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Abstract

In this paper we consider the Cauchy problem for neo-Hookean incompressible
elasticity in spatial dimension d > 2. The Cauchy problem can be formulated in terms
of maps z(t,-) : [Rg — [Rg with domain a reference space [Rg, and with values in space
RZ. Initial data consists of initial deformation ¢(¢) = x(0,&) and velocity (£) =
Ox(t,€)/0t|;=0, which we assume are in Sobolev spaces (¢,v) € H**1(R?) x H*(R?). If
$ > Serit = d/2 + 1, well-posedness is well-known. We are here interested primarily in
the low regularity case, s < s¢p¢. For d = 2,3, we prove existence and uniqueness for
S0 < 8 < Serit, and we can prove well-posedness, but for a smaller range, s1 < s < S¢rit,

; 7 7 V657
ifd=2, S0 =, s1= 7+ %

ifd=3, sp=2, s1=1+ 3

We consider the initial deformations of the form x(0,£) = A& 4+ p(§), where A is a
constant SL(d,R) matrix. For the full range (in s) results, as indicated above, we
need additional Holder regularity assumptions on certain combinations of second order
derivatives of . A key observation in the proof is that the equations of evolution for
the vorticities decomposes into a first-order hyperbolic system, for which a Strichartz
estimate holds, and a coupled transport system. This allows one to set up a bootstrap
argument to prove local existence and uniqueness. Continuous dependence on initial
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data is proved using an argument inspired by Bona and Smith, and Kato and Lai, with
a modification based on new estimates for Riesz potentials. The results of this paper
should be compared to what is known for the ideal fluid equations, where, as shown
by Bourgain and Li, the requirement s > s..;; is necessary.
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1 Introduction

We are concerned here with the motion of the incompressible neo-Hookean medium (ma-
terial). We assume that the medium occupies the whole space R? with coordinates £. A
generic point & € R? will find itself at the location z(¢, &) at time ¢. Incompressibility means

that
dx(t, §)

det o€

=1. (1.1)

The action functional

1 2 dx(t, €)
//5 + p(t, &) (det T —1) de dt

with the Lagrange multiplier p, gives rise to the Euler-Lagrange equations

0%x(t,€)
ot?

+Vap(t,€) =0 (1.2)

describing the ideal (incompressible and inviscid) fluid, cf. [20]. An ideal fluid has only
kinetic energy. If there are internal forces controlling the deformation x(t, ), one has to add
the potential energy. If this potential energy depends on the deformation gradient dz/0&
only, the material is hyperelastic and the action takes form

/ / W (&ng Q) +p(t, €) (det axgg’ O 1) de dt .

(Of course, there are conditions on the meaningful stored energy functions W, cf. [23].) The
corresponding Euler-Lagrange equations are

0 ; oxr\ 0%*f dp ,
W_DDV[/(af) W—F%—O, ’L—l,...,d, (13)




where D! stands for the derivative 9/9(0x%/0¢%). The summation over the repeated indices
is assumed!. The simplest choice

ox 1

Wl=)==

(%)

corresponds to the neo-Hookean material, or solid, as it is sometimes called. The field
equations (L3) then simplify to
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:52

i,a=1
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—0, i=1,....4d (1.4)
Equations (IL4]) complemented by the constraint (I.1) describe the motion of the incompress-

ible neo-Hookean material in the Lagrange coordinates (t,&).

Remark 1.1 (Initial conditions). We shall consider the Cauchy problem for (I2]) and (L4).
Therefore, we prescribe the initial deformation ¢(§) and the initial velocity V(&) by

#() = 2(0.9).
_aa(t.g)
vO="g5>

Of course, ¢ should define a volume preserving (and orientation preserving) diffeomorphism
of RL. In addition, there is a compatibility condition for ¢ and 1 originating in (L1). Indeed,

if (ILJ) holds,
0= a9 (det 8x(t,§)) _pi (det 8x(t,§)) 9 0a'(t,€)

ot 0& 0& ot o0&
T
B 0x(t, )\ 7' 9 dx(t,€)
= trace [( o€ ) ] a o€

Thus, if y = ¢(&) and £ = ¢~ (y), we must have

oui(e) o,
oce Iyt

(1.5)

for all € € R In the case of the ideal fluid, one can change variables from € to n = ¢(§),
set ©(0,n) = n, and recalculate Y(£(n)) = 8:c(t,n)/8t‘t:0. Such a change does not affect
equation (L2) but simplifies the initial conditions. In the case of equation (LA), such a
change of variables, in general, changes the form of the equation and will not be done.

'We use lower case latin indices a, b, ¢ for Lagrangian coordinates, and i, j, k, . .. for Eulerian coordinates.
In the summation the repeated indices run from 1 to d.



In the Euler picture, the independent variables are (¢, x), and equation (L.2) for the ideal
incompressible fluid takes the form

o' + v ' +9p=0, i=1,....d, (1.6)
where
Ox
ot
is the vector of velocity in the Eulerian coordinates. The incompressibility condition (L))
translates into

v(t,x) = (L.7)

dive = 90" = 0. (1.8)
To describe the Eulerian form of equation (4] for the incompressible neo-Hookean material,
in addition to the true velocity v(¢,z) we introduce d “fake” velocities (v}),..., (v}) which
represent the deformation gradient,
, oz’
vi(t,x)==—, a=1,...,d. 1.9
o) = o (19)

To distinguish between the derivatives in the two pictures, we denote by 0; and 9, the partial
derivatives in the Euler picture and by 0/0t, 0/0£* the derivatives in the Lagrange picture.
The dynamic equations are

o' + 17 90" — vf Oyl + Oip = 0, (1.10)

ol + 0" Ol — 09" =0, a=1,...,d, (1.11)

for each i = 1,...,d. The first equation, (LI0), is the Eulerian form of (L)), while (LTI
expresses the fact that the partial derivatives 0/t and 0/0¢* commute. In addition, we

must have .
divv =0, divy,=0w, =0, a=1,...,d, (1.12)

where the equation for v,’s is the Piola identity (in the incompressible case), cf. [23] §1.7].
There are additional compatibility conditions

vF Ol = v Ol ab=1,...,d, (1.13)

which represent the fact that the Lagrangian derivatives 9/9¢% and 9/0¢° commute.
If x(t,€) and p(t, ) is a solution of (L)), (1), then

;_ o0a'(t,§)  ,  02'(t§)
N T

and the pressure p, expressed as functions of ¢ and x, solve equations (L.I0), (L.II), (LI12),
and (LI3)). Conversely, if v, v,, and p solve (LI0), (LI, (LI2), and (LIJ]), then the
solution z(t, &) of the ODE system

dx
dt

(1.14)

= U(t’ ZL’) ) ZL’(O, 5) = ¢(§) ) (1'15)



(and p with the corresponding coordinate change (¢,z) — (¢,£)) solves the Lagrange equa-
tions ([L4]); see also section [4.2]

In the mechanics/engineering literature, the array (9z(t,£)/0¢%) (in Lagrangian coordi-
nates t,€) is denoted F' = (F?) and is called the deformation gradient. We use the notation
v’ in the Euler coordinates instead to emphasize the similarity of the subsequent treatment
of the vectors v, and the velocity v.

In this paper we study the Cauchy problem for the equations of motion of the neo-
Hookean material, in Eulerian form (L10), (LI, (II12), and ([LI3]). At the same time, we
obtain corresponding results for the equations in the Lagrangean picture. Energy estimates
for equations (L.I0) and (LII]) are essential for our study. Thus we use the Sobolev spaces
H*(RY) to measure regularity and integrability of v and v,. In particular, we will have the
gradients V,v,(t, r), changing continuously with ¢, in L?>(R? dx). In dimensions d > 3, this
alone imposes a restriction on the behavior at infinity of the initial diffeomorphism ¢(&): as
€] = 00, ¢(§) — A&, where A is a (any) matrix in SL(d, R). In the two dimensional case we
impose this condition on ¢(£). Once the matrix A is fixed, we split the deformation gradient
vl (t, ) as

v (t, ) = AL+ ul(t, x) (1.16)

and work with the vectorfields u, instead of v,.

Remark 1.2. [t appears that in the existing literature, cf. e.g. [30,19, [31], only the case
Al =0 has been considered. Writing the deformation gradient tensor as the identity matriz
plus the displacement gradient tensor is a tradition in elasticity theory.

Denote by V' the collection of all the components of v and uy,...,us. We work in the
scale of Sobolev spaces H*(R?) and compare with the existing results for the fluid equations
(L4), (LY). The regularity H® now refers to the H® norm of V' in the neo-Hookean case
and the norm of v in the fluid case. We are interested in local well-posedness in H®, by
which we mean local in time existence, uniqueness, and continuous dependence on the initial
conditions (in H*). In the subcritical case s > d/2 + 1, the well-posedness for the fluid
equations is known, cf. [I8 [19]. According to the recent results of Bourgain and Li [5, 6],
well-posedness fails to hold for s < d/2 + 1.

There are results on local well-posedness in the case s > d/2+1 for a class of hyperelastic
systems which includes the neo-Hookean case, cf. [9]. Here we consider specifically the neo-
Hookean case and show that then the system has smoothing properties that allow us to lower
the regularity requirements for well-posedness compared to the fluid case. In particular, we
can prove well-posedness below the critical regularity s..; = d/2 + 1. We believe that an
analogous result holds for more general hyperelastic systems.

The outline of the paper is as follows. We work with equations (LI0), (II1l), and (ILI2),
with initial data satisfying v(0,-) € H*® and v’(0,z) = v.(0,z) — A%. The compatibility
condition (LI3) is satisfied for the initial data and will be propagated by the flow. The basic



a priori energy estimates are

IVOllae < 1VO) e exp ( [Ivve- dt’) (1.17)

which are valid for any s > 0. Here and below, we write VV for V.V, when there is no
room for confusion. If s = 0, the energy is conserved:

IV @)lz2 = [[VO)]> - (1.18)

As in the fluid case, it is clear that the solution exists as long as the integral

/Ot IVV ()] L dt’ (1.19)

is finite. If s > d/2+ 1, the Sobolev embedding bounds [|[VV (¢)||z~ by ||V ()| g+, and then
the differential inequality resulting from (I.I7)) provides a bound on the norm ||V ()| g for
a short time interval depending on ||V (0)||gs. To prove well-posedness, we use a modified
Kato-Lai approach, cf. [1§].

Recall that in the fluid case it has proved profitable to move from velocity to vortic-
ity. With the help of the Beale-Kato-Majda (BKM) estimate [I], it is possible to replace
f(f IVu(t')]| s dt’ by the integral fot |w(t')||oo dt’. Note that the application of the BKM es-
timate uses the fact that s > d/2 + 1. In the two-dimensional case, since the vorticity is
transported by the flow, the solutions exist for all time. In the neo-Hookean case, the vortic-
ity equations are not so nice, but they have some redeeming features. We do not obtain the
global existence in the two-dimensional caseE but we can lower the regularity requirements
to a certain range of s < d/2+ 1. Instead of the BKM estimate we use a different approach.

In our case we have two types of vorticities: the true vorticity, and d “fake” vorticities

W = 0" — 0™, Wi = 0pun — Opult, a=1,...,d. (1.20)
We combine them into an aggregate ). In dealing with the integral (I.I9), the following
estimate will play an important role:
19Vl S IVI 1015 (1.21)
where Bﬁp is the homogeneous Besov space, and 7, is function of d, r, and p, for a certain
range of those parameters, see Lemma Thanks to (LI8), we may replace (II9) with

t
/0 ||Q(t’)||}3_;11 dt’ . (1.22)

2There is a huge literature on global existence for small initial data, but here we concentrate on low
regularity.



n mn

It turns out that the equations for w™" and w]™ in the Lagrangean coordinates have the
form (the superscript L refers to the Lagrangean coordinates)

owl owk

5 e =F'[VV] (1.23a)
owk  owr

where the right hand sides are quadratic in VV. Via the Fourier transform (in Lagrangean
coordinates) this system splits into a pair of wave equations with the principal linear parts
% + ¢y/—A¢ and a simple tranqurt equation driven by the wave system. We use the
Strichartz estimates involving the B) -norms for the solutions of the wave equations (see
[16]), and the transport equations allow us to estimate the remaining components. In addi-
tion, we need to estimate the corresponding Sobolev norms of QY. The interplay between
the various norms in the Lagrangean and the Eulerian coordinates is quite subtle, bringing
in further powers of various norms. However, we are able to close the argument by using
nonlinear Gronwall-type inequalities. As a result, we show a stronger estimate of the form

T
/ywwmgwmxu (1.24)
0

where C' > 0 and T" > 0 are determined by the H® norms of the initial conditions, and ¢ is
a dimension dependent positive constant. The estimates close for the range of s larger than
some sy < d/2 + 1, thus lowering the classical regularity. Continuous dependence brings
additional restrictions s > s1, where s; > sg, but s < d/2 4+ 1. We follow the general plan
suggested by Bona and Smith [3] and, in the case of ideal fluid, by Kato and Lai [18]. The
key step is to show that the family of solutions V¢(¢) corresponding to the mollified initial
condition V¢(0) is Cauchy, as ¢ — 0, in C([0, 7] — H?®) uniformly for V(0) in a compact
subset of H®*. The main difference from [I8] is that we use estimate ([2I) and a similar
estimate

Vil S IVIE 19152 (1.25)
to control the difference V¢(t) —V?(t), where € > § \, 0. The restriction on regularity comes,
in the end, through the parameter r, whose range is dictated by the Strichartz estimates.

We state and prove the main theorem in the physical cases d = 2 and d = 3. The state-
ment is easiest to present when the curl of the displacement gradient at ¢t = 0, curl u,(0, x),
is Holder continuous with an appropriate Holder index s > 0. Denote

T ifd=2 T4V i =2 VBT if =2 Lo
b 1+\/§ ifd=3" \/§_1 fa—g (120

2 ifd=3"
Theorem 1.3. Assume the initial conditions V(0) = (v(0),u(0)) are such that v(0) €
H*(RY) and curlu,(0) € C*(RY). If s > sy, then there exists a unique solution V €

So —



C([0,T) — H*(RY) of the system (LI0), (LII), and [TI2), for some T > 0 depending
continuously on ||v(0)||gs.

If s > s1 (if d = 2 then s = sy is allowed), then the solution depends continuously in
C([0,T'] — H*(RY)) on the initial data: if v,(0) — v(0) in H® then V,, — V in C([0,T"] —
H?*(R%)), where [0, T’] is the common interval of existence, T" > 0.

When the initial value of the displacement gradient is less smooth, the regularity of the
“vorticities” curlu,(0) = w,(0) will control the values of sy and s; (they will increase). A
careful analysis of this situation is done in Sections and The proofs in the cases
d =2 and d = 3 are somewhat different. We believe that the proof in the case d = 3 can be
generalized to d > 3.

2 Above the critical regularity: s > % +1

2.1 Cauchy problem in Euler coordinates
2.1.1 Preliminary notes

A few words on function spaces (for more see Appendix[Al). The notation || f||, is used for the
LP(R?) norm, 1 < p < co. Also, || f|| is the L? norm. We work in the scale of standard Sobolev
spaces H® = H*(R%), s € R. These are Hilbert spaces with the norms || f||zs = ||J*f]|, where
J¥ = (1 — A2 = F Y1 + |k|?)**TF for real s are the Bessel potentials. We use the
same notation H* for the spaces of R-valued, R%-valued, or matrix-valued functions. In the
case of Rl-valued functions, H*® splits into an orthogonal sum (the Hodge decomposition)
H?®* = H} ® HY, where H} is the space of divergence-free vector fields and HY is the space
of gradients of H**! scalar functions.

We are going to work with the dynamic equations (LI0) and (II1]) (and (TI2)) ignoring
for the most part the compatibility condition (L.I3]). However, at some point we will have to
justify (LI3). Also, we will have to explain why v’ is the deformation gradient. The proof
of these facts makes use of the estimate

/0 V0 ()]0 df < 00 2.1)

for the solutions on the interval [0, 7). This will be shown to hold for the solutions that we
consider. Assuming (1)), consider first the quantities ¢, = v* vl —vF Opvl. According to
equations ([LII]), these quantities satisfy the following equations:

(0, +0'00) gy, = ¢y D" (2.2)

Multiply each equation by ¢,, sum over i, a, and b, and integrate in x over R?. This yields

the inequality
35 [ Xl de < Vel [ 3 ldf da.



