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Abstract

We prove that any real, vacuum gravitational perturbation of a 4-dimensional vacuum
pp-wave space-time can be locally expressed, modulo gauge transformations, as the real part
of a Hertz/Debye potential, where the scalar potential satisfies the wave equation. We discuss
relations with complex perturbations, complex space-times, non-linear structures, and real
spaces with split (ultra-hyperbolic/Kleinian) signature. Motivated by generalized notions of
parallel spinors, we also discuss generalizations of the result to other space-times.

1 Introduction

Pp-wave space-times are exact solutions to the Einstein equations modelling gravitational radi-
ation. These space-times are interesting both physically and mathematically for many reasons:
they are relevant for gravitational wave physics; they satisfy, in appropriate cases, a linear su-
perposition principle; they represent a universal limit for general relativity in that, as shown by
Penrose [1], every Lorentzian space-time looks like a pp- (plan) wave near a null geodesic; all
their curvature invariants vanish (which is relevant e.g. for string theory); etc. In addition, closer
to our motivation, they represent the simplest case of a 4-dimensional Lorentzian geometry that
admits a parallel spinor field [2]. In this work we study vacuum gravitational perturbations of
pp-waves in four dimensions, and the problem of representations of solutions to linearized gravity
in terms of the so-called Hertz/Debye potentials.

The general question we want to address is: can any real vacuum gravitational perturbation
be represented, modulo gauge, in terms of a Hertz/Debye potential? This is conjectured to be
true, locally, for perturbations of all algebraically special vacuum spaces, cf. the introduction in
[3]; but, as far as we know, the problem has only been completely solved for the case of Minkowski
space-time [4], [5], [6, Section 5.7]. Our main result is given in sections 3.1l and [l

Although in this work we study the special case of pp-waves, the techniques we use also apply
to perturbations of the above more general class of solutions. This is because our procedure is
based on exploiting the existence of special geometric structures called a- and [-surfaces, or
simply twistor surfaces, that are present, in particular, for any algebraically special Einstein
space-time. Pp-waves have the advantage that, while having a very simple curvature structure
that facilitates computations, the conceptual difficulties one has to deal with in the other more
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complicated cases are already present in this class. We illustrate this point by studying the more
general case of a “half-K&hler” vacuum space-time (see sections and [)).

Furthermore, the fact that our method is based on twistor surfaces allows us to give, in the
pp-wave case, a precise description of the close connection that exists between the Hertz/Debye
representation of real linear gravitational perturbations and the fully non-linear geometry of a
complex analogue of a pp-wave: a complex 4-manifold admitting a parallel spinor field. Notably,
the situation can also be understood in terms of real geometry, but for a metric with split (also
called ultra-hyperbolic, Kleinian, or neutral) signature.

Finally, parallel spinors constitute the major motivation in this work, since as detailed in
section below, a pp-wave is the simplest case of a general scheme in which special geometries
(including e.g. black hole space-times) are characterized in terms of “generalized parallel spinors”.
Our approach exploits a simple link between generalized parallel spinors and complex geometry,
and it has direct connections to the twistor programme and the heavenly formalisms of Penrose,
Newman and Plebarnski; see section

Summary. In section 2] we give an elementary review of spinors in 4d; present our motivation
relating parallel spinors and complex geometry; and deduce the structure of a 4-geometry that
admits a parallel spinor in Lorentz signature and also for complex metrics. Our main result
is presented in section B] where we study gravitational perturbations. In section [ we study a
generalization of this result, to the case of a “half-K&hler” vacuum space-time. Some final remarks
are given in section Bl We include appendix [Al with additional details of calculations. We follow
the notation and conventions of Penrose and Rindler [6] [7]; in particular, we use abstract indices.

2 Parallel spinors, real and complex space-times

2.1 Preliminaries

Given a 4d complex vector space with a metric g, and an orientation, the orthogonal group is
SO(4,C) = (SL(2,C) x SL(2,C))/Zs. (2.1)

The relation between the two sides of (2.1]) is understood by fixing an isomorphism o between
C* and C? ® C?, i.e. one writes a column vector v in C* as a matrix o(v) in C? ® C2. Then
(21) means that, for any orthogonal transformation A € SO(4,C), there are elements L and R
in SL(2,C) such that o(Av) = Lo(v)R".

Elements in each copy of C? are called spinors. Since each C? has an independent action
of SL(2,C), there are two different kinds of spinors. We say that the two kinds have opposite
‘chirality’. In abstract indices, these are distinguished by primed and unprimed indices, e.g. 14’
and 4, and the isomorphism ¢ is v® — O'(U)AAI = 44" We usually omit o, so that we identify
v = 044’ This way we have the usual identification of indices a = AA’, b = BB’, etc., which
we follow in this work. From the relation g(v,v) = 2deto(v) one deduces that the metric is
Gab = €AB€A' B, where €4p is the natural volume element of C2.

Without any reality conditions, spinors of opposite chirality are independent. Real forms
of ([21) corresponding to different metric signatures are recovered by using different reality
structures. These structures can in turn be understood as operations on spinors, that we call
‘spinor conjugations’, and they may or may not lead to relations between chiralities.

For Lorentzian reality conditions, spinor conjugation interchanges chirality, so the action of
the two factors in the RHS of (2] is not independent, and one recovers the Lorentz group
SO(1,3) = SL(2 C)/Zsz. We denote Lorent21an splnor conjugation with an overbar e. g ot —
<pA A spinor ¢? and its complex conjugate ¢ " produce a real null vector N% = = @4, Given



a basis of C2, {04, 14}, one can consider the complex conjugate basis {5‘4/, ZA/} and construct
four linearly independent null vectors as

¢ = 0‘46’4,, n® = LAZAI, m® = OAZAI, m® = Ao (2.2)
If the basis {04,:4} is normalized by eqpo?t® = 1, then the vectors (2.2)) satisfy the usual
conditions for a null tetrad: gu¢*n® =1 = —ggm®mP, and the rest vanishes.

For Euclidean (/Riemannian) reality conditions, spinor conjugation 1 preserves chirality, but
a spinor ¢? and its complex conjugate !4 are linearly independent: if ¢ has components
(a,b) relative to some basis, then ¢4 has components (—b,@). Since 1 is anti-linear and it holds
t2 = —1, this is really a quaternionic structure. The Euclidean form of ([ZI)) is SO(4,R) =
(SU(2) x SU(2))/Zs, and chiralities are independent. Given a spinor 0, one has a spin basis
{04, 0%}, but unlike Lorentz signature, this does not give a basis for the opposite chirality.

Finally, the restriction to real elements in SL(2,C) corresponds to a metric with split signa-
ture. The isomorphism (2.I) becomes SO(2,2) = (SL(2,R) x SL(2,R))/Zs, spinors are real and
chiralities are independent.

