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Abstract

We exhibit an initial-value formulation of the worldline quantum field theory

(WQFT) approach to the classical two-body problem in general relativity. We

show that the Schwinger-Keldysh (in-in) formalism leads to purely retarded prop-

agators in the evaluation of observables in the WQFT. Integration technology for

retarded master integrals is introduced at third post-Minkowskian (3PM) order.

As an application we compute the complete radiation-reacted impulse and radiated

four momentum for the scattering of two non-spinning neutron stars including tidal

effects at 3PM order, as well as the leading (2PM) far-field gravitational waveform.
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1 Introduction

The gravitational two-body problem lies at the origin of physics as a scientific dis-

cipline [1]. The Newtonian case is well known to be integrable and supports bound

or unbound orbits depending on the conserved energy of the system. In general rel-

ativity (GR) the same is true in principle, yet the problem is more complicated due

to the loss of energy and (angular) momentum through gravitational radiation. In

bound systems the continuous emission of gravitational radiation leads to an ever-

shrinking inspiral followed by a merger of the two massive objects — black holes,

neutron stars or stars. With the gravitational waves emitted by such violent encoun-

ters now routinely being detected by the LIGO-Virgo-KAGRA observatories [2], a

new era of gravitational wave (GW) astronomy has begun. This calls for high pre-

cision predictions of the emitted waveforms in binary encounters depending on the

source’s parameters.

Due to the non-linearity of Einstein’s equations and radiative effects exact re-

sults are out of reach, and one is forced to use approximate perturbative or numerical
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approaches. In bound systems the inspiral phase typically runs over many cycles,

and so perturbative methods are preferable: one often uses a post-Newtonian (PN)

expansion in Newton’s constant G and relative velocity v (with Gm
r
∼ v2 � 1), which

works well for near-circular orbits [3–8] [9–17]. On the other hand, for unbound sys-

tems — i.e. gravitational scattering events, in which the two massive bodies fly past

each other — the post-Minkowskian (PM) weak-field expansion in powers of Newton’s

constant G is more natural. While the non-periodic gravitational Bremsstrahlung

produced by such scattering events appears to be out of reach of current-generation

GW detectors, it may be detectable in the third generation of GW detectors [18–22].

The close relationship between bound and unbound two-body systems also allows

one to recycle scattering observables into useful input for the bound problem [23–25].

This is especially useful for highly elliptic bound orbits where the relative velocity v

is large at the point of closest approach [22].

In an effective field theory (EFT) setting, well-separated black holes (BHs) or

neutron stars (NSs) can be idealized as two massive point particles moving on trajec-

tories xµi (τ) coupled to gravity. Finite-size and tidal effects are included by coupling

an infinite series of higher-dimensional operators to the particle’s worldline theory

with free Wilson coefficients (Love numbers) c
(i)

E2/B2 . Using the Polyakov formulation

with einbein e the one-dimensional worldline theory reads

S(i)
pm = −mi

∫
dτi

[
1

2e
gµν(xi)ẋ

µ
i (τi)ẋ

ν
i (τi) +

e

2
+
c

(i)

E2

e3
E(i)
µνE

(i)µν +
c

(i)

B2

e3
B(i)
µνB

(i)µν + . . .

]
,

where we have included the first layer of tidal effects which are quadratic in the

Riemann tensor and quartic in ẋµi — see eq. (4.1) for a definition. The complete

gravitational field theory consists of these two point-mass worldline actions S
(i)
pm (i =

1, 2) coupled to the four-dimensional bulk Einstein-Hilbert action SEH.

Expanding the metric around a flat Minkowski vacuum, gµν(x) = ηµν + κhµν(x)

with κ =
√

32πG, one solves the resulting equations of motion for the trajectories

xµi (τi) and the graviton waveform hµν(x) perturbatively in G. In a scattering scenario

the initial boundary conditions are straight-line trajectories of the two bodies, xµi =

bµi +vµi τi, with no incoming radiation hµν = 0. Provided the impact parameter is large

compared with the intrinsic size of the massive bodies, i.e. |b| = |b1−b2| � Gmi, the

weak-field expansion and point-particle approximations are valid. Key observables

in the gravitational scattering problem are: (i) the waveform hµν = f(t,~x)
r

+ . . . in the

far zone r � |b|, (ii) the impulse or momentum deflection ∆pµi := mi[ẋ
µ
i (τ = +∞)−

ẋµi (τ = −∞)] of the i’th body (which also contains the scattering angle θ), and for

spinning bodies (iii) the “spin kick” ∆aµi , i.e. the change of the i’th body’s spin vector.

These quantities also encode the total energy, momentum and angular momentum

dissipated via gravitational radiation (Bremsstrahlung). A special feature of gravity

is that the field hµν does not relax to zero after the scattering event; instead, it

takes on a new finite value — the memory effect. This traditional GR approach
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of solving the equations of motion perturbatively has been used to establish the

leading-order (LO) gravitational waveform [26–29], the deflection angle up to 2PM

[7, 8, 30] and the explicit trajectory up to 2PM order [31] — see also recent work on

the electromagnetic analogue at 3PM order [32] .

Quantum field theory (QFT) techniques employing a classical limit of the pertur-

batively evaluated path integral have also proven themselves highly effective. Initially

introduced for the computation of an effective worldline action in the PN expansion

[9–17] – see [33, 34] for reviews – these have now been successfully extended to the

scattering problem in a PM expansion [35]. Conservative observables including spin

effects have been computed at 2PM order [36], at 3PM order including tidal effects

[37, 38] and at 4PM order [39, 40]. In this worldline EFT approach graviton fluctua-

tions hµν are integrated out of the path integral of the above action, SEH +
∑2

i=1 S
(i)
pm,

yielding an effective action Γ[xi] describing only the the massive bodies’ positions.

The equations of motion for Γ[xi] are then perturbatively solved in G, yielding the

desired deflection observables. Radiative observables at 3PM order have also been

derived from the LO waveform [41–44]. However, a systematic inclusion of radiation-

reaction effects at higher PM orders requires the introduction of a Schwinger-Keldysh

“in-in” path-integral formalism, as the classical problem to be solved is an initial-

value problem.

In a series of papers involving three of the present authors we have developed

an efficient extension to the worldline EFT approach known as worldline quantum

field theory (WQFT) [45–49]. WQFT implements the philosophy of the modern

scattering amplitudes program [50–54] by directly computing on-shell observables :

translating this to the worldline EFT calls for integrating out fluctuations of the

worldline fields xµi . All classical observables, including the impulse, spin kick and

waveform are derived from tree-level one-point functions in WQFT. Indeed, the one-

point functions directly yield the desired solutions of the classical equations of motion

of the system once the correct boundary conditions are implemented. In essence, the

WQFT formalism provides an efficient diagrammatic framework for solving the clas-

sical equations of motion of the spinning gravitational two-body system perturba-

tively. Moreover, in WQFT the spin degrees of freedom are captured by introducing

anti-commuting worldline fields that display an extended supersymmetry [48]. Us-

ing this state-of-the-art results for the waveform with [47] and without spin [46] as

well as the 3PM impulse and spin kick up to quadratic order in spin [49] have been

established. Further works have addressed light bending [55], the double copy [56]

and applications to the eikonal phase [57].

In this paper we describe how the WQFT systematically incorporates radiation-

reaction effects by implementing the Schwinger-Keldysh “in-in” path-integral for-

malism. The outcome is to be expected, and was already implied in our previous

works: when computing tree-level one-point functions using the WQFT in-in formal-

ism one uses exactly the same Feynman rules as the WQFT in-out formalism, but
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with retarded propagators pointing towards the outgoing line. This follows from a

simple diagrammatic argument explained in section 2. We therefore extend modern

Feynman loop integration technology to handle retarded propagators, initiating this

program in section 3 for the specific case of a 3PM integral family. In section 4 we

also apply the complete WQFT formalism to compute non-spinning radiative ob-

servables (impulse, scattering angle, waveform) at 3PM including tidal effects. By

contrast, in the traditional worldline EFT approach one goes through the intermedi-

ate stage of an effective action and a laborious separation into advanced and retarded

propagators in a doubled field approach is required.

A complementary and rapidly developing alternative approach to the classical

gravitational scattering problem is based on scattering amplitudes [58–66]. Here,

massive scalar fields are the avatars of spinless BHs or NSs, and one obtains scatter-

ing data from 2→ 2 amplitudes taken in the classical ~→ 0 limit. The innovations

of the scattering amplitude program for constructing tree- and loop-level amplitudes

in perturbatively quantized GR have recently enabled quick progress to higher PM

orders. The conservative effective potential has been established at 3PM [62–64] and

recently at 4PM order [67, 68] in the non-spinning case. The scattering of higher-spin

fields may be used to emulate the compact objects’ spin [69–72]. However, here the

inclusion of radiation-reaction effects also poses a challenge [65, 73–75], and so far

have only been included for non-spinning 3PM results. The KMOC formalism ad-

dresses this problem by introducing an in-in style formalism in this context [76–79],

but matching to the worldline EFT Wilson coefficients remains subtle. Another re-

cently developed approach uses heavy-particle effective theories (HEFTs) to describe

the massive bodies [80, 81]. State-of-the-art results here include the spinless 3PM

scattering angle [81] and spinning results with tidal effects [82] and 2PM at arbitrary

spin orders of one particle [83].

Note added: While finalizing this paper we became aware of the work [84] which

overlaps with some of our results.

2 In-in formalism for WQFT

It is a textbook QFT result that the effective action Γ[φ] — computable through a

Legendre transform of the generating functional W [J ], or by the background field

method — is identical to the classical action at tree level. Moreover, the one-point

function 〈φ̂(x)〉 solves the equations of motion δΓ[φ]
δφ
|φ=〈φ̂(x)〉 = 0 in the absence of

sources J . This relation is the basis for our use of QFT to efficiently solve classical

physics problems. However, the one-point function 〈φ̂(x)〉 in the standard “in-out”

path integral formalism is the solution to a boundary value problem; not the initial-

value problem that is required in a classical setting. This is because the in-out

one-point function 〈φ̂(x)〉 — as opposed to its notation — is not a true expectation
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value of the field operator φ̂(x). Rather, it is the matrix element of φ̂(x) between

the in-vacuum and the out-vacuum state to which the in-vacuum has evolved, and

these two states need not be identical. Realization of the true expectation value of

the field operator in the in-vacuum state as a one-point function is achieved using

the Schwinger-Keldysh “in-in” path integral formalism [85, 86], which we shall now

review — following closely the pedagogical expositions found in refs. [13, 87].

