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We describe how to prepare an electrically levitated nanodiamond in a superposition of orienta-
tions via microwave driving of a single embedded nitrogen-vacancy (NV) center. Suitably aligning
the magnetic field with the NV center can serve to reach the regime of ultrastrong coupling between
the NV and the diamond rotation, enabling single-spin control of the particle’s three-dimensional
orientation. We derive the effective spin-oscillator Hamiltonian for small amplitude rotation about
the equilibrium configuration and develop a protocol to create and observe quantum superpositions
of the particle orientation. We discuss the impact of decoherence and argue that our proposal can
be realistically implemented with near-future technology.

Levitated dielectric nanoparticles have been recently
cooled to their motional ground state [1–3]. This paves
the way to realize some of the formidable promises for
fundamental and applied science held by massive systems
in the quantum regime [4–8]. While in the first ground-
state-cooling experiments, the center-of-mass motion of
the optically trapped particles is Gaussian [9], the obser-
vation of quantum interference requires generating non-
Gaussian states of motion [10]. Achieving such states
requires a non-linearity for instance in the form of a non-
linear external potential [11], or by coupling the mechan-
ical system to a non-linear system. In the context of
spin-mechanics – the coupled dynamics of spin and me-
chanical motion – the non-linearity is provided by the
spin degree of freedom in, for instance, few electrons in
solid state defects [12–19], superconducting qubits [20–
24], or electronic states of atoms [25–27]. Coherent spin-
mechanical interfaces are however hard to realize as the
coupling between the spin and a mechanical oscillator
is usually smaller than the characteristic frequencies of
the two systems as well as than their typical decoherence
rates [18, 28].

In levitated systems, much attention has been devoted
to the coupling between internal spins and the center-of-
mass motion [14, 16, 29–32], and more recently the rota-
tional motion of the hosting particle [7, 33, 34]. The fact
that both magnetization and mechanical rotation con-
tribute to the angular momentum of the body provides
new and largely unexplored means of spin-rotational cou-
pling [34–36]. In particular, in the presence of an ap-
plied magnetic field the librations – small oscillations in
the particle orientation around a fixed configuration –
of an electrically levitated diamond couple to the spin
of embedded NV centers [37]. Such spin-libration cou-
pling has the potential for reaching the strong coupling

regime [37, 38]. Recent experimental progress [39–41]
highlights the potential of this spin-librational coupling
for reaching the strong coupling regime [37, 38], either
carefully selecting the particle shape [37] or by by ex-
ploiting the collective coupling to many spins [38, 41], at
the cost of losing the desired non-linearity.
In this letter we theoretically show how it is possible

to achieve the so-called single-spin ultra-strong coupling
(USC) regime [42], where the coupling between a single
NV spin and the libration of a levitated diamond is even
larger than the characteristic frequencies of both the li-
bration and the spin degrees of freedom. We argue that
this can be experimentally implemented with only minor
modifications of existing experimental setups [37, 41]. In
addition, we propose a protocol which uses such large
spin-libration coupling to prepare and read out the dia-
mond in a superposition of its orientation.
We consider a homogeneously charged symmetric dia-

mond, modelled as a prolate spheroid with major (minor)
semiaxis length a (b), levitated in a ring Paul trap [43],
see Fig. 1.a,b. The diamond hosts a single NV-center
with spin angular momentum Ŝ and spin quantization
axis aligned orthogonal to the particle symmetry axis.
The Paul trap creates a confining potential for both the
particle center-of-mass and orientation [37, 44]. For a
uniformly charged spheroid the center-of-mass and rota-
tional dynamics are decoupled. The spin-rotational dy-
namics of the system can then be described by

Ĥ(t)=~2

2I

[(
Ĵ1−Ŝ1

)2
+
(
Ĵ2−Ŝ2

)2
]

+ ~2

2I3

(
Ĵ3−Ŝ3

)2

+ ~DnvŜ
2
1 + ~ωLe3 · Ŝ + V̂ (t),

(1)

where ~Ĵ denotes the total angular momentum vector
operator of the particle. The first line of Eq. (1) is
its rotational energy where ~Ĵi − ~Ŝi is the mechan-
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FIG. 1. a) A charged spheroidal-shaped particle with em-
bedded NV center, whose axis is aligned with body-frame
direction n1 perpendicular to the symmetry axis n3, is lev-
itated in a ring-shaped Paul trap. The levels |±1〉 are split
by the applied field B0. b)The rotor performs small libration
oscillations about the equilibrium orientation in the trap. c)
Characteristic mechanical libration frequency of the rotor as
function of the applied field. d) Frequency ∆ of the transi-
tion |0〉↔|−1〉 (qubit splitting) close to the ground state level
anti-crossing, B0 ≈ 102.4 mT. e) Spin mechanical coupling
as function of the applied field. For: a = 100 nm, b = a/5,
mass density ρM = 3.5 × 103Kg/m3, ε = 10−2, δ = 0.1,
Udc/Uac = 5× 10−3, ω0/2π = 1 MHz and gyromagnetic ratio
γe = 1.76× 1011 rad/Ts.

