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Competition of density waves and superconductivity in twisted tungsten diselenide
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Evidence for correlated insulating and superconducting phases around regions of high density of states was
reported in the strongly spin-orbit coupled van der Waals material twisted tungsten diselenide (tWSe2). We
investigate their origin and interplay by using a functional renormalization group approach that allows one to
describe superconducting and spin/charge instabilities in an unbiased way. We map out the phase diagram as a
function of filling and perpendicular electric field, and find that the moiré Hubbard model for tWSe2 features
mixed-parity superconducting order parameters with s/ f -wave and topological d/p-wave symmetry next to
(incommensurate) density-wave states. Our work systematically characterizes competing interaction-driven
phases in tWSe2 beyond mean-field approximations and provides guidance for experimental measurements by
outlining the fingerprint of correlated states in interacting susceptibilities.
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Introduction. The unique control over band structure and
interaction parameters in layered van der Waals material
stacks with long-range moiré potentials provides an ideal
platform to simulate many-body phenomena, and thus holds
the promise to advance our understanding of correlated states
of matter [1]. Indeed, a plethora of correlated phases were
reported in different moiré materials, ranging, e.g., from
superconductivity and correlated insulators in twisted multi-
layer graphene [2–34] and transition metal dichalcogenides
(TMDs) [35–38] over excitonic physics [39–41] and general-
ized Wigner crystals [42] to quantum anomalous Hall states
[43].

An example that stands out for its control over a large
parameter space is the twisted homobilayer TMD tungsten
diselenide (tWSe2), where a correlated insulator occurs for
a broad range of twist angles (θ ≈ 4◦ . . . 5.1◦) as a function
of carrier density and interlayer displacement field [35,36].
Theoretically, the twist angle and displacement field affect
the relative interaction and kinetic energy scales, but also the
location and strength of singularities in the density of states
(van Hove singularities), and it was pointed out that there is
a correspondence between regions of large density of states
and insulating behavior. The additional observation of zero
resistance states [35] in its immediate vicinity stimulated a
debate about possible superconductivity and the underlying
mechanisms [44,45].
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An unbiased investigation of the electronic phases of
tWSe2 has so far remained elusive. In this Letter, we pro-
vide such an analysis of the spin-orbit coupled triangular
moiré Hubbard model for tWSe2 in the weak to intermediate
coupling regime—relevant for experimentally accessible twist
angle regimes [46]—using functional renormalization group
(FRG) techniques. Within the FRG, all electronic instabilities
are treated on equal footing, providing us with a tool that can
resolve the competition of various electronic correlations. In
particular, the FRG can reveal unconventional mechanisms for
superconductivity from repulsive interactions in an unbiased
manner for the full ab initio inspired and material-specific
tWSe2 model. Thereby it substantially goes beyond previous
Hartree-Fock studies [46] and parquet renormalization group
approaches [44].

We perform large-scale simulations of the doping and
displacement-field parameter space and find instabilities
towards a variety of density waves around fillings that cor-
respond to Van Hove singularities, which are flanked by
pairing instabilities. The wave vectors of the density waves are
generally incommensurate and evolve with the displacement
field as they follow the nesting vectors of the Fermi surface,
which is in line with a previous Hartree-Fock study concen-
trating on commensurate cases [46]. We find that fluctuations
of the density waves mediate attraction in pairing channels
of mixed parity in wide parameter regimes and predict the
corresponding superconductivity (SC) order to be either of
mixed s/ f -wave character for strong doping or of mixed
d/p-wave character for moderate doping with a preference to
form topological d + id/p + ip combinations in the ground
state.

Model. The moiré band structure of twisted bilayer WSe2

in a finite out-of-plane electrical field features a pair of
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narrow, isolated, and spin-split bands close to the Fermi level.
They are formed by states near valley K or K ′ of the top
and bottom layers of WSe2, which possess opposite spin
orientation due to strong spin-orbit coupling and effective
spin-valley locking. As a result, SU(2) spin symmetry is
broken, and the moiré band structure reacts strongly to the
potential difference between the layers from a displacement
field. This can be effectively captured by the moiré Hubbard
model [46–49]