Over an open neighbourhood on a smooth manifold M equipped with a metric g4, one
constructs the primed and unprimed spinor bundles S, S, and the considerations above apply
pointwise on each fiber. A spinor field is a (local) section of S or S’ (or tensor products of them).
If 2% are local coordinates on M, we use the identification of indices a = AA’, etc. to write e.g.
dz® = dz', so the metric is g = €EABEAB dzY @ da BB Similarly, the Levi-Civita connection
is Vo = Vaur. If (M, ggp) is real, the operator V 44/ is also real.

2.2 Motivation: parallel spinors

A parallel (or covariantly constant) spinor is a spinor field o that satisfies
VAA/OB =0. (2.3)

The existence of a non-trivial solution to (2.3]) imposes strong restrictions on the geometry.
Specific restrictions depend on the metric signature, see [2].

In Lorentz signature, complex conjugation of (23] gives a parallel spinor with opposite
chirality, V 4 208 = 0. The real null vector £ = 0855 is therefore covariantly constant, so the
geometry is a pp-wave. In this work we are interested in this case, see section In Riemann
signature, the complex conjugate of ([2.3) is V 44:0'® = 0. One then has a parallel spin frame, so
the manifold must be hyper-Kéahler. We will not focus on this case. In split signature, a (real)
solution to (23) is equivalent to a null Kéhler structure, see [8], 9].

Our interest in parallel spinors actually arises from “generalized” versions of them, where one
considers connections more general than the Levi-Civita connection. Such generalizations are
important both in physics and in mathematics. For example, these objects appear in supergravity
in relation to the existence of supersymmetries; and they are also relevant in certain areas of
pure geometry, for instance concerning different definitions of ‘mass’. See e.g. [10] A,

But our major motivation is the connection that generalized parallel spinors turn out to have
with complex geometry. For example, a Kdhler manifold can be characterized by the existence
of a parallel (pure) projective spinor, cf. [II]. In four dimensions (where all spinors are pure),
this can be expressed in terms of the Riemannian version of a connection that is well-known
in general relativity, the so-called ‘GHP’ connection © 44/. Interestingly enough, a Hermitian
manifold can be similarly defined via parallel spinors, using a generalization of © 4 4/, that we may

2We are interested in parallel Weyl spinors, while in supergravity and related areas one considers Dirac spinors.



Condition | Riemann signature | Lorentz signature | Split signature
Vaao® =0 hyper-Kahler pp-wave null-K&hler
©440% =0 Kéhler “half-K&ahler” no name
CaaoB =0 Hermitian “half-Hermitian” no name

Table 1: Different notions of parallel spinors give different special 4-geometries. © 44/ is the ‘GHP
connection’, and €44/ is a conformally invariant version of it. Apart from V440% = 0, the other

equations are non-linear, since the connections depend on 0. The terminology in the Lorentzian case

is perhaps not standard, although similar names have been used by Flaherty [I4]. In the split case, the
conditions can be related to para-complexr geometry.

call ‘complex-conformal connection’ or ‘conformally invariant GHP connection’, and we denote
by Caar, cf. [12],13]. We summarize the situation in table Il

The operators © 44+ and C4 4/ are well-defined in any signature@. Our interest in the (gener-
alized) parallel spinor equations presented in table [l is that they imply the existence of twistor
surfaces, which are the basic object that give integration procedures. The kind of algebraic and
differential manipulations that one has to follow in these procedures is essentially the same in
all cases, which is why we find the parallel spinors viewpoint attractive: it is both conceptually
(geometrically) meaningful and computationally practical. In this paper we are interested in the
simplest case, eq. (2.3)), and its applications to the linearized gravity problem in general relativ-
ity. We will also discuss the “half-Kéahler” case, see section [4 For the treatment of Cy4 woP =0
in conformal geometry, see [13] (perturbations are not treated in this reference).

2.3 Lorentz signature: pp-wave space-times

We define a pp-wave space-time as a 4-dimensional Lorentzian manifold (M, g,5) that admits a
non-trivial parallel real null vector N¢, N,N® =0, V,N® = 0, and such that the Ricci tensor is
Rap o< NgNp. As shown in [I5], any such geometry admits a parallel spinor, that in the rest of

this work we denote by 0. The associated parallel null vector is denoted by ¢ = 044",

The following result is just the standard characterization of pp-waves in terms of Brinkmann
coordinates, and it is well-known:

Proposition 2.1. Let (M, gup) be a Lorentzian space-time admitting a non-trivial parallel spinor
field 04, eq. 2.3). Then there exist (locally) a coordinate system (u,v,¢,C) and a real scalar field
H = H(v,(,() such that the metric is

g = 2(dudv — d¢d¢) + Hdv?. (2.4)

The Ricci scalar vanishes, and the rest of the curvature is given by
(I)ABA’B’ = %HCEOAOBaAlaB/, (25)
Vapep = 5Hzoa05000D. (2.6)

It is instructive to look at the derivation of this result from the perspective of twistor surfaces;
we will do this in the rest of this subsection.

Consider the 2-dimensional complex distribution in TM ®@C given by D = {0484 | 4" € §'}.
The condition for this to be involutive (i.e. [D, D] C D) is the shear-free equation 0*0?V 4405 =
0 (cf. |7, Section 7.3]), which is certainly satisfied if (2.3]) holds. This implies that there exist

30ne needs a pair of spinors in the construction of ©® 44/, Ca4s. In the Riemannian case a single spinor is
enough since its complex conjugate gives the other. In the other cases the extra spinor can be chosen at will.



a-surface C CM B-surface C CM

(v, () =constant (v, () =constant

real light ray v C M

Figure 1: An a-surface, a S-surface, and a real (Lorentzian) space-time intersect in a real light ray -, that

has tangent vector /¢ = odod = 0%. The coordinate system defined by these twistor surfaces coincides,

in the pp-wave case, with Brinkmann coordinates.

complex 2-surfaces in the complexified space-time CM , called S-surfaces, such that their tangent
bundle is D. Analogously, the distribution D = {4 a4 | o € S} is involutive, and is the tangent
bundle to a different kind of complex 2-surfaces in CM, called a-surfaces. Let us focus on the
former. The S-surfaces are labelled by two complex coordinates (v, {) that are constant on them,
namely 04V 410 = 0, 04V 44 ¢ = 0 (see [7, Lemma (7.3.15)]). From these two equations we
deduce that there are two spinor fields, say vas,zas, such that V 44v = 04var, Vaar( = 04lar.
Since ¢, = 0404 is covariantly constant, it is in particular closed, so we can take v4 = 04/. So
(v, () are defined by

dv = oAéA/dxAA/, d¢ = OAZA/dxAA/. (2.7)

We see that v is real, whereas ( is complex. They are functionally independent, which means
that 647 = N for some scalar field N # 0.

From the condition d?¢ = 0 we deduce that oAV axtp = 0. Therefore, oAV 44N = 0, which
implies that N is a holomorphic function of v, (i.e. dN is a linear combination of dv and d(),
so it can be set to 1 by a coordinate transformation ¢ = ¢'(v,¢). We drop the prime and denote
again by ¢ the new coordinate, with 6474 = 1.

