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Both non-Hermitian systems and the behaviour of emitters coupled to structured baths have been studied
intensely in recent years. Here we study the interplay of these paradigmatic settings. In a series of examples,
we show that a single quantum emitter coupled to a non-Hermitian bath displays a number of unconventional
behaviours, many without Hermitian counterpart. We first consider a unidirectional hopping lattice whose
complex dispersion forms a loop. We identify peculiar bound states inside the loop as a manifestation of the
non-Hermitian skin effect. In the same setting, emitted photons may display spatial amplification markedly
distinct from free propagation, which can be understood with the help of the generalized Brillouin zone. We
then consider a nearest-neighbor lattice with alternating loss. We find that the long-time emitter decay always
follows a power law, which is usually invisible for Hermitian baths. Our work points toward a rich landscape of
anomalous quantum emitter dynamics induced by non-Hermitian baths.

Introduction.—A central goal in quantum optics is to
achieve strong and tunable interactions between atoms and
photons at the quantum level. A promising recent strategy
is to use nanofabricated lattices in one and two dimensions,
which give rise to structured environments with fundamen-
tally different properties than traditional approaches [1]. This
has spurred an interest in studying the dynamics of a single or
few quantum emitters coupled to structured baths [2—4].

Meanwhile, non-Hermitian (NH) physics has become an
emergent field with great current interest [5, 6]. This tendency
is partially driven by the experimental development in dissipa-
tion engineering [7], which enables the preparation and con-
trol of NH systems in various atomic, molecular and optical
platforms. These NH systems enjoy several unique features
without Hermitian counterparts, such as the NH skin effect
[8] and exceptional points [9]. The former refers to the local-
ization of “bulk modes” and is related to genuine NH topology
[10-12]. The latter refers to the points in the parameter space,
where the Hamiltonian is not diagonalizable [13].

In this Letter, we marry these two fields and point out a
few genuinely NH phenomena that emerge already for sin-
gle quantum emitters coupled to structured lossy baths in one
dimension (1D). We focus on three aspects of the quantum-
emitter setting: bound states [14], photon emission dynam-
ics, and atom decay dynamics [2—4]. For the former two as-
pects, we analyze the Hatano-Nelson [15] lattice with non-
trivial point-gap topology [10]. We unveil the existence of
“hidden” bound states with skin-effect origin [cf. Fig. 1(b)]
and a diversity of dynamical regimes [cf. Fig. 2], both with-
out Hermitian counterparts. For the last aspect, we analyze a
lattice with passive parity-time (P71') symmetry with excep-
tional points in the band structure. We demonstrate an alge-
braic asymptotic decay of the atomic excitation [cf. Fig. 3(b)],
which is usually invisible in 1D Hermitian systems.

Setup.—We start by considering a quantum emitter (an
atom), modeled as a two-level system, coupled to a 1D
nanophotonic lattice with engineered photon loss. The atom
may further undergo spontaneous decay from its excited state

le) to the ground state |g). Under the Markovian and rotating-
wave approximations, the equation of motion (in the rotating
frame) reads (A = 1)

pr = —i[Hy + Hy +V, pe] + Lapy + Lope, (1)

where ﬁa = Ao is the atom Hamiltonian with detun-
ing Ao, H, = PO Juaral g is the photon Hamiltonian
and V = g(&ged;ﬂu + H.c.) gives the photon-atom interac-
tion. Here, 6%% = |w) (| (w,w' = e,g), al. (az) cre-
ates (annihilates) a photon at site x € Z, g is the single-
photon Rabi frequency, and x( is the site where the atom
is located. The atom and photon dissipators are given by
Ly =7D[6%]and L, = k), DI[L,|, where y and & con-
trol the atom decay and photon loss rates, respectively, and
D[L)p = LpLt — {L1L,p}/2 is the Lindblad superoper-
ator. We assume there is only single photon loss, so that
L, = > 4 lzarGy is a linear combination of photon anni-
hilation operators.

