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ON THE ROUGH SOLUTIONS OF 3D COMPRESSIBLE EULER EQUATIONS: AN

ALTERNATIVE PROOF

HUALI ZHANG AND LARS ANDERSSON

ABSTRACT. The well-posedness of Cauchy problem of 3D compressible Euler equations is studied. By

using Smith-Tataru’s approach [32], we prove the local existence, uniqueness and stability of solutions for

Cauchy problem of 3D compressible Euler equations, where the initial data of velocity, density, specific

vorticity v, ρ ∈ Hs,̟ ∈ Hs0(2 < s0 < s). It’s an alternative and simplified proof of the result given by

Q. Wang in [42].

1. INTRODUCTION AND RESULTS

1.1. Overview. In this paper we consider the Cauchy problem of compressible Euler equations in three

dimensions, which is described as
{
ρt + div (ρv) = 0, (t, x) ∈ R+ × R3,

vt + (v · ∇) v + 1
ρ
∇p = 0,

(1.1) CEE

with the state function

p = p(ρ) = ργ(γ > 0),

and the initial data

ρ|t=0 = ρ0, v|t=0 = v0, (1.2) id

where v = (v1, v2, u3)
T, ρ, and p, respectively, denote the fluid velocity, density, and pressure. The object

is to answer the question that: For which s, the problem (1.1)-(1.2) is well-posed if (v0, ρ0) ∈ Hs(Rn).

This question has been well studied for the irrotational case and the incompressible case in two or three

dimensions. For the 3D compressible Euler equations (1.1), the best known result of the corresponding

question is proved by Q. Wang in [42]. We will discuss it in a different view.

1.2. Background. The compressible Euler equations is a classical system in physics to describe the

motion of an idea fluid. The phenomena displayed in the interior of a fluid fall into two broad classes, the

phenomena of acoustics waves and the phenomena of vortex motion. The sound phenomena depend on

the compressibility of a fluid, while the vortex phenomena occur even in a regime where the fluid may

be considered to be incompressible.

For the Cauchy problem of n-D incompressible Euler equations:




vt + (v · ∇) v +∇p = 0, (t, x) ∈ R+ × Rn,

divv = 0,

v|t=0 = v0,

(1.3) IEE
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Kato and Ponce in [20] proved the local well-posedness of (1.3) if v0 ∈ W s,p(Rn), s > 1 + n
p

. Chae in

[8, 9] proved the local existence of solutions by setting v0 in Triebel-Lizorkin spaces. On the opposite

direction, the ill-posedness of solutions was solved by Bourgain and Li [6, 7], in which they proved that

the solution will blow up instantaneously for some v0 ∈ H1+n
2 (Rn), n = 2, 3.

In the irrotational case, compressible Euler equations can be reduced to a special quasilinear wave

equation (see Lemma 2.2 and taking ̟ = 0). For general quasilinear wave equations:
{

�h(φ)φ = q(dφ, dφ), (t, x) ∈ R+ × Rn,

φ|t=0 = φ0, ∂tφ|t=0 = φ1,
(1.4) qwe

φ is a scalar function and h(φ) is a Lorentzian metric depending on φ, and q is a quadratic term of dφ.

Set the initial data (φ0, φ1) ∈ Hs(Rn) × Hs−1(Rn). By using classical energy methods and Sobolev

imbeddings, Hughes-Kato-Marsden in [17] proved the local well-posedness of the problem (1.4) for

s > n
2 + 1. On the other side, Lindblad in [26] constructed some counterexamples for (1.4) when

s = 7
4 , n = 2 or s = 2, n = 3. In mathematics, to lower the regularity, one may seek a type of space-

time estimates of dφ, namely, Strichartz estimates. Rigorous mathematical study of Strichartz estimates

was initiated by Bahouri-Chemin [3, 4] and Tataru [34, 35] respectively, who established the local well-

posedness of (1.4) when s > n
2 + 7

8 , n = 2 or s > n
2 + 3

4 , n ≥ 3. The same result was also obtained by

Klainerman in [21]. Through introducing a vector-field approach and a decomposition of curvature, the

3D result of [3, 4, 34, 35] was later improved by Klainerman and Rodnianski, where s > 2+ 2−
√
3

2 . Based

on Klainerman and Rodnianski’s vector-field methods, Geba in [19] studied the local well-posedness of

the 2D case for s > 7
4 +

5−
√
22

4 . In 2005, a sharp result was established by Smith and Tataru in [32]; they

proved that the local solution of (1.4) is well-posed if the regularity of initial data satisfies s > 7
4 , n = 2

or s > 2, n = 3 or s > n+1
2 , 4 ≤ n ≤ 6. An alternative proof of the 3D result was also obtained through

vector-field approach by Wang [41]. Besides, we should also mention substantial significant progress

which has been made on low regularity solutions of Einstein vacuum equations, membrane equations or

quasi-linear wave equations due to Andersson and Moncreif [2], Ettinger and Lindblad [6], Klainerman

and Rodnianski [23, 24], Q. Wang [38, 39, 40], Allen-Andersson-Restuccia [1], C.B. Wang [37] and so

on.

In the general case, concerning to the compressible Euler equations in n-D, the Cauchy problem

(1.1)-(1.2) is well-posed if v0, ρ0 ∈ Hs, s > 1 + n
2 and the density is far away from vacuum, please see

Majda’s book [29]. Recently, a wave-transport structure of the 2D and 3D compressible Euler equations

is introduced by Luk and Speck [27, 28], in which their central theme is to describe a sharp asymptotic

behavior of the singularity formation. Based on [28], Disconzi-Luo-Mazzone-Speck in [14] proved

the existence of solutions with non-zero vorticity ̟ and entropy S, and the assumptions on the initial

data of velocity v, density ρ and ̟ is in H2+(R3) and S ∈ H3+, curl̟ ∈ C0,δ with 0 < δ < 1.

Independently, without the Hölder norm of curl̟, Wang in [42] proved the local well-posedness of the

3D compressible Euler equations with initial data of (v, ρ,̟) ∈ Hs(R3)×Hs(R3)×Hs′(R3), 2 < s′ <
s. Recently, some related 2D result is obtained by Zhang in [43, 44]. We should also mention substantial

significant progress which has been made on shock formation and free boundary problem due to Sideris

[31], Christodoulou-Miao [10], Luk-Speck [27, 28], Coutand-Lindblad-Shkoller [11], Coutand-Shkoller

[11, 13], Jang-Masmoudi [16], Ifrim-Tataru [18] and so on.

1.3. Motivation and contribution. In [14, 42], they proved the low-regularity well-posedness of (1.1)

in 3D by vector field approach. There is also a different and significant view to consider the low regularity



THREE-DIMENSIONAL COMPRESSIBLE EULER EQUATIONS 3

problem, which is established by Smith and Tataru in [32]. This motivates us to generalize Smith-Tataru’s

result to 3D compressible Euler equations with non-trivial vorticity. It’s a non-trivial process for us to

obtain the same result established by Q. Wang in [42]. Moreover, compared with [42], our paper is much

simplified. Our contribution is in the following,

(i) combining two formulations(a hyperbolic system and a wave-transport system) for compressible

Euler equations, which shows a direct way to discuss some energy estimates.

(ii) deriving a modified transport equation for vorticity.

(iii) obtaining characteristic energy estimates for vorticity along null hypersurfaces, which is different

from basic energy estimates and non-trivial.

(iv) introducing a modified Strichartz estimate for linear wave equation endowed with the acoustic

metric, which is adapting the structure of compressible Euler equations.

Before stating our result, let us introduce some quantities and notations.

1.4. Quantities and notations.

pw Definition 1.1. Let ρ̄ be a constant background density and ρ̄ > 0. We denote the logarithmic density ρ

and specific vorticity ̟

ρ := ln

(
ρ

ρ̄

)
, ̟ := ρ−1curlv = ρ−1ω. (1.5) pw1

shengsu Definition 1.2. We denote the speed of sound

cs :=
√

dp/dρ. (1.6) ss

In view of (1.5), we have

cs = cs(ρ) (1.7) ss1

and

c′s = c′s(ρ) :=
dcs
dρ

. (1.8) ssd

metricd Definition 1.3. We define the acoustical metric g and the inverse acoustical metric g−1 relative to the

Cartesian coordinates as follows:

g := −dt⊗ dt+ c−2
s

3∑

a=1

(dxa − vadt)⊗ (dxa − vadt) , (1.9)

g−1 := −(∂t + va∂a)⊗ (∂t + vb∂b) + c2s

3∑

i=1

∂i ⊗ ∂i. (1.10)

We are ready to introduce a reduction of (1.1) by using the logarithmic density in Lemma 1.1, which

is first proposed by Luk-Speck [27].

wte Lemma 1.1. [27] Let̟ and ρ are defined in (1.5). For 3D compressible Euler equations, we can reduce

(1.1) to the following equations: {
Tvi = −c2s∂

i
ρ,

Tρ = −divv,
(1.11) fc0

where T = ∂t + v · ∇.
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For brevity, we set ∂ = (∂1, ∂2, ∂3)
T, d = (T, ∂1, ∂2, ∂3)

T in this paper. We denote the operator

�g := gαβ∂2αβ = −TT+ c2s∆, (1.12) Box

where ∆ = ∂21 + ∂22 + ∂23 . Introduce a decomposition for the velocity

vi = vi+ + ηi, (1.13) dvc

where the vector η = (η1, η2, η3)T is defined by

−∆ηi := eρcurl̟i. (1.14) etad

Let us denote

〈ξ〉 = (1 + |ξ|2)
1
2 , ξ ∈ R3.

Denote by 〈∂〉 the corresponding Bessel potential multiplier. The symbol ǫijk(i, j, k = 1, 2, 3) denote

the standard volume form on R3.

Following the book [5], the symbol ∆j denotes the homogeneous frequency localized operator with

frequency 2j , j ∈ Z. For f ∈ Hs(R3), we denote ‖f‖Hs := ‖f‖L2 + ‖f‖Ḣs , where ‖f‖2
Ḣs

:=∑
j≥−12

2js‖∆jf‖
2
L2 . We also denote ‖f‖r

Ḃs
p,r

:=
∑

j≥−12
jsr‖∆jf‖

r
Lp . We set η0 := η(t, x)|t=0 and

δ0 = s0 − 2, δ ∈ (0, δ0). (1.15) a1

The notation X . Y means X ≤ CY , where C is a universal constant. The notation X ≃ Y means

C1Y ≤ X ≤ C2Y , where C1 and C2 are universal constants. We use the notation X ≪ Y to mean that

X ≤ CY with a sufficiently large constant C .

We also assume 2 < s0 < s < 5
2 and use four small parameters

ǫ3 ≪ ǫ2 ≪ ǫ1 ≪ ǫ0 ≪ 1. (1.16) a0

Now, we are ready to state the result in this paper.

1.5. Statement of result.

dingli Theorem 1.2. Consider the Cauchy problem (1.1)-(1.2). Assume that

cs|t=0 > c0 > 0, (1.17) HE

where c0 is a positive constant. Let s > s0 > 2. Let ρ and ̟ be defined in (1.5). For any M0 > 0 and

initial data (v0, ρ0) satisfying

‖v0‖Hs + ‖ρ0‖Hs + ‖̟0‖Hs0 ≤M0, (1.18) chuzhi

there exist positive constants T∗ andM1 such that (1.1)-(1.2) has a unique solution (v,ρ) ∈ C([0, T∗],Hs),

̟ ∈ C([0, T∗],Hs0). To be precise,

(1) the solution v,ρ and ̟ satisfy the energy estimate

‖v,ρ‖L∞

t Hs + ‖̟‖L∞

t Hs0 ≤M1,

(2) the solution v,ρ and v+ satisfy the Strichartz estimate

‖dv, dρ, dv+‖L2
tL

∞
x
+ ‖dv, dρ‖

L2
t Ḃ

s0−2
∞,2

+ ‖∂v+‖L2
t Ḃ

s0−2
∞,2

≤M1.

(3) for any 1 ≤ r ≤ s0 + 1, and for each t0 ∈ [0, T ], the linear equation
{

�gf = TG+B, (t, x) ∈ [0, T ]× R3,

f(t0, ·) = f0 ∈ Hr(R3), Tf(t0, ·) = f1 ∈ Hr−1(R3),
(1.19) linear
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admits a solution f ∈ C([0, T ],Hr)× C1([0, T ],Hr−1) and the following estimates hold:

‖f‖L∞

t Hr + ‖∂tf‖L∞

t Hr−1 . ‖f0‖Hr + ‖f1‖Hr−1 + ‖G‖L∞

t Hr−1∩L1
tH

r + ‖B‖L1
tH

r−1 . (1.20) E0

Additionally, the following estimates hold, provided k < r − 1,

‖ 〈∂〉k f‖L2
tL

∞
x

. ‖f0‖Hr + ‖f1‖Hr−1 + ‖G‖L∞

t Hr−1∩L1
tH

r + ‖B‖L1
tH

r−1 . (1.21) SE1

Remark 1.1. The condition (1.17) is used to satisfy the hyperbolicity condition of the system (1.1).

Remark 1.2. The type of (1.19) is devised for adapting to the structure of the acoustic metric.

1.6. A sketch of the proof. The first step is to obtain energy estimates. Different from Q. Wang’s paper

[38], we use the hyperbolic system (2.1) to derive the basic energy of velocity and density

‖v,ρ‖Ha ≤ ‖v0,ρ0‖Ha exp(‖dv, dρ‖L1
tL

∞

x
), a ≥ 0, (1.22) EE

which shows that ‖v,ρ‖Ha is independent of the vorticity. If a > 5
2 , then the classical commutator esti-

mates and continuity method can be used to prove the well-posedness of the problem (1.1)-(1.2), one can

refer Majda’s book [29]. However, there is no uniform space-time estimates of ‖dv, dρ‖L1
tL

∞
x

for (1.1)

if a ≤ 5
2 . However, with trival vorticity(curlv = 0), the compressible Euler equations can be reduced to

a special quasilinear wave equation, and there is a type of Strichartz estimates, i.e. ‖dv, dρ‖L2
tL

∞
x

, which

can have 1
2 -regularity decrease compared to the classical result by Majda. Then the regularity requires

greater than 2 in this case, please refer Smith-Tataru’s paper [32](also in Q. Wang’s paper [41] for an

alternative proof). What’s the situation with non-trivial vorticity. Let us see Luk-Speck’s result [28],

where they introduced a wave-transport system (1.23) for 3D compressible Euler equations. In some

extent, we can expect to lower the regularity of velocity and density if seeing it as a ”disturbed” wave

equation, and the disturbance is described by a transport equation. In precise, the wave-transport system

is the following 



�gv = −eρc2scurl̟ + quadratic terms,

�gρ = quadratic terms,

T̟ = (̟ · ∇)v.

(1.23) wtz

Based on the wave-transport system (1.23), the wave equation of v and ρ play a crucial role for it’s

character. Then, it returns back to require some information ̟ or curl̟. Because the transport equation

for̟ is not good as the wave equation, so we expect a Strichartz estimates ‖dv, dρ‖L2
tL

∞
x

with a smallest

regularity for ̟. A key observation is that, seeing from the best known results [32, 41], we can hope that

there is some Strichartz estimates if the regularity of v, ρ, and W is greater than 2. We then set the initial

data (v0,ρ0) ∈ Hs, s > 2 and ̟0 ∈ Hs0 , s0 > 2. Therefore, we need to establish the energy estimates

for ̟ in the frame Hs0(s0 > 2). Followed by [28, 42], we also set Ω = e−ρcurl̟. Different from [42],

we derive a modified transport equation for curlΩ (see Lemma 2.4):

T
(
curlΩi − 2e−ρ∂aρ∂

i̟a
)
=∂i

(
2e−ρ∂nv

a∂n̟a

)

+ (∂v, ∂ρ) · ∂2̟ + (∂v, ∂ρ) · ∂2v + ∂̟ · ∂̟.
(1.24) OS

We consider the term curlΩ − 2e−ρ∂aρ∂̟
a as a whole part, and then transfer the goal to obtain the

estimates ‖curlΩ− 2e−ρ∂aρ∂̟
a‖Hs0−2 . In this process, we need to handle the trouble term

∫

R3

Λs0−2∂i
(
2e−ρ∂nv

a∂n̟a

)
· Λs0−2

(
− 2e−ρ∂aρ∂i̟

a
)
dx.
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By Plancherel formula, we can transfer derivatives in the way
∫

R3

Λs0−
5
2∂i

(
2e−ρ∂nv

a∂n̟a

)
· Λs0−

3
2
(
− 2e−ρ∂aρ∂i̟

a
)
dx.

After getting the desired energy estimates, we then use Young’s inequality to handle the lower order term

2e−ρ∂aρ∂̟
a. Based on this and (1.22), we can obtain the following energy estimates

‖(ρ, v)(t)‖Hs + ‖̟(t)‖Hs0 . (‖(ρ0, v0)‖Hs + ‖̟0‖Hs0 ) exp
(∫ t

0
(‖(dv, dρ)‖L∞

x
+ ‖∂v‖

Ḃ
s0−2
∞,2

)dτ
)
.

One can see Theorem 2.4, Theorem 3.1, and Theorem 3.2 for details. In a word, the problem is concluded

to bound the Strichartz estimate
∫ t

0
‖(dv, dρ)‖L∞

x
dτ +

∫ t

0
‖∂v‖

Ḃ
s0−2
∞,2

dτ, (1.25) SO

for some t > 0. Here, we take 2 < s0 < s. Because, if we take s = s0, then (1.25) cannot be proved if

we refer [32, 41].

The second difficult step is the Stricharz estimate (1.25). To do that, we extend Smith-Tataru’s method

[32] to compressible Euler equations, which is totally different from Q. Wang’s work [38] by using

vector-field approach. Based on Smith-Tataru’s work, we first reduce the problem of establishing an

existence result for small, supported initial data. Next, by the continuity method, we can give a boot-

strap argument on the regularity of the solutions to the nonlinear equation. Then, by introducing null

hypersurfaces, the key is transformed to prove characteristic energy estimates of solutions along null hy-

persurfaces, and the enough regularity of null hypersurfaces is crucial to prove the Strichartz estimate. To

establish characteristic energy estimates, we go back to see the wave-transport system. Note the regular-

ity of̟ is only s0. Then, we can only get the same level regularity s0 on characteristic hypersurfaces(see

Section 6 for details). We use the wave equation of (v,ρ) to get these characteristic energy estimates on

characteristic hypersurfaces. As for ̟, the characteristic energy estimate is difficult. Let us explain it

as follows. On the Cauchy slice {t = τ} × R3, we can use elliptic estimates to get the energy estimate

of all derivatives of ̟ by using div̟ and curl̟. However, on the characteristic hypersurface, these

type of elliptic energy estimates don’t work. To go through this difficulty, we use Hodge decomposition

to recover some transport equations for derivatives of ̟, where it involves Riesz operator. Then, some

commutator estimated for Riesz operator and v · ∇ concerning to compressible fluid is required. Please

refer Lemma 2.14, 2.13, 2.16, 7.7, and 7.8 for detials.

After obtaining enough regularity of null hypersurfaces and coefficients from null frame, we can re-

duce the problem to proving the Strichartz estimate of a linear wave equation endowed with the acoustical

metric g. Precisely, for any 1 ≤ r ≤ s0 + 1, and for each t0 ∈ [0, T ], the linear equation (1.19) admites

a solution f ∈ C([0, T ],Hr)× C1([0, T ],Hr−1) and the following estimates holds:

‖f‖L∞

t Hr + ‖∂tf‖L∞

t Hr−1 ≤ C
(
‖f0‖Hr + ‖f1‖Hr−1 + ‖G‖L∞

t Hr−1∩L1
tH

r + ‖B‖L1
tH

r−1

)
. (1.26) lw0

Additionally, the following estimates hold, provided k < r − 1,

‖ 〈∂〉k f‖L2
tL

∞
x

≤ C
(
‖f0‖Hr + ‖f1‖Hr− + ‖G‖L∞

t Hr−1∩L1
tH

r + ‖B‖L1
tH

r−1

)
. (1.27) lw1

We still need to prove ∫ t

0
‖∂v‖

Ḃ
s0−2
∞,2

dτ.
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It can not be obtained by using the wave equation of velocity, for the regularity of source term curl̟ is

only s0 − 1. By using the wave equation for v+ (see Lemma 2.2),

�gρ = D,

�gv
i
+ = TTηi +Qi,

(1.28) l4

we can bound ∫ t

0
‖∂ρ, ∂v+‖Ḃs0−2

∞,2
dτ

by Littlewood-Paley decomposition. It crucially relies on the regularity of right hand terms can be

reached to s− 1. More precisely, operating ∆j on (1.28), we can derive that ∆jρ and ∆jv
i
+ satisfy

{
�g∆jρ = ∆jD + [�g,∆j ]ρ,

∆jρ|t=0 = ∆jρ0,

and {
�g∆jv

i
+ = T∆jTη

i +∆jQ
i + [�g,∆j]v

i
+ + [∆j,T]Tηi,

∆jv
i
+|t=0 = ∆j(v0 − η0), ∆jTv

i
+|t=0 = ∆jT(v0 − η0).

By using the Strichartz estimate in (1.21) (taking r = s− s0 + 1, k = 0) , we obtain

‖(∆jρ,∆jv+)‖L2
tL

∞

x
. ”Right hand side” (1.29) isE

Multiplying 2(s0−1)j on (1.29), and taking square of it and summing it over j ≥ 1, we get

‖∂ρ, ∂v+‖
2

L2
t Ḃ

s0−2
∞,2

. ‖ρ, v+‖
2

L2
t Ḃ

s0−1
∞,2

. ‖ρ0‖
2
Hs + ‖v0‖

2
Hs + ‖̟0‖

2
Hs0 .

Based on the above estimate, by using (1.14), we can conclude the proof. As for the precise proofs,

please refer Section 7. The last step is to prove (8.1) and (8.2), which is presented in the Appendix part.

1.7. Outline of the paper. The organization of the remainder of this paper is as follows. In Section 2,

we give a treatment of hyperbolic-transport system and introduce energy estimates and stability theorem.

In Section 3, we reduce our problem to the case of smooth initial data by using compactness methods.

In the subsequent Section, using physical localized technique, we reduce the problem to the case of

smooth, small, compacted supported initial data. In section 5, we give a bootstrap argument based on

continuous functional. In Section 6 we derive self-contained characteristic energy estimates along null

hypersurfaces, which is used to prove the regularity of null hypersurfaces. In the next step, we give

the proof of Strichartz estimates in Section 7. In the Appendix, referring [32], we give a glue proof of

Strichartz estimates of linear wave equations endowed with the acoustic metric.

2. PRELIMINARIES: COMMUTATOR AND ENERGY ESTIMATES

2.1. Some formulations to (1.1). Let us first introduce a symmetric hyperbolic system to 3D compress-

ible Euler equations.

sh Lemma 2.1. Let v,ρ be a solution of (1.11). Then it also satisfies the following hyperbolic system

Ut +

3∑

i=1

Ai(U)Uxi = 0, (2.1) sq
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where U = (ρ, v1, v2, v3)
T and

A1 =




v1 1 0 1

c2s v1 0 0

0 0 v1 0

0 0 0 v1


 , A2 =




0 0 1 0

0 v2 0 0

c2s 0 v2 0

0 0 0 v2


 , A3 =




0 0 0 1

0 v3 0 0

0 0 v3 0

c2s 0 0 v3


 .

We are ready to introduce a wave-transport reduction.

wte Lemma 2.2. [27] Let ̟ and ρ are defined in (1.5). We can reduce (1.11) to




�gv
i = −eρc2scurl̟

i +Qi,

�gρ = D,

T̟i = ̟a∂av
i.

(2.2) fc1

Above, Qi and D are null forms relative to g, which are defined by

Qi :=2eρǫiabTv
a̟b −

(
1 + c−1

s c′s
)
gαβ∂αρ∂βv

i,

D :=− 3c−1
s c′sg

αβ∂αρ∂βρ+ 2
∑

1≤a<b≤3

{
∂av

a∂bv
b − ∂av

b∂bv
a
}
.

(2.3) DDi

For brevity, we set Q = (Q1, Q2, Q3)T.

Remark 2.1. The equation (1.11) is derived from (1.1) via (1.5). The system (2.1), (1.11) and (2.2) is

equivalent to (1.1) respectively. We will switch these equivalent systems from one to another without

explanation.

wte1 Lemma 2.3. Let v and ρ be a solution of (1.1). Let ρ, v+, and η be described in (1.5), (1.14), and (1.13)

respectively. Then v+ satisfies

�gv
i
+ = TTηi +Qi. (2.4) fc

Proof. First, by Lemma 2.2, we have

�gv
i = −eρc2scurl̟

i +Qi.

