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UNIVERSAL K-MATRICES FOR QUANTUM KAC-MOODY
ALGEBRAS

ANDREA APPEL AND BART VLAAR

ABSTRACT. We introduce the notion of a cylindrical bialgebra, which is a qua-
sitriangular bialgebra H endowed with a universal K-matrix, i.e., a universal
solution of a generalized reflection equation, yielding an action of cylindrical
braid groups on tensor products of its representations. We prove that new
examples of such universal K-matrices arise from quantum symmetric pairs
of Kac-Moody type and depend upon the choice of a pair of generalized Sa-
take diagrams. In finite type, this yields a refinement of a result obtained by
Balagovi¢ and Kolb, producing a family of non-equivalent solutions interpo-
lating between the quasi-K-matrix originally due to Bao and Wang and the
full universal K-matrix. Finally, we prove that this construction yields formal
solutions of the generalized reflection equation with a spectral parameter in
the case of finite-dimensional representations over the quantum affine algebra
UqLﬁ[Q.
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1. INTRODUCTION

1.1. In this paper, we provide a general construction of universal K-matrices for
quantum groups corresponding to arbitrary symmetrizable Kac-Moody algebras.
Our approach relies on the notion of a cylindrical bialgebra. Informally, this is a
bialgebra endowed with a distinguished solution of a generalized reflection equation,
which yields a natural action of cylindrical braid groups on the tensor products
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of its representations and generalizes the notion of cylinder twist introduced by
tom Dieck and Haring-Oldenburg [tDHO98| and later used by Balagovié¢ and Kolb
[BK19] in the construction of the universal K-matrix for quantum groups of finite
type. Our construction bears a simple, yet crucial, difference with the latter in that
the relevant reflection equation is twisted by an algebra automorphism which does
not necessarily preserve the coproduct. However, its defect in being a morphism of
quasitriangular bialgebras is controlled by a Drinfeld twist.

This more general framework allows us to construct new examples of universal
K-matrices in the context of quantum Kac-Moody algebras. More specifically, given
a symmetrizable Kac-Moody algebra g and an additional combinatorial datum (a
pair of generalized Satake diagrams), we construct an algebra automorphism ¢ of
U,g and an operator K satisfying the generalized reflection equation

(b @Y)(Ran)-(1®K) - (¢ @id)(R) - (K ®1) =
(K®1)-(id®¢)(Ra) - (1®K)-R,
where R is the universal R-matrix of U,g. In finite type, our construction leads

to new examples of non-equivalent universal K-matrices, where the Balagovi¢-Kolb
universal K-matrix is recovered as a special case.

(1.1)

1.2. Reflection equations received much attention in the mathematical physics lit-
erature from the 1980s onwards, in particular in relation to quantum integrability,
see e.g., [Ch84|[Sk88|[KS92/|GZ94]. In this case, the reflection equation depends on
an additional parameter, referred to as the spectral parameter. In the most general
case, it takes the following form:

R;l_(%)-id®K(w)-R7+(zw)-K(z)®id = K(Z)@id~R2_1+(zw)-id®K(w)-R++(%) ,

where R (z), R™"(z), and R~ (z) are three, possibly distinct, solutions of a
system of Yang-Baxter type equations with a spectral parameter, see [Ch92, Egs.
(4.12)—(4.14)).

Examples of matrix solutions of the reflection equation have been constructed
in the context of finite-dimensional representations of quantum affine algebras and
quantum affine symmetric pairs. In this case, the operators R**(z) = R(z) are
often assumed to be equal and determined by the action of the universal R-matrix
[Dr86], thus yielding the standard reflection equation. Moreover, K (z) is generally
obtained as an intertwiner of the form

K(2): V(z) — V(%)

with respect to a distinguished coideal subalgebra, see e.g., [DG02,[DMO03,RVIGE,
BTs18]. Our construction is tailored to provide a universal solution to this problem
in greater generality. Namely, in the case of quantum affine algebras, the universal
K-matrix converges on a finite-dimensional representation V' to a formal intertwiner
Ky (2) : V(z) = V¥(1) and yields a solution of Cherednik’s generalized reflection
equation. A major advantage of our approach is that, by carefully choosing the
automorphism 1, the latter reduces to the standard case and our construction
recovers many of the previously known solutions. In the last section of this paper,
we consider the case of quantum affine sly, while the general (untwisted) case is
discussed in [AV22].

In the rest of this section, we review the problem in more detail and outline our
main results.
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1.3. Let g be a symmetrizable Kac-Moody algebra and U,g the corresponding
Drinfeld-Jimbo quantum group [Dr85lJi86LLus94]. It is well-known that U,g is
a non-commutative Hopf algebra, which, up to completion, is equipped with a qua-
sitriangular structure given by the universal R-matrix R. The use of completion
is made necessary by the fact that R is defined only on certain tensor products of
Ugg-modules, e.g., category O modules.