H = −2t
∑

k,m,σ

cos(k·am+σϕ)c†
k,σ

ck,σ
+ U

∑

i

ni,↑ni,↓, (1)

on the triangular moiré lattice with 120◦ nearest-neighbor vec-
tors am=1,2,3, describing moiré-band electrons c(†)

k,σ
with wave

vectors k and spin projection σ ∈ {↑,↓}. Due to spin-valley
locking, σ not only describes the spin, but also the valley
degree of freedom. The effect of the displacement field is
modeled via a spin-dependent nearest-neighbor hopping teiσϕ

with absolute value t and phase ϕ. Note that the inversion
symmetry from the moiré lattice leads to an emergent spin-
rotational symmetry at zero displacement field ϕ = 0, despite
the strong spin-orbit coupling of the individual WSe2 layers
[46]. Moreover, ab-initio data show that ϕ ∈ [0, π/3] resem-
bles realistic values of displacement field D [35]. Moreover,
ab initio data [35] and atomistic tight-binding simulations [see
Supplemental Material (SM) [50]] show that ϕ ∈ [0, π/3]
resembles realistic values of displacement field D, and that
ϕ∝̃D. The Hubbard interaction U dominates the Coulomb
interaction [48] and nonlocal short-ranged interactions can be
screened via substrate engineering [51].

Method. To study competing phases in this triangular
lattice moiré Hubbard model, we employ the FRG and iden-
tify the leading Fermi-surface instabilities including different
types of density-wave and superconducting instabilities on
equal footing. We use an approximation which exclusively
focuses on the FRG flow of the spin-dependent two-particle
interaction vertex �(4). Technically, the FRG introduces a
scale parameter � to interpolate smoothly from the free theory
at � = ∞ to the interacting one at � = 0. Ordering tenden-
cies are indicated by a divergence of �(4) at finite � = �c,
where, with our choice of regulator, �c corresponds to the
onset temperature of strong correlations. Using the effective
vertex at the critical scale �c we can classify the ordering ten-
dencies straightforwardly either as spin/charge density waves
(DWs) or as superconductors. For the present system, we have
extended the standard correlated-electron FRG scheme [52]:
(1) the Hamiltonian in Eq. (1) does not possess an SU(2)-spin
invariance and we have adapted the FRG equations accord-
ingly, and (2) instead of the widespread scheme of discretizing
only wave vectors on the Fermi surface, we have employed
a scheme in which we finely resolve the full Brillouin zone
(BZ). This facilitates to also resolve incommensurate density-
wave ordering. We note that the latter extension requires a
highly efficient numerical implementation to be able to handle
the ∼3.06 × 109 coupled ordinary differential equations for
the interaction vertex. For details of the FRG implementation
and the analysis of phases, see [50].

FIG. 1. FRG phase diagram of moiré-Hubbard model for tWSe2.
We plot the critical scale �c of the FRG flow that corresponds to
an onset temperature of the corresponding correlations and vary the
filling factor ν and effective displacement field ϕ. The panels on the
left display Fermi surfaces for ϕ ∈ {0, π/6, π/4, π/3, π/2} (bottom
to top), both spin polarizations (left: σ =↑; right: σ =↓), and three
values of ν ∈ {−0.6, 0, 0.6}. The employed FRG approach resolves
whether the system tends to order in a spin/density-wave (DW) or
superconducting (SC) state, which is encoded as color. Blue regions
correspond to SC phases with high �c and red regions correspond to
DW phases with high �c. Yellow regions show no ordering tendency
within our approximations and thus are predicted to remain metallic.
The center of the DW region corresponds to the position of the Van
Hove singularity for each ϕ, indicated by the dashed black line. SC
phases emerge upon doping slightly away from the DW states.

Phase diagram. Figure 1 summarizes the main results
at intermediate interaction strength U = 6t � 0.7W (with
the bandwidth W ) as a function of the filling ν and field-
dependent phase ϕ. Here ν = −1 corresponds to completely
empty, ν = 0 to half-filled, and ν = 1 to completely filled
moiré bands. We adjust the filling by adding a chemical poten-
tial term to the Hamiltonian and the given values refer to the
filling fraction of the single-particle dispersion. Upon varying
ϕ, the DW instabilities follow the location of the Van Hove
singularity (VHS). The DW region is most extended around
ϕ = π/6 and ν = 0, where the system has a higher-order VHS
[46,53]. Given the significant enhancement of density of states
at the higher-order VHS as well as the nesting property of
the Fermi surface, the DW instability there occurs at high
critical scale and in an extended filling region. At the borders
of the DW region, SC order emerges. The size of the SC
regions strongly varies with ν and ϕ. Remarkably, for the
ν = 0 vertical line, i.e., at half filling, we predict SC order
for a substantial fraction of values of ϕ, interrupted by simi-
larly dominant DW regions. Our findings support the intuitive
picture that unconventional SC is driven by the strong spin
and charge fluctuations close to the DW instabilities, which
we can clearly see in the evolution of the vertex as a function
of the renormalization group scale (see SM [50]).