ical angular momentum along the rigid rotor’s princi-
pal axis ni = ni(Ω) (i = 1, 2, 3), which is related to
the laboratory-fixed axis ei via the three Euler angles
Ω = {α, β, γ} [45]. The two distinct inertia moments of
the spheroid are denoted by I and I3 for rotations or-
thogonal to and around the symmetry axis, respectively.
We choose n1 along the NV-axis, while n3 is the particle
symmetry axis. The NV ground state spin triplet along
the quantisation axis n1 is denoted by {|0〉, |±1〉}. The
first and second terms on the second line of the Hamil-
tonian (1) represent respectively the spin zero-field split-
ting of frequency Dnv ' 2π × 2.87 GHz and the Lar-
mor precession of the spin in the external magnetic field,
aligned with the space fixed e3 axis, where ωL ≡ γnvB0/~
and γnv > 0 is the NV gyromagnetic ratio. The me-
chanical rotation and the internal spin are coupled by
two different mechanisms. The first one is the Bar-
nett and Einstein–de Haas effect represented by terms
of the form ĴiŜi/Ii. The second coupling arises from

the interaction between the spin and the applied field, as
e3 · Ŝ = −Ŝ1 cos γ̂ sin β̂ + Ŝ2 sin γ̂ sin β̂ + Ŝ3 cos β̂, and it
can be tuned via the external field [37, 39], where α̂, β̂,
and γ̂ are the Euler angle operators. This latter coupling
mechanism produces a spin dependent potential for the
rotation of the particle about its symmetry axis. The last
term in Eq. (1) is the time-dependent Paul trap potential
for the rotational motion,

V̂ (t) ≡ 3U(t)∆Q
2`20

[(
1 + δ

3

)
sin2 α̂− 2δ

3

]
sin2 β̂, (2)

where U(t) = Udc + Uac cos(ω0t) is the applied voltage
generating the quadrupole electric field [46], ω0/2π the
AC-voltage frequency, ∆Q/q ' (a2 + 2b2)/4 for b� a is
the quadrupole anisotropy of the particle, q is its total
charge, `0 the characteristic length scale of the trap, and
the asymmetry parameter 0 ≤ δ < 1 characterizes devia-
tions from the cylindrical symmetry of the Paul trap. We
note that to achieve confinements along both α and β it
is necessary for the Paul trap to be asymmetric (δ 6= 0).

A stable solution of (1) corresponds to n3 ‖ e1 and n1
anti-parallel to e3, that is the spin quanization axis anti-
aligned along the external B-field. In this regime, the
particle performs small oscillations (librations) around
the equilibrium orientation (α = 0, β = π/2, γ = π).
When ε ≡ Uac∆Q/(Iω2

0`
2
0) � 1 and Udc/Uac � 1 [47],

the libration dynamics has two distinct contributions,
a fast small amplitude micromotion on top of a slowly
evolving large amplitude macromotion (secular dynam-
ics) [44, 48, 49]. In this regime, it is possible to derive a
Hamiltonian describing the coherent interaction between
the NV-center and the secular harmonic fluctuation of
the rotor’s orientation about the equilibrium. This is
done in three steps. First, we derive the secular Hamil-
tonian of the system [45]. Second, we expand the secular
Hamiltonian about the equilibrium solution up to sec-
ond order in the libration degrees of freedom. Third,
we eliminate |1〉 by projecting the spin subsystem on the
subspace {|0〉, |−1〉} ≡ {|↓〉, |↑〉}. We will consider values
of the magnetic field larger than 10 mT for which |1〉 is
far detuned from the remaining degrees of freedom. At
the end of these steps, α̂ decouples from the remaining
degrees of freedom, whose dynamics are described by the
following qubit-oscillator Hamiltonian

Ĥ=~∆
2 σ̂z+

p̂2
β

2I + I

2ω
2
β β̂

2+
p̂2
γ

2I3
+ I3

2 ω
2
γ

(
1 + σ̂z

2

)
γ̂2

− ~gγ
γ̂

γ0
σ̂x− ~gβ

β̂

β0
σ̂y+ ~ξβ

(
β̂

β0

)2

σ̂z.

(3)

Here, we defined the qubit splitting ∆ ≡ Dnv − ωL, the
libration frequencies ωβ ≡ ω0[2δεUdc/Uac + 2δ2ε2]1/2,
ωγ ≡ (~ωL/I3)1/2, and the coupling rates gγ ≡ ωLγ0/

√
2,

gβ ≡ ωLβ0/
√

2, and ξβ ≡ ωLβ
2
0/2 with the zero-point

amplitudes β0 ≡
√

~/2Iωβ , γ0 ≡ (~/
√

2I3ωγ)1/2. The
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dynamics of α̂ undergoes harmonic oscillations at the
frequency ωα ≡ ω0{(1 + δ/3)[3εUdc/Uac + 9δ2ε2/2]}1/2.
We neglected the Barnett and Einstein-de Haas coupling
terms in Eq. (3), because in the libration regime they give
a negligible contribution as compared to the coupling be-
tween the spin and the magnetic field. Fig. 1.c-e shows
the frequencies and coupling rates appearing in Eq. (3)
as a function of the applied magnetic field B0 and for
a = 100nm and a/b = 5. Importantly, the system is in
the USC regime as gγ � ωγ and gβ � ωβ [Cfr. Fig. 1.c
and Fig. 1.e].