The effective NH Hamiltonian then reads H, of = H a,eff T
Hy o +V with Hy o = (Ag — $7)6°¢ and Hy, g = H,, —
%I{ ZI iLﬁT the latter of which is quadratic under the above
assumption. Suppose the initial state is in the single-excitation
sector, such as po = [1o) (o] with |thg) = 59 |g) ®|vac) and
|vac) being the photon vacuum, then the solution to the master
~iHart poeiflent 4 pilg)(g] ©
iflesit o eiflliet| [3,16]. There-
fore, as long as we restrict ourselves to the single-excitation
sector, we may focus on studying the effective NH Hamilto-
nian. For translation-invariant lattices with J,,.» = J,_./,

lpz = lp_z and zg = 0, the effective NH Hamiltonian takes
the general form

equation (1) is given by p, = e

|vac)(vac| withp; = 1—Tr [e*

Heg = A6 + > wralar + —= Y _(6%a), + He), (2)
k k
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where A = Ay — %4, L is the lattice length, a, =
L7Y2Y" e%q, and wy, = Jp — Lk[lk|?, with J, =
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FIG. 1. (a) Two-level quantum emitter coupled to a Hatano-Nelson
lattice with unidirectional right hopping and background loss. The
detuning of the emitter is complex, A = (0.3 — 0.5%)%, including
thus purely atomic decay. (b) Single-excitation spectrum for three
different coupling strengths. The schematic drawings on top show
the profiles of the bound states inside and outside the loop, which are
skin-mode- and Hermitian-like (denoted by red and blue markers, re-
spectively). We dub the former “hidden” bound states, as we will see
that they do not apprently affect the emitter decay. Unlike Hermitian-
like bound states, the energy of the hidden bound state stays pinned at
the emitter detuning, irrespective of the value of g. (c) Dependence
of the localization length ¢ and atomic weight |c.|? of the hidden
(red) and Hermitian-like (blue) bound states on coupling strength g.
Dashed vertical lines indicates the onset of the Hermitian-like bound
state.

dow Jee %% and [}, = Do l,e~ " is the complex band dis-
persion of ﬁp7eﬂ‘.

Bound state.—The Hermitian version of Eq. (2) has been
widely studied in the literature. Of particular interest are
photon—atom bound states, which are eigenstates of Eq. (2)
with photon profiles localized around the atom [17]. To find
the bound state in the NH case, we can follow exactly the
same procedure as the Hermitian case: we first write down a
general state |¢,) = [66669 + L7V, ckdu lg) ®|vac) in
the single-excitation sector. Imposing the eigenstate condition
Heog |Yn) = Ey, |¢y), we obtain Ace + £ >, ¢, = Eyc. and
wick + gce = Eyck, Vk. Solving these equations and using
that a bound state should have ¢, # 0, we find

1
E—wk7

2
By - A-%(By) =0, B(E)=L3" 3)
k

where Y(FE) is the self-energy of the quantum emitter. Then,
we obtain |c.|? = (14 ¢?L~* >, |Ey —wg| %)t and ¢, =
g(EBy, — wy) " tee, whose (inverse) Fourier transform gives the
real-space photon profile. Note that the formula |c.|?> = (1 —
¥'(E),))~! for Hermitian systems breaks down in general due
to the fact that both Ej, and wy may be complex.

A unique feature of NH systems is that the spectrum can
form a loop, which is characterized by the spectral winding
number [10]. This is a signature of NH topology and has been
identified as the origin of the NH skin effect [11, 12]. A pro-
totypical model that exhibits such nontrivial spectral winding
is the Hatano-Nelson model with asymmetric hopping [15].
Choosing L, = Gz —idz41 [10]and J, = k(8,1 400 —1)/2,
we can even reach the maximally NH limit with unidirectional
(right) hopping [cf. Fig. 1(a)], in which case wy, = k(e™* —i)
and thus the spectrum forms a loop |F + ik| = &k [cf.
Fig. 1(b)]. Substituting the expression of wy, into Eq. (3) and
taking the thermodynamic limit L — oo, one finds

Z(E){O’z

g
FE+ik?

|E +ik| < K,

. “)
|E +ik| > K.
It turns out that the self-energy vanishes inside the loop. This
result actually has a topological origin [18] and implies the ex-
istence of a bound state “hidden” in the loop, with its energy
pinned at A. Its photon profile vanishes to the right of the
emitter and decays exponentially to the left, with localization
length ¢ = (In|x/(A + ix)|)~!. Notably, it does not depend
on the coupling strength g. In contrast, bound states with en-
ergies outside the loop only arise for sufficiently large g, and
feature a photon profile that decays exponentially in the right-
half space with localization length strongly depending on g.
See Figs. 1(b) and (c) for an illustration, where one also finds
an opposite g-dependence of the atom weight |c.|? for these
two different types of bound states.