Density-wave states. The strong effect of the displace-
ment field on the band structure also leads to a changing
Fermi surface with varying ϕ. In turn, the singular scatter-
ing processes of the DW instabilities correspond to modified
wave-vector transfers. To resolve this evolution in detail, we
characterize the momentum and spin structure of the DW
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FIG. 2. Momentum and spin structure of spin/density-wave
phases. (a) Dominant transfer momentum q̄ of particle-hole suscep-
tibility color-coded for all DW instabilities in the phase diagram.
There are pronounced regions of commensurate ordering vectors: �

at ϕ = π/2 (orange), K at ϕ = π/6 (dark purple), and M at ϕ = π/4
(blue). The connecting regions in between show incommensurate
ordering vectors. Note the SU(2) symmetric point ϕ = 0 where M is
the dominant ordering vector. (b) Spin structure of particle-hole sus-
ceptibility. The relative weight of the χ xx (yellow), χ xy (green), and
χ zz (pink) components is shown for the same DW instabilities as in
(a). All other nonzero spin components of the physical susceptibility
are symmetry equivalent to either χ xx , χ xy, or χ zz—spin rotational
symmetry around the z axis implies χ xx = χ yy and χ xy ∝ χ yx . For
zero electric field (i.e., ϕ = 0), the system is isotropic in spin space
thus showing perfect degeneracy of the xx (yy) and zz components.
Upon increasing ϕ, the zz component is strengthened and then giving
way to a large region of xy-plane (xx, xy) ordering. At ϕ = π/4,
the xy (yx) component is weakened and for slightly larger ϕ giving
rise to zz ordering. For ϕ = π/2, the system favors xx (yy) and zz
correlations.

states (see Fig. 2), and calculate the particle-hole suscepti-
bilities

(2)

χ i j (q) =
∑

σ1σ2σ3σ4

σ
σ2σ1
i χD

σ1σ2σ3σ4
(q)σσ3σ4

j (3)

for all DW-state regions in Fig. 1. Here, χD
σ1,...,σ4

denotes the
four-point particle-hole susceptibility and χ i j is its projec-
tion to the physical channels i, j ∈ {0, x, y, z}, where 0 and
x, y, z denote charge and spin, respectively. In Eq. (2), we use
the four-point vertex �(4),�c

σ1,...,σ4
(k1, k2, k3) at the critical scale

� = �c and contract with the noninteracting particle-hole
susceptibility χ0,�

σ1...,,σ4
(q, k) [50] in order to account for the

cross-channel feedback generated during the FRG flow.

To identify the leading ordering vector q̄, we sum out
the spin indices of the four-point susceptibility and make a
weighted average with the momentum transfer vector. We
complement the analysis of q̄ in Fig. 2(a) with a map of the
dominant spin-spin correlations in Fig. 2(b). By symmetry
only three inequivalent spin-spin correlations can be nonzero:
χ xx = χ yy, χ xy = −χ yx, and χ zz. Moreover, we find that
density-density correlations are subleading across the phase
diagram. Nevertheless, the spin-orbit coupling of the system
leads to coupled spin and charge density waves. These DW
instabilities describe symmetry breaking in the spin and valley
degrees of freedom at the same time owing to spin-valley
locking. For further details on the averaging procedures and
density-density correlations, see Ref. [50].