Notice that v, satisfy 0 Va0 = 0, 64V aaC = 0, so these scalars are constant on a-
surfaces. This is a generic feature of Lorentz signature: spinor complex conjugation interchanges
a- and [-surfaces.

Using some of the previous identities, one can show that the vector fields o and o
commute, so the two scalar fields u,w defined by 9, = o A58 04 A, Ow = 0 A 944 are func-
tionally independent. We see that u is real and w is complex. These are coordinates along the
B-surfaces. The coordinate w is however not functionally independent of (v, (), since a short
calculation gives (95 —oA T Ay Summarizing, we have

A 7A’ AfA’

Oy 0 0 aAA/ 65 = —OAZA/aAA/. (2.8)

So a- and B-surfaces give a coordinate system (u,v,(, () for M, that we illustrate in Fig. [l For
pp-waves these are simply Brinkmann coordinates, so the interpretation is known: the integral
curves of (% = 0454 are the rays of the wave and w is an affine parameter along them, the hyper-
surfaces v = constant are ‘wave surfaces’, and the real and imaginary parts of ( are coordinates

transverse to the direction of propagation of the wave.



With the above information, the structure of the metric can be deduced from the expression
g = eABEA/B/dmAA, ® deBl, by replacing eap = 04tp — ta0p, its complex conjugate, and the
definition of the coordinates (2.7). When doing this computation, one finds that the only piece
of information missing at this point is an expression for the 1-form t4z4dz?4’. This can be
obtained as follows. For any function f, we have df = (Va f)da:AA/. Using the identities
Vaa = 5ESE/IVBB/ and 6% = 0418 — 1408, together with definitions ([2.7), (Z8), and putting
f=u, we get

/ /
Latardzd = du— (LAZA V aaru)do.

The expression (2.4)) for the metric then follows straightforwardly, by defining the real scalar
field
H:= -2V 441 (2.9)

This function H represents the wave profile, and the case H = O reduces to Minkowski space-time.
We also notice that in the coordinate system (u,v,(,(), the wave operator acting on an
arbitrary scalar field ¢ is

D(P = Q(QPuv - QOCE) - H‘Puu- (2'10)

There is a natural spin frame: the parallel spinor o4, and the spinor ¢4 used in (2.7)). The
associated connection 1-form has only one non-trivial component:

Vaartp = —K'os0B04, (2.11)

where k' := — A BB Vgpia. In order to show this, notice first that, from Z7) and d%¢ = 0,
it follows that 6AIVAA/LB = 0. In addition, from (27)) one deduces that o4 = —5A,VAA/C and
LA = ZA/VAA/E. These identities can then be used to show that 02V gutp = 0, so (Z11]) follows.
In terms of H, the expression for «’ is

K = SHe. (2.12)

This can be shown by using (2.9]), which gives oA g H = 28 TV BBI'LA.

For the curvature, eq. (Z3) implies [V, Vi]o” = 0, so it follows that A = 0, ®apap =
D90040p040p, and Yapop = V4040p0cop, where Py and Wy are defined by contractions
with LA, i on the left-hand sides. Expressions for @99 and ¥, in terms of H can be deduced, for
example, by using the Newman-Penrose equations and the fact that all spin coefficients except
' vanish: equations (4.11.12)(a’) and (4.11.12)(?') in [6] give P99 = —0k" and ¥y = —§'x’ (in
Newman-Penrose notation). Using then § = —0g, ' = —0; (which follow from (2.§))), and .12,
one obtains the expressions (2.5]), (2.6]).

2.4 Complex space-times

We now consider a complex space-time with a parallel spinor. Here, we are referring to a
genuinely complex 4-manifold, not to a complexified pp-wave space-time. See [7, Section 6.9]
for the distinction between ‘complex’ and ‘complexified’ space-time. In the complexified case we
still have two parallel spinors of opposite chirality (oA and 6’ become independent but they are
both parallel), whereas in the genuinely complex case we only retain one parallel spinor.

The situation is very similar to the case of split signature. This is because in that case,
spinors are real and the two chiralities are independent. The following result is for complex
space-times, but if one replaces “complex” by “real” everywhere then exactly the same holds true
for split signature metrics, as was already shown in [8] 9]:



Proposition 2.2 (See [8,9]). Let (CM, gfb) be a complex space-time with a non-trivial parallel
spinor field o*. Then there exist, locally, a complex coordinate system (u,v,(,w) and a complex
scalar field © such that the metric is

g% = 2(dudv + d¢dw) — 20 ,,dv? + 40, dvd( — 20,,d¢2. (2.13)

The Ricci scalar vanishes, and the rest of the curvature is given by

Dapap =040V aVpf, (2.14)
Uspcp = — 3040p0coplf, (2.15)
\I’A/B/C/D/ = —VA/VB/VC/VD/Q’ (216)

where V 4 := 04V 44/, O is the wave operator associated to 213), and
f=0u+O¢u +0uuOuw — 02, (2.17)
In coordinates, the wave operator [J acting on an arbitrary scalar field ¢ is

O¢ = 2(@uv + Puc + OuuPuww + OuwwPuu — 20uwPuw)- (2.18)

From Prop. 2.2l we see that the vacuum Einstein equations are now more complicated than in
the pp-wave case: the Ricci-flat condition is equivalent to V 4V g f = 0, which in the coordinate
system of the proposition reads fuy, = fuw = fww = 0. The solution to this is f = p(v,{)u +
q(v,Q)w + r(v, (), where p, q,r are arbitrary functions of (v, (), so in terms of the “potential” O,
the Einstein equations are

Oy + eCw + OuuOuww — 912“1; = p(?}, C)u + Q(Ua C)w + 74(”7 C)7 (219)

see [8]. This is a very special case of the hyper-heavenly equation of Plebanski and Robinson [16].
The non-trivial right hand side in (Z19) (i.e. f # 0) complicates the analysis of the integrability
properties of this equation. The special case f = 0 is Plebanski’s second heavenly equation, and
notice from (2I5) that this case gives a self-dual (half-flat) space, which is an integrable system
by virtue of the non-linear graviton twistor construction of Penrose.

It is useful to briefly discuss the structures involved in the derivation of the result of Prop.
As in section 23] the condition V 44:0% = 0 implies that the distribution D = {OAﬂA/ | gAY es }
is involutive, and this gives origin to S-surfaces in CM, which are labelled by two complex
coordinates v, ¢ defined by 04V 44v = 0 = 04V 44¢. Unlike the Lorentzian case, there are no
a-surfaces now. In addition, both coordinates v, are now complex. There are two independent
spinor fields vas, Car, with v4¢4 = N £ 0, such that

dv = oAvA/dxAA/, d¢ = OACA/dCCAA/. (2.20)

From the conditions d%v = 0 = d2¢, it follows that V gvp = V 4/(p = 0, which give V4N = 0,
so we can set N = 1 by a coordinate transformation.