Substituting (1.13) and (1.14) to the above equality, we then get

�gv
i
+ =−�gη

i − eρc2scurl̟
i +Qi

=TTηi − c2s∆η
i − eρc2scurl̟

i +Qi

=TTηi + c2s
(
−∆ηi − eρcurl̟i

)
+Qi

=TTηi +Qi.

�

PW Lemma 2.4. Let ̟ be defined in (1.5). Then ̟ satisfy

T̟ = (̟ · ∇)v. (2.5) W0

If setting Ω = e−ρcurl̟, then

TΩi = −2ǫimne−ρ∂mv
a∂n̟a + ǫamne−ρ∂av

i∂m̟n, (2.6) W1

and

div̟ = −̟i∂iρ, (2.7) W01
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hold. Furthermore, the quantity curlΩ satisfies

T
(
curlΩi − 2e−ρ∂aρ∂

i̟a
)
= ∂i

(
2e−ρ∂nva∂

n̟b
)
+

6∑

j=1

Rij , (2.8) W2

where

Ri1 :=− 2e−ρǫkmnǫ
ijk∂mva∂j(∂

n̟a) + e−ρǫamnǫijk∂avk∂
2
mj̟n

− 2e−ρ∂jv
a∂ij̟b + ǫijk∂jv

m∂mΩk,

Ri2 := 2e−ρǫkmnǫ
ijk∂mva∂n̟a∂jρ− e−ρǫamnǫijk∂avk∂m̟n∂jρ

− 2e−ρ∂avk∂kρ∂
i̟i + 2e−ρ∂aρ∂i̟a

− 2e−ρ∂aρ∂i̟m∂mva + 2e−ρ∂iρ∂nva∂n̟a,

Ri3 :=ǫ
amn̟i∂aρ∂m̟n + 2ǫajk∂jρ̟k∂n̟b,

Ri4 :=ǫ
amn∂a̟

i∂m̟n + 2eρΩa∂i̟a,

Ri5 :=2e−ρ∂aρ∂ivk∂k̟a,

Ri6 :=− 2e−ρ∂aρ̟m∂i(∂mva).

(2.9) rF

Proof. The equations (2.5), (2.6), and (2.7) are derived in Luk-Speck’s paper [28]. Then, we only need to

derive (2.8). The idea is mainly from Wang’s paper [38]. Here, the difference is that we give a modified

transport equation, which is more convenient for proving energy estimates and character energy estimates

in this paper. Let us first calculate curlTΩi. Taking the operator curl on (2.6), then we have

curlTΩi = ǫijk∂jTΩk

= ǫijk∂j
(
−2ǫkmne

−ρ∂mva∂n̟a + ǫamne−ρ∂avk∂m̟n

)
.

(2.10) ct

Operating derivatives on (2.10), we have

curlTΩi =− 2e−ρǫkmnǫ
ijk∂mva∂j(∂

n̟a) + e−ρǫamnǫijk∂avk∂
2
mj̟n

+ 2e−ρǫkmnǫ
ijk∂mv

a∂n̟a∂jρ− e−ρǫamnǫijk∂avk∂m̟n∂jρ

− 2e−ρǫijkǫkmn∂j(∂
mva)∂n̟a + e−ρǫamnǫijk∂2ajvk∂m̟n.

For the last term, we use (1.5) to get

e−ρǫamnǫijk∂2ajvk∂m̟n = ǫamne−ρ∂aω
i∂m̟n = ǫamne−ρ∂a(e

ρ̟i)∂m̟n.

Hence, we can rewrite

curlTΩi = A+R
(1)
1 +R

(1)
2 +R

(1)
3 +R

(1)
4 , (2.11) ct0

where

R
(1)
1 = −2e−ρǫkmnǫ

ijk∂mva∂j(∂
n̟a) + e−ρǫamnǫijk∂avk∂

2
mj̟n,

R
(1)
2 = 2e−ρǫkmnǫ

ijk∂mva∂n̟a∂jρ− e−ρǫamnǫijk∂avk∂m̟n∂jρ,

R
(1)
3 = ǫamn̟i∂aρ∂m̟n, A = −2ǫijkǫkmne

−ρ∂j(∂
mva)∂n̟a,

R
(1)
4 = ǫamn∂a̟

i∂m̟n.
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Above, the term A is included the second-order derivatives of velocity, then we need to decomposition

it. By using ǫijkǫkmn = δjmδin − δimδ
j
n, we update A as

A = −2e−ρ(δjmδ
i
n − δimδ

j
n)∂j(∂

mva)∂n̟a

= A1 +A2,
(2.12) A

where

A1 := −2e−ρ∆va∂i̟a, A2 := 2e−ρ∂i(∂jv
a)∂j̟a. (2.13) A12

By Hodge decomposition, it tells us

∆v = ∂divv − curl2v = −∂Tρ+ curl
(
eρ̟

)

= −T(∂ρ) + ∂vk∂kρ++curl
(
eρ̟

)
.

Substituting the above equality to A1, we can update A1 as

A1 =− 2e−ρ
[
−T(∂aρ) + ∂avk∂kρ− eρǫajk∂jρ̟k − e2ρΩa

]
∂i̟a

=T
(
2e−ρ∂aρ∂i̟a

)
− 2e−ρ∂aρT(∂i̟a)

+ 2e−ρ∂aρ∂i̟a +R
(2)
2 +R

(2)
3 +R

(2)
4

=T
(
2e−ρ∂aρ∂i̟a

)
− 2e−ρ∂aρT(∂i̟a) +R

(2)
2 +R

(2)
3 +R

(2)
4 +R

(3)
2 ,

(2.14) A1F

where

R
(2)
2 = −2e−ρ∂avk∂kρ∂

i̟a, R
(2)
4 = 2eρΩa∂i̟a,

R
(2)
3 = 2ǫajk∂jρ̟k∂

i̟a, R
(3)
2 = 2e−ρ∂aρ∂i̟a.

In (2.14), it remains for us to write −2e−ρ∂aρT(∂i̟a) in a suitable way. Note T̟a = ̟m∂mva. Then

we can calculate that

T∂i̟a = ∂i(T̟a)− [∂i,T]̟a = ∂i̟m∂mva +̟m∂i(∂mva)− ∂ivk∂k̟a.

We therefore derive that

− 2e−ρ∂aρT(∂i̟a)

=− 2e−ρ∂aρ
(
∂i̟m∂mva +̟m∂i(∂mva)− ∂ivk∂k̟a

)

=R
(4)
2 +R5 +R6,

(2.15) A1R

where

R
(4)
2 = −2e−ρ∂aρ∂i̟m∂mva,

R5 = 2e−ρ∂aρ∂ivk∂k̟a,

R6 = −2e−ρ∂aρ̟m∂i(∂mva),

Substituting (2.15) to (2.14), we have

A1 = T
(
2e−ρ∂aρ∂i̟a

)
+R

(4)
2 +R6 +R5 +R

(2)
2 +R

(2)
3 +R

(2)
4 +R

(3)
2 , (2.16) A1n
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At last, let us consider A2. By using chain rule, we obtain

A2 = 2e−ρ∂i(∂jv
a)∂j̟a

= ∂i(2e−ρ∂jv
a∂j̟a) +R

(5)
2 +R

(2)
1 ,

(2.17) A2

where

R
(5)
2 = 2e−ρ∂iρ∂jv

a∂j̟a, R
(2)
1 = −2e−ρ∂jv

a∂j(∂i̟a).

The commutator rule tells us

TcurlΩi = T
(
ǫijk∂jΩk

)
= ǫijk∂jTΩk + ǫijk[T, ∂j ]Ωk

= curlTΩi − ǫijk∂jv
m∂mΩk

= curlTΩi +R
(3)
1 ,

where

R
(3)
1 = −ǫijk∂jv

m∂mΩk.

Adding (2.16) and (2.27) to (2.12), and then combining with (2.11), we can conclude that

TcurlΩi =curlTΩi − ǫijk∂jv
m∂mΩk.

=T(2e−ρ∂aρ∂i̟a) + ∂j
(
2e−ρ∂nv

a∂n̟a

)

+R1 +R2 +R3 +R4 +R5 +R6,

where

Ri1 =R
(1)
1 +R

(2)
1 +R

(3)
1

=− 2e−ρǫkmnǫ
ijk∂mva∂j(∂

n̟a) + e−ρǫamnǫijk∂avk∂
2
mj̟n

− 2e−ρ∂jv
a∂ij̟b + ǫijk∂jv

m∂mΩk,

Ri2 =R
(1)
2 +R

(2)
2 +R

(3)
2 +R

(4)
2 +R

(5)
2

= 2e−ρǫkmnǫ
ijk∂mva∂n̟a∂jρ− e−ρǫamnǫijk∂avk∂m̟n∂jρ

− 2e−ρ∂avk∂kρ∂
i̟i + 2e−ρ∂aρ∂i̟a

− 2e−ρ∂aρ∂i̟m∂mva + 2e−ρ∂iρ∂nva∂n̟a,

Ri3 =R
(1)
3 +R

(2)
3 = ǫamn̟i∂aρ∂m̟n + 2ǫajk∂jρ̟k∂n̟b,

Ri4 =R
(1)
4 +R

(2)
4 = ǫamn∂a̟

i∂m̟n + 2eρΩa∂i̟a,

Ri5 =2e−ρ∂aρ∂ivk∂k̟a, Ri6 := −2e−ρ∂aρ̟m∂i(∂mva).

At this stage, we complete the proof of (2.8). �

In the following, we will introduce some commutator estimates, product estimates.

2.2. Classical commutator estimates and product estimates. Firstly, let us give some commutator

estimates and product estimates, which has been introduced in references [20, 32, 38].

jh Lemma 2.5. [20] Let Λ = (−∆)
1
2 , s ≥ 0. Then for any scalar function h, f , we have

‖Λs(hf)− (Λsh)f‖L2
x
. ‖Λs−1h‖L2

x
‖∂f‖L∞

x
+ ‖h‖Lp

x
‖Λsf‖Lq

x
,

where 1
p
+ 1

q
= 1

2 .
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cj Lemma 2.6. [20] Let a ≥ 0. For any scalar function h and f , we have

‖hf‖Ha
x
. ‖h‖L∞

x
‖f‖Ha

x
+ ‖f‖L∞

x
‖h‖Ha

x
.

jh0 Lemma 2.7. [20] Let F (u) be a smooth function of u, F (0) = 0 and u ∈ L∞
x . For any s ≥ 0, we have

‖F (u)‖Hs . ‖u‖Hs(1 + ‖u‖L∞
x
).

ps Lemma 2.8. [32] Suppose that 0 ≤ r, r′ < n
2 and r + r′ > n

2 . Then

‖hf‖
Hr+r′−n

2 (Rn)
≤ Cr,r′‖h‖Hr(Rn)‖h‖Hr′ (Rn).

If −r ≤ r′ ≤ r and r > n
2 then

‖hf‖Hr′(Rn) ≤ Cr,r′‖h‖Hr(Rn)‖h‖Hr′ (Rn).

lpe Lemma 2.9. [38] Let 0 ≤ α < 1. Then

‖Λα(hf)‖L2
x(R

3) . ‖h‖Ḃα
∞,2(R

3)‖f‖L2
x(R

3) + ‖h‖L∞
x (R3)‖f‖Ḣα

x (R3).

wql Lemma 2.10. [38] Let 0 < α < 1. Then

‖Λα(f1f2f3)‖L2
x(R

3) . ‖fi‖H1+α

∏
j 6=i‖fj‖H1 .

Lemma 2.11. [30] Given p ∈ [1,∞] such that p ≥ m′ with m′ the conjugate exponent of m. Let f, gMiao

and Φ belong to the suitable functional spaces. Then

‖Φ ∗ (hf)− h ∗ (Φf)‖Lp
x
. ‖xΦ‖L1‖∇f‖L∞

x
‖h‖Lp .

2.3. Useful lemmas. Let us give some useful product estimates and commutator estimates, which play

a crucial role in the paper.

LD Lemma 2.12. Let the metric g is defined in (1.3). If f is the solution of

�gf = 0, t > τ,

f |t=τ = −G(τ, x), Tf |t=τ = −B(τ, x),

then

V (t, x) =

∫ t

0
f(t, x; τ)dτ

is the solution of the linear wave equation

�gV = TG+B,

V |t=0 = 0, TV |t=0 = −G(0, x).

Proof. We first note �g = −TT+ c2s∆. By calculating, we get

TV =

∫ t

0
Tf(t, x; τ)dτ + f(t, x; t)

=

∫ t

0
Tf(t, x; τ)dτ −G(t, x).

Taking the operator T again, we have

−TTV = −

∫ t

0
TTf(t, x; τ)dτ −Tf(t, x; t) +TG

= −

∫ t

0
TTf(t, x; τ)dτ +B(t, x) +TG.

(2.18) d1
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On the other hand,

c2s∆V =

∫ t

0
c2s∆f(t, x; τ)dτ. (2.19) d2

Adding (2.18) and (2.19), we can derive that

�gV = TG+B.

Furthermore, it satisfies

V |t=0 = 0, TV |t=0 = −G(0, x).

We complete the proof of this lemma. �

LPE Lemma 2.13. Let 0 < α < 1. Let β > α and sufficiently close to α. Then

‖hf‖Ḃα
∞,2(R

3) . ‖h‖L∞
x
‖f‖Ḃα

∞,2(R
3) + ‖h‖Cβ (R3)‖f‖L∞ . (2.20) HF

Proof. Firstly, we have

‖hf‖2
Ḃα

∞,2(R
3)

=
∑

j≥−12
2jα‖∆j(hf)‖

2
L∞ .

By using Bony decomposition, we get

∆j(hf) =
∑

|k−j|≤2∆j(∆khSk−1f) +
∑

|k−j|≤2∆j(∆kfSk−1h) +
∑

k≥j−1∆j(∆kh∆kf).

By Hölder inequality, we derive that
∑

j≥−12
2jα‖∆j(hf)‖

2
L∞

.
∑

j≥−12
2jα(

∑
|k−j|≤2‖∆j∆kh‖L∞‖Sk−1f‖L∞)2

+
∑

j≥−12
2jα(

∑
|k−j|≤2‖∆j∆kf‖L∞‖Sk−1h‖L∞)2

+
∑

j≥−12
2jα(

∑
k≥j−1‖∆j∆kf‖L∞‖∆kh‖L∞)2

.
∑

j≥−12
2jα‖∆jh‖

2
L∞‖f‖2L∞ + ‖h‖2L∞

x
‖f‖2

Ḃα
∞,2(R

3)

+
∑

j≥−1‖∆jf‖
2
L∞(

∑
k≥j−12

2(−β+α)2kβ‖∆kh‖L∞)2.

(2.21) HF1

It suffices for us to give the bounds of the last right terms on (2.21). Note
∑

j≥−12
2jα‖∆jh‖

2
L∞‖f‖2L∞ .

∑
j≥−12

2j(−β+α)22jβ‖∆jf‖
2
L∞‖f‖2L∞

.‖f‖2L∞{22j(−β+α)}l1j ({2
jβ‖∆jh‖L∞}l∞j )2

.‖f‖2L∞‖h‖2
Ḃ

β
∞,∞

. ‖f‖2L∞‖h‖2
Cβ .

(2.22) HF2

We also note
∑

j≥−1‖∆jf‖
2
L∞(

∑
k≥j−12

2(−kβ+jα)2kβ‖∆kh‖L∞)2

.
∑

j≥−1‖∆jf‖
2
L∞(

∑
k≥j−12

2(−kβ+jα)2kβ‖∆kh‖L∞)2

. ‖h‖2
Ḃ

β
∞,∞

∑
j≥−12

2j(α−β)‖∆jf‖
2
L∞

. ‖f‖2L∞‖h‖2Cβ .

(2.23) HF3

Substituing (2.22) and (2.23) to (2.21), we can get (2.20). �

The next commutator estimate is concerning to Riesz operators.
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ceR Lemma 2.14. Let 0 ≤ α < 1. Denote the Riesz operator R := ∂2(−∆)−1. Then

‖[R, v · ∇]f‖Ḣα
x (R3) . ‖v‖Ḃ1+α

∞,∞
‖f‖L2

x(R
3) + ‖v‖Ḃ1

∞,∞
‖f‖Ḣα

x (R3).

Proof. By using paraproduct decomposition, we have

∆j [R, v · ∇]f =
∑

|k−j|≤2∆j [R(∆kv · ∇Sk−1f)−∆kv · ∇RSk−1f ]

+
∑

|k−j|≤2∆j [R(Sk−1v · ∇∆kf)− Sk−1v · ∇R∆kf ]

+
∑

k≥j−1∆j [R(∆kv · ∇∆kf)−∆kv · ∇R∆kf ]

= B1 +B2 +B3,

where

B1 =
∑

|k−j|≤2∆j {R(∆kv · ∇Sk−1f)−∆kv · ∇RSk−1f} ,

B2 =
∑

|k−j|≤2∆j {R(Sk−1v · ∇∆kf)− Sk−1v · ∇R∆kf}

B3 =
∑

k≥j−1∆j {R(∆kv · ∇∆kf)−∆kv · ∇R∆kf} .

For 0 ≤ α < 1, by Hölder’s inequality and Bernstein’s inequality, we can derive

{2jα‖B1‖L2
x
}l2j

.
{∑

|k−j|≤2(‖∇RSk−1f‖L∞

x
+ ‖∇Sk−1f‖L∞

x
)2jα‖∆j∆kv‖L2

}
l2j

.
{∑

|k−j|≤22
jα2k‖∆j∆kv‖L∞

x
(‖RSk−1f‖L2 + ‖Sk−1f‖L2)

}
l2j

. ‖v‖
Ḃ1+α

∞,∞
(‖Rf‖L2

x
+ ‖f‖L2

x
) . ‖v‖

Ḃ1+α
∞,∞

‖f‖L2
x
.

(2.24) B1

By Hölder’s inequality, we have

{2jα‖B3‖L2
x
}l2j . {2jα

∑
k≥j−12

k‖∆kv‖L∞ · 2−k(‖∇∆kf‖L2 + ‖∇R∆kf‖L2)}l2j

. ‖v‖Ḃ1
∞,∞

‖f‖Ḣα .
(2.25) B3

Note

B2 =
∑

|k−j|≤2∆j [R, Sk−1v·]∆k∇f.

By Lemma 2.11 and Hölder’s inequality, we get

{2jα‖B2‖L2
x
}l2j .

{∑
|k−j|≤2‖xΦ‖L1‖∇Sk−1v‖L∞

x
2jα‖∆j∆kf‖L2

x

}
l2j

.
{∑

|k−j|≤2‖∇Sk−1v‖L∞

x
2jα‖∆j∆kf‖L2

x

}
l2j

.‖v‖Ḃ1
∞,∞

‖f‖Ḣα .

(2.26) B2

Here, we use the fact that Φ =
xixj
|x|2 2

3jΨ(2jx) and Ψ is in Schwartz space. Gathering (2.24), (2.25) and

(2.26) together, we have finished the proof of Lemma 2.14. �

YR Lemma 2.15. Let 2 < s1 ≤ s2. Then

{2(s1−1)j‖[∆j ,T]f‖
Ḣ

s2−s1
x (R3)

}l2j
. ‖∂v‖L∞

x
‖f‖Ḣs2

x (R3) + ‖v‖Hs2‖f‖H1 .

Proof. We first have

[∆j,T]f = [∆j , v · ∇]f.
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By using paraproduct decomposition, we have

[∆j , v · ∇]f =
∑

|k−j|≤2

(
∆j(∆kv · ∇Sk−1f)−∆kv · ∇Sk−1∆jf

)

+
∑

|k−j|≤2

(
∆j(Sk−1v · ∇∆kf)− Sk−1v · ∇∆k∆jf

)

+
∑

k≥j−1

(
∆j(∆kv · ∇∆kf)−∆kv · ∇∆k∆jf

)

= A1 +A2 +A3,

where

A1 =
∑

|k−j|≤2 {∆j(∆kv · ∇Sk−1f)−∆kv · ∇Sk−1∆jf} ,

A2 =
∑

|k−j|≤2 {∆j(Sk−1v · ∇∆kf)− Sk−1v · ∇∆k∆jf}

A3 =
∑

k≥j−1 {∆j(∆kv · ∇∆kf)−∆kv · ∇∆k∆jf} .

Notice suppÂ1, suppÂ2 ⊆ {ξ ∈ R3 : 2j−5 ≤ |ξ| ≤ 2j+5}. By Hölder’s inequality and commutator

estimate, we can derive

{2j(s1−1)‖A2‖Ḣs2−s1
x

}l2j
.

{
2j(s2−1)‖A2‖L2

}
l2j

=
{
2j(s2−1)‖[∆j , Sj−1v · ∇]∆jf‖L2

}
l2j

.
{
2j(s2−1)‖∇v‖L∞‖∆jf‖L2

}
l2j

. ‖∇v‖L∞‖f‖Ḣs2−1 .

(2.27) A2

By Hölder’s inequality, we have

{2j(s1−1)‖A1‖Ḣs2−s1
x

}l2j .
{
2j(s2−1)‖A2‖L2

}
l2j

=
{
2j(s2−1)‖∆jv‖L3‖∇f‖L6

}
l2j

. ‖v‖
Ḃ

s2−1
3,2

‖∇f‖L6

. ‖v‖
H

s2−
1
2
‖f‖H1 . ‖v‖Hs2‖f‖H1 .

(2.28) A1

We rewrite A3 by the form

A3 =
∑

k≥j−1[∆j ,∆kv · ∇]∆kf.

Using Hölder’s inequality, we prove that

{2j(s1−1)‖A3‖Ḣs2−s1
x

}l2
j
. ‖∇v‖L∞‖f‖

Ḣs2−1 . (2.29) A3

Thus, we complete the proof of this lemma. �

ce Lemma 2.16. Let 0 < α < 1. Then

‖[Λαx , v · ∇]f‖L2
x(R

3) . ‖∂v‖Ḃ0
∞,2

‖f‖Ḣα
x (R3).
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Proof. By using paraproduct decomposition, we have

∆j[Λ
α
x , v · ∇]f =

∑
|k−j|≤2∆j [Λ

α
x(∆kv · ∇Sk−1f)−∆kv · ∇ΛαxSk−1f ]

+
∑

|k−j|≤2∆j [Λ
α
x(Sk−1v · ∇∆kf)− Sk−1v · ∇Λαx∆kf ]

+
∑

k≥j−1∆j [Λ
α
x(∆kv · ∇∆kf)−∆kv · ∇Λαx∆kf ]

= V1 + V2 + V3,

where

V1 =
∑

|k−j|≤2∆j [Λ
α
x(∆kv · ∇Sk−1f)−∆kv · ∇ΛαxSk−1f ] ,

V2 =
∑

|k−j|≤2∆j [Λ
α
x(Sk−1v · ∇∆kf)− Sk−1v · ∇Λαx∆kf ]

=
∑

|k−j|≤2∆j [Λ
α
x , Sk−1v · ∇]∆kf,

V3 =
∑

k≥j−1∆j [Λ
α
x(∆kv · ∇∆kf)−∆kv · ∇Λαx∆kf ] .

For 0 < α < 1, by Hölder’s inequality and Bernstein’s inequality, we can derive

{‖V1‖L2
x
}l2j .

{∑
|k−j|≤2(‖∇ΛαSk−1f‖L2

x
+ 2jα‖∇Sk−1f‖L2

x
)‖∆j∆kv‖L∞

}
l2j

.
{∑

|k−j|≤22
k‖‖∆j∆kv‖L∞

x
‖Sk−1Λ

αf‖L2

}
l2
j

. ‖∂v‖Ḃ0
∞,2

‖f‖Ḣα .

(2.30) V1

By Hölder inequality, we have

{‖V3‖L2
x
}l2j

. ‖∇v‖L∞
x
‖f‖Ḣα . (2.31) V3

By Lemma 2.11 (by setting Φ = 2j(α+3)Ψ(23x), Ψ is in Schwartz space) and Hölder inequality, we get

{‖V2‖L2
x
}l2j

.
{∑

|k−j|≤2‖xΦ‖L1‖∇Sk−1v‖L∞

x
‖∆j∆kf‖L2

x

}
l2j

.
{∑

|k−j|≤22
jα‖∇Sk−1v‖L∞

x
‖∆j∆kf‖L2

x

}
l2j

.‖∇v‖Ḃ0
∞,∞

‖f‖Ḣα . ‖∇v‖L∞

x
‖f‖Ḣα .