The quantum group U, g is naturally endowed with a family of distinguished sub-
algebras, which are not Hopf subalgebras, but only (one-sided) coideal subalgebras.
Let € := g? the fixed-point subalgebra of a Lie algebra involution 6. In finite type,
building on work by Gavrilik and Klimyk [GK91] and Koornwinder [K93] in special
cases, Noumi, Sugitani, and Dijkhuizen [NS95,[NDS97] and, independently, Letzter
[Le99.[Le02|[Le03] proved that the Hopf subalgebra Ut C Ug is naturally deformed
into a coideal subalgebra U,t C U,g, which we refer to as a quantum fized-point
coideal subalgebra. For symmetrizable Kac-Moody algebras, the construction of
U,t was obtained by Kolb in [Kol4], in the case of 6 being an automorphism of the
second kind[]

1.4. Bao and Wang [BW18] developed a quantum symmetric pair analogue of the
theory of canonical bases (see also the work of Ehrig and Stroppel [ES18]). Central
in their results is the use of a coideal version of Lusztig’s bar involution on U,g,
i.e., a bar involution on Ug¢, which we simply refer to as the internal bar involu-
tion. This yields a canonical element, which is known as the quasi-K-matriz, which
intertwines between Lusztig’s bar involution and the internal bar involution on U,
(see in particular [BWI8| Sec. 2.5]). In [BK19], Balagovi¢ and Kolb extended the
construction of the quasi-K-matrix to every quantized fixed-point subalgebra Ut of
the symmetrizable Kac-Moody algebra U,g. In particular, in finite type, this led to
the construction of a universal K-matrix as a coideal intertwiner in [BW1I8| Thm.
2.18] and [BK19, Cor. 7.7].

1.5. The main goal of the present paper is to extend the construction of the uni-
versal K-matrix to the case of a symmetrizable Kac-Moody algebra. Note that the
formula of the full universal K-matrix in [BK19] is not valid for infinite-dimensional
Kac-Moody algebras, since it relies on the quantum Weyl group operator corre-
sponding to longest element of the Weyl group, which only exists if g is finite-
dimensional. The main property of this operator is to provide a description of the
quasi-R-matrix as a multiplicative coboundary (cf. [KR90] and equation (5.4)), i.e.,
it is essentially a half-balance on U,g [KT09,IST09], and it is crucial in the con-
struction of universal solutions of the reflection equation. There have been various
attempts to define this operator for infinite-dimensional Kac-Moody algebras (e.g.,
[Ti10]), but none is suited to our purposes. More importantly, we aim to construct
universal K-matrices which specialize to finite-dimensional representations of quan-
tum affine algebras and yield solutions of generalized reflection equations with a
spectral parameter. In particular, by restriction, the automorphism v should in-
duce the inversion of the spectral parameter on finite-dimensional representations.
This cannot be achieved within the existing framework of cylinder braided subalge-
bras used in [BK19], where % is required to be an automorphism of quasitriangular
bialgebras.

LAn automorphism @: g — g is of the second kind if (b1) N bt is finite-dimensional, where
bt C g denotes the positive Borel subalgebra, see e.g., [KW92, 4.6].
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1.6. Our proposal is to bypass these obstructions altogether by adopting a new
framework, which does not require the use of a global half-balance, while providing
a generalization of the notion of cylinder twist. This prompts the definition of cylin-
drical bialgebras (cf. Definition 23]). Roughly, this is the datum (H, R, v, J, K),
where (H, R) is a quasitriangular bialgebra, ¢ : H — H is an algebra automor-
phism, J € H @ H a Drinfeld twist such that HP¥ = H, and finally K € H is
an invertible element satisfying the coproduct identity

AK)=J1' (1eK) (¥ ®id)(R)- (K®1).

In particular, the datum (¢, J), which we refer to as a twist pair, is a twisted homo-
morphism HP — H in the terminology of [Dav(7]. It follows from the coproduct
identity that K is indeed a universal K-matrix, as it satisfies the generalized reflec-
tion equation (LI). In particular, it yields an action of cylindrical braid groups on
tensor products of its representations (cf. Proposition 2.4]).

Any automorphism of quasitriangular bialgebras ¢ : (H, R) — (H, R) automat-
ically gives rise to the twist pair (cp,Rgll). Therefore, our definition recovers as
a special case the notion of cylinder twists from [£tD98tDHO98|[BK19]. We shall
refer to this case as a strongly cylindrical bialgebra. Note that, choosing the twist
pair (¢, R), we recover the analogue notion with the opposite convention used e.g.,
in [BZBJI8|. More generally, in this framework, we are able to describe a larger
pool of operators which naturally appear in representation theory. For instance,
the notion of a balance is one of the simplest cases of a cylinder twist, studied in
detail in [DKMO03]. In contrast, a half-balance is not a cylinder twist. However,
both balances and half-balances are obtained as examples of solutions of generalized
reflection equations in the context of cylindrical bialgebras.