Using the above information, a short calculation shows that the vector fields o404 and 04¢4’
commute, so the two complex scalar fields u, w defined by
OAUAIaAA/ = 0y, OACAlaAA/ = Oy (2.21)

are functionally independent, and correspond to complex coordinates along the S-surfaces. Thus,
we see again that twistor surfaces produce a natural coordinate system (v, , u,w) for CM: these



are the coordinates used in Prop. 22 and they generalize the Brinkmann coordinates of the
pp-wave case of Prop. 211

The structure (213)) of the metric can be deduced in a similar way to what we did in section
23t there is a flat (complex) metric 7, and a symmetric spinor field H 45 such that

Jab = Nab + 040BH 41 (2.22)

The components of H4/p generalize the pp-wave profile function H (2.9)). In addition, a short
calculation shows that H 4 g satisfies VA H 4 5 = 0, so there exists a scalar field © (see Remark
below) such that

Hpyp = -2V 4 V0. (2.23)

The equations ([2.22))-(223)) give a coordinate-free expression for (ZI3). The Einstein equation
(2.19) is, in coordinate-free terms:

e — Q(ﬁA/@B/@)(@A/@B/@) = f, ﬁA’@B’f = 0. (2.24)

3 Perturbations

We will now study real gravitational perturbations of a real, Lorentzian, vacuum pp-wave space-
time, and connections with complex space-times. We recall that the structure of the background
pp-wave space-time is described in Prop. LIt one has Brinkmann coordinates (u, v, ¢, () defined
by a- and B-surfaces, the spinor field o# is parallel, the spinor ¢4 is defined in eq. (27, and all
the information of the geometry is encoded in the real scalar field H. In addition, the vacuum
condition for the background implies that H.z = 0.

3.1 Main result

Theorem 3.1. Let (M, gap) be a vacuum pp-wave space-time, eq. (Z4) with H.z = 0. For
any real metric perturbation hqy satisfying the linearized Einstein vacuum equations, there exist,
locally, a real vector field V, and a complex scalar field ®, such that hg, can be written as

hay = 2Re(hiy) + Vo Vi + ViV (3.1)
where hgb s given by
hy = 0408V 4V pr® = Qsloly + 205, gmp) + omamy, (3.2)
with @A' = 04V 44/, and ® satisfies the wave equation
0o =0, (3.3)
where O is the wave operator associated to gqup, eq. (2.10).

We prove this result in section below. Note that in tensor terms, the tensor field (3.2])
can also be written as

hgb = vcvd[g—c(aCdb) q)], Habed = 4€[amb}£[cmd}- (34)

This is the usual expression for a Hertz/Debye potential in perturbation theory, particularized
to the special background of a pp-wave. (The superscript “H” is from “Hertz”.)

Combining the result of theorem B.] with the discussion of section 24l we see some sort of
correspondence between a real linear problem and a complex non-linear one: modulo gauge, the



linearized gravity problem for real pp-wave space-times would seem to be a “linear version” (see
below) of the structure of a complex space with a parallel spinor. Furthermore, as observed in
section 2.4l the non-linear structures can actually be understood in a real context, by going to a
real space with a split signature metric.

Note that this correspondence can be established only after one proves theorem 3.1} we want
to show that there exists a scalar potential for the gravitational perturbation, while in a linear
version of (2.22)—(2.24]) one is already assuming that a potential exists. Actually, a closer look
at the linear version of ([2:22)—(2.24)) reveals that the situation is subtle:

e By “linear version” we mean that, in the complex metric ([2.22)-(223) and in the complex
Einstein equations (Z.19]), one formally replaces © by © +e® (where ¢ is a parameter), and
one keeps only linear terms in €. Then the perturbation to the background complex metric
is exactly (3.2)), and the scalar field ® would seem to satisfy the wave equation (0® = 0.
In addition, using the general expression [6, Eq. (5.7.15)] for the perturbed Weyl spinor,
it is not difficult to show that for the complex perturbation (3.2]) one has

\ifABCD[hH] = %OAOBOCODDD(I), \i’A/B/C/D/[hH] = %@Alﬁglﬁclﬁl)/@, (3.5)

which resemble (2.15), (2.16]).

e However, the linear version of the complex Einstein equations is the fourth order equation
V4 VpOd =0, see (ZId). Analogously to the discussion around eq. (ZI9), this implies
that (J® = F', where F' is a function such that F,,, = F,, = Fuww = 0, so one does not
really get the homogeneous wave equation for ®. We will encounter a similar issue in our
proof of theorem Bl below, where we will show that one can get rid of inhomogeneous
terms by considering gauge transformations.

e Even if one manages to get the homogeneous wave equation, the background real and
complex geometries, eqs. (2.4]) and (2I3) respectively, are different, which means that
the wave equations, while formally equal, are different in practice. Explicitly, the wave
operators of the real and complex geometries are given by equations (2.10) and (2.I8]).

3.2 Proof of theorem [3.1]
3.2.1 Preliminaries

We consider a smooth mono-parametric family of real space-times (M, gqp(€)), where gap = gap(0)
is the background space-time and is assumed to satisfy the vacuum Einstein equations R, = 0.
The background Levi-Civita connection is denoted by V,, and the linearization of the metric is
hap = %| c=0]9ap(€)]. The linearizations of the Ricci tensor and of the curvature scalar are linear
operators acting on hg. They will be denoted by Rgp[h] and R[h] respectively, and explicit
expressions for them are (see e.g. [17])

Rab[h] = - %Dhab - %Vavb(galhcd) + %vcvahbc + %VCVbhac,
R[R] = V*VPhyy, — O(g%hap).

Calculations are greatly simplified by using spinors. We emphasize that we do not perturb
spinors themselves, we just use the spinor structure of the background space-time. Since all
perturbations are tensor fields, they can be written in spinor language, using the usual dictionary
between tensor indices and pairs of spinor indices (see section 2J]). For example, using the



background Levi-Civita connection V, = V 44/, for the perturbed Ricci tensor we can write

Rap[h] = Rapapr[h], with

Rapap[h] = —% Ohapas +VanVpp (§«hed) = VO Vanhppco — VCC/VBB’hAA’CC’}
(3.8)

Notice that this does not mean that we are linearizing a spinor field. In this work, the meaning

of “perturbed field” is the ordinary one in perturbation theory in general relativity (see e.g. [17]).

Let {04,14} be a spin frame for the background space-time, e 4pot? = 1. For the calcula-
tions in this section, it is useful to define the operators

@A’ = OAVAA/, V= LAVAA/, ?A = 5A/VAA/, V4= ZA/VAA/. (3.9)

For the particular case of a pp-wave background, from the discussion of section 23] we have
VaoP =V 0P =0, VB =0and VP = —k'o405.

