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Abstract The recently introduced single-boson exchange (SBE) decomposition of the four-point vertex
of interacting fermionic many-body theories constitutes a conceptually and computationally appealing
parametrization of the vertex. It relies on the notion of reducibility of vertex diagrams with respect to
the bare interaction U, instead of a classification based on two-particle reducibility within the widely-used
parquet decomposition. Here, we construct a general form of the SBE decomposition following from the
parquet equations, and derive multiloop functional renormalization group (mfRG) flow equations for the
constituents of this SBE decomposition. Along the way, we also derive mfRG flow equations for the often-
used decomposition of the vertex in terms of asymptotic classes of the two-particle reducible vertices. We
show that the two decompositions are closely related, with mfRG flow equations very similar in structure.
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1 Introduction

The understanding of strongly correlated many-body sys-
tems like the two-dimensional Hubbard model remains an
important challenge of contemporary condensed-matter
physics [1]. For this, it is desirable to gain profound un-
derstanding of two-body interactions which are described
by the full four-point vertex I

A powerful technique for calculating the four-point
vertex I' is the functional renormalization group (fRG)
(2, 3]. There, a scale parameter A is introduced into the
bare Green’s function Gy — G} in such a way that for an
initial value A — A; the theory (specifically, the calcula-
tion of the self-energy ¥4 and the four-point vertex I')
becomes solvable, and after successively integrating out
higher-energy modes A — A, the fully correlated objects
) and I' are obtained.

Traditionally, fRG is formulated through an infi-
nite hierarchy of exact flow equations for n-point ver-
tex functions. However, since already the six-point ver-
tex is numerically intractable, truncations are needed. A
frequently-used strategy employs a one-loop (1¢) trunca-
tion of the exact hierarchy of flow equations by completely
neglecting six-point and higher vertices. This can be justi-
fied, e.g., from a perturbative [2] or leading-log [4] perspec-
tive. Another truncation scheme is given by the multiloop
fRG approach, mfRG, which includes all contributions of
the six-point vertex to the flow of the four-point vertex
and self-energy that can be computed with numerical costs
proportional to the 1¢ flow [5-7]. In doing so, it sums up

all parquet diagrams, formally reconstructing the parquet
approximation (PA) [8,9] if loop convergence is achieved.
Converged multiloop results thus inherit all the proper-
ties of the PA. These include self-consistency at the one-
and two-particle level (in that the PA is a solution of the
self-consistent parquet equations [9]); the validity of one-
particle conservation laws (but not of two-particle ones);
and the independence of the final results on the choice
of regulator (since the parquet equations and PA do not
involve specifying any regulator).

A full treatment of the frequency and momentum
dependence of the four-point vertex generally requires
tremendous numerical resources. Thus, it is important
to parametrize these dependencies in an efficient way, to
reduce computational effort without losing information
on important physical properties. One such scheme ex-
presses the vertex as a sum of diagrammatic classes dis-
tinguished by their asymptotic frequency behavior [10,11].
This reduces numerical costs: Asymptotic classes which
remain nonzero when one or two frequency arguments
are sent to infinity do not depend on these arguments,
while the class depending on all three frequency argu-
ments decays in each direction. A related strategy is to
decompose the vertex into fermion bilinears that inter-
act via exchange bosons [12,13]. This idea also under-
lies the single-boson exchange (SBE) formalism [14-18],
where the vertex is decomposed regarding its reducibility
in the bare interaction U. Physically, this corresponds to
parametrizing the vertex in terms of bosonic fluctuations
and their (Yukawa) couplings to fermions through Hedin
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vertices. These quantities each have a transparent physical
interpretation: The bosonic correlators can be expressed
through physical susceptibilities, and the Hedin vertices
are three-point fermion-boson vertices. Numerically, two-
and three-point objects can be computed and stored more
easily than a genuine four-point vertex.

In studies of the two-dimensional Hubbard model, it
was shown that the SBE decomposition is a promising
technique for computing the frequency and momentum de-
pendences of the vertex [19-21]. In a 1¢ fRG calculation,
it was found that some of its essential features are already
captured by its U-reducible parts, which are much easier
to compute numerically than the U-irreducible ones [22].
Reference [22] also obtained results at strong interaction
using DMF2RG, a method that makes use of a DMFT ver-
tex as the starting point for the fRG flow [23-25]. Here, a
very interesting aspect of the SBE decomposition is that
the SBE approximation (neglecting multi-boson contribu-
tions within the SBE parametrization) remains a meaning-
ful approximation also in the strong-coupling regime [18],
which is not the case for similar approximation schemes
based on the decomposition into asymptotic classes.

Given these encouraging developments, it is of interest
to have a strategy for computing the novel constituents of
the SBE approach—the single-boson exchange propaga-
tors, the Hedin vertices, and the remaining U-irreducible
terms—mnot only in 14 fRG [22] but also in mfRG. In this
paper, we therefore derive multiloop flow equations for
the SBE constituents. To this end, (i) we start from the
parquet equations to derive a general form of the SBE de-
composition; (ii) clarify its relation to the decomposition
of the vertex in terms of two-particle reducible asymptotic
classes [11]; and (iii) derive multiloop flow equations for
the constituents of both decompositions. The numerical
implementation of the resulting SBE multiloop flow equa-
tions goes beyond the scope of this purely analytical paper
and is left for the future.

The paper is organized as follows: In Sec. 2, we re-
capitulate the standard parametrization of the four-point
vertex adapted to each two-particle channel and the cor-
responding mfRG flow equations. In Sec. 3, we recall the
definition of the asymptotic vertex classes and derive mul-
tiloop equations for these. In Sec. 4, we deduce the SBE
decomposition from the Bethe-Salpeter equations, out-
line their relation to the asymptotic classes, derive mul-
tiloop flow equations for the SBE constituents, and ex-
plain how they are related to the multiloop flow equa-
tions for the asymptotic classes. We conclude with a short
outlook in Sec. 5. Appendix A provides diagrammatic il-
lustrations of the asymptotic vertex classes. Appendix B
gives details on different definitions of susceptibilities. Ap-
pendix C illustrates the SBE constituents diagrammati-
cally, while App. D describes the relation between the SBE
constituents used here to those used in the original SBE
papers. Finally, App. E gives an alternative derivation of
the SBE multiloop flow equations based on parquet-like
equations, in close analogy to Ref. [7].

2 Recapitulation of mfRG equations

The multiloop fRG equations for two-particle reducible
vertices are the starting point for the main outcomes of
this paper. For ease of reference and use in future sections,
we recapitulate the notational conventions and compactly
summarize the main ingredients and results of the mfRG
approach [5-7]. To make the presentation self-contained,
we also recall from the literature the motivation for some
of the definitions and conventions presented below.

2.1 Parquet equations

The action of a typical fermionic model reads

(1)

with the bare propagator Gy. The Grassmann fields ¢; are
labeled by a composite index ¢ describing frequency and
other quantum numbers, such as position or momentum,
spin, etc. Throughout this paper, repeated i-indices are
understood to be integrated over or summed over. Fur-
ther, U is the crossing symmetric bare interaction vertex,
Uiigne = —Usirig (called I in Refs. [6,7]). We assume
it to be energy-conserving without further frequency de-
pendence, as in any action derived directly from a time-
independent Hamiltonian. Our expression for the action
(1) and later definition of correlation functions are given
in the Matsubara formalism [26] and for fermionic fields.
However, our analysis can easily be transcribed to the
Keldysh formalism [27], and/or to bosonic fields, by suit-
ably adapting the content of the index i on ¢; and ad-
justing some prefactors. Such changes do not modify the
structure of the vertex decomposition and flow equations
that are the focus of this paper.

The time-ordered one- and two-particle correlators,

(4)
and G12|1'2'

pressed in standard fashion [3] through the self-energy and
the four-point vertex,
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These contain all (amputated connected) one-particle ir-
reducible one- and two-particle vertex diagrams, i.e., di-
agrams that cannot be split into two pieces by cutting a
single bare propagator line.