2.1 One-point functions in the in-out formalism

Let us first review a few important details regarding the in-out formalism. To simplify

the discussion we consider a free massless scalar field theory coupled to an external

physical source Q(x)

S[φ] =
1

2

∫
d4x ∂µφ∂

µφ+ Sint[φ;Q] . (2.1)

The WQFT analogues of φ are the fluctuating “quantum” fields on the worldlines

zµi (τ) and the graviton hµν(x) in the bulk, while the source Q emerges from the

background configurations bµi + vµi τ on the worldlines that couple non-linearly to zµi
and hµν . However, let us for now consider an arbitrary interaction term Sint[Q, φ]

that depends on an external source Q(x) in an unspecified manner.

In the interaction picture the state of the system is time dependent. Let |Ψ〉
be the state of the system in the infinite past (T = −∞), when the interaction and

Heisenberg picture are taken to coincide. The time evolution of the state vector in

the interaction picture is governed by the interaction Hamiltonian Ĥint, |Ψ(t)〉 =

Û(t,−∞)|Ψ〉, with the time-evolution operator

Û(T ′, T ) = T exp
[ i
~

∫ T ′

T

dt

∫
d3xĤint[Q(t,x), φ̂I(t,x)]

]
. (2.2)

T denotes time ordering and φ̂I(t,x) is the field operator in the interaction picture

(see e.g. ref. [88] chapter 7). It is related to the field in the Heisenberg picture φ̂H(t,x)

via

φ̂I(t,x) = Û(t,−∞)φ̂H(t,x)Û(−∞, t) . (2.3)

We now add an auxiliary external linear source J(x) to the system

ÛJ(T ′, T ) = T exp
[ i
~

∫ T ′

T

dt

∫
d3x

(
Ĥint[Q, φ̂I ] + J(x)φ̂I(x)

)]
. (2.4)

The vacuum transition amplitude in the presence of sources has the in-out path-

integral representation

〈0|ÛJ(∞,−∞)|0〉 =

∫
Dφ exp

{ i
~

(
S[φ] +

∫
d4xJ(x)φ(x)

)}
=: e

i
~W [J ] , (2.5)
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Here, |0〉 represents the vacuum state in the infinite past when the interactions are

assumed to turn off. The in-out one-point function of the Heisenberg field is

〈φ̂H(t,x)〉in-out :=
δW

δJ(t,x)

∣∣∣
J=0

= 〈0|Û(∞, t)φ̂I(t,x)Û(t,−∞)|0〉

= 〈0|Û(∞,−∞)φ̂H(t,x)|0〉 .
(2.6)

This simple example illustrates that we have not evaluated the vacuum expectation

value of the Heisenberg field operator, but rather the matrix element between the

in-vacuum |0〉 and the state Û(−∞,∞)|0〉, i.e. the out-vacuum. Hence, the tree-

level one-point function 〈φ̂H(t,x)〉in-out cannot be identified with the classical field

configuration φclass(x), which should be given by a vacuum expectation value of the

field operator in the Heisenberg picture, 〈0|φ̂H(t,x)|0〉.
This is easily verified by specializing the interacting piece of the action (2.1) to

a linear term Sint[Q, φ] =
∫

d4xQ(x)φ(x). Then the path integral of eq. (2.6) may

be performed exactly, yielding

〈φ̂H(x)〉in-out =

∫
d4y DF (x− y)Q(y) (2.7)

with the Feynman propagator (or Green’s function) DF (x). While this solves the

classical equations of motion ∂2φ(x) = Q(x) emerging from (2.1) (as it should), it is

not the causal solution one usually seeks for in classical physics: for this, we instead

need a retarded propagator Dret(x− y).

2.2 One-point functions in the in-in formalism

The Schwinger-Keldysh in-in formalism is designed to yield a one-point function that

is a true expectation value of the field in the Heisenberg picture, i.e. we demand that

〈φ̂H(t,x)〉in-in := 〈0|φ̂H(t,x)|0〉 = 〈0|Û(−∞, t)φ̂I(t,x)Û(t,−∞)|0〉 . (2.8)

To achieve this, we introduce a generating functional W [J1, J2] depending on two

auxiliary external linear sources that generalizes eq. (2.5):

e
i
~W [J1,J2] = 〈0|ÛJ2(−∞,∞) ÛJ1(∞,−∞)|0〉 . (2.9)

Note that we maintain only one external source field Q. The in-vacuum is evolved

to the infinite future in the presence of sources J1, and Q is then evolved backwards

in time to the infinite past in the presence of J2 and Q. One may then express the

expectation value eq. (2.8) in two equivalent ways:

δW [J1, J2]

δJ1(t,x)

∣∣∣
Ji=0

= 〈0|Û(−∞,∞)Û(∞, t)φ̂I(t,x)Û(t,−∞)|0〉

= −δW [J1, J2]

δJ2(t,x)

∣∣∣
Ji=0

= 〈0|Û(−∞, t)φ̂I(t,x)Û(t,∞)Û(∞,−∞)|0〉

= 〈0|Û(−∞, t)φ̂I(t,x)Û(t,−∞)|0〉 = 〈φ̂H(t,x)〉in-in .

(2.10)
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The generating functional W [J1, J2] has a path integral representation upon dou-

bling the fields. It is established by inserting the unit operator 1 =
∑
|ψ〉 |ψ〉 〈ψ| into

eq. (2.9) using eq. (2.5):

e
i
~W [J1,J2] =

∑
|ψ〉

〈0|ÛJ2(−∞,∞) |ψ〉 〈ψ|ÛJ1(∞,−∞)|0〉 (2.11)

=

∫
D[φ1, φ2] exp

{ i
~

[
S[φ1]− S[φ2] +

∫
d4x
(
J1(x)φ1(x)− J2(x)φ2(x)

)]}
.

The φ1 field propagates forward in time, the φ2 field backwards. Importantly, in the

path integral above the two fields are linked via the boundary condition at future

infinity φ1(t = +∞,x) = φ2(t = +∞,x), while at past infinity both fields vanish

φ1(t = −∞,x) = φ2(t = −∞,x) = 0. This is a consequence of the sum over all

states |ψ〉 in the first line above.

In order to set up the in-in perturbation theory we need to establish the prop-

agator structure in the free theory. We now encounter a 2 × 2 propagator matrix

DAB(x, x′) related to the doubled fields. It is most easily derived from the free field

generating functional W0[J1, J2] in the operator representation eq. (2.9) [13, 87]:

DAB(x, x′) =
δ2W0[J1, J2]

δJB(x′)δJA(x)

∣∣∣
JA=0

=

(
〈0|T φ(x)φ(x′)|0〉 −〈0|φ(x′)φ(x)|0〉
−〈0|φ(x)φ(x′)|0〉 〈0|T ∗φ(x)φ(x′)|0〉

)
, (2.12)

with the Feynman DF (x, x′) and Dyson (or anti-time-ordered) DD(x, x′) Green’s

function appearing on the diagonal. The off-diagonal entries are known as the Wight-

man D+(x, x′) = 〈0|φ(x)φ(x′)|0〉 = D−(x′, x) Green’s functions. Note that here |0〉
is the Fock vacuum of the free theory which is stationary under time evolution.

We find it convenient to adopt the Keldysh basis [86] by introducing the sum

and difference of the two fields and sources:

φ− = φ1 − φ2 , φ+ = 1
2
(φ1 + φ2) ,

J− = J1 − J2 , J+ = 1
2
(J1 + J2) .

(2.13)

The propagator matrix in the Keldysh basis then becomes (a, b = +,−) [13]

Dab(x, x′) =

(
0 Dadv(x, x′)

Dret(x, x
′) 2DH(x, x′)

)
, (2.14)

with the advanced Dadv(x, x′) and retarded Dret(x, x
′) Greens’s functions as well as

the symmetric Hadamard function DH(x, x′) = 〈0|{φ(x), φ(x′)}|0〉. In the Keldysh

basis the generating functional of the interacting theory takes the form

e
i
~W [J+,J−] (2.15)

=

∫
D[φ+, φ−] exp

{ i
~

[
S[φ+ + 1

2
φ−]− S[φ+ − 1

2
φ−] +

∫
d4x
(
J+φ− + J−φ+

)]}
.
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The true vacuum expectation value of the Heisenberg field operator may now be

computed from the one-point function of φ+ at vanishing sources J± by

〈φ̂H(t,x)〉in-in = 〈φ̂H +(t,x)〉in-in

∣∣∣
J±=0

=
δW [J+, J−]

δJ−

∣∣∣
J±=0

(2.16)

=

∫
D[φ+, φ−]φ+(t,x) exp

{ i
~

[
S[φ+ + 1

2
φ−]− S[φ+ − 1

2
φ−]
]}

,

using 〈φ1〉in-in|Ji=0 = 〈φ2〉in-in|Ji=0 in the Schwinger basis. Importantly, the in-in effec-

tive action Γ[〈φ±〉] is obtained as the Legendre transform of the generating functional

Γ[〈φ+〉, 〈φ−〉] = W [J+, J−]−
∫

d4x (J−〈φ+〉+ J+〈φ−〉) . (2.17)

Finally, at tree level the in-in effective action gives rise to the classical equations of

motion that are solved by the expectation value (2.16):

0 =
δΓ

δ〈φ−〉

∣∣∣
〈φ−〉=0, 〈φ+〉=φclass, J±=0

. (2.18)

Note that at tree level the (−,−) component DH(x, x′) of the Keldysh propagator

matrix (2.14) does not contribute — in momentum space it is D̃H(k) = δ−(k2) and

only has on-shell support — see ref. [13] for a discussion. Hence, the tree-level

or classical physics result can only depend on advanced and retarded propagators.

This is the key relation to exploit for our purposes: applying the in-in formalism

to the computation of the one-point functions 〈zµi 〉 and 〈hµν〉 of WQFT yields a

PM perturbative, diagrammatic procedure to establish the solutions zclass(τ) and

hµνclass(t,x) to the equations of motion of the classical two-body scattering problem.

2.3 In-in one-point functions in background field theory

Evaluating the in-in path integral can be quite laborious due to the need to establish

“doubled” Feynman rules from eq. (2.15) — now adopting the Keldysh basis. These

involve vertices dressed with plus- and minus-labeled legs and novel symmetry factors

(the tensorial structure of the vertices remains inert with respect to the standard in-

out Feynman rules). As for the propagators, in momentum space the retarded and

advanced propagators are

D̃ret(k) = − +
=

−i
(k0 + i0)2 − k2

,

D̃adv(k) =
+ − =

−i
(k0 − i0)2 − k2

,
(2.19)

with the direction of the arrow above indicating the direction of causality flow — i0

denotes a small positive imaginary part. However, for the special case of tree-level

one-point functions in a background field theory the in-in diagrammatics are very
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simple: here we demonstrate that one needs only draw tree-level in-out graphs, but

with retarded propagators replacing Feynman propagators.

