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O P T I C S

Optical coherence transfer mediated by free electrons
Ofer Kfir1,2*, Valerio Di Giulio3, F. Javier García de Abajo3,4, Claus Ropers1,2

We theoretically investigate the quantum-coherence properties of the cathodoluminescence (CL) emission pro-
duced by a temporally modulated electron beam. Specifically, we consider the quantum-optical correlations of CL 
produced by electrons that are previously shaped by a laser field. Our main prediction is the presence of phase 
correlations between the emitted CL field and the electron-modulating laser, even though the emission intensity 
and spectral profile are independent of the electron state. In addition, the coherence of the CL field extends to 
harmonics of the laser frequency. Since electron beams can be focused to below 1 Å, their ability to transfer optical 
coherence could enable the ultra-precise excitation, manipulation, and spectrally resolved probing of nanoscale 
quantum systems.

INTRODUCTION
Inelastic electron scattering constitutes the basis of various power-
ful spectroscopy and spectrally selective imaging techniques (1). 
Cathodoluminescence (CL) and electron energy-loss spectroscopy 
(EELS) are related approaches for harnessing the spectral density of 
spontaneous interaction processes (1, 2). In CL, the photon emis-
sion process involves no external field other than that provided by 
the electron, so there is no reference to compare the emission phase 
with. CL emission has spatial and temporal coherences (3–9) that 
represent phase correlations in space and time, respectively, with an 
absolute phase that may differ for each realization. In EELS, the in-
cident and inelastically scattered electron states lose their coherence 
through the random phase associated with the resonant excitation. 
A stimulated counterpart for EELS interactions has been established 
in the form of photon-induced near-field electron microscopy (PINEM) 
(10–12) or electron energy-gain spectroscopy (EEGS) (13, 14). In 
these techniques, the external excitation of a particular mode in-
creases its interaction probability and thus selectively enhances the 
sensitivity for probing or imaging (15,  16). The coherence of the 
electron-energy states is evident in a transverse (17–19) or longitu-
dinal structuring of the electron beam as attosecond pulses (20–23). 
Recent work (24) has used semi-classical arguments to conclude a 
dependence of the excitation probability of two-level systems ini-
tially in the ground state by an individual electron on its wave function, 
although such dependence disappears in a full quantum treatment 
of the system (25). For CL, a quantum description of its properties 
should adhere to our current understanding, in which a point- 
particle description of the electron is sufficient. By addressing the 
quantum nature of the electron, one can ask how and to what extent 
would properties of CL, such as its intensity, coherence characteris-
tics, and radiation pattern (26–28), be affected by the incident state 
of the electron.

Here, we directly address these questions in a rigorous theoretical 
framework, making predictions for the quantum state of radiation 
produced by phase- and density-modulated electron states. Estab-
lishing that an electron beam can coherently stimulate optical exci-
tations, we introduce the notion of “electron-mediated coherence 

transfer.” Specifically, our results show that the temporal shaping of 
an electron beam has profound and measurable consequences for 
inelastic electron-light scattering. In the single-electron limit, we 
demonstrate that the coherence properties and the quantum-optical 
correlations strongly depend on the details of the electron state, 
while the CL intensity and spectral profile remain unaffected by the 
electronic wave function. In particular, we show that CL emission 
produced by PINEM-modulated electrons can exhibit mutual co-
herence with a replica of the PINEM-driving optical field or with its 
harmonics. We propose interferometric measurements for the ex-
traction of phase information in CL by homodyne tomography of 
the radiation quantum state. The results are readily applicable not 
only to generated radiation such as CL but also to polarization cre-
ated in nonradiative states such as deep-subwavelength excitation 
of higher-order multipoles (29). This concept defines a way of 
transferring optical polarization carried by electrons, which allow 
for sub-nanometer precision. Our study could also illuminate the 
role of single electrons in multi-electron bunches, which, according 
to several recent proposals (24, 30–34), may be used for accessing 
and manipulating individual quantum systems.

RESULTS AND DISCUSSION
Figure 1 represents a conceptual system to investigate coherent CL, 
which can be implemented within an electron microscope. Optical 
phase information from a PINEM-driving laser field is imprinted 
on and carried by the electron over a distance z, resulting in a coher-
ent CL emission by interaction with an out-coupling sample sys-
tem. Such electron transfer of optical coherence can be detected by 
an interferometric setting that targets either the linear or the non-
linear response of free electrons (Fig. 1, B and C, respectively).

We first consider comb-like electron-energy superposition states 
combined with the radiation vacuum ∣0⟩

  ∣   in   〉 = ∣0〉 ⊗   ∑ 
j=−∞

  
∞

     c  j  ∣ E  j   〉 =   ∑ 
j=−∞

  
∞

     c  j  ∣ E  j  , 0〉  (1)

where cj are the complex probability amplitudes for electron states 
with energy Ej, and the index j runs over electron-energy levels. The 
coefficients cj are normalized as ∑j∣cj∣2 = 1, and their phases vary 
with electron propagation in vacuum according to the free-particle 
dispersion. The quantum-optical and coherence properties of the 
CL from an electron state with a temporally modulated density depend 
on the interaction of the electron with an emitter. For simplicity, we 
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consider a single nondegenerate optical band into which CL is emit-
ted. General expressions for the quantum properties of the CL are 
derived in Materials and Methods, including the radiation continu-
um, as well as states with definite momentum, energy, and polariza-
tion. The photon frequency represents a good quantum number 
within the interaction bandwidth because it is a single-valued func-
tion of the longitudinal momentum. Transverse deflections can be 
neglected under the nonrecoil approximation (34), which is valid 
for the examples that we discuss here. The quantum-optical proper-
ties of the CL emission can be described by the scattering operator,    ̂  S   , 
which, under the above conditions, has the form of a dis placement  
operator

    ̂  S   = exp [ ∫0  
∞

   d( g        ̂  b          ̂  a     †  −  g   *     ̂  b     †     ̂  a       ) ]  (2)

as derived for classical and quantum fields (20, 36). For every fre-
quency, the scattering operator allows for annihilation and creation 
of a photon, marked by the operators     ̂  a        and     ̂  a     †   , where energy is 
conserved by the corresponding electron-energy ladder operators     ̂  b     †   
and     ̂  b       , respectively. Here, g accounts for the electron-photon 
coupling at the angular frequency , where the photon spectral den-
sity of the CL is given by ∣g∣2. Similarly, ∣g∣2 would be the EELS 
spectral density in the absence of competing loss mechanisms (e.g., 
bulk plasmons and incoherent emissivity). The phase of g is arbi-
trary, and g can be chosen as a non-negative real-valued spectral 
function. However, in examples such as the radiation into normal 
modes of a fiber, it is convenient to impose a flat spectral phase on 
the photonic modes and place the spectral degree of freedom as a 
complex coupling function. A rigorous derivation of Eq. 2 and the 
conditions for which it applies are given in Materials and Methods 
(“Evolution operator” section).