Let us now focus on the dispersive regime of qubit-
oscillator interaction, i.e. when |∆| � gγ , gβ . In
this case, mechanically induced spin-transitions are sup-
pressed and the coupling induces a spin-dependent shift
of the oscillator frequencies. As a consequence of the
USC in Eq. (3), these shifts can be exploited to prepare
a non-Gaussian state of the γ̂ degree of freedom. In the
dispersive limit, the effective dynamics of the system is
diagonal in the eigenbasis of σ̂z, and described by [45]

Ĥ ′ = Ĥ↑ ⊗ |↑〉〈↑|+ Ĥ↓ ⊗ |↓〉〈↓| , (4a)

where Ĥ↑↓ depends on the sign of ∆. For ∆ > 0, they
read

Ĥ↑
~
≡ ωβ↑b̂†b̂+ ω̃γ ĉ

†ĉ+ ∆
2 1, (4b)

Ĥ↓
~
≡ ωβ↓b̂†b̂+ ω̃γ ĉ

†ĉ− χγ
2
(
ĉ† + ĉ

)2 − ∆
2 1. (4c)

Here, we introduced the bosonic operators ĉ and b̂ ac-
cording to β̂ ≡ β0(b̂†+ b̂) and γ̂ ≡

√
~/2I3ω̃γ(ĉ†+ ĉ), and

the oscillator frequencies ωβ↑↓ ≡ [ωβ(ωβ±2χβ)]1/2, χβ ≡
~ωL(1+ωL/∆)/(2Iωβ), ω̃γ ≡ [~ωL(1+ωL/∆)/I3]1/2, and
χγ ≡ ~ωL(1 + 2ωL/∆)/(2I3ω̃γ). Aside from a small re-
gion around B0 = 102.4 mT where ∆ = 0, the qubit
splitting always satisfies the dispersive regime conditions
[Cfr. Fig. 1.d,e] (see also [45]). Eq. (4a) describes a spin
dependent evolution of the β and γ libration modes. The
dynamics of β corresponds to harmonic oscillations with
a frequency which depends on the spin state. Eqs (4b,
4c) are valid only for values of B0 such that ωβ > 2χβ .
Since χβ/ωβ is proportional to the applied magnetic field,
this requires B0 < 80 mT for the parameters considered
in Fig. 1. On the other hand, the dynamics of γ̂ changes
between an attractive potential in Eq. (4b) to a repulsive
potential in Eq. (4c) depending on the spin state, since
2χγ > ω̃γ . The appearence of a repulsive potential for |↓〉
is a consequence of the large dispersive shift in the USC
regime. We remark that the following protocol does not
require the use of the quartic term γ̂4 that is also found
in the dispersive regime [50].

Let us assume that the total system is initially un-
correlated, ρ = ρth ⊗ |↑〉〈↑| where ρth is the ther-
mal state of Eq. (4b). The protocol consists of the
following three steps (see Fig. 2.a,b). (i) Apply a

FIG. 2. a) Pulse sequence for the spin control during the
protocol and corresponding steps (i-iii). b) Oscillator’s state
at different steps of the protocol: initial thermal state (left
panel), at the end of step (i) (middle panel), and at the end
of step (ii) (right panel). Note that the state corresponding
to |↑〉 (|↓〉) is always represented in green (red). The right-
most panel shows that for τ = π/ω̃γ the two squeezed states
overlap perfectly. c) Probability P↑(τ) as a function of τ in
the absence of dephasnig (Γ2 = 0) and for nth = 1. d) De-
tail of P↑(τ) around τ = π/ω̃γ for different initial thermal
occupations nth of the γ-oscillator at the spin dephasing time
T2 = 0.5 ms. e) Probability around τ = π/ω̃γ for differ-
ent spin dephasing times as specified by the legend and for
nth = 100. Other parameters: B0 = 75 mT and the remaining
ones as in the caption of Fig. 1.

π/2-microwave pulse preparing the state ρ̂1 = ρ̂th ⊗
(|↑〉〈↑|+ |↓〉〈↑|+ |↑〉〈↓|+ |↓〉〈↓|) /2 and let it evolve for
a time τ . (ii) Apply a π-microwave pulse such that
|↑ (↓)〉 → |↓ (↑)〉 and let the system evolve for another
time τ . (iii) Apply a π/2-microwave pulse such that
|↑ (↓)〉 → (|↑〉 ± |↓〉)/

√
2 and perform a spin measure-

ment in the basis {|↑〉, |↓〉}. This yields the qubit in the
state |↑ (↓)〉 with probability [45]

P↑↓(τ) = 1
2 ±

e−2Γ2τ

2 Re
(
Tr[Û†↓ Û

†
↑ Û↓Û↑ρth]