Sticking to the scalar field example, the interaction vertices emerge from the

in-in action (2.15). In perturbation theory the interacting part of the Lagrangian is

polynomial in the fields. Hence, expanding the Lagrangian (2.15) gives rise to a series

of vertices dressed with plus- and minus-labeled legs. Expanding Sin-in[φ−, φ+;Q] =

S[φ+ + 1
2
φ−] − S[φ+ − 1

2
φ−] in the minus-labeled fields φ− it is obvious that only

vertices with an odd number of minus legs will arise. At linear order in minus fields

the vertex structure is particularly simple:

Sin-in,int[φ−, φ+;Q] = φ−

(
δSint[φ;Q]

δφ

)
φ→φ+

+O(φ3
−) , (2.20)

and importantly Sint[φ;Q] is the original interacting piece of the (in-out) action (2.1).

Hence, for the single-minus leg vertices we find precisely the same Feynman rules

(including symmetry factors) as in the in-out formalism, with the distinction that

these are extended by dressing each leg successively by a minus label and all others

by a plus label.

Importantly, starting with the one-point vertices connected to the background

Q the emitted graviton field always carries a minus label:

φ−

(2.21)

where the cross symbolizes the background field Q. On the contrary, the outgoing

leg relevant for the one-point functions 〈φH〉 is strictly plus labeled, c.f. (2.16). This

leads to the following causality flow for a tree-level one-point function in the Q

background:

〈φ(k)〉 =
k

+− . (2.22)

The grey shaded rectangle subsumes all tree-level interactions containing two-valent,

three-valent and higher-point vertices that connect the n ingoing retarded propaga-

tors emerging from the background Q to the single outgoing leg.

The crucial insight is that at tree level only vertices with a single minus leg can

contribute to these one-point functions. Any tree-level graph will have the topological
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structure of a rooted tree, i.e. take a form such as

− + . (2.23)

From this structure it is immediately clear that inserting a vertex with two minus-

labeled (outgoing) legs in the shaded box inevitably leads to a loop-level graph, as

we just have a single outgoing leg. So we learn that at tree level only single-minus

vertices may contribute to the one-point functions. The consequence is that exclu-

sively retarded propagators appear in the computation if one assigns a momentum

flow according to causality from Q sources to the outgoing operator line. Therefore,

in practical computations of one-point functions in a background field theory one

may effectively forget about the in-in formalism altogether. One simply applies the

usual (in-out) Feynman rules and uses retarded propagators everywhere, with the

direction of causality always pointing towards the outgoing line.

In hindsight, this fact is not surprising. As we showed in eq. (2.18), it is a

well-known fact that at tree level the path integral is dominated by solutions to the

classical equations of motion of the theory (the saddle-point approximation). The

sum of rooted tree diagrams is then simply a visual interpretation of a perturbative

expansion of the classical solution in powers of the coupling constant. From a purely

classical perspective, using retarded propagators is then necessary to ensure fixing of

boundary conditions at past infinity.

2.4 In-in formalism for WQFT: observables

We now implement the in-in formalism for the WQFT. In the non-spinning case there

are two key observables to be computed which we typically evaluate in momentum

space: The impulse and the waveform. In the spinning case this is augmented by the

spin-kick. For the worldline coordinate we expand xµi (τi) = bµi + vµi τi + zµi (τi) with

i = 1, 2 denoting the two compact objects. In the in-in path integral we are led to

double the fluctuation field zµi → {z
µ
i+, z

µ
i−} but we do not double the background

bµi + vµi τi. This is justified, as in the end of the calculation the expectation value of

the minus fields are set to zero, cp. (2.18). We proceed analogously in the spin case

[47, 48], where we have the background field expansion ψai = Ψa
i + ψ′ai , and double

according to ψ′ai → {ψ′ai+, ψ′ai−} in the Keldysh basis. Finally, the graviton field is

doubled according to hµν → {hµν+ , hµν− }.
Let us now establish the Feynman rules for the in-in WQFT. As we argued in

the last section if one is interested in tree-level one-point functions (as we are) we

10



only need the retarded propagators. We then have for the graviton

k

→µν ρσ

− +
= i

Pµν;ρσ

(k0 + i0)2 − k2
, (2.24)

with Pµν;ρσ := ηµ(ρησ)ν − 1
D−2

ηµνηρσ. The retarded worldline propagators for the

fluctuations zµi (ω) and anti-commuting vectors ψ′µi (ω) are respectively

ω
→µ ν

− +
= −i ηµν

mi(ω + i0)2
,

ω
→µ ν

− +
= −i ηµν

mi(ω + i0)
. (2.25)

Note that now the direction of the arrow above the propagators indicates the causality

flow. The retarded propagators were already used in [45–49].

For the in-in WQFT vertices at linear order in minus fields the vertex structure

is particularly simple — generalizing the scalar field discussion of eq. (2.20):

SWQFT
in-in, int

∣∣∣
lin −

= hµν−

(
δSWQFT

int [h, z, ψ′]

δhµν

)
+

+
2∑
i=1

zµi−

(
δSWQFT

int [h, z, ψ′]

δzµi

)
+

+
2∑
i=1

ψ′ai−

(
δSWQFT

int [h, z, ψ′]

δψ′ai

)
+

. (2.26)

We find precisely the same Feynman rules (including symmetry factors) as in the

in-out formalism, with the distinction that these are extended by dressing each leg

successively by a minus label and all others by a plus label. Importantly, starting

with the one-point functions connected to the background trajectories the connecting

graviton field always carries a minus label:

hµν(k)

−

, (2.27)

while the tensorial structure remains as before [45–49]. Again, the outgoing leg

relevant for the one-point functions 〈hµν+ (k)〉, 〈zµi+(ω)〉 or 〈ψ′µi+(ω)〉 is strictly plus by

virtue of (2.16).

This leads to the following causality structure for the WQFT in the in-in for-

malism: for the graviton emission

〈hµν(k)〉 =

− − −

− − −

k

+−
µν

+
+
+

+
+
+

(2.28)
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as well as for the worldline one-point functions

〈zµ1 (ω)〉 =

− − −

− − −

ω
+−

µ
→

+
+
+

+
+
+

(2.29)

〈ψ̃a1(ω)〉 =

− − −

− − −

ω
+−

a
→

+
+
+

+
+
+

(2.30)

As we learnt in the previous section, inside the grey shaded rectangle we should only

insert single-minus-leg vertices. Ironically we may then effectively forget about the

in-in formalism altogether: simply apply the standard (in-out) Feynman rules, assign

momenta according to the causality flow (from one-point worldline vertices to the

outgoing line) and use retarded propagators everywhere. This is what was done (and

its correctness implicitly assumed) in our previous works [45–49]. Here we have given

a derivation of this property.

2.5 In-in formalism for WQFT: free energy

The eikonal phase in the scattering amplitudes approach to classical gravitational

scattering [66, 74, 89, 90] plays the role of a generating functional for the observables

(impulse and spin kick). The eikonal phase generalizes in WQFT to the free energy

χ(bµ, vµi ,Ψ
µ
i ), which is a function of the background parameters. In refs. [45, 48]

it was shown to yield the impulse and spin kick by differentiation with respect to

bµ and Ψµ
i respectively. However, in the presence of radiation-reaction we need

to generalize this construction to the in-in formalism. We therefore now modify

the in-in prescription for the background configurations: we introduce a plus- and

minus-labeled background, i.e. we expand xµi±(τi) = bµi±+vµi±τi+z
µ
i±(τi) and ψai±(τi) =

Ψa
i± + ψ′ai±(τi). Importantly, the in-in free energy or zero-point function χin-in then

needs to be evaluated only to linear order in the minus background fields bi−, vi−
and Ψi−. This is so as the observables are derived from the in-in free energy via

∆pµ,i =
δχin-in

δbµi−

∣∣∣
b−=v−=Ψ−=0

, ∆Ψa,i =
δχin-in

δΨa
i−

∣∣∣
b−=v−=Ψ−=0

, (2.31)

and identifying the plus-labeled background parameters with the physical ones, bi+ =

bi, etc.

In summary we find the following prescription: write down all zero-point di-

agrams with the in-out Feynman rules and successively assign to every vertex on
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the worldlines a minus-labeled background. This single “hot” worldline vertex in a

diagram then acts as a “sink” for the causality flow, meaning that all propagators

directed towards it are taken to be retarded. This prescription manifestly guarantees

the differential relations above. Yet, effectively this prescription is no more efficient

than computing the observables directly as discussed above, as the so-defined in-in

free energy takes the form

χin-in =
2∑
i=1

bµi−∆pµ,i + Ψa
i−∆Ψa,i + . . . , (2.32)

where the dots refer to terms quadratic in the minus background or linear in v−,(i).

Thus, there is no gain in efficiency in evaluating the in-in free energy to the direct

computation of the observables: deflection and spin kick.

3 Retarded integrals

Having shown that complete WQFT observables naturally involve retarded propaga-

tors we now study a family of Feynman integrals involving these instead of the usual

time-symmetric Feynman type. We focus on the following class of integrals relevant

for deriving classical observables in the gravitational scattering of two comparable-

mass bodies at 3PM order:

I(σ1;σ2;σ3)
n1,n2,...,n7

:=

∫
`1,`2

δ−(`1 · v2)δ−(`2 · v1)

Dn1
1 Dn2

2 · · ·Dn7
7

, (3.1)

D1 = `1 ·v1+σ1i0 , D2 = `2 ·v2+σ2i0 , D3 = (`1 + `2 − q)2 + σ3 sgn(`0
1 + `0

2 − q0)i0 ,

D4 = `2
1 , D5 = `2

2 , D6 = (`1 − q)2 , D7 = (`2 − q)2 ,

where δ−(ω) := 2πδ(ω),
∫
k

:=
∫

dDk
(2π)D

in D = 4−2ε dimensions and σi = ±1 determine

the i0 prescription. The two velocities vµi are time-like vectors satisfying v2
i = 1; the

exchanged momentum qµ is a space-like vector satisfying q · vi = 0. In general, the

integrals are functions only of γ = v1 ·v2 and |q| :=
√
−q · q; as the latter dependence

is trivially fixed on dimensional grounds we can safely set |q| = 1. A selection of

three WQFT Feynman graphs giving rise to these integrals is shown in Fig. 1.