(2.32) V2

Gathering (2.30), (2.31), and (2.32), we can get Lemma 2.16. �

yx Lemma 2.17. Let 2 < s1 ≤ s2. Let g be a Lorentz metric and g00 = −1. We have
{
2(s1−1)j‖[�g,∆j ]f‖Ḣs2−s1

}
l2j

. ‖df‖L∞
x
‖dg‖Ḣs2−1 + ‖dg‖L∞

x
‖df‖Ḣs2−1 . (2.33) YX

Proof. Let Rj = [�g,∆j ]f and Sj =
∑

j′≤j ∆j′ . Note g00 = −1. Then we can decompose Rj as

Rj = Ej +Aj +Gj ,

where

Ej =∆j(g
αi∂αif)− Sj(g

αi)∆j(∂αif),

Aj =
(
Sj(g

αi)− gαi
)
∆j(∂αif),

Gj =∆j

(
c−1
s ∂α(csg

αβ)
)
∂βf.

Consider

∆k∆jf = 0, if |k − j| ≥ 8.
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Note the support of Êj being in the set {ξ : 2j−5 ≤ |ξ| ≤ 2j+10}, then

‖Ej‖Ḣs2−s1 . 2j(s2−s1)‖Ej‖L2
x
.

For Aj , we first have

Aj =
∑

j′>j

∆j′(g
αi)∆j(∂αif).

By classical product estimates, we derive that

‖Aj‖Ḣs2−s1 .
∑

j′>j

(‖∆j′(g
αi)‖L∞‖∆j(∂αif)‖Ḣs2−s1 + ‖∆j′(g

αi)‖Ḣs2−s1‖∆j(∂αif)‖L∞).
(2.34) AJ

By Bernstein’s ineuality, we can update (2.34) as

{2j(s1−1)‖Aj‖Ḣs2−s1}l2j

.{
∑

j′>j

(‖∆j′(∇gαi)‖L∞2−j
′+j‖∆j(∂f)‖Ḣs2−1

+ 2j(s1−1)‖∆j′(g
αi)‖

Ḣs2−s1 · 2j‖∆j(∂f)‖L∞)}l2j
.

We set

N1 = {
∑

j′>j

‖∆j′(∇gαi)‖L∞2−j
′+j‖∆j(∂f)‖Ḣs2−1}l2j ,

N2 = {
∑

j′>j

2j(s1−1)‖∆j′(g
αi)‖Ḣs2−s1 · 2

j‖∆j(∂f)‖L∞)}l2j .

By direct calculation, we have

N1 . ‖dg‖L∞

x
‖df‖

Ḣ
s2−1
x

, N2 . ‖df‖L∞

x
‖dg‖

Ḣ
s2−1
x

.

In a result, we get
{
2(s1−1)j‖Aj‖Ḣs2−s1

}
l2j

. ‖dg‖L∞

x
‖df‖

Ḣ
s2−1
x

+ ‖df‖L∞

x
‖dg‖

Ḣ
s2−1
x

. (2.35) A9

For Gj , by phase decomposition, we note

∆kGj =
∑

|k−m|≤2∆k

(
∆m

(
∆j(c

−1
s ∂α(csg

αβ))
)
Sm−1∂βf

)

+
∑

|k−m|≤2∆k

(
Sm−1

(
∆j(c

−1
s ∂α(csg

αβ))
)
∆m∂βf

)

+∆k

(
∆̃k

(
∆j(c

−1
s ∂α(csg

αβ))
)
∆̃k∂βf

)
,

where ∆̃k = ∆k−1 +∆k +∆k+1. By Hölder’s inequality, we can deduce

‖∆kGj‖L2
x
. ‖∆k∆j

(
c−1
s ∂α(csg

αβ)
)
‖L2

x
(‖Sk∂βf‖L∞

x
+ ‖∆k∂βf‖L∞

x
)

+ ‖Sk
(
∆j(c

−1
s ∂α(csg

αβ))‖L∞

x
‖∆k∂βf‖L2

x
.

By Hölder’s inequality, we can deduce that

‖Gj‖L2
x
. ‖∆j

(
c−1
s ∂α(csg

αβ)
)
‖L2

x
‖df‖L∞

x
.

In a result, we can get

‖Gj‖Ḣs2−s1 . ‖∆j

(
c−1
s ∂α(csg

αβ)
)
‖L2

x
‖df‖L∞

x
+ ‖c−1

s ∂α(csg
αβ)‖L∞

x
‖∆j∂βf‖L2

x
.
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{
2(s1−1)j‖Gj‖Ḣs2−s1

}
l2
j

. ‖df‖L∞

x
‖dg‖

Ḣ
s2−1
x

+ ‖dg‖L∞

x
‖df‖

Ḣ
s2−1
x

. (2.36) G9

It remains for us to give a bound for Ej . By phase decomposition, we have

Ej =∆j(g
αi∂αif)− Sj(g

αi)∆j(∂αif)

=∆j

(
Sj(g

αi)∂αif
)
− Sj(g

αi)∆j(∂αif)

+ ∆j

(
∆j(g

αi)Sj(∂αif)
)
+∆j

(
∆̃j(g

αi)∆̃j(∂αif)
)
,

where ∆̃j = ∆j−1 +∆j +∆j+1. By commutator estimates, we have

‖Ej‖L2
x
= ‖[∆j , Sjg

αi]∆j(∂αi)f‖L2
x
+ ‖∆j

(
∆j(g

αi)Sj(∂αif)
)
‖L2

x
+ ‖∆j

(
∆̃j(g

αi)∆̃j(∂αif)
)
‖L2

x

. ‖∂g‖L∞
x
‖∆j(df)‖L2

x
+ ‖∂f‖L∞

x
‖∆j(dg)‖L2

x
.

In a result, we get
{
2(s1−1)j‖Ej‖Ḣs2−s1

}
l2j

. ‖∂g‖L∞

x
‖df‖

Ḣ
s2−1
x

+ ‖∂f‖L∞

x
‖dg‖

Ḣ
s2−1
x

. (2.37) E9

By combining (2.35), (2.36), and (2.37), we can get (2.33). �

yux Lemma 2.18. Let η be defined in (1.14). Let D and Q be stated in (2.3) and (2.4) respectively. Let

s ∈ (2, 52) and 2 < s0 < s. Then the following estimates

‖D, Q‖Hs−1 . ‖dρ, dv‖L∞(‖ρ, v‖Hs + ‖̟‖
H

3
2+), (2.38) YYE

and

‖Tη‖Hs . ‖̟‖
H

3
2+‖v,ρ‖Hs , (2.39) eta

hold. Moreover, the function η satisfies

‖η‖Hs0+1 . (1 + ‖ρ‖Hs0
x
)‖̟‖Hs0

x
. (2.40) eee

Proof. We recall the expression of D

D = −3c−1
s c′sg

αβ∂αρ∂βρ+ 2
∑

1≤a<b≤3

{
∂av

a∂bv
b − ∂av

b∂bv
a
}
,

which is described in (2.3). Using Lemma 2.6, we can get

‖D‖Hs−1 . ‖dρ‖L∞‖dρ‖Hs−1 + ‖∂v‖L∞‖∂v‖Hs−1 . (2.41) Ds

Note

Qi = 2eρǫiabTva̟b −
(
1 + c−1

s c′s
)
gαβ∂αρ∂βv

i

= − 2eρǫiabc2s∂
a
ρ̟b −

(
1 + c−1

s c′s
)
gαβ∂αρ∂βv

i.

By Lemma 2.6, we can deduce that

‖Q‖Hs−1 . (‖dρ‖L∞ + ‖dv‖L∞)(‖dρ‖Hs−1 + ‖dv‖Hs−1). (2.42) Qi

By using (1.11), then we have

‖dv‖Hs−1 + ‖dρ‖Hs−1 . ‖∂v‖Hs−1 + ‖∂ρ‖Hs−1 . ‖v‖Hs + ‖ρ‖Hs . (2.43) fa

Combining (2.43), (2.42), and (2.41), we have proved (2.38). It remains for us to prove (2.39) and (2.40).

By (1.14) and Sobolev imbedding, and elliptic estimates, we can derive that

‖η‖Hs ≤ ‖eρcurl̟‖
Hs−2

x
≤ (1 + ‖ρ‖

H
3
2+)‖̟‖

Hs−1
x

, (2.44) ETAs
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and

‖η‖Hs0+1 . (1 + ‖ρ‖H2
x
)‖̟‖Hs0

x
. (2.45) ETAs0

Let us give a bound for Tη. By using (1.14), we get

−∆η = eρcurl̟ = e2ρΩ.

Then we have

−∆(Tηi) = TΩi −∆vm∂mη
i − 2∂jv

m∂j(∂mη). (2.46) bs

By (2.46), (2.6), and Lemma 2.8, we have

‖Tη‖Hs
x
. ‖∂v · ∂̟‖

Hs−2
x

+ ‖∂2v · ∂η‖
Hs−2

x
+ ‖∂2η · ∂v‖

Hs−2
x

. ‖∂v‖Hs−1‖∂̟‖
H

1
2+ + ‖∂2v‖Hs−2‖∂η‖

H
3
2+ + ‖∂v‖Hs−1‖∂2η‖

H
1
2+

. ‖̟‖
H

3
2+‖v,ρ‖Hs .

At this stage, we complete the proof of the lemma. �

3. BASIC ENERGY ESTIMATES AND STABILITY THEOREM

In this part, we will prove the energy estimates and stability theorem. Firstly, we use the hyperbolic

system to give the basic energy estimate for density and velocity.

dv Theorem 3.1. (Basic Energy estimates for velocity and density) Let v and ρ be a solution of (1.11). Let

̟ be defines in (1.5). Then for any s ≥ 0, we have

‖ρ‖Hs + ‖v‖Hs . (‖ρ0‖Hs + ‖v0‖Hs) exp(

∫ t

0
‖dv, dρ‖L∞

x
dτ), t ∈ [0, T ]. (3.1) E2

Proof. Using Lemma 2.1, we have

∂tU +
3∑

i=1

Ai(U)∂iU = 0,

where U = (ρ, v1, v2, v3)T. Operating Λa on the above equality, we have

∂t(Λ
aU) +

3∑

i=1

Ai(U)∂i(Λ
aU) = −

3∑

i=1

[Λa, Ai(U)]∂iU. (3.2) Uy

Multiplying ΛaU , integrating it by parts on (3.2), and using Lemma 2.5, it yields to

d

dt
‖ΛaU‖2L2 .

∫

R3

‖dU‖L∞
x
‖ΛaU‖2L2dτ.

Integrating it on [0, t] and summing a = 0 with a = s, we can prove

‖U(t)‖2Hs . ‖U(0)‖2Hs exp
(∫ t

0
‖dU‖L∞

x
dτ

)
.

That is to say,

‖ρ‖Hs + ‖v‖Hs . (‖ρ0‖Hs + ‖v0‖Hs) exp
(∫ t

0
‖dv, dρ‖L∞

x
dτ

)
, t ∈ [0, T ].

�

Secondly, by utilizing Lemma 2.4, we can give basic energy estimates for vorticity.
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ve Theorem 3.2. (Basic Energy estimates for vorticity) Let v and ρ be a solution of (1.11). Let ̟ be

defined in (1.5) and ̟ satisfy (2.5). For s0 > 2, the following energy estimates hold:

‖̟(t)‖Hs0
x

. ‖̟0‖Hs0
x

exp
(∫ t

0
(‖dv, dρ‖L∞

x
+ ‖∂v‖

Ḃ
s0−2
∞,2

)dτ
)
, (3.3) WH

and

‖̟‖H2 . ‖(v0,ρ0,̟0)‖H2 exp(5

∫ t

0
‖∂v, ∂ρ‖L∞

x
dτ). (3.4) WL

Proof. We divide the proof into several steps.

Step 1: lower-order energy estimate. Recall that̟ satisfies the transport equation (2.5). Multiplying

̟ and integrating it on [0, t]× R3, we can get

‖̟(t)‖2L2
x
. ‖̟0‖

2
L2
x
+

∫ t

0
‖∂v‖L∞

x
‖̟‖2L2

x
dτ. (3.5) w0

Using Gronwall’s inequality, we have

‖̟‖2L2 . ‖̟0‖
2
L2 exp

(∫ t

0
‖dv‖L∞

x
dτ

)
. (3.6) WOE

By elliptic estimates, we obtain that

‖̟‖Ḣ2
x
≤ ‖curl̟‖Ḣ1

x
+ ‖div̟‖Ḣ1

x
. (3.7) w1

By Lemma 2.4, and using Hölder inequality, we can prove

‖div̟‖Ḣ1
x
= ‖̟ · ∂ρ‖Ḣ1

x
≤ C‖̟‖

H
7
4
x

‖∂ρ‖H1
x
.

By interpolation formula and Young’s inequality, we can update it by

‖div̟‖Ḣ1
x
≤C(‖̟‖

1
4

L2
x
‖̟‖

3
4

H2
x
)‖∂ρ‖H1

x

≤C‖̟‖L2
x
‖∂ρ‖4H1

x
+

c1
100

‖̟‖H2
x
.

(3.8) dw1

Using curl̟ = eρΩ, we have

‖curl̟‖Ḣ1
x
= ‖curlcurl̟‖L2

x
= ‖curl(eρΩ)‖L2

x
.

By Hölder’s inequality, we get

‖∂ρ∂̟‖L2
x
≤ C‖̟‖

H
7
4
x

‖∂ρ‖H1
x
≤ C‖̟‖L2

x
‖∂ρ‖4H1

x
+

1

100
‖̟‖H2

x
. (3.9) yxe

Thus, we have

‖curl̟‖Ḣ1
x
≤C‖∂ρ∂̟‖L2

x
+ C‖curlΩ‖L2

x

≤C‖̟‖L2
x
‖∂ρ‖4H1

x
+

1

100
‖̟‖H2

x
+ C‖curlΩ‖L2

x
,

(3.10) cw1

and

‖curl̟‖Ḣ1
x
≥‖curlΩ‖L2

x
− C‖∂ρ∂̟‖L2

x

≥‖curlΩ‖L2
x
− C‖̟‖L2

x
‖∂ρ‖4H1

x
−

1

100
‖̟‖H2

x
.

(3.11) cw2
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Note (2.8). That is,

T
(
curlΩi − 2e−ρ∂aρ∂

i̟a
)
= ∂i

(
2e−ρ∂nva∂

n̟b
)
+

6∑

j=1

Rij .

Multiplying curlΩi − 2e−ρ∂aρ∂i̟
a on the above equality and integrating it on R3, we can derive that

d

dt
‖curlΩ− 2e−ρ∂aρ∂̟

a‖2L2 =

∫

R3

∂i
(
2e−ρ∂nva∂

n̟b
)
·
(
curlΩi − 2e−ρ∂aρ∂i̟

a
)
dx

+

6∑

j=1

∫

R3

Rij ·
(
curlΩi − 2e−ρ∂aρ∂i̟

a
)
dx.

(3.12) oneW

Set

K1 =

∫

R3

∂i
(
2e−ρ∂nva∂

n̟b
)
·
(
curlΩi − 2e−ρ∂aρ∂i̟

a
)
dx, (3.13) K1

and

K2 =

6∑

j=1

∫

R3

Rij ·
(
curlΩi − 2e−ρ∂aρ∂i̟

a
)
dx. (3.14) K2

Integrating by parts, we can update K1 as

K1 =

∫

R3

(
2e−ρ∂nva∂

n̟b
)
· ∂i

(
curlΩi − 2e−ρ∂aρ∂i̟

a
)
dx

=

∫

R3

(
2e−ρ∂nva∂

n̟b
)
· ∂i

(
− 2e−ρ∂aρ∂i̟

a
)
dx,

(3.15) w3

where we use the fact ∂icurlΩi = 0. By Plancherel formula and Hölder’s inequality, we can prove

|K1| =

∣∣∣∣
∫

R3

Λ
1
2

(
2e−ρ∂nva∂

n̟b
)
· Λ− 1

2 ∂i
(
− 2e−ρ∂aρ∂i̟

a
)
dx

∣∣∣∣
≤C‖∂v∂̟‖

H
1
2
x

+ C‖∂ρ∂̟‖
H

1
2
x

≤C(‖∂v‖H1
x
+ ‖∂ρ‖H1

x
)‖∂̟‖H1

x

≤C(‖v‖2H2
x
+ ‖ρ‖2H2

x
) +

1

100
‖̟‖2H2

x
.

(3.16) K1e

On the other hand, using (2.9), we can get

|K2| .‖∂v‖L∞

x
‖∂2̟‖L2‖curlΩ− 2e−ρ∂aρ∂̟

a‖L2
x

+ (‖∂v‖L∞

x
‖∂ρ‖L∞

x
‖∂̟‖L2

x
+ ‖∂̟‖2L2

x
)‖curlΩ− 2e−ρ∂aρ∂̟

a‖L2
x

+ ‖∂v‖L∞

x
‖∂ρ‖L∞

x
‖∂2v‖L2‖curlΩ− 2e−ρ∂aρ∂̟

a‖L2
x
.

(3.17) w4

Combining (3.6) to (3.17), we therefore have

d

dt
‖curlΩ− 2e−ρ∂aρ∂̟

a‖2L2 ≤C(‖v‖2H2
x
+ ‖ρ‖2H2

x
) +

1

100
‖̟‖2H2

x

+ C‖∂v‖L∞

x
‖∂2̟‖L2‖curlΩ− 2e−ρ∂aρ∂̟

a‖L2
x

+ C(‖∂v‖L∞

x
‖∂ρ‖L∞

x
‖∂̟‖L2

x
+ ‖∂̟‖2L2

x
)‖curlΩ− 2e−ρ∂aρ∂̟

a‖L2
x

+ C‖∂v‖L∞

x
‖∂ρ‖L∞

x
‖∂2v‖L2‖curlΩ− 2e−ρ∂aρ∂̟

a‖L2
x
.
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Integrating it from [0, t], we can derive that

‖curlΩ− 2e−ρ∂aρ∂̟
a‖2L2(t)− ‖curlΩ− 2e−ρ∂aρ∂̟

a‖2L2(0)

≤C

∫ t

0
(‖v‖2H2

x
+ ‖ρ‖2H2

x
+

1

100
‖̟‖2H2

x
)dτ

+ C

∫ t

0
‖∂v‖L∞

x
‖∂2̟‖L2‖curlΩ− 2e−ρ∂aρ∂̟

a‖L2
x
dτ

+ C

∫ t

0
(‖∂v‖L∞

x
‖∂ρ‖L∞

x
‖∂̟‖L2

x
+ ‖∂̟‖2L2

x
)‖curlΩ− 2e−ρ∂aρ∂̟

a‖L2
x
dτ

+ C

∫ t

0
‖∂v‖L∞

x
‖∂ρ‖L∞

x
‖∂2v‖L2‖curlΩ− 2e−ρ∂aρ∂̟

a‖L2
x
dτ.

(3.18) w6

Consider

‖curlΩ‖L2 − C‖∂ρ∂̟‖L2 ≤ ‖curlΩ− 2e−ρ∂aρ∂̟
a‖L2

x
≤ ‖curlΩ‖L2 + C‖∂ρ∂̟‖L2 . (3.19) w5

Inserting (3.9) into (3.19), we can have

‖curlΩ− 2e−ρ∂aρ∂̟
a‖L2

x
≥ ‖curlΩ‖L2 − (C‖̟‖L2

x
‖∂ρ‖4H1

x
+

1

100
‖̟‖H2

x
), (3.20) w7

and

‖curlΩ− 2e−ρ∂aρ∂̟
a‖L2

x
≤ ‖curlΩ‖L2 + (C‖̟‖L2

x
‖∂ρ‖4H1

x
+

1

100
‖̟‖H2

x
). (3.21) w8

Adding (3.18) and (3.5), and combining with (3.10), (3.11), (3.20), and (3.21), we can get

‖̟‖H2 . ‖(v0,ρ0,̟0)‖H2 exp(5

∫ t

0
‖∂v, ∂ρ‖L∞

x
dτ). (3.22) w2ee

Step 2: higher-order energy estimate of div̟. Note (2.7). Using product estimates in Lemma 2.8, we

can derive that

‖div̟‖Hs0−1 = ‖̟ · ∂ρ‖Hs0−1 . ‖̟‖H2‖∂ρ‖Hs0−1 . (3.23) DW

By interpolation formula, we can show that

‖̟‖H2
x
. ‖̟‖

s0−2
s0

L2
x

‖̟‖
2
s0

H
s0
x
. (3.24) DW1

Substituting (3.24) to (3.23), we then obtain

‖div̟‖Hs0−1

. ‖̟‖
s0−2
s0

L2
x

‖̟‖
2
s0

H
s0
x
‖∂ρ‖Hs0

.
(
‖̟0‖L2 exp(

∫ t
0‖dv‖L∞

x
dτ)

) s0−2
s0

L2
x

‖̟‖
2
s0

H
s0
x

(
‖ρ0‖Hs0 exp(

∫ t
0 ‖dv, dρ‖L∞

x
dτ)

)
.

For s0−2
s0

∈ (0, 1), we then get

‖div̟‖Hs0−1 . ‖̟0‖
s0−2
s0

L2 ‖ρ0‖Hs0‖̟‖
2
s0

H
s0
x

exp(2

∫ t

0
‖dv, dρ‖L∞

x
dτ).

By Young’s inequality, we can derive that

‖divW‖2
Hs0−1 . (‖̟0‖

2
L2 + ‖ρ0‖

2
Hs0 ) exp(4

∫ t

0
‖dv, dρ‖L∞

x
dτ) +

1

16
‖̟‖2

H
s0
x
. (3.25) DWE
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Step 3: higher-order energy estimate of curl̟. To get a estimate of curl̟, we need to see the

equation (2.6) and (2.8). Note

‖curl̟‖L2
x
= ‖eρΩ‖L2

x
. ‖Ω‖L2

x
,

From (2.6), we known

d

dt
‖Ω‖2L2

x
. ‖∂v‖L∞

x
‖Ω‖L2

x
‖∂̟‖L2

x
+ ‖∂v‖L∞

x
‖Ω‖2L2

x
.

Thus,

‖Ω‖L2
x
. ‖Ω0‖L2

x
+ ‖∂v‖L1

tL
∞

x
‖∂W‖L∞

t L2
x
. (3.26) 263

For Ω0 = e−ρ0curl̟0, we then have

‖Ω0‖L2 . ‖curl̟0‖L2
x
. ‖̟0‖H1

x
.

Substituting the above inequality to (3.26), we obtain

‖curl̟‖L2
x
. ‖Ω‖L2

x
. ‖̟0‖H1

x
+ ‖∂v‖L1

tL
∞

x
‖̟‖L∞

t H1
x
. (3.27) 264

By elliptic estimates, we first note

‖curl̟‖
Ḣ

s0−1
x

=‖curlcurl̟‖
Ḣ

s0−2
x

= ‖curl(eρΩ)‖
Ḣ

s0−2
x

≤‖∂ρ · Ω‖
Ḣ

s0−2
x

+ ‖eρcurlΩ‖
Ḣ

s0−2
x

≤‖∂ρ · Ω‖
Ḣ

s0−2
x

+ ‖curlΩ‖
Ḣ

s0−2
x

.

(3.28) cer

Similarly, by using Ω = e−ρcurl̟, we then get

‖curlΩ‖
Ḣ

s0−2
x

= ‖curl(e−ρcurl̟)‖
Ḣ

s0−2
x

. ‖∂ρ · curl̟‖
Ḣ

s0−2
x

+ ‖curl̟‖
Ḣ

s0−1
x

. ‖∂ρ · Ω‖
Ḣ

s0−2
x

+ ‖curl̟‖
Ḣ

s0−1
x

.

(3.29) ceh

Seeing from (3.28) and (3.29), we known the difference between ‖curlΩ‖
Ḣ

s0−2
x

and ‖curl̟‖
Ḣ

s0−1
x

is

only a lower order term ‖∂ρ · Ω‖
Ḣ

s0−2
x

. Let us see what’s the bound of this lower order term. On one

hand, we use Lemma 2.8(taking s1 =
1
2 + s0 − 2, s2 = 1) to obtain

‖∂ρ · Ω‖
Ḣ

s0−2
x

. ‖∂ρ‖
H

1
2+s0−2
x

‖Ω‖H1
x

. ‖∂ρ‖Hs−1
x

‖Ω‖H1
x

. (1 + ‖ρ‖2Hs
x
)‖curl̟‖H1

x

. (1 + ‖ρ‖2Hs
x
)‖̟‖

s0−2
s0

L2
x

‖̟‖
2
s0

H
s0
x
.

(3.30) 266

where we use the fact

‖Ω‖H1
x
. ‖e−ρcurl̟‖H1

x
. (1 + ‖ρ‖Hs

x
)‖curl̟‖H1

x
.