The one-particle self-energy is related to the two-
particle vertex via the Schwinger—Dyson equation [9]. We
do not discuss this equation further in this paper, because
its treatment is similar for both vertex decompositions dis-
cussed below. On the two-particle level, the starting point
of parquet approaches [9] is the parquet decomposition,

(3)

It states that the set of all vertex diagrams can be divided
into four disjoint classes: the diagrams in ~,, r = a,p,t,

F:R+7a+vp+7t.
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are two-particle reducible in channel r, i.e., they can be
split into two parts by cutting two antiparallel (a), par-
allel (p), or transverse antiparallel (t) propagator lines,
respectively. The diagrams in R do not fall apart by cut-
ting two propagator lines and are thus fully two-particle
irreducible. Importantly, this classification is exact and
unambiguous [11,28]. In the literature, the diagrammatic
channels are also known as crossed particle-hole (ph < a),
particle-particle (pp > p), and particle-hole (ph < t)
channel.

Since the four classes in the parquet decomposition
are disjoint, one can decompose I' w.r.t. its two-particle
reducibility in one of the channels r, I' = I,. +,. Here, I,
comprises the sum of all diagrams irreducible in channel r
and fulfills I, = R + 7 with 77 = Zr,#, ~rr. The Bethe—
Salpeter equations (BSE) relate the irreducible diagrams
to the reducible ones and can be summarized by

Y =I,0ll,ol'=10oll.o1,. (4)

Here, the II,. bubble, defined as

3430 = G33Gajyr s (5a)
Hp;34|3'4/ = %G3|3/G4|4/ s (5b)
Iy 431340 = —G3|3'G4|4/ ) (5¢)

represents the corresponding propagator pair in channel 7,
see Fig. 1. (Note that 113413741 = —II;;433/4 s consistent
with crossing symmetry.) The connector symbol o denotes
summation over internal frequencies and quantum num-
bers (5,6 in Eq. (6) below) and its definition depends on
the channel r € {a,p,t}: When connecting II,. (or other
four-leg objects labeled by r) to some vertex, it gives

a: [Ao B]12|34 = A16|54B52\36 ) (6a)
p: [Ao Bligas = Ai2)56 Bse34 (6b)
t: [Ao Bz = Aszjs4B15/36 - (6¢)

By combining I' = I, + v, with the BSE (4), one can
eliminate ~, to get the extended BSE [7] needed later:

1,4+, o=, —Iol) ",
L,+Toll,=(1,—1I.oI) " .

(7a)
(7b)

Here, the channel-specific unit vertices 1,., defined by the
requirement I' =1, 0 ' = "o 1, are given by

L2134 = 013024 = Lppi0134,  Lyi23a = 014023 (8)

The combination of the Dyson equation G = Go(1 +
Y'@), the Schwinger-Dyson equation, the parquet de-
composition (3), the three BSE (4), and the definitions
I, = I' — v, constitutes the self-consistent parquet equa-
tions. The only truly independent object is the fully ir-
reducible vertex R. If R is specified, everything else can
be computed self-consistently via the parquet equations.
However, R itself is the most complicated object: R dia-
grams contain several nested integrals/sums over internal
arguments, whereas the integrals in reducible diagrams

Ya = 1, I I

Wl =5 | r r

Figure 1. Bethe-Salpeter equations in the antiparallel (a),
parallel (p) and transverse (t) channels.

partially factorize. This makes R diagrams beyond the
bare vertex hardly tractable numerically. A common sim-
plification, the parquet approximation (PA), replaces R
by U; the resulting closed set of equations defines an in-
finite set of diagrams, the so-called parquet diagrams. In
this work, however, the PA is not used.

2.2 mfRG equations

The mfRG flow equations can be derived from the par-
quet equations by introducing a regulator A into the bare
propagator Gg, thus making all objects in the parquet
equations A-dependent [7]. Here, the fully irreducible ver-
tex R is treated as an input and is thus assumed to be
A-independent, RY ~ R. Taking the derivative of the
Schwinger-Dyson equation and the BSE w.r.t. A then
yields flow equations for X and I.

When computing 4, = 917, via the BSE, one obtains
terms including I, = Zr,# 4. Thus, one has to itera-
tively insert the flow equation for -, into the equations
of the other channels 7' # r, yielding an infinite set of
contributions of increasing “loop order”:

Fz%-l-"yp-i-ﬁ’t, WTZZ’%@) (10)
=1
The individual ¢-loop contributions read [5,7]
AV =TIoll ol (11a)
4@ =50 oI, o+ Mo I, 04" (11b)

W4 =5 o or 4+ Fo Ml 04 o, 0T

4T oI, o4 tY . (11c)

where "yff) = ZT,#%Z) and Eq. (11c) applies for £+2 > 3.

Furthermore, II, ~ GG + GG, where

G=5S+GXG, (12)

with the single-scale propagator S = G | 5=const- Figure 2
illustrates Eq. (11) diagrammatically in the a channel.

Note that the mfRG flow equations for the self-energy

are given in Ref. [7]. We do not need them in this paper,

since our focus is on vertex decompositions. Generally,
they should of course be implemented, too.
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0 = | r r

W2 = |3 rl+ [r| |
NGl I .ée+1) r
+ | r 40 r{ + |r YD

Figure 2. Diagrammatic depiction of the mfRG flow equations
(11) in the a channel. The double-dashed bubble II, represents
a sum of two terms, GG + GG, where double-dashed propaga-
tors G are fully differentiated ones [cf. Eq. (12)].

The 1¢ contribution (11a) of the vertex flow, with the
fully-differentiated G replaced by the single-scale propa-
gator S in II, is equivalent to the usual 1/ flow equa-
tion. Using G instead of S, as done in Eq. (11a), corre-
sponds to the so-called Katanin substitution [29]: it con-
tains the feedback of the differentiated self-energy into
the vertex flow and already goes beyond the standard 1¢
approximation. By adding higher-loop contributions un-
til convergence is reached, one effectively solves the self-
consistent parquet equations through an fRG flow. On the
one hand, this ensures two-particle self-consistency and
related properties mentioned in the introduction. On the
other hand, it also provides a way of reaching a solution
of the parquet equations by simply integrating differential
equations. This may be numerically favorable compared to
an iteration of the self-consistent equations. Particularly,
when computing diagrammatic extensions of DMFT via
DMF?RG, one then needs only the full DMFT vertex as
an input, and not the r-(ir)reducible ones entering the
parquet equations. This is helpful in the Matsubara for-
malism, where the r-(ir)reducible vertices sometimes ex-
hibit divergences [30-34], and even more so when aiming
for real-frequency approaches [35, 36].

3 Asymptotic classes

The four-point vertex I” is a highly complicated object and
must be parametrized efficiently. In this section, we sum-
marize the vertex decomposition into asymptotic classes.
The alternative SBE decomposition is discussed in Sec. 4.

We henceforth focus on the frequency dependence of
the full vertex. We thus switch from the compact notation
I'y/9/12 to the more elaborate I'y/g/12(V] v5|vive), With fre-
quency arguments written in brackets, and the subscripts
now referring to non-frequency quantum numbers (posi-
tion or momentum, spin, etc.). As mentioned earlier, we

assume the bare vertex U to have the form

U1/2/|12(V{V£|V1V2) = 5u;+u§,u1+u2 Upanz, (13)
with Uyr9/)12 independent of frequency. If U is momentum-
conserving without further momentum dependence, our
treatment of frequency sums below may be extended to
include momentum sums. To keep the discussion general,
we refrain from elaborating this in detail. Note that, e.g.,
in the repulsive Hubbard model, our sign convention in
Eq. (1) is such that U797 = —U%°19% < ( (where, as

usual, o € {1,1}, T =4, L =1).

3.1 Frequency parametrization

The parquet decomposition (3) of the vertex into differ-
ent diagrammatic channels has direct consequences on
the frequency asymptotics [11], as we outline in the fol-
lowing. Due to frequency conservation, three frequencies
are sufficient to parametrize the vertex. For each channel
r, we express the four fermionic frequencies v}, vh, vy, o
at the vertex legs through a choice of three frequencies,
a bosonic transfer frequency, w,, and two fermionic fre-
quencies, v, and v/.. These are chosen differently for each
channel to make the asymptotic behavior apparent. As
shown in Fig. 3, we choose symmetric parametrizations,
with &%= terms on all vertex legs. Thereby, crossing sym-
metries ensure that prominent vertex peaks are centered
around w, = 0, which is convenient for numerical work.
However, other conventions are of course possible, too.
(In the Matsubara formalism, the bosonic Matsubara fre-
quency closest to +%~ is chosen for the shift.)

