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1 Introduction

The theory of fractional calculus evolves from the differential and integral operators of arbitrary order. Nowadays, it
has attracted many mathematicians, physicists, and engineers. There is also with a growing number of applications in
signal processing, control theory, biomedicine, viscoelasticity, electrochemistry, physics, etc (please see [2, 40, 25] and
the references therein). However, the applications of fractional calculus and their outcomes have change as much as the
definitions of fractional derivatives and integrals, such as Riemann-Liouville, Caputo, Caputo-Fabrizio, Riesz-Caputo,
Grunwald-Letnikov, and so on. For the basic study of fractional calculus, one can go through [38, 39, 30] and references
therein. Recently, Hilfer [21] introduced a new fractional derivative, known as Hilfer fractional derivative of the form
Dg‘f , where « is the order, and ( is the type. The type £ allows one to interpolate between the Riemann-Liouville
derivative 8 = 0), and the so-called Caputo-Liouville derivative (8 = 1). Therefore, the results obtained from Hilfer
fractional derivative extend and generalize the existing results of Riemann-Liouville or Caputo-Liouville fractional
derivative.

Hilfer fractional models are studied in many applications of engineering and science, for example, in mechanical
engineering and thermal science [14]. Very recentely, many authors investigated the Hilfer fractional differential
equations and studied the various dynamic behaviours, such as the existence of solution, stability, data dependence,
and control problems, see [13, 17, 7, 24, 47, 18, 54, 55, 48, 33, 15] and the cited references therein.

Controllability is an important aspect of mathematical control theory which was introduced by Kalman in 1963
[22]. The concept of controllability denotes the ability to move the state of the dynamical control system from an initial



state to the desired final state by using a suitable control function. In the last few years, many authors have studied
the controllability problem for ordinary as well as fractional dynamic systems, see for instance [4, 16, 6, 5, 46, 41] and
the cited references therein. Furthermore, few authors have studied the controllability problem for the Hilfer fractional
systems [23, 10, 43, 36, 49, 37, 56].

On the other hand, the various systems encountered in practice involve a coupling between continuous dynamics
and discrete events. These types of systems can be studied in terms of switched dynamical systems. A switched
system is a dynamic system consisting of a family of continuous-time subsystems along with a switching rule that
determines the switching among subsystems. Mathematically, these subsystems are generally described by a collection
of differential equations or differences indexed. For instance, the following phenomena give rise to switching behavior:
dynamics of a vehicle changing unexpectedly because of wheels bolting and opening on ice; an airplane entering,
intersection and leaving an air traffic control area; biological cells developing and separating; a thermostat turning the
heat on and off; a valve or a power switch opening and closing [31, 32].

It is well known that many physical systems in engineering, biology, physics, and information science, have some
sudden changes in their states. Such sudden changes are called the impulsive effect in the systems, and the corre-
sponding systems are called the instantaneous impulsive systems [29, 42]. Recently, in 2013, Herndndez and O’Regan
[20], introduced a new class of impulsive systems, known as non-instantaneous impulsive systems in which the sudden
changes stay active for a finite time interval. In practicality, there is no impulse that occurs instantaneously rather it
is non-instantaneous howsoever the time of occurrence is small. For example, in some real biological medical problems,
the introduction of a drug or a vaccine in the bloodstream is a gradual process. Then one is forced to consider the drug
or vaccine as a non-instantaneous impulse since it starts abruptly but remains active for a finite time interval [20, 3];
in dam pollution models, the main cause of dam pollution is the polluted river, that enters the dam and takes some
time to reach the middle region of the dam. Since the introduction of the river water into the dam and the consequent
absorption of the dam water are gradual and continuous processes, so that the non-instantaneous impulses take place
[11]. For further studies on non-instantaneous impulsive systems, see [12, 19, 34, 8, 35, 52, 51] and the cited references
therein.

Recently, some authors have reported a few controllability results for the ordinary as well as fractional dynamic
system with non-instantaneous impulses, see for instance [50, 44, 45, 28, 27, 26] and the cited references therein. Also,
some authors established these results for the Hilfer type fractional dynamic systems with non-instantaneous impulses.
Particularly, in [53], the authors investigated the controllability of Hilfer fractional dynamic inclusions with nonlocal
and non-instantaneous impulsive conditions in Banach spaces by using the fixed point technique along with measures
of noncompactness. In [1], the authors studied the problem of approximate controllability for the Hilfer fractional
neutral stochastic integrodifferential equations with fractional Brownian motion and non-instantaneous impulses by
using the Sadovskii’s fixed point theorem and fractional power of operators. In [9], the authors studied the problem of
approximate controllability for Hilfer fractional differential inclusions with non-instantaneous impulsive hybrid systems
on weighted spaces by using the family of fractional resolvent operators, Laplace transformation, and a hybrid fixed
point theorem for three operators of the Schaefer’s type.

The above-mentioned works on controllability of Hilfer fractional systems and non-instantaneous impulsive systems
cannot be easily extended to the case of switched Hilfer fractional dynamical systems with non-instantaneous impulses.
From the authors’ points of view, there is no work reported which investigated the total controllability of a class
of switched Hilfer neutral fractional systems. Therefore, considering the importance of switched systems and non-
instantaneous impulses, we fill this gap by establishing the total controllability results for a class of switched neutral
systems with Hilfer fractional derivative and non-instantaneous impulses in the finite-dimensional spaces.

The primary contribution and advantage of this paper can be foreground as follows:

e We consider a new class of switched Hilfer neutral fractional systems with non-instantaneous impulses in the
finite-dimensional spaces.

e We define a new piecewise control function for the proposed system and examine the total controllability result,
where we control the system not only at the final point of the interval but also at every impulse point of the
interval.

e Also, we establish the total controllability results for the considered problem with the integral term.

e We apply the fixed point technique, Mittag-Lefler function and Gramian type matrices to establish these results.



o We illustrate the general applicability of the obtained analytical results by giving a simulated numerical example.

The rest of the paper is formulated as follows: In Section 2, the statement of the problem is given. In Section 3,
we give some basic definitions, notations, and important lemmas. In Section 4, we investigate the total controllability
of the considered problem. In Section 5, we extend the results of the section 4 to the integro dynamic system. In the
last section, we give a numerical example with simulation to show the effectiveness of the obtained theoretical results.