The final quantum state  ∣   f   〉 =   ̂  S  ∣   in   〉 , which can be calculated 
for an arbitrary coupling strength, is used to obtain the properties of 
the CL emission (see the “Generalization for strong electron-photon 
coupling” section). One can gain some intuition from the first- 
order approximation in the weak electron-photon coupling regime, 
∣g∣2 ≪ 1, for which the final state is

  ∣  ψ  f   〉 ≈  ∑ 
j
      c  j   [ ∣  E  j  , 0〉 +  ∫0  

∞
   dω  g  ω   ∣  E  j   − ħω,  1  ω   〉]  (3)

The weak interaction has a small probability amplitude to create 
a photon with angular frequency , represented by state ∣1⟩, ac-
companied by a corresponding electron-energy loss. Notably, the 
CL intensity is unaffected by the specific electron superposition state

  〈    ̂  n       〉 = 〈    ̂  a     †     ̂  a       〉 =   ∑ 
j=−∞

  
∞

     ∣ c  j  ∣   2   ∣ g    ∣   2  = ∣ g    ∣   2   (4)

(see derivation for continuous spectrum in the “Mean number of ex-
citations after interaction” section). The expectation value for an opera-
tor refers to the final electron-photon state,  〈  ̂  O  〉 ≡ 〈    f  ∣  ̂  O  ∣   f   〉 . 
Equation 4 complies with the current understanding of CL and, 
thus, provides for a solid scientific basis for the predictions in this 
work. In contrast to the wave function–independent photon emis-
sion probabilities, the expectation value for the electric field carries 
information on the electron temporal structure. The physical elec-
tric field at a particular frequency  and time t = 0 is     → E   ω   = 〈   ̂    → E    ω   〉  
and can be represented as a sum of two complex components, 
   ̂    → E    ω   =   ̂    → E   ω  (+)  +   ̂    → E   ω  (−)  , with    ̂    → E   ω  (−)  =  (  ̂    → E   ω  (+) )   †  . The field's amplitude is pro-
portional to the expectation value of a ladder operator

  〈    ̂  E     (+)  〉 ∝ 〈    ̂  a       〉  (5)

Fig. 1. Linear and nonlinear Mach-Zehnder interferometer incorporating a free-electron beam. (A) Proposed experimental concept based on an electron beam 
(e-beam, illustrated in green) in a transmission electron microscope. A laser field imprints optical-phase information on the electron, which, after propagation, can trans-
fer it back to the radiation via CL emission, typically near the sample section of the microscope. (B) Scheme for a Mach-Zehnder interferometer with a reference laser and 
optical coherence carried by a free-electron beam. Intensity correlations between the two interferometer ports, measured as I1 and I2, are used to retrieve information on 
the electron arm of the interferometer, as well as on the sample. (C) Nonlinear Mach-Zehnder interferometry can reveal information on high-order components of the 
electron state and the CL by interfering with harmonic frequencies of the reference field.
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The proportionality makes it convenient to represent the field 
with the ladder operator,     ̂  a       ≡    ̂  a    ,(t=0)   , since     ̂  a        relates directly to 
the photon statistics (e.g., shot noise in an interferometer). This 
procedure is justified if the effects of the spatial distribution and the 
polarization of the field can be traced out, as in CL into single-mode 
fibers (see the exact expression in the “Mean electric field after in-
teraction” section). Evaluating the photonic ladder operator for 
∣f ⟩ in Eq. 3, we find

  〈    ̂  a       〉 =   ∑ 
j, j ′  =−∞

  
∞

     c j  *   c   j ′      g     〈  E  j  , 0∣ E   j ′     − ħ, 0〉  (6)

We assume that the PINEM-driven state is a comb separated by 
the photon energy,  ħ    0   , where the electron spectral density distri-
bution is much narrower than the separation of the levels. Thus, 
one can use discrete level indices (37) and write  〈  E  j  ∣ E   j ′     − ħ〉 =  
   E  j  , E   j ′    −ħ   =     j ′  ,j+n   , where n is the energy exchange in terms of a har-
monic of the fundamental ladder separation,  n = ω /  ω  0   . Substitut-
ing the Kronecker  into Eq. 6 yields a simple expression for the field

   〈    ̂  a       〉 =  {    g  n   0       j=−∞  ∞    c j  *   c  j+n     = n    0      
0

  
otherwise

 , n ∈ ℤ   (7)

Since cj are the amplitudes of the energy states Ej, they are propor-
tional to the Fourier coefficients of the electron wave function, that is, 
cj ≡ 〈Ej∣〉 ∝ ∫ (t)eij0tdt, which can be used to simplify the CL field

  〈    ̂  E     
(+)

  〉 ∝ 〈    ̂  a       〉 =  g     ℱT  [ ∣(t )∣   2 ]  ()    (8)

Incidentally, the temporal electron-probability amplitude, (t), can be 
represented spatially along the propagation axis    ̃  ψ (z ) = ψ(t = z / v)  
using the electron group velocity v. Equation 8 is a central result of 
this paper, representing a general property of CL from a structured 
electron state (see detailed calculation in the “Mean electric field 
after interaction” section). We emphasize that only the expectation 
value of the field follows the electron density, whereas the mean 
photon number,  ⟨   ̂  n      ⟩ , is unaffected by the electron temporal struc-
ture (see Eq. 4). In addition, higher-order correlations are more 
intricate (see derivation in the “Higher-order correlations” section)

  〈  (  ̂  a   − 〈  ̂  a  〉)   N  〉 =  g ω  N   Σ  
k
    (   N  

k
   )  ℱT  [ ∣ ψ(t ) ∣   2 ]  (kω)   ⋅  (− ℱT  [ ∣ ψ(t ) ∣   2 ]  ω  )   

N−k
      (9)

where    (    N   k   )     are Newton’s binomial coefficients. To quantify the co-
herence properties of the emitted CL, we propose the “degree of 
coherence” (DOC) as a measure of the local optical power density 
carried by a field with a well-defined phase compared to the energy 
density at a given frequency. More precisely

   
 DOC (  ω )   =  〈    ̂  E   ω  

 (  − )  
  〉〈    ̂  E   ω  

 (  + )  
  〉 _ 

〈    ̂  E   ω  
 (  − )  

     ̂  E   ω  
 (  + )  

  〉
   =  〈    ̂  a   ω  †   〉〈    ̂  a    ω   〉 _ 

〈    ̂  a   ω  †      ̂  a    ω   〉
   
    

                =  ∣ℱT   [    ∣ψ (  t )  ∣   2  ]    
 (  ω )  

  ∣   
2
 
    (10)

Obviously, for a coherent state of light (38), the degree of coher-
ence is unity. Furthermore, the above expression remains un-
changed for a continuous electron-energy spectrum as expressed in 
the “Degree of coherence” section.