1.7. Our main result is the construction of a family of cylindrical structures on
U,g arising from quantum fixed-point coideal subalgebras. In fact, we prove that,
given a quantum fixed-point coideal subalgebra U,t with generalized Satake dia-
gram (X, 7), there is a natural family of twist pairs (¢y,,;, Ry,,), indexed by an
auxiliary generalized Satake diagram (Y,7n). The Drinfeld twist J = Ry, is ob-
tained by a suitable Cartan modification of the parabolic R-matrix corresponding
to the subdiagram of finite type Y and allows us to avoid the first obstruction
due to the non-existence of a global half-balance in general. We then adapt the
approach of [BK19] to this new setting, constructing an operator Ky, which acts
on integrable category O U,g-modules as a y-twisted Ugt-intertwiner and yields a
(topological) cylindrical structure on U,g (cf. Proposition 87 and Theorem B.])).

In finite type, we obtain a refinement of [BK19]. Suppose U,g is a quantum
group of finite type with Dynkin diagram I and opposition involution oi; (i.e.,
diagram automorphism corresponding to the longest element of the Weyl group).
Then (Y,n) = (I,o0ir) is a Satake diagram. In this case, we recover the universal
K-matrix K7 o, obtained by Balagovi¢ and Kolb (up to conventions). On the other
hand, if (Y,n) = (X, 7), then Ky , coincides with quasi-K-matrix (up to a Cartan
factor). Therefore, we obtain a discrete family of universal K-matrices interpolating
between the Balagovi¢-Kolb universal K-matrix and the quasi-K-matrix.

1.8. The construction of universal K-matrices for Kac-Moody algebras involves a
number of additional generalizations and simplifications with respect to the con-
struction given in [BK19], which we briefly summarize below. The first two describe
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the more general setting in which the main results are valid (Proposition B and
Theorem [B8)).

1.8.1. Quantized pseudo-fized-point subalgebras. The K-matrix construction of
[BK19] applies to coideal subalgebras Ut which are g-deformed enveloping alge-
bras of fixed-point subalgebras with respect to an involutive automorphism of g.
In [RV20] this construction was extended to more general subalgebras of g, called
pseudo-fired-point subalgebras and defined in terms of generalized Satake diagrams
(see also [RV21]). Note that in this setting the description of the automorphism of
g and its quantization is somewhat simpler, as one no longer needs to keep track
of the correction given by a multiplicative character of the root lattice with values
in {1} (see Section [63). Our construction of universal K-matrices is presented in
this more general setting.

1.8.2. The quasi-K-matriz and parameter constraints. In [BK19], the parameters
involved in the definition of U t are assumed to be invariant under a particular
diagram automorphism (cf. [BK19, Eq. (7.4)-(7.5)]). In our approach we do not
need this assumption. Additional constraints on the parameters are imposed in
[BK19, Sec. 5.4] in order to guarantee the existence of an internal bar involution
on Ugg. The latter is indeed a crucial ingredient in the construction of the quasi-
K-matrix given in [BK19]. In this paper, we provide a construction of the quasi-
K-matrix, which does not rely on the internal bar involution and therefore applies
to a larger class of coideal subalgebras. Moreover, as later observed by Kolb in
[Ko21], this construction of the quasi-K-matrix can be used to define the internal
bar involution. We obtain this generalization by directly extending the arguments
in [BK19, Sec. 6], making use of the fundamental lemma of quantum symmetric
pairs [BW2I, Thm. 4.1] and of the simplification discussed in [DKI19, Sec. 3.5].
Note that in the quasi-split case an alternative construction of a (weakly) universal
K-matrix without parameter constraints was given in [KY20].

1.8.3. Coproduct identity. Beyond the quasi-K-matrix, the formula for the universal
K-matrix given by Balagovi¢ and Kolb involves the quantum Weyl group operator
and a correcting factor in a completion of the quantum deformed Cartan subalge-
bra, see [BK19, Eq. (8.1)]. This makes the computation of the coproduct identity of
the universal K-matrix rather complicated, see [BK19, Sec. 8-9, Thm. 9.5]. Follow-
ing [KT09|, we introduce Cartan-modified quantum Weyl group operators, whose
Cartan correction depends upon the choice of a generalized Satake diagram. These
can be thought of as modified diagrammatic half-balances (see Section [5.0)) and
yield universal K-matrices whose coproduct identity is easier to compute.