3.2.2 The radiation gauge

Asis well-known, diffeomorphism invariance in general relativity implies that in linearized gravity,
any metric perturbation hgp is physically equivalent to hgp 4+ K[€]qp, where K[¢]ap = Va&p + Vs
and &, is arbitrary. For a vacuum background, it identically holds Rgp [K[]] = 0 for any &,. For
a pp-wave, in appendix [AJ] we give explicit expressions for the components of K[€]ap.

For a background space-time possessing a null vector £* associated to a geodesic shear-free
congruence (which is certainly the case for the pp-waves studied in this work), one can impose
(see [18]) the so-called radiation gauge:

Chay =0,  ¢®hg = 0. (3.10)

A short calculation then shows that in terms of a null tetrad {¢,, nq, mq, Mg}, it holds

hab = hnnlaly — 2hnmlgmp) — 2hpml@Mp) + himMamp + RmmMamp (3.11)
where Ay, = n*nlhgy, etc. Replacing the expression ([2:2) for the null vectors, in spinor language
we get B

hay = 0a0Xa g + 0405 X AR,
where
Xap = 5hin0a0 — 2hym0(atpy + hmmlatp.

Now, let ¢ be an arbitrary real scalar field. Then we have, trivially,

hay = 040X ap + 0403 XaAB + 11)0A0B0 A0 — i¢oA035A/63/

= 0AO0B (XA’B’ + z'wéA@B/)J—i—aA/éB/ ()%AB — i¢0AOB), (312)
=Xarp =XanB

so the tensor field (B.I1)) is
hab = Yab + Vabs Yab = 040BX A (313)

The reason for including the arbitrary scalar field i will become clear in the next section. The
relation between the components of X 4 g and the components in ([B.IT) is

XO/O/ = hmm, Xo/l/ = hnm, Xl/l/ = %hnn -+ f“)[) (314)

It is important to note that the conditions ([B.I0) do not exhaust the gauge freedom. In
Appendix [A-T.J] we analyse the residual gauge transformations under which (3.I0) is preserved.
This plays an important role below.
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3.2.3 Potentials

We now assume that we are given a real metric perturbation hgy, in radiation gauge, eq. (3.13),
that satisfies the linearized Einstein vacuum equations:

Raparp[h] = Rapap|y] + Rapap 7] = 0. (3.15)

Notice that this equation does not imply that R4 5/ [7] vanishes. Using 3:8), (339), and (13),
after some calculations we find the following expressions for the linearized Ricci tensor and Ricci
scalar of the tensor field v, = 040X a/p’:
R = VAV Xy, (3.16a)
. 1 ~ A ~ A
Rapap ] = — 5 |oaosUXap + 0V Van Xpcr +0aVA VBB/XA’C’] : (3.16b)

For the complex conjugate 54, = 0405 X 4B, the corresponding formulas are obtained by simply
taking the complex conjugate of the above. Note that, regardless of (815, it follows immediately

that

OAOBRABA/B/ [’y] =0, 5AlaBIRABA/B/ [7)/] =0. (317)

From (B3.J6al) and its complex conjugate, we find
R[h] = 6A/@B/XA/B/ + vAvBXAB
= (VAVE X g +i02)) + (VAVBX 45 — i02) = 0, (3.18)

where in the second line we used the definition of X 4/ given in eq. ([BI2). We now see the
reason for including the arbitrary scalar field 1: since it is free, we can choose it so as to satisfy

2y =iVAVE X i, (3.19)
or more explicitly:
Oap = i |02 R + 2000 hm + 503N | - (3.20)

(One still has the freedom 1 — 1 + x with 02y = 0, but we will not need this.) The choice
(3.20) of ¢ has the consequence that

VAVE X ap =0, (3.21)
which implies that there exists, locally, a spinor field Y4, such that
Xup =ViaYp). (3.22)

Remark 3.2. The argument for deducing [322) from (B2I) is essentially a variant of the
argument given by Penrose in [3, Section 4]. It is always true locally, and it can be extended
globally to a region that has vanishing first and second homotopy groups. As explained by Penrose,
this topological restriction accounts for the impossibility of finding global potentials in certain
cases, such as for Coulomb fields.

In coordinate terms, the above means that, by virtue of the vanishing of the perturbed Ricci
scalar of hgp,, and by choosing 1 in the form (3.20)), one can locally find two fields Y{y, Y3 (which
are the components of a spinor field Y4/ in the spin frame {64/,74/}) such that

aqu(]/ = hmm, (323&)
Ou Y1 — 8<*Yb/ = 2hpm, (3.23b)
Y1 = — (3hnn +i0). (3.23c)
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From these equations we see that there is some freedom in Yy, Y7/: one can check that the
equations are invariant under Yy — Yy + 7o/, Y1/ — Yo + 71/, where 7¢ = p(v, ()¢ + qo (v, ()
and 1 = p(v, Q)u+ q1 (v, (), with p, qor, g1 arbitrary functions of v, . Alternatively, this is seen
from integrating equations ([B.23)), which gives

YO/ = /dUhmm +p(UaC)a+QO/(U7C)7 (324&)

Yir= - /dg_(%hnn + M;Z)) + p(va C)u + Q1’(va C) (324b)

From a coordinate-free perspective, the freedom in p, gy, g1/ corresponds to the fact that eq.
([3.22) is invariant under Y4 — Yar + 74/, where 74/ is any solution to V(47 = 0. We will not
need to use this freedom.

In view of ([3.22]), the original real metric perturbation is
hab = Yab + Yab, Yab = 0408V (4 V). (3.25)

The linearized Ricci operator for tensor fields of the form ~,, = OAOB@( 4 Ypy is, of course, a
special case of (B.I6D). After some calculations, we find

— QRABA’B’ [v] = oa0B [Q@A/@B/VC,YC/ — V(A/@B/)@CIYC/ — O(ALB)@A/@B/@CIYC/. (3.26)

Summarizing, so far we have only imposed the vanishing of the perturbed Ricci scalar, and we
used this to deduce the structure ([3.:20)) of the metric perturbation. Using (8:26) and its complex
conjugate, the rest of the Einstein equations (B.13)) is

0AO0B [2@A/?B,VC'YC, — V(A/?B/)ﬁclYCl] — O(ALB)@AI@BI@CIYC/ +c.c=0. (327)

This equation is automatically satisfied if VE Yz and V€ Y vanish. In this case the result of
theorem B.1] would follow immediately: the equation VYo = 0 would imply that Yor = Vo ®
for some (locally defined) complex scalar field ®, and VYo = 0 would give the wave equation
0P = 0. However, the converse of the above statement is not necessarily true: the equation
Raparp[h] = 0 does not imply that V¢ Yer and V€ Y vanish.