By using Young’s inequality, we can update (3.30) by

‖∂ρ · Ω‖
Ḣ

s0−2
x

. (1 + ‖ρ‖2Hs
x
)‖̟‖L2

x
+

1

16
‖̟‖Hs0

x
. (3.31) 26e
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We are now in a position to consider ‖curlΩ‖
Ḣ

s0−2
x

. Operating Λs0−2
x on (2.8) give rise to

T
(
Λs0−2
x

(
curlΩi − 2e−ρ∂aρ∂

i̟a
))

=− [Λs0−2
x ,T](curlΩi − 2e−ρ∂aρ∂

i̟a)

+ ∂i
(
Λs0−2
x

(
2e−ρ∂nv

a∂n̟a

))
+ Λs0−2

x Ri1

+ Λs0−2
x Ri2 + Λs0−2

x Ri3 + Λs0−2
x Ri4 + Λs0−2

x Ri5 + Λs0−2
x Ri6.

Multiplying Λs0−2
x (curlΩi − 2e−ρ∂aρ∂i̟

a) on the above equality and integrating it on R3, we have

d

dt

(
‖curlΩ− 2e−ρ∂aρ∂̟

a‖2
Ḣs0−2

)
=

8∑

l=0

Il, (3.32) W21

where

I0 =

∫

R3

∂kv
k|Λs0−2

x

(
curlΩ− 2e−ρ∂aρ∂̟

a
)
|2dx,

I1 =

∫

R3

Λs0−2
x Ri1 · Λ

s0−2
x

(
curlΩi − 2e−ρ∂aρ∂i̟

a
)
dx,

I2 =

∫

R3

Λs0−2
x Ri2 · Λ

s0−2
x

(
curlΩi − 2e−ρ∂aρ∂i̟

a
)
dx,

I3 =

∫

R3

Λs0−2
x Ri3 · Λ

s0−2
x

(
curlΩi − 2e−ρ∂aρ∂i̟

a
)
dx,

I4 =

∫

R3

Λs0−2
x Ri4 · Λ

s0−2
x

(
curlΩi − 2e−ρ∂aρ∂i̟

a
)
dx,

I5 =
∑3

i=1

∫

R3

Λs0−2
x R5 · Λ

s0−2
x

(
curlΩi − 2e−ρ∂aρ∂i̟

a
)
dx,

I6 =

∫

R3

Λs0−2
x R6 · Λ

s0−2
x

(
curlΩi − 2e−ρ∂aρ∂i̟

a
)
dx,

I7 =

∫

R3

∂i
(
Λs0−2
x

(
2e−ρ∂nv

a∂n̟a

))
· Λs0−2

x

(
curlΩi − 2e−ρ∂aρ∂i̟

a
)
dx,

I8 =

∫

R3

[Λs0−2
x , v · ∇]

(
curlΩi − 2e−ρ∂aρ∂

i̟a
)
· Λs0−2

x

(
curlΩi − 2e−ρ∂aρ∂i̟

a
)
dx.

We will estimate these terms one by one. For I0, by Hölder’s inequality, we can derive

|I0| .‖∂v‖L∞

x
‖curlΩ− 2e−ρ∂aρ∂̟

a‖2
Ḣs0−2

.‖∂v‖
Ḃ

s0−2
∞,2

‖curlΩ− 2e−ρ∂aρ∂̟
a‖2
Ḣs0−2 .

(3.33) I0

By using R1 in (2.9), Hölder’s inequality and Lemma 2.9, we have

|I1| .‖∂v · ∂2̟‖Ḣs0−2‖curlΩ− 2e−ρ∂aρ∂̟
a‖Ḣs0−2

.
(
‖∂v‖

Ḃ
s0−2
∞,2

‖∂2̟‖L2 + ‖∂v‖L∞
x
‖∂2̟‖Ḣs0−2

)
‖curlΩ− 2e−ρ∂aρ∂̟

a‖Ḣs0−2

.‖∂v‖
Ḃ

s0−2
∞,2

‖∂2̟‖Hs0−2‖curlΩ− 2e−ρ∂aρ∂̟
a‖Ḣs0−2 .

(3.34) I1



THREE-DIMENSIONAL COMPRESSIBLE EULER EQUATIONS 25

Using R6 in (2.9), Hölder’s inequality, Lemma 2.9, and the product estimate in Besov spaces, we then

get

|I6| . ‖∂v · ∂ρ · ∂2v‖Ḣs0−2‖curlΩ− 2e−ρ∂aρ∂̟
a‖Ḣs0−2

.
(
‖∂v · ∂ρ‖

Ḃ
s0−2
∞,2

‖∂2v‖L2 + ‖∂v · ∂ρ‖L∞

x
‖∂2v‖Ḣs0−2

)
‖curlΩ− 2e−ρ∂aρ∂̟

a‖Ḣs0−2

.
(
‖∂v‖L∞

x
‖∂ρ‖

Ḃ
s0−2
∞,2

+ ‖∂ρ‖L∞

x
‖∂v‖

Ḃ
s0−2
∞,2

)
‖∂2v‖L2‖curlΩ− 2e−ρ∂aρ∂̟

a‖Ḣs0−2

+ ‖∂v‖L∞
x
‖∂ρ‖L∞

x
‖∂2v‖Ḣs0−2‖curlΩ− 2e−ρ∂aρ∂̟

a‖Ḣs0−2

.(‖∂ρ‖2
Ḃ

s0−2
∞,2

+ ‖∂v‖2
Ḃ

s0−2
∞,2

)‖∂2v‖Hs0−2‖curlΩ− 2e−ρ∂aρ∂̟
a‖Ḣs0−2 .

(3.35) I6

By using R2 in (2.9), Hölder’s inequality and Lemma 2.8, we get

|I2| .‖(∂v, ∂ρ) · ∂ρ · ∂Ω‖Ḣs0−2‖curlΩ− 2e−ρ∂aρ∂̟
a‖Ḣs0−2

.‖(∂v, ∂ρ) · ∂ρ‖
Ḃ

s0−2
∞,2

‖∂Ω‖L2‖curlΩ− 2e−ρ∂aρ∂̟
a‖Ḣs0−2

+ ‖(∂v, ∂ρ) · ∂ρ‖L∞

x
‖∂Ω‖Ḣs0−2‖curlΩ− 2e−ρ∂aρ∂̟

a‖Ḣs0−2

.(‖∂v‖L∞
x
‖∂ρ‖

Ḃ
s0−2
∞,2

+ ‖∂ρ‖L∞
x
‖∂v‖

Ḃ
s0−2
∞,2

)‖∂Ω‖L2‖curlΩ− 2e−ρ∂aρ∂̟
a‖Ḣs0−2

+ (‖∂ρ‖L∞
x
‖∂ρ‖

Ḃ
s0−2
∞,2

+ ‖∂ρ‖L∞
x
‖∂ρ‖

Ḃ
s0−2
∞,2

)‖∂Ω‖L2‖curlΩ− 2e−ρ∂aρ∂̟
a‖Ḣs0−2

+ (‖∂v‖L∞
x

+ ‖∂ρ‖L∞
x
)‖∂ρ‖L∞

x
‖∂Ω‖Ḣs0−2‖curlΩ− 2e−ρ∂aρ∂̟

a‖Ḣs0−2

.(‖∂ρ‖2
Ḃ

s0−2
∞,2

+ ‖∂v‖2
Ḃ

s0−2
∞,2

)‖∂Ω‖Hs0−2‖curlΩ− 2e−ρ∂aρ∂̟
a‖Ḣs0−2 .

(3.36) I2

Noting R3 in (2.9) and using Lemma 2.10, we also have

|I3| . ‖∂v∂ρ∂̟‖
Ḣ

s0−2
x

‖curlΩ− 2e−ρ∂aρ∂̟
a‖Ḣs0−2

. ‖∂v‖L∞

x
‖∂ρ‖L∞

x
‖∂̟‖

H
s0−2
x

‖curlΩ− 2e−ρ∂aρ∂̟
a‖Ḣs0−2

+ ‖∂ρ‖L∞
x
‖∂v‖

H
s0−1
x

‖∂̟‖H1
x
‖curlΩ− 2e−ρ∂aρ∂̟

a‖Ḣs0−2

+ ‖∂v||L∞
x
‖∂ρ‖

H
s0−1
x

‖∂̟‖H1
x
‖curlΩ− 2e−ρ∂aρ∂̟

a‖Ḣs0−2

. (‖∂ρ‖2
Ḃ

s0−2
∞,2

+ ‖∂v‖2
Ḃ

s0−2
∞,2

)‖∂Ω‖Hs0−2‖curlΩ− 2e−ρ∂aρ∂̟
a‖Ḣs0−2 ..

(3.37) I3

By using R4 in (2.9), Hölder’s inequality and Lemma 2.8, we can show

|I4| .‖∂̟ · ∂̟‖
Ḣ

s0−2
x

‖curlΩ− 2e−ρ∂aρ∂̟
a‖Ḣs0−2

.‖∂̟‖2

H
2s0−1

4
x

‖curlΩ− 2e−ρ∂aρ∂̟
a‖Ḣs0−2 .

(3.38) I4

Recalling R5 in (2.9) and using Hölder’s inequality and Lemma 2.8(taking s1 = 1, s2 = 1), we have

|I5| . ‖∂v · ∂v · ∂ρ‖
Ḣ

s0−2
x

‖curlΩ− 2e−ρ∂aρ∂̟
a‖Ḣs0−2

.
(
‖∂v‖L∞

x
+ ‖∂ρ‖L∞

x

)(
‖∂v‖

H
s0−1
x

+ ‖∂ρ‖
H

s0−1
x

)2
‖curlΩ− 2e−ρ∂aρ∂̟

a‖Ḣs0−2 .
(3.39) I5
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It remains for us to handle the most difficult term I7. Integrating I7 by parts, we get

I7 =

∫

R3

∂i
(
Λs0−2
x

(
2e−ρ∂nv

a∂n̟a

))
Λs0−2
x (curlΩi)dx

+

∫

R3

∂i
(
Λs0−2
x

(
2e−ρ∂nv

a∂n̟a

))
Λs0−2
x (−2e−ρ∂aρ∂i̟

a)dx

=

∫

R3

∂i
{
Λs0−2
x

(
2e−ρ∂nv

a∂n̟a

)
Λs0−2
x (curlΩi)

}
dx

−

∫

R3

(
Λs0−2
x

(
2e−ρ∂nv

a∂n̟a

)
∂iΛs0−2

x (curlΩi
)
dx

+

∫

R3

∂i
(
Λs0−2
x

(
2e−ρ∂nv

a∂n̟a

))
Λs0−2
x (−2e−ρ∂aρ∂i̟

a)dx

=−

∫

R3

(
Λs0−2
x

(
2e−ρ∂nv

a∂n̟a

)
∂iΛs0−2

x (curlΩi
)
dx

+

∫

R3

∂i
(
Λs0−2
x

(
2e−ρ∂nv

a∂n̟a

))
Λs0−2
x (−2e−ρ∂aρ∂i̟

a)dx.

(3.40) I7B

We note

∂iΛs0−2
x (curlΩi) = Λs0−2

x div(curlΩ) = 0. (3.41) IB0

Substituting (3.41) to (3.40), we can update it as

I7 =

∫

R3

∂i
(
Λs0−2
x

(
2e−ρ∂nv

a∂n̟a

))
Λs0−2
x (−2e−ρ∂aρ∂i̟

a)dx.

By Plancherel formula, we can obtain

I7 =

∫

R3

ξi|ξ|s0−2 ̂(
2e−ρ∂nva∂n̟a

)
· |ξ|s0−2 ̂(

− 2e−ρ∂aρ∂i̟a
)
dξ

=

∫

R3

ξi|ξ|s0−
5
2 ̂(
2e−ρ∂nva∂n̟a

)
· |ξ|s0−

3
2 ̂(

− 2e−ρ∂aρ∂i̟a
)
dξ

=

∫

R3

Λs0−
5
2∂i

(
2e−ρ∂nv

a∂n̟a

)
· Λs0−

3
2
(
− 2e−ρ∂aρ∂i̟

a
)
dx.

By Hölder inequality and Lemma 2.8, we can obtain

|I7| .‖∂v∂̟‖
Hs0−

3
2
+ ‖∂ρ∂̟‖

Hs0−
3
2

.(‖∂v‖Hs0−1 + ‖∂ρ‖Hs0−1)‖∂̟‖H1 .
(3.42) I7

It remains for us to give a bound for I8. By using Lemma 2.16, we can prove

|I8| .‖[Λs0−2
x , v · ∇]

(
curlΩ− 2e−ρ∂aρ∂̟

a
)
‖L2

x

· ‖curlΩ− 2e−ρ∂aρ∂̟
a‖Ḣs0−2

.‖∂v‖Ḃ0
∞,2

‖curlΩ− 2e−ρ∂aρ∂̟
a‖2
Ḣs0−2

.‖∂v‖
Ḃ

s0−2
∞,2

‖curlΩ− 2e−ρ∂aρ∂̟
a‖2
Ḣs0−2 .

(3.43) I8
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Combining (3.33), (3.34),... to (3.43), we can derive that

d

dt

(
‖curlΩ− 2e−ρ∂aρ∂̟

a‖2
Ḣs0−2

)

≤C‖∂v‖
Ḃ

s0−2
∞,2

‖∂2̟‖Hs0−2‖curlΩ− 2e−ρ∂aρ∂̟
a‖Ḣs0−2

+ C(‖∂ρ‖2
Ḃ

s0−2
∞,2

+ ‖∂v‖2
Ḃ

s0−2
∞,2

)‖∂Ω‖Hs0−2‖curlΩ− 2e−ρ∂aρ∂̟
a‖Ḣs0−2

+ C‖∂v, ∂ρ‖L∞

x
‖∂ρ, ∂v‖Hs0−1‖∂̟‖H1‖curlΩ− 2e−ρ∂aρ∂̟

a‖Ḣs0−2

+ C‖∂̟‖2
H

2s0−1
4

‖curlΩ− 2e−ρ∂aρ∂̟
a‖Ḣs0−2

+ C‖∂v, ∂ρ‖L∞

x
‖∂v, ∂ρ‖2

Hs0−1‖curlΩ− 2e−ρ∂aρ∂̟
a‖Ḣs0−2

+ C
(
‖∂v‖2

Ḃ
s0−2
∞,2

+ ‖∂ρ‖2
Ḃ

s0−2
∞,2

)
‖∂2v‖Hs0−2‖curlΩ− 2e−ρ∂aρ∂̟

a‖Ḣs0−2

+ C‖∂v, ∂ρ‖Hs0−1‖∂̟‖H1 + C‖∂v‖
Ḃ

s0−2
∞,2

‖curlΩ− 2e−ρ∂aρ∂̟
a‖2
Ḣs0−2

(3.44) WF

Denote

K(t) = ‖curlΩ− 2e−ρ∂aρ∂̟
a‖Ḣs0−2 .

Integrating (3.45) from [0, t], we have

K2(t)−K2(0) ≤C

∫ t

0
‖∂v‖

Ḃ
s0−2
∞,2

‖∂2̟‖Hs0−2K(τ)dτ + C

∫ t

0
‖∂v, ∂ρ‖Hs0−1‖∂̟‖H1dτ

+ C

∫ t

0
(‖∂ρ‖2

Ḃ
s0−2
∞,2

+ ‖∂v‖2
Ḃ

s0−2
∞,2

)‖∂Ω‖Hs0−2K(τ)dτ

+ C

∫ t

0
‖∂v, ∂ρ‖L∞

x
‖∂ρ, ∂v‖Hs0−1‖∂̟‖H1K(τ)dτ

+ C

∫ t

0
‖∂̟‖2

H
2s0−1

4

K(τ)dτ + C

∫ t

0
‖∂v‖

Ḃ
s0−2
∞,2

K2(τ)dτ

+ C

∫ t

0

(
‖∂v‖2

Ḃ
s0−2
∞,2

+ ‖∂ρ‖2
Ḃ

s0−2
∞,2

)
‖∂2v‖Hs0−2K(τ)dτ

+ C

∫ t

0
‖∂v, ∂ρ‖L∞

x
‖∂v, ∂ρ‖2

Hs0−1K(τ)dτ.

(3.45) WF

By Young’s inequality, we give the upper bound of K(t)

K2(t) ≥ ‖curlΩ‖2
Ḣs0−2 − C‖e−ρ∂ρ · ∂̟‖2

Ḣs0−2

≥ ‖curlΩ‖2
Ḣs0−2 − C‖∂ρ‖2

H
s0−1
x

‖∂̟‖2
H

1
2

≥ ‖curlΩ‖2
Ḣs0−2 − C‖∂ρ‖2

H
s0−1
x

(‖̟‖
1
4

L2‖∂̟‖
3
4

H1)
2

≥ ‖curlΩ‖2
Ḣs0−2 − C‖∂ρ‖8

H
s0−1
x

‖̟‖2L2 −
1

100
‖̟‖2H2

x
.

(3.46) Up

By Hölder inequality, we can give the supper bound of K(t)

K2(t) ≤ ‖curlΩ‖2
Ḣs0−2 + C‖e−ρ∂ρ · ∂̟‖2

Ḣs0−2

≤ ‖curlΩ‖2
Ḣs0−2 + C‖∂ρ‖2

H
s0−1
x

‖∂̟‖2
H

1
2
.

(3.47) Sp
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Adding (3.6) and combining (3.47), (3.46), and (3.45), we therefore get

‖̟‖2Hs0 . ‖(v0,ρ0,̟0)‖
2
Hs0 (1 + ‖(v0,ρ0,̟0)‖Hs0 ) exp

(∫ t

0
‖dρ, dv‖L∞

x
dτ

)

+

∫ t

0
(‖dv‖L∞

x
+ ‖dρ‖L∞

x
)(1 + ‖dv, dρ‖L∞

x
)‖̟‖2Hs0dτ

+

∫ t

0
(‖dv, dρ‖

Ḃ
s0−2
∞,2

)(1 + ‖dv, dρ‖L∞

x
)‖̟‖2Hs0dτ.

Using Gronwall inequality, we can get (3.4). Hence, we complete the proof of Theorem 3.2. �

Using Theorem 3.1 and 3.2, we can derive the following theorem

be Theorem 3.3. (Total energy estimates) Let v and ρ be a solution of (1.1). Let ρ and ̟ be defined as

(1.5). Set the energy

E(t) = ‖ρ(t)‖Hs + ‖v(t)‖Hs + ‖̟(t)‖Hs0 ,

and

El(t) = ‖ρ(t)‖H2 + ‖v(t)‖H2 + ‖̟(t)‖H2 .

Then the following estimates

E(t) . E(0) exp
(∫ t

0
(‖dv, dρ‖L∞

x
+ ‖∂v‖

Ḃ
s0−2
∞,2

)dτ
)
, (3.48) E7

and

El(t) . El(0) exp
(∫ t

0
(‖dv‖L∞

x
+ ‖dρ‖L∞

x
)dτ

)
, (3.49) W2e

holds.

Based on these basic energy estimates, we are ready to give a stability theorem as follows.

3.1. Stability theorem.

St Theorem 3.4. (Stability theorem) Let s > s0 > 2. Suppose that (v,ρ,̟) is a solution of (1.11) with

initial data v0,ρ0,̟0 and there is a universal C such that

‖v,ρ‖L∞

t Hs + ‖̟‖L∞

t Hs0 + ‖dv, dρ‖L2
tL

∞

x
+ ‖dv, dρ, ∂v+‖L2

t Ḃ
s0−2
∞,2

≤ C.

Let (ϕ,ψ, V ) be another solution to (1.11) with the initial data (ϕ0, ψ0) ∈ Hs, V0 ∈ Hs0 such that

ϕ,ψ, V ∈ Hs, dϕ, dψ ∈ L2
tL

∞
x and dϕ+, dψ ∈ L2

t Ḃ
s0−2
∞,2 . Then the following estimate

‖(v − ϕ,ρ − ψ)(t, ·)‖Hs−1 + ‖(̟ − V )(t, ·)‖Hs0−2 . ‖(v0 − ϕ0,ρ0 − ψ0)‖Hs−1 (3.50) s

holds.

Proof. Let U = (ρ, v)T and B = (ψ,ϕ)T . Then

∂tU +

3∑

i=1

Ai(U)∂xiU = 0,

∂tB +

3∑

i=1

Ai(B)∂xiB = 0.
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Then U −B satisfies

∂t(U −B) +

3∑

i=1

Ai(U)∂xi(U −B) = F,

where

F = −

3∑

i=1

(Ai(U)−Ai(B))∂xiB.

The standard energy estimates implies that

d

dt
‖U −B‖Hs−1 ≤ CU,B

(
‖dU, dB‖L∞

x
‖U −B‖Hs−1 + ‖U −B‖L∞

x
‖∂B‖Hs−1

)
,

where CU,B depends on the L∞
x norm of U,B. By using v,ρ,̟, ϕ, ψ, V ∈ L∞

t H
s, dv, dρ, dϕ, dψ ∈

L4
tL

∞
x and ∂V, ∂̟ ∈ L∞, we can derive that

‖(U −B)(t, ·)‖Hs−1 ≤ CU,B‖(U −B)(0, ·)‖Hs

≤ CU,B‖(v0 − ϕ0,ρ0 − ψ0)‖Hs .
(3.51) UB

Since

̟ = ρ̄e−ρcurlv, V = ρ̄e−ψcurlϕ,

then

̟ − V = ρ̄e−ρ(curlv − curlϕ) + (ρ̄e−ρ − ρ̄e−ψ)curlϕ,

we derive the following estimate by Lemma 2.8:

‖(̟ − V )(t, ·)‖Hs0−2

≤ ‖ρ‖Hs0‖curlv − curlϕ‖Hs0−2 + ‖ρ− ψ‖Hs0−2‖curlϕ‖Hs0 .
(3.52) 20

For s > s0 > 2, it follows that

‖curlϕ‖Hs0 = ‖V · ψ‖Hs0 . ‖V ‖Hs0 · ‖ψ‖Hs0 .

By using elliptic estimate, we have

‖curlv − curlϕ‖Hs0−2 . ‖v − ϕ‖Hs0−1 .

The above estimates combining with (3.52) tell us that

‖(̟ − V )(t, ·)‖Hs0−2 ≤ Cρ,ϕ(‖v − φ‖Hs0−1 + ‖ρ − ψ‖Hs0−2)

≤ Cρ,ϕ‖(v0 − ϕ0,ρ0 − ψ0)‖Hs−1 ,
(3.53) WV

where Cρ,ϕ is a constant depending with ‖ρ‖Hs0 and ‖ϕ‖Hs0 . From (3.51) and (3.53), we complete the

proof of Theorem 3.4. �

As a direct result of Theorem 3.4, we can deduce:

cor Corollary 3.5. (Uniqueness of solution) Let s > s0 > 2. Supppose (v,ρ,̟) and (ϕ,ψ, V ) be solutions

of (1.11) with initial data v0,ρ0 satisfying v0,ρ0 ∈ Hs,̟0 = ρ̄e−ρ0curlv0 ∈ Hs0 . Then we have

v = ϕ, ρ = ψ, ̟ = V.
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4. REDUCTION TO THE CASE OF SMOOTH INITIAL DATA

In this part, we reduce Theorem 1.2 to the case of smooth initial data by compactness arguments.

p3 Proposition 4.1. Let s > s0 > 2. For each M0 > 0, there exists T,M,C > 0 such that, for each smooth

initial data (v0,ρ0,̟0) which satisfies

‖(v0,ρ0)‖Hs + ‖̟0‖Hs0 ≤M0, (4.1) 2000

there exists a smooth solution (v,ρ,̟) to (2.2) on [−T, T ]× R3 satisfying

‖(v,ρ)‖Hs + ‖̟‖Hs0 ≤M. (4.2) e9

Furthermore, the solution satisfies the conditions

(1) dispersive estimate for v, ρ and v+

‖dv, dρ‖L2
tC

δ
x
+ ‖∂v+, dρ, dv‖L2

t Ḃ
s0−2
∞,2

≤M, (4.3) 303

(2) Let f satisfy equation (1.19). For each 1 ≤ r ≤ s0 + 1, the Cauchy problem (1.19) is well-posed

in Hr ×Hr−1, and the following estimate holds:

‖ 〈∂〉k f‖L2
tL

∞
x

. ‖f0‖Hr + ‖f1‖Hr−1 + ‖G‖L∞

t Hr−1∩L1
tH

r + ‖B‖L1
tH

r−1 , k < r − 1. (4.4) 304

In the following, we will use Proposition 4.1 to prove Theorem 1.2.

proof of Theorem 1.2. Consider arbitrary initial data (v0,ρ0) ∈ Hs, ̟0 ∈ Hs0 satisfying

‖v0‖Hs + ‖ρ0‖Hs + ‖̟0‖Hs0 ≤ R.

Let (vk0 ,ρ
k
0 ,̟

k
0 ) be a sequence of smooth data converging to (v0,ρ0,̟0), which also satisfy the same

bound. By Proposition 4.1, there exists the corresponding solutions (vk,ρk,̟k) satisfying (2.2).