2 Statement of the Problem
We consider the following switched impulsive control system:
Dg’f [z(t) — Tg(t) (t,xq(t))] = Ag(t) [z(t) — Tg(t) (t,x2q(t))] + Yot (t, zp(t)) + Bg(t)u(t), t e Uy (Ys,tita],

z(t) = Toy(t,x(t))), t € (t, 0], i =1,2,...,m, (2.1)
Iol-:’yz(OJr) = 2o, Il +’yx(19+) - ja(t)(ﬁhx(ti_))v y=a+pB—apB,

where x € R"™ is the state variable; Dg’f denotes the Hilfer fractional derivative with lower limit at 1J; of the order

€ (0,1) and type 5 € [0,1]; a,b : I'= I are some delay functions such that a(t),b(t) < t; z,(t) = z(a(t)) and
xp(t) = z(b(t)); o : I — {0,1,...,m} is some switching law; J; and t; are some arbitrary points which satisfy the
relation 0 =tg =g < t1 < <t < ... <V < tppy1 =T} w( 5) = limy,_,o+ o(t; + h) and x(t;) = limy o+ 2(t; — h)
denote the right and left limit of 2(t) at ¢ = t; respectively;

I il represent the left-sided Riemann—Liouville integral of order 1 — v with lower limit at ¢;, and Ié: Tz(9f) =

lim, Lot I Tx(t);

Ag(t) and Bty are some matrices of order n X n and n x m respectively; u € R™ is the control function,
To(t)s Yort), Jo(r) are some given functions which satisfies some conditions to be specified later.

In this manuscript, the switching signal ¢ is assumed to be known and satisfies the minimal dwell time condition.
It only changes its values at switching times ¢;. The discrete state o(t) € {0,1,...,m} determines the actual system
dynamics among the possible operating modes which corresponds to a specific instance of A;, B;, T;, ¥; and J;. That
is to say,

U(t) = iv te [t’iati+1)7 1= 0; 1, ey T (22)

Consequently, using the above switching law in system (2.1), we get the following switched impulsive control system

ijf[ (t) = Yi(t,2a(t))] = As[z(t) — Ti(t, za(t))] + s (¢, 25(1)) + Biu(t), t € UZo(Js, tital],
2(t) = Ji(t,2(t7)), t € (t, 03], i=1,2,....m, (2.3)
"2(07) = wo, I, Nw(0]) = T(0i,x(t])), v=a+B—af
and hence, under the switching law (2.2), the dynamic behaviours of switched control system (2.1) and the switched

control system (2.3) are same.

Remark 2.1. Here, we are giving a brief description of the problem (2.3).
o (t) satisfies the first equation of the problem (2.3) when t € (0,t1].
o 1(t) is given by the second equation of the problem (2.3) when t € (t1,71].
o (t) satisfies the first equation of the problem (2.3) when t € (91, 12].

o After repeating this process, x(t) satisfies the first equation of the problem (2.3) on the interval (V;,t;+1] and x(t)
is given by the second equation of the problem (2.3) on the interval (t;,3;],

Graphically, this means that the solution x(t) satisfies the first equation of the problem (2.3) on the blue intervals
(94, tiv1], ©=0,1,--- ,m and the second equation of the problem (2.3) on the red intervals (t;,%;], i =1,2,--- ,m
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3 Preliminaries and Assumptions

Below we introduce some basic definitions, notations, lemmas and important results which are often used throughout
the manuscript.

Important notations: R™ denotes the space of n—dimensional column vectors = col(z1, z2, ..., ;) with a norm
I-1; L =10,7],T > 0; I'(-) and B(:,-) denote the usual Gamma and Beta function, respectively; Superscript * denotes
the matrix transpose of a matrix.

C(I,R™) denotes the Banach space of all continuous functions f : I — R™ with the norm || f|| = sup,¢; || f(2)]]-
We define the Banach space of all piecewise continuous functions PC = PC,(I,R") = {x : (t — t;)'7x(t) €
C((ti,tit1),R®), i =0,1,...,m and there exists z(¢; ) and z(t]"), i = 1,2, ..., m, with z(¢; ) = z(¢;)} with the norm

Jolly = supyeo.zy ()]l

Next, for a function f : [a,00) = R, we define the following definitions:

Definition 3.1 ([39]). The fractional Riemann-Liouville integral of f of order p > 0 with lower limit a is given by

150 = 55 [ =<y~ ), t>a

provided R.H.S of the above equation is point-wise defined on [a, o).
Definition 3.2 ([39]). The fractional Riemann-Liouville derivative of f of order p > 0 is defined by

1 d"

DZ+f(t) = F(nip)%

t

/ (t—)" Y PF(Q)ds, t>a, n—1<p<n.
a

Definition 3.3 ([39]). The Caputo fractional derivative of f of order p > 0 is defined by

ik
'f(k)(())],t>a, n—1l<p<n.

o

DY f(t) = DI, [f(t) -y
k=0

Definition 3.4 ([21]). The generalized Riemann-Liouville fractional derivative (or Hilfer derivative) of f with the
order 0 < a <1 and type 0 < B < 1 with lower limit a is defined by

a

DS = (11 5

I, y=a+B-aB,

provided that the expression on the R.H.S. exists.
From the above definition, we have the following remark.

Remark 3.5. (i) When =0, a € (0,1) and a = 0, the Hilfer fractional derivative corresponds to the classical
Riemann-Liouville fractional derivative:

D = S p)(t) = Dg- f0)

(ii) When 8 =1, a € (0,1) and a = 0, the Hilfer fractional derivative corresponds to the classical Caputo fractional

derivative:
d

a,l _ r(l—w)
gt = (1 a

N =Dg f(t).

Next, we define some basics of Mittag-Leffler functions.



The Mittag-Lefller function is defined as

k

> z
Ep,q(z)zz 726(:7 paq>0
— I'(kp+q)

and the Laplace transform is given by

L{P B, 4 (£at?)}(s) = ——

sPFa
The Mittag-Leffler function for a matrix A of order n x n is defined as

© k

EP#](A) :kzo F(kp—kq)’ z E(C7 p7q>0

and the Laplace transform is given by
P4

LA B (£AP) Y (s) = o

For more details on fractional calculus, please see the books [38, 39].
Next, we give an important lemma.

Lemma 3.6. Let A be a n x n matriz and T € C(I,R™) be a function. Then, the solution of the following Hilfer
fractional system

DSPa(t) = Az(t) + f (1), a€ (0,1), B€[0,1], t € (0,T],
L7z(0%) = z9, y=a+ B —aB, (3.4)
18
t
2(t) = 1 B (A)z0 + /0 (t = ) B (At — <)) f(<)ds for all t € (0,T].

Proof. Taking the Laplace transform on both sides of the above equation, we get

$7X (5) — 7@ D(DSAETD0) (0%) = AX(s) + F(s)

s¥X(s) — AX (s) = s®@ Vg + F(s)
ghla=1) F(s)
ey ey L g

where 7 is the identity matrix. Now, taking the inverse Laplace transform to both sides of the last expression, we get

X(s) =

B(O‘_l) F(S)
L£L7YXx =12 g L7 — (¢
xeno =cH{ S fom e { F5
Finally substituting the Laplace transformation of Mittag-Leffler function and Laplace convolution operator, we get

z(t) =t By (At*)z0 + Y(2) % 12 By 0 (AtY)

= 17 Eoy (At*)zo + /t(t =) Eq o (At — <)) f(<)ds.
0

Remark 3.7. One could notice that if 8 =1, in the equation (3.4), then it has the well known solution
t
x(t) = Eo (At*)zo + / (t —<)* By o(A(t — <)) f(s)ds for all t € (0,T),
0

where Eqo(x) = Eqo1(x) denotes the ordinary Mittag-Leffler function.



