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Abstract. This manuscript concerns the existence, uniqueness, Ulam’s Hyer (UH) stability, and total control-
lability results for the Hilfer fractional switched impulsive systems in the finite-dimensional spaces. Mainly, this
manuscript can be divided into three parts. In the first part, we examine the existence of a unique solution. In
the second part, we establish the UH stability results, and in the third segment, we study the total controllability
results. The main outcomes are acquired by utilizing the nonlinear analysis, fractional calculus, Mittag-Leffler
function and Banach contraction principle. Finally, we have given two examples to validate the obtained analytical

results.
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1. Introduction

There are many physical phenomena of science and
engineering, for example, control theory, neural net-
works, population dynamics, mechanical systems and
biological systems in which the states of the system
change rapidly at some moments by some external ef-
fects, these changes are called the impulsive effects in
the system. Recently, differential equations with im-
pulsive effects have attracted significant attention be-
cause of huge applications in different areas of engi-
neering and science, for example, networked control
systems, ecology, population dynamics, biotechnology
and so on [1, 2]. In the literature, the impulsive systems
are comprehensively characterized into two classes; the
first is the instantaneous impulsive systems where the
sudden changes occur in the system for a small portion
of time, for example in shocks, natural disasters and
heart pulsate [3, 4, 5]. Second is the non-instantaneous
impulsive systems where the length of such unexpected
changes continues throughout a little timespan. For fur-
ther study on non-instantaneous impulses, one can go
through [6, 7, 8, 9, 10, 11].

The theory of fractional differential equations is
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an advanced and more generalized version of dif-
ferential equation theory.  Over the most recent
twenty years, fractional calculus has attracted nu-
merous physicists, engineers, mathematicians and no-
table contributions have been made to both applica-
tions and theory of fractional differential equations
[12, 13]. However, the applications of fractional cal-
culus and their outcomes vary as much as the defi-
nitions of fractional derivatives and integrals such as
Riesz-Caputo, Grunwald-Letnikov, Caputo, Riemann-
Liouville, Caputo-Fabrizio, Hadamard, Weyl, Chen,
and so on. For the fundamental study of fractional
systems, one can go through [14, 15, 16] and refer-
ences therein. More recently, Hilfer [17] introduced
a new fractional derivative by including both Caputo
fractional derivative and Riemann-Liouville knows as
Hilfer fractional derivative. This definition made a
significant challenge to its realization but soon it dis-
covered its way into many applications of engineer-
ing and science, for example, mechanical engineering
and thermal science. In the last few years, many au-
thors considered the Hilfer fractional differential equa-
tions and investigated many results such as the exis-
tence of solutions, data dependency and stability results



Page 2 of 14

[18, 19, 20, 21, 22, 23, 24].

The concept of controllability was given by Kalman
in 1960 and soon became an active area of examina-
tion by various researchers. Many problems of con-
trol theory, for example, stabilizability, optimal control
and pole-assignment problems may be examined un-
der the assumption that the system is controllable. The
concept of controllability denotes the ability to move
the state of the dynamical control system from an ini-
tial state to the desired final state by using a suitable
control function. Recently, the issue of controllabil-
ity for different kinds of dynamical systems of an in-
teger as well as fractional order has been broadly in-
vestigated by numerous researchers, for instance please
see [25, 26, 27, 28, 29, 30, 31, 32] and the references
cited therein. Furthermore, in [33], the author consid-
ered Hilfer fractional differential equations and investi-
gated the controllability results by applying the Monch
fixed point method, semigroup theory and measures of
noncompactness. In [34], the authors investigated the
controllability results of Hilfer fractional neutral dif-
ferential systems by using the fixed point theorem and
measures of noncompactness. In [35], the authors in-
vestigated the existence and approximate controllabil-
ity results for Hilfer fractional differential equations. In
[36], the authors studied the approximate controllabil-
ity of semilinear Hilfer fractional differential inclusions
with instantaneous impulses by applying the fixed point
method, multivalued analysis and semigroup theory. In
[37], the authors established the controllability results
of Hilfer fractional dynamic inclusions with the nonlo-
cal and non-instantaneous impulsive conditions by ap-
plying the semigroup theory, fixed point method and
multivalued analysis.

On the other side, various systems encountered in
practice involve a coupling between continuous dynam-
ics and discrete events. Dynamic systems in which
these two types of dynamics coincide and cooperate are
generally called hybrid dynamical systems. Switched
systems represent a class of hybrid dynamical systems.
A switched system is a dynamic system consisting of
a family of continuous-time subsystems along with a
switching rule that determines the switching among
subsystems. Mathematically, these subsystems are gen-
erally described by a collection of differential equa-
tions or differences indexed. For instance, the following
phenomena give rise to switching behavior: dynamics
of a vehicle changing unexpectedly because of wheels
bolting and opening on ice; airplane entering, intersec-
tion and leaving an air traffic control area; biological
cells developing and separating; a thermostat turning
the heat on and off; a valve or a power switch open-
ing and closing [38, 39]. In the last few years, con-
trollability results of switched dynamical systems with
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and without impulses have been examined by numer-
ous authors, see for example [40, 41, 42] and the ref-
erences cited therein. However, the above mentioned
results cannot be easily extended to the case of Hil-
fer fractional switched dynamical systems with non-
instantaneous impulses.