Therefore, if all ¢, = 0 at ¢ = 0, then ¢’, will vanish for all ¢ € [0, 7.

Similarly, if v(¢), v,(t) is a solution of (LI0O), (LIT]), and (ILI2), for which (2.1)) is true,

consider the solution of the ODE system & = v(t,z) with the initial condition x(0,§) =
A& + ¢(€). Consider the quantity ¢’ = v} — 0x' /9" and compute its full time derivative:
0
ooEr
The first term on the right equals v*9v® by equation (LTI, while

o*xt ot 0"

otoge — 9ga  oga

(0 +v°00) g, = (0r + v )V, —

8kvi

Thus, . '
(0, + 000’ = ¢ o’ .

As with the quantity ¢’,, we obtain the inequality
s [ lak s <19el. [P

Thus, if all ¢} are 0 at t = 0, they remain 0 for ¢ € [0, 7.

We emphasize that the results in this subsection do not require s > d/2 + 1.

2.2 The Cauchy problem

In the Euler picture, we assume that the deformation gradient (v?) is split as in (II6). Thus,
we fix an SL(d, R) matrix A = (A%) and define d vectorfields uy, . .., uq with the components

ul(t,x) =vi(t,z)— A, i=1,...,d. Equations (L.I0), (LII]), and (LI2) now look as follows:

O + 17 00" — uff Oyl — A Opup + Vip =0, (2.3a)
o’ + vk gl — u o’ — AF o' = 0, (2.3b)
diveo =0, divu, =0. (2.3¢)

What we do next in this paper does not depend on the particular choice of matrix A. The
important thing is that the terms containing the elements of A disappear in the derivation
of energy estimates. Here is a typical calculation showing this:

/—A'If Opupv' — AR Ot ul do =0,

Because of that, we choose the simplest A = I, the identity matrix, and work with the
resulting equations:

o' + 07 00" — uf Oyup — Opup + Vip =0, (2.4a)
opu’ 4+ V¥ Ol — uF O’ — 0,0 =0, (2.4Db)
diveo =0, divu, =0. (2.4¢)

10



We shall use u to denote the whole collection uq, . . ., ug, and any norm of v will be understood
as the maximum over a of the norm of u,. We abbreviate v(t) for v(t,-) etc. Recall that

V(1) = (v(t), u(t)).

Theorem 2.1. Assume d > 2. Let s be a real number greater than 1+d/2. Assume that the
initial conditions v(0),u(0) for equations (2.4a), (2.4D), and ([2:4d) all belong to H:. Then
there exists a local in time solution of those equations such that

vue C([0,T] — H?). (2.5)

The solution is unique and depends continuously on the initial conditions. The lifespan, T,
of the solution is determined by the HZ-norms of the initial conditions and is characterized
by the condition

t
JI9VEladr <o, <. (26)
0

The general plan of the proof will be the same as in the proof of the corresponding result
for the Euler equations (describing an ideal fluid) by Kato and Lai, [I8], complemented by
some nice observations from [10]. We will sketch it anyway to emphasize certain points that
will be used later. Denote the orthogonal projection H* — H; by P. In the Fourier space,

Gﬂﬂmz(w—ﬁﬁ)W@y

Since Leray’s work [21], projection of the equations onto the space of divergence-free vectors
is standard in hydrodynamics, and we use it as well to get rid of the pressure term. Thus,
we deal with the following equations:

&gvi + P {Uj 8jvi — Ulg 8]{&2 — abullj} =0 y

Oyu,, + vk Ok, — u'j Opv" — Ogv' = 0.

We shall not need equations (2.4d) since dydive = 0 follows from equation (2.7)) and, from

2.3),
Opdiv u, + v* Opdivu, = u’j@kdiv v+ 0,divu.

This shows that if equations (2.4d) are satisfied at ¢ = 0, they will be satisfied for all times
t>0.

Let v(0) € H? and u,(0) € H? be given. The solution of (2.7), (Z8)) with these initial
conditions will be obtained as a limit of approximate solutions v¢, u{, whose Fourier transforms
are supported in the ball {|k| < e}, cf. [10].

Denote by p, the Friedrichs’ mollifiers p.(z) = e ¥p(z/¢), where p(z) is the inverse Fourier
transform of the characteristic function of the unit ball {|k| < 1}. In other words,

pex F(K) = Xqui<a/a (k) F(k).

11



To save space, we write p.[f] instead of p, * f,

mm@ﬁzfm@—yﬁwwy

The mollifiers p. have the usual properties:
Lemma 2.2. For any ¢ € H?,
1. plp] = ¢ in H® as e — 0;

2. for any m >0, || pe[@]|| srs+m < (1 + E%)m/2 |o||gs. In particular, if € € (0,1),
V2
o6l < Y2 6l (29

3. form >0 and e € (0,1),

peld) = Gllars—m <272 €™ || s - (2.10)
4. If € is a compact subset of H®, then, for all m > 0,
10e[¢] — [ rs-—m = €™ o(€) (2.11)

uniformly in ¢ € €.

Proof. The first claim is well-known. The second one follows from

AT / (1 (27 |30 Pk

k<1l/e

L+e\"™ S|
s( : ) [ ey o,
€ k<1/e

where @k = (2m)~?dk. To prove the third and the fourth claims, observe that

lpel] = @]

b= [ @RGP
k>1/e
1 ~
- (14 K)ok Pk
/ME T 1o
< gom / (14 [K[2)* |o(k) .
k>1/e

By the Kolmogorov-Riesz compactness criterion, cf. [13], fk>1/6(1 + |k[2)* |o(k)[2dk — 0 as

€ — 0, uniformly in ¢ € €, a compact subset of H”.
O

12



To solve (2.7)),([2.8]) we construct approximate solutions v, uf, by considering the following
truncated system (cf. [10])

v’ + P pe [v7 90" — wy yuy — Oyuy) =0, (2.12)
Apuly + pe [0F Opul, — uk Gpv’ — 0,0'] = 0. (2.13)
We let v and u, solve this system with the initial conditions

v(0) = pe [v(0)], ug(0) = pe [ua(0)] . (2.14)

The solutions of (2.12]) and (2.13) will automatically have their Fourier transforms supported
in the ball {|k| < 1/e}. That local in time and unique solutions exist follows from the fact
that equations (2.12)), (ZI3) can be viewed as an ODE in the Hilbert space p[H?],

dv
— = F(V), (2.15)

with locally Lipschitz right hand side. The Lipschitz property of F'(V') in our case is not hard
to verify. To avoid clutter, we shall drop the index on u, when convenient. For example, the
H?* norm of u 0u — u Ju, where u,u € p.[HZ], is estimated as follows:

Oul|

O(u — )l

1
lu 0w — w Qul| s < |lu = ullmsl|Oull s + [|ul s e < = (llufle + flullz) v -yl

We have used that H® is an algebra when s > d/2 and that

1
IVwlla: < —llwla:

for any w € p[H?®].

By the Cauchy-Picard theorem, cf. e.g., [22] Theorem 3.1], for every initial condition
(v°(0),u(0)) € pe[HZ], there exists a Ty (||(v°(0),u(0))|| . rs], €) > 0 and a unique solution
(ve(t),u(t)) of the problem (2.12)), (2I3)), (2.14) on the time interval (-7, T%), such that
(v, u) € C([-=T,T] — pe[HZ)) for every 0 < T' < T,. The energy estimates discussed in the
next section will show that 7, can be chosen the same for all € > 0.

2.3 Energy estimates

For the basic L? estimate, let (v, u¢) be a solution of (212), (ZI3). Multiply ZI2) by v°,
multiply (ZI3) by u¢, sum over a and integrate over R? to obtain (after integration by parts
and cancellations due to the divergence-free nature of v and u):

d € 2 € 2 _
% [ or + o s =o

(unless otherwise specified, the expressions such as |u|? are understood as > u, - u,). Thus,
[ @F + P do = [10OF + @ Pdr < [P + @ ds. (210)
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The higher energy estimates are standard. We present them in a schematic form. Schemat-

ically, the system (2.12)), [2I3)) is
QY +PplV - VV] = 0. (2.17)

Let 7 be any positive real number and note that J" = (1 — A)"/? commutes with P, with
pex, and with all partial derivatives. Act with J” on (2ZI7) and write the result in the form:

WJV4+Pp V- VIV]==PpJ[J(V-VV)=V . -VJV]. (2.18)
It follows that
1 d T T T T
5T [TV <||J(V-VV) =V -VIV| ]V (2.19)

By the Kato-Ponce commutator estimate [19],
[TV -VV) =V - VIV S IVV @)l [TV )] - (2.20)
Then it follows from (2.I9) that
d € € €
IV Ol STV Ol IV@Iz - (2.21)

This implies (with ¢t > 0)

V) < [VO)% exp (( o [ vaﬂnwdf) , (2.22)

with the constant ¢(r, d) independent of e.

If we take r = s > d/2 + 1, then, by Sobolev embedding, ||[VV(7)|le < [|VE(7)]
inequality (Z2II) implies

s, and

WO < s,y (1.

for y<(t) = ||V(7)||%.. The e-independent estimate

() <300) (1= 5060 21)

follows. Here we made use of the fact that with our choice of the mollifier, we have
lpelf] | Hell < |If | H?|l, and hence y*(0) < y(0). If we take the initial conditions from
the ball Br = {||V(0) | H*||*> < R?}, then we can choose the common life-span

2

L=t ar

(2.23)

14



2.4 Passage to the limit

When € — 0, the approximate solutions v¢, u¢ converge to the true solutions v, u of (2.7,
(28). Pick a T' < T,. All approximate solutions V¢(¢) exist on the interval [—7',T] and by
(222)) have uniformly bounded H® norms. Then there is a sequence €, ~\, 0 such that V¢
converge weak- in L>°([—=T,T] — H?) to some V = (v, u) in that space. From the equations
[212) and (2.I3)) we see that (9;v(t), du(t)) are uniformly bounded in H:™'. Therefore,
we can arrange that 9,V converge weak-+ in L®([-T,T] — H:™') to 9,V = (04, dyu). In
addition, taking into consideration Rellich’s compact embedding theorem and the fact that
s is sufficiently large, we can assume that V“» converges strongly to V' and each first partial
derivative OV converges strongly to OV in every L*([—T,T] x By(0)) (where By (0) = {z €
R?: x| < N}) and Ve and OV converge almost everywhere in the slab [T, T] x R, We
also note that V¢(¢, ) and OV<(¢, z) are uniformly bounded on [T, 7] x R?.

The just mentioned facts are sufficient to conclude that (v,u) solves equations (2.7]),
(28) in the sense of distributions and assume the prescribed values at t = 0. To see this, let
n(t,x) be any smooth divergence free vector with compact support in [—T,T] x R?. Multiply
equations ([2.12)) and (ZI3) by 1 and integrate over [0, 7] x R%. After a few rearrangements,
we get

/ /—v Om + (v90,07 — uF Opus — duuy’) pe [1'] dtdzz:/ve(O)n(O)d:): (2.24)

/ / —uf O + | Eka us — uFopue — D] peln’] dt dz = /uZ(O) n(0) dx (2.25)

Since the terms such as v99;v% and u¢* Jpus’ are uniformly in € bounded in L*([—T, T] x R%),

expressions such as
/ / uF opu (pe[n’] — ') dtdx

go to zero as € = ¢, — 0. At the same time,

//Ekﬁu ndtda:—)/ /u Opup n' dt d.

Thus, the limit functions v and wu satisfy the integral identities

T
/ /—v O + (Vo0 — ul puy — Ooup) ' dt du = /U(O)T}(O) da (2.26)
0

and, fora=1,...,d,
/ / —u, On + WOl — ul O’ — 0,0'] ' dt da = /ua(O) n(0) dx (2.27)
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with any divergence free smooth 7 with compact support in (—7',T) x R?. This shows, in
particular, that (v,u) solve equations (2.7), (2.8)) in the sense of distributions.

So far we have a solution V with V' € L>*([-T,T] — Hj) and 0,V € L*([-1,T] —
H:71). This already implies that V : [-T,T] — H? is weakly continuous. Let us now
prove the uniqueness of the obtained solution. Assume there is another solution, V =
(v,u) € L=([-T,T] — HZ) with the time derivative in L>([-T,T] — H:™'), as seen from
27),(Z8) . The equation satisfied by the difference, V =V — V, is schematically

OV +PV-VV = —PV.VV

The same argument as for the energy estimate gives
1d
2 dt

As long as fg IVV(7)||so d7 is finite on [0, 7], and since V(0) = 0, it follows that V(t) = 0
on [0, 7.

Now we shall prove that the solution (v(t),u(t)) is strongly continuous in ¢. Recall the
inequality (2.22)). We need it with » = s. When s > d/2 + 1, we have

VO SIVY@)lle V@)

t
[ 1oy < a1
0

where M is a uniform in € bound on the L*([-T,,T.] — H?®) norms of V. Thus, it follows
from (2.22)) that for all e = ¢,, and ¢t > 0

[o*(2)] i < ([[v(0)]
Use the lower semi-continuity of the norms on the left to obtain
[o(t)] #s < ([l0(0)] i) exp (CM - 1) .

Since the solution (v(t),u(t)) is weakly continuous in H®, it follows that it is strongly
continuous from the right at ¢ = 0. For any ¢, € [-T,T], if we solve [2.7), (2.8) with
the initial condition (v(ty),u(ty)) at ¢ = to, we obtain the same solution (v(t),u(t)) due
to uniqueness. Consequently, (v(t),u(t)) is strongly continuous in H® from the right at
every t € [=T,T]. The equations are invariant under the time reversal transformation
(t,v(t),u(t)) — (—t, —v(—t), —u(—t)). Again, due to uniqueness, this implies strong conti-
nuity of ¢t — (v(t),u(t)) € H® from the left. This proves the strong continuity in time of
V(t) e H: ie, V € C([0,T] — H?).

T T [luc(0)] 2+ [u(0)]|%.) exp (C M -t) .

irs o+ lu(®)] he + [u(0))]

2.5 Revisiting energy estimates

The limit case of the inequality (2.22) is true, viz. for any solution satisfying the conditions
of Theorem 2.1]

Oz + lu@®lz < (o)l + lluto)IZ-) exp (C(T, d) /t ||VV(T)||oodT> (2.28)
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for all =T <ty <t <T and for any 0 < r < s. This is not proved by passing to the limit
e — 0 in (2.22)) but rather by appealing to the fact (cf. [I, p. 64]) that (J"v, J"u) is the
unique C([—T,T] — L?) solution of the linear non-homogeneous hyperbolic system

oo+ P [Uj 8]'0 — ulg Oty — 8(,115] =F",

2.29
Oty + [Uk Oty — u]; O — 8[10} = Fg , ( )
where , .
Fr =2 [(v/0;070 — J () 0,v)) — (up O "up — J" (uf Orup))] (2.30)
Er =2 [(v/ 00 uq — J" (v 0ju,)) — (ul O v — J"(ul 9y0))]
and

0(0) = J70(0), uy(0) = J'uy(0).

The energy estimate for the solution can be written in the form (we take ¢ty = 0 for simplicity)
t
1/2 1/2 . . 1/2
(@I + lua@®1) " < (To(O)I* + ua(0)[I*) _%‘lg (IF O+ IE (1) dr.

Substitute the true values v = J"v and u, = J"u,, apply estimates (2.20) to the norms in
the integrand, and use Gronwall’s inequality to arrive at (2.28]).

2.6 Continuous dependence

The proof of continuous dependence of solutions on the initial conditions will follow the
strategy of Bona and Smith [3] as has been done by Kato and Lai [18] for the Euler equations.
Take a sequence of initial conditions V,,(0) € HZ converging (in H®) to V(0). Let V,(¢)
and V(t) be the corresponding solutions of system (2.7), (2.8). We can choose the same
interval [0, T’ for all V,(0). The goal is to show that the solutions V,,(¢) converge to V (¢) in
C([0,T) — HE.