We begin with some general remarks. The two linearized propagators D1 and D2

are associated with deflection modes propagating on the worldlines; the quadratic

propagators D3–D7 with massless particles propagating in the bulk. Of these five

propagators only the first, D3, can go on-shell over the constrained (by the δ−-

functions) domain of integration; for the others Di 6= 0 generically as we may choose

a frame that ensures these propagators become Euclidean, i.e. `2
i = −`2

i . We there-

fore refer to D3 as an active propagator, and track i0 prescriptions only on D1,2,3.

As we shall see, the velocity scaling of kµ := `µ1 + `µ2 − qµ in D3 determines our region

of integration (potential or radiation) in the static limit v → 0.
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`1 · v1
→

→
`2 · v2

`1 ↑ `12−q↓ ↑`2

(a)

`1 · v1
→

→
`2 · v2

`2−q↓ `12−q↑ ↑q−`1

(b)

→
`2 · v2

`2−q↓
`1 ↑

→
`12−q

↑`2

↑q−`1

(c)

Figure 1: A selection of three diagrams involved in the integral family I
(σ1;σ2;σ3)
n1,n2,...,n7 (3.1),

with `µ12 = `µ1 + `µ2 . Wiggly lines propagating in the bulk represent massless propagators

(`2± sgn(`0)i0)−n; solid lines propagating on the worldlines (dotted) represent linear prop-

agators (ω ± i0)−n. The propagator highlighted in red corresponds with D3 (3.1), and is

the only active bulk propagator — i.e. the only one with the ability to go on shell.

Feynman integrals with retarded propagators are always purely real or imaginary

(pseudoreal). In the current context this is necessarily true, as we will construct

real physical observables as linear combinations of these integrals with (pseudo)real

coefficients. We can also show it directly by taking the complex conjugate, which

sends i0→ −i0 everywhere:

I(σ1;σ2;σ3)∗
n1,n2,...,n7

=

∫
`1,`2

δ−(`1 · v2)δ−(`2 · v1)

(`1 ·v1−σ1i0)n1(`2 ·v2−σ2i0)n2((`1+`2−q)2−σ3 sgn(`0
1+`0

2−q0)i0)n3 · · ·

=

∫
`1,`2

δ−(`1 · v2)δ−(`2 · v1)

(−`1 ·v1−σ1i0)n1(−`2 ·v2−σ2i0)n2((`1+`2−q)2+σ3 sgn(`0
1+`0

2−q0)i0)n3 · · ·
= (−1)n1+n2I(σ1;σ2;σ3)

n1,n2,...,n7
. (3.2)

In the second step we have replaced `µi → −`
µ
i , qµ → −qµ.1 We relied here on

the velocities vµi being real, time-like vectors: so this argument applies strictly in

the physical regime 1 < γ < ∞. We see a clear separation into two sub-families of

integrals: those with even or odd values of n1+n2, which are purely real or imaginary.

There is also a close relationship to integrals involving the Feynman i0 pre-

scription. We remind ourselves that Feynman and retarded propagators may be

decomposed according to2

1

k2 + i0
= P 1

k2
− iπδ(k2) , (3.3a)

1

k2 + σ sgn(k0)i0
= P 1

k2
− iπσ sgn(k0)δ(k2) . (3.3b)

1The latter is possible as I
(σ1;σ2;σ3)
n1,n2,...,n7 only depends on qµ via |q|.

2One should be careful applying such distributional identities when products of propagators are

involved; however, in the present context there is no such issue.
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Here P refers to a principal value prescription. Specializing to n1 = n2 = 0 (no

worldline propagators) and n3 = 1:

I
(σ1;σ2;σ3)
0,0,1,n4,n5,n6,n7

=

∫
`1,`2

δ−(`1 · v2)δ−(`2 · v1)

(`2
1)n4(`2

2)n5((`1 − q)2)n6((`2 − q)2)n7
× (3.4)(

P 1

(`1 + `2 − q)2
− iπσ3sgn(`0

1 + `0
2 − q0)δ((`1 + `2 − q)2)

)
.

The on-shell contribution proportional to σ3 vanishes by symmetry. The entire inte-

gral is therefore given by its principal value part, and thus the real part of the same

integral where a Feynman i0 prescription is used instead.

To obtain explicit expressions for these integrals we take a well-studied approach

[66, 75, 81, 91, 92]: seek linear identities between the integrals arising from sym-

metries and integration-by-parts (IBP) relations, and reduce to a basis of masters

[93, 94]. Expressions are then recovered by solving differential equations (DEs) in γ

[95]. Finally, constants of integration are fixed by comparison with the static limit

v → 0, where v is the relative velocity and γ = (1 − v2)−1/2 using the method of

regions [96]. The only aspects specifically affected by the retarded i0 prescription

are the symmetry relations and the fixing of boundary conditions in the static limit.

3.1 Linear identities

We begin with the symmetry relations. Naively there are eight families of integrals,

corresponding to the possible sign choices on σi. However, the integrals satisfy

I(σ1;σ2;σ3)
n1,n2,n3,n4,n5,n6,n7

= I(σ1;σ2;σ3)
n1,n2,n3,n6,n7,n4,n5

(shift `µi → `µi + qµ) , (3.5a)

I(σ1;σ2;σ3)
n1,n2,n3,n4,n5,n6,n7

= (−1)n1+n2I(−σ1;−σ2;−σ3)
n1,n2,n3,n4,n5,n6,n7

(flip `µi → −`
µ
i , qµ → −qµ) , (3.5b)

I(σ1;σ2;σ3)
n1,n2,n3,n4,n5,n6,n7

= I(σ2;σ1;σ3)
n2,n1,n3,n5,n4,n7,n6

(exchange `µ1 ↔ `µ2 , vµ1 ↔ vµ2 ) . (3.5c)

Using the second two relations (3.5b) and (3.5c) we are left with three independent

families, which we choose as

In1,n2,...,n7 = I(+;+;+)
n1,n2,...,n7

, I ′n1,n2,...,n7
= I(−;−;+)

n1,n2,...,n7
, I ′′n1,n2,...,n7

= I(+;−;+)
n1,n2,...,n7

. (3.6)

When one of the propagators D1–D3 is raised to a zero or negative power, i.e. that

propagator is now a numerator, then there is overlap between the different families:

I(+;σ2;σ3)
n1,n2,...,n7

= I(−;σ2;σ3)
n1,n2,...,n7

, n1 ≤ 0 , (3.7a)

I(σ1;+;σ3)
n1,n2,...,n7

= I(σ1;−;σ3)
n1,n2,...,n7

, n2 ≤ 0 , (3.7b)

I(σ1;σ2;+)
n1,n2,...,n7

= I(σ1;σ2;−)
n1,n2,...,n7

, n3 ≤ 0 . (3.7c)

In these cases the i0 prescription is irrelevant.

The other identities are IBP relations, conveniently generated using on-the-

market tools including FIRE [97], LiteRed [98, 99] and KIRA [100, 101]. As these
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are fairly conventional we will not go into detail regarding our use of them here; the

only subtlety is our handling of the δ−(`1·v2) and δ−(`2·v1) present in eq. (3.1). Following

refs. [75, 91], when generating IBPs we generalize them to include derivatives:

δ−(n)(ω)

(−1)nn!
=

i

(ω + i0)n+1
− i

(ω − i0)n+1
. (3.8)

Four-dimensional Lorentz covariance is maintained by treating these δ−-functions as

cut propagators. From this perspective our integrals thus have nine propagators

instead of seven, but in general we always choose masters adhering to the schematic

form (3.1).

3.2 Canonical bases

While in principle any linearly independent set of integrals would suffice as a set of

master integrals, it is convenient to choose a so-called canonical basis [95]. A suitable

basis of real master integrals (also used in ref. [92], ε = 2− D
2

) is

I1 = 2ε2I0,0,0,1,1,1,1 , (3.9a)

I2 = 2ε2
√
γ2 − 1I0,0,1,0,0,1,1 , (3.9b)

I3 = 2ε
√
γ2 − 1I0,0,2,0,0,1,1 , (3.9c)

I4 = −4I−1,−1,3,0,0,1,1 + (1 + 2ε)γI0,0,2,0,0,1,1 , (3.9d)

I5 =
2(4ε− 1)(2ε− 1)√

γ2 − 1
I0,0,1,0,1,0,1 , (3.9e)

I6 = 2ε2
√
γ2 − 1I0,0,1,1,1,1,1 , (3.9f)

I7 = −8ε2I−1,−1,1,1,1,1,1 + 4ε2γI0,0,0,1,1,1,1 , (3.9g)

I8 = −ε2(γ2 − 1)I1,1,1,0,0,1,1 , (3.9h)

with I ′i and I ′′i similarly defined in terms of I ′n1,n2,...,n7
and I ′′n1,n2,...,n7

(3.6). Introduc-

ing x = γ−
√
γ2 − 1, so that 0 < x < 1 in the physical region, the defining property

of this canonical basis is that the resulting system of DEs takes an ε-factorized form:

d~I
dx

= ε

(
A

x
+

B+

1 + x
− B−

1− x

)
~I , (3.10)

which one observes by explicitly differentiating the master integrals (3.9) and reduc-

ing the resulting integrals via IBPs to the same basis. The set of poles {x, 1+x, 1−x}
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is the symbol alphabet; the constant matrices are

A =



0 0 0 0 0 0 0 0

0 −6 0 −1 0 0 0 0

0 0 2 −2 0 0 0 0

0 12 2 0 0 0 0 0

0 0 0 0 2 0 0 0

0 0 4 2 4 2 −2 0

0 12 8 0 8 2 −2 0

0 0 −1 0 0 0 0 0


, B± =



0 0 0 0 0 0 0 0

0 6 0 0 0 0 0 0

0 0 −2 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 −2 0 0 0

0 0 −4 0 −4 −2 0 0

±4 0 0 0 0 0 2 0

0 0 0 0 0 0 0 0


, (3.11)

and for the ~I ′, ~I ′′ integrals we have A = A′ = A′′, B± = B′± = B′′±. This ε-factorized

form of the DEs is solved as a series expansion in ε:

~I = ~I(0) + ε ~I(1) +O(ε2) , (3.12)

with solution

~I(0) = ~c (0) , ~I(1) = (A log(x) +B+ log(1 + x)−B− log(1− x)) ~I(0) + ~c (1) . (3.13)

The overlap relations (3.7) also tell us that

Ii = I ′i = I ′′i , 1 ≤ i ≤ 7 , (3.14)

while I8, I ′8 and I ′′8 each have separate expressions. The only remaining subtlety is

fixing the constants of integration ~c (i), a point to which we will return in section 3.3.