In practicality, there is no impulse that happens in-
stantaneously rather it is non-instantaneous howsoever
the season of the event is little. For example, in many
biological real problems, the introduction of a drug
or a vaccine in the bloodstream is a gradual process,
since it starts abruptly but remains active for a finite
time interval, then one is forced to consider the drug
or vaccine as a non-instantaneous impulse [6, 10]; in
the model of dam pollution, the main cause of dam pol-
lution is the polluted river enters the dam which takes
some time to reach the middle region of the dam. Since
the introduction of the river water into the dam and
the consequent absorption of the dam water are grad-
ual and continuous processes so that non-instantaneous
impulses take place [22]. Henceforth, it is beneficial
to concentrate on a class of differential equations with
non-instantaneous impulses. Motivated by the above
facts, in this manuscript, we study the existence of a
unique solution and UH type stability analysis of Hil-
fer fractional switched differential equation with the
non-instantaneous impulsive condition of the following
form:

DY) = AroY(D) + Poy (YD), 1 € B ],
i=0,1,...,7,

Y(O) = Go)(t, V() 1€ (1, 0], i=1,2,...,,

15=7Y(0) = Yo, I;-"Y@)) = Gotn(I3 (7))

(1.1)

and for the controllability results, we consider the fol-
lowing switched impulsive system:

DEY(D) = Ao (1) + CotyV(0) + Poty (1, Y1),
te(@@itiml, i=0,1,...,7,

y() = Goo(t, Y(t)), t€ (;, 9], i=1,2,...,,

I5-Y(0) = Yo, L-"YW7) = Goto@: Y(5),

(1.2)

where Dg’_l? denotes the left-sided Hilfer fractional

derivative with lower limit at 9; of the type o € [0, 1]
and order ¥ € (0,1). @ = o+ — 0. y € R" is the state
variable, I = [0, T], T > 0. 9; and ¢; satisfy the relation
O=tp=Ph < <th<h<..<<ty=1T,
y(t7) = limyo+ y(# + h) and y(#;) = limj,o: Y(t; — h)
denote the right and left limit of y(¢) at t = ¢; respec-
tively, Ay(;) and Cy(;) are some matrices of order n X n
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and n X m respectively, v € R” is the control function,
Psr and Gy are some given functions.

The switching signal o : I — {0,1,...,} is as-
sumed to be known. It only changes its values at
switching times ¢;. That is to say,

ot)=1, t; <t <ti, i=0,1,...,].

Therefore, by applying the above switching law in
switched systems (1.1) and (1.2), we get the following
systems

DYYY(0) = Ay (@) + Py (1Y), 1 € Biutin],
i=0,1,...,7,

y) =Gi(t,y@t;)), te (.9, i=1,2,...,, (1.3)
I7y(0) = Yo, 1,-7y(W)) = Gi(di,y(1;)
and
Df;’fy(t) = Ay +Cv(D) + P (2, Y1), t € (T, 1i1],
| i=0,1,...,7,
y) =Gt y(;)), te .9, i=1,2,...,, (1.4)

15-7Y(0) = Yo, 1y=7Y(W07) = Gil9:, y(17)),

respectively. From now onwards, we will study the
switched impulsive systems (1.3) and (1.4).

The main contributions can be highlighted as fol-
lows.

e We consider a class of switched Hilfer dynamic
equation with non-instantaneous impulses.

o We investigate the existence of unique solution
and Ulam’s Hyer stability results for the consid-
ered system.

e Also, we studied the controllability results by in-
troducing a new class of control function which
control the system at the final time of the interval
as well as at each of the impulse points, i.e., we
studied the total controllability results.

e We used the fractional calculus, Mittag-Leffler
function and fixed point theorem to study these
results.

e Two simulated examples are given to illustrate
the obtained analytical results.

The rest of the paper is formulated as follows: In
Section 2., we give some basic definitions, notations
and important lemmas. In Section 3. and Section 4., we
examine the existence of a unique solution and UH sta-
bility analysis of the system (1.3), respectively. Section
5., is devoted to the study of the controllability results
for the system (1.4). In the last Section 6., we give an
example to show validity of the theoretical results.
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2. Preliminaries and Definitions

Below we introduce some basic definitions, notations,
lemmas and important results which are often used
throughout the manuscript. Let R" be the space of
n—dimensional column vectors y = col(y;,Y,,---,Y,)
with a norm || - |l. C(I,R") denotes the Banach space
of all continuous functions $ : I — R” with the norm
IPIl = sup,e; IPOI-

We define the Banach space of all piecewise con-
tinuous functions PCi_(I,R") = {y : (t — t;)'"@y(t) €
C((#, i1, R"), i =0,1,..., yand there exists y(z;) and
y(th), i =1,2,..., ), with y(#7) = y(t;)} with the norm

IVllec, o = SUPea s (t =)' lY(@II.

Definition 1 [15] Let f : [a,o0) — R be a function.
Then, the fractional Riemann-Liouville integral of f of
order p > 0 with lower limit a is given by

1 !
I’ f) = Tp)f(t—g)”’lf(g)dg, t>a,

provided R.H.S of the above equation is point-wise de-
fined on [a, ). Here, I'() denotes the usual Gamma
Sfunction.

Definition 2 [15] Let f : [a,o0) — R be a function.
Then, the fractional Riemann-Liouville derivative of f
of order p > 0 is defined by

1 d

Dl.f(1) = o f (t— )" P f(s)ds, t > a,

where n—1<p <n.
Definition 3 [/5] Let f : [a,00) — R be a function.

Then, the Caputo fractional derivative of f of order p >
0 is defined by

DL f(t) = D,

n—1 tk
JOEDY Ef(")(O)} t>a
k=0

where n—1< p <n.

Definition4 [17] Let f : [a,o0) — R be a func-
tion. Then, the generalized Riemann-Liouville frac-
tional derivative (or Hilfer derivative) of f with the type

0 <o < 1andorder 0 <9 < 1 with lower limit a is
defined by

D2 (1) = <1§£1‘ﬂ>dit<1;£*”)f)>(z), @ =0+0-09,

provided that the expression on the R.H.S. exists.
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Definition 5 [15] The Mittag-Leffler function is de-
fined as

© k
z
Ep9(2) = ) ————,2€C, 0,0 >0.
;{ T(ko + 9)

Also, the Laplace transform of Mittag-Lefller func-
tion is given by

o—1

LT E, g(xat?)}(s) =

sCFa

Definition 6 [15] The Mittag-Leffler function for a ma-
trix A of order n X n is defined as

Epp(A)= Y ————, z€C, 0,9 >0.
;ﬁ (ko + )

Also, the Laplace transform of matrix valued
Mittag-Leffler function is given by

o—1

LU By AO)s) = ——.