Now, by using the Lemma 3.6, we can say a function x € PC is a solution of the system (2.3), if x satisfies
(i) Iéj”x(o*‘) =z and Iéi—ﬂx(ﬁj) = Ji(%;,2(t])),
(i) 2(t) = To(t, (), L€ (b 0y, i = 1,2, sm

and the following equations

z(t) = Ey o (Aot™)[mo — To(0,20)] + Yo(t, za(t) + /Ot(t — ) By a(Ao(t — ¢)M)Wo(s, 25(s))ds

+ /t(t —¢)* ' E, o (Ao(t — )*)Bou(s)ds
0
for t € (0,t1] and
a(t) = (t = 00)7 Eaq (Ai(t = 9))Ti (05, 2(7)) = Ti(Wi, 2a(0:))] + Tilt, za (1))

t

+ / (= ) B (st — )W, (<)) + / (L= )" B (Aslt — )*)Bruls)ds
[V

94

fort € (192',151‘4_1], 1= 1,2, ey .
Next, we give some assumptions which are required to establish the main results of this paper as follows:

(H1): Y, 9, : T; x R* = R™, T; = [J;,t;41], i =0,1,...,m, are continuous and satisfy
1Ts(t,2) = Yi(t,y)ll < Lyllz =yl and [[Wi(t, 2) = Wi(t, )| < Lullz —yll,
for all z,y € R™ and t € T;, where Ly and Ly are some positive numbers.
(H2): J;: J; xR* - R" J; = [t;,%], i = 1,2,...,m, are continuous and satisfy
17t 2) = Tt y)|| < Lgllz =yl
for all x,y € R™ and t € J;, where L is a positive constant.
(H3): The matrices
. tit1
gl;;rl - / Ea!a(Ai(ti+1 - g)a)BiB;EOéya(Aj (ti+1 - ()a)dg, 1=0,1,...,m.
94

are invertible and there exist some positive constants Mé,i =0,1,...,m, such that H(Qg‘i“)_lﬂ < Mé

Also, there exists a positive constant Mg such that for i = 0,1, ...,m, ||B;|]| < Mp.
Now onwards, throughout the manuscript, we set
K1 = maxi=o,1,...m SUPse; [ Eay (Ait®)[; K2 = maxi—o,1,...m SuPe; | Eaa(Ai(T — 1)¥)]];
K3 = maxj—o,1,....m SUpye (T — ) || B} Ea,a (A (T — t)%)[l; My = maxi—o,1,...m sup;e; | Ti(, 0)|I;
My = maxi—g1,...m U Vit 0)|l; My = maxi—y,..msup;e; || Ti(t, 0)]|;

1—
KoMyt? ™77

KyKsMpMEte _
§i = I L = 0,1, ms No = Ka(laol] + [ Xo(0, o)) + 7 My + S
KoMyt
Ni = Ky(Mg + M) 4+ 67 My + = i = 1.2, om; Qo = Ly + 17Kz Ly B(y,0);

Qi =t]'Ki(Ly + Ly) + Ly + 18 KoLy B(7, @), i =1,2,...,m;

Lr, = max (maxo<i<m Ri, L7).



4 Controllability Results

Here, we establish the total controllability results for the switched control system (2.3) by using the Banach contraction
principle.
Before giving the main results, we give some important definitions as follows.

Definition 4.1. Switched control system (2.3) is controllable on I, if for every xo,xp € R™, there exists a control
function w € L*(I,R™)

such that the solution of (2.3) satisfies 1)} "x(0%) = zo and 2(T) = 7.
Definition 4.2. Switched control system (2.3) is totally controllable on I, if it is controllable on (0,t1] and (9;,t;11], i =
1,2,...,m, i.e., for every xo,wy,,, € R",i=0,1,...,m,

there exists a control function u € L*(I,R™)

such that the solution of (2.3) satisfies Iéj”:c(()*) =xg and x(tiq1) = x4,,,, 1 =0,1,...,m.

Remark 4.3. From Definition 4.1 and Definition 4.2, it is clear that Definition 4.2 implies Definition 4.1.
Now, we provide some important lemmas.

Lemma 4.4. Let the assumptions (H1)-(H3) hold, then the control function
u(t) = (= 1) "By Eaa(Ag(tr = )*)(Gg') ™" |t = 17" Eay (Aot (o — To(0,20))

Yot ma(tr)) —/Ol(tl )P B (Aot —g)a)\l'o(g,xb(g))dg}, te (0,4]. (4.6)

steers the state of the control system (2.3) from xg to xy, at time t =t1. Also, the estimate of control function u(t) is
lu(t)|| < M2 for all t € (0,t1], where

M = KoMl |+ N+ L sup [le0)]+ KoLt} B, a)lel, |
te[0,t1

Proof. By putting ¢ = ¢; in the solution z(¢) of the system (2.3) on (0,¢1], we get
2(ty) = 1] Ea (Aot (2o — To(0,20)) + Yot zalts)) + /Otl(tl — ) By o (Ao(ts — <)) Wo(s, 2p(s))ds
+ /Otl (t1 — $)* ' Ea,a(Ao(t1 — )*)Bou(s)ds
=177 Ea (Aot$) (mo — Y0(0,20)) + Yo(t1, za(t1)) + /Otl(tl — )" ' Eq o (Ao(ts — €)*)Uo(s, zp(s))ds

ty

+ ; Eaa(Ao(tr = )*)BoBj Ea,a(Aj(t — 1)*)(Gg") [fftl — ] 7 By (Aot?) (0 — To(0, 20))
— To(tl, Sﬂa(tl)) — A 1 (tl — T)ailEo“a(Ao(tl — T)a)\Ifo(T, l’b(T))dT:| d§
=117 Eoy (Aot$) (mo — To(0,20)) + Loltr, za(tr)) + /o 1(751 — ) By a(Ao(ts — $)*)Wo(s, zp(s))ds

+G0' (G0 [ftl — 117 By (Aot) (20 — To(0,29)) — To(t1, za(t1))

- /O (= )T B (Aot — <)a>%<<,xb(<>>d<]

= Ty -



Therefore, control function (4.6) is suitable for ¢ € (0,t1]. Furthermore,
lu@)IF < It = )" By Eaa(A5(tr — )*)(Gg") | {H%H + 1877 Ea iy (Aot (w0 — To(0, 20)) |
t1
#aftr )]+ [ (6 = 9 B (Aalts = ) Wols.an(6) ]
0

< K3M§

- t1
[, | + 87~ Ko (ol + [ To(0, 20))) + My + L [Ja(t)]| + K2 My / (t1 — )" 'ds
L 0

+ Kol [ 1<t1<>a1|x<<>||d<]