Mollify the initial conditions, V¢(0) = p.[V,(0)] and V¢(0) = p[V(0)], using the same
mollifier as in Lemma 2.2 Let V¢ and V* be the corresponding solutions of (2.7, (Z.8)) lying
in the space C([0,T] — H:™'). As the energy estimates show, we can adjust T so that the
solutions exist on the same time interval, [0, 7] for all ¢ > 0. We have

sup [V (t) = V(@) [ls < sup [Va(t) = V(@) ||z + sup [V (£) = V(1) -
0.7] [0.7] [07] (2.31)

HS.

+sup Vi(t) — V(1)
[0,7]

As will be shown, the first two norms on the right will be small by the choice of €, while the

last norm, for a fixed €, will be small for large n.

We start with the first two norms on the right side of (Z31]) and prove a slightly more
general result. Consider the system (2.7)), (Z.8)) with initial conditions V' (0) = (v(0),u(0))
from a compact subset € of H?, where s > d/2 + 1. Mollify the initial conditions, V¢(0) =
(pe[v(0)], pe[u(0)]), and let V¢(¢) be the corresponding solutions on [0, 7']. The interval can be
chosen uniformly for V(0) € € and € € (0, 1) as follows from the existence part of Theorem

21

17



Proposition 2.3. ForV(0) € € and ¢ — 0, the family V< is uniformly Cauchy in C([0,T] —
HE).

Proof. Consider the difference V=V — V¢ where 0 < <e. At t =0, the H° norm of
V(0) goes to 0 as € \, 0. The difference V (t) satisfies, schematically, the equation

OV +PVVV = —PVVVE. (2.32)
First get the L? estimate. We have
1, ~ -
5 VO < [VVE@ I IV,

and therefore,

t
VoI < Vo) exp/o IVV(T) o dr . (2.33)
This implies }
sup [[V(#)[| < € o(e) (2.34)
[0,7]

since the integral of |[VV(7)|| is bounded and, since V' (0) € H®, and therefore,

IV(O)I* = [[V°(0) = V<(0)||?

- / IV (0, %)|?dr
1/e<|k|<1/é

/ VO

Je<inl<1ys (L |K[?)*

€2 )S / —
< | —— JsV(0)(k)|?dk .
(1 + €2 1/e<|k|<1/d | ( )( )|

Now, turn to the H® estimates. Act with J® on equation (2.32):

K

OV +PVIVIV =P (VIVIV - J(VOVT))
= (7 (VOVe) = VVIV) —PVVIVS
As in the derivation of energy estimates, we obtain

APV < VISV - FvOVD)|

B B B (2.35)
+ | (VVVE) VIV 4 [V [V TV
By the Kato-Ponce inequality (220,
VIV = 2V S IVVO)lloo VO e + IVV (O lloo V0112 (2.36)
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and
|J° (VVVE) — VIV SIVVO)lloo IV e + IV oo IV ()] 225 - (2.37)
Thus,

%W(t)ﬂm S UVV Olloe + IFVED o) IV (E) |22+
+ (VIO + IVOIa) IVV (Ol + IV ()l VD

The L H® norms of V¢ and V° are uniformly bounded. Since s > d/2 + 1, the functions
IVVE(t)||oo and [VV?(t)]|s are (uniformly) bounded on [0,T], and, also, [|[VV(f)||le S
|V (t)||zs - The energy estimate (2.28) with » = s+ 1 tells us that

(2.38)

Hs+1 .

V(@)

et < Clp[V(0)]]

HS.

1
a1 < C—||[V(0)]
€
By the Gagliardo-Nirenberg inequality,
. d
7

2s
Hs -

- ~ _d
V)l S NIV
Taking into account (2.34]), we obtain

d
2s
Hs -

~ L -
IV (#)lleo < €72 0(€) IV

Hence,

[M]fsH

VO)||ge S 15

~Y

~ a
wett S €5 oe) |V B

IV ()lloo V(2]
Combining all this,

Hs —|— 65_1_2 .

e S V()]

d -~
SV @)

Integrating this inequality and using the fact that ||V (0)| z — 0 uniformly for V(0) € €, we
see that (again, uniformly for V(0) € €) the supremum of ||V (¢)| g goes to 0 as e \ 0. O

Remark 2.4. In the proof above, the term, ||V (t)||oo [|V<(t)|| got1 occurring in equation (2.3%)
is treated differently from [18]. In the lower regqularity case, where the argument of [18] does
not apply, this term will be treated by a generalization of the Gagliardo-Nirenberg inequality.

Proposition 2.3] takes care of the first two terms of the right hand side of (2.31). To
handle the last term, sup, ||V,S(t) — V(¢)||g+, for a fixed small €, we treat the difference
V = V¢ — Ve as in the proof of the proposition and arrive at the inequality

d -~
SV ()

e S (Vi@ llso + IV @) o0) IV (0]
+ (Vi@ + IV ) IVV Ol + 1V (@) V()]

Now ||V1~/(t)||oo,~||f/(t) o ,§~||f/(t)| g+ and the remaining factors are uniformly bounded in
t. Hence, sup, ||V ()||gs S|V (0)||gs — 0 as n — co.

(2.39)

Hs+1 .

This completes the proof of Theorem 2.1l
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Remark 2.5. [t is standard that once the solution (v,u) of the “projected” system (2.7),

([2.8) is obtained, with (v,u) € C([0,T] — HE) and (O, ) € C([0,T] — H:™'), we can

recover the pressure p(t,x). From equations ([2.4al), it follows that Vp € C([0,T] — H*™').

Also, —Ap = o' - Ov* — Opul, - Ouk, from [RAd). Using the Riesz transforms R;, we can

solve for p = R;Ry (v' o — ul uk). As long as s > d/2, we see that p € C([0,T] — H*).
From the identities (2.26]), (2.27) we can now deduce the following identities

T
/ /—vi (O’ +0'0;n") + vl vkown' — pOin' dt do = /U(O) n(0) dx (2.40)
0

and, fora=1,...,d,

T
/ /—vi (8’ + 0*0k’) + o' Vo’ dt da = /va(O) n(0) d (2.41)
0

valid for any smooth vector function n with compact support in (—T,T) x RY. We have
rearranged the terms (compared to (2.20)), [2.21)) for future use.

3 Lagrangean picture

This section is located between the sections on high regularity and lower regularity Cauchy
problem in the Euler setting. We treat the Lagrange equations by switching to the Euler
form, applying the results for the Euler setting, and switching back to Lagrange. Thus, in
this section, our results will be conditioned on the available results for the Eulerian system.
At the moment, we have results only in the case s > d/2 + 1, and we can apply them right
away. After we show, in the next section, how to work with s < d/2+1, we shall immediately
translate that into the Lagrangean setting by applying the results of the current section.

3.1 A volume preserving diffeomorphism lemma

We start with a useful lemma.

Lemma 3.1. Let A be a d x d matriz with real (constant) entries and det A = 1. Consider
the map ® : € € [Rg — 1= AE + p(&) € RE such that

1. ¢ € H'Y(RY) with s > &;
2. det (A+%59) =1,

Then ® is a C' diffeomorphism and its inverse, =1, can be written as ¢ = A~ 'x — g(z)
where g € HTH(RY).

Remark 3.2. Notice that the reqularity restriction in this lemma corresponds to V € H?®
with s > d/2.
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Proof. By the Sobolev embedding, the entries of the matrix dp(£)/0¢ are bounded, and
so ® € C'. Since det (09/9¢) = 1, @ is a local diffeomorphism. It is a global volume
preserving C!-diffeomorphism of R¢ by Hadamard’s global inverse function theorem (see [11]
for references and proofs). In particular,

[ r@de= [ r@7 @)

for any reasonable f. Since ® is volume preserving,

(A+8§é§>) — A" +F(&g(;))

where the entries of F4 are polynomials in dp/0¢ of degree d — 1 without constant terms.
It follows (Moser’s Lemma [B.3) that Fa(9¢/0€) is in H*(R{). Denote by ¢(£) the matrix-
function F4(0¢/0€) viewed as a function of £&. We have

o O B O L

Define g(z) = A~ 'z — £. Then

dg(x) 4 0
ox =47 - oz = —v(g).

Note that () is a bounded function. Calculating the higher z-derivatives of ¢ using that
0/0x = (A~ +4(€)) 0/OE, we see that, for any integer r, the derivatives 9" g(x)/0x" ! are
sums of constant multiples of the terms of the form

a0 (W0 PUy0, 0P,
) (G (Gga )™ (G ™ (31)
where the a’s are non-negative integers and
o +2as+-+ma, =71. (3.2)

Let r be the largest integer less than or equal to s. The L?(R%, d€) norm of each product
(B.1) is bounded by the H"(R{) norm of ¢ as follows from Moser’s argument. Hence, all
x-derivatives of g(z) of order r + 1 are in L?(dz). Assume now s = r + v, where v € (0, 1).
The H? norm of a function is equivalent to the H™ norm plus the sum of the H” norms of all
partial derivatives of order r. This means we have to estimate the 7 norm of the product
([B.I). Note that, in general, if f(z) and f(€) are related by the equation f(&§) = f(x(£)) and
the transformation z — £ is bi-Lipschitz (as in our case), the H?(R{) norm of f and the
H7(RY) norm of f are equivalent if 0 < < 1. Thus, we will estimate the H?(R¢) norms
of the expressions (B.1]). But this is done in a slightly more general case in the proof of
Lemma [B.3l This completes the proof of the regularity of g(z) claimed in the statement of
the theorem.

0
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3.2 Cauchy problem in the Lagrange setting

Recall that the basic equations in Lagrangean form are

0%zt 0zl dp ,
o ogeggs T ow 0 1T hed (3.3)
ox

det 3¢ = 1 (3.4)

Given a constant matrix A € SL(d,R), consider the Cauchy problem for this system with
the initial conditions

8$(07 5) L

2(0,6) = A+ H(©), T = k(). (35)

We assume that x(0, ) satisfies (3.4) and that v} is divergence free in the x variables,

AN _ HE) 2y (2], 0251 56
Define the quantities '
0.0 = 22T 57
Then by Piola’s identities,
div u, (0, x) = % =0 foreacha=1,...,d.

Define v(0, z) = v§ ().

We assume that ¢* € HZ™ and vf € H{ for some s > d/2. By Lemma B} u,(0,-)
belongs to H*(R%). Also, v(0,-) € H*(R%).
Assumption I. Assume that the system (23al), (2.3D), (Z3d), with the initial conditions
(v(0),u(0)), has a unique solution (v,u) € C([0,T] — H:(R%)) with (dv, du) € C([0,T] —

H:71(R%)). Also, assume that for v and v, = A, +u,, the integral identities (2.40) and (2.47))
are valid. In addition, assume that

/0 IV0(8)lloe di < 0. (3.8)

Theorem 3.3. Under Assumption I, the problem (B.3), (34), (35) has a unique solution
x(t,€), p=(t, &) on the same time interval [0,T], such that

x— AL e C([0,T] — H*M(RY)), % € C([0,T] — H*(RY)),
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and
p* € C([0,T] — H*(RY)).

The family of maps € — x(t,€) is a family of volume preserving H*-diffeomorphisms. The
inverse maps, x — £(t,x), have the following reqularity:

= Az e C([0,T) — HM(RY)), gi € C([0,T] — H*(RY)).
If the solutions (v,u) of the Eulerian system (23al), ([2.3D), (23d) depend contmuously in
C([ T] — H*(RY)) on the initial conditions, then the solutions x(t, &), pL(t, &) of [B3),

depend continuously on the initial conditions o~ € H*T' and ’UL € H”.
0

Proof. Create the Eulerian initial data (v(0),u(0)) as described above and solve the problem
27), 28). Thanks to Assumption I there is a solution (v,u) € C([0,T] — H2(R%)) with
(O, Opu) € C([0,T] — H:1(R%)). Note that for s > d/2

v,u € C([0,T] x RY); (3.9)

in particular, v and u are bounded in the slab [0, 7] x R¢. Solve the ODE
t=wvt,x), x(0)= A+ " (). (3.10)
Thanks to (B8], there exists a unique solution z(¢,¢) on [0,7] such that, as functions of

t with the values in R?, z € C([0,T] — CYR{)) and & € C([0,T] — C(R?)). Clearly,
det 0x/0¢ = 1. Thus, £ — z(t,€) is a local C''-diffeomorphism. Since

x(t, &) = AE 4+ o (&) + /0 v(s,xz(s,€))ds (3.11)

and v is bounded, |z(t, )| — oo as [{| — co. By Hadamard’s global inverse function theorem,
z(t,-) : R = R? is a global C* diffeomorphism. The derivatives dz/9¢ are solutions of the
following system of ODEs

d Ox ; oxk
qoE OV (t, ) oE (3.12)
i 021(0,€) Do) (€)
' (0, Y p-)
gea Mt T gea
It follows that 5
| :c(t 5)‘ <C exp/ V(7)o dT (3.13)
and .
2(t,€) — a(t,m)] < C|¢ | exp / IV0(r) o dr (3.14)
0
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The inverse map, £(t, x) satisfies the equation

o(t,x) Ot x)

5 = 9 v'(t, ). (3.15)
Also ,
9 o o 9Pl og
Ot ori O OtOEd D
o o o¢ oee vl
a a ,U
otdri Oz Or' (3.16)
In particular,
a t
) o e [ 1900 dr.
oxk 0
Then .
€(t,2) — £(t,9)] < Cla — y| exp / IV0(r) o dr - (3.17)
0

Thanks to the assumption (B.8), the transformation & — x(¢,£) is bi-lipschitz uniformly on
any fixed finite time interval. As a consequence, the Sobolev H! norms in Eulerian and
Lagrangian coordinates are equivalent:

LF M wsy = 1F e gy

where f(t,€) = f(t,z(t,€)). | -
As seen from (2.8) and (241]), the functions v’ (¢, ) = A’ + u’ (¢, z) satisfy the equation

&gvfl +oF 8kvfb = vf O’
with the initial condition v’ (0,z) = A’ 4+ (0, z). In the Lagrangian coordinates,

o’
ot

g ik
= Opv' v, .

This means the matrix v? is the solution of the same system ([B.12) as dz°/9&* and with the
same initial condition. This proves that

0x'(t,€) _
36 Vit (t,€)). (3.18)

Now go to the integral identities (2.40) and (2.41]). Substitute v} = d2'/9* and v = dz /Ot
and change variables to (¢,&). This results in

ox' O 0z’ ' 9 0
// axt az aga aga‘p : @ga dédt = /véﬁ(o)dﬁ (3.19)
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and, for all a =1, .

oz’ O’ 817 on’ .0
/ / oga 81& ot Deo dédt = /(Aa—i-&ga) n(0) d¢ (3.20)

for any smooth n with compact support in (=7, 7") x R<. In this sense = and p solve equations
B3) and (B.4) with the appropriate initial conditions.

This solution is unique in the following sense: any family of diffeomorphisms z(t, &)
satisfying (3.5) and such that the quantities dz'/0t and 9x'/9¢* — Al when expressed
as functions of ¢ and x, belong to the space C([0,7] — H2(R%)), must coincide with the
solution obtained by means of Theorem 2.1] (simply by the uniqueness of solutions in the
Euler setting).

It is easy to show that the functions £(¢, 1) — A~x viewed as functions of ¢ and = belong
to the space C([0,T] — H*T1(RY)). Indeed,

85(1 _ Ox -1 _ 1 aaz...aq,,12 iq
O = a—g | = m €iig...ig € 'Ua2 e Uad .

0
oxt

Hence,

1 .
. (A—1>q _  _aaz..aq Z Bff __ Bia

i €iig..ig € a0
T ?
B

where the summation is over all matrices B such that each B is either A% or uf , but not
all are A% . Hence 55 — (A71)¢ € C([0,T] — H*(R%)) (H* is an algebra). Also, (see (315))

€ (t.0) (A7) = (R0, )+ [ o' |25 - (e () vy ar

and it is clear that this function is in C'([0, 7] — L?). It follows that (¢, 2) = A~ 'z + h(t, x)
for some h(t,-) € H*T1(R?) depending continuously on t. By Lemma B.1], the inverse map,
x = A& — Ah*(t,€) is such that h*(t) € H*H'(RY).