Note that the solutions of (1.1) also satisfy the symmetric hyperbolic system (2.1). SetUk = (ρk, vk, ), k ∈

Z+. For j, l ∈ Z+, we then have

∂tU
j +

3∑

i=1

Ai(U
k)∂iU

j = 0,

∂tU
l +

3∑

i=1

Ai(U
l)∂iU

l = 0.

The standard energy estimates implies that

d

dt
‖U j − U l‖Hs−1 ≤ CUj ,U l

(
‖dU j , dU l‖L∞

x
‖U j − U l‖Hs−1 + ‖U j − U l‖L∞

x
‖∂U l‖Hs−1

)
,

where CUj ,U l depends on the L∞
x norm of U j, U l. By Strichartz estimates of dvk, dρk, k ∈ Z+ in

Proposition 4.1, we could derive that

‖(U j − U l)(t, ·)‖Hs−1 . ‖(U j − U l)(0, ·)‖Hs−1

. ‖(vj0 − vl0,ρ
j
0 − ρ

l
0)‖Hs−1 .

As a result, {(vk,ρk)}∞k=1 is a Cauchy sequence in C([−T, T ];Hs−1). Denote

lim
k→∞

(vk,ρk) = (v,ρ).
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Thus, v,ρ is in C([−T, T ];Hs−1). Since

̟k = ρ̄−1e−ρ
k

curlvk, k ∈ Z+.

Due to product estimates and elliptic estimates, we have

‖̟k −̟l‖Hs0−2 . (‖vk − vl‖Hs0−1 + ‖ρk − ρ
l‖Hs0−1)

. (‖vk0 − vl0‖Hs + ‖ρk0 − ρ
l
0‖Hs).

Above, in the last line we use Lemma 2.7. This implies that̟k is a Cauchy sequence inC([−T, T ];Hs0−2).

We denote the limit

lim
k→∞

̟k = ̟,

and W is in C([−T, T ];Hs0−2).

Since vk,ρk is uniformly bounded in C([−T, T ];Hs) and ̟k is bounded in C([−T, T ];Hs0) respec-

tively. Thus, (v,ρ) ∈ C([−T, T ];Hs),̟ ∈ C([−T, T ];Hs0). On the other hand, using Proposition 4.1,

dvk and dρk are uniformly bounded in L2([−T, T ];Cδ). Consequently, {(dvk, dρk)}k≥1 converges to

(dv, dρ) in L2([−T, T ];L∞).

We also have dvk and dρk bounded in L2([−T, T ]; Ḃs0−2
∞,2 ). This combines with {(dvk, dρk)}k≥1

converging to (dv, dρ) in L2([−T, T ];L∞). We have dv, dρ ∈ L2([−T, T ]; Ḃs0−2
∞,2 ). Set

v = v+ + η, η = (−∆)−1(eρcurl̟).

We can derive

‖∂v+‖Ḃs0−2
∞,2

≤ ‖∂v‖
Ḃ

s0−2
∞,2

+ ‖∂η‖
Ḃ

s0−2
∞,2

. (4.5) 40

By Sobolev inequality, elliptic estimate, and (3.49), we have

‖∂η‖
Ḃ

s0−2
∞,2

. ‖∂(−∆)−1(eρcurl̟)‖
Ḃ

s0−
1
2

2,2

. ‖eρcurl̟‖
Ḣs0−

3
2

. (1 + ‖ρ‖H2)‖̟‖
H

s0−
1
2

. (1 + ‖ρ0‖H2)‖̟0‖H2 exp (2

∫ t

0
‖dv, dρ‖L∞

x
dτ).

As a result, we have ∂η ∈ L2([−T, T ]; Ḃs0−2
∞,2 ). So we can obtain ∂v+ ∈ L2([−T, T ]; Ḃs0−2

∞,2 ). At this

stage, we complete of proof of Theorem 1.2. �

5. REDUCTION TO EXISTENCE FOR SMALL, SMOOTH, COMPACTLY SUPPORTED DATA

In this section, our goal is to give a reduction of Proposition 4.1 to the existence for small, smooth,

compactly supported data using physical localization arguments.

p1 Proposition 5.1. Let s > s0 > 2. Assume (1.16) and (1.15) hold. Suppose the initial data (v0,ρ0,̟0)

be smooth, supported in B(0, c + 2) and satisfying

‖v0‖Hs + ‖ρ0‖Hs + ‖̟0‖Hs0 ≤ ǫ3. (5.1) 300

Then the Cauchy problem (2.2) admits a smooth solution v,ρ,̟ on [−1, 1] × R3, which have the fol-

lowing properties:
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(1) energy estimate

‖v‖L∞

t Hs + ‖ρ‖L∞

t Hs + ‖̟‖Hs0 ≤ ǫ2. (5.2) 402

(2) dispersive estimate for v and ρ

‖dv, dρ‖L2
tC

δ
x
+ ‖dρ, ∂v+, dv‖L2

t Ḃ
s0−2
∞,2

≤ ǫ2, (5.3) s403

(3) dispersive estimate for the linear equation

Let f satisfy the equation (1.19). For each 1 ≤ r ≤ s0 + 1, the Cauchy problem (1.19) is well-posed

in Hr ×Hr−1, and the following estimate holds:

‖ 〈∂〉k f‖L2
tL

∞

x
. ‖f0‖Hr + ‖f1‖Hr−1 + ‖G‖L∞

t Hr−1∩L1
tH

r + ‖B‖L1
tH

r−1 , k < r − 1. (5.4) 304

proof of Proposition 5.1 by Proposition 4.1. In Proposition 4.1, the corresponding statement is consider-

ing the small, supported data. While, the initial data is large in Proposition 5.1. Firstly, by using a scaling

method, we can reduce the initial data in Proposition 5.1 to be small.

Step 1: Scaling. Assume

‖v0‖Hs + ‖ρ0‖Hs + ‖̟0‖Hs0 ≤M0. (5.5) a4

If taking the scaling

v(t, x) = v(T t, Tx), ρ(t, x) = ρ(T t, Tx), ̟(t, x) = ̟(T t, Tx)

we then obtain

‖v(0)‖Ḣs + ‖ρ(0)‖Ḣs ≤M0T
s− 3

2 , ‖̟(0)‖Ḣs0 ≤M0T
s0− 3

2 .

Let ǫ3 be stated in (1.16). Choose sufficiently small T such that

M0T
s0− 3

2 ≪ ǫ3.

Therefore, we get

‖v(0)‖Ḣs ≤ ǫ3, ‖ρ(0)‖Ḣs ≤ ǫ3, ‖̟(0)‖Ḣs0 ≤ ǫ3.

Secondly, to reduce the initial data with support set, we need a physical localization technique.

Step 2: Localization.

The propagation speed of (2.2) is also finite. We then let c be the largest speed of (2.2). Set χ be a

smooth function supported in B(0, c + 2), and which equals 1 in B(0, c + 1). For given y ∈ R3, we

define the localized initial data for the velocity and density near y:

ṽ0(x) =χ(x− y) (v0(x)− v0(y)) ,

ρ̃0(x) =χ(x− y) (ρ0(x)− ρ0(y)) .

Based on these quantities vy0 and ρ
y
0. Followed by (1.5), we set

˜̟0 = ρ̄e−ρ̃0curlṽ0 = ρ̄e−ρ̃0 ω̃0, (5.6) wde

then ˜̟0 is the specific vorticity. Since s, s0 ∈ (2, 52), we can verify

‖ṽ0, ρ̃0‖Hs . ‖v0,ρ0‖Ḣs . ǫ3. (5.7) 245

By calculation on (5.6), we have

˜̟ 0 = ρ̄−1e−ρ̃0∇χ(x− y) · (v0(x)− v0(y)) + χ(x− y)ρ̄−1e−ρ̃0curlv0. (5.8) WY1
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Hence, we derive that

‖ ˜̟0‖L2 . ‖∂v0‖L2 . ǫ3. (5.9) W0e

Substituting ̟0 = ρ̄−1e−ρ0curlv0 into (5.8), we can update (5.8) as

˜̟0 = ρ̄−1e−ρ̃0∇χ(x− y) · (v0(x)− v0(y)) + χ(x− y)e−ρ̃0+ρ0̟0.

Therefore, we can obtain

‖ ˜̟0‖Ḣs0 = ‖ρ̄−1e−ρ̃0∇χ(x− y) · (v0(x)− v0(y)) + χ(x− y)e−ρ̃0+ρ0̟0‖Ḣs0

. ‖̟0‖Ḣs0 + ‖v0‖Ḣs0 + ‖ρ0‖Ḣs0 . ǫ3.
(5.10) Whe

Adding (5.9) and (5.10), we can get

‖ ˜̟0‖Hs0 . ǫ3. (5.11) 246

By Proposition 5.1, there is a smooth solution (ṽ, ρ̃, ˜̟ ) on [−1, 1]×R3 satisfying the following equation




�g̃ṽ = −eρ̃c̃2scurl ˜̟ + Q̃,

�g̃ρ̃ = D̃,

T ˜̟ = ( ˜̟ · ∇)ṽ.

(5.12) p

Above, c̃2s, D̃, Q̃, and g̃ are defined by

c̃2s : =
dp(ρ̃)

dρ̃
, c̃′s :=

dc̃s
dρ̃

Q̃ : = 2eρ̃ǫiabTṽ
a( ˜̟ )b −

(
1 + c̃−1

s c̃′s
)
g̃αβ∂αρ̃∂β ṽ,

D̃ : = −3c̃−1
s c̃′sg̃

αβ∂αρ̃∂β ρ̃+ 2
∑

1≤a<b≤3

{
∂aṽ

a∂bṽ
b − ∂a(ṽ)

b∂b(ṽ)
a
}

g̃ : = −dt⊗ dt+ c̃−2
s (ρy)

∑3
a=1 (dx

a − ṽadt)⊗ (dxa − ṽadt) ,

(5.13) DDE

and the specific vorticity ˜̟ satisfies

˜̟ = ρ̄−1e−ρ̃curlṽ. (5.14) Wy

Set

ṽ+ := ṽ − η̃, ∆η̃ := −eρ̃curl ˜̟ . (5.15) dvp

By Proposition 5.1 again, we can find the solution of (5.13) satisfying

‖ṽ‖Hs + ‖ρ̃‖Hs + ‖ ˜̟ ‖Hs0 ≤ ǫ2, (5.16) see0

and

‖dṽ, dρ̃‖L2
tC

δ
x
+ ‖dṽ, ∂ṽ+, dρ̃‖L2

t Ḃ
s0−2
2,∞

≤ ǫ2. (5.17) see1

Furthermore, the linear equation
{

�g̃f̃ = TG̃+ B̃,

f̃(t0, ·) = f̃0, Tf̃(t0, ) = f̃1,
(5.18) 312

admits a solution f̃ ∈ C([0, T ],Hr)× C1([0, T ],Hr−1), and the following estimate holds:

‖ 〈∂〉k f̃‖L2
tL

∞

x
. ‖f̃0‖Hr + ‖f̃1‖Hr−1 + ‖G̃‖L∞

t Hr−1∩L1
tH

r + ‖B̃‖L1
tH

r−1 , k < r − 1. (5.19) s31

Consequently, (ṽ + v0(y), ρ̃ + ρ0(y), ˜̟ ) is also a solution of (5.12), and its initial data coincides with

(v0,ρ0,̟0) in B(y, c+ 1). Giving the restrictions, for y ∈ R3,

(ṽ + v0(y)) |Ky , (ρ̃+ ρ0(y)) |Ky , ˜̟ |Ky , (5.20) RS
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where Ky = {(t, x) : ct+ |x− y| ≤ c+ 1, |t| < 1}, then the restrictions (5.20) solve (1.1)-(1.2) on Ky.

By finite speed of propagation, a smooth solution (v,ρ,̟) solves (2.2) in [−1, 1] × R3, where v,ρ and

̟ is denoted by

v(t, x) = ṽ + v0(y), (t, x) ∈ Ky,

ρ(t, x) = ρ̃+ ρ0(y), (t, x) ∈ Ky,

̟(t, x) = ˜̟ , (t, x) ∈ Ky.

(5.21) vw

We also can obtain the initial information

(v,ρ,̟)|t=0 = (v0,ρ0,̟0).

Therefore, the function (v,ρ,̟) defined in (5.21) is the solution of (2.2) according to the uniqueness

of solutions, i.e. Corollary 3.5. By (5.16) and (5.17), we can obtain that (v,ρ,̟) satisfies (4.2) and

(4.3), which is stated in Proposition 4.1. It remains for us to prove (5.4) in Proposition 4.1. Consider the

solution f for {
�gf = TG+B,

f(0) = f0, Tf(0) = f1.
(5.22) 312

Take

f̃0 = χ(x− y)f0, f̃1 = χ(x− y)f1,

G̃ = χ(x− y)G, B̃ = χ(x− y)B.

By finite speed of propagation, we can conclude that f̃ = f in Ky. We write f as

f(t, x) =
∑

y∈n−
1
2 Zn

ψ(x− y)f̃(t, x).

For 1 ≤ r ≤ 1 + s0 and k < r − 1, using (5.4), it follows that

‖ 〈∂〉k f‖2
L2
tL

∞
x

≤
∑

y∈n−
1
2 Zn

‖ψ(x− y) 〈∂〉k f̃(x, t)‖2
L2
tL

∞

x

.
∑

y∈n−
1
2 Zn

(
‖χ(x− y)f0‖

2
Hr×Hr + ‖χ(x− y)f1‖

2
Hr×Hr−1

+ ‖χ(x− y)G‖L∞

t Hr−1∩L1
tH

r + ‖χ(x− y)B‖L1
tH

r−1

)
,

.‖f0‖
2
Hr×Hr + ‖f1‖

2
Hr×Hr−1 + ‖G‖L∞

t Hr−1∩L1
tH

r + ‖B‖L1
tH

r−1 .

At this stage, we have finished the proof. �

6. A BOOTSTRAP ARGUMENT

Let m be a standard Minkowski metric satisfying

m00 = −1, mij = δij , i, j = 1, 2, 3.

Taking v = 0,ρ = 0 in g, the inverse matrix of the metric g is

g−1(0) =




−1 0 0 0

0 c2s(0) 0 0

0 0 c2s(0) 0

0 0 0 c2s(0)


 .
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By a linear change of coordinates which preserves dt, we may assume that gαβ(0) = mαβ . Let χ be a

smooth cut-off function supported in the region B(0, 3 + 2c) × [−3
2 ,

3
2 ], which equals to 1 in the region

B(0, 2 + 2c) × [−1, 1]. Set

g = χ(t, x)(g − g(0)) + g(0).

Here

g = −dt⊗ dt+ c−2
s (ρ)

3∑

a=1

(dxa − vadt)⊗ (dxa − vadt) .

Consider the following system





�gv
i = −eρc2scurl̟

i +Qi,

�gρ = D,

T̟ = (̟ · ∇)v,

(6.1) CS

where Qi, Ei, and D are null forms relative to g, which are defined by

Qi := 2eρǫiabTv
aW b −

(
1 + c−1

s c′s
)
gαβ∂αρ∂βv

i,

D := −3c−1
s c′sg

αβ∂αρ∂βρ+ 2
∑

1≤a<b≤3

{
∂av

a∂bv
b − ∂av

b∂bv
a
}
.

(6.2) CSN

We denote by H the family of smooth solutions (v,ρ,̟) to Equation (6.1) for t ∈ [−2, 2], with the

initial data (v0,ρ0,̟0) supported in B(0, 2 + c), and for which

‖v0‖Hs + ‖ρ0‖Hs + ‖̟0‖Hs0 ≤ ǫ3, (6.3) 401

‖v‖L∞

t Hs + ‖ρ‖L∞

t Hs + ‖̟‖L∞

t Hs0 ≤ 2ǫ2, (6.4) 402

‖dv, dρ, ∂v+‖L2
tC

δ
x
+ ‖dρ, ∂v+, dv‖L2

t Ḃ
s0−2
∞,2

≤ 2ǫ2. (6.5) 403

Therefore, the bootstrap argument can be stated as follows:

p4 Proposition 6.1. Assume that (1.16) holds. Then there is a continuous functional G : H → R+, satisfy-

ing G(0) = 0, so that for each (v,ρ,̟) ∈ H satisfying G(v,ρ) ≤ 2ǫ1 the following hold:

(1) The function v,ρ, and ̟ satisfies G(v,ρ) ≤ ǫ1.

(2) The following estimate holds,

‖v‖L∞

t Hs
x
+ ‖ρ‖L∞

t Hs
x
+ ‖̟‖L∞

t H
s0
x

≤ ǫ2, (6.6) 404

‖dv, dρ‖L2
tC

δ
x
+ ‖∂v+, dρ, dv‖L2

t Ḃ
s0−2
∞,2

≤ ǫ2. (6.7) 405

(3) For 1 ≤ k ≤ s0 + 1, the equation (1.19) endowed with the metric g is well-posed in Hr ×Hr−1,

and the Strichartz estimates (5.4) hold.

proof of Proposition 5.1 by Proposition 6.1. By using the standard continuity method in [32], we can

prove Proposition 5.1 by Proposition 6.1. �
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7. REGULARITY OF THE CHARACTERISTIC HYPERSURFACE

In this part, we will prove Proposition 6.1 by analysing the regularity of characteristic hypersurface

and Strichartz estimates of linear wave equations, which is stated in Proposition 7.2, Proposition 8.1, and

Proposition 8.3. This well-known strategy is proposed by Smith-Tataru [32]. The functional G(v,ρ) ≤

ǫ1 will be defined later, and one can see (7.2) for details. Let (v,ρ,̟) ∈ H, and the corresponding

metric g which equals the Minkowski metric for t ∈ [−2,−3
2 ]. Let Γθ be the flowout of this section

under the Hamiltonian flow of g. For each θ, the null Lagrangian manifold Γθ is the graph of a null

covector field given by drθ, where rθ is a smooth extension of θ · x − t, and that the level sets of rθ are

small perturbations of the level sets of the function θ · x− t in a certain norm captured by G. We also let

Σθ,r for r ∈ R denote the level sets of rθ. The characteristic hypersurface Σθ,r is thus the flowout of the

set θ · x = r − 2 along the null geodesic flow in the direction θ at t = −2.

Let us introduce an orthonormal sets of coordinates on R3 by setting xθ = θ · x. Let x′θ be given

orthonormal coordinates on the hyperplane prependicular to θ, which then define coordinates on R3 by

projection along θ. Then (t, x′θ) induce the coordinates on Σθ,r, and Σθ,r is given by

Σθ,r = {(t, x) : xθ − φθ,r = 0}

for a smooth function φθ,r(t, x
′
θ). We now introduce two norms for functions defined on [−2, 2] × R3,

|||u|||s0,∞ = sup
−2≤t≤2

sup
0≤j≤1

‖∂jt u(t, ·)‖Hs0−j(R3),

|||u|||s0,2 =
(

sup
0≤j≤1

∫ 2

−2
‖∂jt u(t, ·)‖

2
Hs0−j(R3)dt

) 1
2 .

(7.1) d0

The same notation applies for functions in [−2, 2]× R3. We denote

|||f |||s0,2,Σθ,r
= |||f |Σθ,r

|||s0,2,

where the right hand side is the norm of the restriction of f to Σθ,r, taken over the (t, x′θ) variablles used

to parametrise Σθ,r. Similarly, the notation

‖f‖Hs0 (Σθ,r)

denotes the Hs0(R2) norm of f restricted to the time t slice of Σθ,r using the x′θ coordinates on Σtθ,r.

We now set

G(v,ρ) = sup
θ,r

|||dφθ,r − dt|||s0,2,Σθ,r
. (7.2) 500

r1 Proposition 7.1. Let (v,ρ,̟) ∈ H so that G(v,ρ) ≤ 2ǫ1. Then

|||gαβ −mαβ |||s0,2,Σθ,r
+ |||2j(gαβ − Sjg

αβ), d∆jg
αβ , 2−j∂x∆jdg

αβ |||s0−1,2,Σθ,r
. ǫ2. (7.3) 501

r2 Proposition 7.2. Let (v,ρ,̟) ∈ H so that G(v,ρ) ≤ 2ǫ1. Then

G(v,ρ) . ǫ2. (7.4) G

Furthermore, for each t it holds that

‖dφθ,r(t, ·) − dt‖
C

1,δ

x′
. ǫ2 + ‖dg(t, ·)‖Cδ

x (R
3). (7.5) 502
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7.1. Energy estimates on the characteristic hypersurface. Let (v,ρ,̟) ∈ H. Then the following

estimates hold:

|||v,ρ|||s,∞ + |||̟|||s0,∞ + ‖dv, dρ, ∂v+‖L2
tC

δ
x
+ ‖dρ, ∂v+, dv‖L2

t Ḃ
s0−2
∞,2

. ǫ2. (7.6) 5021

It suffices to prove Proposition 7.1 and Proposition 7.2 for θ = (0, 0, 1) and r = 0. We fix this choice,

and suppress θ and r in our notation. We use (x3, x
′) instead of (xθ, x

′
θ). Then Σ is defined by

Σ =
{
x3 − φ(t, x′) = 0

}
.

The hypothesis G ≤ 2ǫ1 implies that

|||dφθ,r(t, ·)− dt|||s0,2,Σ ≤ 2ǫ1. (7.7) 503

By using Sobolev imbedding, we have

‖dφ(t, x′)− dt‖
L2
tC

1,δ

x′
+ ‖∂tdφ(t, x

′)‖L2
tC

δ
x′

. ǫ1. (7.8) 504

Let us now introduce two lemmas in Smith-Tataru’s paper [32].

te0 Lemma 7.3. [32] Let h̃(t, x) = h(t, x′, x3 + φ(t, x′)). Then we have

|||h̃|||s0,∞ . |||h|||s0,∞, ‖dh̃‖L2
tL

∞ . ‖dh‖L2
tL

∞ , ‖h̃‖Hs0
x

. ‖h‖Hs0
x
.

te2 Lemma 7.4. [32] For r ≥ 1, we have

sup
t∈[−2,2]

‖f‖
Hr− 1

2 (Rn)
. |||f |||r,2,

sup
t∈[−2,2]

‖f‖
Hr− 1

2 (Σt)
. |||f |||r,2,Σ.

If r > n+1
2 , then

|||hf |||r,2 . |||h|||r,2|||f |||r,2.

Similarly, if r > n
2 , then

|||hf |||r,2,Σ . |||h|||r,2,Σ|||f |||r,2,Σ.

te1 Lemma 7.5. Suppose U satisfy the hyperbolic system

Ut +
3∑

i=1

Ai(U)Uxi = F. (7.9) 505

Then

|||U |||s0,2,Σ . ‖dU‖L2
tL

∞
x
+ ‖U‖L∞

t H
s0
x

+ ‖F‖L2
tH

s0
x
. (7.10) te10

Proof. Choosing the change of coordinates x3 → x3 − φ(t, x′) and setting Ũ(t, x) = U(t, x′, x3 +

φ(t, x′)), the system (7.10) is transformed to

∂tŨ +

3∑

i=1

Ai(Ũ)∂xiŨ = −∂tφ∂3Ũ −

3∑

i=1

Ai(Ũ )∂xiφ∂iŨ + F̃ .

For φ is independent of x3, we then update it by

∂tŨ +

3∑

i=1

Ai(Ũ)∂xiŨ = −∂tφ∂3Ũ −

2∑

i=1

Ai(Ũ )∂xiφ∂iŨ + F̃ . (7.11) U
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To prove (7.10), we first establish the 0-order estimate. A direct calculation on[−2, 2] ×R3 shows that

|||Ũ |||20,2,Σ . ‖dŨ‖L1
tL

∞‖Ũ‖L2 + ‖∂dφ‖L1
tL

∞‖Ũ‖L2 + ‖Ũ‖L2‖F̃‖L1
tL

2

. ‖dŨ‖L2
tL

∞‖Ũ‖L2 + ‖∂dφ‖L2
tL

∞‖Ũ‖L2 + ‖Ũ‖L2‖F̃‖L2
tL

2 .

By using Lemma 7.3, (7.6) and (7.8), we can prove that

|||U |||0,2,Σ . ‖dU‖L2
tL

∞

x
+ ‖U‖L∞

t L2 + ‖F‖L2
tL

2 . (7.12) U0

We now establish the s0-order estimate. Taking the derivative of ∂βx′(1 ≤ |β| ≤ s0) on (7.11) and

integrating it on [−2, 2] × R3, we get

‖∂βx′Ũ‖2
L2
Σ
. ‖dŨ‖L1

tL
∞
x
‖∂βx Ũ‖L∞

t L2
x
+ ‖∂βx Ũ‖L∞

t L2
x
‖∂βx F̃‖L1

tL
2
x
+ I1 + I2, (7.13) U1

where

I1 = −

∫ 2

−2

∫

R3

∂βx′
(
∂tφ∂3Ũ

)
· Λβx′Ũdxdτ,

I2 = −

2∑

i=1

∫ 2

−2

∫

R3

∂βx′
(
Ai(Ũ )∂xiφ∂iŨ

)
· ∂βx′Ũdxdτ.