1.8.4. Intertwining equation. The quasi-K-matrix constructed in Section [] is re-
lated to the original one via Lusztig’s bar involution. This simple, and yet subtle,
difference allows us to straightforwardly derive the intertwining equation of the
standard K-matrix from those of its factors. Note that this is in contrast with the
proof of the intertwining equation in [BK19, Thm. 7.5], which does not directly use
the intertwining equation of the quasi-K-matrix [BK19, Prop. 6.1]. Moreover, if £
is a fixed-point subalgebra, it becomes clear that at ¢ = 1 the standard K-matrix
reduces to an element of the centralizer of Ut in a completion of Ug.

2That is, the braid group operators constructed in e.g., [Lus94, Ch. 5] and given in terms of
g-deformed triple exponentials.
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1.9. Outline. In Section 2] we introduce the notions of twist pair and cylindrical
bialgebra (Definition [Z3]). This more general framework is first described in purely
algebraic terms. We then rely on the usual Tannakian formalism to extend it to
topological bialgebras. In Section [3] we recall several facts about symmetrizable
Kac-Moody algebras and their automorphism groups. In particular, we recall the
definition of framed realizations compatible with a diagram automorphism and we
prove that such realizations do not always exist, providing a necessary and suffi-
cient condition in the corank one case (Proposition [3.2]). In Section H] we review
the basic theory of Drinfeld-Jimbo quantum groups, their category O representa-
tions, and the universal R-matrix. In particular, we describe a factorization of
the quasi-R-matrix with respect to a subdiagram of arbitrary type (Proposition
[43). In Section [l we recall the definition of the quantum Weyl group operators
on integrable representations and their basic properties. In Section [G] we consider
classical and quantum pseudo-fixed-point subalgebras, combinatorially described in
terms of generalized Satake diagrams (Definition [E11]). The corresponding quan-
tum pseudo-involutions are defined in terms of modified diagrammatic half-balances
(cf. Section [6.5]). In Section [ we revisit and generalize the construction of the
quasi-K-matrix (Theorem[7.3)). In Section [ we modify the quasi-K-matrix with the
multiplicative difference of two modified diagrammatic half-balances corresponding
to a pair of generalized Satake diagrams. This leads to a family of solutions of
the generalized reflection equation, inducing on U,g a cylindrical structure with
respect to which Uyt is a cylindrically invariant coideal subalgebra (Theorems
and [R.F)). In Section[d we briefly discuss the application of our constructions to the
case of quantum symmetric pairs for the quantum loop algebra U,Lsly, showing
that universal K-matrices constructed in Section B give rise to formal solutions of
a generalized reflection equation with a spectral parameter.

2. CYLINDRICAL BIALGEBRAS

In this section, we introduce the notion of a cylindrical bialgebra, which is
roughly a quasitriangular bialgebra H together with an action of the cylindrical
braid group on its representations. The main ingredient is a distinguished solution
of a generalized reflection equation which depends upon the choice of an algebra
automorphism ¢ : H — H (a twisting operator) whose defect in being a mor-
phism from H to HP is controlled by a Drinfeld twist. As a special case, we
recover the notion of balanced and half-balanced bialgebras [KT09LST09], and that
of cylinder-braided bialgebras as they appeared in [tDI8/EDHO98,BK19] (see also
[DKMO3|[Enr04,[Brol2]). This more general framework shall be used in Section B
to describe the representations of the cylindrical braid group arising from quantum
Kac-Moody algebras.

2.1. Quasitriangular bialgebras. Recall that by [Dr90a] a quasitriangular bial-
gebra is a pair (H, R) where H is a bialgebra (over a base field ) and R is an element
of (H® H)*, called universal R-matriz, satisfying the intertwining identity

(2.1) R-A(z) = A°®(z) - R,
for any € H, and the coproduct identities
(22) (A (39 Id)(R) = R13 . R23 and (Id & A)(R) = R13 . R12 5
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where A denotes the coproduct and A°" = (12) o A the opposite coproduct. Note
that, if (H, R) is a quasitriangular bialgebra and e is the counit of H, then

(2.3) (e ®id)(R) =1 = (id®e)(R).

Moreover, (H, Ry;') and (HP, Ry;) are also quasitriangular bialgebras, where HP
denotes the co-opposite bialgebra, obtained from H by replacing A by A°P and
leaving the other structure maps as they are. From (ZI)) and either coproduct
formula in (Z2)) it follows that R is a solution of the Yang-Baxzter equation

Ris- Rig- Rog = Ri2- (A®id)(R) = (A® ®id) - (R) - R12 = Ra3 - R13 - Ri2
and thus it induces a representation of the standard braid groups on the tensor

powers of H. Namely, let A™ : H - H®" for n € Z>1 be the iterated coproducts
defined by setting

AW = idy and A = (A ®id®""Y) o APD (n>1).