U

4 Intermezzo

In section [l we shall transition to lower regularity solutions of equations (2.7)), (2.8)). Given
the initial conditions V(0) = (v(0),u(0)) € H$ with s < £ + 1, we will mollify them to get
Ve(0) = p[V(0)], and use Theorem 2] to obtain the corresponding solution V¢(¢) on some
interval [0,7]. We would like to be able to pass to the limit as € — 0 to obtain V'(¢), and
to be sure that T, can be bounded from below by some 7" > 0. We’ll have to modify the
corresponding arguments in section 2l When s < £ + 1, the norm ||[VV (¢)||« is no longer

controlled by ||V ()| gs. However, we still need to show that the integral f(f IVVE(t) oo dt’ is
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finite over some time interval (independent of €). In addition, we have to deal with [|[VV (£)[|e
in the proof of continuous dependence, and we cannot use there the argument we had for
IV (t)||so. Thus, we need new tools. The first observation is that for any sufficiently smooth
divergence-free vectorfield v with curlv = w, we have inequalities of the form

IVolloe S 10l llw | Byl (4.1)

and

[olloo S 01132 llw | By,ll'2, (4.2)
each with its own allowed range for parameters r > 0 and p, and each with the powers ~; and
~9 expressed in terms of 7, p, and d. The space B;J,([Rd) is the homogeneous Besov space. In
dimension d = 2 we use p = oo in which case Bgom([R?) is the (homogeneous) Holder space
C7(R?). When d > 2, we must have 1 < p < oo, and then B;m([Rd) is the (homogeneous)

Sobolev-Slobodetsky space WP, The precise form of inequalities (A1) and {@2) is given
in Lemma [5.3] and Lemma [5.11] below, and we prove a more general result, Lemma [C.1I] in
Appendix

Since the L? norm of velocities is bounded from the basic energy conservation, we can

use (1)) to obtain
T
/rwwm&ws/‘w B[ e
0

and show that the integral on the right is a priori bounded. In fact, we will do better. We
have room to work with

A|me&ﬁ5/'w )| B dr (4.3)

for some m > 1. To prove that the integral on the right is bounded we should look at the
equations satisfied by vorticities.

4.1 Derivation of the equations for vorticities

In the case of the general dimension d > 2, define the vorticities w™" = 0,,v™ — 9,v™ and
WM = Qo — O™ = Opu — J,u™. Equations (24a) and (2.4D) imply the following

equations for the vorticities:

O™ + 0! ™ — v Bjwy™ = fm" (44)
and , ‘
O™ + v Ojwp™ — v Q™" = f;"", (4.5)
where ' ‘ ) :
[ = —w™ 9" + W™ O™ + wi 0ju) — wi? Oy, (4.6)
and . . , :
1% = 00 O — 0,09 D) + [ 0" — D 0] (47
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We combine " and f{"" into an array, F' = (F™") = (f™", fi"").

In terms of the Fourier transform, @™ = i (k™" — k"0™) and the zero divergence
condition provides k™0™ = 0. Thus,

. R
||
In our notation,
V" = —iD7'R, w™  and  Opv" = Ry R 0™, (4.8)

where R, = F~1x™/|k|F are the Riesz transforms. Thus, the right sides, f™ and f;™", of
equations (4.4) and (4.5)), are sums of products of Riesz transforms of vorticities. Here and
in what follows €2 is a combined notation for w and all w,. We will omit the superscripts ™"
where possible.

4.2 Vorticities in the Lagrangean setting

In Lagrangean coordinates equations (4.4]) and (45 simplify as follows:

owl Owk

S - M), (19)
and Dol Ol
w w

atb - = fEQ] (4.10)

If the right sides are known functions, this is a linear system with constant coefficients for
the vector [wl wl, ... ,wk]”. Apply the Fourier transform F_,; to ([EJ) and (EI0). We
emphasize that here the Fourier transform is applied in Lagrangian coordinates. The result
is a system of ODEs:

Lo ol = L (4.11)
dt
where )
OF = 4 of, .. 0",
with @ (t, k) = Feopw™(t,€), and M = M (k) is a symmetric (d+ 1) x (d + 1) matrix whose

first row 1is

0,k ... k9,

whose first column is the transpose of the first row, and all other entries are zeros. The
eigenvalues of M are +|k| and the multiplicity (d — 1) eigenvalue 0. The corresponding

cigenvectors are e; = [1, k%, ... k97, e = (1, =k, ..., —k9)7, for |k|, —|k|, respectively,
and for the zero eigenvalues, e3 = [0,%%, —k",0,...,0]", es = [0,£%,0,—k",0,...,0]", ...,
eqr1 = [0,0,... k% —k4 1T where k' = k7 /|k|. Introduce the quantities

ar=at+ kol At =0t - k0l 7L =kl - BPol. (4.12)



Then ) )
wh = 9—1§(ﬁi +at), wk=g"1 (— (7l —wly ke — & frjb) : (4.13)

When written in terms of 7%, equation (ZII]) split into three groups:

dA a
W_Z|k|ﬁ++fL+ka
dr o
% — —ilk| 7t + fF — ke fE (4.14)
dr; b _ 7b AL
a k
dt fb fa
Denote R o
FE=flakefl FL = kofl —kbfL. (4.15)

With this notation equations (EI4) read

drt .
dt+ = i|k| 7t + F}
dnt .
% — —i|k| 7k + FE (4.16)
dﬁ-Lb A
ab __ FL
dt (lb

The solution to (£I6]) can be written as follows

t
7L(t) = M 2L (0) + / IR Lty ar
.0 (4.17)
bt = wh0) + [ Ehie)ar
0

We will use the notation 7% and 7L for the inverse Fourier transforms of the hatted
quantities. As seen from (AI6]), the quantities 7 satisfy the first order hyperbolic equations

of the form
on +

W:ii\/_Aﬂ-i_'_Fﬂ:-

There is a useful version of the Strichartz inequality from [I7, Theorem 2]: if w is a solution

f 224 i/—Aw = f, then

lw(t) | B, IIth%SC lw(O) [ 7Ol + [ IIf(t) | 5| dt (4.18)
(f )'<e( [ weina)

with the parameters r, p, q, and 6 in certain admissible ranges depending on the dimension
d > 2. The constant C' depends on d,r,p, and ¢, but not on 7" and not on w(0) and f
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(see Lemma [D.1] in Appendix [Dl for a precise statement). It is important that we use the
homogeneous spaces both in the inequalities (4.1]), (4.2) and in (£I])): the ubiquitous Riesz
transforms (see e.g. (A.8), (412)) are bounded in those homogeneous spaces.

Now, the estimate ({.I8]), when applied to the quantities , will lead to the estimates for the

quantities
T ' H
([ 1o | 2,00 ar)

for vorticities QF in the Lagrangean coordinates. We would like to translate those as bounds
for the right hand side of (43]). But the norm of vorticites in (€3] is in the Eulerian
coordinates. Thus, we need to establish correspondences (inequalities) between the like
norms in the Lagrange and the Euler pictures. This we do in Appendix [El Not surprisingly,
the L*™ norms of the Jacobian matrices dx/0¢ and 0&/0x show up as factors. They are
expressed in terms of [|u(t)||s, Which in turn is bounded via (£2). The f(¢) in (ZI]) is
Fl or FE from equations (LI6). After discarding the Riesz transforms and transitioning to
the Euler coordinates (more of the factors ||u(t)||), we end up working with the quadratic
expressions (L0) and ([@7). Their H? norms are essentially ||[VV ||« - [|QZ(2) | H||, and we
use (A1) again with appropriate values of the parameters.

5 Below the critical regularity: s < % +1

We shall use the following notation:

w=(ui,...,ud,. .. ub .. ud), (5.1a)
V=" ot ud ud), (5.1b)
Q= (W™, W), (5.1c)
F=(mf), (5.1d)

and use superscripts © or ¥ to indicate the corresponding quantities are viewed in the La-
grangean, (t,£), or the Eulerian, (¢, z), coordinates. Note that the LP(R?, dx) and LP(R?, d¢),
1 < p < 00, norms are the same for * and ¥. When the setting is clear we omit * and *. As
always, || - || is the notation for the L? norm and (-, -) is the corresponding inner product.
The meaning of < is standard by now. We write A ~ B when A < B and B < A. We
shall use the symbol <., to indicate that the hidden constants in the inequality depend on the
initial energy eg. When integrating differential inequalities of the form dy(t)/dt < a(t) y(t),
we write the solution of the latter inequality as y(t) < y(0) exp{c f(f a(t') dt'}. If the constant

depends on the initial energy, we write c(eg).

5.1 A priori L? estimates

The basic conservation of energy follows from equations (2.7), (2.8)):
1 1 1 1
[ 31OF + S lu@Pde = [ 5 10OF + 5 o) do. (5.2
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In what follows, eq is the square root of the initial energy:

2 :/%|U(O)|2+%|u(0)\2dx. (5.3)

Note that since the velocities V¥ are divergence free,
IVVE] ~ [127]].

From equations for vorticities, we derive an L? estimate in the Euler coordinates. Multiplying
(&) by w™ and (&) by w™, summing, and integrating over R? yields, using the notation

G

S I = (F,9),

and hence
iIIQ(t)II SIE@) (5.4)
dt ~Y ) .

As formulas ([A.6]) and (A7) show, we have
IFI S IVaV oo V2V S VLV oo 197]
Taking this into account, integrate (5.4]) to obtain

120 < 192(0)%]| el IVVAE et (5.5)
5.2 A priori H? estimates for vorticities

We shall need the following Kato-Ponce commutator estimate:

Lemma 5.1. Let v = (v!,...,v%) be a sufficiently smooth vectorfield in R, and let g be a
sufficiently smooth scalar function. Then, for any s > 0,

17°(v* Dkg) — " T gll2 S NIV 0lle 1779l + 1757 0ll2 (|9l (5.6)
and, for any 6 > 0,
1D (v* Org) — v* D gll2 < VU]l [D7gll2 + 1D 0|2 [lg]l o (5.7)

The proof of (5:6) is in the original paper [19]. The homogeneous version of the Kato-
Ponce inequality, (5.1), can be obtained from (5.6]) via scaling.

Lemma 5.2.
17 (1) | H|| < [197(0) | H?|| exp {C/O UIVV ()l + [12(E)]]o0) dt’} (5.8)
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Proof. Act with D?, § > 0, on equations ([f4) and (£F) and write the result in the form

O, Dw™™ + 7 9; DPw™ — vl 9;DPw™ = DY f[Q)] + 6,

, : 5.9
O, DPwi™ + 07 0; DPwi™ — v] 9; DPw™ = DP f" Q)] + O, (5:9)
where O 5 are the commutator error terms:
0, =— [D9 (vj 0jwm") — ajDewm"] + [DG (vg @-wt’f”) — vl 0;D%w mn} (5.10)
Oy = — [D? (v 9;™) — 07 9;D%wy™] + [D? (v] d;w™) — v} 8;D%w™] .
By the homogeneous Kato-Ponce commutator estimate (5.7)),
1©1]l, 118211 S IVVlloe 12511 o + IVE | HP*H| - 25|
Note that '
IVE | HO = (197 0.
Then
18111, 18]l < (IVV]leo + 12]00) 11€25|70 (5.11)

Applying the fractional product rule, cf. Lemma [B.1] to the terms D?f, D?f, and, taking
into account (4.8)), we obtain

ID°FI S IVV oo 197 70 (5.12)

Thus, equations (5.9) lead to this estimate

%IIQE( G S (IVV o + 1920l0) 1270170 (5.13)

and (5.8) follows. O

5.3 Tropical “norms” and homogeneous norms

It shall be convenient to use the following notation:

{9)p = max(1, [|g[l,) -

These are not norms, but they are “tropical” norms in the following sense. For a real number
a, denote (a) = max(1, |a|). Let a, b, and ¢ be real numbers. Then

(b) -
) < 2(b). Also, 1+ [b] < 2(b).

(A (a).
4. If X > 0, then (|a]}) = (a)* .

1. If 0 < a < b, then (a) <
2. If |a|] <1+ |b|, then (a
3. If A >0, then (Aa) <
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5. ({a)) = (a) -

6. If (a) < (b) and (b) < (c), then (a) < (c).

(
7. The triangle inequality: (a + b) < (a) + (b).
8. [JfW))dt <t+ [y |f(¥)]dt .

The tropical norms absorb additive constants, which simplifies formulas.
Recall that ,
ox’'

=0 = A+’
aga a a a

and, therefore,

[Valloo S (Ua)oo s  talloo S (Va)oos  (Va)oo == (Ua)oo - (5.14)

The hidden constants depend on the matrix A.

Throughout, we shall be using the following abbreviation for the homogeneous Sobolev,
Besov, and Hélder norms:

{9} = 19| Brewo®, {g}rp=llg| Bp, (RO, glo = llg| H' R

5.4 Technical inequalities when d = 2

Throughout Section [Al the regularity parameter s is less than %—I— 1 and we are trying to make
it as small as possible. When d = 2, we use auxiliary parameters ¢ and r such that

s=1+86, 9:7‘+Z, (5.15)
and
0<6<1, O0<r<1, (5.16)

and the goal is to show that r can be arbitrarily small.

There are two technical lemmas, Lemma [5.3] and Lemma [£.6, that we rely upon. The
first one offers the Gagliardo-Nirenberg type multiplicative inequalities a la Y. Meyer, cf.
e.g. [24].

Lemma 5.3. Let v be any vectorfield in R? with div v = 0, and let w = curlv. Assuming
the parameters r and 0 satisfy (5.16), we have

r/(r 2 Ny r
1Volloos [@lloo S 052 Jw|CT ¥+, (5.17)
and
r 1 r 2 Ny r
[v]loo < 0|52 | CrH e (5.18)
and
[v]loo S [fvlle @Y flw [ A V/O+D (5.19)

when v € LA(R?) and w € C"(R?) or w € H(R?), respectively.
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Proof. In the Euler coordinates, as follows from formulas (4.8), v and w are related, schemat-
ically, as v = D 'RRw. It follows immediately that

ol = flo | HH|.

Keeping this in mind, we turn to Lemma and apply it to f = w. To prove inequality
(ETT) for ||w||so, take the symbol a(k) = 1 in the second inequality of Lemma [CIl For
estimates (0.I8) and (5.19]), use Lemma with the operator a being the product of two
Riesz transforms. Applying Lemma with the operator a = RR, obtain the inequality for
Vou. In particular, (C.3) with p = oo implies (5.17) and (C.4l) with p = oo implies (5.I]),
while, (C4)) with p =2 and r = 6§ implies (B.19). 0O

The following corollary is a combination of Lemma and Lemma [E.1]

Corollary 5.4. Assume x : R — R2 is a volume preserving diffeomorphism. Let uf, =
0z ] — Al i a = 1,2, be the components of the deformation gradient tensor and let w, be
the corresponding vorticities. If 0 <r < 1, and if 0 < 0 < 1, then (with the tropical norms)

(Ua)oo S (ua)s U2 (Wl )10+ (5.20)
and o
(Ua)oo S (ua)s 72 ({wl})1/? (5.21)
and ”»
1
(Ua)oo S (ua)y T ([w]p) !/ O+ (5.22)
and
(ta)oo S (ta)) ([wi]o) - (5.23)
Lemma 5.5. When d = 2 we have
{QP})70) <. ({95)) (5.24)
and
([27]0) Seo ([27]0)" 7. (5.25)
Proof. This follows from (5.14]), Lemma 53] and Corollary 5.4l O

The second technical lemma presents the Strichartz inequalities.

Lemma 5.6. Let w be a solution of the Cauchy problem
wt+iV_Aw:f> 'lU(O):'LUo,

on the time interval [0, T]. Let wy € H?(R?) and f € L'([0,T] — H?(R?)). If the parameters
r and 6 satisfy 0 = r + 3/4, then

(/OT{w(t)}i‘f dt) " < [wols + /OT[f(t)]a dt . (5.26)
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[The constant in S does not depend on T'.] Written with tropical norms, inequalities (5.20)
lead to

( /0 T<{w(t)}r>4dt) " < T [wely + /0 T[ F(®)]odt. (5.27)

Proof. The proof of a more general statement than (5.26) is given in Appendix [Dl To obtain
the second inequality from the first one, use

T

/0 ) dt = |[0,T) 0 { - [f(0)] < 1} |+ / iesosy [f@O1dt < T+ / ) de.