The non-vanishing of V¢ Y and VY makes the completion of the proof of theorem 3]
more difficult. What we will show is that these fields can be set to zero by a gauge transformation.
To this end, recall that we mentioned in section that we still have the freedom to perform
residual gauge transformations, i.e. transformations of the form

hab — h;b = hab — K[g]ab (3.28)

where K[€]q, = V& + V&, satisfies (2K [¢]p = 0 = g K[€] 4. We analyse this residual freedom
in appendix [A.1.1] where we show that there exists a spinor field g/ such that K[€],, can be
written as in eq. (ALI]). The gauge-transformed metric is then

heab = Yab + Vabs (3.29)

where .
Vb = 0408V (W Zpr,  Zp =Yp —gp. (3.30)

Since ([B.28)-([329) is a gauge transformation, we have Rapap [h] = Rupap [W], thus, the
Einstein equations ([B.27) are equivalently

0AOB [Q@A/@B/VCIZC/ — V(A/@B/)@C,ZC/ — O(ALB)@AlﬁB/@C,ZC/ +c.c=0. (331)
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Proposition 3.3. The gauge transformation [B.28)-B29) can be chosen such that the spinor
field Z 4 satisfies the neutrino equation

VAY Z 4 = 0. (3.32)

We defer the proof of this proposition to appendix Now, any solution to (8:32)) can be
written (locally) as Zy = V4 ® for some complex scalar field that satisfies the wave equation.
To see this, first contract (332) with o4, which gives VA Z, = 0. This implies that there is,
locally, a complex scalar field ® such that Z, = V 4® (see Remark [32). Contracting now (332
with ¢4, we get VAV 4 ® = 0, which is the same as (0® = 0.

Summarizing, the original real metric perturbation is hq, = hl,+K|[]ap, where b, =~ +7., |
7! is given by

vy = 0408V 4V 3 ®, (3.33)

and ¢ satisfies the wave equation [1® = 0 on the background pp-wave space-time. This concludes
the proof of theorem 3.1l

Remark 3.4. 1. The perturbation h., = ~., + 7., is both in radiation gauge and in Lorenz
gauge: one can check that (*hl, =0 = g®h’, as well as V°h], =

2. The residual radiation gauge freedom is essential for the proof of theorem [31l. Note that
this must also be used if one wants to apply the same method to even the simplest case of
Minkowski space-time, which can be obtained by simply setting H = 0 in our formuladd.

3. As a by-product of the above construction, we obtained a method to generate solutions to
the linearized Einstein vacuum equations from solutions to the neutrino equation.

4. If the potential ® is independent of u, i.e. ®, = 0, then the perturbation actually gives a
solution to the full (non-linear) Einstein equations. This can be seen from egqs. (3.2), (B.3)),
&Z50), I0): @ is just a perturbation to the background wave profile H.

4 Generalization to a “half-Kahler” vacuum space-time

In this section we briefly show how the ideas of the previous sections can be carried over to a
more general (real, Lorentzian) space-time: the “half-K&hler” case of table [Il This is defined by
the condition that there is a parallel projective spinor, that is, a ‘spinor field up to scale’ that
is parallel. We are not aware of a description of this space-time (or its complex generalization)
analogous to the one given in propositions 2.1 In the Euclidean case, the manifold must
be Kahler, so the Lorentzian version might be of interest on its own rightﬁ. In addition, a real
version of the complex result of Prop. 2.2 for this case would correspond again to a split signature
metric. Here we restrict ourselves merely to the description of gravitational perturbations.

A convenient way of expressing the existence of a spinor up to scale that is parallel is to
use GHP language (cf. [0, Section 4.12]). As is known, the use of spinors/vectors up to scale
in relativity brings about the notion of “GHP weight”. Let {o?,:4} be two spinor fields in a
Lorentzian space-time (M, gqp), with 0404 = 1. A (scalar/tensor /spinor) field 7 is said to have
GHP weight {p,q} if, under the rescaling o* — Xo?, 14 — A~14 (with A a complex scalar

“Note that the formulations of the Minkowski problem in [4], |5], [6l Section 5.7] are very different to our
method and only apply when the background is flat.

SPerhaps a closer Lorentzian analogue to a Kahler manifold would be a space-time where we have both
O©440% =0 and ©44¢F = 0. This may be seen as a complexified version of Kahler geometry. Black holes (in
particular) are conformal to this space-time.
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different from zero), it transforms as 7 — APA97. A derivative operator that is covariant under
this transformation is the GHP connection ©, = V, + pwg + ¢@,, where wy := t5Vga0%. The
existence of a parallel projective spinor can then be expressed as the condition © 4407 = 0.

If 04 satisfies © 4 40® = 0, then a few calculations using [Og, @b]oc = 0 show that the space-
time must be of Petrov type II. If in addition, we impose the vacuum condition ® 44 g = 0 = A,
then Wy =0, VA(A/wg, =0 and VA/(Awgl) = —W3040p. The GHP connection is then self-dual
and algebraically special. Notice that Ws = 0 excludes the type D case, so in particular, black
holes are not included in this vacuum class.

The vector field ¢ = 0858’ satisfies ©,° = 0, so it is tangent to a null congruence that is
both geodesic and shear-free. The radiation gauge for gravitational perturbations can then be
imposed [18]. The discussion from now on is analogous to what we did in sections and
323 the only extra point to keep in mind is that all fields now carry GHP weights. If hg, is
a perturbation in radiation gauge, we can write it as in ([B.12), that is hey = Yab + Fab, With
Yab = 040X arpr. The spinor field X 4/ has weights {—2,0}. The linearized Einstein equations
are then Ry [h] = Rap [v] + Rab [7] = 0, and a calculation shows that

— 2R [ = 0408[0° X apr + 209 O 4 X pryor] — 2004ty 0° O (w X pner — g RlY],  (4.1)
where
Ry = 60" X, (4.2)
and we defined
0% := ¢*0,0,, Oy = 04O, Oy = 14O 0. (4.3)
Choosing the free scalar field ¢ in (812) so that OYOB X yp = 0, we deduce that there is a

spinor field Yy, with weights {—3, 0}, such that X 4/pr = ©(4/Yp/). Thus, after some calculations,
the linearized Einstein equations become (compare to (B.27)))

0A0B 2éA/éB/@ClYCl — @(A/éB/)éC,YCl — O(ALB)éA/éB/éCIYCI 4+ c.c =0. (44)

For a residual radiation gauge transformation hg — hl, = hgy — K [{]ab,N(where K[ =
Vaby + Vi, satisties (ALD) there is a spinor gu such that K[¢]s = 04080 49pr) + c.c. So
the Einstein equations for h;b are the same as ([£4)) with Yy replaced by Z4 = Y4 — gas. The
analysis of the residual gauge is analogous to the pp-wave case discussed in appendix [A.1.1]
where instead of coordinate derivatives we use GHP operators. For example, instead of (A7),
we find p& = 0, p2&, = b?&m = b2&, = 0, 00’ & = 0. Choosing then the gauge such that
(:)A/gA/ =04Yy, @A/gA/ = 02Y,, we obtain ©4'Z4 =0 and ©4YZ4 =0, or equivalently a
weighted neutrino equation
0 Z, = 0. (4.5)

From ©4'Z 4, = 0 we deduce that there is, locally, a complex scalar field ®, with weights {—4, 0},
such that Z, = éA/<I>, and from ©4'Z 4 = 0 we deduce that 0°® = 0.