In particular, A®® = A. Note that A(™) yields a natural action of H on H®" given
by

z-(h® - ®@hy) = A(”>(a:)(h1 R ®hy).
Let B,, be the braid group of n strands in the plane, presented on the generators
S1,...,S,_1 subject to the Artin relations

(2.4) Si+Siy1 -8 = 8i+1-5: - Sit1 and S;-8;=25;-5;
foranyi=1,...,n—2and |i—j| > 1, respectively. For any n € Z>4, the assignment
pR(Si) = (ii+1)o Rijit
for any 1 < ¢ < n — 1, where R; ;1 is shorthand for left multiplication by R;;y1,

defines a morphism of groups u% : B, — Autg (H®"), i.e., an action of B,, on H®"
which commutes with the action of H.

2.2. Artin-Tits groups. The braid group B, is the Artin-Tits group correspond-
ing to the Coxeter group .S,,. It is well-known that Artin-Tits groups have a combi-
natorial description in terms of labelled diagrams, where a diagram is an undirected
graph D with no multiple edges or loops and a labelling m on D is the assignment
of an integer m;; € {2,3,...,00} to any pair ¢,j of distinct vertices of D such
that m;; = mj; and m,; = 2 if and only if there is no edge between ¢ and j. By
[BS72lDel72], the Artin-Tits group corresponding to a diagram D with labelling m
is the group Bp,,, with generators S;, where ¢ runs through the vertices of D, and
relations

(2.5) S;-S;- 8- =8;-8-8; - .

zy] zy]

For n € Z33, consider the Coxeter-Dynkin diagram D = A,,_; with the following
(standard) labelling: the vertex set is {1,2,...,n — 1} with m;; =3 if |i — j| =1
and m;; = 2 otherwise. The corresponding braid group Bp ., coincides with B,,,
see (Z4). The diagram D = B,, arises as an extension of A,,_; by including a vertex
0 with additional labelling datum mg; = mig = 4 and mg; = my = 0 if ¢« > 0.
The corresponding braid group Bp ,, is presented on the generators So, S1, ..., Sn—1
subject to the relations (24 and

(2.6) So-S1+Sy-S1 =251 S -S0.
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Moreover, it contains an isomorphic copy of Ba,_, and identifies with the group
B of cylindrical braids (such topological interpretations of Artin-Tits groups of
finite type were given in general in [Bri7l]). We are interested in producing rep-
resentations of cylindrical braid groups B in terms of suitable bialgebras as in

Section 211

2.3. Drinfeld twists. A Drinfeld twist of a bialgebra H is an element J € (H ®
H)* satisfying the normalization (¢ ® id)(J) = 1 = (id ® €)(J) and the cocycle
identity

(Je) - (Aid)(J)=1&J) - (doA)(J).

Drinfeld twists allow us to modify the quasitriangular structure of (H, R). Indeed,
given a Drinfeld twist J, one obtains a new quasitriangular bialgebra (H;, R ;)
where H ; is the twisted bialgebra with coproduct A ; defined by

Aj(z)=J Alz) J!

for any € H. The twisted R-matrix is Ry := Jo; - R- J L.

If J' is a Drinfeld twist for H and J is a Drinfeld twist for Hj/, then J - J' is
a Drinfeld twist for H satisfying Hy.;» = (Hy )y and Ry.;» = (Ry/) ;. In general,
H and Hj; are not isomorphic bialgebras. However, they give rise to isomorphic
braid group representations as pf  p, = Ad(J™) o 1 r- Here Ad(X) denotes the
conjugation by an invertible element X and J(™ is defined recursively by J2) = J
and

JW = (Vo1 (A D eid)(J)  (n>2).
New Drinfeld twists can be obtained by gauging (see e.g., [ATL19a]).

Remark 2.1. One checks immediately that the Yang-Baxter equation for a quasi-
triangular bialgebra (H, R) coincides with the cocycle identity for the R-matrix.
Thus, the R-matrix R € H ® H is a Drinfeld twist and (Hg, Rr) = (H*P, Ro1).
Hence (Hp,, r, Rr,yr) = (H,R), that is, RsyR € H ® H is an (H, R)-invariant
Drinfeld twist.

2.4. Twist pairs. Let (H, R) be a quasitriangular bialgebra and ¢ : H — H an
algebra automorphism. The v-twisting of (H, R) is the quasitriangular bialgebra
(HY, R¥¥) obtained from (H, R) by pullback through v, i.e., HY is the bialgebra
with modified coproduct and counit:

AV = (pey)oAoyp !, i=ecoyp!

and the modified universal R-matrix given by R¥¥ := (1®%)(R). Note that, by con-
struction, 1 is an isomorphism of quasitriangular bialgebras (H, R) — (HY, R¥%).

Definition 2.2. Let (H, R) be a quasitriangular bialgebra. A twist pair (¢, J) is
the datum of an algebra automorphism ¢ : H — H and a Drinfeld twist J € HQ H
such that HPY = H;, i.e.,

A®Y —Ad(J)oA, =€, and R =Jn-R-J .

