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EXISTENCE OF MINIMAL HYPERSURFACES WITH NON-EMPTY

FREE BOUNDARY FOR GENERIC METRICS

ZHICHAO WANG

Abstract. For almost all Riemannian metrics (in the C∞ Baire sense) on a compact
manifold with boundary (Mn+1, ∂M), 3 ≤ (n + 1) ≤ 7, we prove that, for any open
subset V of ∂M , there exists a compact, properly embedded free boundary minimal
hypersurface intersecting V .

1. Introduction

In 1960s, Almgren [1, 2] initiated a variational theory to find minimal submanifolds
in any compact manifolds with boundary. For a closed manifold Mn+1, the regularity
of such hypersurfaces was improved by Pitts [20] for n ≤ 5, and Schoen-Simon [21] for
n = 6. Very recently, Li and Zhou finished this program for a general compact manifold
with nonempty boundary in [13], in which they proved that every compact manifold
with boundary admits a smooth compact minimal hypersurface with (possibly empty)
free boundary. This result left widely open the following well-known question::

Question 1.1. Does every compact manifold with non-empty boundary admit a minimal
hypersurface with non-empty free boundary?

We point out that there are similar questions in any free boundary variational theory.
In particular, in the mapping approach by Fraser [6], Lin-Sun-Zhou [14], and Lauren-
Petradis [12], it was not known whether their free boundary minimal surfaces have
nontrivial boundary.

In this paper, we solve this problem in generic scenarios and prove a much stronger
property: M admits infinitely many embedded minimal hypersurfaces with non-empty
free boundary.

Theorem 1.2. Let (Mn+1, ∂M) be a compact manifold of dimension 3 ≤ (n+ 1) ≤ 7.
Then for a C∞-generic Riemannian metric g on (M,∂M), the union of boundaries of
all smooth, embedded, free boundary minimal hypersurfaces is dense in ∂M .

We remark that a compact manifold with non-negative Ricci curvature and strictly
convex boundary has no closed minimal hypersurface by [5, Lemma 2.2]. Therefore,
by Marques-Neves [17] and Li-Zhou [13], it is known that there exist infinitely many
properly embedded free boundary minimal hypersurfaces in such ambient manifolds.

For a generic metric on (M,∂M), the author together with Guang, Li and Zhou
proved the density of free boundary minimal hypersurfaces in [8, Theorem 1.3]. Making
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use of a maximum principle by White [24], such denseness gives thatM contains minimal
hypersurfaces with non-empty boundary by merely assuming strict mean convexity at
one point of the boundary ∂M for a generic metric; see [8]. However, without any
topological or curvature assumptions, it is in general very difficult to prevent the free
boundary components from degenerating in the limit process (see e.g. [3, 9]). Our
theorem in this paper greatly improves this result by dropping off mean convexity
assumption at one point.

The denseness result in [8, Theorem 1.3] can be seen as a natural free boundary ana-
log of [11]. The key ingredient of [11] by Irie, Marques and Neves is the Weyl law for the
volume spectrum proved by Liokumovich, Marques and Neves in [15]. The volume spec-
trum of a compact Riemannian manifold with boundary (Mn+1, g) is a nondecreasing
sequence of numbers {ωk(M ; g) : k ∈ N} defined variationally by performing a min-max
procedure for the area functional over multiparameter sweepouts. The first estimates
for these numbers were proven by Gromov [7] in the late 1980s (see also [10]). A direct
corollary of Weyl Law they used is that, for k large enough, ωk(M ; g) 6= ωk(M ; g′)
whenever Vol(M,g) 6= Vol(M,g′).

Another observation by Irie, Marques and Neves is that such spectrum depends con-
tinuously on the metrics of M ; see [11, Lemma 2.1] and [19, Lemma 1]. Applying this,
they showed that continuous perturbations in an open set must create new minimal
hypersurfaces intersecting that set.

In this paper, we also borrow the idea from Irie-Marques-Neves [11]. However, the
original perturbation would only produce new free boundary minimal hypersurfaces
intersecting an open set, but not an n-dimensional subset, that we need to consider
here. To overcome this new challenge, we perturb the metric g around a boundary
point in a special way so that a hypersurface whose boundary does not intersect the
prescribed subset of ∂M can also be regarded a hypersurface in (M,∂M, g). Recall that
Weyl law in [15] gives that for large k, ωk will change continuously if the volume of M
is changed under the perturbation. From these two observations, we are able to prove
that such a special perturbation would produce new minimal hypersurfaces with free
boundary intersecting the prescribed subset of ∂M .