[ _ KoMygt?
< KM ||, || + 877 K1 (o]l + [1To(0, 20))I[) + My + Ly S lz@)ll + =———
L sb1

N KgL@t‘f“‘lB(%a)llxlly]
— MS,

where we use

[ = tatentas < ([0 9m - el

= (t =) 'B(y, a)llzl,-

O
Lemma 4.5. Let the assumptions (H1)-(HS3) hold, then the control
u(t) = (tigr — 1) OB; Ega (Al (tiz1 — £)*)(GyH) ! [%H — (tigr — )" Baqy (Ai(tiga — 0:)*) [T (94, 2(t;))
tit1
= Yi(0s,20(93))] — Ti(tivr, va(tiv1)) — / (tiv1 — )" ' Eaa(Ai(tiz1 — <)”‘)\Ifi(c,xb(<))d§} (4.7)
9

fort € (Ui, tig1],i=1,2,...,m, steers the state of the control system (2.3) from xo to xy,.,
estimate of control function u(t) is ||u(t)|| < M}, for allt € (¥;,ti41],4=1,2,...,m, where

at time t = t;41. Also, the

M, = K3M}, l|$t7¢+1 |+ tz—ijll-/\/i + (t;:llKl(LJ + Ly) + L) [sup | z(®)[] + KQL‘Ift?le’YilB(% a)||x||7] .
te[Vi,tit1

Proof. By putting t = ¢;41 in the solution z(t) of the system (2.3) on (¥;,t;41],i = 1,2, ..., m, we get

w(tiyr) = (tig1 — )" Ba g (Ai(tisr — 0) )T (06, 2(t;) — Yi(Wi, 2a(95))] + Tiltigr, Ta(tizr))

ti+1 7:i+1
+/ (tig1 — §)a_1Ea,a(u4i(ti+1 — )N W(s, xp(s))ds +/ (tig1 — §)a_1Ea,a(u4i(ti+1 —$)Y)Bu(s)ds
i 94
= (tiz1 — %) Baqy(Ai(tisr — 9))NT (Wi, 2(t;)) — Ti(Di, wa(9:))] + Ti(tiv1, zaltivr))
ti+1 ti+1
+/ (tiv1 — ) " Eaa(Ai(tisr — 9)*)Wi(s, 2(<))ds +/ Eoa(Ai(tivs —<)%)Bi

X B! B (Al (tir — D)) (G5) ! [ (tisr — 00 Eay (Ailtir — 9))[Ti(05.2(57))

T 20 (00))] — Viltir1 altinn) — / T tiar = 1) B (At — 7)) (2 (7)) | de

i



= (tix1 — 95)"  Eany(Ailtiyr — 93))[Ti(Wi, a(t;) = Ti(i, 20 (0:))] 4 Yi(tigr, Tatis))

tit1 ‘
+/ (tit1 — <) ' Eaa(Ai(ticr — <)) W4(s, 2p(s))ds + gngl(géfl)il T,y

— (tiy1 =) Baqy (Ai(tisr — 0)*)Ti (05, 2(t;) — Yi(Pi, wa(94))] = Liltisr, Ta(tir))

_ /9 i+1(ti+1 — )" ' Eqga(Ailtiyr — g)a)%(g’zb(g))dg}

i
= $ti+1.

Therefore, control function (4.7) is suitable for (9, ¢;41],7 = 1,2, ..., m. Furthermore,
lu(l < I(tirs =)' Bf Eaa (A (tirr — )%)(Gg) 1l [Ill’tmll H | (tivr = 907 Ban (Ailtivr = 917 (05, (7))l

a2 O]+ ITitin altin) 4 [ i = O B Aitis = ) Ws(s, () s

< K3M,, [||xti+1 I+ t}ngl(MJ + Lyl||lx(t; )| + My + Ly ||za(9:)|]) + My + Lr||z(tis1)]]

tit1

t1
woy [0 s+ Kot [ (tmc)alnx(c)ndc]
0

i

< KM [thm |+ t] Ki(My + My) + ) Ki(Ly + Ly)  sup  [a(t)| + My + Ly sup [a(t)]
te[Vi,tir] te[¥i,tit]

KoMyt
+ 2l

L KoLt B0 el

= M.

u

O
Theorem 4.6. Let the assumptions (H1)-(H3) hold, then the control system (2.3) is totally controllable on I, provided
Ly, <1. (4.8)
Proof. Consider a subset 0 C PC such that
O ={z e PC: ||lzfly Swi},

where

w) = max | max M (9; — ;) " My
t= OSiSm].—’R,i7 ].—Lj ’

Now, we define an operator F1: )y — Q7 as
t
(F12)(t) = 77 Ea,y (Aot®)[zo — To(0, 20)] + Yo(t, za(t)) + / (t =) ' Ea,alAo(t = <)) Wo (s, z5(s))ds
0

+ /t(t - g)ailEa,a(AO(t - ()Q)BOU(C)dQ te (O,tl],
0

(F1x)(t) = U,(t,2(t;)), t € (ti,04], i =1,2,...,m,
(F1z)(t) = (t = 9;)" " Eay (As(t — 9:)*) [T (94, (t7) — Ti (P4, ma(9:))] + Lilt, 24 (t))

t

+ / (O B (st — <)) Wi(e, (<)) + / (t— " B (At — <)) Boul<)ds,
[V

i 9
te (Q9i,t7;+1]7 1=1,2,....m,



where u(t) is given by the equations (4.6) and (4.7) in the intervals (0, 1] and (94, ¢;41],¢ = 1,2, ..., m, respectively.
It is clear from the Lemma 4.4 and Lemma 4.5, x(t) satisfies x(t1) = x¢, and (tiy1) = 24,,,,7 = 1,2,...,m. Thus,
to proof the controllability of the switched control system (2.3), it remains to show that the operator f; has a fixed
point. For the simplicity, we split the proof into the following two main steps:

Step 1: We shall show that F; maps ; into ;. Now, for any ¢ € (0,¢1] and = € 5, we have

NP 2) (O] < [1Ba,y (Aot®) [wo — To(0, o)l + 7 [[To(t, za (1))

T / (t =) Y Ea.a (Aot — )*) o (s, 25(s))||ds
0

+ tl_w/ (t =) | Baya(Ao(t — ¢)*)Bou(s)||ds
0

t
< Ki[llwoll + 1o (0, mo)ll] + 177 My + "7 L[|z (t)]| + tl*”KzM\P/ (t—<)*'ds
0

t

t
+t1_’YK2L\p/ (t—q)a_lﬂxb(g)ﬂdg+t1_7K2MB/ (t—<)* ' K3MQ {thln
0 0

FOTWN 4 L s (o0 + Kot B 0)el | d¢
te(0,t1]

tOH =YK, My,

< Ki[llzoll + 7o (0, 2o)l[] + ' ="M + Lyw: + -

t* Ko M K3 MQ
(07

+t*KoLgwi B(y, @) + [t1_7||act1 Il + No + Lyw;y + KoLyt B(y, a)wﬂ

< No + Qowr + So(ty 7 ||ze, || + No + Qowr)
< Mo+ Rowi < wj. (49)
Now, for any x € Q; and t € (¢;,9;], i =1,2,...,m, we have
(t—t)' N az) @O < (¢ =) Tt 2(8)]
< Lgw; + (191 - ti)l_’yMj < wig. (410)
Similarly, for any = € Qq and t € (9;,t;41],7 = 1,2, ...,m, we have