Note that, in the terminology of [Dav(7, Sec. 2.1}, (¢, J) is a twisted homomor-
phism of bialgebras HP — H.
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2.5. Cylindrical bialgebras. We now introduce a class of bialgebras which nat-
urally give rise to representations of cylindrical braid groups, in analogy with the
case of quasitriangular bialgebras and braid groups of type A.

Definition 2.3. Let (H, R) be a quasitriangular bialgebra.

(i) We say that (H,R) is cylindrical if there exists a twist pair (¢, J) and an
element K € H*, called a universal K-matriz, such that the following co-
product identity holds

(2.7) AK)=J1' (19K)- (¥ @id)(R)- (K®1).
(ii) A subalgebra B C H is said to be cylindrically invariant if
(2.8) K- b=v¢(0b) K
for all b € B.

We shall prove that any cylindrical bialgebra H gives rise to a representation of
the cylindrical braid group BY' on H®™. More precisely, the action of BY' extends
the action of B,, given by the R-matrix and it is therefore determined by the K-
matrix. Whenever the subalgebra B is a right coideal, i.e.

A(B)CB®H,
it allows us to describe this action internally, that is, in terms of B-intertwiners.

Proposition 2.4. Let (H, R,v,J, K) be a cylindrical bialgebra.

(i) The (¢, J)-twisted K-matric K € H satisfies the generalized reflection equa-
tion

(29) (K&1)-(R)a-(12K)-R=Ry/ - (10 K)-R’ - (K®1),

where RY := (¢ ®id)(R).
(ii) Let B C H be a cylindrically invariant coideal subalgebra. There is a canon-
ical morphism of groups pi g B — Autg(H®™) given by the assignment

Whi(So) = (W @idy ) o (K@1"™ ) and  pf x(8;) = (ii+1) 0 Ry
Proof. (i) It is enough to observe that, since R- A(K)- R~! = A°P(K), one has
R-JV(1I@K) R -(Kol)=Jy' - (K®1)-(R)2- (19 K) R

Then ([Z9) follows from (¢ ® 1)(Ra1) = Jo1 - R-J 1.
(ii) We have to show that u% - preserves the four-term relation (2.6). We may
assume 1 = 2. Set pp i = /ﬁz,z« Then, we have
fir i (S0) © pir K (S1) © pir. (S0) © pi, k(51
=@W®y) o (K@) (R")a- (18 K)-R)
=(weu) o (R (10 K) R (K®1))
= pir, Kk (S1) © iR,k (So) © pir, K (S1) © pir, K (So),

where the second identity is the generalized reflection equation (2). The result
follows. U
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2.6. The trivial example. It is important to observe that the representations of
B arising from cylindrical bialgebras are in general genuinely cylindrical in that
they cannot be recovered by the inclusion BY' C B, ;1. Indeed, BY' identifies with
the subgroup of braids on n + 1 strands which fix a distinguished strand, mapping
S; > Siy1if i # 0 and Sp + S7. Therefore, if (H, R) is a quasitriangular bialgebra,
we obtain an H-invariant action of BY' on H®("+1)

AR BY — Auty (HEHY)
which is the restriction of p5"" and therefore it is given by k™ (Sp) = R R.
Clearly, this can be further restricted to an action ﬁ’f;l on the subspace H®" =
1 ® H®" ¢ H®(+1) | relying on the projection ¢ ® id®" : H®+1) — H®" given
by the counit. By (Z3) the result is quite uninteresting as one gets 75t (Sy) =
(e®id)(R21 R) = 1. This shows that any quasitriangular bialgebra (H, R) is endowed
with a t¢rivial cylindrical structure given by ¢ = idy, J = R, and K = 1. There

are on the other hand many non-trivial examples as we describe below.

2.7. Balanced and half-balanced bialgebras. By [KT09,[ST09], a quasitrian-
gular bialgebra (H, R) is
(i) balanced if there exists an element b € H*, called balance, such that b € Z(H)
and A(b) = (b X b)RQlR;
(ii) half-balanced if there exists an element h € H* called half-balance, such that
h? € Z(H) and A(h) = (h® h)R.
Note that, if h is a half-balance, then h? is a balance, since RA(h)R™! = A°P(h)
and R(h ® h) = (h ® h)Ro;. Balances and half-balances are examples of universal
K-matrices.

Proposition 2.5.

(i) Let (H,R) be a quasitriangular bialgebra with balance b. Then H is cylin-
drical with ¢v = id, J = R;ll, and K = b. Moreover, H is cylindrically
nvariant.

(ii) Let (H,R) be a quasitriangular bialgebra with half-balance h. Then H s
cylindrical with ¢ = Ad(h), J =1®1, and K = h. Moreover, H is cylindri-
cally invariant.

Proof.
(i) It is clear that HP = Hp-1, so that (id, Ry7') is a twist pair. Assuming that
K is central, the coproduct identity (2.7]) becomes
AK)=Ry1- (1K) R- (K®1)=(K®K)-Ro1 - R

so that K = b is an admissible solution, which clearly commutes with every
element in H.