)
, (5)
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where Û↑↓ ≡ exp(−iτĤ↑↓/~). The total duration of the
protocol is 2τ . We neglected the evolution of the os-
cillator during the microwave pulses as these are typ-
ically much shorter than the mechanical period. In
Eq. (5) we included the effect of qubit dephasing at a
rate Γ2 = 2π/T2 which acts during steps (i) and (ii)
while the spin state is in a superposition, assuming a
Markovian dephasing process [51]. Observing revivals in
the final probability Eq. (5) as a function of the dura-
tion τ of steps (i) and (ii) is sufficient to conclude that
the oscillator was in a coherent superposition state dur-
ing the evolution [52–54]. Indeed, in the absence of de-
phasing, P↑(τ) rephases to unity when τ is a multiple
of π/ω̃γ [Fig. 2.c]. The protocol can be interpreted as
follows. After the first microwave π/2-pulse, the state
of the particle evolves in an entangled state of the spin-
oscillator system where the oscillator is in a squeezed
thermal state and in the initial thermal state for a spin
in |↓〉 and |↑〉 respectively (see central panel in Fig. 2.b).
The π-pulse reverses the role of the spin. The oscillator’s
state corresponding to a spin in |↑〉 is in a squeezed state
and rotates in phase space at the rate ω̃γ according to Ĥ↑.
At the same time the oscillator state corresponding to |↓〉
evolves from a thermal state to a squeezed thermal state
(right panel in Fig. 2.b). The second π/2-pulse in step
(iii) bring the two branches together leading to the inter-
ference between the two oscillator states in superposition.
At τ = π/ω̃γ the states of the two branches overlap per-
fectly leading to a rephasing of P↑↓. In Fig. 2.d,e we plot
the probability P↑↓ as a function of τ . We see that the
visibility of the peak at τ = π/ω̃γ is affected only by the
qubit T ∗2 -time (Fig. 2.e), while the initial temperature of
ρ̂th only affects the peak width (Fig. 2.d). A superpo-
sition state can thus be successfully created also for the
oscillator in a highly occupied thermal state as shown in
Fig. 2.d. For detecting the rephasing in P↑↓(τ) is however
beneficial to reduce the initial state temperature down
to few milli-Kelvin or lower, using for instance recently
developed cooling schemes for the rotational motion of
levitated particle [40, 44, 55–58].

We discussed the protocol for the case ∆ > 0 in
Eq. (4a). For ∆ < 0, Eq. (3) leads to trapped dynamics
for the qubit in |↓〉, and to a repulsive potential for both
modes for |↑〉 [45]. For the execution of the protocol dis-
cussed above, this regime is, however, more susceptible
to imperfection as compared to ∆ > 0 [45].

The proposed interference protocol enables the prepa-
ration of superposition states provided the relevant de-
coherence rates are smaller than the protocol’s dura-
tion 2π/ω̃γ . The qubit-oscillator system exhibits three
main damping mechanisms [38], (i) scattering of back-
ground gas and emission of thermal photons, (ii) elec-
tric and magnetic field noise, and (iii) dephasing and
damping of the NV spin. The first two can be usually
reduced at sufficiently low pressure and temperatures,
and by having the trapping region sufficiently distant

from the trap electrodes [38, 59]. Dephasing of the NV
spin poses a stronger requirement on the feasibility of
the protocol even at cryogenic temperatures as gener-
ally 1/T ∗2 & ω̃γ/2π. Exceptionally long dephasing times,
such as T ∗2 ∼ 0.5 ms which we used in Fig. 2.e, have been
reported [60] in isotopically purified diamonds with low
13C concentration [61]. Let us note that our interference
protocol may actually dynamically decouple the NV-spin
prolonging the coherence time to T2 > T ∗2 , which is even-
tually limited to few milliseconds due to irreversible cou-
pling to lattice vibrations. Finally, the visibility of the
revival in Eq. (5) is also affected by coupling between the
libration and center-of-mass oscillations of the nanodia-
mond. This originates from a slight asymmetry in the
charge distribution which generates a permanent dipole
moment of the nanodiamond. This coupling has been
estimated in [24] and shown to be negligible for highly
charged nanoscale objects. Post-selection of the trapped
particle could thus be used to reduce this effect. Let us
finally note that asymmetry in the particle shape might
add a contribution to the trapping potential for γ as
shown in [34].
Several of the main ingredients of our proposal have

been independently realized. Trapping, controlling, and
cooling of the center-of-mass and libration of diamond
particles in a Paul trap has been realized in several ex-
periments (see [5, 6] and references therein). Selective
loading of a particle containing a single NV center in
optical and hybrid traps has been reported [17, 62–64].
Finally, precise spin initialisation and microwave control
of NV centers at cryogenic temperature has been demon-
strated [65–67]. A recent experiment has also demon-
strated the possibility to tune the libration potential be-
tween attractive and repulsive using the coupling to an
ensemble of NV in the spin para-diamagnetic regime [41].
While putting all these results together is not a straigh-
forward endeavour, we see no major roadblock in imple-
menting our proposal in the near future.
In conclusion, we have shown that the spin-libration

coupling in electrically levitated nanodiamond can re-
alistically reach the single spin ultra-strong coupling
regime, requiring only minor modifications of existing
setups [37, 39, 40]. Furthermore we have shown how
to take advantage of such large non-linearity to prepare
non-Gaussian states of the particle libration. In addition,
the ability to create mechanical squeezed states could
be useful for the detection of weak forces [68–70]. Our
work thus presents levitated nanodiamonds with embed-
ded spins as a highly attractive system for massive super-
position experiments exploiting ultra-strong single spin-
mechanical coupling rates.
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CALCULATION OF THE QUADRUPOLE ASYMMETRY PARAMETER

The quadrupole asymmetry parameter ∆Q in the main text, is defined as

∆Q ≡
∫
dS %(r)

(
z2 − x2) , (S1)

where %(r) is the surface charge density, and r = (x, y, z) is the coordinate of a point on the surface of the spheroid
with respect to the body-fixed frame, and the integral is taken on the surface of the spheroid. Assuming a uniformly
charged particle %(r) = q/S and introducing the coordinates r = (a cosφ sin θ, a sinφ sin θ, b cos θ)T , we obtain