Let us further explore the predictions of Eq. 10. First, although 
the DOC is defined as a local property of the CL emission, it de-
pends purely on the properties of the luminescing electron, and not 

on the material or the geometry of the electron-light coupler. The 
local electromagnetic energy density in the denominator of Eq. 10 
establishes the DOC as an invariant property of a given electron 
density ∣(t)∣2, regardless of the spatial profile of the CL emission. 
Since spatially varying electron profiles still require temporal densi-
ty modulations to have a nonzero DOC, we refrain from discussing 
the complexities that spatial and spatio-temporal effects may add. 
Second, we have DOC( = 0) = 1, since the electron wave function 
is normalized. Third, the CL field is proportional to    √ 

_
 DOC (     )     and, 

thus, to the electron probability density. The coherent fraction of 
the CL power is proportional to the square of the temporal electron 
density. Therefore, dense electron distributions are preferred, as in 
the form of short electron pulses [e.g., full width at half maximum 
(FWHM) of 200 fs, as experimentally shown in (39)]. We note that 
the coherent CL field emitted from such a pulsed electron must be 
pulsed as well, with an equal duration; thus, the FWHM of the opti-
cal intensity is shorter by a factor of   √ 

_
 2   .

Figure 2 presents a sinusoidal modulation of the electron through 
PINEM and the resulting properties of the DOC for the emitted 
radiation. In particular, Fig. 2A illustrates a PINEM-driving laser 
field that imprints an oscillatory phase (orange) on the electron, 
without an immediate change in the electron density (gray). The 
electron-phase curvature represents a varying velocity, v, which 
acts as temporal lensing that modulates the electron probability 
density after propagation. CL (e.g., into an aligned waveguide) should 
be locked to the phase of the modulated electron and, therefore, to 
the phase of the driving field. The electron arrival time does not affect the 
locking to the phase of the PINEM-driving laser, as illustrated by the few 
electron replicas sketched in Fig. 2A as ellipsoids. Figure 2B shows the 
DOC for CL from a PINEM-modulated electron, as a function of 
the propagation distance, z, to the CL emitter. For this numerical 
simulation, we used a standard electron beam acceleration voltage 
of 200 keV, a wavelength of 800 nm  (ħ    0   = 1.55 eV) , and an easily 
accessible PINEM parameter ∣∣ = 4, such that the electron phase 
modulation at z = 0 is given by e−2∣∣i cos 0t. In particular, Fig. 2B 
presents the sum ∑j(cj(z))*cj+n(z), which is nonzero only for har-
monics of the modulating laser, as predicted by Eq. 7. Here, the ini-
tial amplitudes of the electron state are the Bessel functions of the 
first kind (20, 36), cj(z = 0) = Jj(2∣∣), corresponding to the Fou-
rier transform of the oscillatory electron phase. The coefficients cj 
evolve in vacuum as cj(z) = cj(0)eikzz, where  ħ  k  z    is the electron mo-
mentum for energy Ej and ℏ is the reduced Planck constant (see the 
“Degree of coherence for a PINEM-modulated electron” section for 
an explicit representation). We note that, in some of the literature, 
 (occasionally marked g) is referred to as “the coupling coefficient” 
in PINEM experiments, as it couples adjacent electron-energy levels 
by stimulated emission and absorption of laser photons. The cou-
pling in this work, g, is the coefficient for exchanging electron- 
energy loss with spontaneous photon emission, assuming negligible 
losses. These two quantities are linked, as described previously 
(36, 37): if one populates our conceptual CL emitter with a coherent 
state having a mean of ⟨n⟩ photons at frequency  and use it to drive 
electrons, the effective PINEM parameter would be   =  g      √ 

_
 ⟨n⟩   . Fig-

ure 2C focuses on a particular propagation distance z = 6.43 mm 
(marked with a white dashed line in Fig. 2B), where the CL spec-
trum is widest. Aside from the z dependence, the peak value of the 
DOC is fixed and located at exact integer multiples of 0. The distri-
bution in the vicinity of the harmonics is determined by the duration 
of the pre-structured electron, as plotted in Fig.  2C for Gaussian 
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electron pulses. Taking Fig. 2C to two of its extremes, if the electron 
pulse duration is infinitely long, the DOC is nonzero only at an in-
finitesimal band for each harmonic. In contrast, if the electron is 
infinitely compressed to a point-like particle, the DOC of the vari-
ous harmonics merge, and the CL is fully coherent. For a PINEM- 
driven modulation, the CL field (proportional to   √ 

_
 DOC   ) can reach 

nearly 50% coherence for many harmonic orders (blue curve in Fig. 2C). 
The CL emission rate, normalized to the coupling probability, is 
independent of frequency (red dashed curve), as expressed in Eq. 4.

To offer a quantitative example, we consider CL into a parallel 
dielectric waveguide (36, 40) produced by a 200-fs-long Gaussian 
electron pulse that is modulated by PINEM. Our interest in this 
particular system is explained at a later stage. The waveguide pa-
rameters are chosen such that the phase velocity of the optical mode 
at the frequency of the PINEM-driving laser equals the electron 
group velocity. For electrons accelerated to 200 keV(corresponding 
to 69% of the speed of light in vacuum), we find that for electrons 
passing near the surface of a cylindrical silicon-nitride waveguide, 
the coupling is most efficient for a diameter of 345.8 nm. Figure 3 
describes such an experiment. The CL field, ECL, can be collected in 

a waveguide and mixed with a replica of the driving laser (red), ER, 
using a 50/50 beam splitter. Figure 3B shows the coupling ∣g∣ 
alongside the emitted field  ∣⟨   ̂  a      ⟩∣  for electrons that propagate for 
30 m near the waveguide surface. In such Mach-Zehnder interfer-
ometry between weak and strong inputs, the difference collected by 
two detectors, I1 and I2 (see the “On the calculation of quantum 
averages of time-dependent field operators” section), is proportional 
to the CL field  ( I  2   −  I  1   ) ≈ 2ℜe [  E  R    E  CL  ] . The shot noise of the strong 
reference field dominates each detector. However, the noise is cor-
related since the reference field photon fluctuations distribute even-
ly in the beam splitter. Thus, the dominant reference noise vanishes 
when subtracting the signal of the two detectors (see the “Intensity 
and noise in a balanced detection experiment for finite electron and 
laser pulses” section). This homodyne detection scheme uses the 
reference laser for the analysis of a weak coherent-CL signal with 
shot-noise sensitivity (41). In addition, since the noise of the refer-
ence pulse is suppressed, there is no strict requirement that the ref-
erence pulse matches the electron pulse duration. The reference 
simply needs to overlap with the CL pulse. The next nonzero term 
of the noise (see the “Intensity and noise in a balanced detection 