A canonical basis for the purely imaginary integrals is

I9 = −2ε
√
γ2 − 1I1,0,1,0,1,0,1 , (3.15a)

I10 = −2ε
√
γ2 − 1I1,0,1,1,1,0,0 , (3.15b)

I11 =
1− 2ε

3
I1,0,1,1,0,1,0 , (3.15c)

I12 = I−1,0,2,0,0,1,1 , (3.15d)

I13 = −εI−1,0,1,1,1,1,1 . (3.15e)

These five integrals also obey DEs of the form (3.10) but with 5× 5 matrices

A =


0 0 6 0 0

0 0 0 −4 0

0 0 2 0 0

0 0 0 −2 0

0 0 0 −2 0

 , B+ =


0 0 0 0 0

0 0 0 0 0

0 0 −2 0 0

0 0 0 6 0

0 0 −6 0 2

 , B− =


0 0 0 0 0

0 0 0 0 0

0 0 −2 0 0

0 0 0 −2 0

0 0 6 4 −2

 , (3.16)
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and A = A′, B± = B′±. Similar expressions for I ′i and I ′′i are again defined in terms

of I ′n1,n2,...,n7
and I ′′n1,n2,...,n7

; in the latter case we require two additional masters

I ′′14 = −2ε
√
γ2 − 1I

(+;−;+)
0,1,1,1,0,1,0 , (3.17a)

I ′′15 = −2ε
√
γ2 − 1I

(+;−;+)
0,1,1,1,1,0,0 , (3.17b)

in order to have a complete basis. So in this case the DEs involve 7 × 7 matrices.

Fortunately, all seven of these integrals are given by the overlap relations (3.7):

I ′′i = Ii , 9 ≤ i ≤ 13 , (3.18a)

I ′′14 = I ′9 , I ′′15 = I ′10 . (3.18b)

We therefore focus on the Ii and I ′i families.

3.3 Method of regions

Our strategy for fixing boundary conditions on the integrals is to evaluate them to

leading order in the static limit where v → 0. However, this expansion requires

caution as the two limits ε → 0 and v → 0 do not generally commute [92, 102].

In order to expand the integrand in v → 0 before integration we use the method of

regions [68, 75, 103, 104]. Here, one identifies all singular regions in the static limit

and writes the full integral as a sum of contributions from each region [96]. Each of

these contributions satisfy the same differential equations but behave differently in

the static limit, which leads to different boundary conditions.

Regions in the static limit are characterized by velocity scalings of the loop

momenta, with their time-like and spatial components scaling as

`pot
i = (`0

i , `i) ∼ (v, 1) , (3.19a)

`rad
i = (`0

i , `i) ∼ (v, v) . (3.19b)

These we refer to these as potential and radiative momenta: only radiative momenta

can go on-shell, `2
i = 0. In the present context, we note that only the momentum

kµ = `µ1 + `µ2 − qµ, carried by the active D3 propagator (3.1), may be radiative; for all

other internal momenta the potential scaling (3.19a) is mandated by the presence of

δ−(`i ·vj). Thus, in the static limit the behavior of D3 characterizes the entire integral,

splitting it into a sum of two regions:

I(σ1;σ2;σ3)
n1,n2,...,n7

= I(σ1;σ2;σ3)pot
n1,n2,...,n7

+ I(σ1;σ2;σ3)rad
n1,n2,...,n7

, (3.20)

which we again refer to as potential and radiation. In these two regions the inte-

grand may be expanded in v assuming the momentum scalings (3.19), and boundary

conditions are fixed by matching to the leading-order term in this expansion. The

resulting integrals are simpler as their dependence on γ = (1− v2)−1/2 is trivialized.
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`1 · v1
→

`2 · v2
←

`1 ↑ q−`12↑ ↑`2

Figure 2: An example of a diagram contributing to the test-body integral family

J
(σ1;σ2)
n1,n2,...,n7 (3.22), in which none of the massless lines can go on-shell.

Let us first analyze the potential region (also discussed in ref. [49]). Here all in-

ternal momenta live in the potential region (3.19a), so it makes no difference whether

the D3 propagator is advanced or retarded. In the static limit to leading order in v

I(σ1;σ2;σ3)pot
n1,n2,...,n7

= (−1)n1J (−σ1;σ2)
n1,n2,...,n7

+O(v2−n1−n2) , (3.21)

where the integrals J
(σ1;σ2)
n1,n2,...,n7 ∼ O(v−n1−n2) are given by

J (σ1;σ2)
n1,n2,...,n7

:=

∫
`1,`2

δ−(`1 · v2)δ−(`2 · v2)

Dn1
1 Dn2

2 · · ·Dn7
7

,

D1 = `1 ·v1+σ1i0 , D2 = `2 ·v1+σ2i0 , D3 = (`1 + `2 − q)2 ,

D4 = `2
1 , D5 = `2

2 , D6 = (`1 − q)2 , D7 = (`2 − q)2 .

(3.22)

This integral family is familiar: in ref. [49] integrals of this kind were relevant for

computing observables in the probe limit m1 � m2. With respect to IBP and

symmetry relations there are three master integrals:

J
(+;±)
0,0,1,1,1,0,0 = −(4π)−3+2εΓ

3(1
2
− ε)Γ(2ε)

Γ(3
2
− 3ε)

, (3.23a)

J
(+;±)
1,0,1,1,1,0,0 = (4π)−

5
2

+2ε i

2
√
γ2 − 1

Γ(1
2
− 2ε)Γ2(1

2
− ε)Γ(−ε)Γ(1

2
+ 2ε)

Γ(1
2
− 3ε)Γ(1− 2ε)

, (3.23b)

J
(+;+)
1,1,1,1,1,0,0 = −2J

(+;−)
1,1,1,1,1,0,0 = (4π)−2+2εΓ3(−ε)Γ(1 + 2ε)

3(γ2 − 1)Γ(−3ε)
, (3.23c)

and as promised the dependence on γ and ε factorizes. An example of a WQFT

diagram giving rise to such integrals is displayed in Fig. 2. As none of the internal

momenta can go on-shell this integral family consists only of rational functions of

the dimension D = 4− 2ε.

Next we turn to the region where kµ = `µ1 + `µ2 − qµ is radiative and `µ = `µ1 lives

in the potential region. We find that

I(σ1;σ2;σ3)rad
n1,n2,...,n7

= K
(σ1;σ2;σ3)
n1,n2,n3,n4+n7,n5+n6

+O(vD+1−n1−n2−2n3) , (3.24)

where the new integral family K
(σ1;σ2;σ3)
n1,n2,...,n7 ∼ O(vD−1−n1−n2−2n3) is defined as

K(σ1;σ2;σ3)
n1,n2...,n5

:=

∫
`,k

δ−((k − `) · v1)δ−(` · v2)

(` · v1+σ1i0)n1(` · v1+σ2i0)n2(k2+σ3sgn(k0)i0)n3(`2)n4((`−q)2)n5
.

(3.25)
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→
k

` · v1
→

` · v1
→

`↑ ↑q−`

Figure 3: A schematic representation of the “mushroom” integral family K
(σ1;σ2;σ3)
n1,n2,...,n5 , in

which the propagator carrying momentum kµ is radiative (red line).

These integrals (sometimes called “mushrooms”) describe self-interaction where a

worldline emits and absorbs the same graviton. A schematic representation of these

integrals is given in Fig. 3. It is tempting to assume that these integrals form a

subset of the I
(σ1;σ2;σ3)
n1,n2,...,n7 family (3.1); however, this is only true when σ1 = σ2.

The split into regions (3.20) can also be understood diagrammatically. In Fig. 4

we draw the two diagrams corresponding with the J
(σ1;σ2)
n1,n2,...,n7 and K

(σ1;σ2;σ3)
n1,n2,...,n5 integrals

identified in the static limit. The procedure can be interpreted as moving one of the

worldline propagators between the two worldlines, using the fact that vµ1 = vµ2 to lead-

ing order in the static limit. The only difficulty is handling the “active” propagator

which gives rise to two different choices: it can either connect the two worldlines, or

the same worldline twice. These are precisely the potential and radiation regions.

3.4 Mushroom integrals

We analyze the mushroom integrals K
(σ1;σ2;σ3)
n1,n2,...,n5 (3.25) in more detail, as these are

sensitive to the i0 prescription of the active bulk propagator. They are nested single-

scale one-loop integrals. Without loss of generality we choose σ1 = 1, σ2 = −1

and σ3 = 1, so that n1 and n2 count powers of retarded and advanced worldline

propagators respectively, while n3 counts powers of the retarded bulk propagator.

There is a nested tadpole integral:∫
k

δ−((k − `) · v1)

(k2 + sgn(k0)i0)n3
=

∫
k

1

((` · v1 + i0)2 − k2)n3
(3.26)

=

(
e−iπ

4π

)D−1
2 Γ(n3 − D−1

2
)

Γ(n3)
(` · v1 + i0)D−1−2n3 .

The retarded massless propagator with power n3 is turned into a retarded world-

line propagator with power 2n3 − D + 1. An important realization here is that we

can obtain sgn(k0) by projecting kµ with any time-like four-vector: so in this case

sgn(k0)i0 = (k ·v1)i0 = (`·v1)i0 (on support of the δ−-function constraints). Otherwise

one may use the standard tadpole integral, identifying (0− i` · v1) = −i(` · v1 + i0)

as an imaginary mass.

Integration on the active momentum kµ thus results in additional powers of the
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→ +

Figure 4: The split into potential and radiative regions (3.20).

retarded worldline propagator. The integral now reads:

K(+;−;+)
n1,n2,n3,n4,n5

(3.27)

=

(
e−iπ

4π

)D−1
2 Γ(n3 − D−1

2
)

Γ(n3)

∫
`

δ−(` · v2)

(` · v1+i0)n1+2n3−D+1(` · v1−i0)n2(`2)n4((`−q)2)n5
.

This integral is similar to the ones encountered at 2PM [48], the only difference

being the presence of both retarded and advanced worldline propagators. It can be

integrated directly using Schwinger parametrization, and one finds

K(+;−;+)
n1,n2,n3,n4,n5

= (4π)1−DΓ(n3 − D−1
2

)

Γ(n3)

cos(π
2
(n1 − n2 −D + 1))

cos(π
2
(n1 + n2 −D + 1))

× (3.28)

(−i)n1−n2+2n3+2n4+2n5

(
4

γ2 − 1

)n1+n2+2n3−D+1
2

Γn1+n2+2n3−D+1,n4,n5(D − 1) .