∆Q = q
ab3

S

∫ 2π

0
dφ
∫ 1

−1
dξ
√

(1− ξ2) +
(a
b

)2
ξ2
[
ξ2 −

(a
b

)2 (
1− ξ2) cos2 φ

]
. (S2)

For a prolate spheroid for which a/b� 1, we expand Eq. (S2) to second order in a/b, and obtain

∆Q ' q

4b
2
[
1 + 2

(a
b

)2
]
. (S3)

DEFINITION OF EULER ANGLES AND CANONICAL ANGULAR MOMENTA

We define the transformation between the laboratory-fixed frame Oe1e2e3 and the body-fixed frame On1n2n3 as
nk = R(Ω)ek according to the zy′z′′ convention for the Euler angles, namely

R(Ω) ≡

cosα − sinα 0
sinα cosα 0

0 0 1

 cosβ 0 sin β
0 1 0

− sin β 0 cosβ

 cos γ − sin γ 0
sin γ cos γ 0

0 0 1

 . (S4)

Within this convention the components of the total angular momentum operators ~Ĵi (i = 1, 2, 3) along the body-fixed
principal axes are represented in orientation space by the following differential operatorsĴ1

Ĵ2
Ĵ3

 = −i
sin β

− cos γ sin γ sin β cos γ cosβ
sin γ cos γ sin β − sin γ cosβ

0 0 sin β

∂α∂β
∂γ

 . (S5)

The canonical momenta p̂α, p̂β , and p̂γ are then given by the operators

p̂α ≡ −i~
∂

∂α
, (S6)

p̂β ≡ −i~
(
∂

∂β
+ 1

2 cotβ
)
, (S7)

p̂γ ≡ −i~
∂

∂γ
, (S8)
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where the definition Eq. (S7) stems from standard canonical quantisation in curved space [S72, S73]. We remark that
Eq. (S6-S8) guarantee the standard canonical commutation relations. With the definitions Eq. (S4-S8) the rotational
kinetic energy of the symmetric rotor reads

Ĥrot = (p̂α − cos β̂p̂γ)2

2I sin2 β
+
p̂2
β

2I +
p̂2
γ

2I3
− ~2

2I

(
1 + 1

sin2 β̂

)
. (S9)

Here the last term is the so-called quantum potential [S72].

DERIVATION OF THE DISPERSIVE HAMILTONIAN

We start from Eq. (1) and derive the dispersive Hamiltonian of the system Eq. (4a). First, we separate the
macromotion from the micromotion similarly to what is done for the center-of-mass motion for trapped ions [S49].
Starting from the Schrödinger equation ∂t|ψ(t)〉 = Ĥ(t)|ψ(t)〉, we define

|ψ(t)〉 ≡ e−iÂ(t)|ψsec〉, (S10)

where

Â(t) ≡ 1
~ω0

{[
Iω2

0
2 (1− δ) sin2 β̂

]
sin(ω0t)−

1
2

[
ε
Iω2

0
4

(
1 + δ

3

)
sin2 β̂ cos(2α̂)

]
sin(2ω0t)

− 1
2

[
ε
Iω2

0
4

(
1 + δ

3

)
sin2 β̂ sin(2α̂)

]
cos(2ω0t)

}
.

(S11)

The micromotion (macromotion) is encoded in the rapidly (slowly) evolving phase eiÂ(t) (state |ψsec(t)〉). Substituting
this definition in the Schrödinger equation one obtains

i~∂t|ψsec〉 =
(
Ĥ(t) + ∂tÂ(t) + VI(t)

)
|ψsec〉, (S12)

where we defined

V̂I(t) ≡ eiÂ(t)
[
Ĥrot −

ω0

2 p̂α, e
−iÂ(t)

]
. (S13)

Let us note that ∂tÂ(t) cancels exactly the time-dependent potential V̂ (t) inside Ĥ(t) in Eq. (1). So far no approxi-
mation has been introduced and the solution of Eq. (S12) is equivalent to the solution of the Schödinger equation for
|ψ(t)〉. The secular approximation consists in replacing the rapidly oscillating potential Eq. (S13) by its time average,
V̂I(t) ' 〈V̂I(t)〉 = V̂sec. Here, 〈·〉 denotes the time-average over one Paul trap period 2π/ω0. The secular Hamiltonian
is thus given by the time-independent Hamiltonian Ĥsec = Ĥrot + V̂sec. One then proceeds as described in the main
text and obtains the secular Hamiltonian in the linear approximation and in the two-level approximation, namely

Ĥ =
p̂2
β

2I + I

2ω
2
β β̂

2 +
p̂2
γ

2I3
+ I3

2

(
ωγ√

2

)2
γ̂2 + ~F̂xσ̂x + ~F̂yσ̂y + ~F̂zσ̂z. (S14)

Here, we introduced the operators F̂x ≡ −γ̂ωL/
√

2, Fy ≡ −β̂ωL/
√

2, and F̂z ≡ 1∆/2β̂2ωL/2+ γ̂2I3ω
2
γ/4. In Eq. (S14),

we have also neglected the quantum potential as it arises from the curvature of the support of β, which is neglected
in the linear regime.