Fig. 2. Coherent properties of CL emission by shaped electrons. (A) (Top) Laser-driven PINEM imprints phase oscillations on an electron wave packet, regardless of the 
exact arrival timing of the electron. The electron-phase oscillations are equivalent to a temporal lens, slowing and accelerating parts of the wave packet periodically. 
(Bottom) After propagation, anharmonic density and phase modulations evolve in the electron, leading to coherent CL (e.g., in a waveguide). (B) Calculated evolution of 
the degree of coherence (DOC) following PINEM as a function of the propagation distance z. The DOC is nonzero only for harmonics of the PINEM-driving laser. The cutoff 
of the harmonic DOC spectrum is determined by the span of the electron-energy ladder population. For PINEM-modulated electron, the cutoff harmonic order is 
cutoffDOC ≈ 4∣∣ = 16. (C) The emitted field is proportional to   √ 

_
 DOC   , and its width is inversely proportional to the pulse duration of the pre-structured electron density 

(see legend for FWHM electron pulse durations). While the DOC and its square root comprise a harmonic frequency comb that varies with z, the emission rate of CL 
photons (red dashed line) remains unaffected by the temporal structure and only depends on the coupling amplitude, g, between the electron and the optical modes. 
The panels in (C) refer to z = 6.43 mm [white dashed line in (B)].
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experiment for finite electron and laser pulses” section) can be 
smaller by orders of magnitude. Consequently, the limiting factor 
in an experiment would be the buildup of noise originating from 
the imperfect or imbalanced quantum efficiency of the two detec-
tors and from intensity fluctuations of the reference laser field (42).

Figure 3 (C to E) depicts the amplitudes of the coupling and the 
field for various propagation lengths of the electron in the near field 
of the waveguide, alongside the emitted CL field in Fig. 3 (F to H). 
We note that for a long propagation path along the fiber, the degree 
of coherence (blue) can be wider than the CL coupling g (red), 
leading to a lower signal-to-noise ratio (SNR) and distortions in the 
temporal shape of the CL field, as shown in Fig. 3H. In such a case, 
the CL-field emission is optimal for longer electron pulses that 
match better to the bandwidth of the coupling.

Generally, all of our results are applicable to scenarios with mul-
tiple modes, including free-space radiation from surfaces and nano- 
structures, which are typically characterized by CL. However, 
choosing CL into a parallel waveguide as the main example in this 
work has a few instructional, conceptual, and practical merits: (i) 
An optical fiber can carry a single transverse mode that allows for a 
straightforward and mode-matched interferometric detection of 
the field. (ii) The coupling has a simple form, similar to a sinc func-
tion. (iii) The coupling can be made strong by macroscopic phase 
matching between the free electron and the radiation, which could 

enable the detection of CL from even a single electron. A similar 
logic was applied to radiation-driven electrons by elongated phase 
matching near dielectric surfaces (43, 44). (iv) The interaction length 
provides for a continuous tuning knob to control the coupling 
bandwidth. (v) Dielectric waveguides can be decoupled from the 
radiation they host and maintain photon entanglement over many 
kilometers (45). Thus, the CL photons maintain quantum correla-
tions with the electron (36), which may be lost if the CL is mediated 
by lossy polaritonic modes such as plasmons (6). (vi) The low di-
mensionality of a parallel waveguide allowed us to focus this work 
on temporally modulated electron wave functions. More generally, 
the consequences of imprinting temporal phases on electrons are 
extendable to scenarios that spatio-temporally manipulate the elec-
tron beam (17–19). The CL field emitted at optical frequencies from 
a static transverse structuring of the electron wave functions [e.g., 
bipolar or vortex beams (46, 47)] has spatial correlations, but the 
expectation value of its complex amplitude vanishes [see Eq. 8]. 
(vii) The emission into a dielectric waveguide is instantaneous and 
allows us to discuss the basic coherence-transfer mechanism. Addi-
tional complexity is added if CL is emitted into a cavity with a com-
parable or longer lifetime than the electron pulse duration as, for 
instance, a dielectric microresonator. The collected coherent CL 
from such objects could carry their temporal and phase signatures 
in addition to that of the electron.

Fig. 3. Correlations in the CL into a dielectric waveguide produced by modulated electrons. (A) Conceptual scheme of the experimental setting on the basis of 
photonic circuitry. A laser field structures a pulsed electron beam, which excites coherent radiation in a parallel-aligned waveguide. Mixing a replica of the driving laser 
field, ER, with the CL field, ECL, results in a difference between the signals recorded in the detectors at the output ports of the interferometer, I1 and I2. (B) Properties of CL 
emitted into the waveguide for an interaction length of 30 m positioned at a distance z = 6.43 mm away from the electron modulation region. The coherent CL ampli-
tude (blue) is the product of the spectral coupling amplitude, ∣g∣ (red), and   √ 

_
 DOC  ()  (gray), where phase matching between the electron and the guided modes limits 

the CL emission to a single harmonic peak. (C) to (H) show CL properties as a function of the propagation length near the fiber, Lprop: (C) to (E) show the spectral distribu-
tion of ∣g∣ and  〈    ̂ a       〉 , whereas (F) to (H) show the emitted CL-field pulse in the time domain, E(t). The different columns show the CL properties for an electron propaga-
tion length Lprop = 10 m (C and F), 100 m (D and G), and 1 mm (E and H) along the waveguide. The effect of Lprop on the peak probability of emission is reflected in the 
vertical scale. When the coupling bandwidth is narrower than the width of the DOC [e.g., in (E)], the CL pulse is temporally distorted (H). Details of the coupling into a 
cylindrical waveguide are presented elsewhere (36).
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Conclusions
In conclusion, we have shown that even though the emission rate of 
CL is independent of the temporal structure of the electron, infor-
mation embedded on a modulated electron wave function can be 
retrieved by homodyne mixing with a reference field. Thus, the 
characterization of the CL emission can reach the shot-noise limit. 
For a particular emitter, a deviation of the degree of coherence from 
the calculation shown here can quantify the portion of the incoher-
ent CL emission experimentally. Conceptually, the proposed exper-
imental system is a Mach-Zehnder–like interferometer, mixing the 
reference light from one arm with the CL-mediated optical coherence 
carried by the electron in the other arm. We exemplify luminescence 
into a parallel dielectric waveguide, where CL can be sensitive to even 
a single electron, and additionally exhibit a narrow linewidth. How-
ever, equivalent electron-mediated Mach-Zehnder interferences could 
be observed using collection systems for CL mounted on scanning 
and transmission ultrafast electron microscopes, with additional fiber- 
based or free-space optics. The CL reveals the extreme nonlinear 
nature of coherence transfer by free electrons, which is capable of 
emitting a broadband spectrum with intricate correlations, includ-
ing a degree of coherence for harmonics of the driving field. This 
concept holds potential for sensitive spectroscopy, as well as for the 
coherent manipulation of heterostructures and individual quantum 
systems with femtosecond optical resolution at the atomic scale.