For the further study on fractional calculus, one can
go through the books [14, 15].

Lemma 1 Let A be a n X n matrix and P € C(I,R")
be a function. Then, the solution of the following Hilfer
fractional system

DE’y() = Ay + P (1), 1 € (O, T},

1577Y(0) = o, @ =0+ 9 — 00, (2.5)

is
Y1) = 17 Eg (ALY,

+ f (t = §)" ' Eg g(A(t — )" )P(s)ds
0

forallte (0,T].

Proof: The above system (2.5) is equivalent to the
following equation

V() = !

f (i - 9" AY(e)ds
@

T

o1
F(ﬁ) f (t =) P(s)ds.

Now, by applying the Laplace transform in the above
equation on both sides, we get

N 1 1 . 1 .
y(s) = /l—wYo + FAY(S) + FP(S)'
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Now, apply the inverse Laplace transform in the above
equation on both sides, we get

y(0) = 1" Eg o (A1")y,
. f (1 = )" Ey o(Alt - 9" )P(c)ds
0

forall t € (0, T]. [ |
In the next definition, by using the Lemma 1, we

give the solution of the switched impulsive system
(1.3).

Definition 7 A function y € PC|_(I,R") is a solution
of the system (1.3), if y satisfies

(i) 1;:7y(0) = yo and I,"Py(97) = Gi(9:, Y(17)),
(i) y() = Git, (1)), t € (1, 9i], i=1,2,...,

and
y(6) =17

+ fo (t — )" Ep s(Ao(t — )Po(s, Y(s)ds

Ez?,w(A()tﬂ)yO

forallt e (0,t] and
Y0 = (t = 9)" " Eg o(Ai(t — 9))Gi(S:, Y(£)))
+ fﬁ (t — ¢)" ' Eg s(Ai(t — 6)YPi(s, Y(s))ds

forallte (¥, ti1],i=1,2,...,J

The following assumptions are required to establish
the main results:
(Z1): Themaps P; : T; X R" - R", T; = [9:, t;41], i =
0,1,...,J, are continuous. Also, there exists a
number Lp > 0 such that

Pz, y1) = Pi(t, y2)Il < Lelly,
forally,,y, e R"and t € T;.

The maps G; : J; X R" —» R", J; = [t;,%], i =
1,2,...,J, are continuous. Also, there exists a
number Lg > 0 such that

1Gi(t.y1) = Gi(t. y)ll < Lglly,
forally,,y, e R*andt € J;.

We set

€1 = mMaxXq],., P IEs w(Nt)Il; 2
max;-,,.., jsupze[”Eﬂ,ﬁ(A (T = 07)|I; sup,e; 1Pz, 0|
Mp; ﬂSlllptgllQi(l,O)ll < Mg, No =1 cillyoll
coMpt?t = CcoMptitl-@
M N g ST
1 2 s Js QQ =

E
) LpB(w,9), i =1,2,.

= Yill

(Z22):

=Yl

+ IA I

+

H—l

lﬂC2LgDB(ZD' P); Q = Cngl
i+1

(Z3): Lz, < 1, where Lz, = max{maxogsj Qi, Lg}.
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3. Existence Result

In this section, we establish the existence of a unique
solution for the system (1.3) by using the Banach fixed
point theorem.

Theorem 1 [f the assumptions (Z1), (Z2) and (Z3) ful-
filled. Then, the system (1.3) has a unique solution.

Proof: For a positive constant §;, we define a subset
Dy C PCi_x(,R") such that

Dy ={y € PCi—x(I,R") : lYllpc, , < 01},

where

N (@i—1)"""Mg
01 = max [ max , .
0zi<) 1 — Q 1-Lg

Define an operator E; : D — D as
EY)(©) = 17 Eg o (Not”)Y,
t
+ f (t — ¢)" ' Eg s(Ao(t — ©)))Po(s, Y(§))ds,
0

Vite(0,1],
EYO =GiLy), Ve, 0], i=12,...,),
EY)@) = (t = 9)7 " Eg o(Ait = 9)")Gi(B3, V(1))

!
+ f (t — ¢)" ' Eg s(Ni(t — §)")Pi(s, y(5))ds,
¥
Vie (ﬂi’ti+1]ai = 1,2’-"’.]'

For the better readability, we split the proof into the
following two steps:

Step 1: We shall show that E; maps D, into D;. For
anyt € (0,f;]and y € Dy,

! PNEY @)
< NEs.o (Aot )yl

PR fo (t = )" N Eg (Aol — 9WPols Y(e)lds
s
< crllyoll + " erlp fo (- " Iy(&lids

!
+17 7 Mp f (t=¢)""dg
0

C2M50tﬂ+1_w

< c1llyoll + e Lp B(w, 9)6; + 5

< Ny + Qpdy <64, (3.6)

where we use

f (t - " y(s)lds

< (f t-¢)"'(s— a)’”‘ldg) Iyllec, .,

= (- a)""" ' B(w, Mlyllec,_.,
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and B(:, -) denotes the usual beta function. Now, for any
yEDl andt € (t,',ﬁi], i= 1,2,...,],

t =)' CNEY@ < ¢t = 1) " IG:iE, yEO)I
< Lgo) + (9 — ;)" Mg

<5, 3.7)

Similarly, for any y € D, and t € (J;,t1],0 =
1,2,...,7,

t =9 IEy)Ol
< alIGi(@:, y(&))|

(=) "erlp fﬁ (t - " y(e)llds

s
+(t=9)"""e,Mp f (t-¢)" 'ds
9

< e\Mg + ¢ Lg(t — 9)7 761 + (t — 9)) c,Lp B(w, )6,
N caMp(t — 9717
)
<N+ Q61 < 6.