We proceed to diagonalize the spin-oscillator’s interaction Eq. (S14) with the unitary transformation

Û2 = exp
(
iπ2 m · σ̂

)
, (S15)

where m is a function of β̂ and γ̂ and it can be understood geometrically as the unit vector which bisects the angle
between the local direction of F ≡ (Fx, Fy, Fz) and e3. The transformed Hamiltonian according to Eq. (S15) reads

Ĥ ′ = Û2ĤsrÛ
†
2 = Ĥdisp + Ĥna. (S16)
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FIG. S1. Plot of ωLβ
2
0/∆ and (ωLγ0/∆)2 as functions of the applied field B0 (left panel) and detail of the region around the

breakdown of the condition Eq. (S19) represented by the hatched region (right panel). The horizontal dotted line corresponds
to the value 0.1, which we define as the critical value to compute the hatched region. Note that I3ω

2
γγ

2
0/2∆ is much smaller

than the others in the regime considered and thus it is not shown in the plot. Other parameters as in the caption of Fig. 1.

The first term reads

Ĥdisp =
p̂2
β

2I + I

2ω
2
β β̂

2 +
p̂2
γ

2I3
+ I3

2

(
ωγ√

2

)2
γ̂2 + ~|F̂| σ̂z (S17)

and represents the dispersive dynamics of the system. The last term in Eq. (S17) provides a spin dependent potential
for the oscillators. Let us approximate the spin dependent potential as

|F̂| ' ∆
2 + β̂2

(
ωL

2 + ω2
L

2∆

)
+ γ̂2

[
I3
2

(ωγ
2

)2
+ ω2

L
2∆

]
, (S18)

which holds when the following conditions are satisfied

ωL

∆ 〈β̂
2〉 � 1 ω2

L
∆2 〈γ̂

2〉 � 1, I3
2∆

(
ωγ√

2

)2
〈γ̂2〉 � 1. (S19)

Eq. (S19) are the conditions for the validity of the dispersive regime. In Fig. S1, we show the range of validity of
the dispersive approximation for the paramters considered in the main text. In general the dispersive approximation
breaks down for an interval of magnetic field from Bc1 to Bc2 as shown in the right panel of Fig. S1. Substituting
Eq. (S18) into Eq. (S17) we obtain

Ĥdisp =
p̂2
β

2I + I

2

[
ω2
β + ~ωL

I

(
1 + ωL

∆

)
σ̂z
]
β̂2 +

p̂2
γ

2I3
+ I3

2

[
ω2
γ

(
1 + σ̂z

2

)
+ ~ω2

L
I3∆ σ̂z

]
γ̂2 + ~∆

2 σ̂z. (S20)

The last term in Eq. (S16) represents non-adiabatic corrections to the dynamics generated by Eq. (S20) and reads

Ĥna = p̂βÂβ + Âβ p̂β
2I +

Â2
β

2I + p̂γÂγ + Âγ p̂γ
2I3

+
Â2
γ

2I3
, (S21)

where Âβ,γ ≡ ~(∂β,γm×m)·σ̂. Eq. (S21) describes spin-flip transitions which leads to heating of the particle libration
dynamics. In the dispersive regime of Eq. (S19), the probability of spin-flip transitions is exponentially suppressed as
exp(−∆/ωL〈β̂〉) and exp(−∆2/ω2

L〈γ̂〉) [S74]. When Eq. (S19) holds, Eq. (S21) can thus be neglected.
It is important to distinguish two regimes depending on the sign of ∆. (i) For ∆ > 0, both modes are harmonically

trapped when the spin is in |↑〉. The Hamiltonian of the system thus reads

Ĥ ′

~
=
(
ωβ↑b̂

†b̂+ ω̃γ ĉ
†ĉ+ ∆

2 1

)
⊗ |↑〉〈↑|+

[
ωβ↓b̂

†b̂+ ω̃γ ĉ
†ĉ− χγ

2
(
ĉ† + ĉ

)2 − ∆
2 1

]
⊗ |↓〉〈↓| . (S22)

Here, we defined ωβ↑↓ ≡
√
ωβ(ωβ ± 2χβ), χβ ≡ ~ωL(1 + ωL/∆)/(2Iωβ), ω̃γ ≡

√
~ωL(1 + ωL/∆)/I3, and χγ ≡

~ωL(1 + 2ωL/∆)/(2I3ω̃γ). We have also introduced the bosonic operators ĉ and b̂ according to β̂ ≡ β0(b̂† + b̂), where
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FIG. S2. Frequencies and coupling rate of the dispersive Hamiltonian. a) Characteristic rates in the dispersive regime as a
function of B0 such that ∆ > 0 (weak field). For the parameters we chose, B? ≈ 80 mT is the value of the magnetic field at
which ωβ = 2χβ . b) Characteristic rates in the dispersive regime as a function of B0 such that ∆ > 0 (strong field). c) Ratio
Ωγ/Ωβ as a function of the applied field for the same interval shown in panel b). Other parameters as in the caption of Fig. 1.