MATERIALS AND METHODS
Evolution operator
We consider an electron beam that is well described by a wave pack-
et localized in momentum space around a wave vector k0 and that 
the photon energies involved are small compared with the electron 
relativistic energy   E  0   = c  √ 

___________
  c   2   m   2  +  ħ   2   k 0  2    . We further assume that 

the electron does not cross the material, which allows us to work in 
a gauge with zero scalar potential. Thus, the Hamiltonian describ-
ing the evolution of the system is (37)

   ̂  ℋ  =   ̂  ℋ   0   +    ̂  ℋ   int    (11)

   

  ̂  ℋ   0   =  ∑ 
k
     [  E  0   + ħv · (k −  k  0   ) ]  c k  †    c  k   

    +  ∫0  
∞

   dω∫  d   3  rħω    ̂  f    
†
 (r, ω ) ·   ̂  f    

†
 (r, ω)      

  ̂  ℋ   int   =   − 1 ─ c    ∑ 
α
    ∫  d   3  r    ̂  J    α  (r )    ̂  A    α  (r)

    
(12)

The current operator     ̂  J      (r ) = (−  ev     / V )  ∑ k,q      e   iq·r   c k  †    c  k+q    is de-
fined using Fermionic ladder operators ck, and the relativistic elec-
tron group velocity v = ℏc2k0/E0. m and e are the electron’s mass and 
electric charge, and c is the speed of light in vacuum. E0 is the elec-
tron’s initial energy and k0 = ∣k0∣. Here,  = x, y, z and     ̂  A      (r)  and 
v are the projections on axis  of the vector-potential operator at r 
and the electron velocity, respectively. V is the volume of the quan-
tization box of the electron.    ̂  f (r, )  is the photonic operator for fre-
quency  at r. Therefore, the scattering operator governing the 
evolution of the system from time t = −∞ to t = ∞ is given by Di 
Giulio et al. (34)

   ̂  S (∞, − ∞) =  e   i ̂   (∞,−∞)  ̂  U (∞, − ∞)  

where

   
 ̂  U (∞, − ∞) =  e    ∫0  

∞
   d g    (   ̂  b         ̂  a     †  −   ̂  b     

†
     ̂  a      )  

   
   ̂  b       =  ∑ 

 k  z  
      c  k  z    

†    c   k  z  +/v  
    

   
   ̂  a    ω   = i   2eω ─ ħ  g  ω      ∫−∞  

∞
   dz  e   −iωz/v ∫  d   3  r ′    √ 

____________
 ħIm { ϵ( r ′  , ω ) }  
    

 ∑ 
i
      G  z,i  ( R  0  , z,  r ′  , ω )    ̂  f    i  ( r ′  , ω)

    (13)

Gj,i(r, r′, ) is the electromagnetic Green tensor at frequency , 
with i, j = x, y, z satisfying the equation

  ∇ × ∇ × G(r,  r ′  ,  ) −       2  ─ 
 c   2 

   𝜖(r,  ) G(r,  r ′  ,  ) =   − 1 ─ 
 c   2 

   (r −  r ′   ) .  

where (r − r′) is Dirac Delta distribution function. For elec-
trons traveling parallel to the z axis, the Green tensor is rewritten 
as Gz, i(R0, z, r′, ) to split the coordinate r into its longitudinal com-
ponent z and the transverse radius-vector R0. Im{ϵ(r′, )} is the 
imaginary part of the local dielectric constant for an optical fre-
quency . kz is the electron wave-vector projection on the propaga-
tion axis,   k  z   = k ·   ̂  z  . We have further assumed an incident focused 
electron with a transverse component of the wave function sat-
isfying ∣i(R)∣2 ≈ (R − R0), and   g     =  √ 

_
     EELS ()    with EELS() 

being the real-valued electron energy-loss probability (35). The op-
erator   ̂   (∞, − ∞)  does not need to be specified because it only acts on 
the electron degrees of freedom (48) and it is not of interest for this 
study. In addition, the previous operators satisfy the following com-
mutation relations

    

[   ̂  a      ,    ̂  a     ′    †   ] = ( −   ′  )

   [   ̂  b      ,    ̂  b     ′    
†   ] = 0   

[  f  i  (r,  ) ,  f j  † ( r ′  ,   ′   ) ] = (r −  r ′   ) ( −   ′   )    i,j  

   

which are used in the derivation of the following results. The com-
mutator  [   ̂  a      ,    ̂  a     ′    

†  ]  is insensitive to the phase of the optical mode, 
which allows us to define a non-negative g. In the Results and Dis-
cussion section, there is a preferred selection of the optical-mode 
phase, and hence, g can be complex. In the example of waveguide 
modes, as in Fig. 3H, the side lobes are a direct result of a sign flip of 
g within the bandwidth of the coherent emission.

Initial joint electron-sample state
If we consider the incoming electron being in a superposition of 
energy states and the sample starting from the ground state (i.e., 
zero photons), the electron-sample initial state in the interaction 
picture can be written as

  ∣(− ∞) 〉 =  ∑ 
 k  z  

         k  z    ∣ k  z  , 0〉  

which corresponds to Eq. 1 expressed as a basis of electron energies. 
kz is the coefficient for the momentum component kz in the elec-
tron wave function.

Mean number of excitations after interaction
By evolving the initial state to the final state  ∣(∞) 〉 =    ̂  S  (∞, − ∞) ∣(− ∞) 〉 , 
we can calculate the average number of excitations, which is indepen-
dent of the electron wave function
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  〈    ̂  a   ω  †      ̂  a    ω   〉 = 〈ψ(∞) ∣   ̂  a   ω  †      ̂  a    ω  ∣ψ(∞) 〉 =  g ω  2    

Mean electric field after interaction
The quantum average (or the expectation value) of the positive- 
energy electric field operator, defined as (49)

            
    ̂  E   i  

(+)
 (r, ω, t = 0 ) = − 4πi  ω   2 ∫  d   3  r ′    √ 

____________
  ħIm { ϵ( r ′  , ω ) }  
     

                   ×  ∑ 
j
      G  i,j  (r,  r ′  , ω )    ̂  f    j  ( r ′  , ω)

   (14)

which gives

     
〈    ̂  E   i  

(+) (r, , t = 0 ) 〉 = 8πe  M  i  (r,  )  ∫−∞  
∞

   dz  e   −iz/v   ∣(z, t = − ∞)∣   2 
     

 M  i  (r,  ) =  ∫−∞  
∞

   dz  e   iz/v  Im {  G  i,z  (r,  R  0  , z,  ) }
    (15)