(3.8)

Now, using the inequalities (3.6), (3.7) and (3.8), we
get,

IE1Yllpe,_, <61, Ytel

Hence, Z; maps D) into D;.
Step 2: Here, we show that Z; is a strict contracting
operator. Now, for any y,z € D and t € (0, #1],

1 PIEYO - E12)0)]

<o fo t(t — &) MEs 5(Ao(t — §))(Po(s, Y(s))
= Po(s, z()))llds

<ty [y - 2olds

< e;LpB(w, Dy - Zllpc, .,

< Qlly - zllpc,_, - (3.9

Also, forany y,ze€ Dy andr € (¢;,%],i=1,2,...,],

t - 1) CIE @) - E12)@)]
< (t=1)'"NGit, (1)) - Gi(t, 2|

< Lglly - Zllpc,_,, - (3.10)

Similarly, for any y,z € D) and t € (¥, ti41], | =
1,2,...,7,

= 9)""IE® — E2) Dl
< Ego(Ait = I)DING: D1, y(&)) — Gi(:, 2(t)]
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F (=)' fﬁ (t = " Ep s (At — 9D

X |Pi(s,y() — Pi(s, z(s)llds
< ciLglly() — z(@)ll

+ erLp(t =01 fﬁ (t = " Eps(Aitt - )

x [ly(s)) — z(s)llds
< c1Lg(t — 97 ly - Zllpc, .,
+ e Lp(t — 97) B(w, Dy - Zllpc,._,

<Qilly - zllpe, - (3.11)

Therefore, by using the inequalities (3.9), (3.10) and
(3.11), we get

IZ1y — E12llpe,_, < Lz, lly - 2llpc,_,, Y1 €L

Hence, from assumption (Z3),
ator.

Thus, by collecting the step 1 and step 2, one can
easily see that the operator Z; fulfilled all the require-
ments of Banach contraction principle. Henceforth,
system (1.3) has a unique solution. [ |

E, is a contracting oper-

4. Ulam’s Hyer Stability

This section is devoted to the examination of UH sta-
bility of the switched system (1.3).
For € > 0, consider the following inequality

IIDg}ﬁz(Z) -Nz(t) - Pi(t,.z() || < €, t € (P, ti1],
i=0,1,...,,

lz() = Git, 2 < €, 1€ (1,9, i = 1,2, ),
(4.12)

Definition 8 /5]. Equation (1.3) is UH stable if there
exists a positive constant H, 1) such that for € > 0
and for any solution z of inequality (4.12), there exists
a unique solution y of system (1.3) satisfies

lz(t) — YOIl < Hizprp06, V€L

Definition 9 [5]. Equation (1.3) is Generalized UH
stable if there exist Hy, 1) € CRY,RY), Hr, 1,)(0) =
0 such that for any solution z of inequalities (4.12),
there exists a unique solution y of system (1.3) satisfies

12@) = YOIl < Hizprg)(€), Y1 €L
Remark 1 Definition 8 = Definition 9.

Remark 2 A function z € PCi_(I,R") is a solution
of inequality (4.12) iff there is a sequence G;, i =
1,2,...,7and G € PCy_(I,R") such that
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(@) IGOI < €Y 1 € (311,
IGill<e Yi=12,...,/

i =0,1,...,7and

(b) D% ﬁz(t) =Nz +P; (t,z()+G(1), t € (I, tiy1],
i= 0, 1,...,J

© z()=Git,z(;)+Gi, te (1, 0], i=1,2,...,)
From the above remark, we get

Dy2(t) = Aiz(0) + Pi (1,2() + G(D), 1 € (¥, i),
1—0,1,...,],
z(t) = Gi(t, Z(l:)) +G;, te(t, %], i=1,2,...,7

From Definition 7, the solution z with 1, l‘wz(O) = Yo,
Il 7z(07) = Gi(9;,z(t7)) + G; of the above system is
deﬁned as

2(t) = 1" Eg o (Aot” )y,

+ fo (t — )" Eg s(Ao(t — ©))(Po(s, 2(5))

+ G(g))dg’ N te (0’ tl],
z(t)=Git,z(t; )+ Gy, t € (ti, 5], i=1,2,..., ),
2(1) = (t = 9)" " Eg w(Ait = 9)")Gi(D1, 2(£7)) + G))

+ fﬂ (t — )" Egs(Ai(t — 6)")Pi(s, 2(s))
+G(o)ds, Yie @ytil, i=1,2,...,7

Therefore, for any ¢ € (0, #],

2(t) — 1" Eg o (Aot” )y,

- fo (t — §)" ' Eg 9(No(t — 9)Po(s, 2(s))ds

czt?e

)

§) T Eg g(Ao(t — 6)")G()ds]| <

Also, forany t € (¢, t;41], i=1,2,...,,

2(1) — (t = 9)" " Eg o (Ait — 9))Gi(:, 2(t)))
- fﬂ (1 = &' Egy(Adi — &))Pis, z<g)>dg”
< It = 997 Eg (Nt — 9)HGill

fﬂ (1 = &) Egp(Ailt - g)’?)G@)dgH

CQZ‘?HE
—
Similarly, fort € (¢;,%;], i = 1,2,...
Git,z@t))ll < e.

< ci(ti —9)7 e+

»J» we get |z(z) —
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Theorem 2 [f the assumptions (Z1), (Z2) and (Z3) ful-
filled. Then, the system (1.3) is UH stable.