The behavior of the hidden bound state is reminiscent of
the vacancy-like bound state in Hermitian topological lat-
tices [19], such as the Su-Schrieffer-Heeger model [4]. In-
deed, there is an analogous interpretation: removing the site
to which the atom is coupled, the resulting systems has a skin
mode for any A within the loop [10-12, 20]. A bound state
can then be obtained as a proper superposition between the
skin mode and the atomic excitation. Note that in stark con-
trast to the Hermitian case, there is no need to fine-tune A
since there is a continuum of skin modes. The bound states
outside the loop behave more like conventional Hermitian
bound states. Nevertheless, unlike the Hermitian case, where
bound states appear for arbitrarily small g in 1D [14], here
we need a sufficiently large g. This is closely related to the
fact that the Anderson transition in the Hatano-Nelson model
occurs at finite disorder strength [15], whereas 1D Hermitian
models immediately localize [21].

While this is beyond the scope of this short letter, we would
like to point out that some properties of the hidden bound
states are inherited by the more general Hatano-Nelson model
(i.e., with both nonzero left and right hopping) even in the
multiple emitter case. For example, the eigenenergies are al-
ways pinned at the (generally different) complex detunings, as
if the emitters did not influence each other. Further details can
be found in the companion paper [18].

Dynamics.—We move on to study the photon emission dy-
namics. To be specific, we focus on the non-unitary evo-
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FIG. 2. Real-space dynamics of the emitted photon for A = —2ik,
g=0.6k(a,b), A =0,9=0.6x(c,d)and A =0, g = 1.6« (e, f).
Insets in (a), (c) and (e) show the original (dashed) and generalized
(solid) Brillouin zone as well as the poles (red crosses) of Eq. (8) in
terms of 3 = e~ In (b), (d) and (f), the photon profiles have been
normalized by multiplying v/t to retrieve probability conservation
asymptotically.

lution [¢p;) = e~ Heitt|yhg) starting from an excited atom
[tho) = |e) ® |vac), an initial state that can be easily real-
ized in experiments [22]. Expanding the time-evolved state as
i) = [ee(®)5%0 + L7V2 Y, en(b)af] lg) @ [vac) (ca(0) =
daes @ = e, k) without loss of generality, the coefficients can
be calculated as

calt) = i / dE Go(E +i0+)e~ Pt (5)

using the resolvent method [2, 23]. Here the emitter (o = e)
and photon (o = k) Green’s functions are given by

1 _ gG(E)

GQ(E)Zm, Gk(E)_ Efwk’

(6)

where the self-energy ¥(E) follows that in Eq. (3). Note that
the integral in Eq. (5) is performed above the real axis. For the
Hatano-Nelson model, this implies that the bound states out-
side the loop are picked as poles, while that inside the loop has
no apparent contribution [24]. Such an observation is the main
reason why we call the bound state “hidden”, and is consistent
with its skin-effect origin since skin modes are bulk modes as-
sociated with the unstable poles (i.e., poles of G, with X an-
alytically continued from the exterior of the loop). This point
also serves as a crucial difference from vacancy-like bound
states in Hermitian systems [19], which do contribute to the
dynamics as regular poles.

Thanks to the simplicity of the unidirectional Hatano-
Nelson model, we can obtain the analytic expressions for

both emitter and photon dynamics by substituting 3(E) =
g*/(E + ir) and w;, = k(e”* — i) into Eqgs. (5) and (6).
The atom decay is not so interesting—it is essentially expo-
nential, possibly with some oscillations or polynomial correc-
tions. For example, taking A = 0, we obtain a decay rate
(k — VK2 —4¢?)/2 (k/2) for ¢ < K/2 (g9 > k/2), which
asymptotically reads g2 /k for g < k, as a manifestation of
the continuous Zeno effect [25]. If we take A = —ix, we
obtain an extremely simple expression c.(t) = e~ cos(gt)
regardless of the order relation between « and g. Apart from a
background decay factor e "%, this result apparently coincides
with the on-site single-photon Rabi oscillation. However, the
actual situation here is a sophisticated balance between the
photon leakage (towards the right sites) and amplification (rel-
ative to the background decay).