We have introduced the incoming electron wave function in the 
interaction picture  (z, − ∞) =  ∑  k  z           k  z      e   i k  z  z  /  √ 

_
 L    with L denoting the 

quantization length. Interestingly, this expression can be recast by 
using the relation

  〈    ̂  a       〉 =  g      ∫−∞  
∞

   dz  e   −iz/v   ∣(z, t = − ∞)∣   2   

This result is equivalent to Eq. 8, and thus

  〈    ̂  E   i  
(+)

 (r, ω, t = 0 ) 〉 = 8πeω〈    ̂  a    ω   〉  M  i  (r, ω ) /  g  ω    (16)

Degree of coherence
To quantify the coherence transmitted from the modulated electron 
to the sample excitations, we define the frequency dependent de-
gree of coherence

  DOC( ) =   〈    ̂  E   i  
(−) (r, , t = 0 ) 〉〈    ̂  E   i  

(+) (r, , t = 0 ) 〉   ────────────────────   
〈    ̂  E   i  (−) (r, , t = 0 )    ̂  E   i  (+) (r, , t = 0 ) 〉

    

This quantity can be calculated from Eq. 16 together with the 
expression

  〈    ̂  E   i  
(−) (r, , t = 0 )    ̂  E   i  

(+) (r, , t = 0 ) 〉 = 64     2   e   2      2   ∣ M  i  (r,  ) ∣   2   

for the denominator. We find

   DOC( ) =   
〈    ̂  a     †   〉〈    ̂  a       〉

 ─ 
〈    ̂  a     †      ̂  a       〉

   =  ∣ ∫−∞  
∞

   dz  e   −iz/v   ∣(z, t = − ∞)∣   
2
 ∣   

2
    

as in Eq. 10.

Degree of coherence for a PINEM-modulated electron
It is interesting to study the degree of coherence for an electron that 
is modulated by free propagation after PINEM interaction with 
a laser field. Here, we assume a PINEM laser frequency 0 and a 
PINEM coupling parameter  (1). In particular, beyond the PINEM 
interaction region, the electron wave function in the Schrödinger 
picture reduces to

      (S) (z, t ) =   (z − vt) ─ 
 √ 
_

 L  
    e   −i   0  t    ∑ 

ℓ=−∞
  

∞
     J  ℓ  (2∣∣)  e   −iℓ   0  t+i k  ℓ  z+iℓarg{−}   

where     0   =  E  0   / ħ,   k  ℓ   =  √ 
___________

   E ℓ  
2  /  c   2  −  m   2   c   2    / ħ  with   E  ℓ   =  E  0   + ħ    0   ℓ , and 

L is the quantization length (50). Therefore, the Fourier components 
of the wave function are given by

      
  k  (S) (t ) =  ∫−∞  

∞
   dz     (S) (z, t )    e   −ikz  ─ 

 √ 
_

 L  
  
     

=     e   −i   0  t  ─ L    ∑ 
ℓ
      J  ℓ  (2∣∣)  e   i( k  0  −k−2 ℓ   2 / z  T  )vt   e   iℓarg{−}   ∫−∞  

∞
   d  ̃  z    e   i( k  0  +ℓ   0  /v−k)  ̃  z    (  ̃  z  )

   

We have expanded the wave vector up to second order in 𝓁 and 
we have used the fact that the spatial region of interaction is smaller 
than the Talbot distance zT, namely,  ∣z − vt∣≪  z  T   = 4  mv   3      3  / ħ   0  2  . 
If we consider an electron pulse of infinite duration, we can approx-
imate  (  ~ z   ) ∼ 1 , which yields

    k  (S) (t ) =  e   −i   0  t   ∑ 
ℓ
      J  ℓ  (2∣∣)  e   i( k  0  −k−2 ℓ   2 / z  T  )vt   e   iℓarg{−}      k  0  +ℓ   0  /v,k    

where we have used the relation ∫dzei(k−k′)z = Lk, k′. We can now 
move to the interaction picture by multiplying    k  (S) (t)  by the factor 
ei[0 + v(k−k0)]t. Additionally, by going back to real space, we obtain the 
electron wave function in the interaction picture

  (z, t = − ∞) =  ∑ 
ℓ
      J  ℓ  (2∣∣)  e   −2i ℓ   2 d/ z  T     e   iℓarg{−}     e   i( k  0  +ℓ   0  /v)z  ─  √ _ L      

where we have substituted vt by the propagation distance from the 
PINEM interaction region d. We are now ready to calculate the 
Fourier transform of the electron density, which reads

    
 ∫−∞  

∞
   dz  e   −iωz/v   ∣ ψ(z, t = − ∞ ) ∣   2  

     
=  ∑ 

ℓ, ℓ ′  
      J  ℓ  (2 ∣ β ∣ )  J   ℓ ′    (2 ∣ β ∣ )  e   i(ℓ− ℓ ′  )arg{−β}   e   −2πi( ℓ   2 −  ℓ ′     2 )d/ z  T     δ   ω  0  (ℓ− ℓ ′  ),ω   

  

                                                                                                                

(17)

From Eq. 17, we see that the integral vanishes unless  = n0, 
where n is an integer. With this assumption, we obtain

     ∫−∞  
∞

   dz  e   −iωz/v   ∣ ψ(z, t = − ∞ ) ∣   2  

          =  e   inarg{−β}   e   2πi n   2 d/ z  T    Σ  
ℓ
     J  ℓ  (2 ∣ β ∣ )  J  ℓ−n  (2 ∣ β ∣ )  e   −4πiℓnd/ z  T     (18)

All the quantities proportional to the Fourier transform in Eq. 18 
are calculated for a given harmonic order n = /0.

On the calculation of quantum averages of time-dependent 
field operators
According to Glauber’s prescription (38), to calculate averages of 
time-dependent operators to then compute measurable quantities 
(e.g., light intensities and correlation functions), the operators have 
to be understood in the Heisenberg picture. For instance, the 
time-varying light intensity at a given point in space r for polariza-
tion  has to be calculated as

   I    (r, t ) =   c ─ 2   〈    H  ∣ E   H,(−) (r, t )  E   H,(+) (r, t ) ∣   H   〉  

where the subscript H stands for Heisenberg picture. Now, by using an 
adiabatic switching of the interaction, which provides the connection 
between the interaction and Heisenberg pictures   e   −iℋt  =  e   −i ℋ  0  t   ̂  S  (t, − ∞) , 
we can rewrite the average in terms of scattering operators

  I    (r, t ) =   c ─ 2   〈(− ∞) ∣   ̂  S     † (t, − ∞)    ̂  E     (−) (r, t )    ̂  E     (+) (r, t )   ̂  S  (t, − ∞) ∣(− ∞) 〉 
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From the previous expression, it is clear that the scattering 
matrix     ̂  S  (∞, − ∞)  never appears unless we calculate the intensity at 
t = ∞, which is not the quantity in which one is usually interested. 
However, a simplification that can be used in this study consists of 
considering the time-dependent field observables at large times, 
thus neglecting the few-femtosecond transient period in which the 
electron is still interacting with the sample and producing nonzero 
quantum averages of the electric field and light intensity. By doing 
so, we can extend the final time in the scattering operator to infinity, 
which leads to

      
 I   α  (r, t ) ≈   c ─ 2π   〈ψ(− ∞ ) ∣    ̂  S     

†
 (∞ , − ∞ )   ̂  E   α  

(−)
 (r, t )    ̂  E   α  

(+)
 (r, t )   ̂  S  (∞ , − ∞ ) ∣ ψ(− ∞ ) 〉

       
                      =    c ─ 2π   〈   ̂  E   α  

(−)
 (r, t )    ̂  E   α  

(+)
 (r, t ) 〉

   
(19)

We lastly remark that all the time-dependent quantities in this 
work imply this assumption.