Though the frequencies w,., v,., V.. are tailored to a spe-
cific channel r, one may also use them to define the r
parametrization of the full vertex,

F1’2’|1,2(V1V§|V1V2) = 5u{+u§,u1+u2F1/2/|1,2(Wr7 Vp, V;)7 (14)

Likewise, R, Yq,Vp, 7t can each be expressed as a d symbol
times a function of the same set of variables, (w;, vy, V.).
Then, bubbles of the type I' o I, o I' can be written as

(Lol o L) (wr,vr,vy)

= ZF(wTa Vr, V;"/) ® Hr(wh V:"/) ® F(wh V;fa V;’) ’ (15)

with IT,(w,,v)) given by

Hysaza (Wa, V) = Gajgr (V) =) Gy (v +4), (16a)
5030 (wp, vy ) = 5Gaja (f+1) ) Gaa (S —v,), (16b)
Ht;43|3’4’ (wn Vél) = *G3|3' (#*%)Gm' (V£/+%)~ (16‘3)

The connector » in Eq. (15) denotes an internal summation
analogous to o, except that only non-frequency quantum
numbers (position, spin, etc.) are summed over, since the
frequency sum has been displayed explicitly. Correspond-
ing unit vertices for non-frequency quantum numbers, 1,
are defined by I"' = 1,, ¢ [' = ' e 1,.. The distinction be-
tween o, 1 and e, 1, indicating whether connectors and
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Figure 3. Definition of the three natural frequency parametrizations of the four-point vertex. The vertex is nonzero only if
the four fermionic frequencies satisfy vi + 4 = v1 + vo. In that case, they can be expressed in three different ways through one
bosonic transfer frequency, w., and two fermionic frequencies, v, v,.. Each of these choices is “natural” for the corresponding
channel r, and convenient for describing the high-frequency asymptotics of «... Of course, each term can be expressed through
the frequencies (wy, v, v,.) of any of the three channels, as indicated here for R.

unit vertices include summations and § symbols for fre-
quency variables or not, will be needed for the SBE de-
composition of Sec. 4. (For a bare vertex with momentum
conservation and no further momentum dependence, one
could include a momentum sum, » s in Eq. (15), and ex-

clude momentum indices from the ¢ summation and 1,.)

3.2 Definition of asymptotic classes

The decomposition of each two-particle reducible vertex
~- into asymptotic classes was introduced in [11] to con-
veniently express the high-frequency asymptotics of the
vertices through simpler objects with fewer frequency ar-
guments. We make the ansatz

'VT(UJT’VWV;) (17)
= Ki(wr) + K3 (wr, vp) + K5 (wr, V;) + K3 (wr, v, V;) .

(For a diagrammatic depiction, see App. A, Fig. 10.) Here,
K7 contains all diagrams having both v, legs connected
to the same bare vertex and both v legs connected to
another bare vertex. These diagrams are thus independent
of v, v). and stay finite in the limit |v,| — oo, |V.| = o0,

K (w.) .

lim lim 'VT(WNVT» r) (18&)

|vp| =00 |Vl | =00

K% (or K%,) analogously contains the part of the vertex
having both v (or v,) legs connected to the same bare
vertex while the two vy (or ) legs are connected to dif-
ferent bare vertices. Hence, it is finite for .| — oo (or
|| = o0) but vanishes for |ur| — oo (or |v)| = o0):

Kl (wr) + K5 (wr, 1),

‘V/lgoc Ve (Wrs vryvy) =

lim v (wr, vy, V. r)
[V | —00

K (wy) + K5 (wr, V). (18b)

5 exclusively contains diagrams having both v, legs con-
nected to different bare vertices, and likewise for both v/
legs. Such diagrams depend on all three frequencies and
thus decay if any of them is sent to infinity. When taking

the above limits for bubbles involving channels r’ different
from r, we obtain zero,

lim 7z, = lim 'yr/;ér =0, (18c¢)

lvr|—o0 lvrl—
since each II,+ in 7,+ has a denominator containing w;,,,
which is a linear combination of w,, v, and v/.

Since R explicitly depends on all frequencies, it decays
to the bare vertex U at high frequencies, and the asymp-
totic classes can be obtained by taking limits of the full
vertex. Explicitly, K] can be obtained from

U+Kl(w), (19)

lim lim I'wy,vp,v,.) =
|vr| =00 |Vl |—o0
taking the double limit in such a way that v, £ v/ is not
constant, to ensure that all bosonic frequencies |w,/,| go
to oo [11]. Similarly, K%, K%, can be obtained from objects
175, Iy, defined via the limits

Iy (wpyvr) = y I}m I'(wp,vp, 1) =U+ K]+ K5, (19b)
L=
Iy (we,v) = lim I'wpvev.)=U+K]+K5. (19c)

|V | =00

For each of the latter two limits, we denote the comple-
mentary part of the vertex (vanishing in said limit) by

Iy =Ky + K5+ +R—U, (19)
I'— FQ/—ICT+IC3+’YT‘+R U. (196)

By taking suitable limits in the BSE (4), the asymptotic
classes can be expressed through the full vertex I" and the
bare interaction U [11]:

FQ (UJT, Vp,V r)

FZ/(WM Vp, V r)

Kilw,)=Uo(l,+H,0oloM,)oU, (20a)

K(wp,vp) =T oIl oU — K, (20Db)

K (wpyv)=Uoll. o' — K} . (20c)
Using Eq. (15), we can also express K} as

Ki(wr) =U e xyr(wy)e U, (21a)

Xr(wr) ZH Wy, V) (21b)

+ Z H w’!'?l/’f .F(w7'7y7'7y7/") .HT'(w7'7V’:‘)7

[ 2074
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where Y, represents a susceptibility. (The bare vertices
were pulled out in front of the frequency sums, exploit-
ing their frequency independence.) The relation of x, to
physical susceptibilities for a local bare interaction U is
discussed in App. B.

3.3 mfRG equations for asymptotic classes

When the vertex is represented through its asymptotic
classes, it is convenient to compute the latter directly dur-
ing the flow, without numerically sending certain frequen-
cies to infinity. This facilitates systematically adding or
neglecting higher asymptotic classes. Therefore, we now
derive explicit mfRG flow equations for the asymptotic
classes, starting from the general multiloop flow equations
(11). (For a diagrammatic derivation, see Refs. [37,38].)

The decomposition (17) of 7, into asymptotic classes
holds analogously at each loop order,

SIOI ALY GO Gy SN GADS (22)

These constituents can be obtained from Egs. (11) for
%Z) by taking suitable limits of the fermionic frequen-
cies v, V., as specified in Egs. (18). For example, consider
a bubble of type I' o II, o I, in the r representation of
Eq. (15). In the limit |v,| — oo, the first vertex reduces
to I}, [Eq. (19¢)], while for |v.| — oo, the second vertex
reduces to I3 [Eq. (19b)]. By Eq. (15), we thus obtain

lim Ioll,ol =Ty oll,ol, (23a)
|vp| =00
ll}m Ioll,ol' =Toll.olY. (23b)
vl |—o0

By contrast, when taking these limits for bubbles involving
channels 7’ different from r, we obtain zero,

lim FOHT;ﬁTOF—O

[V | =00

lim FOH/;,A,OF—O

|Vl |—o0

(23¢)

by similar reasoning as that leading to Eq. (18¢c). In this

(1)

manner, the 1¢ flow equation (11a) for 4, readily yields

KiW =1y oI, 07,
KyW = I oI, o I7,
Ky =15 oI, o Iy
Ky =TIy oIl oIy . (24a)

Similarly, the two-loop contribution "77(-2), Eq. (11Db), yields

K=o,

Ki® =40 o, ory,

Ko =11 01, 04

Ki® =30 o1, 0 I + Iy 0 11, 041 (24b)

Due to Eq. (18c), ICT(z) vanishes and K @ or IC;,(Z)
)

con-
on their right or left sides, respec-
42 ith ¢ > 1, yields

tain no terms with 'y(
tively. Finally, Eq. (11c) for 7,(

K = ol 049 oI, 0 I
Ko =3 o1 oy + T o1, 04 o I 0 Iy
Ko = 15 o I, 04 o T, o T + I o I, 0 444V
KU =5 o 11 o Iy + Iy 0 1, 04 0 1T, 0 I
4 I 0 I, 0 44D (24c)
Here, IC r(t+2) 75 0 since "yf;l) appears in the middle in the

central term of Eq. (11c¢); hence, Eq. (18¢) does not apply.