Proof: Let z € PC,_,(I,R") be the solution of in-
equality (4.12) and y € PC_(I,R") be a unique so-
lution of the system (1.3). Then, from Definition 7,
we have 1;77y(0) = yo, I,;=7y(@)) = G y())),
y(t) = gi(t’ Y(tl_))’ te (ti’ﬂi]’ i= 1’2’ s ] and

y(0) = 17 Eg o (Aot”)y,

+ fo (t — )" Eg s(Ao(t — ©))Po(s, y(s)ds

forall € (0,#] and
y(0) = (t = 9)" " Eg (At — 9))Gi(S:, y(£)))
+ fﬁ (t — )" Eg s(Ai(t — 6)YPi(s, y(s))ds

forall t € (%, ti:1), i=1,2,...,.
Now, for any ¢ € (0, #;], we have

177|z(t) -yl

<t"77z2(H) — 7 Eg (Aot

- fo (= " Egg(Aolt - 9" YPos. z(g))dgH
" tl—“H fo (1 = )" Ego(Ao(t — ) Pols. 2(s))

- Pols.y(sds]

c t1+19—w t
21 € I 91
< L f (t - " 2s) - y(©)lds
0
1+9-w@
< ‘T +Qollz - yllec, - (4.13)
Also, for any t € (¥, t;411, i =1,2,...,J, we have
(t—9)"llz(0) =yl
< (t=9)"|z(r)
— (t = 9)" " Eg. (At — 9))Gi(S:, Y(£)))
!
- f (1 = )" Ey (Al = &) YPi(s, y(g))dgH
%
62’3:10_w6 o -
<cle+ — + |Ey o(Ai(t = 93)")Gi(9y, 2(t)))

- Ey (Nt = 9)NGi(0:, y(E)|
(=) f9 (= " Egy(Aii - <))
X (Pi(5. 2(S)) - Pils. y(§))dsl|
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}+19—w
<cie+ ’*l; +Qillz-Yllpe, .. (4.14)
Similarly, for any ¢ € (¢;, %], i = 1,2,..., J, we have

(t =) "llz(t) — y@)ll = (¢ — 1)~ llz(®) — Gi(t, y(&))|

<t e+ Lgllz - ylpc, .- s

Now, by using the inequalities (4.13), (4.14) and (4.15),
for all t € I, we get

-z w1 C2t?+1
1z -vYllpc, ., < ;" |1+t + 5

+ Lz |1z = Yllpc,_ €

which immediately gives

Iz = Yllpc,» < Hip.14)E

1-@ 9

il o1 Cot. 1
0 ‘_*LEI L+t + ——
the system (1.3) is UH stable. Furthermore, if we set
W(M’Lg)(f) = H(qu,Lg)E, W(I@,Lg)(o) = 0, then the Sys-
tem (1.3) is GUH stable. [ ]

where Hiprg = . Hence,

5. Controllability Results

In this segment, we establish the total controllability
results for the switched impulsive control system (1.4)
by applying the Banach contraction principle.

Definition 10 Switched control system (1.4) is control-
lable on [0,T], if for every y,,yr € R", there exists
a function v € L*([0, T1,R™) such that the solution of

(1.4) satisfies y(0) = y, and y(T) = y;.

Definition 11 Switched control system (1.4) is totally
controllable on [0, T], if it is controllable on (0,t,] and
(0, tiv1], i =1,2,..., ], i.e, for every Yo: Yi.,, € R i=
0,1,...,, there exists a function v € L*([0,T],R™)
such that the solution of (1.4) satisfies y(0) = y, and
Y(tis1) = Y, =0, 1,000

Remark 3 Definition 11 = Definition 10.
Definition 12 A function y € PC\_(I,R") is a solu-

tion of the switched impulsive control system (1.4), if x
satisfies

(i) 1y=7Y(0) = yo and 17 y(97) = Gi(d:, Y(17),

(i) y() = Gi(t, Y1), t € (1, 0i], i=1,2,...,
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and
Y(©) = 17 Eg (Aot

+ fo (t — §)" ' Eg s(No(t — ©))Po(s, Y(s)ds

+ fo (t = )" Egs(Ao(t — §))CoV(s)ds  (5.16)
forallt e (0,t],
V(0 = (t = 9)" " Eg (At — 9))Gi(0:, Y(1)))

" fﬂ (1 = )" Egy(Adt — 9)")Pi(s Y(s))ds

+ ﬁ (t = )" ' Egs(Ailt — 9")C:iV(s)ds  (5.17)

forall t€ @i ti), i=1,2,...,).

Next, we define the controllability Grammian type
matrices as follows:

li+1
= f Egs(Ai(tis1 — §))CC;

19,'
X Egp(A;(ti1 = §)")ds, i=0,1,...,7. (5.18)

tit
Zy

(Z4): The matrices Zf;f ', i =0,1,..., defined by

(5.18) are invertible.‘ Further, there exist some
positive constants M-,i = 0,1,...,, such that

Zy 1l < M.

Also, there exists a positive constant Mg such

that fori =0,1,..., J, |ICi]l < Mc.
We set

€3 = MaXi=,1,..., SUPe/(T — D'"NCEg o(AN(T —

cresMeM: l?
Ml Ki = TZ“J =0,1L,.... Mi=N;+
K1) @Nly,, I+ N); Ri = Q(1+Ky), i=0,1,..., .
(Z5): Lg, <1, where Lz, = max{maxo<;<, Ri, Lg}.

Lemma 2 [f the assumptions (Z1), (Z2) and (Z4) ful-
filled. Then, the required control function for the system
(1.4) has an estimate |V(1)|| < MY,V t € (0,1,], where
Cszfl?

s

+ o Lpt?* ™ B(a, Dllyllec,_ |-

0 0 -1
My = csMZ|lly, Il + 17 lIyoll +

Proof: For ¢ € (0, t], define the control function as
v(t) = (11 — ' "CoEg p(ANy(t — " NZY) 'y,
il
- f (1 = )" Ega(Ao(t1 — &) )Po(s, Y($))ds
0

— 177 Eg o (Aot))yo ). (5.19)
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Now, by putting ¢ = ¢, in the solution y(#) of the system
(1.4) on (0, #,], we get

y(1)
_ w-1 9
- tl Eﬂ,w(AOtl )YO

+ fo ' (t — )" Ego(Ao(ti — ©))Po(s. Y(s)ds

+ fo " Eyaholts — )G Ena(Aitts — )