(t = 9) N 12) O] < By (Ai(t = 9))[Ti (03, 2(t7) = T, wa ()] + (¢ = 93) 7Tt za(t)]

+ (=) / (t =) | Eaya(Ai(t — )*)Ws(s, 25(c)) |ds

k3

+ (t—09;) /t (t =) Baa(Ai(t = )*)Biu(s)|ds

< Ki[Mg + Ly ot + My + Ly |lza(9:) ] + (¢ — 9:)' 77 M;
t
+(t = 9:) 7 Lyl|lza ()| + (t = 9:)' T KoLy / (t = <) Hlzo (<) llde

i

t
+ (- 191')1*7K2Mr/ (t—<)" s+ (t - ﬁi)lﬂKszMBMé/ (t—q)*! [Ixtm I

t

+tI N + (1 Ki(Lg + Ly) + L) [SUP | lz(t)]| + KoLyt ™' B(x, a)llﬂfw] ds
te[ditiv1

< K [Mg + My]+ (t —9;)" ' K1 (Lg + Ly)wy + (t —9;)* "My
(t - 191.)06+1*’YK2M‘I} + (t - ’l%)aKgKgMBMé
Q

+ Lyw; + (t — ﬁi)aKQLq;B(’}/, a)w1 -+

X |t = 90 g, |+ N+ (5 K (L + Le) + Lo)ws + Kz Lutf By, ) |
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SN+ Qiwr + it we Il + Ni + Qiwr)
é Mz + Riwl S wi. (411)

From the inequalities (4.9), (4.10) and (4.11), for t € I, we get
[Fizlly < wi.

Hence, f 1 maps 7 into ;.
Step 2: Here, we show that f is a contracting operator. For any z,y € © and t € (0,t1], we have

(P 12) (1) = (Fay) ()]
< Yot wa(t)) = Tolt ya(t)ll

+ tlﬂ/o (t = <) I Ba,a (Aot — )*)Wo(s, 26(<)) — Wo(s, ys(s))llds
+ 1 / (1 = ) [ Eaa(Ao(t = )*)Bo(tr =)' =B Ea o (Ag (11 —)*)(G5)
o [||T0(t1,xa(t1)) Yot ya(t))] +/O 1(t1 — 7)Y Ea,a(Ao(ts — 7)) Wo (7, 25(7)) — Wo(r, yb(T))IIdT} ds

t
<t Lyllwa(t) = ya(t)ll + ¢ T K2 Ly / (t = )" Hlas(s) = wn(<)llds
0

t1

t
+ K2K3M3M8t1_7/ (t—¢)>t [LTHxa(tl) — ya(t1)] + KQLW/
0 0

Ko K3 Mg MYt®
(0%

(ty — )2 () ybmnﬂ s

< Lrllz = ylly + 1" K2 Lo B(y, @) ||z —yll; +

< Qo(1+ So)llx —ylly
< Rollz —yll,- (4.12)

[Ly + 17 K2 Ly B(y, o)z = ylly

Also, for any z,y € Qp and t € (t;,9;],4 = 1,2,...,m, we have

(t =) 1)(0) — () O] < (6= )TN Ttw(t) - Tt y(E)]
< Lyl — y». (4.13)

Similarly, for any z,y € 1 and t € (¥;,t;41],4 = 1,2, ...,m, we have

(t=9:) T I(F12)(t) = (Fay) @)l
S By (Ai( = 0) )1 Ta (i, 2(t77)) = Ti(Da, y ()|
T, wa(9:) = Ti(Wi, ya ()] + (¢ = ) 7 Talt wa(t) — Tilt ya(®))]

+(t*191)1’”/§‘(t* )M I Ba,a (Ait = )M)IIT(s, 20(<) = Pils, p(s))llds

t
+(t =0, /19 (t = ) HEBaa(Ai(t = OBl (tirr = €)' 7B} Ba,a (A (tigr — )]

i

< (G5 ) [ll(tm = 9)" By (Ai(tisa = 9) T, 2(87)) = T3, (t7)
F (Wi, 2a(9:)) = Ti(@is ya (W) ] + [Tt za(tr)) = Tiltr, ya(tr))]

[ i = 1 B (At = D)) = (7)) |

11



< Ki(Lglla(t;) =yt + Lrllza(9:) = ya(9:)) + (¢ = 9:)' 7 L ||za(t) — ya(®)]

KoLyt — 0))' / (t — 92 2(6)) — y(s)llds

i

+ Ko Ky MpMg(t — 9;)' 7 /19 (t—ot [(ti+1 —9) T Ky (L |la(t;) =yt + Lrllza(9:) — ya(95) )

i

tit1
+ Lr||lza(t) — ya(t1)]| + K2Lw / (tivr — 1) Ha(r) — y(7)|ldr|ds

i

B Ko K3 M} Mt
< (t =9 Ka(Lg + L)l = ylly + el = ylly + KaLu(t = 9)*B(y, @)l -y, + —————

x <(tz‘+1 = 9:)" K1(Ly + Ly)|lw = ylly + Ly llz = ylly + KoL (tivs = 9)*B(y, ) lz — ylv)
< Qiflz —ylly + SiQillx — ylly
< Rillz =yl (4.14)
Therefore, from the inequalities (4.12), (4.13) and (4.14), for any ¢ € I, we have
1Pz = Faylly < Ley e =yl

Hence, from the inequality (4.8), F 1 is a contracting operator.

Therefore, from the step 1 and step 2, we can conclude that the operator F q satisfies all the conditions of Banach
fixed point theorem and hence, the control system (2.3) has a unique solution. Subsequently, the control system (2.3)
is totally controllable on I. Also, from the Remark 4.3, the control system (2.3) is controllable on I. O

5 Controllability of Integro-differential Equation

Here, we establish the total controllability of control system (2.3) with the integral term as follows:
t

Df;;f[x(t) = Yi(t,za(t)] = Ai[(t) — Tit,za(t)] + Vi (¢, 20(t)) + Biu(t) ‘*‘/ﬁ k(t, <) Zi(c,z(c))ds, t € UiZo(Vs, tival,
xz(t) = Ji(t, z(t;)), t € (8,0, i =1,2,...,m, 1 (5.15)
I 2(07) = wo, I a(0]) = (Wi, 2(t)), 7=+ B —ab.
Definition 5.1. A function x € PC is a solution of the system (2.3), if x satisfies
(i) Iy " 2(0%) = zo and I, 7w (0)) = Ti(9:, 2(t))),
(i1) z(t) = Ti(t,z(t;])), t € (t;,94], i=1,2,....m

and the following equations

w(t) = 77 Bay (Aot™)[20 — To(0,%0)] + Yo(t, za(t)) + /0 (t =) Eaa(Ao(t —<)")o(s, x5 (<))ds

+ / (= O B (Aolt — <)) Bou(€)ds + / (= O B (Aot — ) / " k(5. 7) Zo(r 2(r))drds
fort € (0,t1] and
£(t) = (= 0 By (Ailt — 9T (s 2(67)) — Ti(0is2a(92))] + Tt 2a(t))

[T B A s Dk + [ B (At~ B
9 Y

i

+ /; (t— g)aflE%a(Ai(t <)) /; k(s,7)Z;(r,z(7))drds

i

fO’I"t S (’197;7ti+1]7 1=1,2,....,m.