The factor Γn1,n2,n3(D) is given by

Γn1,n2,n3(D) :=
Γ(n2 + n3 + n1

2
− D

2
)Γ(n1

2
)

2Γ(n1)Γ(n2)Γ(n3)

Γ(D
2
− n2 − n1

2
)Γ(D

2
− n3 − n1

2
)

Γ(D − n1 − n2 − n3)
, (3.29)

and arises from the 2PM 1-loop integral — see e.g. ref. [48].

3.5 Integral expressions

Here we present expressions for the master integrals of the I
(σ1;σ2;σ3)
n1,n2,...,n7 family. In each

case we give results only up to the order in ε that we find is necessary for producing
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observables. The b-type master integrals (3.9) are given by3

Ĩ1 = Ĩ ′1 = Ĩ ′′1 = O(ε2) , (3.30a)

Ĩ2 = Ĩ ′2 = Ĩ ′′2 = ε
2

log(x) +O(ε2) , (3.30b)

Ĩ3 = Ĩ ′3 = Ĩ ′′3 = −1
2

+O(ε) , (3.30c)

Ĩ4 = Ĩ ′4 = Ĩ ′′4 = −1
2

+O(ε) , (3.30d)

Ĩ5 = Ĩ ′5 = Ĩ ′′5 = 1
2

+O(ε) , (3.30e)

Ĩ6 = Ĩ ′6 = Ĩ ′′6 = −ε log(x) +O(ε2) , (3.30f)

Ĩ7 = Ĩ ′7 = Ĩ ′′7 = O(ε2) , (3.30g)

Ĩ8 = −1
2

+ ε
2

log(x) +O(ε2) , (3.30h)

Ĩ ′8 = −1
2

+ ε
2

log(x) +O(ε2) , (3.30i)

Ĩ ′′8 = 1 + ε
2

log(x) +O(ε2) , (3.30j)

with the normalization Ĩi := (4π)2−2εe2γEεIi. As expected, all of these are real in

the physical region 0 < x < 1: the first seven are given by the real part of the

corresponding integrals with Feynman i0 prescription [92], which carry both real

and imaginary parts when evaluated in the physical region. The v-type integrals are

Ĩ9 = Ĩ ′′9 = O(ε0) , (3.31a)

Ĩ10 = Ĩ ′′10 = iπ
2
− iπ log(2x)ε+O(ε2) , (3.31b)

Ĩ11 = Ĩ ′11 = Ĩ ′′11 = − iπ
6
− iπ

3
(log(8x)− log(1− x2))ε+O(ε2) , (3.31c)

Ĩ12 = Ĩ ′12 = Ĩ ′′12 = + iπ
4
− iπ

2
(log(2x) + log(1− x)− 3 log(1 + x))ε+O(ε2) , (3.31d)

Ĩ13 = Ĩ ′13 = Ĩ ′′13 = − iπ
2

(log(4x)− 2 log(1 + x))ε+O(ε2) , (3.31e)

Ĩ ′9 = Ĩ ′′14 = O(ε0) , (3.31f)

Ĩ ′10 = Ĩ ′′15 = − iπ
2
− iπ log(x

2
)ε+O(ε2) , (3.31g)

and as expected are purely imaginary. We see that Ii = I ′i for 11 ≤ i ≤ 13, which is

due to all three of these integrals vanishing in the potential region: this gives rise to

an additional “hidden” symmetry. When assembling physical observables, log(1−x)

generically cancels between the integrals I11 and I12. This gives rise to the two

commonly occurring combinations:

arccoshγ = − log(x) , (3.32a)

log

(
γ + 1

2

)
= 2 log(1 + x)− log(4x) , (3.32b)

which we will use to present our results in section 4 in a compact manner.

3We thank Gregor Kälin for checking the I5 integral.
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4 Radiation-reacted tidal effects

With the technology for performing retarded integrals at 3PM order now established,

let us use it to derive gravitational observables from a scattering event. We focus on

the inclusion of tidal effects in the point-particle action:

S(i)
pp + S

(i)
tidal = mi

∫
dτ

[
−1

2
gµν ẋ

µ
i ẋ

ν
i + c

(i)

E2E
(i)
µνE

(i)µν + c
(i)

B2B
(i)
µνB

(i)µν

]
, (4.1)

where c
(i)

E2 and c
(i)

B2 are the quadrupole Love numbers and E
(i)
µν := Rµανβẋ

α
i ẋ

β
i , B

(i)
µν :=

R∗µανβẋ
α
i ẋ

β
i are the electromagnetic curvature tensors with R∗µανβ := 1

2
ενβρσRµα

ρσ. As

explained in refs. [45, 48], we read off Feynman rules by expressing the constituent

fields in Fourier space: hµν(x) =
∫
k
e−ik·xhµν(k) and zµi (τ) =

∫
ω
e−iωτzµi (ω). Interac-

tion vertices stemming from the point-particle action involve only a single graviton:

hµν(k)

zρ1(ω1)

...

zρn(ωn)

= in−1mκeik·bδ−
(
k · v +

n∑
i=1

ωi

)
× (4.2)

(
1

2

(
n∏
i=1

kρi

)
vµvν +

n∑
i=1

ωi

(
n∏
j 6=i

kρj

)
v(µδν)

ρi
+

n∑
i<j

ωiωj

(
n∏

l 6=i,j

kρl

)
δ(µ
ρi
δν)
ρj

)
,

while those arising from the tidal corrections involve a minimum of two gravitons:

hµ1ν1(k1) hµ2ν2(k2)

zρ1(ω1)

...

zρn(ωn)

= 2in+1mκ2
[
c

(i)

E2R
(1)

εαδβ,µ1ν1R
(1)

γ
α
ξ
β
,µ2ν2 (4.3a)

+c
(i)

B2R
∗(1)

εαδβ,µ1ν1R
∗(1)
γ

α
ξ
β
,µ2ν2

]
T εδγξρ1...ρn ,

hµ1ν1(k1)
hµ2ν2(k2)

hµ3ν3(k3)

zρ1(ω1)

...

zρn(ωn)

= in+1mκ3
∑
σ∈S3

[
c

(i)

E2

(
R(2)

εαδβ,µσ1νσ1µσ2νσ2
R(1)

γ
α
ξ
β
,µσ3νσ3

+R(1)
εαδβ,µσ1νσ1

R(2)
γ
α
ξ
β
,µσ2νσ2µσ3νσ3

)
+c

(i)

B2

(
R∗(2)

εαδβ,µσ1νσ1µσ2νσ2
R∗(1)

γ
α
ξ
β
,µσ3νσ3

(4.3b)

+R∗(1)
εαδβ,µσ1νσ1

R∗(2)
γ

α
ξ
β
,µσ2νσ2µσ3νσ3

)]
T εδγξρ1...ρn .
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(a) (b) (c) (d) (e) (f)

Figure 5: The six diagrams contributing to the m1m
3
2 component of ∆p

(3)µ
1 in the absence

of tidal corrections. The upper worldline is one continuous fluctuation and hence we have

test-body motion.

Both expressions include

T εσγξρ1...ρn =

(
n∏
i=1

qρi

)
vεvσvγvξ + 4

n∑
i=1

ωi

(
n∏
j 6=i

qρj

)
v(εvσvγδξ)ρi

+ 24
n∑
i<j

ωiωj

(
n∏

k 6=i,j

qρk

)
v(εvσδγρiδ

ξ)
ρj

+ 24
n∑

i<j<k

ωiωjωk

(
n∏

l 6=i,j,k

qρl

)
v(εδσρiδ

γ
ρj
δξ)ρk

+ 24
n∑

i<j<k<l

ωiωjωkωl

(
n∏

m6=i,j,k,l

qρm

)
δ(ε
ρi
δσρjδ

γ
ρk
δξ)ρl , (4.4)

where qµ =
∑

i k
µ
i is the total momentum of all emitted gravitons and

R(n)
αβρσ,µ1ν1...µnνn :=

δnR(n)
αβρσ

δhµ1ν1 · · · δhµnνn
. (4.5)

R(n)
αβρσ is given by the n’th order of κ =

√
32πG in a PM expansion of the curvature

tensor where we replace the graviton field by its Fourier transform hµν(x)→ hµν(−k),

and similarly for the dual of the curvature tensor. The complete set of Feynman rules

also includes bulk interactions arising from theD-dimensional Einstein-Hilbert action

and gauge-fixing term:

SEH = − 2

κ2

∫
dDx
√
−g R , Sgf =

∫
dDx

(
∂νh

µν − 1
2
∂µhνν

)2
, (4.6)

where the gauge-fixing constraint is ∂νh
µν = 1

2
∂µhνν . Expressions for the retarded

graviton and worldline propagators were provided in eqs. (2.24) and (2.25).

4.1 Impulse

Our main goal is to calculate the impulse (deflection) on the first body, including

radiation-reaction effects. This is recovered from the WQFT using:

∆pµ1 = −m1ω
2〈zµ1 (ω)〉|ω=0 , (4.7)

where the expectation value was discussed in eq. (2.29) and ∆pµi =
∑

nG
n∆p

(n)µ
i in

the PM expansion. As the results for ∆p
(1)µ
i and ∆p

(2)µ
i are well-established — tidal
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(a) (b) (c) (d)

Figure 6: The four types of diagrams contributing to the test-body m1m
3
2 components

of ∆p
(3)µ
1 linear in tidal coefficients.

(a) (b) (c) (d) (e) (f) (g)

(h) (i) (j) (k) (l) (m) (n)

Figure 7: The 14 types of diagrams contributing to the m2
1m

2
2 components of the 3PM

gravitational impulse ∆p
(3)µ
1 without tidal corrections. All diagrams except the last, (n),

are associated with the comparable-mass family I
(σ1;σ2;σ3)
n1,n2,...,n7 (3.1); diagrams (l)–(n) are as-

sociated with K
(σ1;σ2;σ3)
n1,n2,...,n5 family (3.25).

(a) (b) (c) (d) (e) (f) (g)

(h) (i) (j) (k) (l) (m) (n)

Figure 8: The 14 types of diagrams contributing to the m2
1m

2
2 comparable-mass compo-

nents of ∆p
(3)µ
1 linear in tidal coefficients.

effects beginning at 2PM order [38, 105–107] — we focus here on the 3PM compo-

nent ∆p
(3)µ
i . This will allow us to use the retarded integrals derived in section 3.

Results for ∆p
(1)µ
i and ∆p

(2)µ
i are included in the ancillary file attached to the arXiv

submission of this paper.