Note that these equations can also be used in the con-
text of DMF?RG [23,24]. There, only the full vertex I is
given as an input. While K7, K3 and K7, can be deduced
from I" by sending certain frequencies to infinity or using
Egs. (20), it is not possible to similarly extract K5 in a
given channel as some frequency limit of the full vertex I'.
However, the classes K5 do not enter the right-hand sides
of the flow equations (24) individually, but only the combi-
nation K3 = ) Kj. This is already clear from the general
formulation of the mfRG flow equations, Egs. (11). Con-
sider, e.g., the 1¢ contribution Kg(l) of Eq. (24a). There,
I}, contains K+ = Kz + ZT,#(IC’{’ + K5 +K5), and
hence only requires knowledge of the full 3. This holds
equivalently for all insertions of the full vertex into flow
equations at any loop order. Now, insertions of the dif-
ferentiated vertex in loop order £ into the flow equations
of order £+ 1 and £+ 2 do require a channel decomposi-
tion K3 =, Kj. For example, the two-loop contribution

ICT(Q) of Eq. (24b) contains 'y( ), which, by Eq. (22), in-
volves differentiated vertices ICT "#r (M) These are available
via Eq. (24a). Therefore, in the DMF?RG context, one
would start with K7, K5, ICQ/ and the full I3 from DMFT,
compute the differentiated vertices K} independently (in-
cluding K%), successively insert them in higher loop orders,
and eventually update K3 using K3 = Zl,r IC; ® in each
step of the flow. Note that the same reasoning also applies
to the multi-boson terms M, introduced below.

4 SBE decomposition

We now turn to the SBE decomposition. It also yields
an exact, unambiguous classification of vertex diagrams,
now according to their U -reducibility in each channel. This
notion of reducibility, introduced in Ref. [15], is very anal-
ogous to II-reducibility, i.e., two-particle reducibility. A
diagram is called U-reducible if it can be split into two
parts by splitting apart a bare vertex U (in ways speci-
fied below) in either of the three channels. Otherwise, it
is fully U-irreducible.

The SBE decomposition was originally formulated in
terms of physical (charge, spin, and singlet pairing) chan-
nels which involve linear combinations of spin components.
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Figure 4. Illustration of U-r-reducibility, analogous to Fig.

For our purposes, it is more convenient not to use such
linear combinations (the relation between both formula-
tions is given in App. D). Moreover, the original SBE pa-
pers considered models with translational invariance, with
vertices labeled by three momentum variables. We here
present a generalization of the SBE decomposition appli-
cable to models without translational invariance, requiring
four position or momentum labels. Starting from the BSE,
we use arguments inspired by Ref. [15] to arrive at a SBE
decomposition that is closely related to the asymptotic
classes of Sec. 3. This enables us to derive multiloop flow
equations for the SBE constituents by arguments analo-
gous to those of that section. In terms of notation, we
follow Ref. [15] for the objects V., w,, A., A,—with @i
there denoted V'™ here—while we follow Ref. [21] for M,
and 7T, (the latter instead of ¢, from Ref. [15]).

4.1 Derivation of SBE decomposition from BSE

As mentioned earlier, a vertex diagram is called two-
particle reducible in a specified channel r € {a,p,t}, or
II-r-reducible for short, if it can be split into two parts
by cutting the two lines of a II,. bubble (to be called link-
ing bubble); if such a split is not possible, the diagram
is called II-r-irreducible. The two-particle reducible ver-
tex 7, is the sum of all II-r-reducible diagrams. Follow-
ing Ref. [15], we now introduce a further channel-specific
classification criterion. A II-r-reducible diagram is called
U-r-reducible if a linking bubble 11, has two of its legs at-
tached to the same bare vertex in the combination U o I1,.
or II.oU. Then, that bare vertex U, too, constitutes a link
that, when “cut”, splits the diagram into two parts. (To
visualize the meaning of “cutting U” diagrammatically,
one may replace the four-leg filled dot representing U by
two separate two-leg open dots, one having its two legs
connected to II,., the other fully detached from II,., see
Fig. 4). The lowest-order U-r-reducible contribution to v,
is UoIl,.oU. The lowest-order term of I, the bare vertex
U (which is IT-r-irreducible), is viewed as U-r-reducible
in all three channels, corresponding to the three possible
ways of splitting its four legs into two pairs of two. All
U-r-reducible diagrams describe “single-boson exchange”
processes, in the sense that each link U connecting two
otherwise separate parts of the diagram mediates a single
bosonic transfer frequency, w, (as defined in Fig. 3), across
that link, as will become explicit below.

4 of [15]. A and B can be any vertex diagram or simply 1.

All vertex diagrams that are not U-r-reducible are
called U-r-irreducible. These comprise all multi-boson ex-
change (i.e., not single-boson exchange) diagrams from ~,.,
and all I7-r-irreducible diagrams except the bare vertex
(which is trivially U-r-reducible), i.e., all diagrams from
IT_U:R_U—’_ZF;ﬁr’YF'

We now rewrite the parquet equations in terms of U-r-
reducible and U-r-irreducible constituents. We define V..
as the sum of all U-r-reducible diagrams, including (im-
portantly!) the bare vertex U, and M, as the sum of
all diagrams that are II-r-reducible but U-r-irreducible,
thus describing multi-boson exchange processes. Then, the
II-r-reducible vertex -,., which does not include U, fulfills

Y=V, —=U+ M,. (25)

Inserting the decomposition (25) for ~, into the par-

quet decomposition (3), we obtain the decomposition

I= v 4 Zvr —2U, (26a)

PV =R-U+> M, (26b)
T

)T =R+X>,(Vi—U+M,) (d)

I=T, +V,

Figure 5. Venn diagrams illustrating various ways of splitting
the full vertex into distinct contributions. Panel (a) depicts the
parquet decomposition (3), (b) the IT-a-reducible part v, and
its complement I,, (c) the SBE decomposition (26) (mimick-
ing Fig. 6 of [15]), and (d) the U-a-reducible part V, and its
complement T,. For r = p, t, the II-r- and U-r-reducible parts
and their complements can be depicted analogously.
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Figure 6. Low-order diagrams for V,, M, and R, illustrating II-r-reducibility (blue dashed lines) and U-r reducibility (red
dotted lines; their meaning is made explicit in Fig. 4). V., contains all U-r-reducible diagrams; except for the bare vertex, they
all are IT-r-reducible, too. M, contains all diagrams that are I7-r- but not U-r-reducible. All diagrams in R are neither I7-r-
nor U-r-reducible, except for the bare vertex, which is U-a-, U-p- and U-t-reducible (as indicated by three red dotted lines).

where U is the fully U-irreducible part of I". The U sub-
tractions ensure that the bare vertex U, which is contained
once in each V, but not in @Y™ is not over-counted.
Just as ., its parts V,. and M,. satisfy Bethe—Salpeter-
type equations, which we derive next. Inserting Eq. (25)
into the full vertex I' = I, + ~,, we split it into a U-r-
reducible part, V,., and a U-r-irreducible remainder, T.:

Ir=v,+T,, (27a)
T. =1, — U+ M,. (27b)

The relation between various different decompositions of
the full vertex implied by Egs. (25)-(27) is illustrated in
Fig. 5. Inserting Eqgs. (25) and (27a) into either of the two
forms of the BSE (4) for 7,, we obtain

V,—U+M,=1,0ll,oV,+1I.0ll.0T,

=V,oll,ol,+T,o0ll.ol,. (28)