X(Z9)"!|yi, = 7 EnolBoryy

- fo ' (1 = 1" Egp(Ao(t1 — 7)")Po(z, y())dr |ds
= 17 Eg.o(Aot})Yo

+ fo ’ (t — )" Ego(Ao(ti — §))Po(s. Y(s)ds

vz (Zf)‘)‘l[ytl — 7 Ep (Aot

- f (1= 0" Eg(holts = 0 YPo(e ()|
0
= YZ‘l *

Therefore, control function (5.19) is suitable for ¢ €
(0, #;]. Furthermore,

IV < [ = D' CyEg (At — DPNZ" >—1||[||y,l||
" f (11 = &) Eg o (Aol — )
0
X Pols, Y(©))lds + ||r?-1Eﬂ,w<Aor?>yon]

-1
< e Iy, 1+ a7 ol

+ 0 fo (t —g)”*1||730<g,y<g>)||dg]

Cszl‘l]9

9

-1
< MYl I+ eyl +

+ eaLpt!" 7 B, Dlyloc, . |
= M.
|

Lemma 3 [f the assumptions (Z1), (Z2) and (Z4) ful-
filled. Then, the required control function for the system
(1.4) has an estimate ||\V(t)|| < M}, ¥ t € (01,8411, i =
1,2,..., ] where

M, = csMY|lly,,, || + it LgllyG)ll + cit7y Mg

i+1

CQMP[ﬂ

j+1 Y+w—1
N Tt + Lot} 77 B(w, DlIYllec, |-
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Proof: Fort € (9;,t41], i =
control function by

1,2,...,J, define the

V() = (tie1 = ' "Ci Ep (A (ti1 = ' NZ5 )|V,
— (tis1 — ﬂi)w_]Eﬂ,w(Ai(l‘H] - ﬁi)ﬂ)gi(ﬂia y(tz_))

Tir1

- (ti1 — €)' Eg g(Ailtiz1 — ©))
191'

X Pi(s, Y(s)ds | (5.20)

Now, by putting ¢ = t;;; in the solution y(¢) of the sys-

tem (1.4) on (¢, t;41],i = 1,2,..., J, we get
Y([i+l)
= (tiy1 — )" Eg o(Aitin1 — 9))Gi(:, y(&))

lis1

+ (tiv1 — §)" " Eg s(Ai(tiv1 — §))YPi(s, y(s))ds

Tiv]
+ f Eps(Ai(tiv1 — §))CiCIEg o(Al(tis1 — D)
x(Zg™! [y = (tis1 = 907 By o(Ailtin1 = 9)")

tit1

X Gi(0:,y(£)) - (tiv1 = §)" ' Eg g(Ailtiv1 — ©)7)

i
X Pic. y(g))dg]dg
= (ti1 — )" Eg o(Aitis1 — 9))Gi(:, y(£))

liv]
+ f (11 = )" Eg p(Miltin1 = ©)")Pils, y(s)ds
9,

+ Z5Z v, = o = 897
X Eg o(Mi(tiv1 — 0G0, Y(t)))

liv1

- (tiv1 — §)" " Egs(Ai(tiv1 — §))YPi(s, y(s))ds
19,‘

= yli+1 .

Therefore, control function (5.20) is suitable for ¢ €
(W, ti1],i = 1,2,..., . Furthermore,

IV < lI(tie1 = D' CFEp oA (11 = 0" NZ5 )7l

X |llyy,, N+ ier = 907 Ep o(Ailtisr — 9)7)
tit]

X Gi(®:, YD) + (tiv1 — )"

;i

X ||Eg s(Ai(tis1 — )Pi(s, y(&)llds
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< esMy|lly,, |1+ ier — 997 e (Lglly (@)l + Mg)
C2M¢l;? o—
+ TH + Czl,ptf:__'i lB(w9 ﬂ)”y”PCkw
< M.

Theorem 3 If the assumptions (Z1), (Z2), (Z4) and
(Z5) fulfilled. Then, the system (1.4) is totally control-
lable.

Proof: For a positive constant §,, we define a subset
D, C PC_(I,R") such that

Dy ={y € PCi—x(I,R") : lYllpc, , < 02},

where

M;
0, = max [ max R
O<i<y 1 — R,‘

W@ — )" Mg
P

Define an operator =, : 9, — 9, as
Eay)(0) = 17 Eg (Aot )y
[
+ f (t = )" Eyo(Ao(t = 6)")
0

X (Po(s, Y(5)) + Cov(§))ds, ¥ t € (0,11,
(EZY)(f) = gi(t’ Y(f,_)), Yie (ti’ ﬁi]’ i= 192’ cees )y
Eay)(0) = (t = )7 Ep (Nt — 9))Gi(0,, Y(£))

+ f9 (1 = " Egg(Adi - )

X (Pi(s,¥(s) + Civ($))dg,
Vte (ﬁi,llq.]], i= 1,2,...,].
For the better readability, we split the proof into the
following two steps:

Step 1: We show that E, maps D, into 9,. Now, for
any f € (0,7;] and y € D,, we have

PN Ey) @)

!
< crllyoll + " ea My f (t- o) dg
0
!
L f (t - " ly(s)lds
0

!
#"eMo [ 19 eIy, 1+ enr? ol
0

Cz]VIpldl9
9

+ eoLpt BG@, Dylec, ., |ds
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+1-w
9 coMopt
< cillyoll + t7 coLp B(w, )65 + 3
tl_m+ﬁCQC3 McMOZ o1
" ; [y, 1+ 1ol

)
C‘z[Wpl‘1

t o Lpt" " B, 0)52]

9
< No + Qud2 + Kot ®lly,, Il + No + Quo2)
< Mo + Ropda < 65. (5.21)
Now, foranyy € D, and r € (#;,9;], i = 1,2,..., j, we
have
(= 1) TIE O < (¢ = ) " NGilt, yE))I
< Lg62 + (¥ — li)ling
< 05. (5.22)

Similarly, for any y € D, and t € (¥;,t41],0 =
1,2,...,J, we have

(= 9)' " TIEy) O
< Ego(Ailt = 9))Gi®:, y(i))|

F (=)' f (t = " Eps(Ailt - ")
9
X (Pi(s,y¥(s)) + Civ(s)llds
< G Y

(=) "erlp fﬁ (i - 9" Iy(s)ids
(=) My f (t— o) dg
Y;

!
+(t =)' "TeresMc MY f <r—g>’9‘1[||ym,||
¥

9
caMpt;,

+ o1 tZ Lglly(E)I + e1£7 Mg + 5

i+1 i+1

+ o Lptl B@, Dy lrc, . |ds
< e1Mg + ciLg(t = 9)7 "6 + (1 = )" c2Lp B(@, 9)6,
oMyl - 9,0+ 1-@ . cresMLMct!, |
9 )
X ((z = 377Ny, |l + c1Mg + e1Lg(t = 9)' 776,

CzMﬁt;Tll_w)

9
<N+ Qs + Ki((t = 9)' "y, Il + Ni + Qi62)
< M; + Rid2 < 6s.