We finish the introduction with the idea of the construction of the special perturba-
tion. Making use of the cut-off trick, the unit inward normal vector field of ∂M can be
extended to the whole M . Also, by multiplying another cut-off function, we can always
construct a vector field whose support is close to our prescribed open set of ∂M . Such
a vector field would give a one-parameter family of diffeomorphisms (not surjective) of
M . Then the pull back metric given by such family is the desired perturbation since it
is isometric to a subset of M with the original metric. We refer to Proposition 3.1 for
more details.

Acknowledgement. The author would like to thank Prof. Xin Zhou for bringing this
problem to us and many helpful discussion.
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2. Preliminaries

Let (Mn+1, g) be a smooth compact connected Riemannian manifold with nonempty
boundary ∂M and 3 ≤ (n+ 1) ≤ 7. Moreover, M can always be embedded to a closed

Riemannian manifold M̃ which has the same dimension with M . We can also assume
that M̃ is isometrically embedded in some R

L for L large enough.

2.1. Geometric measure theory. We now recall some basic notations in geometric
measure theory; see [13].

We use Vk(M) to denote the closure of the space of k-dimensional rectifiable varifolds
in R

L with support contained in M . Let Rk(M ;Z2) (resp. Rk(∂M ;Z2)) be the space
of k-dimensional modulo two flat chains of finite mass in R

L which are supported in
M (resp. in ∂M). Denote by sptT the support of T ∈ Rk(M ;Z2). Given any T ∈
Rk(M ;Z2), denote by |T | and ‖T‖ the integer rectifiable varifold and the Radon measure
in M associated with T , respectively. The mass norm and the flat metric on Rk(M ;Z2)
are denoted by M and F respectively; see [4]. Set

Zk(M,∂M ;Z2) = {T ∈ Rk(M ;Z2) : spt (∂T ) ⊂ ∂M}.

We say that T, S ∈ Zk(M,∂M ;Z2) are equivalent if T − S ∈ Rk(∂M ;Z2). We use
Zk(M,∂M ;Z2) to denote the space of all such equivalent classes; see [8, Section 3] for
the equivalence with the formulation using integer rectifiable currents in [13] .

The flat metric and the mass norm in the space of relative cycles are defined, respec-
tively, as

F(τ1, τ2) = inf{F(T ) : T ∈ τ}, M(τ) = inf{M(T ) : T ∈ τ}.

The connected component of Zn(M,∂M ;Z2) containing 0 is weakly equivalent to
RP

∞ by Almgren [1] (see also [15, §2.5] and [8, Section 3]). Denote by λ̄ the generator
of H1(Zn(M,∂M ;Z2);Z2) = Z2.

2.2. Auxiliary Lemmas. In this part, we introduce some Lemmas in [8, 11,19].
Let X be a finite dimensional simplicial complex. A continuous map Φ : X →

Zn(M,∂M ;Z2) is called a k-sweepout if

Φ∗(λ̄k) 6= 0 ∈ Hk(X;Z2).

We denote by Pk(M) the set of all k-sweepouts that have no concentration of mass,
meaning that

lim
r→0

sup{M(Φ(x) ∩Br(p)) : x ∈ X, p ∈ M} = 0.

Definition 2.1. The k-width of (M,∂M ; g) is defined as

ωk(M) := inf
Φ∈Pk(M)

sup{M(Φ(x)) : x ∈ dmn(Φ)},

where dmn(Φ) is the domain of Φ.

For any compact Riemannian manifold with boundary (M,∂M, g), the sequence
{ωp(M)} satisfies Weyl Law, which is proven by Liokumovich, Marques and Neves.
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Theorem 2.2 (Weyl Law for the Volume Spectrum; [15]). There exists a constant α(n)
such that, for every compact Riemannian manifold (Mn+1, ∂M, g) with (possibly empty)
boundary, we have

lim
k→∞

ωk(M ; g)k−
1

n+1 = α(n)Vol(M,g)
n

n+1 .

Irie-Marques-Neves [11, Lemma 2.1] proved that ωk(M ; g) depends continuously on
metrics. The following is an improved version given by Marques, Neves and Song.

Lemma 2.3 ([11, Lemma 2.1; 19, Lemma 1]). Let g0 be a C2 Riemannian metric on
(M,∂M), and let C1 < C2 be positive constants. Then there exists K = K(g0, C1, C2) >
0 such that ∣∣p−

1

n+1ωp(M ; g) − p−
1

n+1ωp(M ; g′)
∣∣ ≤ K · |g − g′|g0

for any C2 metric g, g′ ∈ {h;C1g0 ≤ h ≤ C2g0} and any p ∈ N.