(ii) Note that a half-balance h € H is a gauge transformation which trivializes the
R-matrix, i.e., we have (h@h)A(h)™' = Ry and (™' ®@h~1)A(h) = R. Note
that Ad(h)? = id and indeed

HAd(h) = HR71 = HP = Hpr = HAd(h)il.
21

In particular, (Ad(h),1 ® 1) is a twist pair and the coproduct identity (7))
becomes

A(K) = (1® K) - (Ad(h) ® id)(R) - (K ® 1).
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Thus, K = h is a solution. Finally, note that the intertwining equation (2.8
becomes trivial, since K - & = Ad(h)(z) - h =¢(z) - K for any © € H. O

Remark 2.6. Recall that a quasitriangular Hopf algebra is ribbon if it admits a
balance b fixed by the antipode, in which case it is called a ribbon element. The
interplay between ribbon elements and the reflection equation was first observed
by Donin, Kulish and Mudrov [DKMO03]. The notion of half-balance is due to
Kamnitzer-Tingley, Snyder—Tingley [KT09,[ST09] and Enriquez [Enrl0]. It would
be interesting to see if the approach in [DKMO03] extends to half-balances.

2.8. Strongly cylindrical bialgebras. We describe now a special case of cylindri-
cal bialgebras, which first appeared in the work of tom Dieck and Haring-Oldenburg
[(D98EDHO9]] and later in the work of Balagovié-Kolb [BK19], under the name
bialgebras with a (twisted) cylinder twist. It corresponds to setting J = R;ll in
Definition 2.3} equally we may set J = R which corresponds to the convention used
in [BZBJ1S§].

Definition 2.7. We call a quasitriangular bialgebra (H, R) strongly cylindrical if
there exists a bialgebra automorphism ¢ of (H, R) and an element K € H* such
that

(2.10) A(K)=Ro- (1K) -R¥ - (K®1),
where R? := ¢ @ id(R).
The following motivates our choice of terminology in Definition 2.3

Proposition 2.8. Let (H,R,p,K) be a strongly cylindrical bialgebra. Then,
(¢, Ryy', K) is a eylindrical structure on (H, R), i.e. (H, R) is a cylindrical bialgebra
with twist pair (@, Ry') and universal K-matriz K .

Proof. Since ¢ is a quasitriangular bialgebra automorphism, H¥ = H and R*¥ =
R. Thus, H*P¥ = Hp— and (¢, Ry}h) is a twist pair. The coproduct identity (Z7)

then reduces to (210). O

Remark 2.9. Note that, for any quasitriangular bialgebra automorphism ¢, (¢, R)
and (¢, R;ll) are always twist pairs and represent two standard choices. Our more
general notion of cylindrical bialgebra aims to relax this condition on ¢ by allow-
ing less obvious twist pairs (¢, J) and new examples of universal K-matrices. For
instance, note that, while balances define strongly cylindrical structures on quasi-
triangular bialgebras, half-balances in general do not. However, they arise from the
more general notion of cylindrical structure under consideration here.

2.9. Tannakian formalism and completions. It is well-known that the purely
algebraic setting we described above is in general too restrictive to describe inter-
esting solutions of the Yang-Baxter and the reflection equations. Indeed, in the
cases of our interest, we should rather consider pseudo structures (cf. [Dr86]) in
that the defining operators, e.g., R-matrices and K-matrices, are not algebraic but
rather topological, i.e., they correspond to elements in a suitable completion H of
the bialgebra H. In general H is only a topological bialgebra, whose structure
involves completed tensor products.

Our approach to describe such topological bialgebras is based on the well-known
Tannakian formalism [Del90]. We implicitly describe the completion H in terms
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of operators acting on a distinguished subcategory of H-modules and commuting
with every H-intertwiner. This approach yields a canonical morphism H — H.
Namely, let H be an algebra, C C Mod(H) a distinguished full subcategory and
F : C — Vect the forgetful functor. Let H® := End(F) be the algebra of natural
transformations of F. Recall that, by definition, an element ¢ € HC is a collection
of operators &y : F(V) — F(V), indexed by V' € C, such that the diagram

Ew

commutes for any V,W € C and f : V — W in C. The product on HC is given by
the composition of natural transformations. There is a canonical map ¢ : H — H€
given by the assignment u — uy = 7y (u). A subcategory C C Mod(H) separates
points if ¢ is injective or, equivalently, if an element in H is uniquely determined
by its action on the objects in C. Intuitively, this condition forbids the category C
from being too small. The existence of a canonical embedding H — H€ yields a
natural interpretation of HS as a completion of H.