Intensity and noise in a balanced detection experiment 
for finite electron and laser pulses
In this section, we compute the signal and noise in a balanced detec-
tion experiment. We assume that a replica of the PINEM-driving 
laser field is the reference field and that the weak CL emanating 
from the interaction of the PINEM-modulated electrons with a 
sample placed downstream is the signal. These two fields are mixed 
in a symmetric beam splitter, as depicted in Fig. 1. The beam splitter 
is characterized by reflection and transmission coefficients R and T, 
which we assume to be independent of the optical frequency or po-
larization. Subsequently, the total signal is collected by two ideal 
detectors, labeled D1 and D2, respectively. We write the reference 
electric field operator as

     ̂  E     
R

 (r, t ) =  ∫0  
∞

      d ─ 2    ℰ   R (r,  )    ̂  a     R   e   −it  + h.c.  

where the electric field operator connected to the CL emission,     ̂  E     
CL

 (r, t) , 
is given by the time-dependent analog of Eq. 14. We remark that the 
reference field operators     ̂  a     R   and     ̂  a     R†   are assumed to also satisfy the 
commutation relation  [   ̂  a     R ,    ̂  a     ′    

R†  ] = ( −   ′  ) . The intensity operator 
at detector D1 is

  
   ̂  I     D1 (r, t ) =   c ─ 2  ( T   *     ̂  E     

(−),CL
 (r, t ) +  R   *     ̂  E     

(−),R
 (r, t ) )

    
     × (T    ̂  E     

(+),CL
 (r, t ) + R    ̂  E     

(+),R
 (r, t ) )

   

Intuitively, the operator     ̂  I     D2   can be obtained from     ̂  I     D1   by ex-
changing the T and R coefficients. The fluence (optical energy per 
unit area) impinging on each detector is

     ̂  F     D1/D2 (r ) =  ∫−∞  
∞

   dt    ̂  I     D1/D2 (r, t)  

The difference between the two detectors, which is our signal, is 
given by

        

S = 〈    ̂  F     
D1

 (r ) 〉 − 〈    ̂  F     
D2

 (r)〉

    =  2ec _    Re {  ( R   *  T −  RT   *  )  ∫0  
∞

    d  ℰ    R* (r,  )     R* ( )  M    (r, )        

 × ( ∫−∞  
∞

    dz  e   −iz/v   ∣(z, t = − ∞) ∣   2  )  }   

   (20)

We redefined here the average 〈·〉 symbol such that it includes a con-
tinuous mode coherent state ∣{R}〉, where     ̂  a     R ∣{    R }〉 =     R ( )∣{    R }〉 . 
R() is the frequency profile of the reference light pulse. One can 
choose, for example, Fresnel coefficients such as  R = 1 /  √ 

_
 2    and  

T = i /  √ 
_

 2    to retrieve the homodyne detection signal.
The noise of such a measurement can be calculated similarly. 

The square of the noise is defined by the variance as

   N   2  = 〈  [   ̂  F     D1 (r ) −    ̂  F     D2 (r ) ]   
2
  〉 −  〈    ̂  F     D1 (r ) −    ̂  F     D2 (r ) 〉   

2
   (21)

Since we consider a strong reference laser field,   ∫−∞  ∞     ∣    R ∣   2  d ≫ 1 , 
R dominates Eq. 21. For the choice ∣R∣ = ∣T∣, the terms for the 
noise variance scaling as ∣R∣4 and ∣R∣3 vanish. Thus, the next 
leading order is substantially smaller and comprises combinations 
in which     ̂  E     

R
   and     ̂  E     

CL
   appear twice each

  

 N   2  = 2   (     c ─ 
4     2 

   )     
2

   ( R   *  T −  RT   * )   2   ∫0  
∞
    d  ∫0  

∞
    d′

    

       × Re {    ℰ   R (r,  )     R ( )  ℰ   R (r, ′ )     R (′)   [  〈    ̂  E     (−),CL (r,  )    ̂  E     (−),CL (r, ′ ) 〉 

                  − 〈    ̂  E     (−),CL  (r,  ) 〉〈    ̂  E     (−),CL (r, ′ ) 〉 ]       
                       +  ℰ   R (r,  )     R ( )  ℰ   R* (r, ′ )     R* (′ ) 〈    ̂  E     (−),CL (r,  ) 〉〈    ̂  E     (+),CL (r, ′ ) 〉

     

             −   1 ─ 2    ℰ   R (r,  )  ℰ   R* (r, ′ )  [  ( − ′ ) +     R ( )     R* (′ )  ]  〈    ̂  E     (−),CL (r,  )    ̂  E     (+),CL (r, ′ ) 〉 

      

                −   1 ─ 2       R* ( )     R (′ )  ℰ   R* (r,  )  ℰ   R (r, ′ ) 〈    ̂  E     (+),CL (r,  )    ̂  E     (−),CL (r, ′ ) 〉 }   

    

where t = 0 is implicitly understood in the CL operators. The con-
tribution of this leading term to the noise is smaller by the ratio of 
the reference and CL fields, which could be many orders of magni-
tude smaller than the shot noise of the reference on each detector. 
Thus, this result implies a theoretical limit to the noise floor, inde-
pendent of the intrinsic noise of the detectors. We conclude that the 
corresponding ideal SNR in this system is SNR = S/N.