β0 is defined in the main text, and γ̂ ≡
√
~/2I3ω̃γ(ĉ† + ĉ). In Fig. S2.a we plot the characteristic rates appearing in

Eq. (S22) as a function of the applied field B0 ranging from 0.1 mT up to Bc1. We note that for B0 > B? (hatched
region in Fig. S2.a), the mode β becomes unstable when the spin is in |↓〉 since ωβ < 2χβ . (ii) For ∆ < 0, the two
libration mode are harmonically trapped when the spin is in the state |↓〉, while they both experience an inverted
potential when the spin is in |↑〉. In this case we write Eq. (S20) as

Ĥ ′

~
=
[
Ωβ b̂†b̂−

χ̃β
2

(
b̂† + b̂

)2
+ Ωγ ĉ†ĉ−

χ̃γ
2
(
ĉ† + ĉ

)2 + ∆
2 1

]
⊗ |↑〉〈↑|+

(
Ωβ b̂†b̂+ Ωγ ĉ†ĉ−

∆
2 1

)
⊗ |↓〉〈↓| , (S23)

where we defined Ωβ ≡
√
ω2
β + ~ωL(ωL/|∆| − 1)/I, Ωγ =

√
~ω2

L/I3|∆|, χ̃β ≡ (Ω2
β − ω2

β)/Ωβ , and χ̃γ ≡√
2~ω2

L/(I3|∆|)(1 − |∆|/2ωL). The bosonic modes appearing in Eq. (S23) are defined as β̂ =
√

~/2IΩβ(b̂† + b̂)
and γ̂ ≡

√
~/2I3Ωγ(ĉ† + ĉ). In Fig. S2.b we plot the characteristic rates appearing in Eq. (S23) as a function of the

applied field B0 ranging from Bc2 up to 200 mT. We note that for the spin in |↑〉 both modes feel a repulsive potential
since χβ,γ > Ωβ,γ/2. Fig. S2.c shows the the ratio Ωγ/Ωβ as function of the applied field. The superposition protocol
can be applied to the case of Eq. (S23) however for the probability to rephase the protocol duration τ should be such
that that both oscillator’s evolve for an integer multiple of their half period. As evidenced in Fig. S2.c, Ωγ/Ωβ = 3
for B0 ' 140 mT. In this case the rephasing time π/Ωγ is slightly smaller than the rephasing time π/ω̃γ leading to
slightly better performance of the protocol in the presence of qubit dephasing. This however requires precise tuning
of the magnetic field to ensure that Ωγ is an integer multiple of Ωβ .

INTERFERENCE PROTOCOL

We consider the spin-oscillators Hamiltonian given in Eq. (S22). For later convenience we introduce the evolution
operators for the oscillator when the spin is in the state |↑ (↓)〉. They read respectively,

Û↑ ≡ exp
(
−itωβ↑b̂†b̂

)
exp

(
−itω̃γ ĉ†ĉ

)
exp

(
−i∆t2

)
, (S24)

Û↓ ≡ exp
(
−itωβ↓b̂†b̂

)
exp

[
−iω̃γtĉ†ĉ+ iχγt2

(
ĉ† + ĉ

)2] exp
(
i∆t2

)
. (S25)

Let us now consider the following protocol:

0. Prepare the system in the product state ρ̂0 = ρ̂th ⊗ |↑〉〈↑| of Eq. (S14), where ρ̂th is the thermal state of the
oscillator. Note that the corresponding product state between the spin and the thermal state of Eq. (S22) is
obtained as ρ̂′0 = Û2ρ̂0Û

†
2 . In the dispersive regime of Eq. (S19), however, ρ̂′0 ' ρ̂0, and the oscillator thermal

state for |↑〉 well approximate the thermal state of Eq. (4b).
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1. Apply a π/2-microwave pulse to the spin, thus preparing the state

ρ̂1 = ρ̂th ⊗
1
2 (|↑〉〈↑|+ |↓〉〈↑|+ |↑〉〈↓|+ |↓〉〈↓|) . (S26)

We assume the microwave pulse to have a duration much smaller than the oscillator’s evolution time scale, ω−1
β,↑↓,

ω−1
γ , χ−1

γ , such that the evolution of the oscillator on the time-scale of the pulse can be neglected.

2. Let the state evolve for a time τ . At the end of this stage the state reads

ρ̂2 = 1
2

[
Û↑ρ̂thÛ

†
↑ ⊗ |↑〉〈↑|+ ei∆τ Û↓ρ̂thÛ

†
↑ ⊗ |↓〉〈↑|+ e−i∆τ Û↑ρ̂thÛ

†
↓ ⊗ |↑〉〈↓|+ Û↓ρ̂thÛ

†
↓ ⊗ |↓〉〈↓|

]
. (S27)

3. Apply a π-microwave pulse to the spin such that |↑ (↓)〉 → |↓ (↑)〉 and let the system evolve for another time τ .
At the end of this stage the system is in the state

ρ̂3 = 1
2

[
Û↓Û↑ρ̂thÛ

†
↑ Û
†
↓ ⊗ |↓〉〈↓|+ Û↑Û↓ρ̂thÛ

†
↑ Û
†
↓ ⊗ |↑〉〈↓|+ Û↓Û↑ρ̂thÛ

†
↓ Û
†
↑ ⊗ |↓〉〈↑|+ Û↑Û↓ρ̂thÛ

†
↓ Û
†
↑ ⊗ |↑〉〈↑|

]
. (S28)

4. Apply a π/2-microwave pulse such that |↑ (↓)〉 → (|↑〉 ± |↓〉)/
√

2 and perform a spin measurement. The final
probability to find the spin in the state |↑ (↓)〉 reads

P↑↓(τ) = 1
2 ±

1
4Tr

[
Û†↓ Û

†
↑ Û↓Û↑ρ̂th + Û†↑ Û

†
↓ Û↑Û↓ρ̂th

]
(S29)