We can write I1 as

I1 =−

∫ 2

−2

∫

R3

(
∂βx′(∂tφ∂3Ũ)− ∂tφ∂3∂

β
x′Ũ

)
∂βx′Ũdxdτ

+

∫ 2

−2

∫

R3

∂tφ · ∂3∂
β
x′Ũ · ∂βx′Ũdxdτ,

= −

∫ 2

−2

∫

R3

[∂βx′ , ∂tφ∂3]Ũ · ∂βx′Ũdxdτ

We also write

I2 =−

∫ 2

−2

∫

R3

(
∂βx′

(
Ai(Ũ )∂xiφ∂iŨ)−Ai(Ũ)∂xiφ∂i∂

β
x′Ũ

)
· ∂βx′Ũdxdτ

+
2∑

i=1

∫ 2

−2

∫

R3

(
Ai(Ũ)∂xiφ

)
· ∂i(∂

β
x′Ũ) · ∂βx′Ũdxdτ.

By commutator estimates in Lemma 2.5, we can get

|I1| .
(
‖∂βŨ‖L∞

t L2‖d∂tφ‖L1
tL

∞

x
+ sup

θ,r

‖∂βx′∂tφ‖L2(Σθ,r)‖dŨ‖L1
tL

∞

)
· ‖∂βŨ‖L∞

t L2 (7.14) U2

and

|I2| .
(
‖∂βx′Ũ‖L2

tL
2‖d∂φ‖L1

tL
∞
x
+ ‖dŨ‖L1

tL
∞ sup

θ,r

‖∂βx′dφ‖L2(Σθ,r)

)
· ‖∂βx′Ũ‖L∞

t L2

+
(
‖dŨ‖L2

tL
∞

x
‖∂φ‖L2

tL
∞

x
+ ‖Ũ‖L2

tL
∞‖∂2φ‖L2

tL
∞

x

)
· ‖∂βŨ‖2L∞

t L2 .
(7.15) U3

Taking sum of 1 ≤ β ≤ s0 on (7.13), due to Lemma 7.3, (7.14), (7.15), (7.6), and (7.8), we obtain

|||∂x′U |||s0−1,2,Σ . ‖dU‖L2
tL

∞
x
+ ‖dU‖

L∞

t H
s0−1
x

+ ‖dF‖
L2
tH

s0−1
x

. (7.16) U4
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Taking derivatives on (7.9), we have

(∂U)t +

3∑

i=1

Ai(U)(∂U)xi = −

3∑

i=1

∂(Ai(U))Uxi + ∂F,

In a similar process, we can obtain

|||∂U |||s0−1,2,Σ . ‖dU‖L2
tL

∞

x
+ ‖dU‖

L∞

t H
s0−1
x

+ ‖dF‖
L2
tH

s0−1
x

. (7.17) U40

Using ∂tU = −
∑3

i=1Ai(U)∂iU and Lemma 7.4, we can carry out

|||∂tU |||s0−1,2,Σ . |||U |||s0−1,2,Σ|||∂tU |||s0−1,2,Σ

. ‖dU‖L2
tL

∞

x
+ ‖dU‖

L∞

t H
s0−1
x

+ ‖dF‖
L2
tH

s0−1
x

.
(7.18) U5

Combining (7.12), (7.16), (7.18), and (7.18), we obtain (7.10). Thus, the proof is finished. �

Using Lemma 7.5, and combining with (6.4) and (6.5), we can obtain the following corollary.

vte Corollary 7.6. Suppose that (v,ρ,̟) ∈ H. Then the following estimate

|||v|||s0,2,Σ + |||ρ|||s0,2,Σ . ǫ2 (7.19)

holds.

The next goal is to establish the characteristic energy estimates for ̟. Compared with the energy

estimates for ̟, the characteristic energy is along the hypersurface, not the Cauchy slices. So, it’s not

trivial. To prove the energy estimates of ̟ along the null hypersurface, Let us first give a lemma.

te3 Lemma 7.7. Let f satisfy the following transport equation

Tf = F. (7.20) 333

Set L = ∂(−∆)−1curl. Then

|||Lf |||2s0−2,2,Σ .
(
‖∂v‖

L2
t Ḃ

s0−2
∞,2

+ |||dφ− dt|||s0,2,Σ
)
‖f‖2

H
s0−2
x

(1 + |||dφ− dt|||s0,2,Σ)

+
∑

σ∈{0,s0−2}

∣∣
∫ t

0

∫

R3

Λσx′LF · Λσx′Lfdxdτ
∣∣.

(7.21) teE

Proof. Taking the operator L on (7.20), we derive that

TLf = LF + [L,T]f.

Choosing the change of coordinates x3 → x3 − φ(t, x′) and setting f̃ = f(x1, x2, x3 − φ(t, x′)), then

the above equation transforms to

(∂t + ∂tφ∂x3)L̃f + ṽi · (∂xi + ∂xiφ∂x3)L̃f =L̃F + ˜[L,T]f.

Rewrite it as

∂tL̃f + ṽi · ∂xiL̃f =L̃F + ˜[L,T]f − ∂tφ∂x3L̃f − ṽi · ∂xiφ∂x3L̃f . (7.22) Q

Multiplying L̃f and integrating it on R+ × R3, we can show that

|||Lf |||20,2,Σ .
∣∣
∫ 2

−2

∫

R3

LF · Lfdxdτ
∣∣+ ‖∂v‖L2

tL
∞

x
(1 + ‖∂φ‖L∞

x
)‖Lf‖2L2

x

+ ‖[L,T]f‖L2
tL

2
x
‖Lf‖2L2

x

(7.23) LL
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Considering L = ∂(−∆)−1curl, by commutator estimates in Lemma 2.14, we get

‖[L,T]f‖L2
x
. ‖∂v‖L∞‖f‖L2

x
. (7.24) LL0

By elliptic estimates, we also have

‖Lf‖2L2
x
. ‖f‖2L2

x
. (7.25) LL1

By using (7.23), (7.24), and (7.25), it can give us

|||Lf |||20,2,Σ . ‖∂v‖L2
tL

∞
x
(1 + ‖∂φ‖L2

tL
∞
x
)‖f‖2L2

x
+

∣∣
∫ 2

−2

∫

R3

LF · Lfdxdτ
∣∣. (7.26) te30

It remains for us to estimate the high order term. Taking derivatives Λs0−2
x′ on (7.22), we have

∂tΛ
s0−2
x′ L̃f + ṽi · ∂xiΛ

s0−2
x′ L̃f =Λs0−2

x′

(
˜[L,T]f

)
− Λs0−2

x′ (∂tφ∂x3L̃f)

+ Λs0−2
x′ L̃F − Λs0−2

x′ (ṽi∂xiφ∂x3L̃f)

− [Λs0−2
x′ , ṽi∂xi ]L̃f .

(7.27) Q0

Multiplying Λs0−2
x′ L̃f on (7.27) and integrating it on [−2, 2] ×R3, we derive that

‖Λs0−2
x′ L̃f‖L2

Σ
. ‖dv‖L1

tL
∞

x
‖Λs0−2

x′ Lf‖2L2
x
+ ‖Λs0−2

x′ ([L,T]f)‖L1
tL

2
x
‖Λs0−2

x′ Lf‖L2
x

+
∣∣
∫ t

0
Λs0−2
x′ LF · Λs0−2

x′ Lfdxdτ
∣∣+ ‖[Λs0−2

x′ , ṽi∂xi ]Lf‖L1
tL

2
x
‖Λs0−2

x′ Lf‖L2
x

+
∣∣
∫ 2

−2

∫

R3

(
Λs0−2
x′ (∂tφ∂x3Lf)− Λs0−2

x′ (ṽi∂xiφ∂x3Lf)
)
Λs0−2
x′ Lfdxdτ

∣∣.

We will estimate the right terms one by one. By using elliptic estimates, we can prove

‖dv‖L1
tL

∞

x
‖Λs0−2

x′ Lf‖2L2
x
≤ ‖dv‖L2

tL
2
x
‖f‖2

Ḣ
s0−2
x

, (7.28) Q1

and

‖Λs0−2
x′ ([L,T]f)‖L1

tL
2
x
‖Λs0−2

x′ Lf‖L2
x
. ‖[L,T]f‖

L1
t Ḣ

s0−2
x

‖f‖
Ḣ

s0−2
x

. (7.29) Q40

For the right term ‖[L,T]f‖
L1
t Ḣ

s0−2
x

in (7.29), by using Lemma 2.14, we have

‖[L,T]f‖
L1
t Ḣ

s0−2
x

. ‖v‖L1
t Ḃ

1
∞,∞

· ‖f‖
Ḣ

s0−2
x

+ ‖v‖
L1
t Ḃ

s0−1
∞,∞

· ‖f‖L2
x

. ‖∂v‖L2
tL

∞
x
‖f‖

Ḣ
s0−2
x

+ ‖∂v‖
L2
t Ḃ

s0−2
∞,2

‖f‖L2
x

.
(
‖∂v‖

L2
t Ḃ

s0−2
∞,2

+ ‖∂v‖L2
tL

∞
x

)
‖f‖

H
s0−2
x

.

Substituting it to (7.29), we can obtain

‖Λs0−2
x′ ([L,T]f)‖L1

tL
2
x
‖Λs0−2

x′ Lf‖L2
x
.

(
‖∂v‖

L2
t Ḃ

s0−2
∞,2

+ ‖∂v‖L2
tL

∞

x

)
‖f‖2

H
s0−2
x

. (7.30) Q4

Using Lemma 2.16, we also have

‖[Λs0−2
x′ , ṽi∂xi ]Lf‖L1

tL
2
x
‖Λs0−2

x′ Lf‖L2
x
≤ ‖[Λs0−2

x , ṽi∂xi ]Lf‖L1
tL

2
x
‖Λs0−2

x Lf‖L2
x

. ‖[Λs0−2
x , ṽi∂xi ]Lf‖L1

tL
2
x
‖f‖

Ḣ
s0−2
x

. ‖∂v‖L1
t Ḃ

0
∞,2

‖Lf‖
Ḣ

s0−2
x

‖f‖
Ḣ

s0−2
x

. ‖∂v‖L2
t Ḃ

0
∞,2

‖f‖2
Ḣ

s0−2
x

.

(7.31) Q5
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For φ is independent with x3, we have

∫ 2

−2

∫

R3

(
Λs0−2
x′ (∂tφ∂x3Lf)− Λs0−2

x′ (ṽi∂xiφ∂x3Lf)
)
Λs0−2
x′ Lfdxdτ

=

∫ 2

−2

∫

R3

(
[Λs0−2
x′ , ∂tφ∂x3 ]Lf)− [Λs0−2

x′ , ṽi∂xiφ∂x3 ]Lf
)
Λs0−2
x′ Lfdxdτ

+

∫ 2

−2

∫

R3

(
∂tφ∂x3Λ

s0−2
x′ Lf)− ṽi∂xiφ∂x3Λ

s0−2
x′ Lf

)
Λs0−2
x′ Lfdxdτ

=

∫ 2

−2

∫

R3

(
[Λs0−2
x′ , ∂tφ∂x3 ]Lf)− [Λs0−2

x′ , ṽi∂xiφ∂x3 ]Lf
)
Λs0−2
x′ Lfdxdτ

+

∫ 2

−2

∫

R3

∂x3 ṽ
i∂xiφΛ

s0−2
x′ LfΛs0−2

x′ Lfdxdτ.

(7.32) jhz

We will estimate the right terms on (7.32). For the first one and the second one, we use Lemma 2.16 and

Lemma 2.13 to bound
(
‖[Λs0−2

x′ , ∂tφ∂x3 ]Lf‖L1
tL

2
x
+ ‖[Λs0−2

x′ , ṽi∂xiφ∂x3 ]Lf‖L1
tL

2
x

)
‖Lf‖

Ḣ
s0−2
x

.
(
‖∂(∂tφ)‖L1

t Ḣ
s0−2
x

+ ∂(v∂φ)‖
L1
t Ḣ

s0−2
x

)
‖Lf‖2

Ḣ
s0−2
x

.
(
‖∂(dφ)‖

L2
t Ḃ

s0−2
∞,2

+ ‖∂v‖
L2
t Ḃ

s0−2
x

‖∂φ‖L2
tL

∞
x
+ ‖∂φ‖

L2
tC

β
x
‖∂v‖L2

tL
∞
x

)
‖Lf‖2

Ḣ
s0−2
x

,

(7.33) r1E

where we take β=s0 −
3
2 − ǫ0 > s0 − 2. By Sobolev imbedding, we can get

‖∂(dφ)‖
L2
t Ḃ

s0−2
∞,2

. ‖∂(dφ)‖L2
tC

β . ‖∂(dφ − dt)‖
L2
tH

s0−1

x′
(Σ)

. |||dφ− dt|||s0,2,Σ,

and

‖∂φ‖L2
tL

∞

x
+ ‖∂φ‖

L2
tC

β
x
≤ 1 + |||dφ− dt|||

L2
tC

β
x
. 1 + |||dφ− dt|||s0,2,Σ.

Substituting them to (7.33), we can update (7.33) as

(
‖[Λs0−2

x′ , ∂tφ∂x3 ]Lf‖L1
tL

2
x
+ ‖[Λs0−2

x′ , ṽi∂xiφ∂x3 ]Lf‖L1
tL

2
x

)
‖Lf‖

Ḣ
s0−2
x

.‖f‖2
Ḣ

s0−2
x

(
|||dφ− dt|||s0,2,Σ + (‖∂v‖

L2
t Ḃ

s0−2
x

+ ‖∂v‖L2
tL

∞

x
)(1 + |||dφ− dt|||s0,2,Σ)

)
.

(7.34) r2E

For the third term on the right hand of (7.32), we can bound it by

∣∣∣∣
∫ 2

−2

∫

R3

∂x3 ṽ
i∂xiφΛ

s0−2
x′ LfΛs0−2

x′ Lfdxdτ

∣∣∣∣

.‖∂v‖L2
tL

∞
x
‖∂φ‖L2

tL
∞
x
‖Lf‖2

Ḣ
s0−2
x

.(1 + |||dφ− dt|||s0,2,Σ)‖∂v‖L2
tL

∞
x
‖f‖2

H
s0−2
x

.

(7.35) r3E

Sustituting (7.34) and (7.35), we can estimate (7.32) by

∣∣∣∣
∫ 2

−2

∫

R3

(
Λs0−2
x′ (∂tφ∂x3Lf)− Λs0−2

x′ (ṽi∂xiφ∂x3Lf)
)
Λs0−2
x′ Lfdxdτ

∣∣∣∣

.‖f‖2
Ḣ

s0−2
x

(
|||dφ− dt|||s0,2,Σ + (‖∂v‖

L2
t Ḃ

s0−2
x

+ ‖∂v‖L2
tL

∞

x
)(1 + |||dφ− dt|||s0,2,Σ)

)

.‖f‖2
Ḣ

s0−2
x

(
|||dφ− dt|||s0,2,Σ + ‖∂v‖

L2
t Ḃ

s0−2
x

)(1 + |||dφ− dt|||s0,2,Σ)
)
,

(7.36) Q6
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where we use the fact that ‖∂v‖L2
tL

∞ ≤ ‖∂v‖
L2
t Ḃ

s0−2
x

. Combining (7.28) to (7.36), we can get

|||Λs0−2
x′ Lf |||20,2,Σ .

(
‖∂v‖

L2
t Ḃ

s0−2
∞,2

+ |||dφ− dt|||s0,2,Σ
)
‖f‖2

H
s0−2
x

(1 + |||dφ− dt|||s0,2,Σ)

+

∣∣∣∣
∫ t

0

∫

R3

Λs0−2
x′ LF · Λs0−2

x′ Lfdxdτ

∣∣∣∣ .
(7.37) te31

Adding (7.26) and (7.37), we can derive

|||Lf |||2s0−2,2,Σ .
(
‖∂v‖

L2
t Ḃ

s0−2
∞,2

+ |||dφ− dt|||s0,2,Σ
)
‖f‖2

H
s0−2
x

(1 + |||dφ− dt|||s0,2,Σ)

+
∑

σ∈{0,s0−2}

∣∣∣∣
∫ t

0

∫

R3

Λσx′LF · Λσx′Lfdxdτ

∣∣∣∣ .

Therefore, we complete the proof of Lemma 7.7. �

We also need to give the estimate of curl̟ along the characteristic hypersurfaces, for curl̟ is a non-

linear term in the wave equation of the velocity. Then, curl̟ decides the regularity of the characteristic

hypersurfaces.

te20 Lemma 7.8. Suppose that (v,ρ,̟) ∈ H. Then

|||curl̟|||s0−1,2,Σ . ǫ2. (7.38) te201

Proof. Consider only curlΩ satisfying a good transport equation. So we should transfer the goal on Ω.

By product estimates on Hs(Σt) (see Lemma 2.6) and trace theorem, we have

|||curl̟|||s0−1,2,Σ =|||eρΩ|||s0−1,2,Σ

=‖eρΩ‖
L2
tH

s0−1

x′
+ ‖∂t(e

ρΩ)‖
L2
tH

s0−2

x′

.‖eρ‖L∞

t L∞

x′
‖Ω‖

L2
tH

s0−1

x′
+ ‖Λs0−1

x′ (eρ)‖L∞

t L2
x′
‖Ω‖L2

tL
∞

x′

+ ‖∂tρ‖L∞

t H
s0−2

x′
‖Ω‖L2

tL
∞

x′
+ ‖eρ‖L∞

t L∞

x′
‖∂tΩ‖L2

tH
s0−2

x′

.(1 + |||ρ|||s0,2,Σ)|||Ω|||s0−1,2,Σ.

(7.39) C1

By Definition (7.1), we can see

|||Ω|||s0−1,2,Σ = ‖Ω‖
L2
tH

s0−1

x′
(Σ)

+ ‖∂tΩ‖L2
tH

s0−2

x′
(Σ)
. (7.40) OM

In the following, we will give the bound of the right terms on (7.40). We divide it into several steps.

Step 1: ‖Ω‖
L2
tH

s0−1

x′
(Σ)

. Note (2.6). We can simply write it as

TΩ = ∂v · ∂̟. (7.41) TOE

By changing of coordinates x3 → x3 − φ(t, x′), multiplying Ω and integrating it on [−2, 2] × R3, we

can obtain

‖Ω‖2
L2
tL

2
x′
(Σ) . ‖∂v‖L1

tL
∞

x
(‖∂̟‖L∞

t L2
x
+ ‖Ω‖L∞

t L2
x
)‖Ω‖L∞

t L2
x
.

Using Ω = e−ρcurl̟, (6.4), and (6.5), we derive that

‖Ω‖2
L2
tL

2
x′
(Σ) . ǫ32. (7.42) OM0



THREE-DIMENSIONAL COMPRESSIBLE EULER EQUATIONS 43

It remains for us to bound ‖Λs0−1
x′ Ω‖L2

tL
2
x′
(Σ). Let us first estimate ‖∂Ω‖

L2
tH

s0−2

x′
(Σ)

. By Hodge decom-

position,

‖∂Ω‖
L2
tH

s0−2

x′
(Σ)

= ‖L(curlΩ) +H(divΩ)‖
L2
tH

s0−2

x′
(Σ)

≤ ‖L(curlΩ)‖
L2
tH

s0−2

x′
(Σ)

+ ‖H(divΩ)‖
L2
tH

s0−2

x′
(Σ)
,

(7.43) OM1

where the operators L and H are given by ∂(−∆)−1curl and ∂(−∆)−1∇ respectively. By Sobolev

imbedding H
1
2
+(R) →֒ L∞(R) and s− s0 +

1
2 >

1
2 , we have

‖Λs0−2
x′ H(divΩ)‖L2

tL
2
x′
(Σ) .‖Λs0−2

x′ H(divΩ)‖
L∞

t H
s−s0+

1
2

x

.‖divΩ‖
L∞

t H
s− 3

2
x

.‖Ω‖L∞

t H1
x
‖∂ρ‖

L∞

t Hs−1
x

.

(7.44) WR

We then update (7.44) by

‖Λs0−2
x′ H(divΩ)‖L2

tL
2
x′
(Σ) . ‖Ω‖L∞

t H1
x
‖ρ‖L∞

t Hs
x
. ‖̟‖L∞

t H2
x
‖ρ‖L∞

t Hs
x
. ǫ22. (7.45) DO0

In a similar way, we can deduce

‖H(Ω · ∂ρ)‖L2
tL

2
x′
(Σ) = ‖H(Ω · ∂ρ)‖

L2
tH

s0−
3
2

x

,

. ‖Ω · ∂ρ‖
L∞

t H
s0−

3
2

x

. ‖Ω‖L∞

t H1
x
‖∂ρ‖

L2
tH

s0−1
x

. ‖̟‖L∞

t H2
x
‖ρ‖L∞

t H
s0
x

. ǫ22.

(7.46) DO1

Adding (7.45) and (7.46), we can conclude that

|||H(divΩ)|||s0−2,2,Σ . ǫ22. (7.47) DO

It remains for us to estimate |||L(curlΩ)|||s0−2,2,Σ. Recall the transport equation for curlΩ:

T
(
curlΩi − 2e−ρ∂aρ∂

i̟a
)

= ∂i
(
2e−ρ∂nv

a∂n̟a

)
+Ri1 +Ri2 +Ri3 +Ri4 +Ri5 +Ri6.

(7.48) TO0

We set

f i = curlΩi − 2e−ρ∂aρ∂
i̟a, i = 1, 2, 3,

and

F i =

6∑

k=1

Rik, G = 2e−ρ∂nv
a∂n̟a, i = 1, 2, 3.

Here R1, R2, . . . , R6 is defined in (2.9). Then we can write (7.48) as

Tf i = F i + ∂iG. (7.49) TO
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Operating the operator L on (7.49), and using Lemma 7.7, we can deduce that

|||Lf |||2s0−2,2,Σ .
(
‖∂v‖

L2
t Ḃ

s0−2
∞,2

+ |||dφ− dt|||s0,2,Σ
)
‖f‖2

H
s0−2
x

(1 + |||dφ− dt|||s0,2,Σ)

+
∑

σ∈{0,s0−2}

∣∣∣∣
∫ 2

−2

∫

R3

Λσx′L̃F
i · Λσx′L̃fidxdτ

∣∣∣∣

+
∑

σ∈{0,s0−2}

∣∣∣∣
∫ 2

−2

∫

R3

Λσx′
{
(∂i + ∂iφ∂3)L̃G

}
· Λσx′L̃fidxdτ

∣∣∣∣ .

(7.50) L0

We set

I =
∑

σ∈{0,s0−2}

∣∣∣∣
∫ 2

−2

∫

R3

Λσx′L̃F
i · Λσx′L̃fidxdτ

∣∣∣∣ ,

J =
∑

σ∈{0,s0−2}

∣∣∣∣
∫ 2

−2

∫

R3

Λσx′
{
(∂i + ∂iφ∂3)L̃G

}
· Λσx′L̃fidxdτ

∣∣∣∣ .

Then we have For σ ∈ {0, s0 − 2}, we use Hölder’s inequality to give the bound

I ≤
∑

σ∈{0,s0−2}‖Λ
σ
x′LF‖L1

tL
2
x
‖Λσx′L(curlΩ− 2e−ρ∂aρ∂̟

a)‖L∞

t L2
x

.

3∑

i=1

6∑

j=1

‖Rij‖L1
tH

s0−2
x

‖curlΩ− 2e−ρ∂aρ∂̟
a‖
L∞

t H
s0−2
x

.
(7.51) J20

Recall the expressions for Ri1, R
i
2, ...R

i
6 in (2.9), we get

3∑

i=1

6∑

j=1

‖Rij‖L1
tH

s0−2
x

. (‖dρ, dv‖
L2
t Ḃ

s0−2
∞,2

+ ‖dv, ∂ρ‖L2
tL

∞
x
)‖(v,ρ,̟)‖Hs0 . (7.52) R

We also get

‖curlΩ− 2e−ρ∂aρ∂̟
a‖
L∞

t H
s0−2
x

. ‖̟‖Hs0 + ‖ρ‖H2‖̟‖H2 . (7.53) R1

Inserting (7.52) and (7.53) into (7.54) and using (6.3)-(6.5), we have

I . ǫ22. (7.54) J2

As for J, we separate it as

J ≤
∑

σ∈{0,s0−2}
(|J1|+ |J2|+ |J3|+ |J4|),

where

J1 =

∫ 2

−2

∫

R3

(∂i + ∂iφ∂3)Λσx′(L̃G) · Λσx′
˜(LcurlΩi)dxdτ,

J2 =

∫ 2

−2

∫

R3

[Λσx′ , ∂
i + ∂iφ∂3](L̃G) · Λσx′

˜(LcurlΩi)dxdτ,

J3 =

∫ 2

−2

∫

R3

(∂i + ∂iφ∂3)Λσx′
˜L

(
2e−ρ∂nva∂n̟a

)
· Λσx′

˜L
(
− 2e−ρ∂aρ∂i̟a

)
dxdτ,

J4 =

∫ 2

−2

∫

R3

[Λσx′ , ∂
i + ∂iφ∂3] ˜L

(
2e−ρ∂nva∂n̟a

)
· Λσx′

˜L
(
− 2e−ρ∂aρ∂i̟a

)
dxdτ.
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Let us bound the above terms one by one. For J1, we have

J1 =

∫ 2

−2

∫

R3

(∂i + ∂iφ∂3)Λσx′(L̃G) · Λ
σ
x′

˜(LcurlΩi)dxdτ

=−

∫ 2

−2

∫

R3

Λσx′(L̃G) · (∂i + ∂iφ∂3)
{
Λσx′

˜(LcurlΩi)
}
dxdτ

=−

∫ 2

−2

∫

R3

Λσx′(L̃G) · [∂i + ∂iφ∂3,Λσx′ ]
˜(LcurlΩi)dxdτ

+

∫ 2

−2

∫

R3

Λσx′(L̃G) · Λσx′
{
(∂i + ∂iφ∂3) ˜(LcurlΩi)

}
dxdτ.