12



We impose the following extra assumptions to establish the main results for the integro control system (5.15).

(H4): k : T; x T; — R is continuous and there exists a positive constant M} such that f; |k(t,s)|ds < M, for
1=0,1,...,m.

(H5): Z,:T; x R® - R"™, i=1,2,...,m, are continuous and satisfy
1Zi(t,2) = Zi(t,y)|| < Lzllz -y,
for all x,y € R™ and t € T;, where Lz is a positive constant.

We set

)

— _ _ Kot¥(My + MM
st |20 < Mzi Mo =177 (67 (ol + [Yo(0,20)]) + M + 2R E M)

Kat?,, (Mg + MyM
Ni=t] (t?lllKl(Mj+MT)+Mf+ 2fiy (M + Mi M)

«

), i=1,2,...,m;

Qo = Ly + 17 K2B(y,a)(Ly + My Lz);
Qi =t; /Ki(Ly + Ly) + Ly + 18 K2 B(y,a)(Ly + MxLz), i=1,2,....m;
M = N+ (b ) | + A0 T = Q14 80, 0= 0,1,y
Ly, = max (maxogigm R, Lj) .
Lemma 5.2. Let the assumptions (H1)-(H5) hold, then the control function

u(t) = (ty =)' "By Ea.a(As(ty — 1)) (G5") [xtl — 1] By (Aot$) (w0 — To(0,70))
—Yo(t1,zalt1)) — /0 1(t1 - g)a_lEa,a(AO(tl — )N ¥o(s, zp(s))ds

- / (1= ) B (Aot — <)) / ) k(g,T)Zo(T,x(T))deg}, te(0,41]. (5.16)
0 0

steers the state of the control system (5.15) from xq to x4, at time t = t,. Also, the estimate of control function u(t)
is lu@®)] < MO,V t € (0,t1], where

NS = K MY [nxtln 7RG L sup [0 + Koty B ) L + MkLz>|w||7]
te[0,tq

Proof. By putting ¢ = ¢1 in the solution z(¢) of the system (5.15) on (0, ¢,], we get
2(t1) = ] Bay (Aot]) w0 — To(0,20)] + Yo(t1, za(t1)) + /Otl(tl — )" ' Eq,a(Ao(ts — <)) ¥ (s, 4(<))ds
+ [ Y (= O B (Aol — %) / (s, ) Zo(r, 2(7))drds + / Y (0= O B (Ao (b1 — ) Bou(s)ds
= 17 B (At 0 = Yal0,20))+ Yoltr. ) + | = O B (Ao(tr — ) Wo(s, a3(s))ds
+/0t1 (b1 — <) B o (Ao(tr <)“)/ng(c,T)zo(T,x(T))dew/Otl Euo(Ao(tr — )™)Bo
B3 (At~ 008 o1, — 17 By (Aat) 0 — Ta(0,20) = Taltr, (1)
— /otl (t1 — T)“_lEa,a(Ao(tl —7))Uo(T, xp(T))dT

_ /O " (1 — 7) LB o (Ao(t; — 7)%) /0 "k, S)Zo(s,x(s))dsdT} ds

13



= 1] Bay (Aot$) [mo — To(0,20)] + Yoltr, za(t1)) + /o 1(tl —§)* By o (Ao(ts — <)) W0 (s, 2p(s))ds
—I—/O 1(t1 — g)a_lEa@(.Ao(tl —-<9)Y) /0< k(s,7)Z0(7, z(7))drds
+ 661 (Gg) |:xt1 — 1] B (Aot?) (z0 — To(0,20)) — Tolt1, za(t1)) — /0 l(tl — )" Eaa(Ag(ts — <)*)

X Wo(s, zp(s))ds — /0 1(151 — g)aflEma(Ao(tl ) /(: k(C,T)Zo(T,I(T))de§:|

Therefore, control function (5.16) is suitable for ¢ € (0,¢1]. Furthermore,
luIl < lI(ts =)' By Eaa(As(tr = 1)*)(Go") | [llﬂftl 1+ 1137 Ea, (Aot (0 — To(0, 20))]|
ty
+ 1 To(ts, za(t1))] +/ (t1 = ) [ Baa(Ao(ts = §)*)Po (s, () 1 ds
0

+/O (- ) Ea.a(Ao(tr — )%l /OC Ik(aT)IIIZo(T,x(T))Ide<]

_ KoMygt§
< KsMS{H%H + 877 K ([lzoll + Yo (0, o)) 1) + My + Ly sup. lz()] + —=—+ aw :
te[0,t

. KoMy Mste N
+ KoLyt T By )l + = 4 KoL Myt 1B(%a)||aw]
300,
O
Lemma 5.3. Let the assumptions (H1)-(H5) hold, then the control
u(t) = (tiyr — )" 7B} Eaa(Af (tig1 — £)*)(G5 ) ™! {l’tm — (tiv1 = 93)7 " Eay (Ai(tig1 — 90) ) [Ti(0s, (7))
tit1
— Y5 (0i,2a(94))] — Ti(tivr, valtiz1)) — / (tis1 — ) ' Eaa(Ai(tisr — <)) Wils, 25(s))ds
9
tit1 S
7/ (ti+1 7§)a71Ea7a(Ai(ti+1 7§)a)\/ k((,T)Zi(T,$(T))de§ ; (517)

fort € (V4,tiy1],i = 1,2,...,m, steers the state of the control system (5.15) from xqg to xy,,, at time t = t;11. Also,
the estimate of control function u(t) is ||u(t)|| < ML,V t € (94, ti11],i = 1,2,...,m, where

M = KsM([le,. || + 675N + (657 Ky (Ly + Ly) + L) suwp ()]l
te[V,tit1

+ Kot ' B(y, @) (Ly + MyLz)|x|l,].
Proof. By putting ¢t = t;41 in the solution z(t) of the system (5.15) on (94, ¢;41],% = 1,2, ...,m, we get

w(tiv1) = (tiv1 = 0:)" Ban (Ai(tir — 0))Ti(0s, 2(t7)) = Ti(Wi, 2a(9:)] + Yi(tir1, Ta(tiv))

tit1
+/ (tiv: — ) ' Eao(Ai(tiv: — <)) Wils, mp(s))ds +/ (tiv1 — ) ' EBua(Ai(tic: —<)*)Biu(s)ds
) 94