Inspired by Marques-Neves [16], the author with Guang, Li, and Zhou (see [8, The-
orem 2.1]) gave a general index estimate for min-max minimal hypersurfaces with free
boundary. Combining with a compactness theorem in [9] by the author and Guang
and Zhou, we also proved in [8] that the k-width is realized by the area (counting mul-
tiplicities) of min-max free boundary minimal hypersurfaces.

Proposition 2.4 ([8, Proposition 7.3; 11, Proposition 2.2] ). Suppose 3 ≤ (n+ 1) ≤ 7.
Then for each k ∈ N, there exist a finite disjoint collection {Σ1, ...,ΣN} of almost
properly embedded free boundary minimal hypersurfaces in (M,∂M, g), and integers
{m1, ...,mN} ⊂ N, such that

ωk(M ; g) =
N∑

j=1

mjAreag(Σj) and
N∑

j=1

index(Σj) ≤ k.

Remark 2.5. In a recent exciting work [25], X. Zhou proved that, for a bumpy metric
on a closed manifold, each mj equals to 1, which is conjectured by Marques and Neves
in [16]. Based on this Multiplicity One Theorem, Marques-Neves [18] proved that the
index is in fact equals to k for min-max minimal hypersurfaces realizing ωk.

3. Proof of Theorem 1.2

Let (Mn+1, ∂M) be a compact manifold with boundary and 3 ≤ (n+1) ≤ 7. LetM be
the space of all smooth Riemannian metrics on M , endowed with the smooth topology.
Suppose that V ⊂ ∂M is a non-empty open set. Let MV be the set of metrics g ∈ M
such that there exists a non-degenerate, properly embedded free boundary minimal
hypersurface Σ in (M,∂M, g) whose boundary intersects V .

We approach the theorem by proving the following proposition.

Proposition 3.1. For any compact manifold (M,∂M) and any open subset V ⊂ ∂M ,
MV is open and dense in M in the smooth topology.

Proof. Let g ∈ MV and Σ be like in the statement of the proposition. Following the
step by Irie-Marques-Neves in [11], we first show the openness of MV . Note that Σ
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is a properly embedded, then the Structure Theorem of White [23, Theorem 2.1] (see
[3, Theorem 35] for a version on free boundary minimal hypersurfaces) also gives that for
every Riemannian metric g′ sufficiently close to g, there exists a unique nondegenerate
properly embedded free boundary minimal hypersurface Σ′ close to Σ. This implies
MV is open.

It remains to show the set MV is dense. Let g be an arbitrary smooth Riemannian
metric on (M,∂M) and V be an arbitrary neighborhood of g in the C∞ topology. By the
Bumpy Metrics Theorem ([3, Theorem 9; 23, Theorem 2.1]), there exists g′ ∈ V such
that every compact, almost properly embedded free boundary minimal hypersurface
with respect to g′ is nondegenerate.

Since g′ is bumpy, then by [8, Proposition 5.3] (see also [9, 22]), the space of al-
most embedded free boundary minimal hypersurfaces with Area ≤ Λ and index ≤ I is
countable with respect to g′ for all Λ > 0 and I ≥ 0. Therefore, the set

C :=





N∑

j=1

mjAreag′(Σj)

∣∣∣∣∣
N ∈ N, {mj} ⊂ N, {Σj} disjoint collection of almost
properly embedded free boundary minimal
hypersurfaces in (M,∂M, g′)





is countable.
Let U be an open set of M such that U ∩ ∂M ⊂ V is non-empty. Let X be a vector

field on M so that sptX ⊂ U and for x ∈ ∂M satisfying X(x) 6= 0, X(x)/|X(x)| is the
outward unit normal vector of ∂M . Denote by (Ft)0≤t≤1 a family of diffeomorphisms
of M generated by X. Set

gt = F ∗
t g

′ and Mt = Ft(M).

Then (M,∂M, gt) is isometric to (Mt, ∂Mt, g
′). Note that we can take δ > 0 so that

gt ∈ V for all t ∈ [0.δ].

Claim 1. Let Γ be an integral varifold in M whose support is a free boundary minimal
hypersurface Σ (possibly disconnected) in (M,∂M, gt). Assuming that ∂Σ ∩V = ∅, then
M(Γ) ∈ C.