This single set of equations can be split into two separate
ones, one for V,, — U, the other for M,, containing only
U-r-reducible or only U-r-irreducible terms, respectively.
The first terms on the right are clearly U-r-reducible, since
they contain V,.. For the second terms on the right, we
write I as the sum of U and I,.—U, yielding U-r-reducible
and U-r-irreducible contributions, respectively. We thus
obtain two separate sets of equations,

Ve—-U=1I,01l,0V,+UolIl.oT,

=V,oll,ol,+T,0ll.oU , (29)
M,=(I.-U)oll.oT,

=T,oll,o(I,—-U), (30)

the latter of which corresponds to Eq. (17) in Ref. [21]. In

Egs. (29), we now bring all V,. contributions to the left,
(1, —IL,oIll,)oV,=Uo 1, +1II.0T,),

Veo(l,—II,ol.)=1,+T,0Il.)oU, (31)
and solve for V,. by evoking the extended BSE (7):
Ve=[0,+Toll,)oUo (1, + I, oT,)
=1, +T,0oll.)oUo (1, +I.0oTI). (32)

These directly exhibit the U-r-reducibility of V,. Equa-
tions (30) and (32) are the desired BSE for M, and V,,
respectively. Together with the decomposition (27a) of the
full vertex I', the definition I, = I' — (V, — U + M,.) of
all r-irreducible contributions, and definition (27b) for the
auxiliary quantities T;., they constitute a reformulation of
the BSE through U-r-reducible and U-r-irreducible con-
stituents. Some low-order contributions to V,., M,., and R
are depicted diagrammatically in Fig. 6.

Having reformulated the BSE equations, we need one
more step to arrive at the SBE decomposition of Ref. [15]:
V, must be expressed through Hedin vertices and screened
interactions. To this end, we note a key structural feature
of Egs. (32): T, is connected to the central bare vertex U
through the combinations Uo Il,.oT,. or T,.oIl.oU. When
these are viewed in the r representation of Eq. (15), the
bare vertex, being frequency-independent, can be pulled
out in front of the frequency sum Zy;/ inherent in the

second o connector. Hence, Egs. (32) can be expressed as

V=1, +Toll.)oUs\,

=NoeUo(l,+M.0l), (33)

where A\, and ), are the U-r-irreducible Hedin vertices
(cf. Eq. (5) in Ref. [21])

A (W) = 1, —|—ZT Wry Vs V) o I (i, v))  (34a)

l/”

)\ (wr, r _1 +ZH Wy, V. 7’

I/”

T (wr, v VL) . (34b)

oY

Importantly, they depend on only two frequencies, and
hence are computationally less expensive than the con-
stituents I, v, of the original parquet decomposition. (We
note in passing that Hedin vertices can also be viewed
as the U-irreducible, amputated parts of three-point re-
sponse functions, see Eqgs. (8) and (15) in Ref. [15].)

We next seek to express V, as [15,21]

V=M ow, o\, (35)
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Figure 7. SBE decomposition of the vertex I" into U-r-irreducible and U-r-reducible contributions, with r = a, p, t.

with two U-r-irreducible Hedin vertices sandwiching an
U-r-reducible effective interaction, w,. (The index sum-
mations implicit in Eq. (35) are made explicit in Fig. 11 in
App. C.) To find w,, we multiply Eq. (33) with the inverse
Hedin vertices A or A (defined such that Ao\ 1 = 1,,
A to). =1,),and use I' = V, + T, to obtain

T

Veol =1, +Tol)oU=V, ol oU+\. U,

MoV, =Uo(l,+ . ol)=Uoll,oV,+Us\,.
(36)

We then multiply these equations with 5\; Lor At to ob-
tain the effective or screened interaction w,., given by

w, = A 1oV, oA !

=U+Uo(Il,+I,0oIloll,)oU. (37)
It is manifestly U-r-reducible, as desired. Moreover, it
depends on only a single, bosonic frequency, w,(w;),
since in the second term bare, frequency-independent ver-
tices, U, sandwich expressions involving integrals over the
fermionic frequencies.

Finally, we insert Eq. (35) for V, into Eq. (26a) for I"
to arrive at a SBE decomposition of the full vertex akin
to that proposed in Ref. [15]:

F:(pUi"+Z§\,.ow,.->\r—2U. (38)

Figure 7 depicts it diagrammatically, using wiggly lines
for screened interactions and triangles, with two fermionic
legs and one wiggly bosonic leg, for Hedin vertices.

4.2 Relation between SBE constituents and
asymptotic classes

The asymptotic classes and SBE constituents are closely
related. This is not surprising since the properties of both
follow from the assumption that the bare vertex contains
no frequency dependence, except for frequency conserva-
tion. For convenience, we collect these relations below.
Comparison of Egs. (20a), (21), and (37) yields

Wy (wr) =U + K (w,) =U 4+ U e xp(wy) o U. (39)

The screened interaction w, is therefore mediated by the
bosonic fluctuations described by the susceptibility x...

The Hedin vertices, A, and \,., describe the coupling of
fermions to these bosonic fluctuations. Using Egs. (20b),
(20c), (35), and (37), we can write the products of Hedin
vertices and the screened interaction as

Arow,=U+Toll.ocU=U+K]+Kj,
wrpe N, =U+Uol. o' =U+ K] +K5, .

(40a)
(40Db)

Inserting Eq. (39) for U + K7, and defining w,~! through
-1 1

wyew, " =w,  *w, = 1,, we thus obtain
A=1+Ksew ™, A=1,+w " eK5,  (41)
which, when inserted into Eq. (35), yields
Ve= (1, +Kjew ") ew, o (1, + w, ' o k7))
=U+ K] + K5+ Ky + Ky ew, ' o K5, (42)

Through the last term, K5 e w, ! ¢« K5, V, includes a
part of K which can be fully expressed through functions
that each depend on at most two frequencies. M, con-
tains the remaining part of X%, which must be explicitly
parametrized through three frequencies and thus is nu-
merically most expensive. A recent study of the Hubbard
model showed that M, is strongly localized in frequency
space, particularly in the strong-coupling regime [22]. This
allows for a cheaper numerical treatment of the vertex part
truly depending on three frequencies and constitutes the
main computational advantage of the SBE decomposition.

Equations (39) to (42) fully express the SBE con-
stituents through asymptotic classes. Analogous results
were obtained by similar arguments in App. A of Ref. [22].
In Ref. [15], it was also shown that A, = A, for SU(2) spin
and time-reversal symmetry.

Conversely, the asymptotic classes can also be ex-

pressed fully through the SBE constituents. Using
Egs. (17), (25), (39), and (41), one finds

K =w,—U (43a)

Ky = (A —1,) ew,, (43b)

b= wee (A1), (43¢)

Ky =M+ (A — 1) swp e (A — 1) (43d)
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Yo | = aAM"‘

Jro P e

+ Ta + Ta Ta

Figure 8. SBE decomposition of the left and right sides of the 1¢ flow equation (11a) (Fig. 2) in the a channel. The first line
depicts Eq. (46), the second Eq. (47). Equating terms with matching structure yields Eq. (48a), depicted in Fig. 9, first line.

Moreover, Egs. (19b), (19¢), (27a), and (40) imply

Iy =M\ ew,, (44a)
I3 =w, e\, (44b)
Iy =Xew. e\ —1,)+ 7T, (44c)
Iy=0 —1,)sw. e\ +T,. (44d)

For the latter two equations, we used Eq. (27a) in the form
I' = )\, sw, ¢ \, + T,.. Equivalently, using the definitions
of the Hedin vertices in Eq. (34), K5, K%, and Egs. (44)
can be expressed as

Ky =T, oI, ow,, (45a)
S =wpoll,oT,, (45Db)
Ky=M,+T,0oll,ow,o0ll.oT,, (45¢)
Iy =w.+T,0ll. ow,, (45d)
Iy =w.+w.oll.oT,, (45¢€)
Iy =T, +w,oll,oT, +T,oll,ow,olloT,, (45f)
Iy =T.+T,oll,ow, +T,oll,ow.oll.oT,. (45g)

4.3 mfRG equations for SBE

We are now ready to derive mfRG flow equations for
the SBE constituents—the main goal of this work. Our
strategy is to insert the SBE decomposition of Egs. (25)
and (26) into the mfRG flow equations (11) for the IT-r-
reducible vertices -,., similar to the derivation of the mfRG
flow equations for the asymptotic classes in Sec. 3.3. (An
alternative derivation directly from parquet-like equations
for the SBE constituents is given in App. E.)