+(t = 9 crLpB(w, 96, +

(5.23)

From the inequalities (5.21), (5.22) and (5.23), for ¢ € I,
we get

IZ2yllpc, ., < 0o.
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Hence, Z, maps D, into D;.

Step 2: Here, we show that =, is a contracting operator.
Foranyy,z € D, and ¢ € (0, #], we have

1 77NEy)(0) — (E2z) Dl

</ fo (1 = )" N Eg (Aol — 9")Po(s, V()
—Pos, 2(e)lds + 17 fo (1= )"
X ||[Eg.9(Ao(t — ¢))Colt1 — ¢)' "' CoEga(Aj(t1 — ¢)”)
X ||<zg>—1[ fo (t; — )" MEgs(Ao(t; — 1))

X [[Po(7, y(1)) = Po(7, 2(1))d7

ds
t
<L f = " ly(s) - 2(e)llds
0
s
+ C%C3M(;MOZL'PII_W f (t - g)ﬁ_l
0

x| fo (1 ="y (o) - 20l

<" LpB(@, Dy - Zllec, .,
c3esMcMY Lpt"t] Lp B(w, )
+ 3 lly - zllec, .,

< Qu(1 + Ko)lly = zllpc,_,, < Rolly = zllpc, -

(5.24)

Also, for any y,z € D, and t € (t;,9;],i = 1,2,...,,
we have

(t = )" TNEW ) — (E2)@)l
<t -Gt y(E)) — Gilt, z(E)l

< Lglly = 2Zllpc,_, - (5.25)

Similarly, for any y,z € D, and t € (¥, ti41], | =
1,2,...,J, we have

t =9I EW(@) — E2) Dl
< NEpw(Ait = 9)DING(0:, Y& ) — Gi(@i, 2G|

v -0 [ j(r = " E (At - )

X |IPi(s. y(s)) = Pils. 2(5))lds

+(@-9)"" fﬁ f(r — )" MEsa(Ait — )"

X |ICilll(zi+1 gﬁl‘ﬂC?Eﬂ,ﬁ<Af(ti+1 -

x [ Z5)™ ||[<rl-+1 = )7 NEgo(Ai(tiy = 97|
X [1Gi(®:, y(t)) = Gi®, )
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tit]
+ (tiv1 = " NEg9(Ai(tizs — 7))

;i

X [P, y(1)) - Pi(x., z(r))udr]dg

< ¢1Lg(tiv1 — 97Ny = Zllpe,
+ 2 Lp(t = 9)) B(w, Dy - zllpc,_,

Cz(,‘gMiZM(;l‘z.9 1 _
TH(CILQ(UH =907y - Zllpc,

+ erLp(tinr — 97 B(@, 9y — z||pcl,,,)

<Qilly - zllpe, , + KiQilly = Zllpc, ,

< Rilly - zllpc,_,- (5.26)

Therefore, from the inequalities (5.24), (5.25) and
(5.26), for any ¢ € I, we have

122y — E22llpe,_, < Lg,lly = Zllpc,_, -

Hence, from assumption (Z5), =, is a contracting oper-
ator.

Therefore, from step 1 and step 2, one can see that
the operator =, fulfilled all the conditions of Banach
contraction principle. Hence, the system (1.4) is totally
controllable on /. [ ]

6. Examples

Example 1 We consider the following switched impul-
sive control system in the space R

sin(y(1))
30et+D

DY y(1) = -0.3y(1) + + V1), t € (0,0.4],

0605 0 _ cos(Y(1)) o
l)onr y(t) = —04y(t) + W +e + V(l),
t€(0.5,1], (6.27)
_(t+ 1)?cos(y(0.47))
Y0 = 55,0 +e, 1€(04,0.5],

(0.5 + 1)* cos(y(0.47))
250(05+2)

177y0) = 1, I17y0.5%) =

The system (6.27) can be written in the form of (1.4),
where Ag = =03, Ay =-04,Cy=1,C1 =1, 1p =
0,1=04,9=056=T=1, j=1,0=06, 9 =
0.5, yo =1,

_siny(®) , _cos(y(®)

o= S0en P11 = g T
(t + 1)* cos(y(1))

Gilty(0) = —— o= e
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State y(t)
Impulse y(t)

01 02 03 04 05 06 07 08 09 1
Time (t)

0.8
0

(a) State trajectory of the system (6.27) when
x(ty) =2and x(T) =2

Control v(t)

Control v(t)
~

0

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
Time (t)

(b) Trajectory of the control function v(¢)

Figure 1: (a) shows the controlled trajectory of the sys-
tem (6.27), (b) shows the trajectory of the control func-
tion for the system (6.27)

We choose the final target points as y(f;) = 2 and
y(T) = 2. Clearly, we can see that the conditions (Z1)
and (Z2) fulfilled. Also, one can easily calculate

Qo = 1! c2LpB(w, ) = 0.0087

Q) = 1 LgtT " + B e, LpB(w, ¥) = 0.0176.

Thus, assumption (Z3) hold. Therefore, all the condi-
tions of Theorem 1 and 2 satisfied and hence the system
(6.27) has a HU stable unique solution. Furthermore, to

apply the Theorem 3, it remains to check the assump-
tions (Z4) and (Z5). After some calculations, we get

il
zi = fo Eg oMoty = ))CoCiEns(Ay(tr = )")ds
= 0.0835,
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Z; = fﬁ Epp(Ai(t2 = 6)")CI1C Eg (A} (12 = 6)")ds
= 0.01864

and

Ro = Qo(1 + Kp) = 0.0309, R; = @Q(1 + K7) = 0.0967.