O

5.5 A priori estimates, d = 2

The conservation of energy (5.2) tells us that the L? norm of V(t) is bounded, ||V (¢)| <
IV(0)|| = eo. It follows from (5.24]) that

t t
/0 (QE (YD gt <, / QM) dt. (5.28)
and then from (5.I7) we obtain
t t
/ IVVEE) oo + 127w dt’ < / (QF ()20 gy
0 0

Sy (e i) T, o (/ (H ) i)

Now, estimate (5.8]) proved in Lemma can be extended as follows:

1/4 (5.29)

¢ 1/4
QF ()]s < [2P(0))s exp {c<e0>t3/4 ( JRE dt’) } (5.30)

Proposition 5.7. Let V (t) be a solution of 1), 2.8) in C([0,T1] — H:2(R?)) in the sense
of Theorem [2.1], where sy > %l + 1 =2. Assume that for some r > 0 the following norms of
the vorticities )(t) at t =0 are bounded:

[27(0)]p < Co, {wl(0)}. <O, (5.31)

where 0 = r + 2. Then there exists time Ty > 0, depending only on ||V (0)| (basic energy)
and the values of Cy and Cy, such that

( /0 t{QE(t’)}ff/ (r+2) dt’) " < (5.32)
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and .
/ IVV ()13 + 1215 dt’ < Cs (5.33)
0

for allt in the interval [0, Tp], where the bounds, Cy and Cs3, depend only on eq and the values
of Cy and C}.

Proof. 1t is convenient to use

1/4

t
o) = ([ teren e i) (5.34)
0
as the quantity for which we obtain the a priori estimates. In view of (5.28),

y(t) Seo ( /0 {QE}) dt’) "

Due to the representations (LI3), and due to the boundedness of the Riesz transforms in
C", we have

t 1/4 t 1/4 ¢ 1/4
( [ ey dt’) <3 ( [ damteny dt’) ¥ ( [ ten dt’)
+
(5.35)
The integrals with 7% are controlled by the Strichartz estimates of Lemma [5.6}
t 1/4 t
([trtenyar) s o mtols [ 1Fke
0 0
Note that
O S 94O S ()l [25(0)]s Sy {[QEQ))E/OD (5.36)
(E2) G622

Also, by (413,
[FElo S U o+ [falo-

In the two dimensional case f* = 0. By Lemmal[Ed [fL]y < (ua)?, [fF]e. By @), each fF
is a sum of products of the form dv® dvP. Each factor, dv and duv,, is a linear combination
of the Riesz transforms of the vorticities. Applying the fractional product rule, we obtain

[0v dvalo S [0v]0 10vallo + [100]sc [Ovale -
Since [0V E]y < [QF]p, we have
[F£)o < (uahae (ta)oe [25]0 = (ua)od” [27]s .

Invoking (5.22), we get
[Filo Seo ([927]0)% (5.37)
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Thus,

1/4

t t
([ttenya) soot s eopeaen s [meena 63
0 0
se (5.30) for [Q2F]y followed by (5.35):
t 1/4
[t ar) st q@F ) e
0 (5.39)
t ([27(0)]p)* exp {c(eo)t™* y(t)}
To estimate the LfC’;I norm of 7l we go directly to the equation, see (17,
t
whit) = ch(0) + [ Fht)ar.

Then
({rh()}) < ({5 (0) / (Fh(r)}, dr) .
Observe that

/0t</0t/{F1L2(T)}rdT)4dt’ §t+/0t (/Ot/{Fle(T)}rdT>4 d <t 4t (/Ot{%m}m)

Therefore,

4

(/0t</0tl{F1L2(7)}r dr)* dﬂ) i < {14 4 gl /Ot{Fllé(T)}r drdi.

In view of (A.I5]), and the continuity of the Riesz transform on Holder spaces,
{Fish S{AH+ {0

and hence,

By Lemma [E.1] "o o
{fa T~ <ua>oo {fa }T’ : (541)

Again, since each fF is a sum of products of the form Ov® OvE, we have

{EY SIVV e {95} Sy ({Q5})0H0/042)
GI1D
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Combine this with (5.20) and derive from (5.41])

(£} Seo ({QF})2. (5.42)
Also,

{200} SH{wz (0} £ (a(0)) {ws (0} ey ({wz (0)3,) 702 (5.43)
D) G20

Use this and (5.42)) in (540) to obtain
1/4

( / <{7r1%<7>}r>4df) <O (WP (O),) D e () (5.44)
It follows from (5.3%]), (5:39), and (5.44) that

y(t) Seot't + (25 (0)]o) 2OV + £ [QF(0)]F exp {cleo)t” y(t)}

B () ) OHD 4 p/E) g4y (545

The continuity argument now shows that, for a continuous nonnegative y(t), if y(0) <

~

[QF(0)], (0:+2)/(6+1) , then there exists a Ty > 0 (T depends only on the initial data: the energy
1V (0)|?, and the norms [QF(0)]y and {wZ(0)},) such that y(t) stays bounded for ¢ € [0, Tp).

It is easy to verify (using (B.17) and (5.24))) that

t t
[Vt 1w ae s, [ dem@nen a

which stays finite for ¢ € [0, Tg). O

Corollary 5.8. In the setting of Proposition [5.7,
To
/ 1QF(t) | CT(R*)[|¥0+2) dt < 0. (5.46)
0

Proof. This follows from (5.32)) and (5.33)) due to the fact that the norm in C” is equivalent
to the sum of the L*> and the C" norms. O

5.6 Low regularity well-posedness in the case d = 2

In this section we obtain the existence and uniqueness results for H*-solutions with s < 2.
To achieve this, we impose an additional regularity restriction on the initial deformation.
This restriction is satisfied automatically if u,(0) = 0. After existence and uniqueness are
settled, we show the continuous dependence of solutions in C([0,7] — HZ) on the initial
conditions. See Theorem [B.10.
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Theorem 5.9. In R? consider the system [2.7), Z8). Let s be any number greater than
7/4. If the initial velocities v(0) and u,(0) belong to HZ, and if the vorticities w,(0) belong
to the homogeneous Holder space C with some 0 < r < s— 2, then there is Ty > 0 depending
only on the H; norms of the initial data and on [jw,(0) | C||, and a unique solution (v, u,)
such that

v, g € C([0,Ty] — HS), (5.47)
To
/ IVV(E 5 + 1955 dt’ < oo, (5.48)
0
and .
/ 19 () | O (R4 dt < 0o (5.49)
0

Proof. Recall that s = 2 is the critical regularity in R? and we have already settled the case
s > 2. Assume now that 7/4 < s < 2 and v(0),u,(0) € H? and that w,(0) € C" with
0 <r <s— I Mollify the initial conditions, V*(0) = p. * V(0), and obtain the solution
Ve(t) by Theorem 211 Let Q°(¢) be the corresponding vorticities. Set § = r + 3/4 (note
that then § + 1 < s). Since, as € — 0, V<(0) — V(0) in H* and Q(0) — Q(0) in H’, by
Proposition 5.7, there exist Ty > 0 and C' > 0 such that for all sufficiently small e

To
/ IVVE(t)ll5 + 19115 dt < C (5.50)
0
and, in addition, by Corollary [5.8]
To
/ JQ5(t) | C(RA) [0+ dt < C . (5.51)
0

As in the high regularity case, cf. section 2 the estimate

To
2 exp {c/ IVVEE) | dt’} (5.52)
0

is true for all ¢ € [0,7p]. Taking all this into account, we can pass to the limit along
some sequence ¢, — 0 as in Section 2.4] and obtain a solution V() of equations (2.7,
[23). Of course, V¢ — V in the sense of distributions on (=T, Ty) x R%. Due to the fact
that the space L*([0,Ty] — L*®(R?)) is the dual of L*3([0,Ty] — L'(R?)) and the space
L8/ CH2([0, Ty) — B, oo(R?)) is the dual of L¥©([0,T)] — B;{(R?)), the functionals in
(550) and (B.51]) are weak-* lower semicontinuous, and we obtain

V@) < 1V(0)]

To
/ IVV(®)]l% + 12)l5 dt < O, (5.53)
0

and .
/ Q@) | CT(R)F2 at < C. (5.54)
0

This allows one to prove uniqueness of such solutions, and to show that V' € C([0,Ty] —
H*(R?)), as in Section 24 O
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We remark that in Theorem [.9], the Holder parameter r € (0, s — 7/4] can be arbitrarily
small, and we still get a unique solution in H® as long as s > 7/4. We shall refer to
the solutions described in Theorem as (s,r)-solutions. Once again, for the existence and
uniqueness of local in time solutions in H* with T < s < 2, it is sufficient that {wZ(0)}, < oo
for some r > 0.

Theorem 5.10. Consider the set of (s,r)-solutions corresponding to the appropriate initial
conditions. Assume that

3 <s<2, (5.55)
and that r > 0 and .
— 8
<r<s-—-—. .
ST STSs— 7 (5.56)

Then the (s,r)-solutions depend continuously on the initial conditions: If V,,(0) — V(0) in
HS and (w,)a(0) = wa(0) in C, then V,, converges to V in C([0,T1] — HE(R?)), for some
T, € (0, Ty).

Ifr > @, then continuous dependence takes place for any s in the interval (555]).

Proof. The proof of continuous dependence follows the same steps as the proof of Proposi-
tion 2.3 in Section [2.6] until the inequality
e S (IVV2O)loo + IVVB)lloo) 1V 2rs
+ (VA s+ IVE@e) 19V @)l (5:57)
+ V)|l V()]

d -~
CIv)

Hs+1 .

Recall that here V is composed of the differences v — v¢ and ud —uf with 0 < § < e < 1,

where V¢ is a solution corresponding to the mollified initial condition p. * V' (0) (and similar
for 6). The time-span [0, 7}] is determined according to Proposition 5.7 and accommodates
the solutions V,, for all sufficiently large n, and V', and all V,¢, and V* for all sufficiently small
¢. Uniformly in (sufficiently small) €, we have estimates (5.50) and (5.51) with 7} instead of
Ty. Also, uniformly in e,

sup |[V(2)]

0<t<Ty

ge < M

for some constant M > 0.
Let us deal with the third term on the right side of (5.57). As in Section 2.6

C

Hs+1 5 - .
€

V()]

At the same time, by Lemma [5.3] inequality (5.18)),

V() S o

~

V() = VeI 19°() — Q“(t) | B

I
00,00
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where
r+1

r+2°

Yo =
For the L? norms we have (Z.34), i.e

sup ||V (t)[| S € ofe)
[07T1]

Thus,

IV (@)l V()]

For (s, r)-solutions, s > 7+7. This is the first restriction. In order that s(r+1)/(r+2)—1 > 0,
we must have s > 1+ T This is the second restriction. Both restrictions must be satisfied,
which leads to (5.56). Note that for the inequality

e S TR o) Q1) — Q°(t) | B ooV (5.58)

<s 7
s—1 "~ 4
to be valid, we must have s > % + @.

Now consider the second term on the right side of (5.57). It is less than 2M [|[VV (£)]|sc-
By inequality (5.17) of Lemma [5.3]

IVV(©)lloe S IVONTT2Q0(E) — Q1) | Bl ool
and hence, .
IVV (D)oo S /U 0(e) |°() — Q1) | Bl ool (5.59)
Now we see that (5.57) implies the inequality
d - . ~
Z V@Ol S UVV @ lloe + 1VV)]c) IIV(t)IIHs
+2M Esr/(r+2) ( ) HQ(S( ) } Boo |2/(r+2) (5.60)
+€s(r+1)/(7’+2 ( ) HQ&( ) ‘ BooooHl/ r+2)
which can be integrated:
VOl < V()| ze e TV @l IVl )
t
+ 2M €/ 0+ o(e) / o IV (W) loo I VVE(E) o0 ) dt” 190 (7) — } B |2/(T’+2) dr
+€s(r+1)/(r+2 / f ||VV‘S Moo +HIVVER) |l oo )dt’ ||Q5( ) QE(T) ‘ BooooHl/ r+2) dr

Using estimates (5.50) and (5.51]), uniformly on [0, 73] we have
V()

s 5 ||‘~/(O>HH5 +€sr/(r+2) 0(6) +€s(r+1)/(r+2)—1 O(E) =0
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as € = 0 (as |[V(O)|lzs = ||[V2(0) — V<(0)]
explained in Section

In the case r > (v/65 — 7)/8, the space LN Bgo,oo is a subspace of any space L2 N Bg;m
with smaller 7’ (see Lemma [A.)), in particular, with 0 < ' < (/65 — 7)/8. Such 7’ can be

chosen to satisfy inequality (5.56]) provided s satisfies (5.55]). This justifies the last claim of
the proposition. O

gs — 0). This proves continuous dependence as

5.7 Technical inequalities when d = 3

In the three dimensional case, the general scheme of proving low regularity well-posedness is
the same as in the two dimensional case. The differences are in details. Lemma [D.1] suggests
that in 3D instead of the Holder space Bgom we should use the homogeneous Slobodetsky
spaces B;,p with p < co. In addition, the 6 in the homogeneous Sobolev spaces H? will have
to be greater than 1. This complicates the transition from Lagrangian to Eulerian settings.

In what follows, 2 < p < oo and 6 = r+(p—2)/p, as needed for the Strichartz inequalities.
Lemma [5.TT] will require r > 3/p. Denote

h=r——.
p

Note that this is the three dimensional example of the quantity r — g, which is the scaling

(regularity) parameter for the space B;m([Rd). Using h, we can write

1
f=1+-+h.
p

We would like to have 6 as small as possible (because then we would get s = 6 + 1 small),
and we are going to show that h and 1/p can be chosen arbitrarily small positive.

We shall use the notation

9lo = llg| H'®)Il, {g}rp = llg| By, (Rl

for the relevant homogeneous spaces.
As in the two dimensional case, we have the following inequalities that follow from
Lemma [C ]

Lemma 5.11. Let v be a vectorfield in R® such that dive = 0 and let w = curlv. Assuming
the parameters r, h, and 0 satisfy the conditions

1
0<r<l1, h>0, 9>§, (5.61)
we have b/ 2) 5/t 3)
[V]loos lwlloo S floll" 2" {whip™ "2 (5.62)
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and (h+1)/ 2/(h+3)
lolloo < llolls D (w2 (5.63)

and 6—1)/(64+1) 3 /(60+1
o/ ORD )2/ 04D (5.64)

[v]loe < [l0]l5

We need to know how these norms change under transition from the Lagrange to Euler
coordinates.

Lemma 5.12. Assumed=3,0<r <1,0<0<1, and 2 <p < oo. Then, for sufficiently
smooth g,

{QL}T,;D S (Ua) % {gE}r,pv {gE}rp ~> <ua>g£ {QL}T,;D’ [QL]G S <ua>Zo [QE]G- (5.65)
If1 <60 <2, then
90 S () (Gtadoo + (SO B YY) (g, (5.66)

Proof. The first group of inequalities comes from Lemma [E.Il In the case 1 < 6 < 2, we
start with inequality (E.3)), i.e.,

19790 S Tuall%s" (valloo + el 18| Bdo(ROIP) [95)s (5.67)

Now, ' ' .
lua | Fia(RO) = [DT'RRwa | Fgo(ROI S llwa | F22(RY]
When d = 3, leg([R?’) C FY,(R%). Hence

lwa | E52 (R S [wal

% .
Now, —1 < 1/2 < 6, and therefore,
||wE } H1/2|| < HwE ‘ H 1|| /(0+1) ||WE} H9||3/ 0+1)
Recall that (regardless of the dimension) [|w? | H™Y| < ||uZ|. Thus, when d = 3,

g | Eo(RY)) S [lual| @27V s, | EHO)|2/€+D .

1 3
On the other hand, [|ug/oo < | aH(g 2)/(6+1) [wa]g/(gﬂ) by (£.64). Computing the exponents,

we arrive at (5.66)).
U

Corollary 5.13. Assume x : R} — R} is a volume preserving diffeomorphism. Let u, =
0zt /0 — Al [ i,a=1,2,3, be the components of the deformation gradient tensor and let w,
be the corresponding vorticities.