7

tit1 S
4 / (tis — )" Eao(Ai(tisr — o)) / k(6 7)Zi(r, 2(r))drds
9 9

i
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= (tix1 — 95)" " Eany(Ailtiyr — 9:))[Ti(Wi, a(t;) = Ti(i, 20 (0:))] 4+ Yi(tigr, Taltis))

tit1
+ / (tirt — ) B (As(tist — ) Wi, (<)) ds

k3

tit1 <
+/ (tiv1 — <) ' B a(Ai(tivr — g)a)/ k(s,7)Zi(1,z(7))drds
9 95

i

tiv:
+/ Eaa(Ai(tisr — )*)BiBf B (Af (tiyr — 1)) (G )~ {xtm — (tigr —0:)" " Bay (Ai(tiza — 9:)%)
9

i
tiy1

x [Ti(i,2(t;)) — Ti(Di, wa(4))] — /19. (tiv1 — ) " Eaa(Ai(tir — 7)) W(7,23(7))dr

tit1

—Yi(tit1, zaltiv1)) — / (tiy1 — T)“_lEa’a(.Ai(tiH — T)a)/ k(1,8)Z;(s,z(s))dsdr | dg
191' 197,

= xt,:+1-

Therefore, control function (5.17) is suitable for (¢;,t;41],¢ = 1,2, ...,m. Furthermore,
—QR* * [e% 7 1 « -
[u®)]] < [(tiga = 1) "B} Baya(A; (tigr —1)*)(Gg )| {thm + 1875 By (Ai(tivr — 9) DT (i, ()|

105, 20D + iy, 7ty 1)) + / bt = O B (Autisr — ) [1%s(e, (<))l de

i

[ =9 B Ailtir = [ ks D2 2t e

i

< K3M} Dxt ol + 5 Ky (Mg + My) + 6] K1 (Ly + Ly)  sup  [lz(®)| + Ly sup  [lo(ti)]|

te[9i,tit] te¥i,tit)
KQM\I;t? @ KQMkMzt? «
i Mp M et B 0l 2N g Lo B0l
v

O
Theorem 5.4. Let the assumptions (H1)-(H5) hold, then the control system (5.15) is totally controllable on I, provided
Ly, <1. (5.18)
Proof. Consider a subset o C PC such that
(s e PC: |jall, <ws),

where

( Mi (192 —ti)l_’qu;>
wy = max | max —, .
0<i<m 1 —R;

Now, we define an operator F o : {23 — Q9 as
t
(Fax)(t) = 77 Ea o (Aot™)[wo — Yo (0, 20)] + To(t, 2a(t)) + / (t =) " Eaa(Ao(t — ¢)*)o(s, 25(s))ds
0
t
+ / (t - g)ailEa,a(AO(t - g)o‘)Bou(q)dq
0

+/ (t_g)a_lEa,a(Ao(t_g)a)/ck(g,T)zo(T,x(T))deg, te (0,h],
0 0
(Fax)(t) = V,(t,z(t;)), Yte (t;,v), i=1,2,...,m
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(Fox)(t) = (t —9;)"  Eg o (Ai(t — 9))Ti (95, 2(t7)) — Li(Vs,20(9:))] + Yi(t, 24 (t))

+ /t(t — ) Eq 0 (Ai(t — <)) W(s, 25(s))ds + /t(t — Q) Eq o (Ai(t — ¢)*)Biu(s)ds
9 9

i
S

t
—|—/ (t—¢)* By (At — g)a)/ k(s,7)Z;i(r,2(7))drds, t € (Wi, tiy1], i =1,2,...,m,
9 9y

i

where u(t) is given by the equations (5.16) and (5.17) in the intervals (0,¢;] and (9;,¢;41],7 = 1,2, ..., m, respectively.
It is clear from the Lemma 5.2 and Lemma 5.3, x(t) satisfies x(t1) = ¢, and (tiy1) = 24,7 = 1,2,...,m. Thus,
to proof the controllability of the switched control system (5.15), it remains to show that the operator F 5 has a fixed
point. Let, for any ¢ € (0,] and = € Qy, we have

t
N (Fa) ()] < Kalllzoll + [To(0, 2o)ll] + 1My + 177 Ly [lza (t)]| +t1’7K2Mqu/ (t—<)*ds
0

t

t S
KLy / (t— )2 an(s) s + £ I / (t— o)t / k(s 7)| Mzdrds
0 0 0

t S t
+tHK2/ (tfg)afl/ |k(<,7)|LZ||z(T)||deg+tHK2MB/ (t — <) K5 MY
0 0 0

x {thl |+t N + Ly S 2 (t)] + Koty By, ) (Ly + MkLz)HxH] ds
< Mo + Rows < wa. | (5.19)
Now, for any = € Q9 and t € (¢;,%;], i =1,2,...,m, we have
(t— ) 22)(B)] < ws. (5.20)
Similarly, for any x € Q9 and t € (9;,t;41],7 = 1,2, ...,m, we have
(t = 9)' N (Fax) ()]l < Ki[Myg + [lo(t)l| + My + L |lza(9:)[] + (¢ = 9:)' 77 M;
+ (= 9)" T Ly |za ()] + (t = 9:)' T KLy /t (t =) Hlan(<))llds

t

7

i <
+(t—z9i)1_7K2MT/ (t—g)a_ldc—l—(t—ﬁi)l_VKg/ (t—g)o‘_l/ |k(s, )| Mzdrds
t

+ (t—9)' K /

9;

¢ [ ks miE2la(r)drds

t
+(t— 19¢)177K2K3M5Mé/ (t—q)* [thm |+ 1A

+ (¢} Ki(Ly + Ly) + L) [sup | lz(t)]| + Kat& ' B(v, @) (L + MkLZ)||x|7] ds
te[Vi,tit1
< M; + Riwa < wo. (5.21)
From the inequalities (5.19), (5.20) and (5.21), for t € I, we get

[Fazlly < wa.