We begin by differentiating the decomposition of the
I,-reducible vertex v, = A s w, ¢ A, — U + M, [Eq. (25)]
w.r.t. the flow parameter. Since U = 0 (the bare vertex
does not depend on the regulator), we obtain

A = A Wy @ Ar 4 Ap o1y @ Ay + Ap 1wy o Ay + M, (46)

The loop expansion 4, =, "y,@ implies similar expan-
sions for ., A, A\, and M,. Their constituents can be
found from the mfRG flow equations (11) for ,-%(ﬂé) at or-
der ¢, by inserting the decomposition of the full vertex,

I'= X ew, e\ + T, [Eq. (27a)] on the right of Egs. (11).

The 1¢ flow equation (11a) of "yﬁl) has four contribu-
tions (depicted diagrammatically for %(11) in Fig. 8):

;)/’I(‘l):(S\T.wT.A’I‘—"_TT)OHTO<5\T.wT.A’I‘+TT)
=T,oll, 0\ swy e\,
+ A ewp oA, 0 Il 0N\ ew, o\,

—|—;\Towro)\roﬁrOTT—FTTOﬁrOTr. (47)

By matching terms in Eqs. (46) and (47) containing fac-
tors of A, and A, or not, we obtain the 1/ SBE flow:

j‘g’l):TrOHTOE\ra

w?(_l) =w,®\. 0 ﬁ,- o 5\7- * Wy,

}‘g*l):)\rOHrOTrv

MY =T. oIl oT,. (48a)

This reproduces the 1¢ SBE flow derived in Ref. [22] [their
Eq. (18)]. The higher-loop terms can be found similarly
from "y£2) and %HZ) of Egs. (11b) and (11c). For each loop
order ¢, the #) factors on the right side of these equations

can be expressed through the already known flow of ubg)

S\ff) A9 and M,E,Z) We obtain the flow equations (/42 > 3)

b

}\(Q)ZATOHTO;YF7

M@ — ,-ygl) o, oT, +T,o0Il, o "ygl) , (48b)
);\7(!—"_2) = "}’g+1) o Hr o 5\7" + T’r‘ o H?" © /YEZ) o HT o X”' )

w7(‘€+2) =w,eA.0ll 0 ’Yge)

7

AHD = N oM, 04 o I, o Ty + Ay o I, 0 4ETY

MO =3 o 1 o T 4 Ty 0 1T, 04 0 1T, o T,

+T, 01l o "y§£+1) . (48¢)

OHTOAT.wTﬂ

Here #), required for the flow equations in loop order

{4+ 1 and ¢ + 2, can directly be constructed from the
SBE constituents using Eq. (46). The multiloop SBE flow
equations (48) are the most important result of this work.
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Figure 9. Multiloop flow equations (48) for the constituents of the SBE decomposition in the a channel.

For the a channel, they are depicted diagrammatically in
Fig. 9. Equations (48) can be condensed into more com-
pact ones, giving the full flow (summed over all loop or-

ders, w, =) ;5 Wl?, etc.) of the SBE ingredients. These
are given in App. E. The multiloop flow equation for the
self-energy can be found in Refs. [5,7].

Since the asymptotic classes and SBE constituents are
closely related, the same is true for their mfRG flow. In-
deed, it is straightforward to derive the mfRG SBE flow
equations (48) from the flow equations (24) for K © We
briefly indicate the strategy, without presenting all details.

We differentiate the equations (43) expressing K7
through SBE constituents, and subsequently use Egs. (34)
to eliminate A, — 1, and A, — 1,.. Thereby, we obtain

K = b, (49a)
K5 = A\ o wy + Ty o [T, 0 1y, (49b)
I.CS,zwroUTOTT—l—wT-/.\T, (49¢)

/Cg:;\TOwrOHTOTT—FTTOHTOHJTOHTOTT
+ Ty oI, 0wy » Ay + M, . (49d)

Now, we use Egs. (24) to express the K| ® on the left
through Iy, I'y,, I'y, I3, and Eqs. (44) to express the lat-
ter through SBE constituents. By matching terms on the
left and right in each loop order, we obtain flow equations

for w®, )L\SZ), }\7(}) and Mﬁz). For example, at 1¢ order,
Eqs. (24a) and (49a) for K7 ) yield
WM =T oIl oIy =w, s A\p oIl oA, ew,, (50)
consistent with Eq. (48a). Similarly, for ICS(I), we obtain
)L\gl)-wr—&—TTOHTou'}ﬁl):f{,OHTOFg (51)
=T,oll, o)\ ew, +T,0Il, 0cw,e\.o0Il. 0\ ew,.

The second terms on the left and right cancel due to
Eq. (50). The remaining terms, right-multiplied by w, !,

yield i&” =T, oI, o \,, consistent with (48a). All of the
equations (48) can be derived in this manner.

5 Conclusions and outlook

The SBE decomposition of the four-point vertex was origi-
nally introduced in Hubbard-like models respecting SU(2)
symmetry and was written in terms of physical (e.g., spin
and charge) channels [15]. In this work, we formulated the
SBE decomposition without specifying the structure of
non-frequency arguments (such as position or momentum,
spin, etc.) starting from the BSE for general fermionic
models. The only restriction on the structure of the bare
vertex U is that, apart from being frequency-conserving,
it is otherwise constant in frequency. Our formulation can
thus be used as a starting point for a rather general class
of models. It is straightforward to extend our formulation
to the Keldysh formalism, or to other types of particle
fields such as bosons or real fermions.

We gave a detailed discussion of the relation be-
tween two decompositions of the full vertex, involving the
asymptotic classes K7, or the SBE constituents, M, and
V., = A, e w,  \,. The latter have a transparent interpre-
tation through bosonic exchange fluctuations and Hedin
vertices, describing effective interactions between these
bosonic fluctuations and two fermions. We showed that
the two decompositions are closely related and presented
detailed formulas linking their constituents. As our main
result, we derived multiloop flow equations for both de-
compositions. Thereby, we presented the multiloop gener-
alization of the 1¢ SBE flow of Ref. [22] and also provided
a unified formulation for the mfRG treatment of the two
vertex decompositions.

A numerical study of the mfRG SBE flow for rele-
vant model systems, such as the single-impurity Ander-
son model or the Hubbard model, is left for future work.
Below, we outline some open questions to be addressed.

The numerically most expensive SBE constituent is
the fully U-irreducible vertex V" involving the U-r-
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irreducible contributions M,., because these all depend on
three frequency arguments. One may hope that, for cer-
tain applications, it might suffice to neglect V'™ (as done
in Ref. [18] for a DMFT treatment of the Hubbard model),
or to treat it in a cheap fashion, e.g., by not keeping track
of its full frequency dependence or by not letting it flow
(cf. Ref. [22]). This spoils the parquet two-particle self-
consistency while retaining SBE self-consistency. It is an
interesting open question which of the main qualitative
features of the parquet solution remain intact this way.
One formal feature, namely regulator independence,
can be identified a priori for the case that the SBE multi-
loop flow equations are simplified by setting @V = 0 and
M, = 0 throughout the flow. Then, the right side of the
simplified flow equations still constitutes a total deriva-
tive. Therefore, if loop convergence can be achieved when
integrating these simplified flow equations, the results will
be regulator independent, just as for a mfRG flow with
pUir = >, M, reproducing the parquet approximation.
Even if it turns out that a full treatment of V' is
required for capturing essential qualitative features of the
vertex, this might still be numerically cheaper than a full
treatment of Kj. The reason is that each K% contains
a contribution, the K5 e w ! e K, term in Eq. (42),
which is included not in M, but in V,., and parametrized
through the numerically cheaper Hedin vertices and
effective interactions. If these terms decay comparatively
slowly with frequency, their treatment via the K] de-
composition would be numerically expensive, and the
SBE decomposition could offer a numerically cheaper
alternative. A systematic comparison of the numerical
costs required to compute the multiloop flow of the two
decompositions should thus be a main goal of future work.
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A Diagrammatic definition of K, Ko, K3