(h+1)/(h+
(Ua)oo S () ({wE}, )2/ +3) (5.68)
and
(Ua)oo S (ua)y /PO ([WE]g) 2/ (0D (5.69)
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Proof. These inequalities follow from (5.63)) and (5.64). O
A three dimensional analogue of Lemma is as follows.
Lemma 5.14. When d = 3,
{25} p) < ()™ (QE)) D ((Q),). (5.70)
Proof. From (5.65), when d = 3 we have
{Q5}p) S (ua)3s {2} r) -
Now use (5.69) for the L* norm. This leads to (5.70). O
In the three dimensional case, the Strichartz inequality we use is given by
Lemma 5.15. Let w be a solution of the Cauchy problem
wy+ivV—Aw=f, w(0)=uw,
on the time interval [0,T]. Let wy € H(R?) and f € L'([0,T] — H?(R®). If2 < p < o0

and 0 and r are related as follows,

9 1
b=r+2 = 14h+=, (5.71)
P P

then

—2

( / fw(t)} dt) 7 < et / (Ot (5.72)

The proof of a more general statement is in Appendix

5.8 A priori estimates, d = 3

As always [V (t)|| = ||V (0)|| = ep. As in the two dimensional case, we would like to have

t
sup / IVVE@)IL + 1971 dt’ < oo

0<t<To JO

for some ¢ > 1. Thanks to (5.62)) we have

t t
/ IVVE@L + 19819, dt' <., / Q5 ()} ) 390D
0 0

We will use the Strichartz estimates in the Lagrange setting. So, we will transform QF in
the integral on the right to QY using Lemma [5.14k

% 5rq
0+

w3 ({QF(H)} ) 29/ B F2)

HQP(E) ) 304D S (), " E (W)™



Thus, absorbing the L? norm of V, we have

t 5 5 3 g t 5 5
JURE D a5 sup (BT [ RbE) 0
0 0<t'<t 0
Since
1 1 14 2h
2 p )

when h > 0 and p > 2, we define ¢ > 1 by the equality

Thus, with ¢ as in (5.74]), we have

t 2p  3r t 2
JIOVEO I+ 1950l S sup [@FEFTT [ (04} at
0 0

0<r<t

(5.73)

(5.74)

(5.75)

Proposition 5.16. Let V(t) be a solution of (27), Z8) in C([0,T1] — H:2(R3)) in the
sense of Theorem [2.1], where so > g +1=25. Assume that for some r >0 and p € [2,+00)
such that r — 3/p > 0, the following norms of the vorticities QF(t) at t = 0 are bounded:

[25(0)]p < Co,  {wi (0)}rp < C,

where 0 = 1+1r —2/p. Then there exists a time Ty > 0, depending only on ||V (0)]|, Co, and

C1, such that

p—2

t 2p 2p
( [raswns dt') <
0

and .
/ IVVE@)|L, + 197 ()14, dt" < Cs
0
where 5 X
BN B
p—2 :
and

IV ()|l zo+r < Cis

for all t in the interval [0, Ty], where Cy, Cs, and Cy depend only on ey, Cy, and C4.

Proof. Keep in mind (5.74). Denote

p—2

o = ([ ar) " and o) = sup (270

0<t'<t
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It follows from (5.62]) that

t t
/ IVVEE) oo + 127 oo dt' <o, / QP ()} D)
0 0
and, therefore,
t
/ IVVE#) oo + [QF () oo dt’ Sep 19 y(8)3/B43) (5.81)
0

Incorporate this into estimate (5.8]) and obtain
2() < ([2°(0)) exp{c(eo) 17 y(H)F/ "D} (5.82)

Now proceed to estimate y(¢). Applying estimate (5.70), we obtain

p—2

o0 S 205 ([ 408 ar) " (55

As formulas ({.I3) show, the vorticities QF are linear combinations of the Riesz transforms
of the quantities 7% and 7%. Then,

(summation over + and ab = 12,23,31). Use Strichartz inequalities (5.72) to estimate the
norms ||7f | L#/®=2([0,¢] — B )|| whereas |74 | L*/®*=2([0,t] — Br_)|| can be estimated
directly from the representation of 7% (¢) in (&IT). Thus we have

p—2

( /0 t<{wi(7)}r,p>2p/<p—2> dT) 5 St 4 [wh(0)]s + /0 t[Fi(r)]edT (5.84)

and

p—2

! 2p 2 p=2 ! / /
([ o)™ <o [mbob) + [ EOhe| . 65
We see from (412)) that
(7% (0)]o < [25(0)]s -
Now use (5.66) to transition to the Euler setting:

Q2O S (a0 ({al0))oo + wEO)F 2 - BV (25 (0
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use (5.69)

Thus,

(56+1)

[T2(0)]o Seo [27(0)], T (5.86)
Also,
{7y S AWK Oy S (ua(0)) {wZ(0) 1y
@12 E58a)

r 5 3, 5
5 (uE(O)) (h+1)/(h+3) {wE(O>}1+2 /(h+3)

a mp

and therefore,
(RO e Seo LB (O} 7/, (5.87)
Consider now the terms [Ff]y. Of course,
[FElo S U o+ [falo-
Then, by (5.66) with (569),
(F@B1o)) S (wE OO0 ([FE (D))
(FED) S wE®)]o) 2"V ([£E (1))

Each of f¥ and fE is a linear combination of quadratic terms of the form OV V¥, Thus,
consider the HY norm of OVE 9V E. Using the fractional product rule (cf. Lemma [B.1)),

(5.88)

[V oV ]y = [|ID°(OVE oV E)| < ID°OVE|[ |0V ]|

Thus, ] .
[PVE () OVE ()]s Seo (279 ({QF(1)},) 3/ H) (5.89)
Combine this with (5.88):
FE®o, [FE®)]o Seo ([QF()]o) GOV ETD ([QP(1)},,) 3/ D) (5.90)
Then .
/ [FE()]g dt! S 2() GO DOFD Uy )5/ 045 (5.91)

Consider next the norms {F%(#')},, that appear in (5.85). Undoing the Riesz transforms,

{Fi)}rp S {0}
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By (5.63]) followed by (£.69) we have

PO S a5 O fwa )3 {FE @ (5.92)
Since each fF is a sum of the products OV¥ OV, we look at the B;,p norm of the product:

{oVE OVEY, , S(OVE)e {OVP ), S (VV ) ({Q5},) -
Use (5.62)) to continue:

{2 @O}rn S {Q5(D)}rp) +3/0+2).
Thus,
{2 (O}ro S (wa(®)]o) 27/ ({Q5 ()}, H3/ D). (5.93)

It turns out that

5 5
2 2p 54
1 2 < =2 5.94
- 2+h p—-2 5+h (5.94)
Indeed,
5+h 2 p 2 2 2 D 2 P
With ¢ > 1 defined by the formula
p 5\
13:1%2(1+§ih> , (5.95)
2
we obtain .
/ {FE) bpt’ S 2(t) 270X /0y ()1+3/042) (5.96)
0

Tying the ends:

p—2

(/ {5} )7 d’f’) < PO (QEO)]0) + 15 ({0 (0)} ) D

+t”2—;2 + Z(t>(ge+1)/(e+1) A/d y(t)g/(mrg) +t% z(t)gr/(eﬂ) A/ y(t)ug/mg)

and

y(t) Sep 2(8)7 {<[wf<o>]e>§ﬁ ([QF(O))) + ¢ ({wE(0)},p) +E7/0D

(5.97)
5 e Z(t)(geﬂ)/(eﬂ) y(t)g/(h+g) L Z(t)%r/(é)—i-l) y(t>1+%/(h+%)

After we substitute z(¢) with the right hand side of (5.82]), we obtain from (5.97)) an inequality
of the form

y(t) <§(ty®),
where the function §(¢,y) is non-negative, continuous, and has the property that there is

a constant C' > 0 such that, for every fixed y > 0, §(¢,y) — C as t \, 0. The continuity
argument then works and yields Ty > 0 such that y(t) remains bounded on [0, Tp]. O
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5.9 Low regularity well-posedness in the case d = 3

Theorem 5.17. In R® consider the system 2.71), 2.8)). Let s be any number greater than 2.
If the initial velocities v(0) and uq(0) belong to H?, and if the voriticities w,(0) belong to the
homogeneous Slobodetski space By, with r > 5 and p € [2,400) such that s > 2+1r — %, then
there is Ty > 0 depending only on the Hi norms of the initial data and on |jw,(0) | B
and a unique solution (v,u,) such that

v,u, € C([0,To] — HY), (5.98)
and
To
/ IVV(#)lloo + 127 () [l dt’ < 00 (5.99)
0
The solution will satisfy
To
/ﬂ IVVE)I% + 197 ()% dt’ < oo, (5.100)
0
where ; 5
= 2 T
p—2 :
and
To
/ﬁ 1QF(t) | By R3|p2dt<<m (5.101)
0

Proof. The proof is analogous to the proof of Theorem [£.9, with necessary modifications
(e.g. Lt norms of [VV]|w and [|Q]|« are replaced by their Lj norms) . O

Solutions whose existence and uniqueness are proved in Theorem [B.17 will be called the
(s, r, p)-solutions.

Theorem 5.18. Let V' be an (s, r, p)-solution, where 1+ \/g <s<5/2, h= r—% >0, and

5_g 1
<h<s—2-—-. (5.102)
s—1 P

Then the (s, r,p)-solution V' depends continuously on the initial conditions: If V,,(0) — V(0)
in HS and (wn)a(0) = we(0) in B;p, then V,, converges to V in C([0,T1] — H:(R?)), for
some Ty € (0, Tp].

Proof. The restrictions r > 0, 2 < p < +00, and

3
h=r=">0 (5.103)
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come from Lemma B.11] That

1
0=1+h+-
p

is the requirement of the Strichartz inequality for the vorticities. This shows that we ought
to have

1
s>0+1=24+h+ - (5.104)
p

for V(t) € H:. We start with s satisfying (5.104]).
The general scheme of the proof is the same as in the two dimensional case. The main
step is the analysis of the inequality

LTl S (19Ol + 19V Ol) 170
+ (VSO e + VB ) 1YV (E)]loo (5.105)

F V) oo IVEE 7541 -

We have the bounds (with some constants M and C')

sup |[|[V<(O)||gs < M, (5.106)
0<t<Ty
and i
sup [[V(1)]| < € o(e), (5.107)
0<t<Ty
and c
sup [|[V()||gs+r S —, (5.108)
0<t<T €
and .
| IV Ol + 19V Ol e 5 1. (5.100)
0
Also, in R? we have, from (5.63)),
V)l S IV@I 192°(8) — Q(2) | By, I (5.110)
where
14k
s

Using these bounds we get
VO lloo V@) [[rs41 S €27 o(e) |9°(8) — (1) | By, |I'

We require that sy, — 1 > 0. This is equivalent to the inequality

1

S 2 111
N (5.111)
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The second term on the right in inequality (5.105) is bounded as follows (using (B.106),
(.62), and (5.107)):

e 7 5 Qc(t) | Br |30+
(V@ + V@) z=) IVV ()l S 2M [V (2 )||h/(h+2) 19°(t) — (1) | By |I2/"+2)
5 2M€sh/ h+ ( ) HQJ } H /h+
Thus, integration of (5.105)) leads to
sup [V (#)[[is S [V (0)[|s €M + 20eM /P43 o(e) / 19°() = (@) | By, [12/+2) dt
0<i<Ty 0

%—0&)([1 190 () — Q°(t) | Br |30+ .

The integrals of the vorticity norms are uniformly in € bounded thanks to Proposition [£.16],
so the right hand side goes to 0 as € 0.
It remains to observe that (5.102) is equivalent to (5.104) and (5.IT1) combined. By the

way, condition s > 1 + \/g comes from the inequality

5

2 —s

2 —2 112

<3 (5.112)
that must be satisfied for (5.I02) to be possible.

U

Corollary 5.19. In dimension d = 3, z'fg >s>1+4 \/g, then for every initial condition
V(0) = (v(0),uq(0)) € Hy such that curluy(0) € B (R®), where

= 2—1, (5.113)

there exists a unique local in time solution v € C([0,To] — HZ) which depends continuously
on V(0).

Proof. If s = 2, then one can find r and p so that h = r — % satisfy (see (5.102))

1 1
O0<h<—Z-—-
2 p
and, in addition,
h< . (5.114)
Now assume g >s5>14+ \/g . On this interval,
5
2—5
2
< .
s—1 o



Hence, one can find r and p so that
5
5 — 1 1
2 <h<x—-<s—-2—-—.
s—1 P P
Again, h < ». Thus, in every case, there are r and p such that conditions (5I02) and (5.114)
are satisfied. Since L*(R*) N BZ (R*) c L*(R*) N B (R?) by Lemma [A], we can apply
Theorem [5.18 to conclude that the solutions depend continuously on the initial data.

O
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A Function spaces

For the convenience of the reader, we include some background on the function spaces used
in this paper. All spaces we use belong to the scales of Besov spaces B;,q([Rd) and Lizorkin-
Triebel spaces Flf,q([Rd). Also, we use the homogenous versions of these spaces. For their
definition and basic properties we rely on [34].

The LP(R?) norm of a function, f, is denoted ||f||, or, if it is convenient, in one of the
following forms:

1F | L7l = [l f(=) | LP(dz)]].

Similar forms are used for the norms in other function spaces. The integral [ is the Lebesgue
integral over R%. 8§ = §(R?) is the Schwartz space of rapidly decreasing test functions, and

8" = 8'(R?) is its dual, the space of tempered distributions. The pairing between 8’ and § is
denoted (f, g) and, for a regular distribution f € L' C 8, (f,g) = [ f(z) g(z) dx.

e The Fourier transform J is defined as
Forsnf = ) = [ p(a) .
with the inverse
fla) = T80 = [ = fae,
where dk = (2m) " dk.

e Notation for the Riesz and Bessel potentials: D* = (=A)¥? = F7L |x[*F,_,. and
JP=(1=A)?=F1 (1+]|k»)"*F,y, with s € R.

e In this paper, all function spaces are subspaces of 8. If A; and A, are such Banach
spaces, their intersection, A; N Ay, is viewed as a Banach space with the norm || f ‘ AN

Aol = max (|| f | Al 1 | Azll)-
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A.1 Littlewood-Paley decomposition

Pick a smooth function vy : [0, +00) — [0, 1] such that g(s) = 1if s <1, ¢hp(s) =0if s > 2,
and 0 < 9y(s) < 1if 1 < s < 2. Set @o(s) = ¥o(s) — ¥o(2s). Then supp gy = [271,2]. For
n € Z, define 1, (t) = 1(27"t) and ¢, (t) = po(27"¢). Then, for all integer n,

Pn1(t) + om(t) + oua(t) =1 when ¢ € supp g, = {2"7! < s <27}

and
—+oco

> ealt)y=1, Vt>0.

Also, for all N € Z and for all t > 0, we have

oo

bvit)+ S e =1,

D+ 3 eult) = vu(t)

Abusing the notation we write ¢, (k) instead of ¢, (|x|), where x € R?, and similarly under-
stood are 1, (k). Also, we write @, (D), ¥,(D), etc. for the corresponding pseudodifferential
operators, i.e.,

(A1)

D)f = / % o) fR)dr — T Ff

Thanks to the first identity in , any tempered distribution f € 8 can be expanded as
(the Littlewood-Paley decomposnzlon)

F=FYnFf+ > F0.Ff =dn(D)f+ Y eu(D)f, (A2)
n=N+1 n=N+1

where the series converges in 8. We will abbreviate sometimes f,, = ¢,(D)f.