We note that substituting Eq. (S24) and Eq. (S25) into Eq. (S29) the terms acting on β cancel out. Hence P↑↓ only
depends on the state of the oscillator γ-mode. In particular, Eq. (S29) reads

P↑↓(τ) =1
2 ±

1
2

∫
d2ξ Pth(ξ)Re

(
〈ξ|Û†↓ Û

†
↑ Û↓Û↑|ξ〉

)
, (S30)

where we introduced the thermal state for the γ oscillator,

ρ̂γ ≡
∫
d2ξ

e−|ξ|
2/nth

πnth
|ξ〉〈ξ| ≡

∫
d2ξ Pth(ξ) |ξ〉〈ξ| . (S31)

Here, ĉ|ξ〉 = ξ|ξ〉, nth ≡ 1/(eβth~ω − 1) is the average thermal occupation number, βth ≡ 1/kbT , and kb is the
Boltzmann constant.

To evaluate the expectation value in Eq. (S30) we proceed as follows. We first write the term containing only ĉ†
and ĉ in Eq. (S25) as

Ŝ↓ ≡ exp
{
−i2t (ω̃γ − χγ)︸ ︷︷ ︸

=λ0

ĉ†ĉ+ ĉĉ†

4 +
[
iχγt︸︷︷︸
=λ

ĉ†2

2 − (−iχγt)︸ ︷︷ ︸
=λ∗

ĉ2

2

]}

= exp
(
ηĉ†2

)
exp

[
log(η0) ĉ

†ĉ+ ĉĉ†

4

]
exp

(
ηĉ2
)
,

(S32)

where in the last passage we have used the Baker-Campbell-Hausdorf formula of SU(1,1) [S75] and we introduced the
parameters

η ≡ λ sinhχ
χ coshχ− (λ0/2) sinhχ, (S33a)

η0 ≡
[

χ

χ coshχ− (λ0/2) sinhχ

]2
, (S33b)

χ2 ≡
(
λ0

2

)2
− λ2 = (Ωt)2. (S33c)
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Now, introducing Ŝ↑ ≡ exp(−iωγtĉ†ĉ), we can write the product of unitary operators in Eq. (S30) as

Ŝ†↓Ŝ
†
↑Ŝ↓Ŝ↑ =eη

∗ĉ†2elog(η∗0 )(ĉ†ĉ+ĉĉ†)/4e−η
∗ĉ2
e−iωtĉ†ĉeηĉ

†2
elog(η0)(ĉ†ĉ+ĉĉ†)/4eηĉ

2
e−iωtĉ†ĉ

= exp
(
η∗ĉ†2

)
exp

[
log(η∗0) ĉ

†ĉ+ ĉĉ†

4

]
exp

(
η∗ĉ2

)
︸ ︷︷ ︸

Ŝ1

exp
(
ηei2ωtĉ†2

)
exp

[
log(η0) ĉ

†ĉ+ ĉĉ†

4

]
exp

(
ηe−i2ωtĉ2

)
︸ ︷︷ ︸

Ŝ2

.

(S34)

After some work we arrive at [S76]

Ŝ1Ŝ2 = exp
(
φ′

2 ĉ
†2
)

exp
[
log(θ′) ĉ

†ĉ+ ĉĉ†

4

]
exp

(
ψ′

2 ĉ
2
)
, (S35)

where we defined the c-numbers

φ′ ≡ η∗ + η∗0ηe
i2ωt

1− |η|2ei2ωt , (S36a)

θ′ ≡ |η0|2

(1− |η|2ei2ωt)2 , (S36b)

ψ′ ≡ ηe−i2ωt + η∗η0

1− |η|2ei2ωt . (S36c)

It is now straightforward to evaluate the expectation values of Eq. (S35). Substituting Eq. (S35) back into Eq. (S30)
we obtain

P↑↓(τ) = 1
2 ±

1
2πnth

Re
{√

|η0|
1− |η|2ei2ωτ

∫
d2ξ exp

[
−|ξ|2

(
1 + 1

nth
− |η0|

1− |η|2ei2ωτ

)]
exp

(
φξ∗2 + ψξ2

2

)}
. (S37)

The integral in Eq. (S38) can be evaluated by expressing ξ in polar coordinate. Carrying out the polar integral first
one obtains

P↑↓(τ) = 1
2 ±

1
nth

Re
{√

|η0|
1− |η|2ei2ωτ

∫ ∞
0

dr r exp
[
−r2

(
1 + 1

nth
− |η0|

1− |η|2ei2ωτ

)]
I0

(
2r2
√
φψ
)}

, (S38)

where I0(x) is the zero-order modified Bessel function of the first kind. The radial integral is tabulated (see for
instance [S77, Eq. (6.611.4)]), and we finally obtain

P↑↓(τ) = 1
2 ±

1
2nth

Re


√√√√ |η0|

1− |η|2ei2ωτ

[(
1 + 1

nth
− |η0|

1− |η|2ei2ωτ

)2
− φψ

]−1
 . (S39)

We note that the choice of the phase for the square root appearing in Eq. (S39) is fixed by the initial state of the
protocol. For the case we considered the phase should be chosen such that limτ→0 P↑(τ) = 1. Let us conclude by
noting that the qubit dephasing can be straightforwardly included leading to a factor exp(−2τ/T ∗2 ) multpling the
second term in Eq. (S39) as shown in the main text.
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