In contrast to the exponential emitter decay, the overall pho-
ton population limp_,ec L7137 [er(t)]? = [T 2E|cy (1)
decays asymptotically as t~1/2 due to the vanishing damp-
ing gap at k = —7/2, as can be understood by evaluating
ST dke?™«xt [26]. The real-space dynamics of the emitted
photon, obtained by Fourier transforming ¢ (¢), can also be
solved exactly as

ge™ (T Ry (—ik( t) — (7 Ry (—ik(_t)]

T = ) 7
={t) k(G —¢-) @
where © > 0 (otherwise c,(t) = 0), (+ = (F+ +
ik)/k with Ex = [(A — ik) £ /(A +ik)2 +4¢2]/2

being the poles of G.(E) (with ¥(F) always taken as
g?/(E + ix)) and R,(z) = €* — (> _,2"/n!). One can
identify several different dynamical regimes from Eq. (7):
If Im(y < 0, the long-time asymptotic behavior reads
ce(t) =~ —kre " (—ikt)®*=1/[g(x — 1)!] for z > 1, which
resembles very much the free photon propagation. Oth-
erwise, the asymptotic expression is given by c,(t) =~
gem((r e — (TR /(¢ — )], which im-
plies a spatial amplification (decay) for [(x| < 1 (|¢+| > D).
Typical plots for all these regimes are shown in Fig. 2.

The last dynamical regime is easiest to understand and is
common in Hermitian systems: We eventually observe the
profile of the bound state, which decays in space. The first
two regimes require the absence (or sufficiently rapid decay)
of the bound states (outside the loop), and are thus unique to
NH systems. To determine whether the spatial amplification
is free-like or emitter-dependent, we can borrow the wisdom
of the generalized Brillouin zone [8]. Excluding the bound-
state and possible branch cut contributions, the running wave
contribution in real space reads [3]

™ dk e—iwkt—&-ikw
RW
t) = = : 8
o () g/_ﬂ27rwk—A—E(wk+ink) ()

where 7 is an infinitesimal quantity such that wy + 1, lies
right outside the complex spectrum, where Y:(E) is analytic.
To perform the stationary-phase approximation [27], we have
to deform the integral contour from the conventional Brillouin
zone to the generalized one, during which the contour may
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FIG. 3. (a) Two-level quantum emitter coupled to a dissipative (up-
per) or non-dissipative (lower) site of a 1D lattice with symmetric
hopping and alternating on-site loss. (b) Asymptotic algebraic de-
cay of the atomic excitation. The power-law behavior is t* and ¢t 3
for the dissipative and non-dissipative coupling, respectively. Here
A =0, J = kand g = 1.5k. (c) (left) Band structure and the (right)
density of states (DOS) for the alternatively lossy lattice. Dashed
vertical lines indicate the exceptional points.

cross one or several poles I~c, leading to fldditional terms with
spatial amplification determined by Imk and temporal decay
determined by Imwy;. In our specific example, the poles are
nothing but (1. If Im(+ > 0 (Im{s < 0), which means Imk
is larger (smaller) than the imaginary energy of the running-
wave evaluated from the generalized Brillouin zone (which
is simply 8 = e~ = 0; cf. Fig. 2(c)), the amplification
governed by the poles (free-like propagation) will dominate
the long-time behavior. We mention that the three dynamical
regimes appear also in the general Hatano-Nelson model and
a similar analysis applies [18].

Critical emitter decay.—While the emitter decay into the
Hatano-Nelson bath is trivially exponential, we show that
novel critical (algebraic) decay emerges for another simple
NH bath with alternating on-site loss.