A.2 Homogeneous Besov and Lizorkin-Triebel spaces

Following Triebel [34], define Z = Z(R?) as the subspace of 8 consisting of those test functions
n which satisfy the condition [ z®n(x) dx = 0 for all multiindices a = (o, ..., o) € Z% with
all a; > 0. Equivalently, n € Z iff (n € § and) 0*7(0) = 0 for all nonnegative multiindices
. With the topology inherited from 8, Z is a complete locally convex space. Polynomials
when viewed as elements of 8, annihilate Z: If P is a polynomial, P(z) = > c,x®, and if
n € Z, then

(Pn) = (P.i) = an (i0)* 6, 7) = an (6,0%7) =
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Conversely, any tempered distribution f that annihilates Z is a polynomial. Indeed, if
(f,n) =0 for all § € Z, then, in particular, (f,7) = 0 for every n with 0 ¢ supp7). Hence,
supp f = {0}. Therefore, f is a polynomial. Denote by Z' the topological dual of Z. If ¢ is
a linear continuous functional on Z, then there exist constants C' > 0 and K € Z, K > 0,

such that
< Y supla®dPn(a)].

lo|<K,|8|<K *

By the Hahn-Banach theorem, there exists a linear extension of ¢ from Z to § with the same
inequality valid for all n in 8. As elements of 8, any two such extensions must differ by a
polynomial. This leads to identification of Z' with the quotient space of 8 by the subspace
P C § of all polynomials: Z' ~ §'/P. The following Littlewood-Paley decomposition applies

to distributions in Z': .

f=>Y_ enD)f, (A.3)

n=—oo

which really means that for every f € &' there exist an integer K > 0, a sequence of
polynomials py(z) of degree not greater than K, and a polynomial p.,(z) such that

oo

D oDV ftpy > ftpe S (A.4)

n=—N

(see [27]).

e The homogeneous Besov space Bf,,q = B;vq([Rd) with the parameters s € R, 1 < p < oo,
and 1 < ¢ < 00, is the subspace of Z' composed of those f € 8 for which the norm

1/q
I1f | Byl = ( > 2 on(D f||q> (A.5)

is finite. If ¢ = oo, then

1 | By ocll = Sup?s"ll%( )y (A.6)

e For s € R, 1 < p < o0, and 1 < ¢ < oo, the homogeneous Lizorkin-Triebel space
F3 = F? (R?) is the subspace of Z' composed of those f € 8’ for which the norm

o 1/q
1F ] Es = <Z 28"q|60n(D)f|q) | L7

n=0

is finite. A modification as above is needed in the case ¢ = oo. (The case p = o
requires a special treatment, see [34].)
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The homogeneous Sobolev space H; = H; (R%) is the space of all f € Z/ such that the
norm

IF[Hll =11 Y Doen(D)f | L] (A7)
is finite (the range of parameters is —oo < s < 400, 1 < p < 00). When p = 2, we
write H* instead of H S

Basic embeddings.

B c B F*  C F? if1<qg <q¢ <

P91 p,q2 p,q1 p,q2”
B; min(p,g) © inq C sti,maX(p,q) ’
d d
Bl € Bt lSpmsmson 1Sa<asoo mo =5 (A8)
S1 S2 d d
Fplq1 Fp2q21f1§p1<p2<0071§Q17Q2§00732_p_2:31_p_1
For all s,7 € R, the operator D" = (—A)"/2 = F-L |/€| F._. is an isomorphism between

s+r s s+r s
Bytrand By if p, g € [1,00], and between F and F*  whenl < p<o0,1<¢< o0,

Y2k
see Theorem 5.2.3.1 in [34].

The topological dual of Bf,,q is B ¢ and the topological dual of F 5 s F /s Where

seR,1<¢q< oo, and1§p<oo (As usual, 1/p+1/p —1/q+1/q —1)
Interpolation inequalities. If 0 < 8 < 1, s = (1 — 6)sy + sy, and if
1-6 0

1_1—9 0
Po 2917 q qo q1

)

=

where 1 < pg,p1 < 00 and 1 < g, q1 < 00, then
1F | By all S| B2 o011 | Byt g 1I°

This is due to the fact that Bf,, = [BSO Bs ]0, the complex interpolation. The

P0,90° T P1,41
analogous result is true for the Lizorkin-Triebel spaces:

1F ] Epgll S UF T Epe a0 11F | Epg I’
[somorphisms between spaces.

- )
Foo~ L7,
e b
P;W _'Z%%P

_HS l<p<oo,seR
2 b (A.9)
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It is known ([34]) that, for r € (0,1), the Bgo,oo—seminorm is equivalent to the homo-
geneous Holder C" seminorm:

Y

sup 2™ [|[F 0, Ffllee = {f}r = Supw
nez aFy |LL’ y|

and, for 1 < p < oo, the B;,p-seminorm is equivalent to the Gagliardo seminorm

HEAE </ %)w

An equivalent seminorm in H* is

= ([ e iferas)

The nonhomogeneous Besov and Lizorkin-Triebel spaces are made of tempered distri-
butions with the norms

1/q
1f | Byoll = llo(D) £, + <Z2an||80n f||q)

and g
1f | E5 Il = 1o (D) fllp + |l (Z 2™ I%(D)flq> ||,
n=0

respectively. Equivalent norms are obtained when the part |[o(D) f||, is replaced with
| f]l,- For all s,7 € R, the operator J" = (1 — A)/?2 = T (1 + |k|*)"/2F,_,. is an
isomorphism between the nonhomogeneous spaces Bs” and By if p,q € [1,00], and

between F] 8*’" and FJ , when 1 < p < oo, 1 < ¢ < co. The nonhomogeneous spaces

are monotone with respect to the parameter S:
S S S S
prlq - Bp?q and vai] C FP?‘]

when s; > s5. The corresponding homogeneous spaces are not monotone with respect
to s. However, the following result is easy to prove.

Lemma A.1. Let s >0, 1 <m <p<oo, and1 < q<oo. Then L"NB; =L"NB;,. If
51 > 89 > 0, then L™ N Bf,}q cL™Nn B;?q. Moreover, if s1 > s9>0,1<m <py <p; <00,

then L™ N Bt C L™ N B2

d d
§1—— 28— —,
b1 P2

P1,9 pgq(foranylgqgoo)

25



Proof. Assume f € L™ N B;,q. Then, for any g € L”,

(9, 60(D) f) = / Wz —y) f(y) g(x) da dy,

where
h(z) = /ei“ o(k)dk

By Young’s convolution inequality,

(9, Yo(D) L)L < [[lle [1f [l gl

it 1 1 1
Sl ——.
14 + P m
Since m < p, this equality defines ¢ so that 1 < ¢ < co. Clearly, h € L*, since 1) is smooth

and has compact support. Thus,

140(D) fllp < (Ifllm -
This proves that f € L™ N B_and L™ N B;q cL"nB,, Ifs>0,then B, C B;q'

Pq )
Together, these observations prove the isomorphism of spaces: L™ N By = L™ N By . The
remaining statements follow from the corresponding statements for non-homogeneous Besov

spaces.

]
A.3 Gagliardo-Nirenberg inequality and Runst’s lemma
Recall the classical Gagliardo-Nirenberg inequality:
ID7gll, < 1D™gllp, llgll, (A.10)

where j and m are integers such that 0 < j <m, 1 < p; < 00,1 < py < 00, and
' 1 a l—a«
o= J , —=—+ .
m P N D2

For more general forms/versions of this inequality see [32] [7].

Runst’s inequality is a type of a Gagliardo-Nirenberg inequality stated in terms of the
Lizorkin-Triebel spaces. Its interesting feature is that there is no restriction on the parame-
ters ¢; and ¢ within the range (0, +oo] (though the constants depend on their choice).

Lemma A.2. Let o € (0,1) and 0 < p < 00, and 0 < q1,q < oo, r > 0. Then, for any

e L®NES, .,
lg | Egfogll S llg | Fpg, 11 llglli - (A.11)
Also, for any g € L™ N ngw
lg | Exogll S llg | Ep gl gl (A.12)
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Proof. The proof in the nonhomogeneous case, , is given by Runst, see Lemma 1,
Section 5.2 of [2§], and also Lemma 1, Section 5.3.7 [29]). It relies on Oru’s lemma, [7,
Lemma 3.7]. For the homogeneous spaces one needs a slight generalization of Oru’s lemma,
namely,

Lemma A.3. If —00 < §1 < 89 < 400, 0 < g<o00,0<a<1, and s =as; + (1 —a)sy,
then
129ag]len S 127 a3 (12°% a1 =" (A.13)

o0
j=—o0"

We leave its proof to the reader and continue with the proof of (A.12).
Denote g, = F 10, Fg. With s = ar, s; = r, and s, = 0, it follows from Lemma [A.3]
that

/g a -« a -«
(Zanqlgn\q> ,S(Sup?sl"\gn\) (Sup?s”\gno =<Sup2m\gnl) <Sup|gn\)

n

for any sequence {a;}

and, consequently,

1/q «a
(zzwmgnw) < (sw27lanl ) llsup o

Since sup,, 2""|g,| < (ZnEZ 2m‘11|gn|ql)l/q1 for any ¢; > 0, and since || sup,, |gn|lloc < 119]]0o

we have
1/‘1 OC/Q1
<Z 2‘”%\‘1) S (Z 2“"“|gn\q) lgllLe.

neZ

Take the LP/® norm of both sides to obtain (A.12).

B Norms of products and compositions of functions

B.1 Norms of products

There are several results (sometimes called the fractional Leibniz rule) on the Sobolev/Lizorkin-
Triebel norms of products of functions.

Lemma B.1. Ifs >0 and 1 < p < 0o, then

1D*(fr- F)llp S D fillay 1 f2llgs + [ fillgs [1D° F2la, (B.1)

provided
1 1 1 1 1
1<q,,¢,¢4 <00, —F—=—+—=—.
q1 q2 g3 44 p

57



The same inequality is true with D* replaced by the operator J* = (1 — A)*/? with the same
restrictions on the parameters:

1 fo | Epall S W[ Egyall 1 Fallpgs + L fillpas [Lf2 | Fogpll - (B.2)

As a corollary, if s >0 and 1 < p < oo, then

[P In | Fpsll <C Z i | ol = TN il (B.3)
i#]
provided
N1
Z —=1.
1 Pi

For the proofs of (B and (B.2) see [12, Theorem 1] and [4, Theorem1.1]. Some more
general inequalities are established in [29]. For earlier results see the Christ and Weinstein
paper [8, Prop. 3.3] and [33, Prop. 2.1.1].

B.2 Norms of compositions

Lemma [B.1lis used, in particular, to estimate the H® norms of compositions f(u), where f
is a sufficiently smooth functions and v € H* N L*°. The simplest result deals with the case
0<s<l.

Lemma B.2. Suppose f : R — R is a locally Lipschitz function such that f(0) = 0. Then,
if0<s<1landl<p< oo,

1£ () | Fr2RD) < Cyllulloo) llu| Epa(RY)]
for any function u € F3,(R) (recall that F,(RY) = H*P(R?)). Here
Crlulloc) = nf{C = |f(z1) = f(22)| < Clzr — 2|, Va1, 220 |210] < [Jufloc}

The proof of Lemma [B.2 relies on the fact that |f(u(z)) — f(u(y))| < C(||ullso) |u(z) —
u(y)|, see [33, Prop. 2.4.1]. Next, consider larger s. In the main body of the paper we need
only the case of the Sobolev scale H*.

Lemma B.3. Let s > 0. Let f : R — R ber = |s] times continuously differentiable function
such that its r th derivative is locally Lipschitz, and f(0) = 0. Then there is a continuous,
nondecreasing function Cysq: Ry — Ry such that

1 (u(-) | BRI < Csalllulloo) lull ey (B.4)

for any function u € H*(RY) N L>=(RY).
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Proof. For infinitely differential functions f, there is an elegant and short proof of (B.4) in
Hormander’s book [14, Theorem 8.5.1]. However, having in mind finitely differentiable f, we
present a different argument. It can be used for other purposes as well (we use it to prove
regularity of the inverse map in Lemma B.T]).

For s an integer, to prove (B.4) we follow Moser’s argument on p. 273 of paper [26].
Let s = r be an integer greater than 1. Observe that |f(u)] < Cf(Jul)|u|, and hence
| f(w)]] < Cp(]Julloo) [Ju||. Now it suffices to consider the derivatives of the order r of f(u(x)).
Schematically,

O f(u) = [P (w) Y Cral0u)*(0Pu)*> ... (07u)™ (B.5)

where oy 4+ 2a + - - - + ra,, = r and C}, are non-negative constants. We have

107 f)l < D 1S @lloo D Cha H 1™ )™ |2y, »

k<r la|=k

where 1 < p,, < oo and ) 1/p, = 1. The right choice of p,, is

r
Pm = may,
because then
1(0™w)*™ \|2p,,, = 0™ 0|52 .
and
10"l = 1Ol S ety a5

by the Gagliardo-Nirenberg inequality. Collecting all the terms we obtain

107 f(w)ll2 S Nullm > Croo(lulloo) ullE > Cha

k<r la|=k

Now consider the case of fractional s. Assume s =7+, r > 1 is an integer and 0 < vy < 1.
Since we have the H" norm of f(u) already bounded, it remains to show that the H” norm
of each term of the form

g(u) (Ou)* (0%u)*2 ... (0 u)™ (B.6)

is bounded (see (B.H))). First, consider the case g(u) is not a constant. Use the product
estimate (B.2)) to obtain

T

lg(w) [T(@ )™ s < llg(u IIOOIIHW “kIIHv+I|H (0"u)™*|lzg llg(u) | Foyoll - (B.7)

k=1

where

(B.8)



Since ||g(u)]|ooc S Cy(]|]loo) [|2]|co, the first term on the right will be treated later (with
the case g(-) = const) Thus, look at the second term. The choice of ¢ is dictated by the
following computation. First, use Holder’s inequality,

|| H 8m am||2q < H ||amu’|2qampm :

Then,

Hamu||2qampm S ||'LL ‘ Fggaum,QH

The norm [ju | F3, || will be bounded using (AII) as follows:

e'm 1_07n
|u ‘ 2q06mpm,2|| S ||u ‘ F2872 |u||oo .
This means the indices should satisfy
m=50m, 2qampm = 5
O,
and 1 < p,, < o0,
1
Sl
— Pm
Consequently, we must have
m
O = —
s
Then
2s 2s 1
200 ppm = — & Moy, =
m 24 Pm

Since Y ma,, = r and we want »_ 1/p,, = 1, we must have ¢ = s/r.
To estimate the norm ||g(u) | F3, ,|| apply Lemma [B
lg(u) | Foyoll S Cllulloo) I | F3pp o

By Runst’s Lemma [A.2]
_r <
| Fop ol S Nl | ool [Jull -

Collecting the estimates, we get

IIHa’” )% 2g lg(u) | Fop oll S

Cllulloo) e | H* H | HP||omom fluf o (=0m) =

m=1

O(llulloo) llellZe ™ [lul

Hs

60



where we have used that, by construction,

Z 0, = r )
s
m=1
Finally, consider the case g(u) = const. To estimate || [],,(8™u)* | H"| use (B3):
||H (@™ uw) " [ S ZH (@)™ | gy ol TT 1@w)™ | L2
JFm

where ¢y, ...,q, will be chosen later (and will satisfy Zj 1/g; = 1). The factors in the
product are bounded first as follows:

17w | L2 < [lu | F:

20ch] Haj

and then Runst’s lemma is applied:
oll < Nl | Eso1 [lullic™ .

HU ‘ 20ch]

Lemma [A.2] imposes the following restrictions

J=0;s, 20j05q; =2,

ie.,
_J3 L _
ﬁ] - s ) qj Oé]
Thus,
(@) | L2 Sl | HP(P 57 [ful 52077
for j # m.

Next, consider ||(8™u)*™ | Fy, . Assuming oy, > 0, first use (B.3) with equal expo-
nents:

am—1

[0 u) | B3, ol < ZH (0™ ) | Fiygy,2l H 10 w) | L2

= [|(9™u 2l 1€ am ) | LEemamjom =

} 2amqm
and continue as follows:
Slu | Fold ollllu | o, |

Now each norm is bounded using (A1T]). We have

|am—1

| For i 2ll S llu | HEIP lull 5,

20mqm.,

where




and ¢, must be chosen so that
1 m+ -y
— =y :
dm S

Similarly,
| Frgg | S Nl | HEIP [Jull 5

where ¢, is as above and
Am =

m
s
Bringing the estimates together, we obtain

ITT@ w2 | 2 < Cllulloe) Il

Hs

as claimed.

C Estimates on Riesz transforms
The Riesz transform operators R;, j = 1,...,d, will be defined by the formula

KJ

Rif =F'—Ff.

%]

It is well known (see [25, Theorem 10.2.1]) that R; is bounded in ngo, when s > 0, but not
in BY, .. The Riesz transform is a special case of a more general class of pseudo-differential
operators which we shall now discuss.

Denote by S9, the space of all smooth functions a : R*\ {0} — R which are positively

homogeneous of degree 0 and satisfy
102 a(k)| < Co |67
for any multiindex «. Each symbol a € Sgh gives rise to a pseudodifferential operator

a: f+ a[f], where

~

alf)(z) = T aTf = / e a(r) f(x)dr.