We find that for the region close to ϕ = π/2 the sys-
tem exhibits a leading ordering vector of q̄ = �, suggesting
a ferromagnetic ground state. The weight is almost equally
distributed in the xx/yy and zz directions. Moving towards
smaller ϕ and following the VHS, the leading transfer mo-
mentum continuously transitions to an extended region around
ϕ ≈ π/3 where q̄ is incommensurate and accompanied by
a strong zz component. Lowering ϕ further to around ϕ �
π/4, the support for xx/yy correlations is enhanced and the
dominant ordering vector is q̄ ∼ M, indicating an instability
consistent with the stripe order found in Ref. [46] or with a
more complex superposition of the spin DWs with the three
nonequivalent M points as wave vectors [54,55]. Approaching
the higher-order VHS at ϕ = π/6 we see a leading momen-
tum of q̄ = K and a change towards xy correlations. Notably,
for this choice of ϕ, the wave vector K (as well as K ′) is a nest-
ing vector connecting the spin-up with the spin-down Fermi
surface. These features signal a twofold degenerate instability
that supports the spiral 120◦ order found in Ref. [46]. An anal-
ogous signature is visible in the two small regions at minimal
doping at ϕ ∼ π/4 and ϕ ∼ 3π/8. Eventually, letting ϕ go to
zero, the ordering vector continuously approaches �, except
for a very small region around ϕ = 0, i.e., the limit of restored
spin-SU(2) invariance, where q̄ = M. The spin-spin correla-
tions display a slightly more continuous transition towards
xx/yy and zz order at ϕ = 0, consistent with recovered SU(2)
symmetry. The feature at ϕ = 0 is in agreement with previous
results for the spin-SU(2) invariant triangular-lattice Hubbard
model [56–59].

Additionally, we observe that the regions in the phase dia-
gram characterized by a leading momentum of �, M, or K are
connected by extended regions where the leading momentum
is incommensurate. While the commensurate regions are in
agreement with previous Hartree-Fock studies [46], the un-
biased identification of regions with leading incommensurate
momentum which can be readily read off from Fig. 2(a) is
one of the advantages of our FRG approach featuring high
momentum resolution.

Superconductivity. In the vicinity of the DW ordered states,
our FRG approach can detect pairing instabilities driven by
spin and charge fluctuations in an unbiased way because
particle-hole and pairing channels are coupled. The corre-
sponding SC states may be classified by the symmetry of the
order parameter. We use a linearized gap equation with the
vertex at the critical scale � = �c (and set the temperature to
T = �c) to obtain the pairing gap functions and their respec-
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FIG. 3. Properties of the superconducting phases. The regions
of superconducting (SC) order are color-coded by their dominant
gap symmetry, with cyan standing for d/p-wave SC and orange for
(extended) s/ f -wave SC. Lower values of �c are indicated by in-
creasing transparency. We plot the logarithmic ratio of s/ f -wave and
d/p-wave eigenvalues of the linearized gap equation as a continuous
color bar to highlight regions of strong competition (purple). The
small area of bright green denotes i-wave SC. In the gray region,
FRG predicts spin/density-wave order. As for most parts of the
phase diagram the system is not SU(2) symmetric; singlet (ψ) and
triplet (dz) amplitudes are intrinsically coupled. For remote regions of
filling, the system prefers extended s-wave gaps in the singlet channel
and f -wave gaps in the triplet channel (left inset). For fillings closer
to zero, two degenerate solutions with d-wave symmetry in the ψ

component and p-wave symmetry in the dz component are found
(right inset, two degenerate solutions).

tive amplitudes. As for ϕ �= 0 the system does not obey SU(2)
symmetry, we transform the gap �σσ ′ (k) to its singlet [ψ (k)]
and triplet [d(k)] components [60]. These are inherently cou-
pled giving rise to mixed-parity (singlet and triplet) SC order.
Spin rotational symmetry around the z axis mandates that
dx = dy = 0 for coupled singlet/triplet instabilities.

Additionally, for mixed-parity superconductivity, the sin-
glet and triplet components may describe pairing of different
length scales, such that, e.g., an extended s wave (s′) in ψ can
be combined with an extended f wave ( f ′) in dz (as long as
the two transform in the same representation). Therefore, we
distinguish the mixed-parity SC states by their irreducible rep-
resentations of the C3v symmetry group. We find that the SC
phase diagram (cf. Fig. 3) is mostly governed by instabilities
transforming in the A1 or E representations, which we label
as s/ f and d/p wave, respectively [61]. To resolve the com-
petition between superconducting instabilities, we plot the
logarithm of the ratio of d/p-wave and s/ f -wave amplitudes
that the linearized gap equation provides as a continuous color
map. The two insets show examples of d/p-wave symmetric
(right inset) and s/ f -wave symmetric gap functions in the
singlet-triplet basis. The spin-resolved gap functions on the
Fermi surfaces are shown in the Supplemental Material [50].
For all instabilities with a dominant (twofold degenerate) d/p-
wave instability, the free energy in a subsequent mean-field
decoupling is minimized by a chiral (d + id )/(p + ip)-wave
superposition of order parameters as it allows for a fully
gapped Fermi surface. In the SU(2) symmetric case, an i-wave
symmetric gap function is supported in a narrow filling win-
dow close to the VHS [58] highlighted with green in Fig. 3.