Proof of Claim 1. By the definition of gt, Σ can be seen as a free boundary minimal
hypersurface in (Mt, ∂Mt, g

′) so that ∂Σ ∩ Ft(V ) = ∅. Thus, Σ is also a free boundary
minimal hypersurface in (M,∂M, g′). It follows that M(Γ) ∈ C (counted with multi-
plicities). �

Claim 2. There exist t1 ∈ [0, δ] and an almost properly embedded free boundary minimal
hypersurface (Σ1, ∂Σ1) ⊂ (M,∂M, gt1) satisfying ∂Σ ∩ V 6= ∅.

Proof of Claim 2. Suppose not, then for all t ∈ [0, δ], all the almost properly embedded
minimal hypersurfaces in (Mt, ∂Mt, g

′) have no boundaries in V . Recall that Proposition
2.4 gives that ωk(M ; gt) is realized by the area of such hypersurfaces. Together with
Claim 1, we conclude that

ωk(Mt; g
′) ∈ C for all t ∈ [0, δ] and k ∈ N.

On the other hand, the Weyl law (see Theorem 2.2) implies that ωk(M ; gδ) < ωk(M ; g′)
for k large enough. The Lemma 2.3 deduces that ωk(M ; gt) is continuous, which leads
to a contradiction with that ωk(M ; gt) lies in a countable set. The proof is finished. �
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Thus we have proved that for some t1 ∈ [0, δ], there exists an almost properly
embedded free boundary minimal hypersurface (Σ1, ∂Σ1) ⊂ (M,∂M ; gt1) satisfying
∂Σ1 ∩ V 6= ∅. Then by [11, Proposition 2.3] (see also [8, Proposition 7.6; 19, Lemma
4]), gt1 can be perturbed to g′′ ∈ V so that (M,∂M, g′′) contains an almost properly
embedded, non-degenerate, free boundary minimal hypersurfaces Σ′′ whose boundary
intersects V . Finally, [8, Proposition 7.7] would allow us to perturb g′′ to g̃ ∈ V and
Σ′′ is a properly embedded free boundary minimal hypersurface in (M,∂M, g̃). This
implies that g̃ ∈ MV and we are done. �

Now we are ready to prove Theorem 1.2. The proof is the same with that of [11, Main
theorem].

Proof of Theorem 1.2. Let {Vi} be a countable basis of ∂M . Since, by Proposition 3.1,
each MVi

is open and dense in M, and hence the set
⋂

i MVi
is C∞ Baire-generic in

M. This finishes the proof. �
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[19] Fernando C. Marques, André Neves, and Antoine Song, Equidistribution of minimal hypersurfaces
for generic metrics, Invent. Math. 216 (2019), no. 2, 421–443. MR3953507

[20] Jon T. Pitts, Existence and regularity of minimal surfaces on Riemannian manifolds, Mathematical
Notes, vol. 27, Princeton University Press, Princeton, N.J.; University of Tokyo Press, Tokyo, 1981.
MR626027

[21] Richard Schoen and Leon Simon, Regularity of stable minimal hypersurfaces, Comm. Pure Appl.
Math. 34 (1981), no. 6, 741–797. MR634285 (82k:49054)

[22] Zhichao Wang, Compactness and generic finiteness for free boundary minimal hypersurfaces (II),
arXiv preprint arXiv:1906.08485 (2019).

[23] Brian White, The space of minimal submanifolds for varying Riemannian metrics, Indiana Univ.
Math. J. 40 (1991), no. 1, 161–200. MR1101226 (92i:58028)

[24] , The maximum principle for minimal varieties of arbitrary codimension, Comm. Anal.
Geom. 18 (2010), no. 3, 421–432. MR2747434

[25] Xin Zhou, On the multiplicity one conjecture in min-max theory, arXiv preprint arXiv:1901.01173
(2019).

Max-Planck Institute for Mathematics, Vivatsgasse 7, 53111 Bonn, Germany

E-mail address: wangzhichaonk@gmail.com

http://www.ams.org/mathscinet-getitem?mr=3674223
http://arxiv.org/abs/1803.04273
http://www.ams.org/mathscinet-getitem?mr=3953507
http://www.ams.org/mathscinet-getitem?mr=626027
http://www.ams.org/mathscinet-getitem?mr=634285
http://www.ams.org/mathscinet-getitem?mr=634285
http://arxiv.org/abs/1906.08485
http://www.ams.org/mathscinet-getitem?mr=1101226
http://www.ams.org/mathscinet-getitem?mr=1101226
http://www.ams.org/mathscinet-getitem?mr=2747434
http://arxiv.org/abs/1901.01173

	1. Introduction
	Acknowledgement

	2. Preliminaries
	2.1. Geometric measure theory
	2.2. Auxiliary Lemmas

	3. Proof of Theorem 1.2
	References