As illustrated in Fig. 3(a), with the sublattices consisting of
even (odd) sites denoted as A (B), this model can be read-
ily constructed by taking L, = \/(—1)* + la, and the same
nearest-neighbor Hamiltonian H, = J Yo (dl 410, + Hee.).
Suppose that the total length of the lattice is 2L, we can de-
fine @y = [aka, axp)T with apa = L7Y2Y" e *2Gy, and
arp = L7Y2Y" e %Gy, 1 and write down a similar ef-
fective NH Hamiltonian as Eq. (2), except for that wkézdk
should be replaced by dzhkdk with

1

hi = J(1 4 cosk)o® + Jsinko? — 5/1(02 +0%, )

and that ag, in the coupling (third) term should be specified as
apA or agp, depending on whether the atom is located at a

dissipative site or not. We numerically compute the atom de-
cay dynamics governed by this NH Hamiltonian starting from
[o) = |e) ® |vac). As shown in Fig. 3(b), we find that the
decay asymptotically follows a power law ¢~ (¢~3) for the
coupling to a dissipative (non-dissipative) site. We mention
that ¢~! requires fine-tuning A to be zero, as is adopted in
Fig. 3(b); otherwise, we will again observe a ¢t 3 decay. Hav-
ing in mind the exponential decay in the Hermitian limit [28],
we may call this phenomenon critical Zeno effect, in the sense
that adding dissipation qualitatively suppresses the decay to an
algebraic one.

To understand the critical decay, we first note that the NH
two-band Bloch Hamiltonian in Eq. (9) exhibits a passive PT'-
symmetry [9], which becomes exact after neglecting the back-
ground loss —iko”/2. For not-too-strong loss rate x < 4./,
there are two EPs located at kgp = + arccos(k?/(8J2) — 1)
in the Brillouin zone. Since these two EPs should be smoothly
connected over the (passive) PT-broken region, the eigenen-
ergy with maximal imaginary part, which is zero here, should
necessarily have divergent density of state [cf. Fig. 3(c)]. This
divergence manifests itself as a branch point in the Green’s
function (6), giving rise to an algebraic decay. See Ref. [18]
for a quantitative analysis. Recalling that the branch point has
the largest imaginary part, we know that the algebraic decay
dominates the long-time dynamics.

Finally, we would like to clarify that the (passive) PT'-
symmetry breaking and the associated EPs are more like a
recipe rather than necessity for observing the critical decay.
What is important is to have a branch point on the real axis
while all the poles well below the real axis. For example, this
can be realized by Wick rotating (i.e., multiplying by ¢) the
Hermitian bath with nearest-neighbor hopping [18]. Note that
algebraic decay is usually invisible for 1D periodic Hermitian
baths [3], since there are always bound states with real ener-
gies, which dominate the long-time dynamics [29].

Conclusion and outlook.—In summary, we have studied the
bound states, photon emission and excited-state decay of sin-
gle quantum emitters in 1D NH nanophotonic lattices. For the
Hatano-Nelson lattice, we have found hitherto unknown hid-
den bound states originating from the skin effect, and uncon-
ventional dynamical regimes of photon propagation without
Hermitian counterpart. For the alternatingly lossy lattice, we
found critical emitter decay in the long-time limit, which is
again hindered in Hermitian systems by stable bound states.

Our work opens up a plethora of possibilities for future
studies. One big direction is to examine to what extent these
NH phenomena survive on the many-body level [14, 30],
where we have to deal with the full Lindblad dynamics [31,
32]. This is particularly relevant in the ultrastrong-coupling
regime [33-35], where the counterrotating terms become rel-
evant and the conservation of excitation number breaks down.
Even on the single-particle level, we can consider dissipative
lattices with more complicated NH topology [36, 37], such as
class AIlf in 1D exhibiting the Z, skin effect [11] and that
in 3D mimicking the edge physics of the 4D quantum Hall
effect [38]. It may also be interesting to explore the impact



of higher-order [39] and higher-dimensional exceptional ob-
jects, such as exceptional rings [40] and surfaces [41], whose
systematic constructions have become clear recently [42—-44].
Last but not least, introducing non-Hermiticity to nanopho-
tonic baths may significantly extend the freedom of engineer-
ing effective (bath-mediated) interactions between atoms [45].
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