We illustrate the channel-dependent frequency para-
metrizations of the vertex (Fig. 3) in second-order per-

turbation theory:

Wa /4 Wa
Va+ =5 Wa Vot 5
S~ VvV
PSR . 4
_ Wa / w
Vq 2 Va_Ta
147
/ “wp t v _ Wt
14 )
'..‘ p L
Wp Wy wp /
5t ! <5 +vp I wi I wp
ntS o~ YTy
vi

The bosonic frequency w, is “transferred” through the
bubble in which each diagram is reducible, while the
fermionic frequencies v, v parametrize the frequency de-
pendence on each side of the bubble. Evidently, the in-
ternal propagator lines only depend on the bosonic trans-
fer frequency of the corresponding channel (and the in-
ternal integration frequency). The external fermionic fre-
quency v, flows in and out at the same bare vertex, and
so does v/ at another bare vertex, such that the value
of each diagram is independent of v,.,v/.. This notion can
be generalized, leading to the decomposition of each IT-r-
reducible vertex -, into four different asymptotic classes,
K7+ K5+ K5, + K%, depicted diagrammatically in Fig. 10.
A formal definition is given by Egs. (18) in the main text.

B Susceptibilities

In the following, we show how the susceptibilities defined
in Eq. (21Db) are related to physical charge, spin, and pair-
ing susceptibilities. To this end, we focus on models with
a local (momentum-independent) bare interaction, which
has only spin degrees of freedom subject to the Pauli prin-
ciple. In the a and ¢ channel, Eq. (21a) then reads

’C(lj,;oo/\do” _ U0'5|5/0', Xgl‘ﬂa',& U&lal‘ga- s (533:)
Ki;o_a_/‘a_o_/ _ U&/o’\&’a' Xf—&"&é” Ua'(ﬂO'& i (53b)
We furthermore specify yeola's’ — u(0gor — 0557), with

the (scalar) bare interaction strength u. With SU(2) sym-
metry, Xflgl‘a”? = xflallawz, Eq. (53) thus simplifies
to

oo'|oa’

_ raftioo’ oo’ ;2
aft =K3 Ju”.

(54)
In the p channel, we have

o0’ oo’ 4 & & & & 4
K:If ‘ _ E Uee o101 Xglol\aga'g Uz720'2|0'z7 (553.)
o102

_ UUU"O’O’I )200'/\17(7, U(TU’|(70/
= » .

(55b)
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Wa
Va+w7a V{l“l‘% Waq Wa Wa NV
~— v
\\——r \_/'/
Ya _ Va)(y(/l n ua) K2 v+ u)}@ (y:, + u@) K2 (y;
Vo— 5 Vg — 2 * x
Ya(Wa, Va, V5) = K1 (wa) + K3 (wa, va) + K (way vs) +  K§(wa,Va,vh),
w w
TP_V;:? 7 ~Up “:"‘
Yp — VI’) + up’.,;' ICg V;,a
“2 4, Loy xu?
fYP(wpf VP7 Vp) = Kf(wp) + K:g(wpﬁ VP) + ’CIQ)’ (W[", l/;)) + ’Cg(w;ﬂv V}M V;Q) 9
Vi Vs
~—v Vi
N—v
U Wt wy N—¥ Vi
t+ 5 Vi— 5 N
e = Wi + W + 0w - ““) K
v+t vi—4t N AN
— Vi
A / v
v Vi
’Yt(thmV;) = Ki(wt) + /Cé(wf,w) + ’Cél(wml/é) + Ké(w,e,uf,u{).

Figure 10. Illustration of the decomposition of the two-particle reducible vertices 7, into asymptotic classes, K7 +K5+ K5 + 5.

Here, the second line (55b) follows from SU(2) and cross-
ing symmetry. It employs

Xp(wp) = Z ﬁp(wpa V;zly/) (56)

+ Z ﬁp(“’p’ vp) o I'(wp, vy, V;/)) * ﬁp(wpa V;’;) )

’
Vp,Vy,

where ﬁp;34|3141 = G3|3/G4|4/ = 2Hp;34‘3/4/ does not in-
clude a prefactor 1/2 (introduced in Eq. (5b) in order to
avoid double counting within internal spin sums), since
there are no spin sums in Eq. (55b). (This definition of
the p susceptibility agrees with the related literature, e.g.,
Ref. [28].) With U77'177" = —u§,5/, this allows us to write
)N(ZGJIJU, _ 606/ IC}17§U‘7/‘<70//U27 (57)
in analogy to Eq. (54).
The relation between these “diagrammatic” suscepti-
bilities x, and their “physical” counterparts can be made
explicit by means of the bilinears

Poo’ = CoCo' s OPoo’ = Poo’ — {Poo)Oco (58a)

Pogr = CoCaly  Pagr = Corlo. (58b)
Then, we have in the imaginary-time domain

X719 (1) = —(6poro (T)0poer (0)) (59a)

357177 (1) = (o (1) 05 (0)) (59D)

X271 (1) = (8 (T)6n4: (0)) . (59¢)

with n, = pso. Choosing the spin arguments as ¥ =

XIMN, we furthermore get

XIHT) = —(S_(7)S4), (60a)
X5H(r) = (As (1) AL(0)) (60b)
X1+ (r) = (0ny (7)o (0)) . (60c)

Hence, x!* describes spin fluctuations (S_ = ¢ ¢y, Sy =
¢rey) and XJV singlet pairing fluctuations (Ag = crey).
By SU(2) spin symmetry, $x/(7) = —(5.(7)S.), with
S, = i(nt —ny) = 3(6ny — ony). It then follows that

X (T) = 3x3H(T) = §((0na(m)dng) + (Ony(7)ony))
= 1 (on(r)on) (61)

describes charge fluctuations with n = ny +ny.

C Diagrammatic illustration of SBE objects

Figure 11 illustrates which part of the U-r-reducible dia-
grams V., belong to the Hedin vertices A, A\, and which
parts belong to the effective screened interactions w,. (for
exemplary low-order diagrams see Figure 6).

D Relation to SBE formulation in physical
channels

The SBE decomposition was originally defined in terms of
the charge, spin, and singlet pairing channels [15]. These
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X U X
:(S\Q-wa-/\a)

172/]12

3 e Kt
C Waq

(waa Va, V;) = 5‘(1;1’4\3’2(‘4}&7 Va)wa;3/4/|34(wa))\a;32’\14’ (wm thz)

C wp

= Vpraiz(Wp, Vp, vp) = (5‘17 *wp ® )‘p) 127]12 (W Vps p) = Aps1r2rj3rar (Wpy Vp)Whsaar 34 (Wp) Apsajna (W 1)

vt
2 ~—wv 9/
4 3’
Wt W =
4 3

, _
= Vyvoe(we, ve, 1) = ()\t oW e )\t)l,2,|12 (

Wt, Vt, ’/é) = S\t;42’|3’2(wt7 Vt)wt;4’3’|34(Wt)>\t;1’3\14’ (Wta Vé)

Figure 11. Illustration of the structure of V, using w, = U + K1 [Eq. (39)], including an exemplary sixth-order diagram.
While Ay, wy, A factorize w.r.t. their frequency dependence (since they are connected by bare vertices in V), they are viewed
as four-point objects w.r.t. the other quantum numbers [the internal indices 3,3’, 4,4’ have to be summed over, cf. Eq. (6)].

involve specific linear combinations of the spin compo-
nents, chosen to diagonalize the spin structure in the BSE
for SU(2)-symmetric systems [9]. Assuming SU(2) spin
symmetry, we show below how these “physical” SBE chan-
nels are related to the “diagrammatic” SBE channels used
in the main text.

By spin conservation, each incoming spin o € {f,]}
must also come out of a vertex. The nonzero components
thus are
Moo __ pod|oo oo __ pool|oo
[07 = pooles  poo — poolor

7 — Fo&\a& , (62)

Furthermore, crossing symmetry relates I'™ and fN, and
SU(2)-spin symmetry yields I'77 = ['79 + 199 [39].