Interestingly, for most parts of the phase diagram in
Fig. 3, large filling values of |ν| � 1/2 support s/ f -wave SC,
whereas for small values |ν| � 1/2, d/p-wave SC is favored.
The DW phases in Fig. 2, on the other hand, have no clear
dependence solely on ν. For example, there are points of
dominant in-plane spiral order at ν ≈ −1/2 and ϕ ≈ 3π/8
as well as at ν ≈ 0 and ϕ ≈ π/4 [purple in Fig. 2(a) and
green in Fig. 2(b)]. The adjacent superconducting domes are
of manifestly different pairing symmetry, e.g., s/ f wave in
the former and d/p wave in the latter case (cf. Fig. 3). These
observations shed light on the mechanism responsible for the
type of SC order: The data suggest that the precise spin and
momentum structure of the dominant spin/charge fluctuations
is irrelevant as long as it is present and instead, the topology of
the Fermi surfaces is responsible for the different symmetries
of SC order parameter found, e.g., small pockets around K, K ′
vs large closed lines around �. The extended nature of the
superconducting instabilities (p/d wave: nearest neighbors;
s/ f wave: next-nearest neighbors) indicates that DW fluctu-
ations with q �= 0 represent the pairing glue. This statement
is supported by the observation that for ϕ � π/2, the DW
transfer momentum is intra-VHS, i.e., q̄ = �, and SC is sup-
pressed. Finally, we note that at ϕ = π/3 an additional peak
at q = K (′) appears in the pairing susceptibility, indicative
of enhanced pair-density-wave correlations, which were also
reported recently in Ref. [45].

Discussion. In this work we calculate the two-particle inter-
action vertex �(4) within the FRG to study the electronic phase
diagram of a spin-orbit coupled moiré Hubbard model on the
triangular lattice. In the group of twisted bilayer TMDs, this
model is believed to have various experimental realizations
through different AA-stacked homobilayer systems. Even
more so, recent measurements show that correlated insulating
and possible superconducting states are in fact realized in
twisted WSe2 [35,36]. Our work offers an unbiased character-
ization of competing electronic correlations in twisted WSe2.
As a result of our large-scale simulations, we provide the FRG
phase diagram as a function of filling ν and displacement field
ϕ in the intermediate coupling regime (U = 6t). We firmly
establish a beyond mean-field characterization of intricate
density-wave orderings close to the van Hove singularity of
the system. Furthermore, the FRG reveals pairing instabilities
mediated by spin and charge fluctuations so that the wide
variety of DW phases is complemented by a relatively large
area of the phase diagram where superconducting correlations
dominate. For nonzero displacement field, the SC orderings
can be divided into d/p-wave order (including higher harmon-
ics) for weak doping and s/ f -wave order for strong doping.
While both order parameters are unconventional in nature and
caused by spin/charge fluctuations, the s/ f wave is nodal and
the d/p wave is chiral (d + id/p + ip). Thus, we propose
spectroscopy experiments on WSe2 to verify the transition of
a nodal to a chiral (fully gapped) SC order. Time-reversal sym-
metry breaking in the chiral state can also be detected via Kerr
rotation [62] or muon spin relaxation [63]. We also note that
the interplay with other nearby states can alternatively yield
nematic superconductivity [64,65], which can be detected by
spatial anisotropies [17,66–68].

In future works, we are aiming towards extending our
studies on non-SU(2) and multiorbital moiré systems with
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band structures and interactions closely motivated by mate-
rials. This includes, but is not limited to, systematic studies
of longer range and constrained random phase approxima-
tion (cRPA)-dressed interactions as an input to the FRG.
Furthermore, band structures may be directly fitted to ab
initio results [69] or generated with Wannierization, paving
the road for high-throughput studies of competing orders in
two-dimensional (moiré) materials.

Note added. Recently, Ref. [45] appeared providing similar
conclusions where applicable.
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