We proceed by drawing all diagrams with a single (cut) outgoing zµ1 line. There

are four categories of diagrams, displayed in Figs. 5–8. All retarded propagators,

both in the bulk and on the worldlines, point towards the outgoing line: from cause

to effect. In particular: Figs. 5 and 6 contain the contributions to ∆p
(3)µ
i in the

test-body limit m1 � m2, with and without the tidal corrections respectively. These

involve the integral family J
(σ1;σ2)
n1,n2,...,n7 , consisting only of potential modes. Figs. 7 and

8 contain the comparable-mass diagrams. These latter contributions are modified
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by the inclusion of radiative effects, and involve the integral families I
(σ1;σ2;σ3)
n1,n2,...,n7 and

K
(σ1;σ2;σ3)
n1,n2,...,n5 discussed in section 3. There is also a third category of diagrams (not

drawn) relevant in the other test-body limit m1 � m2; however, as these are related

by symmetry to those in Figs. 5 and 6 we do not need to calculate them explicitly.

All integrands can be expressed as a Fourier transform over integrals of the kind

discussed in section 3:∫
q

eiq·bδ−(q · v1)δ−(q · v2)|q|n{I(σ1;σ2;σ3)
n1,...n7

, J (σ1;σ2)
n1,...n7

, K(σ1;σ2;σ3)
n1,...n5

} , (4.8)

where qµ is the total momentum exchanged via gravitons between the two worldlines.

To bring the diagrams into this form, we need to resolve four-dimensional delta

functions in the bulk and integrate over the energies ωi of worldline propagators. As

explained in ref. [49], any leftover components of `µi may be conveniently resolved on

a basis of wµi and qµ, where wµi are the dual velocities satisfying vi · wj = δij:

wµ1 =
γvµ2 − v

µ
1

γ2 − 1
, wµ2 =

γvµ1 − v
µ
2

γ2 − 1
. (4.9)

After reducing to the master integrals given in section 3.5, our last step is to perform

the q-Fourier transform.

Our final result for ∆pµ1 up to 3PM order is given in the ancillary file. It takes

the generic form [32]:

∆pµ1 = p∞ sin θ
bµ

|b|
+(cos θ−1)

m1m2

E2
[(γm1 +m2)vµ1−(γm2 +m1)vµ2 ]− v2 · Pradw

µ
2 ,

(4.10)

where the center-of-mass momentum is p∞ = µ
√
γ2 − 1/Γ, µ = Mν = m1m2/M ,

M = m1+m2 and Γ = E/M =
√

1 + 2ν(γ − 1). All terms proportional to the impact

parameter bµ, both conservative and radiative, arise from the real integrals (3.30);

terms proportional to vµi , including P µ
rad, come from the imaginary integrals (3.31).

Here θ is the scattering angle in the center-of-mass frame, and P µ
rad is the radiated

four-momentum:

sin

(
θ

2

)
=

√
−∆p2

1

2p∞
, P µ

rad = −∆pµ1 −∆pµ2 . (4.11)

The entire dynamics is therefore encoded by θ and P µ
rad, which we present below.
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4.2 Scattering angle

In the absence of tidal effects, the complete scattering angle θ up to O(G3) is

θcons

Γ
=
GM

|b|
2(2γ2 − 1)

γ2 − 1
+

(
GM

|b|

)2
3π(5γ2 − 1)

4(γ2 − 1)
(4.12a)

+

(
GM

|b|

)3(
2

64γ6 − 120γ4 + 60γ2 − 5

3(γ2 − 1)3
Γ2

− 8νγ(14γ2 + 25)

3(γ2 − 1)
− 8ν

(4γ4 − 12γ2 − 3)

(γ2 − 1)

arccoshγ√
γ2 − 1

)
+O(G4) ,

θrad

Γ
=

(
GM

|b|

)3
4ν(2γ2 − 1)2

(γ2 − 1)3/2

(
− 8

3
+

1

v2
+

(3v2 − 1)

v3
arccoshγ

)
+O(G4) , (4.12b)

where θ = θcons + θrad has a finite high-energy γ →∞ limit:

θ
γ→∞−−−→ 4

GE

|b|
+

32

3

(
GE

|b|

)3

. (4.13)

This is the well-known result of Amati, Ciafaloni and Veneziano [108], the radia-

tive correction θrad being required in order to cancel a logarithmic divergence that

otherwise appears in this limit [73]. With the inclusion of tidal effects, only the con-

servative part of the angle is modified up to 3PM order, i.e. θtidal = θtidal,cons+O(G4):

θtidal

Γ
=

45πG2M2

128|b|6(γ2 − 1)

[
(11− 30γ2 + 35γ4)

(
c+
E2 − δc−E2

)
+(−5− 30γ2 + 35γ4)

(
c+
B2 − δc−B2

)]
+

48G3M3

|b|7(γ2 − 1)2

[
1

35

(
−5 + 72γ2 − 192γ4 + 160γ6

) (
(1 + δ2)c+

E2 − 2δc−E2

)
+

1

35

(
2 + 30γ2 − 192γ4 + 160γ6

) (
(1 + δ2)c+

B2 − 2δc−B2

)
+

2νγ

5(γ2 − 1)

(
4047 + 9426γ2 + 804γ4 − 104γ6 + 32γ8

)
c+
E2

+
4νγ

5(γ2 − 1)

(
2006 + 4733γ2 + 392γ4 − 52γ6 + 16γ8

)
c+
B2

− 6ν

γ2 − 1

arccoshγ√
γ2 − 1

[
(33 + 474γ2 + 440γ4)c+

E2

+(32 + 474γ2 + 440γ4)c+
B2

] ]
+O(G4) ,

with δ = (m2 −m1)/M and c±E2/B2 = c
(2)

E2/B2 ± c(1)

E2/B2 — see also refs. [38, 107]. It

has a finite high-energy limit:

θtidal
γ→∞−−−→

(
GE

|b|

)7
384(κE2 + κB2)

5ν2
, κE2/B2 =

c+
E2/B2

G4M4
, (4.14)
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where the dimensionless parameters κE2/B2 account for the mass dependence of the

Love numbers c
(a)

E2/B2 .

The absence of a radiative part of the tidal correction to the scattering angle at

3PM order is explained using the linear response relation [73, 109, 110]:

θrad = −1

2

∂θcons

∂E
Erad −

1

2

∂θcons

∂J
Jrad . (4.15)

This predicts the radiative part of the scattering angle θrad given knowledge of the

radiated energy Erad and angular momentum Jrad. As Erad = P 0
rad (in the center-of-

mass frame) begins at 3PM order, to deduce the 3PM contribution to θrad we need

only Jrad at 2PM order. As we shall see in section 4.4, the absence of a wave memory

in the tidal correction to the 2PM waveform guarantees that Jtidal,rad = O(G3), hence

θtidal,rad = O(G4).

4.3 Radiated momentum

The radiated four-momentum without finite-size effects up to O(G3) is (see also

refs. [42, 75, 91]):

P µ
rad =

G3m2
1m

2
2π

|b|3
vµ1 + vµ2
γ + 1

E(γ) +O(G4) , (4.16)

with the scalar function E(γ) giving the radiated energy in the center-of-mass (com)

frame Erad = Prad · vcom = Prad · (m1v
µ
1 +m2v

µ
2 )/E:

Erad =
G3πM4ν2

|b|3Γ
E(γ) , E(γ) = e1 + e2 log

(
γ + 1

2

)
+ e3

arccoshγ√
γ2 − 1

. (4.17)

The coefficients are

e1 =
210γ6 − 552γ5 + 339γ4 − 912γ3 + 3148γ2 − 3336γ + 1151

48(γ2 − 1)3/2
, (4.18a)

e2 = −35γ4 + 60γ3 − 150γ2 + 76γ − 5

8
√
γ2 − 1

, (4.18b)

e3 =
γ(2γ2 − 3) (35γ4 − 30γ2 + 11)

16(γ2 − 1)3/2
. (4.18c)

Incorporating leading-order tidal effects the correction to the radiated four-momentum

P µ
rad,tidal at this order is given by

P µ
rad,tidal =

G3πm2
1m

2
2

|b|7

[(
c

(1)

E2AE2 + c
(2)

E2BE2 + c
(1)

B2AB2 + c
(2)

B2BB2

) γvµ2 − vµ1√
γ2 − 1

+ (1↔ 2)

]
,

(4.19)
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(a) (b)

Figure 9: The two diagrams contributing to tidal effects at O(G2) to the waveform

and the scalar factors Ax depend only on γ:

Ax =a1,x + a2,x log

(
γ + 1

2

)
+ a3,x

arccoshγ√
γ2 − 1

, (4.20a)

a1,E2 =
15

128(γ − 1)(γ + 1)4

(
937γ9 + 1551γ8 − 2463γ7 − 5645γ6 + 20415γ5

+65965γ4 − 349541γ3 + 535057γ2 − 360356γ + 92160
)
, (4.20b)

a1,B2 =
15

256(γ + 1)4

(
1559γ8 + 3716γ7 − 1630γ6 − 11660γ5 + 28288γ4

+155292γ3 − 543442γ2 + 535212γ − 180775
)
, (4.20c)

a2,E2 =225
32

(
21γ4 − 14γ2 + 9

)
, (4.20d)

a2,B2 =1575
32

(
3γ4 − 2γ2 − 1

)
, (4.20e)

a3,x =− γ (2γ2 − 3)

4 (γ2 − 1)
a2,x . (4.20f)

Finally, Bx are rational functions of γ:

BE2 =
45(γ − 1)

64(γ + 1)4

(
42γ8 + 210γ7 + 315γ6 − 105γ5 − 944γ4 − 1528γ3

+22011γ2 − 33201γ + 16272
)
, (4.21a)

BB2 = − 45(γ − 1)2 (105γ5 + 630γ4 + 1840γ3 + 3690γ2 − 17769γ + 15984)

64(γ + 1)4
.

(4.21b)

The tidal correction to the radiated energy is given by

Erad,tidal =
G3πM3ν2

√
γ2 − 1

|b|7Γ

[
AE2

(
m1c

(1)

E2 +m2c
(2)

E2

)
+ BE2

(
m1c

(2)

E2 +m2c
(1)

E2

)
+AB2

(
m1c

(1)

B2 +m2c
(2)

B2

)
+ BB2

(
m1c

(2)

B2 +m2c
(1)

B2

)]
.

(4.22)

These results all agree with ref. [43].

4.4 Waveform

As a final application of the new WQFT Feynman rules (4.3) we compute the leading-

order G2 gravitational waveform produced by a scattering of two compact objects,
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corrected by tidal effects. This result was also recently obtained in ref. [43] —

besides its inherent usefulness, it provides us with a means to check the radiated

linear momentum P µ
rad (4.16) and confirm that the correction to the radiated angu-

lar momentum Jrad from tidal effects vanishes at leading order O(G2). Following

refs. [46, 47] the gauge-invariant frequency-domain waveform 4GεµνSµν(k
µ = Ωρµ)

is extracted from the WQFT via

Sµν(k) =
2

κ
k2〈hµν(k)〉 , (4.23)

where Ω is the gravitational wave frequency and ρµ = (1, x̂), x̂ := x/r being a unit

vector pointing towards the observer. We work in the wave zone, where r = |x| is

much larger than all other length scales in the problem.