Explicit derivation of Eq. 8
One can separate the initial electron-photon state in Eq. 1 as the 
product of the electron part ∣e⟩ and the vacuum of the radiation, 
∣in⟩ = ∣e⟩ ⊗ ∣0⟩, where ∣e⟩ = ∑jcj∣Ej⟩. The ladder coefficients 
can be derived through simple algebra

   
 〈  E  ℓ  ∣   e   〉 =  

(
     
 j
     c  j   〈   E  ℓ  ∣ E  j〉   

⏟
   

     ℓ,j  

    
)

   
   

    c  j   = 〈  E  j  ∣   e   〉

    

We can now write the sum in Eq. 7 as

    

 ∑ 
j
      c j  *   c  j+n   =  ∑ 

j
    〈    e  ∣ E  j    E  j+n  ∣   e   〉

    
                        = 〈    e  ∣ ∑ 

j
    ∣ E  j   〉〈  E  j+n  ∣∣   e   〉

     
                              = 〈    e  ∣ e   in   0  t   ∑ 

j
    ∣ E  j   〉〈  E  j  ∣∣   e   〉

    

           = 〈    e  ∣ e   in   0  t ∣   e   〉

    

Here, we assume that the energy states are identical, aside from 
their energy difference, and that ∣e⟩ is fully spanned by the dis-
crete and complete set of ∣Ej⟩ states, that is

   
∣ E  j+n   〉 =  e   −in   0  t ∣ E  j   〉

            ∑ 
j
    ∣ E  j   〉〈  E  j  ∣ = ℐ     
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In the sample region, we can approximate the electron disper-
sion as linear, and thus, the wave function can be written as a func-
tion of time, (t), relying on the relation z − vt = constant. Using 
this temporal electron wave function (t), one finds

             
    
j
     c j  *   c  j+n   = ∫   (   (  t )   )     *   e   in   0  t   (  t )  dt 

    
               = ∫  ∣ (  t )  ∣   2   e   in   0  t  dt = ℱT   [    ∣ (  t )  ∣   2  ]    

 (  n   0   )  
  
  

(22)

Generalization for strong electron-photon coupling
Starting from the scattering operator in Eq. 2, we are interested in 
the expectation value for a specific frequency , that is,  ⟨   ̂  a      ⟩ , as well 
as higher- order terms. For this purpose, it is convenient to use the 
commutation relation

  [   ̂  a      ,   ̂  S  ] = [   ̂  a      ,  e    ∫0  
∞

   d( g       ̂  b         ̂  a     †  − g   *     ̂  b     †     ̂  a      ) ]  

Since    [      ̂  b      ,    ̂  b     
†
  ,  ]   =  [      ̂  b      ,   ̂  S  ]   = 0   and

   [   ̂  a    Ω  , ( g  ω      ̂  b    ω      ̂  a   ω  †   −  g ω  *      ̂  b   ω  
†
      ̂  a    ω   ) ] = [   ̂  a    Ω  ,  g  ω      ̂  b    ω      ̂  a   ω  †  ]    

=  g  ω      ̂  b    ω   δ(ω − Ω)
    

one can use the conditional identity

  [A, B ] = c ⇒ [A,  e   B  ] = c  e   B   

and write

  [   ̂  a      ,   ̂  S  ] =  g        ̂  b        ̂  S   (23)

The expectation value for  ⟨   ̂  a      ⟩  on the final state,  ∣   f  ⟩=   ̂  S ∣   initial  ⟩=  
 ̂  S   ∑  j    c  j  ∣ E  j  , 0⟩ , is

     ̂  〈a    〉   =   ∑  
j, j   ′ 

    c j  *   c   j   ′    〈  E  j  , 0∣   ̂  S    
†
     ̂  a        ̂  S ∣ E   j   ′   , 0〉  

The commutation relation above allows us to write    ̂  S    
†
     ̂  a        ̂ S  =  

g        ̂  b       +    ̂  a       , so

   

   ̂  〈a    〉

  

 =  ∑ 
j, j   ′ 

      c j  *   c   j ′     〈  E  j  , 0∣ g        ̂  b       +    ̂  a      ∣ E   j ′    , 0〉

    
=  g      ∑ 

j, j ′  
      c j  *   c   j ′       〈  E  j  , 0∣ E   j ′     − ħ, 0〉  

  
  

   j, j ′  −n  , for n = /   0  

   
    

=  g      ∑ 
j
      c j  *   c  j+n  

  

  =                  g     ℱT  [ ∣(t )∣   2 ]  (=n   0  )  

    

as in Eq. 8 for weak coupling. We have simplified this expression 
mostly by using     ̂  a      ∣ E   j ′    , 0⟩= 0 .

Higher-order correlations
The moment of order N for the quantum correlations of the CL is

   

〈  (    ̂  a      )   N  〉 =  〈(   ̂  a       − 〈    ̂  a       〉 )   N〉 

                        =  ∑ 
k
    〈( N  k  )    ̂  a     k     〈–    ̂  a       〉   N−k  〉    

                    =  ∑ 
k
    ( N  k   )  (− 1)   N−k   〈    ̂  a       〉   N−k  〈    ̂  a     k   〉

   (24)

where    (    N   k   )     denotes Newton’s binomial coefficients. The operator  〈    ̂  a     k  〉  can 
be simplified using the unitarity of    ̂  S  , that is,     ̂  S    †  ̂  S  =   ̂  I   , and substituting 
   ̂  S    †     ̂  a   Ω   k   ̂ S  =  (   ̂  S    †     ̂  a    Ω    ̂  S )   k  . We find

      

〈    ̂  a     k   〉 =     
j, j ′  

    c j  *   c   j ′     〈  E  j  , 0∣  ̂  S    
†
     ̂  a     k    ̂ S ∣ E   j ′    , 0〉

    

  =     
j, j ′  

    c j  *   c   j ′     〈  E  j  , 0∣ (  ̂  S    
†
     ̂  a        ̂  S )   

k
 ∣ E   j ′    , 0〉

    (*) =     
j, j ′  

    c j  *   c   j   ′    〈  E  j  , 0∣ ( g        ̂  b       +    ̂  a      )   
k
 ∣ E   j ′    , 0〉    

=  g   k       
j, j ′  

    c j  *   c   j   ′      〈  E  j  , 0∣   ̂  b     
k
  ∣ E   j ′    , 0〉  


   

    j ′  ,j+k/   0    

   

   

=  g   k      
j
     c j  *   c  j+k   _    0     

    

The equation marked with (*) uses the commutation in Eq. 23. 
We can now substitute  〈    ̂  a     k  〉  and  ⟨   ̂  a      ⟩  in Eq. 24 to write

   

〈  (    ̂  a      )   N  〉 =  ∑ 
k
    ( N  

k
   )  (− 1)   N−k   〈    ̂  a       〉   N−k  〈    ̂  a     k   〉

                         =  ∑ 
k
    ( N  

k
   )  (− 1)   N−k   ( g      ∑ 

j
      c j  *   c  j+   _    0     )   

N−k
 ( g   k    ∑ 

j
      c j  *   c  j+k   _    0     )      

                    =  g   N    ∑ 
k
    ( N  

k
   )  (− 1)   N−k   (ℱT  [ ∣(t ) ∣   2 ]  ()  )   

N−k
 (ℱT  [ ∣(t )∣   2 ]  (k)  )
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