Hence, Lz, = max{Ry, R, Lg} = 0.0967 < 1. Thus, all
the assumptions of the Theorem 3 fulfilled. Hence, the
control system (6.27) is totally controllable on [0, 1].
The controlled state trajectory of the system (6.27) is
shown in the Figure la and the control function is
shown in the Figure 1b. Also, the CPU run time for
different time intervals is given in the Table 1.

Table 1: CPU time for different time intervals

Intervals
[0,7]
(71, 51]
[s1, 1]

Time step
0.01
0.01
0.01

CPU time (sec)
1.0096e+03
0.250
1.2301e+03

Example 2 We consider the following switched impul-
sive control system in the space R>
DyPy (1) = =0.1y (1) + 0.2y,(2)

ACERAG) e
¢ 1e(0.05].
50671+ 1y, + 2 €003

DYP*y, (1) = 0.1y, (1) + 0.25y,(t) + va(t)

sin(y, (1))
30(3 + 22)e 7
D303y, (1) = 0.15y, (1) + 0.3y,(1) + vi (1)
A+ %7 + |y,
85¢8(5 + |y, (1))
0.8,0.3 _
Dy 77 yy () = =0.5y,(t) + va(2)

t €(0,0.5],

e, 1e(0.7,1],

;)}2,(2 te (07,1, (6.28)
Y0 = % + sin(0)e,
yot) = sin(;)éfezgj‘) Czti(f), € (05071
7 O7") = 2‘57(?)4?(({ 17()2,()57_33 + sin(0.7)e"7,
157,007 = Sin((;gzg&gj_) co(seggj)’

1:y,(0) = 1, 1;:7y,(0) = 2,

The system (6.28) can be written in the form of (1.4),
where 1o = 0, t{, =05, 9, =07, L, =T =1, j =
1, 0=038, #=03,
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_| yi® |1 -1 2
y(t)—[y;(t)]’YO_[z]’AO—I_O[1 25],

1115 3 0 1
negl 6 5| as| a1
| vi(® _| Por(,y(®)
V(t) - |: VZ(Z) :|,P0(t9 Y(t)) - [ POZ(L y(t)) ]a

_| Puy®)
Pl(l’e Y(t)) - [ PIZ(I’ y(t)) ]a

Gi(1,y(®) = [ g;g iggg ]

with

_ PG+l e
Por(t,y(®) = 50671 + Iy, () + 5
Paalty0) = s

_ A+ 02T+ ly0) |
Py = e v yaon T

£y1(1)

Pult.y() = oo

_reos(y, ()
Guy@®) = 235G 1 e + sin(?)e’,
G,y () = TH 2 <0

We choose the final target points as y(¢;) = [ % ] and

y(T) = [ ; ] Clearly, we can see that the assumptions

(Z1) and (Z2) hold. Also, one can easily calculate

Qo = ) esLpB(w, ) = 1.9550 x 1077
Q) = 1 LgtT ™" + B e, LpB(w, 9) = 2.6885 x 107,

Thus, assumption (Z3) hold. Therefore, all the condi-
tions of Theorem 1 and 2 satisfied and hence the system
(6.28) has a HU stable unique solution. Now, to apply
the Theorem 3, it remains to check the conditions (Z4)
and (Z5). After some calculations, we get

no_
Zy = 0.0247 0.1162 $ [ 0.0297 0.0130

0.0054 0.0247 } 70— [ 0.0701 0.0297
and
Ro = Qo(1 + Ko) = 0.1423, R, = Q,(1 + K;) = 0.1091.

Hence, Lz, = max{Rop, Ri,Lg} = 0.1423 < 1. Thus,
all the assumptions of the Theorem 3 fulfilled. Hence,
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- N WA OO N ®©O©O
T T T T

State y | [\
State IAU
Impulse y, (t) 1
Impulse yz(t) :

_8 i i i i i i i i
0 0.1 02 03 04 05 06 07 08 09 1

Time (t)

(a) State trajectory of the system (6.28) when

x(t1) = [2 1]* and x(T) = [1 2]*

300

T T T
= Control v(t)

200

100+

ot

-100 -

Control v(t)

-200

-300 -

—4001

_500 i i i i i i i i i
0 0.1 02 03 04 05 06 07 08 09 1

Time (t)

(b) Trajectory of the control function v(¢)

Figure 2: (a) shows the controlled trajectory of the sys-
tem (6.28), (b) shows the trajectory of the control func-
tion for the system (6.28)

the switched impulsive control system (6.28) is totally
controllable on [0, 1]. The controlled state trajectory
of the system (6.28) is shown in the Figure 2a and the
control function is shown in the Figure 2b. Also, the
CPU run time for different time intervals is given in the
Table 2.

Conclusion

In this article, we have successfully investigated the ex-
istence, uniqueness, UH stability, and total controllabil-
ity results of Hilfer fractional switched dynamical sys-
tem with non-instantaneous jump. More precisely, we
established the existence of a unique solution and UH
stability of the system (1.3) by using the Banach con-
traction principle, fractional calculus and Mittag Lef-
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Table 2: CPU time for different time intervals

Time step | Intervals | CPU time (sec)
0.01 [0,1] 1.3246e+03
0.01 [#1, 51] 0.5781
0.01 [s1, %] 1.4069¢+03

fler function. Further, some sufficient conditions are in-
vestigated to guarantee that system (1.4) is totally con-
trollable. Finally, we have presented some numerical
examples to validate the effectiveness of the obtained
analytical outcomes. The stochastic differential equa-
tions play an important role in many fields of science,
therefore, in the future, one can use the technique of
this manuscript to establish the controllability results
for the nonlinear Hilfer fractional switched impulsive
dynamic systems with stochastic effects.
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