Hence, F 2 maps Qy into 5. Next, we show that f o is a contracting operator. For any z,y € Q5 and ¢ € (0,t1], we
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have

N (Faz)(t) = (Fay) (@)
< 7 To(t, za(t) — Yot ya(®))]

+ t1_7/0 (t =) [ Ba,a(Ao(t — )*)Wols, 26(s)) — Wols, ys(s))llds

17 / (t =) BaalAolt = )) ogk(w)inzo(m(r))—%(ny(ﬂ)ﬂdrdc

0

+ /0 (t = ) Eaa(Ao(t — <)) Bo(ts — )= Bj Eaa(A5(ty — ) (Ge) |
x {Hro(tl, za(tr)) = Yoltr,ya(t1))]| + /0 (= )" (Aol — 7)) W0 (r 21(7)) — Wo(r, ()

# [t ot =) [ N1 Zo(r () Zofr )
< Qo1+ So)llz = ylly < Rollz — yll, (5.22)
Also, for any z,y € Qy and t € (t;,9;],4 = 1,2, ...,m, we have
(t =)' (Faz)(t) = (F2y) ()]l < Lz — yll,. (5.23)
Similarly, for any x,y € Qg and t € (94, t;41],4 = 1,2, ...,m, we have

(t=9:)' N (F22)(t) = (Fay)(®)]
S 1 Baq (Ai(t = D)1 Ti(0s, 2(7)) = Ta(@i, y(8)]
s (03, 20 (93) = Lo (i, ya (D)) + (€ = D) V| Ta(t, 2a(8)) — Tilt, ya ()]

+(t—19¢)1_”/ (t = ) Baa(Ai(t = )T, 25(5)) = Wil<, (<)) 1 ds

i

=007 [ (=9 I Baal Al = 9 [ bt 727 7)) — Zir ()l
=001 [ (= O B (At = MBI t1 = 1B B (At = )

x (G [|(ti+1 = 00)7 7 By (Ai(tigr = 90) I Ta (93, 2(87)) = Ta(Wi, a(t7))]
T (i, 2a(95)) = T, ya (I ]+ 1Ti (t1s za(tr)) = Titr, ya ()]

—i—/ i+1(ti+1 =) Baa(As(tivr — 1)) W7, 26(7)) — WilT, yo(7))[|dT

i

[ s = B littses =l [ N2 ) - 20 areas
< Qi1+ Si)llz —ylly < Rillz —yll,- (5.24)
Therefore, from the inequalities (5.22), (5.23) and (5.24), for any ¢ € I, we have
1F2x = Faylly < Le,llz —ylly.

Hence, from the inequality (5.18), F o is a contracting operator. Therefore, F o satisfies all the conditions of Banach
fixed point theorem and hence, the control system (5.15) has a unique solution. Subsequently, the control system
(5.15)) is totally controllable on I. Also, from the Remark 4.3, the control system (5.15) is controllable on I. O
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6 Example

Example 6.1. We consider the following switched impulsive control system in the space R?

3+ |z1(t/2 t_ t(3+ |z1(t/2 ¢ tsin(zo(t/2
Dgfﬂj{ 1(t) 45te(5(1 —|—‘ |:1c(f{t/)£))) € {zl(t) 456(5(1 +| |a:(1{t/)£))|) 6} 0.2 {1:2 (486(5/ ))}
tP21(2/3) + —et +uy(t), t €(0,0.4]
35¢e6 2 t LR
tsin(za(t/2))] t(3+ |x1(t/2 ‘ tsin(xa(t/2
Dgfvoj {M(t) S (486(5/ ! =02 {xl(t) 456(5(1 +| |:U(1{t/)£))|) e} o {@(t) : (48€<5/ ))}

m +sin(t) + ua(t), € (0,0.4],
DB |10~ s Pl ) 0 s oy @ 0% [0 5 e
+ % Fet b u(t), te (0.6,1],

DT [eat) ~ G ] =03 1) et iy ~ ] 05 [0~ Syt

t;;ff”fft{f? +sin(t)e” +ua(t), t € (0.6,1],

() = COS(?;;S'“ Sif;@, 2a(t) = Sm(?ggﬂ‘r) + Cozft), £ (0.4,0.6],
reton) - IO 08 ) iOB0) o

Iz (07) =2, I a0 (0F) =3, (6.25)

The system (6.25) can be written in the form of (2.3), where tg = 0,1 =0.4,91 =0.6,ta =T =1,m =1, =0.8,5 =
0.7,a(t) =t/2,b(t) = 2t/3,

21 (t) 2 -1.0 02 [ -2 1
0= o [ [5] =08 S aad S5 w1 e[
_ | w(®) Yo1(t, za(t)) - Tt 2(t)) . Wor(t,x(t))
u(t) = [ unl?) } Yot xa(t)) = [ Yo(t. 7. (1)) } To(t,z(t)) = [ T1a(t, z(t)) } Wo(t,z(t)) = [ Woo (. 2(1)) ]
Uy (t, z(t)) _ [ Tt x()
Wyt 5(t)) = { W oot (1) ] Wil 2() = [ Tan(t. (1) } ’
with
_tB+zi(a(t)]) ¢ _ tsin(zz(a(?)))
Yo1(t,z.(t)) = 155+ [21 (a(0)]) +e', YToa(t,za(t)) = T7
Tt a0) = frtents e gy ¢ Tl = G R

(i + )z (b(t) | (1+1d)e
35eitt6 2

cos(t)za(t) | sin(t
4(56)154-8( ) et( ), T21(t, z(t)) =

tcos(xa(b(t

, Wialt,z(t)) = 35(1(+£)£t)+)6)

sin(t)xa(t)  cos(t)
50et+8 et

Wi (t,m(t)) = +sin(t)e, i =0,1,

Ju(t,z(t) =

We choose the final target points as x(t1) = [ 3 } and z(T) = { § } . Clearly, we can see that the assumptions (H1)
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and (H2) hold. Now, after some calculations, we get

t
! o . . o 0.1817 0.2348
Gy = [ EualAolts = *)Bol5s B (11 ) >d<=[ }
0

0.2348 0.3089

= [ Btk 015 1%
and
Ro = 9Qo(1+ Sp) =0.1322, Ry = OQ1(1 +51) = 0.6842.
Hence,

45
State x1(t)
40 State x,(1) 1
35 H Impulse x (1) 4
Impulse xz(t)
30 H B
=
>< 25 - -
=]
=
<
= 201 7
-
% 15+ -
P
10~
5L : :
o \/ ]
_5 i i
o 0.2 0.4 0.6 0.8 1

Time (1)
Figure 1: State trajectory of the system (6.25) when z(t;) = [3 2]*,2(T) = [2 3]*.

Ly, =max{Ro,R1,L;} = 0.6842 < 1.

Thus, all the assumptions of the Theorem 4.6 fulfilled. Hence, the switched control system (6.25) is totally controllable
on [0,1]. The controlled state trajectory of the system (6.25) is shown in the Figure 1 and the control function is
shown in the Figure 2.

200

Control u(t) \

150 - b

100 - b

50 |-

Control u(t)

—50 - i

—100
o
Time (1)

Figure 2: Trajectory of the control function u(t).
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Conclusion

We have successfully established the total controllability results of Hilfer fractional switched dynamical system with
non-instantaneous impulses. Also, we have extended these results to the corresponding integro system. We used the
Banach fixed point principle, Mittag-Leffler functions, fractional calculus, and Gramian type matrices to establish these
results. Finally, we have given a numerical example with simulation to validate the obtained analytical outcomes. As
further directions, the developed methodology can be used to establish the controllability results of fractional stochastic
differential equations with impulses.
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