We find it advantageous to study the time-domain waveform f(u, x̂), which is

given by a Fourier transform:

κεµνhµν =
f(u, x̂)

r
=

4G

r

∫
Ω

e−iΩu εµν Sµν(k)
∣∣∣
kµ=Ωρµ

, (4.24)

and u = t− r is the retarded time. The polarization tensor factorizes as εµν = 1
2
εµεν ,

where ε · ε = ε · ρ = 0; in a PM decomposition f =
∑

nG
nf (n) we seek the 2PM

component f (2). As the time-domain waveform in the absence of tidal effects has

already been computed in refs. [41, 46, 47], we focus here only on the tidal corrections.

The two contributing diagrams are drawn in Fig. 9.

The integrals required are simpler than those used in refs. [46, 47]: we require

only derivatives with respect to b̃µ of∫
q

δ−(q · v1)
e−iq·b̃

q2
= − 1

4π|b̃|1
, (4.25)

where b̃µ is the shifted impact parameter:

b̃µ = b̃µ2 − b̃
µ
1 , b̃µi = bµi + uiv

µ
i , ui =

ρ · (x− bi)
ρ · vi

, (4.26)

and ui is the retarded time in the rest frame of the i’th body. We have also introduced

|b̃|1,2 :=
√
−b̃µP µν

1,2 b̃ν =
√
|b|2 + (γ2 − 1)u2

2,1 , (4.27)

which are the lengths of the shifted impact parameter b̃µ in the two rest frames, and

P µν
i = ηµν − vµi vνi . The tidal correction to the waveform f =

∑
nG

nf (n) is given by:

f
(2)
tidal = m1m2

c
(1)

E2W1,E2 + c
(1)

B2W1,B2

(|b̃|2)9
+ (1↔ 2) , (4.28)
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where the coefficients are given by

W1,E2 =− 12(γ2 − 1)|b|2(−10u1(b · ε v1 · ρ+ u2 v1 · ε v2 · ρ)

× [−3γ v1 · ρ v2 · ε (2γ2 − 1)v1 · ρ v1 · ε+ 3γ v1 · ε v2 · ρ]

+ 5(2γ2 − 1)[b · ε v1 · ρ+ u2 v1 · ε v2 · ρ]2

− [u2
1(3(10γ2 − 17)(v1 · ρ)2(v2 · ε)2

+ (v1 · ε)2((5− 10γ2)(v1 · ρ)2 − 30γ v1 · ρ v2 · ρ+ 3(10γ2 − 17)(v2 · ρ)2)

+ 6 v1 · ρ v1 · ε v2 · ε(5γ v1 · ρ+ (17− 10γ2)v2 · ρ))])

+ 24(γ2 − 1)2u2
1(−10u1[b · ε v1 · ρ+ u2 v1 · ε v2 · ρ]

× [−2γ v1 · ρ v2 · ε+ (6γ2 − 3)v1 · ρ v1 · ε+ 2γ v1 · ε v2 · ρ]

+ 15(2γ2 − 1)[b · ε v1 · ρ+ u2 v1 · ε v2 · ρ]2

+ u2
1[6(v1 · ρ)2(v2 · ε)2 + (v1 · ε)2(15(2γ2 − 1)(v1 · ρ)2

+ 20γ v1 · ρ v2 · ρ+ 6(v2 · ρ)2)− 4 v1 · ρ v1 · ε v2 · ε(5γ v1 · ρ
+ 3 v2 · ρ)])− 12(5γ2 − 7)|b|4[v1 · ρ v2 · ε− v1 · ε (v2 · ρ)]2, (4.29a)

W1,B2 =120(γ2 − 1)(b · ε[v2 · ρ− γv1 · ρ]

+ u1 v1 · ρ[γ v1 · ε− v2 · ε] + u2 v2 · ρ[v2 · ε− γ v1 · ε])
× (|b|2[γ b · ε v1 · ρ+ 3u1 v1 · ρ v2 · ε
− γu1 v1 · ρ v1 · ε− 3u1 v1 · ε v2 · ρ+ γu2 v1 · ε v2 · ρ]

+ 2(γ2 − 1)u2
1[u1(−2 v1 · ρ v2 · ε+ 3γ v1 · ρ v1 · ε+ 2v1 · ε v2 · ρ)

− 3γ(b · ε v1 · ρ+ u2 v1 · ε v2 · ρ)]) . (4.29b)

We have confirmed this result agrees with the recent ref. [43].

From the complete waveform f (2) = f
(2)
pp +f

(2)
tidal we may deduce both the radiated

linear and angular momentum [73, 111]:

P µ
rad =

1

32πG

∫
dudσ[ḟij]

2ρµ , where f = fijε
ij , (4.30)

J rad
ij =

1

8πG

∫
dudσ

(
fk[iḟj]k −

1

2
x[i∂j]fklḟkl

)
, (4.31)

with ḟij := ∂ufij and dσ = sin θdθdφ the unit sphere measure. These formulae are

most naturally interpreted in the center-of-mass frame — see ref. [47] for details.

From (4.30) we confirm our expression (4.16) for P µ
rad, working up to O(v5) in a

PN expansion in order to handle the difficult multi-scale integrals. As for the ra-

diated angular momentum, at leading order in G this involves an integral over the

gravitational wave memory, which vanishes at the current O(G2):

∆ftidal(x̂) := ftidal(+∞, x̂)− ftidal(−∞, x̂) = O(G3) . (4.32)

As explained in ref. [46], only diagrams with a deflection mode zµi propagating on

a worldline contribute to the memory: this is not the case for the two diagrams in

31



Fig. 9. Hence the correction to Jrad from tidal effects begins at O(G3), and using

the linear response relation (4.15) this accounts for the fact that the radiative part

of the scattering angle θrad is unmodified by tidal effects until O(G4).

5 Conclusions

In this paper we have introduced the Schwinger-Keldysh in-in formalism to the

WQFT, defining complete (including radiation-reaction) scattering observables. This

involved doubling the degrees of freedom in our action, with two evolution operators

evolving states forwards and backwards in time between the observation point and

past infinity. Our main observation is that calculating complete observables using

WQFT with the in-in formalism boils down to a simple prescription: draw the sum of

tree-level Feynman diagrams, with exactly the same Feynman rules as in the in-out

prescription, but with retarded propagators all pointing towards the outgoing line

representing the operator being measured. This ensures a flow of causality, so that

when performing calculations there is no practical need to double degrees of freedom

in the action.

This simplification is in no way surprising — indeed, it has been taken some-

what implicitly in previous work on the WQFT [45–49, 56]. From a purely classical

perspective, one may view the sum over tree-level WQFT diagrams as simply a

mechanism for solving the classical equations of motion of the theory — the ap-

proach taken in ref. [32] for solving classical electromagnetism, but there working in

configuration rather than momentum space. Fixing boundary conditions at past in-

finity then requires the use of retarded propagators. This illustrates a key advantage

of the WQFT over PM EFT-style methods [35, 37, 39, 40]: in the latter, integrat-

ing out the gravitons to leave an effective worldline action — separating bulk from

worldline degrees of freedom — obscures the causal nature of the observables. While

the need to double degrees of freedom in the action can still be cleverly avoided by

focusing on specific radiative observables, such as the radiated four-momentum P µ
rad

[42–44], we prefer a more flexible approach that produces complete observables.

We are left though with a practical question, which is the feasibility of performing

loop integrals with retarded propagators. At first glance this seems a difficult task,

given the apparent need to track signs on i0 for all of our graviton propagators.

However, this prescription is only relevant for active propagators : ones that can go

on-shell over the domain of integration, and so for which the integration contour plays

a meaningful role. In fact, at 3PM order there is no more than one active graviton

propagator in any given integral (and none at all at 2PM order, which explains

these integrals being rational functions). This simplifying property is the result of

energy conservation on the worldlines, which restricts most graviton momenta to the

potential region where `pot
i = (`0

i , `i) ∼ (v, 1).
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Here there is an advantage of starting from the worldline rather than calculating

observables using scattering amplitudes in the KMOC formalism [76, 77]. While it

is tempting to assume that — upon taking the classical ~ → 0 limit in the KMOC

approach — the loop integrands obtained match those in the WQFT, the requirement

of energy conservation is obscured from the amplitudes perspective. Using KMOC it

is therefore more natural to adopt a Feynman-type basis, in which case the formalism

also produces cut integrals. These cuts are unnecessary when using the WQFT

because, essentially, the retarded propagators already contain them:

1

k2 + sgn(k0)i0
=

1

k2 + i0
+ 2iπθ(−k0)δ(k2) . (5.1)

Furthermore, integrals with retarded propagators are purely real in the physical

domain 1 < γ <∞, as compared with Feynman integrals that are (pseudo-)real only

in the unphysical domain −1 < γ < 1 [66, 75]. This makes sense, given that we seek

real physical observables as linear combinations of these integrals.

To illustrate the Schwinger-Keldysh WQFT formalism we calculated complete

gravitational observables in a scattering event involving two massive bodies including

tidal corrections, including the momentum impulse ∆pµ1 , scattering angle θ, and

radiated four-momentum P µ
rad. The latter two were also obtained recently using

the worldline EFT formalism [43]. We observed that the tidal correction to the

scattering angle is unmodified by the inclusion of radiation-reaction effects, which

follows via the Bini-Damour linear response relation [73, 109, 110] from the absence

of radiated angular momentum Jrad,tid at 2PM order. As confirmation we calculated

the complete time-domain gravitational waveform at 2PM order from this scattering

event, again reproducing the results of ref. [43], and confirming both the radiated

linear and angular momentum at 3PM and 2PM orders respectively.

Our use of the Schwinger-Keldysh in-in formalism, and in particular our under-

standing of how to handle loop integrals with retarded propagators, paves the way to

more advanced calculations in the future. A first step will be upgrading 3PM scat-

tering observables involving quadratic-in-spin (quadrupole) effects, produced earlier

this year by two of the present authors [49], to include radiation-reaction effects.

Here the radiated four-momentum has been produced [44], but the full set of observ-

ables remains unknown. In the longer term, we see the WQFT as a powerful tool

for performing 4PM calculations. Our aim will be to produce complete observables,

thus avoiding any ambiguity between conservative and radiative contributions in the

future.
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