In summary, we see that any real gravitational perturbation to a “half-K&hler” vacuum space-
time, once written in radiation gauge and assuming that it satisfies the linearized Einstein vacuum
equations, can be locally expressed as

hap = OAOB(:)A/éB/q) +c.c+ 2V(a5b), (4.6)
where ® satisfies the GHP weighted wave equation
0 = 0. (4.7)

This generalizes the pp-wave result, theorem B Notice that, analogously to the pp-wave case,
the Hertz potential hl, = 040pO© 4O p® + c.c is both in radiation gauge and in Lorenz gauge
(ie. V*h., =0).
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5 Conclusions

In this work we have shown that any real, linear gravitational perturbation of a (real, Lorentzian)
vacuum pp-wave space-time can be locally expressed, modulo gauge transformations, as the real
part of a Hertz/Debye potential, where the scalar Debye potential satisfies the wave equation
of the background pp-wave solution. This is believed to hold for more general backgrounds as
well (replacing the wave equation by, e.g., the Teukolsky equation), but to our knowledge, the
result has been completely proven only for perturbations of Minkowski [4], [5], [6, Section 5.7].
We stress that our result is local, cf. Remark and also [19].

We also showed the connections between the Hertz/Debye representation for perturbations
of pp-waves and the non-linear structure of a complex space-time with a parallel spinor. This
illustrates the formal relation between this representation and a particular case of the hyper-
heavenly construction of Plebanski and Robinson [I6]. In addition, we argued that a linear
problem in a real space with a Lorentzian metric is related to a non-linear problem also in a
real space but with a split signature metric. This is interesting in view of modern developments
where physics in split signature is relevant, especially in the context of scattering amplitudes and
connections to gravitation, see [20], [21].

Our approach relied on using special complex 2-surfaces in the complexified space-time, called
a- and S-surfaces, which are the basic object of twistor theory, cf. [7]. These surfaces are present,
in particular, for (complexifications of) any algebraically special, vacuum, real, Lorentzian space-
time. Thus, the method employed in this work can also be applied to the analysis of linearized
gravity on more general backgrounds. We illustrated this by generalizing our result to perturba-
tions of a “half-K&hler” vacuum space-time. Explicit computations in more general backgrounds
are more involved due to the complicated structure of the curvature. The interpretation of the
coordinates defined by twistor surfaces is also more difficult than in the pp-wave case (where
these coordinates are simply Brinkmann coordinates).

From a physical point of view, our motivation came from perturbation theory in general rel-
ativity and its applications to gravitational wave physics, concerning the Hertz/Debye potential
representation of perturbations, and gauge issues. While the currently most interesting space-
times for gravitational wave physics are more general than pp-waves, representing e.g. single or
binary black holes, the case of pp-waves already presents conceptual difficulties similar to those
that appear in the other more general cases. This can be seen from our study of perturbations
to “half-K&hler” space-times. The application of these ideas to the general class of Petrov type
IT vacuum solutions (including type D and the Kerr solution) is left for future work [22].

From a geometric perspective, our motivation originated in the relations that (generalized)
parallel spinors have with complex geometry, as discussed in section We focused on per-
turbations to the simplest case of a parallel spinor in Lorentz signature, a pp-wave metric. In
Euclidean signature this corresponds to hyper-Kéahler manifolds, and linear perturbations in this
context have been studied e.g. in [23], [24]. Natural generalizations are the other cases described
in Table [l We also studied the Lorentzian “half-Kéhler” case, which in a Riemannian setting
would correspond to perturbations of Kéhler manifolds. A natural next step would be the study
of perturbations to the “half-Hermitian” case C44:0° = 0.
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A Gauge issues

Throughout this appendix we assume a (real, Lorentzian) vacuum pp-wave background, with
the special spin frame {0,:4}, and its complex conjugate {5‘4/, ZA/}, introduced in section 23]
The associated null tetrad {¢*, n* m® m®} is defined as in eq. (22). In terms of Brinkmann
coordinates (see eq. (2.4))), we have

040y = Oy, m®0, = —0, m0q = —0¢, n%0y = Oy — %H@u. (A1)
The connection coefficients are given by
Vol =0,  Vemb = —FU b, Vet = =kl f°,  Ven® = —Ly('mP +&F'mb). (A2)
A.1 The gauge operator
For an arbitrary covector field £,, we define the “gauge operator” (or Killing operator) K by
K[€lab = Voo + Vi&a. (A.3)
In terms of a null tetrad, this can be written as follows:

K[é]ab = Kpnlaly — 2Knm€(amb) - 2Knm€(amb) + Kinmmampy + Ky Maimy,
+ Kymgny — ZKMLn(amb) — 2Kgmn(afnb) + 2Kgnn(a£b) — 2Kmmm(amb).

For a pp-wave, using (A.1))-(A.2)) we find:

Ky = 20,8, Kpim = —(0g&m + 0c&m) (A.4a)
Ko = 0uém — 0c&, Kum = (8 — $Hy)m + K& — O, (A.4b)
Ko = Oubm — O¢y, Ko = (05 — $HOW)Em + K& — Ocn, (A.dc)
Kim = —20:&m, K = 0uépn + (0 — %Hau)fﬁ (A.4d)
Km = —20&m, Kon =20y — $HO,)En + 26"y + 2R &,. (A de)

A.1.1 Residual radiation gauge freedom

The radiation gauge (B3.I0]) is preserved by transformations in which the new gauge vector &,
satisfies
K€ =0,  ¢"K[€]s = 0. (A.5)

Equivalently: Ky = Ky, = Ky = Kpy = K, = 0. Using identities (A4)), this is

aué-K = Oa (A6a)
Oubm — 0c&e = 0, (A.6b)
Do — Dzt = 0, (A.6c)
05551 + 0¢&m = 0. (A.6e)
From here we deduce
026 = 026 = 026, =0,  9:0:& = 0. (A7)

Notice that in view of (A.4), and given that 9, is a Killing vector of the background space-time,
from (A7) it follows that 02K,y = 0 for all a,b = u,v,¢, (.
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So we get the following general form for the components of the (real) gauge vector &,:

§e= fl(va C) + f2(va C)’ (A8a)
Em = [8(]01(’0,()]’&—}— f3(va<a<_)a (A8b)
én = - [avfl (v’ C) + 8vf2(va C_)]u + f4(v’ Ca C_)’ (A'8C)

for some functions fi(v, (), f2(v,¢), f3(v,¢,¢) and fi(v,¢,¢). Apart from reality conditions for
&,, any restrictions on these functions will be differential.