Any finite composition of the Riesz transforms has its symbol in Sgh. An observation: if, as
usual, ¢ and ¢’ are conjugate exponents, and 1 < ¢’ < 2 < ¢ < oo, then (change of variables)

I /6iy“<ﬂ(2_"ﬁ) a(R)dr | L7 (dy)|| = 27 | T (¢ - a) | L7 (C.1)

In particular, the integrals [ ey, (k) a(k)dk represent smooth functions with uniformly in
n bounded L' norms.
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Lemma C.1. Let the symbol a € Sgh be given.

1. For any r € R and any p € 2, +0o0],
lalf] | Byl S1IF | By (C.2)

d

2. Assume the parameters r,p, and q satisfy the conditions 1 < p,q < oo and r > >

Then there exists a constant Cy such that
lalfMlloe < Cy [F1 1F | Byll'™ (C.3)
for every f € H™' N B;q, where

d

=ydrp) =——2 . C4
M =ndrp) r+l+dZ2 (C.4)

3. Assume the parameters r,p, and q satisfy the conditions 1 < p,q < oo and r > ;?l —1.
Then there exists a constant Cy > 0 such that

1D~ alfllloe < Co [F17% I | Byull'™™ (C.5)
for every f € H1n B;q, where
r+1-— ;?l
Y2 =72(d, 7, p) = W (C.6)

Proof. To prove the first claim we need to show that

> 2 (D S 2wl

neZ meZ

where f,, = ©n,(D)f. This follows from the estimate

len(D)alfHllp S M fallp (C.7)

which is easy to prove. Indeed,

1

(pa(D)alf]) () = Y (pare(D)alpa(D)f]) (z)

=—1

and

(nse(D)alon(D)f]) () = / / KD oy (k) ak)dk fo(y) dy

63



Then (see (C.II))
[on+e(D)alen(D)f] 1, < |l /6iky90n+e(k) a(k)dk | L (dy)|| [ fallp S Nl fullp -

Thus we have (C.7)), and this implies (C.2)).
To prove the remaining two claims, consider the expansion (A2]) for f, f = gy + hy,

where
o0

gy =F ' Yn(r) f(r) and by =F7 Y ou(r) f(R).

n=N+1

the integer N will be chosen later. We have

lalgn]lloo S 127Vk) a(k) F(5) |l pran) < [F]-1 1027V k) a(k) |8l z2(an)
and
192N k) a(w) |kl L2 = 2V (%) a(k) |K]]| 220 -
Therefore,
lalgn]llee < 2V £ . (C.8)
Next,

oo

alhn] =F7 Y ealr)a(r) f(x) = F Z ZS%M ) @nl) ()

n=N-+1 n=N-+1/¢=-1
1 0o 1

= Z Z g-! [<Pn+z )a(k) fn(m)] = Z i F onpaF fn,

l(=—1n=N+1 l(=—1n=N+1

and hence,

1 00
lalenllloe <D D 1T onreaF fullo-

(=—1n=N+1
Pick a p > 1 and observe that

5 esas o) | = [ ([ aan) s <
I [ e (2900 al) el ol

Applying (CI), we obtain

oo

lalha]loo Sp 3 27 1 fully - (C.9)

n=N
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Ifr> §> then, for any ¢ > 1,

s 1/q 0 1/q
——r nr n(%—r)q nr
Zz|mm Xﬁ 2wm)<22%”> <Z2wm@
n=N m=N

N(&—r d_r) o7
=2%>(L4% N LB

Thus,
d_, 57
lafan]lloo Spaar 2757 NF | Byl (C.10)
Combine this with (C.8)) to obtain

d d_, .
lalfllo S 2V [l + 28677 NI | By - (C.11)

Now choose N so that the two terms have (almost) the same magnitudes:

/(4r+dB22)
N=M&<W%4 ) )

( |-] is the floor function). The resulting inequality is

ol Moo S LR N1 f | B | (@pn) (C.12)
with
_d
d,pr)=——""=3L.
n{d.p,7) r+l+ds2

The second part is proved similarly. First we have

1D~ algn]llo < 1¥(27" %) a(s )ﬁf('%)HLl(dn) < [f1 @) a(e) 2 S 2V% (]

After that, consider ||D'a[hy]||co. We have

1 0o
1D ol < 3 S ID7F s aF fule

{=—1n=N+1

Now,

D75, a T |—M(/Z @@])W%WOh@@K
I [ o2 ale) p i 1ol
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- - 1 | |
| /el(m_y)n<ﬂ(2_]'f) a(k) ﬂd’iHL”'(dy) — 2i(G-1) ID7'F (- a)|ly = 211
K

This leads to -
n(d_
D plhn]lloe SO 2%V || full,

n=N

and we proceed as in the first part. Now the restriction on r will be r > % — 1 and then

1/¢ 00 1/q
n—— n(&—1—-r)¢ nr
>l < (zzw M) (zz "an||§§>

n=N m=N
N 1/d .
— oN(§-1-n) (1 - 2<%—1—">4> If | Bl

This time we obtain
_ d d_q_,
ID " af]lloe S 2VE [f]1 + 2V f | B

Again, choose N so that

2N(1+r+d%) ~ I/ } B;,q|| _
[f]1

ie.,
J(14r+d 22)
N = Llog; (I | Byl/trm)

Plugging this value into the inequality above we obtain
1D o[ Moo S A2 NS | Byl

with
1+r—4

d,p, —_—
Y2 = Ya(d, p,7) = 1t _l_dp

D Strichartz estimates

In this section we derive the homogeneous R? version of the Strichartz estimates in Theorem
2 [17]. We work with functions of z € R? and the Fourier variables are x. Note, that the

estimates are applied in Section [l to functions of £ with the dual Fourier variables k.
Consider the Cauchy problem

&gw =iDw + f, UJ(O) = Wy , (Dl)
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where D = /=A in R Given wy € H? and f € L. (R — H?), there exists a unique
solution w of equation (D.I) such that w(t) is a continuous functions of ¢ with values in H?,
and

3gwww%s%@muwwfnfwwwﬁ (D2)
with the positive constant Cy independent of the particular choice of wy and f.

Theorem D.1. Let 2 < q < oo and let p be such that if d = 2, then 2 < p < 400, and if
d>3, then2<p< 2(d 1 . Assume the parameters r and 0 satzsfy the conditions

d+1p—2
4 p

There exists a constant C' > 0 (dependent on d, r, and p) such that, for any T > 0, the
following estimate is true for the solutions of (D.I)):

T . 4p
([ 1o iy, 1w )
0

Corollary D.2. Two special cases: If d = 2, then takep =q=00,0<r <1, and 0 = 7‘+%,
and obtain

reR, O=r+ (D.3)

(d=1)(p=2)
1

soomeW+/|u M#MQ (D.4)

1/4

</0T||w(t) | Bgo,ooH”‘dt) <C (||wO | He||+/ 10 ‘Hwt) .5

Ifd =3, take 2 < p = q < oo, and@zr—l—:’%, and obtain

—2

(/nw B VzﬁfTSCOWMHW+/Hf\Hﬂﬁ) (D.6)

Proof of Theorem[D. 1. For fixed wq and f, the solution of the problem (D.]) is given by the
formula

¢
w(t) = e P, +/ ei(t_T)Df(T) dr
0

Each term on the right can be analyzed separately. Take a g € 8§ and consider ¢”g. In

fact, we need to look at the dyadic pieces o, (D)e®Pg = ¢ Pg, where g, = ©,(D)g. Since

n+1
elthn: Z on(D) Zthna
j=n—1

we examine the terms ¢;(D) e Pg,. The first important observation in the Strichartz anal-

ysis is the following bound on the operator ¢;(D)e™? as an operator from L to LP,
2<p<o

i 1 j(d+1) 222
I =L (D.7)
P
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As a corollary,
7 1 n(d -y
e P gully < A 2D g (D.8)

for any p € [2, +00]. This estimate implies the following estimates in the homogeneous Besov

spaces:

1
ﬁ ||9 ‘ ||, (D-9)

g ‘ qu ‘ |(d

r € Rand 1 < ¢ < oco. The second important observation is the space-time estimate for the
homogeneous term e“Pg. The argument uses duality. Let h(t,x) be a sufficiently smooth
function. Then

| o nende= [ttty manae= [ g, ety =to. [ Phie) i

T
<llg| B ID* / e Ph(t) di]ls

Now,
T T /T ' y
|ID~° / e " Ph(t) dt[|5 = / / (e7"PD7’h(t),e " PDOn(t")) dt' dt =
I v
/ / (e7 W=D D=20p(4) h(t')) dt’ dt
// =P D=ty | By || - |[R (¢ } ool dt’dt (use (D.9))

- r+(d+1) P;p .
/ / t’|(d 1) 1A (t) } Bp’,q |- [[A# ‘ B m dt’ dt

Choose 0 so that

9
+(d+1)p2——29:—r

p
ie.,
d+1p—2
0 = _ D.10
r -+ 1 p ( )
and assume that
q=>2

(then ¢ <2 < g and B;Tq, C B];f’q). Then

T ||h(t h(t
D~ / e "Ph(t)dt|2 < // I } |- I1A( ‘ dtdt
t/|(d1
1/m
(/ Ih) | B ,||’“)
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with
1

mzl_ﬂp;?'
4 p

The last inequality is a consequence of the Hardy-Littlewood-Sobolev inequality (see [15],
Theorem 4.5.3]). It requires the following restrictions on p:
d—1p—2
il (D.11)
2 p

Lifd=2,then 2 <p < +oo,and if d > 3, then 2 < p < ( . In any case,

| / (g, h(e) di| < llg | 7] - (/ Iht) | By, Hm)l/m (D.12)

Hence, by duality,

(d=1)(p=2)
1

T . '
( / P | B;,quiwﬁw) < g | £°. (D.13)

where the exponent is the conjugate of m. This proves estimate (D.4]) for the

4p
@) o
homogeneous equation (D.I)). The estimate on [ ¢ f(7) dr is obtained as in the second
part of the proof of Theorem 2 in [I7] (with necessary slight modifications).
U

E Norms in Euler and Lagrange coordinates

In this section & — z(£) is a C! volume preserving diffeomorphism of the form x(§) = A& +
(&) satisfying the assumptions of Lemma[31l In particular, A is a constant SL(d, R) matrix
and ¢ € H SH([Rg) with s > d/2. This transformation from the Lagrangian coordinates, &, to
the Eulerian coordinates, &, pushes back the functions f(z) to the functions f(€) = f(x(€)).
This is a linear isometry from LP(R?, dz) to LP(R?, d€), 1 < p < oo. To analyze other norms,
we use the superscripts L and E on functions to indicate the coordinate system used. Denote
by v!(x) the entries of the Jacobian matrix, dz/9¢, expressed in Eulerian coordinates, i.e.,
as functions of . We have v (z) = Al + ul(x), where u! € H*(R?). Notation v, or u, is
used to represent a generic v, or u,, or when in a norm, the maximal over a norm, e.g.,
|Vallooc = max, [|v4]|co- For the norms in L? we skip the superscripts E and L.

E.1 Homogenous Besov and Sobolev spaces

The following proposition contains inequalities between the homogeneous Besov norms {g},,
and between the homogeneous L? Sobolev norms [gly in the Euler and Lagrange coordinates.
The range of r, p, and 6 is restricted to the demands of the main body of the paper. All the
spaces are over R?, d > 2.
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Lemma E.1.

a) Assume 0 <r <1,0<6<1, and 2 <p < oo. Then, for all g € §(R?),

{QL}T,;D S H%HZO {QE}T,;D’ {gE}T,p S HUaHgi_l)r {gL}r,pu (El)
(970 < Nlvall% 1976 19510 < llvall 0 (9" (E.2)

b) Assume 1 < 0 < 2, then
900 S 1ol (Heulle + Il Nt | ERa®0) [0, (B3)

Proof. We first prove the inequalities for Sobolev norms in part a). Compare the norms
lg" | H* (Rl and [|g” | H'(RY)[|. We have
lo* | BRI = [ Veate)as

< [Lr0) e

<lea@l [ 128 g

= lea@ [ 1222 s
= (o) No® | H RO,

If 0 < 6 < 1, then H? is an interpolation space between L? and H', H? = (L?, H')g (see [2,
Theorem 6.3.1]). This explains why [¢%]s < [[vall% [g7]e. Similarly, [g%]s < [ 0g]|&~° [g%]0,
where (d — 1) appears because of the L bound on 9¢*/dz" in terms of ||vg||so-

The Besov norm inequalities in part a) can be obtained by interpolation between the
inequalities for BQQ ~ H", which we already have, and the inequalities for Bgom ~ C", the
homogeneous Holder spaces. For the Holder seminorms we have

lg"(€) — g"(&)]

L
e = e e
197 (2(€)) — g"(x(£)))]
Y E—¢f
— sup 197 (2(€)) — g"(x(&)] |2(&) — x(&)|"
€€ [2(§) — ()" & =&

< sup |97 () — g"(2')] ol

~ e |z —a'|" >

Thus, {¢"}, < ||vall% {g7}+. The norm {g¥}, is bounded similarly.
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Now turn to part b). Assume 1 < 6 < 2 and proceed with

gt
[QL]e [0—5]9—1
ag-\”
< ol (B ) Joo
o_1 09" Ox
>~ [Jvalloe [+ 57lo-1
or 0&
_, 09"
< oall & (55 - valo- (E4)
Apply the fractional product rule (B.):
dg"” dg” 9"
5 g o1 S 5 5 10-1 1Valloe + || o [l 2 Ensll

Note that the homogeneous Lizorkin-Triebel norms of v, and u, are the same. So, we have

dg”

89 E E E 0—1
e Il e P 1||va!|oo+|| oy [l | F05 | (E.5)
o0x

ox
The parameters ¢; and ¢o must satisfy 2 < ¢1, ¢ < oo and

111
o @ 2

We choose ¢; and ¢» as follows

o1 (E.6)

Then H?'(R?) C L (R?), and so

dg” dgF
|| 8:1: ||q1 ~ [ 8,1' ]6_1 ~ [gE]a

As for the other factor, use (AI2):
lug | Fgra (RN S Muall2e? llug | Eia (R

Collecting the pieces we arrive at ([E.3)).
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E.2 Vorticities

Let v be a vectorfield on R? such that divv = 0. Denote w™ = 9,,v™ — 0,v™. In terms of

Fourier transform,
~mn

o™ =14 (K™0" — k"0™) and K"0" =0.

From w™ one recovers v as follows:

AT A mn
=~ —= W
||
In our notation,
V" = D7 Ry ™

In dimension d = 2, w = 0;v? — dv! and

N KD

V=i—0, VP=—i——0.

K|? K|?

We also have pseudovelocities v, with the components v’ = u! + A’ and the corresponding

pseudovorticities w, = 0102 — dhvl = d1u2 — dyul.

Lemma E.2.

1. In the case d = 2, assume that u € L* and w = curlu € C" for some r € (0,1). Then

u € L>® and Vu € L, and the following inequalities are true:

wfoe < JJuf| CHY/ 0+ {31042

and
IVulloo S Jlull 70+ {w}2/ 2.

(E.7)

(E.8)

2. In the case d = 2, assume that u € L* and w = curlu € H? for some 6 € (0,1). Then

u € L and the following inequality is true:
Jelloo S e/ g7
Ifwe H? with 0 > 1, then Vu € L™ and

IVetfloo S [l @=D/E+D [/ D

3. In the case d > 3, assume that u € L? and w € B;J,, where

d
re(0,1), r>—-, 1<p<oo.

Then u € L>*°, Vu € L*>, and

lullao S [l H1=AP/CH1=dl0+d/D oy | B @2/ 1=d/prd2)

and

~Y

IVul|so S HUH(T—d/p)/(r+1—d/p+d/2) lw ‘ B;pH(1+d/2)/(r+1—d/p+d/2) .
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4. In the case d > 3 assume that u € L? andw = curl w € H. If0 > ¢ —1, thenu € L™
2

and

||u||oo < ||u||(0+1—d/2)/(6+1) [W]g/z/(0+l)- (E13)

~

If 6 > %l, then Vu € L*> and

[Vt]|oo S [l =42/ O+ () (/2HD/EHD) (E.14)

The inequalities follow immediately from Lemma part 2 and the observation that

[w]_1 ~ ||u|| and Vu ~ Rw.
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