifted
models of nonlinear systems.

The method used—the Loewner framework—is a data-driven approach that requires
samples of generalized transfer functions, which are appropriately defined for both bilinear
and quadratic-bilinear systems. We showed explicit relations between these mappings,
as well as between the matrices and the poles of the reduced-order models. The theoretical
considerations were illustrated by two numerical examples. These included a classical
application for computational fluid dynamics (the first), and a nonlinear circuit from
the field of electronic engineering. Both numerical test-cases demonstrated connections
between the two types of reformulations as indicated by the theory and technical results.

Finally, it was shown that formulating general nonlinear systems as QBTI systems is
indeed the approach to be preferred (for applying MOR methods, such as the LF). However,
using the reformulation as BTI systems also has its advantages: the simpler structure allows
many connections to classical LTI systems theory.

Future research endeavors may potentially include studying the connections between
the original QBTI and the BTI lifted model (by Carleman’s approach) in the time domain (by
explicitly comparing the Markov parameters of both models), analyzing lifting techniques
for recasting nonlinear systems with polynomial nonlinearities as QBTIs, and imposing
stability preservation for the reduced-order models.
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