Given that we here impose the gauge operator (A.3) to satisfy (A.H), the same reasoning that
we used in section to deduce ([B.I2]) now gives

K[S]ab = OAOBGA/B/ + 6A/5B/GAB, (AQ)

where
GA’B’ = (%Knn + z'n)éA@B/ — 2Knm5(A’zB’) + KmmZA/ZB/ (AlO)

and we have included an arbitrary scalar field . Explicit expressions for K, K,m, Kmm in
terms of &, are given in ([A4]). We can now express G 4/p/ in terms of a 1-index spinor by doing
the same trick that we did in section B2:3l The linearized Ricci scalar of (A9) is R[K[¢]] =
vAVE G g +VAVBG A (which vanishes identically since the background is vacuum), where

VAVT G = 0F K + 2000 K + 505 Ko + 1030,

A short calculation shows that 92K, = 0 = auagKm, while 3§Kmm is independent of .
Therefore, if we choose the arbitrary scalar n in (A.I0) in the form n = %[3§Kmm]u2, then
VAVE Gup =0, so there is a spinor field g4/ such that G4 g = @(A/QB/), and

K[€lab = 0408V (argpr) + 04105’V (4Tp).- (A.11)

The relation between g4 and &, is given by

Mgy = Kmm, (A.12a)
augl/ - 8690/ = 2Knﬁza (A12b)
Ozgr = — (3Knn +1in), (A.12¢)

where in the right-hand sides one replaces the expressions (A.4). We deduce from here that
8390/ =0, 858390/ =0, 8391/ =0. (A.13)

Thus, the general structure of gy, g1/ is

Jo = AO/ (U, C)UQ + BO/ (U, Ca a)u + CO/ (U, Ca 5)7 (A14a)
g1 = Al’(v, Ca C_)UQ + Bl’(va C’ E)u + Cl’(v’ Ca C_)’ (A14b)
for some functions Agy, ..., Cy» where the arguments are as specified in the previous equations.

Using (A.12)) and (A4), one can relate these functions to the ones appearing in (A.g)); this way we
see, for example, that they do not identically vanish. For instance, we get Ay (v, () = —agfl (v,Q).
However, in general the explicit expressions do not seem to be particularly enlightening.
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A.2 Proof of proposition [3.3]

We have the identity VAA/ZA/ = OAVAIZA/ - LA@A/ZA/, SO VAA/ZA/ = 0 iff VA/ZA/ =0 and
VA Z 4 =0. Since Zy = Ya — gar, we have

@A,ZA/ = @AIYA/ — @A,gA/, (A.15a)
VAZ 4 =VAY 0 — Vg, (A.15D)

so we want to show that, as long as the Einstein equations are satisfied, we can choose the
gauge transformation such that the associated spinor field g satisfies VA g4 = VAYy and
vA gar = VAIYA/

The first observation is that any requirement for the function v gar restricts g4/ only up to
the addition of terms of the form V 4/ S. In other words, we can write g4 = Vg + 2V 4/ S where
V4 and S are independent, then (A1) become

@A,ZA/ = @A,YA/ — @A,VA/, (A16a)
VA Z 0 =VAYy — VAV — 08 (A.16D)

(where we used the identity 09 = 2vA'V ArS), and we want to show that V4 and S can be
chosen such that VA'Z 4 =0= vA'Z 4. Restrictions on V4 and S arise from the fact that they
come from a gauge transformation: the general form of the components of g4 was obtained in

(A14). See ([A20) below.
In order to obtain expressions for the fields VA'Yy, VA'Yy/, we use the linearized Einstein
equations ([3.27). The non-trivial, independent components are:

R(VAY,) =0, (A.17a)
202(VAYa) 4+ 0,0:(VAYa) = 0, (A.17Db)
0,0 (VYY) + 0,0, (VAV4) = 0, (A.17¢)
20,06 (VYY) + $(0u00 + 0:0p) (VA V) — $02(VAY4) = 0, (A.17d)
OV Yar) = 40,0c(VAYa) — 20,0, + 0c07)(V*Va) = 0, (A.17¢)
202(VAYw) + 0¢(0y — $HO) (VA V) + 20 (VAVa) + 0 (9, — $HO,)(VAYa) = 0. (A.17F)

Equations (AI7a)-(AI7h) correspond to 0468 Rapap[h] = 0, (AITd)-(AIZd) correspond to
oA Raparp[h] = 0, and (AI7e)-(AITH) correspond to iA't% Rypap[h] = 0. Notice that
(AITa)-(AITh) are the only equations that involve only VAY, and VA'Yy (not their complex
conjugates); this is because of the identities ([B.I7)). We will then use (AITa)-(AI7D) to deduce
the structure of VA'Yy, VAY, .
From (AI7al) we deduce that

6A/Y:Ll’ = a(v,C,C_)u + b(U,C,C__) (A18)

for some functions a,b. These functions can be written in terms of the metric perturbation
hay (up to an arbitrary function of v,(, that we can set to zero), by noticing that VAY, =
—(0uY1 + OgYy) and using eqs. ([B.24a)-(3.24D). Taking a u-derivative in (AITD) and using
(AITa), we see that 93(VAYyx) =0, so VAV is quadratic in u. Using also (AIS), it follows
that

VY = [=ac(v, ¢ O’ + e(v, ¢, Qu + d(v, ¢, ) (A.19)
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for some functions ¢, d. The rest of the equations in (A7) involve also the complex conjugate
fields, and they give additional restrictions on the functions that appear in the right hand sides
of (A.I8)-(A.19).

Notice that, since the fields @A,gA/, VA,gA/ come from a gauge transformation, the same
equations (A.IT) hold for them. In other words, any restrictions on VAY 4, VAY, coming
from (A.I7) are also satisfied by vA gar, vA gar. But vA gar, vA g4 must also fulfil restrictions
that come from the gauge condition. These additional restrictions were analysed in appendix
[A.11] where the general expressions (A.14)) were found. In our current context, we have g =
Va + 2V 48, or in components gy = Vi + 20,5, g = Vi — 20¢S. The restrictions (A.13)
together with the fact that V4 and S are independent imply that 93V = (95(93‘/0/ =03V =0
and 918 = 62855 = 0. So we have the following form:

Vo = ay (’U, C)u2 + /80’ (U, C’ E)u + 70’(2}’ C’ C_-)? (A20a)
Vl’ = 041’(1)7 Ca 6)“2 + Bl’ (U, Ca CT)U + 71’(?}7 C7 6)7 (AQOb)
S = S3(v, )u® + Sa(v, ¢, Q)u® + 51(v, ¢, Ou + So(v, ¢, C). (A.20¢)

After some tedious calculations, this gives (using in particular the expression (Z10) for 0):

VA4 = — (21 + 9By )u — (B + 9 10), (A21)
VA4 = [Osoiy + Ocarys + 60,53 — 20 0p Sa]u®

+ [0y — Hag + 0P + 40,52 — 20051 — 6H Ss]u

+ 070 — $H By + Ocy1r + 20,51 — 20:0:S0 — 2H S5)] (A.22)

Comparing these expressions to (AI8)-(A19), we see that we can choose the free functions in
(A.20) so that vA gar = VA/YA/ and V4’ gar = VA,YA/, which is what we wanted to prove.
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