Using the fact

(∂i + ∂iφ∂3) ˜(LcurlΩi) = (∂iLcurlΩi)(x1, x2, x3 + φ(t, x′)) = 0,

then

J1 =−

∫ 2

−2

∫

R3

Λσx′(L̃G) · [∂i + ∂iφ∂3,Λσx′ ]
˜(LcurlΩi)dxdτ.

For σ ∈ {0, s0 − 2}, by Hölder’s inequality and commutator estimates in Lemma 2.16, we can derive
∑

σ∈{0,s0−2}(|J1|+ |J2|) =‖LG‖Ḣσ
x
‖∂φ‖L2

tL
∞

x
‖LcurlΩ‖Ḣσ

x

.‖v‖H2
x
‖̟‖H2

x
‖∂φ‖L2

tL
∞

x
‖̟‖

H
s0−1
x

.
(7.55) J1

For J3, we use Plancherel formula in R3 such that

J3 =

∫ 2

−2

∫

R3

∂iΛσx′
˜L

(
2e−ρ∂nva∂n̟a

)
· Λσx′

˜L
(
− 2e−ρ∂aρ∂i̟a

)
dxdτ

+

∫ 2

−2

∫

R3

∂3Λσx′
˜L

(
2e−ρ∂nva∂n̟a

)
· ∂iφΛσx′

˜L
(
− 2e−ρ∂aρ∂i̟a

)
dxdτ

=

∫ 2

−2

∫

R3

Λ− 1
2∂iΛσx′

˜L
(
2e−ρ∂nva∂n̟a

)
· Λ

1
2Λσx′

˜L
(
− 2e−ρ∂aρ∂i̟a

)
dxdτ

+

∫ 2

−2

∫

R3

Λ− 1
2∂3Λσx′

˜L
(
2e−ρ∂nva∂n̟a

)
· Λ

1
2

(
∂iφΛσx′

˜L
(
− 2e−ρ∂aρ∂i̟a

))
dxdτ.

(7.56) J3

For σ ∈ {0, s0 − 2}, by Hölder inequality, we can obtain
∑

σ∈{0,s0−2}|J3|

=‖∂v∂̟‖
L∞

t H
s0−

3
2

x

‖∂ρ∂̟‖
L∞

t H
s0−

3
2

x

+ ‖dφ‖
L2
tC

1
2
x

‖∂v∂̟‖
L∞

t H
s0−

3
2

x

‖∂ρ∂̟‖
L∞

t H
s0−

3
2

x

. ‖ρ‖Hs0‖v‖Hs0‖̟‖Hs0 (1 + |||dφ− dt|||s0,2,Σ)

By using (6.3)-(6.5), we get

∑
σ∈{0,s0−2}|J3| . ǫ22. (7.57) J3

Substituing (7.55), ...(7.57) to (7.50) and using (6.3)-(6.5), we can update (7.50) by

|||Lf |||2s0−2,2,Σ . ǫ22. (7.58) L01

For

Lf i = L(curlΩi)− 2L(e−ρ∂aρ∂
i̟a).
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we then get

|||Lf i|||s0−2,2,Σ ≥ |||LcurlΩi|||s0−2,2,Σ − 2|||L
(
e−ρ∂aρ∂

i̟a
)
|||s0−2,2,Σ. (7.59) Rr

By trace theorem and elliptic estimate, we have

|||L
(
e−ρ∂aρ∂

i̟a
)
|||s0−2,2,Σ ≤ C‖L

(
e−ρ∂aρ∂

i̟a
)
‖
H

s0−
3
2+(s−s0)

x

≤ C‖e−ρ∂aρ∂
i̟a‖

H
s0−

3
2+(s−s0)

x

≤ C‖∂ρ‖Hs−1‖∂̟‖H1 . ǫ22.

(7.60) RR

Sustituing (7.59) and (7.60) to (7.58), we therefore get

|||L(curlΩ)|||s0−2,2,Σ . ǫ22 . ǫ2. (7.61) CO

If adding (7.61) to (7.47), then we have

‖∂Ω‖
L2
tH

s0−2

x′
(Σ)

. ǫ2. (7.62) PO

Due to

∂x′Ω = ∂Ω · (0, ∂x′φ)
T,

by Hölder inequality and product estimates in Lemma 2.6, we can deduce the following estimate

‖∂x′Ω‖L2
tH

s0−2

x′
(Σ)

. ‖∂Ω · (0, ∂x′φ)
T‖

L2
tH

s0−2

x′
(Σ)

. ‖∂Ω‖
L2
tH

s0−2

x′
(Σ)

‖(0, ∂x′φ)
T‖

L∞

t H
s0−1

x′
(Σ)

. ‖∂Ω‖
L2
tH

s0−2

x′
(Σ)

‖∂x′φ‖L∞

t H
s0−1

x′
(Σ)

. ‖∂Ω‖
L2
tH

s0−2

x′
(Σ)

‖∂x′φ‖s0,2,Σ . ǫ22.

(7.63) OH

Above, we use the trace theorem ‖∂x′φ‖L∞

t H
s0−1

x′
(Σ)

. |||∂x′φ|||s0,2,Σ . |||dφ−dt|||s0,2,Σ. Through (7.42)

and (7.63), we can see

‖Ω‖
L2
tH

s0−1

x′
(Σ)

. ǫ2. (7.64) O1

Step 2: ‖∂tΩ‖L2
tH

s0−2

x′
(Σ)

. By using (2.6) and Sobolev imbeddings, we also have

‖∂tΩ‖L2
tH

s0−2

x′
(Σ)

≤ ‖ − (v · ∇)Ω‖
L2
tH

s0−2

x′
(Σ)

+ ‖∂v · ∂W‖
L2
tH

s0−2

x′
(Σ)

≤ ‖(v · ∇)Ω‖
L2
tH

s0−2

x′
(Σ)

+ ‖∂v · ∂̟‖
L2
tH

s0−2

x′
(Σ)

≤ ‖v‖
L∞

t H
s0−

1
2

x′
(Σ)

‖∂Ω‖
L2
tH

s0−2

x′
(Σ)

+ ‖∂v · ∂̟‖
L∞

t H
s− 3

2
x

,

≤ ‖v‖L∞

t Hs
x(Σ)‖∂Ω‖L2

tH
s0−2

x′
(Σ)

+ ‖∂v‖L∞

t Hs−1
x

‖∂̟‖L∞

t H1
x
.

(7.65) OR1

Due to (7.40), (7.64), (7.65), and (6.3)-(6.5), we can show that

|||Ω|||s0−1,2,Σ . ǫ2. (7.66) OME

We finally use (7.39) and (7.66) to conclude that

|||curl̟|||s0−1,2,Σ . ǫ2.

�
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fre Lemma 7.9. Let U = (ρ, v)T satisfy the assumption in Lemma 7.5. Then

|||2j(U − SjU), dSjU, 2
−jd∂xSjU |||s0−1,2,Σ . ǫ2. (7.67) 508

Proof. Let ∆0 be a standard multiplier of order 0 on R3, such that ∆0 is additionally bounded on

L∞(R3). Clearly,

(∆0U)t +
3∑

i=1

Ai(U)(∆0U)xi = −
3∑

i=1

[∆0, Ai(U)]∂xiU.

Set G = −
∑3

i=1[∆0, Ai(U)]∂xiU . Due to Lemma 7.5, we have

|||∆0U |||2s0,2,Σ . ‖dU‖L2
tL

∞

x
‖∆0U‖2L∞

t Hs
x
+ ‖G‖L2

tH
s0
x
‖∆0U‖L∞

t Hs
x
. (7.68) 60

Using commutator estimates, we can prove

‖G‖L2
tH

s0
x

. ‖dU‖L2
tL

∞

x
‖∆0U‖L∞

t Hs
x
.

In a result, we can update (7.68) by

|||∆0U |||2s0,2,Σ . ‖dU‖L2
tL

∞
x
‖∆0U‖2L∞

t Hs
x
. (7.69) 60e

To control the norm of 2j(U − SjU), we write

2j(U − SjU) = 2j
∑

m≥j
∆mU,

where ∆mU satisfies the above conditions for ∆0U . Applying (7.69) and replacing s0 to s0 − 1, we get

|||2j(U − SjU)|||2s0−1,2,Σ .
∑

m≥j
|||2m∆mU |||2s0−1,2,Σ

.‖dU‖L2
tL

∞
x

∑

m≥j
(2m‖∆mU‖2L∞

t Hs
x
)

.‖dU‖L2
tL

∞

x
‖U‖2L∞

t Hs
x
. ǫ22.

Taking square of it, we can see

|||2j(U − SjU)|||s0−1,2,Σ . ǫ2.

Finally, applying (7.68) to ∆0 = Sj and ∆0 = 2−j∂xSj shows that

|||dSjU |||s0−1,2,Σ + |||2−jd∂xSjU |||s0−1,2,Σ . ǫ2.

Therefore, the proof of Lemma 7.9 is completed. �

We are now ready to give a precise proof of Proposition 7.1.

proof of Proposition 7.1. Note (v,ρ,̟) ∈ H. Using Lemma 7.9, it suffices for us to verify that

|||gαβ −mαβ |||s0,2,Σθ,r
. ǫ2.

By Lemma 7.5 and (7.6)-(7.8), we have

sup
θ,r

|||v|||s0,2,Σθ,r
+ sup

θ,r

|||ρ|||s0,2,Σθ,r
. ǫ2.

Noting the expression of g, by Lemma 7.4, we derive that

‖gαβ −mαβ‖s0,2,Σθ,r
. |||v|||s0,2,Σθ,r

+ |||v · v|||s0,2,Σθ,r
+ |||c2s(ρ)− c2s(0)|||s0,2,Σθ,r

. ǫ2.
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Thus, the conclusion of Proposition 7.1 holds. �

7.2. The null frame. We introduce a null frame along Σ as follows. Let

V = (dr)∗,

where r is the defining function of the foliation Σ, and where ∗ denotes the identification of covectors

and vectors induced by g. Then V is the null geodesic flow field tangent to Σ. Let

σ = dt(V ), l = σ−1V. (7.70) 600

Thus l is the g-normal field to Σ normalized so that dt(l) = 1, hence

l = 〈dt, dx3 − dφ〉−1
g

(dx3 − dφ)∗ , (7.71) 601

so the coefficients lj are smooth functions of v, ρ and dφ. Conversely,

dx3 − dφ = 〈l, ∂x3〉
−1
g
l∗, (7.72) 602

so that dφ is a smooth function of v, ρ and the coefficients of l.

Next we introduce the vector fields ea, a = 1, 2 tangent to the fixed-time slice Σt of Σ. We do this

by applying Grahm-Schmidt orthogonalization in the metric g to the Σt-tangent vector fields ∂xa +

∂xaφ∂x3 , a = 1, 2.

Finally, we let

l = l + 2∂t.

It follows that {l, l, e1, e2} form a null frame in the sense that

〈l, l〉
g
= 2, 〈ea, eb〉g = δab (a, b = 1, 2),

〈l, l〉
g
= 〈l, l〉

g
= 0, 〈l, ea〉g = 〈l, ea〉g = 0 (a = 1, 2).

The coefficients of each of the fields is a smooth function of u and dφ, and by assumption we also have

the pointwise bound

|e1 − ∂x1 |+ |e2 − ∂x2 |+ |l − (∂t + ∂x3)|+ |l − (−∂t + ∂x3)| . ǫ1.

After that, we can state the following corollary concerning to the decomposition of curvature tensor.

LLQ Lemma 7.10. [32] Suppose f satisfying

gαβ∂2αβf = F.

Let (t, x′, φ(t, x′)) denote the projective parametrisation of Σ, and for 0 ≤ α, β ≤ 2, let /∂α denote

differentiation along Σ in the induced coordinates. Then, for 0 ≤ α, β ≤ 2, one can write

/∂α/∂β(f |Σ) = l(f2) + f1,

where

‖f2‖L2
tH

s0−1

x′
(Σ)

+ ‖f1‖L1
tH

s0−1

x′
(Σ)

. ‖df‖L∞

t Hs0−1 + ‖df‖L2
tL

∞ + ‖F‖
L2
tH

s0−1
x

+ ‖F‖
L1
tH

s0−1

x′
(Σ)
.

Rfenjie Corollary 7.11. Let R be the Riemann curvature tensor for the metric g. Let e0 = l. Then for any

0 ≤ a, b, c, d ≤ 2, we can write

〈R(ea, eb)ec, ed〉g |Σ = l(f2) + f1, (7.73) 603
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where |f1| . |curl̟|+ |dg|2, |f2| . |dg|. Moreover, the characteristic estimates

‖f2‖L2
tH

s0−1

x′
(Σ)

+ ‖f1‖L1
tH

s0−1

x′
(Σ)

. ǫ2, (7.74) 604

holds. Additionally, for any t ∈ [0, T ],

‖f2(t, ·)‖Cδ
x′
(Σt) . ‖dg‖Cδ

x(R
3). (7.75) 605

Proof. According to the expression of curvature tensor, we have

〈R(ea, eb)ec, ed〉g = Rαβµνe
α
ae
β
b e
µ
c e
ν
d,

where

Rαβµν =
1

2

[
∂2αµgβν + ∂2βνgαµ − ∂2βµgαν − ∂2ανgβµ

]
+Q(gαβ , dgαβ),

where Q is a sum of products of coefficients of gαβ with quadratic forms in dgαβ . By using Proposition

7.1, then Q satisfies the bound required of f1. It suffices for us to consider

1

2
eαae

β
b e
µ
c e
ν
d

[
∂2αµgβν + ∂2βνgαµ − ∂2βµgαν − ∂2ανgβµ

]
.

We therefore look at the term eαae
µ
c ∂2αµgβν , which is typical. By (7.7), Proposition 7.1, and Lemma 7.7,

we get

‖lα − δα0‖s0,2,Σ + ‖lα + δα0 − 2δαn‖s0,2,Σ + ‖eαa − δαa‖s0,2,Σ . ǫ1. (7.76) LLL

By (7.76) and Proposition 7.1, the term ea(e
µ
c )∂µgβν satisfies the bound required of f1, so we consider

ea(ec(gβν)). Finally, since the coefficients of ec in the basis /∂α have tangential derivatives bounded in

L2
tH

s0−1
x′ (Σ), we are reduced by Lemma 7.10 to verifying that

‖gαβ∂2αβgµν‖L1
tH

s0−1

x′
(Σ)

. ǫ2.

Note

gαβ∂2αβgµν = �ggµν .

By Lemma 7.8 and Corollary 7.6, we have

‖�ggµν‖L1
tH

s0−1

x′
(Σ)

≃ ‖�gv‖L2
tH

s0−1

x′
(Σ)

+ ‖�gρ‖L2
tH

s0−1

x′
(Σ)

. ‖curl̟‖
L2
tH

s0−1

x′
(Σ)

+ ‖(dg)2‖
L1
tH

s0−1

x′
(Σ)

. ‖curl̟‖
L2
tH

s0−1

x′
(Σ)

+ ‖dg‖L2
tL

∞

x
‖dg‖

L2
tH

s0−1

x′
(Σ)

. ‖curl̟‖
L2
tH

s0−1

x′
(Σ)

+ ‖dv, dρ‖L2
tL

∞
x
‖dv, dρ‖

L2
tH

s0−1

x′
(Σ)

. ǫ2.

Above, curl̟ and (dg)2 is included in f1. We hence complete the proof of Corollary 7.11. �

7.3. The estimate of connection coefficients. Define

χab = 〈Dea l, eb〉g , l(lnσ) =
1

2
〈Dll, l〉g , µ0ab = 〈Dlea, eb〉g .

For σ, we set the initial data σ = 1 at the time −2. Thanks to Proposition 7.1, we have

‖χab‖L2
tH

s0−1

x′
(Σ)

+ ‖l(ln σ)‖
L2
tH

s0−1

x′
(Σ)

. ǫ1. (7.77) 606

In a similar way, if we expand l = lα/∂α in the tangent frame ∂t, ∂x′ on Σ, then

l0 = 1, ‖l1‖s0,2,Σ . ǫ1. (7.78) 607
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chi Lemma 7.12. Let χ be defined as before. Then

‖χab‖L2
tH

s0−1

x′
(Σ)

. ǫ2. (7.79) 608

Furthermore, for any t ∈ [−2, 2],

‖χab‖Cδ
x′
(Σt) . ǫ2 + ‖dg‖Cδ

x(R
3). (7.80) 609

Proof. The well-known transport equation for χ along null hypersurfaces (see references [22] and [32])

can be described as

l(χab) = 〈R(l, ea)l, eb〉g − χacχcb − l(lnσ)χab + µ0abχcb + µ0bcχac.

Due to Corollary 7.11, we can write the above equation in the following

l(χab − f2) = f1 − χacχcb − l(lnσ)χab + µ0abχcb + µ0bcχac, (7.81) 610

where

‖f2‖L2
tH

s0−1

x′
(Σ)

+ ‖f1‖L1
tH

s0−1

x′
(Σ)

. ǫ2, (7.82) 611

and for any t ∈ [0, T ],

‖f2(t, ·)‖Cδ
x′
(Σt) . ‖dg‖Cδ

x(R
3). (7.83) 612

Let Λs0−1
x′ be the fractional derivative operator in the x′ variables. Set

G = f1 − χacχcb − l(lnσ)χab + µ0abχcb + µ0bcχac.

We have

‖Λs0−1(χab − f2)(t, ·)‖L2
x′
(Σt)

. ‖[Λs0−1, l](χab − f2)‖L1
tL

2
x′
(Σt) + ‖Λs0−1G‖L1

tL
2
x′
(Σt).

(7.84) 613

A direct calculation shows that

‖Λs−1G‖L1
tL

2
x′
(Σt) . ‖f1‖L1

tH
s−1
x′

(Σt) + ‖χ‖2
L2
tH

s−1
x′

(Σt)

+ ‖χ‖L2
tH

s−1
x′

(Σt) · ‖l(ln σ)‖L2
tH

s−1
x′

(Σt)

+ ‖µ‖
L2
tH

s−1
x′

(Σt) · ‖χ‖L2
tH

s−1
x′

(Σt),

(7.85) 614

where we use the fact that Hs−1
x′ (Σt) is an algebra for s > 2.

We next bound

‖[Λs0−1, l](χab − f2)‖L2
x′
(Σt) ≤ ‖/∂αl

α(χab − f2)(t, ·)‖Hs0−1

x′
(Σt)

+ ‖[Λs0−1/∂α, l
α](χ− f2)(t, ·)‖L2

x′
(Σt).

By Kato-Ponce commutator estimate and Sobolev embeddings, the above is bounded by

‖l1(t, ·)‖
H

s0−1

x′
(Σt)

‖Λs0−1(χab − f2)(t, ·)‖L2
x′
(Σt). (7.86) 615

Gathering (7.77), (7.78), (7.82) and (7.84)-(7.86) together, we thus prove that

sup
t

‖(χab − f2)(t, ·)‖Hs0−1

x′
(Σt)

. ǫ2.
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From (7.81), we see that

‖χab − f2‖Cδ
x′

. ‖f1‖L1
tC

δ
x′
+ ‖χacχcb‖L1

tC
δ
x′
+ ‖l(ln σ)χab‖L1

tC
δ
x′

+ ‖µ0abχcb‖L1
tC

δ
x′
+ ‖µ0bcχac‖L1

tC
δ
x′
.

(7.87) 616

By Sobolev imbedding Hs0−1(R2) →֒ Cδ(R), δ ∈ (0, s0 − 2) and Gronwall’s inequality, we derive that

‖χab‖Cδ
x′
(Σt) . ǫ2 + ‖dg‖Cδ

x(R
2).

�

7.4. The proof of Proposition 7.2. Note

G(v,ρ) = |||dφ(t, x′)− dt|||s,2,Σ.

Using (7.72) and the estimate of |||g −m|||s0,2,Σ in Proposition 7.1, then the estimate (7.4) follows from

the bound

|||l − (∂t − ∂x3)|||s0,2,Σ . ǫ2,

where it is understood that one takes the norm of the coefficients of l − (∂t − ∂x3) in the standard

frame on R3+1. The geodesic equation, together with the bound for Christoffel symbols ‖Γαβγ‖L2
tL

∞

x
.

‖dg‖L2
tL

∞
x

. ǫ2, imply that

‖l − (∂t − ∂x3)‖L∞

t,x
. ǫ2,

so it suffices to bound the tangential derivatives of the coefficients of l − (∂t − ∂x3) in the norm

L2
tH

s0−1
x′ (Σ). By using Proposition 7.1, we can estimate the Christoffel symbols

‖Γαβγ‖L2
tH

s0−1

x′
(Σt)

. ǫ2.

Note that Hs0−1
x′ (Σt) is a algebra if s0 > 2. We then deduce that

‖Γαβγe
β
1 l
γ‖
L2
tH

s0−1

x′
(Σt)

. ǫ2.

We are now in a position to establish the following bound,

‖ 〈Dea l, eb〉 ‖L2
tH

s0−1

x′
(Σt)

+ ‖ 〈Dea l, l〉 ‖L2
tH

s0−1

x′
(Σt)

+ ‖ 〈Dll, l〉 ‖L2
tH

s0−1

x′
(Σt)

. ǫ2.

The first term is χab which is bounded by Lemma 7.12. For the second term, noting

〈Dea l, l〉 = 〈Dea l, 2∂t〉 = −2 〈Dea∂t, l〉 ,

then it can be bounded via Proposition 7.1. Similarly, we can control the last term through Proposition

7.1. At this stage, it remains for us to show that

‖dφ(t, x′)− dt‖
C

1,δ

x′
(R2)

. ǫ2 + ‖dg(t, ·)‖Cδ
x(R

3).

To do that, it suffices for us to show that

‖l(t, ·) − (∂t − ∂x3)‖C1,δ

x′
(R2)

. ǫ2 + ‖dg(t, ·)‖Cδ
x(R

3).

The coefficients of e1 are small in Cδx′(Σ
t) perturbations of their constant coefficient analogs, so it suf-

fices to show that

‖ 〈De1 l, e1〉 (t, ·)‖Cδ
x′
(Σt) + ‖ 〈De1l, l〉 (t, ·)‖Cδ

x′
(Σt) . ǫ2 + ‖dg(t, ·)‖Cδ

x(R
3).
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Above, the first term is bounded by Lemma 7.12, and the second by using

‖ 〈De1∂t, l〉 (t, ·)‖Cδ
x′
(Σt) . ‖dg(t, ·)‖Cδ

x(R
3).

Consequently, we complete the proof of Proposition 7.2.