On the level of the full vertex, we define the charge,
spin, and singlet or triplet pairing channels as

eb/sp — P FN’ /st — PN P (63)
This notation carries over to all vertex objects like V¥, A%
and w, with a denoting ch, sp, si, or tr.

The bare vertex has U = 0 and U™ = ,UN’ so that

Ueh/se — gt 4 gt = :I:UN,
Usi= N N = oputt.

(64a)
(64b)

The bare interaction U® in the triplet pairing channel
vanishes and does not give a U-reducible contribution [15].

We now show that if the constituents of the SBE de-
composition Eq. (38) are expressed through the physical
charge and spin components (ch, sp) rather than the di-
agrammatic components (11, 1)) used here, one indeed
obtains the original form of the SBE decomposition de-
picted in Fig. 1 of Ref. [15].

This is trivial to see for the fully U-irreducible part
@Y [analogous to Eq. (63)] and the bare vertex U
[Eq. (64)]. It remains to show that for the U-r-reducible
terms V, = A, ew, ¢\, the components V¢ have the form

given in Fig. 1 of Ref. [15], with oo = ch or sp.
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We start with the ¢ channel. Defining sign factors for
charge and spin channels, s* =1 and s°° = —1, we have

ve =viT 4 5o (65)
_ \oMletygole'o \ta'lte! | agetlol o'olo’a yto'lte’

Here, we sum as usual over spin indices o, ¢’. Making use
of wz T= wi’J’, wtiT = th ¥ and similarly for Ay, A, we can

collect the summands as
Vi = T+ s A (! + st w AT+ sA)
— Xewpag, (66)
which is equivalent to VP! in Ref. [15]. (Note that in our
convention of depicting diagrams, all diagrams are mir-
rored along the diagonal from the top left to bottom right
(i.e., the bottom left and top right legs are exchanged)
compared to the convention used in Ref. [15]: The ph (ph)
channel corresponds to the t (a) channel.)

We continue with the a channel, which is related to
the t channel by crossing symmetry,

ﬁTl’(wa,I/a,I/;) = T™(w = wa, vy = Va, v, = 1) . (67)

The frequency arguments on the right are defined accord-
ing to the ¢t-channel conventions (ws, 14, 1), and then eval-
uated at the a-channel frequencies occuring on the left. In
particular, we have (cf. Eq. (11) of Ref. [15])

I (wq, Va, V))

(68)

= —% [FCh + (14 QSD‘)FSP] (Wt = Wa, Vt = Vg, V) = V).
The U-a-reducible diagrams V, can therefore be expressed
through the U-t-reducible diagrams V:

v?(wav’/av’/:z) (69)

=-1 P\ghwfh)@h +(1+ 23")5\?’10?))\?] (Wa, Vas Vb))

reproducing vPh in Ref. [15]. The frequency arguments on
the right have the same meaning as in Eq. (67).
Last, we consider the p channel. With SU(2) symmetry,

Vy = Vgi + @;Jq we have

Ve =VIT 4oV = VI 4 (14 sV
— \Noa, 050’  yo'a" |1

+ (L4 s A HoTyg7le @ £ T (70)
Note that the spins in the first and second pair of spin
indices of w,, have to be opposite, 0 and ¢’d’, since they
connect to the same bare vertex (cf. Fig. 11), and U°? = 0.
Furthermore, the crossing relation U™ = —U™ implies
wgi = —wgi. By use of this, we can combine the terms in
the spin sums as

Vi = T = AD @t — @ (g - AL
A,

(71)

s
2
sa
2

which gives VPP in Ref. [15].
In summary, we thus reproduce the decomposition of
Ref. [15]:

I =Ume L Vo 4 Ve + Ve —20°, (72a)
where the the U-r-reducible parts are defined as

V& (Wa, Vas V) = —%V;h(wmumy;)
- (% - 25avsp)v§p(wavlja71/¢/z)7 (72b)
V5 (wp, Vp, V) = (% _ 6a7sp)[5\5iw5i)\8i](wp’ Vp, V,’,), (72¢)

P P 2 » Wp Mp
V& (we, v, 1) = [ANFwi NS (wy, v, V)). (72d)

E Alternative derivation of SBE mfRG flow

In the main text, we derived the SBE multiloop flow equa-
tions by inserting the SBE decomposition into the known
multiloop flow equations of the two-particle reducible ver-
tices 7. They can also be derived without prior knowledge
on the flow of ~,, by using the techniques of Ref. [7].

In the parquet setting of Ref. [7], one can view the IT-r-
irreducible vertex I,. as the key ingredient for all equations
related to channel r. In step (i), one uses I,. to generate
v and thus I' through a BSE. Then, a post-processing
of attaching and closing external legs yields (ii) a three-
point vertex FT(S) and (iii) a susceptibility x,. The SBE
setting of the main text can be understood in close anal-
ogy, with the only exception that one purposefully avoids
to generate U-r-reducible contributions, because these can
(more efficiently) be constructed via V,. = A\ ew,. ¢ A,.. To
exclude U-r-reducible contributions, one uses in step (i)
I, — U to generate M, and thus 7T, through a BSE. The
same post-processing as before yields (ii) A, and then (iii)
w, (through the polarization, see below).

Because of this analogy, the SBE multiloop flow equa-
tions can be derived in the exact same fashion as the mul-
tiloop flow equations of Ref. [7]. One merely has to replace

the variables I, - I, — U, I' = T}, v, = M,, FT(S) NS
Xr — Pr. P, is the polarization [21]

Pr(wr) = Z Hr(wra V;’/) ® j‘r(wrv V;/) 5

"
vy

(73)

which allows one to express the screened interaction
through a Dyson equation as

w,=U+UeProw, & w,=(1,—UeP) telU. (74)
For step (i), the analogous two sets of equations are

r=1I+v, Yy =1I,0Il. 01, (75a)

T.=I.—-U)+M,, M,=(I.—U)oll.oT,.. (75b)

They yield flow equations of identical structure, after re-
placing the variables as stated above:

;YT' :fl[F7HT7ﬁTajT]7
Mr - fl[TmHml'Yrajr] .

(76a)
(76Db)
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For the last argument of Eq. (76b), we used 94(1, —U) =
I, as U = 0. The functional f; is
fl[Ter»Hrvjr] = T’r‘ oH’r‘ OT’I‘ +Ir OHT OTr

+T,oll,ol,0oll,oT, +T,0ll,ol,, (76c)

cf. Eq. (10) and Fig. 2(a) of Ref. [7]. A loop expansion
with I, = 3, *'yg) then yields Eqgs. (48) and Fig. 9.
In step (ii), we have the two analogous relations

I =1, +> I, eI, A\=1,+> I, +T.. (77a)

" 1"
vy v,

They again yield flow equations of identical structure after
replacing variables:

I'® = f,[r®, 11,11, 1,], (78a)
).\7' - fQ[AT'a T7'7 Hra ﬁ’r'a I’r] . (78b)
The functional f5 is given by
f2[/\r; T, II,, Hra Ir] = A0 Hr oT,
+/\roHro(fr+jTOHr0TT), (78c¢)

cf. Egs. (42) (with Ff(’)) = 1,) and Fig. 7 of Ref. [7]. A
loop expansion again gives our Egs. (48) and Fig. 9.

Finally, in step (iii), the susceptibility and polarization
obey the two relations

Xo=> oL, P.=) I,eA. (79a)
Hence, we get perfectly analogous flow equations

Xr = o0 01 0 (80a)

Pr :fS[)\eraHrajr]v (SOb)

f3[A7'7HTaﬁ7'7jT'] =Aro0 HT © X7" + Aol o jr oll. o 5\7‘ 5
(80c¢)

cf. Eq. (44) and Fig. 8 of Ref. [7]. Finally, Eq. (74) yields

W, =U e Pow, +UseP,et,. (81a)
Solving this for w,., we obtain
W, = (17_ —Ue P,-)_l e[Je Pr oW, = W, * Pr oW, . (81b)

Again, a loop expansion yields the same flow equation for
w, as in our Egs. (48) and Fig. 9.
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