8. STRICHARTZ ESTIMATES FOR SOLUTIONS

In this part, let us introce the Strichartz estimates of linear wave equations.

r3 Proposition 8.1. Suppose that (v,ρ,̟) ∈ H and G(v,ρ) ≤ 2ǫ1. For any 1 ≤ r ≤ s0 +1, and for each

t0 ∈ [0, T ], the linear, non-homogenous equation
{

�gf = TG+B, (t, x) ∈ [0, T ]× R3,

f(t0, ·) = f0 ∈ Hr(R3), ∂tf(t0, ·) = f1 ∈ Hr−1(R3),

admites a solution f ∈ C([0, T ],Hr)×C1([0, T ],Hr−1) and the following estimates holds:

‖f‖L∞

t Hr + ‖∂tf‖L∞

t Hr−1 . ‖f0‖Hr + ‖f1‖Hr−1 + ‖G‖L∞

t Hr−1∩L1
tH

r + ‖B‖L1
tH

r−1 . (8.1) lw0

Additionally, the following estimates hold, provided k < r − 1,

‖ 〈∂〉k f‖L2
tL

∞
x

. ‖f0‖Hr + ‖f1‖Hr−1 + ‖G‖L∞

t Hr−1∩L1
tH

r + ‖B‖L1
tH

r−1 . (8.2) lw1

r5 Proposition 8.2. Suppose that (v,ρ,̟) ∈ H and G(v,ρ) ≤ 2ǫ1. For each 1 ≤ r ≤ s0 + 1, then the

linear, homogenous equation
{

�gF = 0,

F (t0, ·) = F0, ∂tF (t0, ·) = F1,

is well-posed for the initial data (F0, F1) in Hr ×Hr−1. Moreover, the solution satisfies, respectively,

the energy estimates

‖F‖Hr + ‖∂tF‖Hr−1 ≤ C
(
‖F0‖Hr + ‖F1‖Hr−1

)
,

and the Strichartz estimates

‖ 〈∂〉k F‖L2
tL

∞

x
≤ C

(
‖F0‖Hr + ‖F1‖Hr−1

)
. (8.3) SL

We will use Proposition 8.2 to prove Proposition 8.1 by Lemma 2.12.

proof of Proposition 8.1 by Proposition 8.2. Let g be defined in Proposition 8.1. Let V satisfy the the

linear, homogenous equation
{

�gV = 0,

V (t0, ·) = f0, TV (t0, ·) = f1 −G(t0),
(8.4) Vf

where (f0, f1 −G(t0)) ∈ Hr ×Hr−1. Let Q satisfy the the linear, nonhomogenous equation
{

�gQ = TG+B,

Q(t0, ·) = 0, TQ(t0, ·) = G(t0),
(8.5) Qf

where G(0) ∈ Hr−1. To write V and Q adapting to Proposition 8.2, we can rewrite (8.4) and (8.5) by

using T = ∂t + v · ∇, respectively,
{

�gV = 0,

V (t0, ·) = f0, ∂tV (t0, ·) = f1 −G(t0)− v · ∇f0(t0, ·),
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and {
�gQ = TG+B,

Q(t0, ·) = 0, ∂tQ(t0, ·) = G(t0),

By superposition principle for linear wave equation, then f = V +Q satisfying
{

�gf = TG+B, (t, x) ∈ [0, T ] × R3,

f(t0, ·) = f0 ∈ Hr(R3), Tf(t0, ·) = f1 ∈ Hr−1(R3).

To prove (8.1) and (8.2), we transfer the goal to bound V and Q. By Proposition 8.2, we can see

‖V ‖Hr + ‖∂tV ‖Hr−1 ≤ C
(
‖f0‖Hr + ‖f1 −G(t0)− v · ∇V (t0, ·)‖Hr−1

)
,

and

‖ 〈∂〉k V ‖L2
tL

∞
x

≤ C
(
‖f0‖Hr + ‖f1 −G(t0)− v · ∇V (t0, ·)‖Hr−1

)
, k < r − 1.

Using s0 > 2 and r < s0 + 1, then we can obtain we can see

‖V ‖Hr + ‖∂tV ‖Hr−1 ≤C
(
‖f0‖Hr + ‖f1‖Hr−1 + ‖G(t0)‖Hr−1 + ‖v‖Hs0‖∇f0(t0, ·)‖Hr−1

)

≤C
(
‖f0‖Hr + ‖f1‖Hr−1 + ‖G‖L∞

t Hr−1

)
,

(8.6) VE

and

‖ 〈∂〉k V ‖L2
tL

∞
x

≤ C
(
‖f0‖Hr + ‖f1‖Hr−1 + ‖G‖L∞

t Hr−1

)
, k < r − 1. (8.7) SV

By Lemma 2.12 and using Proposition 8.2 again, we can prove

‖Q‖Hr + ‖∂tQ‖Hr−1 ≤ C
(
‖G(t0)‖Hr−1 + ‖G‖L1

tH
r + ‖B‖L1

tH
r−1

)
, (8.8) QE

and

‖ 〈∂〉k V ‖L2
tL

∞
x

≤ C
(
‖G(t0)‖Hr−1 + ‖G‖L1

tH
r + ‖B‖L1

tH
r−1

)
, k < r − 1. (8.9) SQ

Adding (8.6) and (8.8), we get (8.1). Adding (8.7) and (8.9), we get (8.2). Therefore, we finish the proof

of Proposition 8.1. �

Based on Proposition 8.1, we can derive the following result.

r4 Proposition 8.3. Suppose (v, ρ,̟) ∈ H and G(v, ρ) ≤ 2ǫ1. Let v+ be defined in (1.13). We have

‖dv, dρ, ∂v+‖L2
tC

δ
x
+ ‖∂v+, dρ, dv‖L2

t Ḃ
s0−2
∞,2

≤ ǫ2, (8.10) strr

and

‖v‖L∞

t Hs + ‖ρ‖L∞

t Hs + ‖̟‖L∞

t Hs0 ≤ ǫ2. (8.11) eef

Proof. Recall ρ and v+ satisfying

�gρ = D,

�gv+ = TTη +R.
(8.12) fcr

Using Lemma 2.18, we get

‖D,R‖L1
tH

s−1 . ‖dv, dρ‖L1
tL

∞

x
‖dv, dρ‖L∞

t Hs−1 .

Operating ∆j on (8.12), we can derive that ∆jρ and ∆jv
i
+ satisfy

{
�g∆jρ = ∆jD + [�g,∆j ]ρ,

∆jρ|t=0 = ∆jρ0,
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and {
�g∆jv

i
+ = T∆jTη

i +∆jQ
i + [�g,∆j]v

i
+ + [∆j,T]Tηi,

∆jv
i
+|t=0 = ∆j(v0 − η0), ∆jTv

i
+|t=0 = ∆jT(v0 − η0).

By using the Strichartz estimate in Proposition 8.2 (taking r = s− s0 + 1, k = 0) , we obtain

‖(∆jρ,∆jv+)‖L2
tL

∞
x

. ‖∆jρ(0, ·)‖Hs−s0+1 + ‖∆j(v0 − η0)‖Hs−s0+1 + ‖∆jTη(0, ·)‖Hs−s0+1

+ ‖∆jQ‖L1
tH

s−s0 + ‖[�g,∆j ]ρ‖L1
tH

s−s0 + ‖[�g,∆j]v+‖L1
tH

s−s0

+ ‖[∆j ,T]Tη‖L1
tH

s−s0 + ‖∆jTη‖Hs−s0+1
x

+ ‖∆jD‖L1
tH

s−s0

(8.13) ise

Multiplying 2(s0−1)j on (8.13), and taking square of it and summing it over j ≥ 1, we get

‖ρ, v+‖
2

L2
t Ḃ

s0−1
∞,2

. ‖ρ0‖
2
Hs + ‖v0‖

2
Hs + ‖η0‖

2
Hs + ‖Tη0‖

2
Hs + ‖̟0‖

2
Hs0 . (8.14) fgh

By Lemma 2.18, we also update (8.14) by

‖ρ, v+‖
2

L2
t Ḃ

s0−1
∞,2

. ‖ρ0‖
2
Hs + ‖v0‖

2
Hs + ‖̟0‖

2
Hs0 .

In a result, we have

‖∂ρ, ∂v+‖L2
t Ḃ

s0−2
∞,2

. ‖ρ0‖Hs + ‖v0‖Hs + ‖̟0‖Hs0 . ǫ2.

To get the Strichartz estimates for v, let us recall it’s relation with v+ and ρ. That is,

v = η + v+, η = (−∆)−1(eρcurl̟).

We then get

‖∂v‖
Ḃ

s0−2
∞,2

≤ ‖∂v+‖Ḃs0−2
∞,2

+ ‖∂η‖
Ḃ

s0−2
∞,2

. (8.15) 800

To bound ‖∂v‖
Ḃ

s0−2
∞,2

, we need first bound ‖∂η‖
Ḃ

s0−2
∞,2

. Note

∂η = ∂(−∆)−1(eρcurl̟).

By Sobolev inequality and elliptic estimate, we have

‖∂η‖
Ḃ

s0−2
∞,2

. ‖∂(−∆)−1(eρcurl̟)‖
Ḃ

s0−
1
2

2,2

. ‖eρcurl̟‖
Ḣ

s0−
3
2

. (1 + ‖ρ0‖Hs0 )‖̟0‖Hs0 . ǫ2.

(8.16) 900

Combining (8.15) and (8.16), we can see

‖∂v‖
L2
t Ḃ

s0−2
∞,2

. ‖∂v+‖Ḃs0−2
∞,2

+ ‖∂η‖
Ḃ

s0−2
∞,2

. ǫ2.

We hence prove that

‖∂ρ, ∂v, ∂v+‖L2
t Ḃ

s0−2
∞,2

. ǫ2. (8.17) Sone

Using the original transport equation (1.11):

Tρ = −divv, Tv = −c2s∂ρ,

we then obtain

‖Tρ,Tv‖
L2
t Ḃ

s0−2
∞,2

. ‖∂ρ, ∂v‖
L2
t Ḃ

s0−2
∞,2

. ǫ2. (8.18) Stwo
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Combining (8.17) and (8.18) together, we have

‖dρ, dv‖
L2
t Ḃ

s0−2
∞,2

. ǫ2. (8.19) Sf

It also remains for us to bound ‖dρ, dv‖L2
tL

∞

x
and ‖dv, dρ, ∂v+‖L2

tC
δ
x
. By Littlewood-Palay decomposi-

tion, we also have

‖dρ, dv‖L2
tL

∞
x

.‖dρ, dv‖L2
t Ḃ

0
∞,2

.
{
2j(s0−2)(∆jdρ,∆jdv)

}
l2j

{
2−j(s0−2)

}
l2j

.‖dρ, dv‖
L2
t Ḃ

s0−1
∞,2

. ǫ2.

Similarly, for δ ∈ (0, s0 − 2), we get

‖dv, dρ, ∂v+‖Cδ
x
. ‖dv, dρ, ∂v+‖Ḃδ

∞,2
+ ‖dv, dρ, ∂v+‖Ḃ0

∞,2
.

Therefore, we have

‖dv, dρ, ∂v+‖L2
tC

δ
x
. ‖dρ, dv‖

L2
t Ḃ

s0−1
∞,2

. ǫ2.

Using Theorem 3.3, we can obtain (8.11). At this stage, we have finished the proof of Proposition 8.3.

The only task is Proposition 8.2, which will be stated in the next section. �

9. APPENDIX: PROOF OF PROPOSITION 8.2

Following Smith-Tataru’s paper [32], we will give a proof of Proposition 8.2 in this part. We divide

the proofs into several steps. The first step is to reduce the problem in the phase space.

9.1. A reduction to the paradifferential decomposition. Given a frequency scale λ ≥ 1, we consider

the smooth coefficients

gλ = S<λg.

We can reduce the Proposition 8.2 to the following:

A1 Proposition 9.1. Suppose that (v,ρ,̟) ∈ H and G(v,ρ) ≤ 2ǫ1. Suppose f satisfy

{
�gf = 0,

f |t=t0 = f0, ∂tf |t=t0 = f1.
(9.1) linearA

Then for each (f0, f1) ∈ H1 × L2 there exists a function fλ ∈ C∞([−2, 2] × R3), with

suppf̂λ(t, ·) ⊆ {ξ :
λ

8
≤ |ξ| ≤ 8λ},

such that {
‖�gλ

fλ‖L2
tL

2
x
. ǫ0(‖f0‖H1 + ‖f1‖L2),

fλ(−2) = Pλf0, ∂tfλ(−2) = Pλf1.
(9.2) Yee

Additionally, if r > 1, then the following Strichartz estimates holds:

‖fλ‖L2
tL

∞

x
. ǫ

− 1
2

0 λr−1(‖f0‖H1 + ‖f1‖L2). (9.3) Ase
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proof of Proposition 8.2 by Proposition 9.1. We divide the proof into several cases.

(i) r = 1. Using basic energy estimates for (1.19), we have

‖∂tf‖L2
x
+ ‖∇f‖L2

x
. (‖f0‖H1 + ‖f1‖L2) exp(

∫ t

0
‖dg‖L∞

x
dτ)

. ‖f0‖H1 + ‖f1‖L2 .

Then the Cauchy problem (1.19) holds a unique solution f ∈ C([0, T ],H1) and ∂tf ∈ C([0, T ], L2). It

remains to show that the solution f also satisfies the Strichartz estimate (8.3).

Without loss of generality, we take t0 = 0. For any given initial data (f0, f1) ∈ H1 × L2, and

t0 ∈ [−2, 2], we take a Littlewood-Paley decomposition

f0 =
∑

λ

Pλf0, f1 =
∑

λ

Pλf1,

and for each λ we take the corresponding fλ as in (9.2). If we set

f =
∑

λ

fλ,

then f matches the initial data (f0, f1) at the time t = t0, and also satisfies the Strichartz estimates (9.3).

In fact, f is also an approximate solution for �g in the sense that

‖�gf‖L2
tL

2
x
. ǫ0(‖f0‖H1 + ‖f1‖L2).

We can derive the above bound by using the decomposition

�gf =
∑

λ�gλ
fλ +

∑
λ�g−gλ

fλ.

The first one can be controlled by Proposition 9.1. As for the second one, noting g00 = −1, we then

have

∑
λ�g−gλ

fλ =
∑

λ(g − gλ)∂dfλ.

It follows from Hölder inequality that

‖
∑

λ�g−gλ
fλ‖L2

x
. supλ

(
λ‖g − gλ‖L∞

x

) (∑
λ ‖dfλ‖

2
L2
x

) 1
2
. (9.4) y1

On the other hand, we known

supλ
(
λ‖g − gλ‖L∞

x

)
. supλ

(
λ
∑

µ>λ

‖gµ‖L∞

x

)

. supλ
(
λ
∑

µ>λ

µ−(1+δ)‖dgµ‖Cδ
x

)

. ‖dg‖Cδ
x
(
∑

µµ
−δ) . ‖dg‖Cδ

x
.

(9.5) y2

Gathering (9.4) and (9.5), we can prove that

∑
λ�g−gλ

fλ . ǫ0(‖f0‖H1 + ‖f1‖L2).

For given F ∈ L1
tL

2
x, we now form the function

MF =

∫ t

0
f τ (t, x)dτ,
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where f τ (t, x) is the approximate solution formed above with the Cauchy data

f τ (τ, x) = 0, ∂tf
τ (τ, x) = F (τ, ·).

By calculating

�gMF =

∫ t

0
�gf

τ (t, x)dτ + F,

it follows that

‖�gMF − F‖L2
tL

2
x
. ‖�gf

τ‖L1
tL

2
x
. ǫ0‖F‖L2

tL
2
x
.

Using the contraction principle, we can write the solution f in the form

f = f̃ +MF,

where f̃ is the approximation solution formed above for initial data (f0, f1) specified at time t = 0, and

‖F‖L2
tL

2
x
. ǫ0(‖f0‖H1 + ‖f1‖L2).

The Strichartz estimates now follow since they holds for each f τ , τ ∈ [0, t]. By Duhamel’s principle, we

can also obtain the Strichartz estimates for the linear, nonhomogeneous wave equation
{
�gf = G,

f |t=0 = f0, ∂tf |t=0 = f1.

That is,

‖ 〈∂〉θ f‖L2
tL

∞
x

. ‖f0‖H1 + ‖f1‖L2 + ‖G‖L1
tL

2
x
, θ < 0.

(ii) 1 < r ≤ s0 + 1. Based on the above result, we transform the initial data in H1 × L2. Operating

〈∂〉r−1
on (9.1), we have

�g 〈∂〉
r−1 f = −[�g, 〈∂〉

r−1]f.

Let 〈∂〉r−1 f = h. Then h is a solution to
{
�gh = −[�g, 〈∂〉

r−1] 〈∂〉1−r h,

(h(t0), ∂th(t0)) ∈ H1 × L2.
(9.6) qd

To handle this case, we then need to estimate the right term as

‖[�g, 〈∂〉
r−1] 〈∂〉1−r h‖L2

tL
2
x
. ǫ0(‖dh‖L∞

t L2
x
+ ‖ 〈∂〉m dh‖L2

tL
∞
x
), form > 1− s0.

To see this. we apply analytic interpolation to the family

h→ [�g, 〈∂〉
r−1] 〈∂〉1−r h.

For Rez = 0, noting g00 = −1, we use the commutator estimate (c.f. (3.6.35) of [20]) to get

‖[gαβ , 〈∂〉z]∂2αβh‖L2
x
. ‖dg‖L∞

x
‖dh‖L2

x
.

For Rez = s0, we use the Kato-Ponce commutator estimate

‖[gαβ , 〈∂〉z] 〈∂〉−z ∂2αβh‖L2
x
. ‖dg‖L∞

x
‖dh‖L2

x
+ ‖gαβ − ηαβ‖Hs0

x
‖ 〈∂〉−z ∂2αβh‖L∞

x
, (9.7) qdy

where α 6= 0 because g00 = −1. Considering

‖dg‖L∞

x
+ ‖gαβ − ηαβ‖Hs0

x
. ǫ0,

then (9.7) becomes

‖[gαβ , 〈∂〉z] 〈∂〉−z ∂2αβh‖L2
x
. ǫ0(‖dh‖L2

x
+ ‖ 〈∂〉−z ∂2αβh‖L∞

x
).
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Let us go back (9.6). Using the discussion in case r = 1, we then get the Strichartz estimates for h:

‖ 〈∂〉θ h‖L2
tL

∞

x
. ǫ0(‖ 〈∂〉

r−1 f0‖H1 + ‖ 〈∂〉r−1 f1‖L2 + ‖dh‖L2
x
+ ‖ 〈∂〉−r ∂dh‖L2

tL
∞

x
),

. ǫ0(‖f0‖Hr + ‖f1‖Hr−1), θ < 0.
(9.8) eh

Substituting 〈∂〉r−1 f = h to (9.8), and using the energy estimate

‖f‖L∞

t Hr . ‖f0‖Hr + ‖f1‖Hr−1 ,

we can see derive that

‖ 〈∂〉k f‖L2
tL

∞
x

. ǫ0(‖ 〈∂〉
r−1 f0‖H1 + ‖ 〈∂〉r−1 f1‖L2),

. ǫ0(‖f0‖Hr + ‖f1‖Hr−1), k < r − 1.

�

9.2. The construction of wave packets.

Definition 9.1 ([32]). Let the hypersurface Σθ,r and the geodesic γ be defined in Section 5. A normalized

wave packet around γ is a function f of the form

f = ǫ
1
2
0 λ

−1Tλ(uh),

where

u(t, x) = δ(xθ − φθ,r(t, x
′
θ)), h = h0((ǫ0λ)

1
2 (x′θ − γ′θ(t))).

Here, h0 is a smooth function supported in the set |x′| ≤ 1, with uniform bounds on its derivatives

|∂αx′h0(x
′)| ≤ cα.

We give two notations here. We denote L(u, h) to denote a translation invariant bilinear operator of

the form

L(u, h)(x) =

∫
K(y, z)u(x+ y)h(x+ z)dydz,

where K(y, z) is a finite measure. If X is a Sobolev spaces, we then denote Xa the same space but with

the norm obtained by dimensionless rescaling by a,

‖u‖Xa = ‖u(a·)‖X .

Since 2(s0 − 1) > 2, then for a < 1 we have ‖u‖
H

s0−1
a (R2)

. ‖u‖Hs0−1(R2).

9.2.1. A normalized wave packet.

np Proposition 9.2. Let u be a normalized packet. Then there is another normalized wave packet ũ, and

functions φm(t, x
′
θ),m = 0, 1, 2, so that

�gλ
Pλf = L(dg, dP̃λf̃) + ǫ

1
2
0 λ

−1PλTλ
∑

m=0,1,2

ψmδ
(m)(x′θ − φθ,r), (9.9) np1

where the functions ψm = ψm(t, x
′
θ) satisfy the scaled Sobolev estimates

‖ψm‖L2
tH

s0−1

a,x′
θ

. ǫ0λ
1−m, m = 0, 1, 2, a = (ǫ0λ)

− 1
2 . (9.10) np2

As a immediate consequence, we can obtain
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Corollary 9.3. Let f be a normalized wave packet. Then

‖dPλf‖L∞

t L2
x
. 1, ‖�gPλf‖L2

tL
2
x
. ǫ0. (9.11) np3

proof of Proposition 9.2. For brevity, we consider the case θ = (0, 0, 1). Then xθ = x3, and x′θ = x′.
We write

�gλ
Pλf = λ−1([�gλ

, PλTλ] + PλTλ�gλ
)(uh). (9.12) js0

For the first term in (9.12), noting gλ supported at frequency ≤ λ
8 , then we can write

[�gλ
, PλTλ] = [�gλ

, PλTλ]P̃λT̃λ

for some multipliers P̃λ, T̃λ which have the same properties as Pλ, Tλ. Therefore, by using the kernal

bounds for PλTλ, we conclude that

[�gλ
, PλTλ]f = L(dg, df).

For the second term in (9.12), we use the Leibniz rule

�gλ
(uh) = h�gλ

u+ (gαβλ + g
βα
λ )∂αu∂βh+ u�gλ

h. (9.13) js1

We let ν denote the conormal vector field along Σ, ν = dx3 − dφ(t, x′). In the following, we take the

greek indices 0 ≤ α, β ≤ 2.

For the first term in (9.13), by calculation, we have

g
αβ
λ ∂αβu =g

αβ
λ (t, x′, φ)νανβδ

(2)
x3−φ − 2(∂3g

αβ
λ )(t, x′, φ)νανβδ

(1)
x3−φ

+ (∂23g
αβ
λ )(t, x′, φ)νανβδ

(0)
x3−φ − g

αβ
λ )(t, x′, φ)∂αβφδ

(1)
x3−φ

+ ∂3g
αβ
λ )(t, x′, φ)∂αβφδ

(0)
x3−φ.

Here, δ
(m)
x3−φ = (∂mδ)(x3 − φ). By Leibniz rule, we can take

ψ0 = h
{
(∂23g

αβ
λ )(t, x′, φ)νανβ + (∂3g

αβ
λ )(t, x′, φ)∂αβφ

}
,

ψ1 = h
{
2(∂3g

αβ
λ )(t, x′, φ)νανβ − g

αβ
λ (t, x′, φ)∂αβφ

}
,

ψ2 = h(gαβλ − gαβ)νανβ,

By using (7.4), Proposition 7.1, and Corollary 7.6, we can conclude that this settings of ψ0, ψ1, and ψ2

satisfy the estimates (9.10). For the second term in (9.12), we have

(gαβλ + g
βα
λ )∂αu∂βh =

1

2
να(g

αβ
λ + g

βα
λ )(t, x′, φ)∂βhδ

(1)
x3−φ

−
1

2
να∂3(g

αβ
λ + g

βα
λ )(t, x′, φ)∂βhδ

(0)
x3−φ.

We then take

ψ0 =
1

2
να∂3(g

αβ
λ + g

βα
λ )(t, x′, φ)∂βh, ψ1 =

1

2
να(g

αβ
λ + g

βα
λ )(t, x′, φ)∂βh.

By using (7.4), Proposition 7.1, and Corollary 7.6, we can conclude that this settings of ψ0 and ψ1 satisfy

the estimates (9.10). For the third term in (9.12), we can take

ψ0 = g
αβ
λ (t, x′, φ)∂αβh.

By using (7.4), Proposition 7.1, and Corollary 7.6, we can conclude that this settings of ψ0 satisfies the

estimates (9.10). �
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9.2.2. Superpositions of wave packets.

szy Proposition 9.4 ([32]). Let f =
∑

θ,j aθ,jf
θ,j, where f θ,j are normalized wave packets supported in

Tθ,j . Then

‖dPλf‖L∞

t L2
x
. (

∑

θ,j

a2θ,j)
1
2 ,

‖�gλ
Pλf‖L1

tL
2
x
. ǫ0(

∑

θ,j

a2θ,j)
1
2 .

(9.14) ese

9.2.3. Matching the initial data.

szi Proposition 9.5 ([32]). Given any initial data (f0, f1) ∈ H
1 × L2, there exists a function of the form

f =
∑

θ,j

aθ,jf
θ,j,

where the function f θ,j are normalized wave packets, such that

Pλf(−2) = Pλf0, ∂tPλf(−2) = Pλf1.

Furthermore, ∑

θ,j

a2θ,j . ‖f0‖
2
H1 + ‖f1‖

2
L2 .

9.3. Strichartz estimate. The estimate (9.3) can be directly derived by

szt Proposition 9.6 ([32]). Let

f =
∑

K∈T
aKχK ,

where
∑

K∈T a
2
K ≤ 1. Then

‖f‖L2
tL

∞

x
. ǫ

− 1
2

0 (lnλ)3.
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