Remark 2.10. Every algebraic structure described in this section admits a categor-
ical counterpart (e.g., tensor categories with a cylinder twists or, more generally,
braided module categories, cf. [tD98|[Ko20] and references therein). We will avoid
to describe such categorical structures in details. Instead, we shall fix a monoidal
subcategory of representations C and consider distinguished operators in the corre-
sponding completion HC. Tt is worth noting that HC in general is not a bialgebra,
but rather a cosimplicial algebra, see e.g. [ATLIOb, Sec. 8.8].

3. KAC-MOODY ALGEBRAS

In this section, we recall several facts about symmetrizable Kac-Moody algebras
and their group of automorphisms, following mainly [Kac90,[KW92]. Moreover, we
recall the definition of framed realizations compatible with a diagram automorphism
from [Kol4, Sec. 2.6]. We show that, in the case of generalized Cartan matrices of
indefinite type and corank one, such realizations do not always exist.

3.1. Realizations and lattices. From now on we will work over] C (and, later
on, also over formal extensions of C). Let I be a finite set with a strict total
order <, A = (a;j)ijer a matrix with entries in C and (h,IL,1IV) a realization
of A, i.e., b is a C-vector space, Il := {a;}i;c; C b* and IV = {h;};e; C b are
linearly independent subsets such that o;(h;) = aj;. It is well-known that for any
N > 2|I| — rk(A) = |I| + cork(A) there exists a realization with dim(h) = N. This
is said to be minimal precisely when dim(h) = |I] 4+ cork(A). Attached to any
realization one has the following (co)root subspaces and lattices

QY :=spany(IIV) Cspanc(IIV)=:  and  Q:=span,(II) Cspanc(II)=:(h*)".
Note that these do not depend on the dimension of h. Recall that the height

functions are the group homomorphisms Q, QY — Z given by z; — 1 for all s € T

31In fact, C may be replaced throughout by any algebraically closed field of characteristic 0.
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with z; = «y, h;, respectively. Similarly, the support functions supp : Q,QY —
Pow(I) are given by

supp(zmixi) ={iel|m;#0}

iel

with z; = «y, hy, respectively. The weight lattice is P == {\ € b* | A(QV) C Z} C h*.
Finally, we set 3 :== {h € b | a;(h) = 0 for all i € I'}. The essential Cartan is the
|I|-dimensional space §/3, which naturally identifies with the dual of the root lattice
Q* through the projection

(3.1) b~ (") — Q"

Henceforth, we fix a minimal realization (b, II, ITV).

3.2. Diagram automorphisms. A diagram automorphism of A is a permutation
7 : I — I such that a,) ;) = ai; for all 4,5 € I. Diagram automorphisms form
a group denoted Aut(A), whose action on I naturally extends to the subspaces b’
and (b*)" if we set 7(h;) = h;) and 7(q;) = ) for 7 € Aut(A) and i € I.
By [KW92| 4.19], any diagram automorphism can be lifted to an element in GL(b)
as follows. The identification Q* ~ §/3 given by the projection (BI]) allows us to
extend the action of Aut(A) on Q to h/3 in such a way that a;(7(h)) = a,)(h) for
any ¢ € I. Since the subspace h’/3 C h/3 is preserved by any element in the finite
group Aut(A), then there exists a complement h” C § such that b’ & h” = b and
(6" +3)/3 is Aut(A)-stable. Then the action of 7 on h/3 is lifted by pullback to an
action on b.

3.3. Generalized Cartan matrices and Kac-Moody algebras. The matrix A
is a generalized Cartan matriz if a; = 2 and, for ¢ # j, a;; € Zgo, and a;; = 0
implies a;; = 0. We say that A is of finite type if all the principal minors of A
are positive; of affine type if det(A) = 0 and all proper principal minors of A are
positive; of indefinite type if it is neither of finite nor of affine type.

Let g be the Lie algebra generated by b and {e;, f; }:cr with relations

[h, h/] =0 [h, 62‘] = ai(h)ei [h, fz] = —Ozi(h)fi [62‘, f]] = 6Z‘jhi

for all h,h' € h and 4,5 € I. The Kac-Moody algebra corresponding to A is the
Lie algebra g = g/t, where ¢ is the sum of all two-sided ideals in g having trivial
intersection with h C g. If A is a generalized Cartan matrix, the ideal t contains
ad(e;)' 7% (e;) and ad(f;)' =% (f;) for any i # j. The center of g coincides with
the subspace 3 C h. Set Q4 = @,c;Zzo0a; € b*. Then, g admits a triangular
decomposition g =n_ @ h & ny, where

ny = EB Oia and 0o = {z €9/ [hz] =alh)x, Vh € h}.
a€Q1\{0}

Then, &, = {& € Q4 | go # 0} is the set of positive roots of gand & := & LI(—D)
is the root system of g. We have dim(g) < oo (and thus @ is finite) if and only if A
is of finite type.
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3.4. The derived subalgebra g’. The derived subalgebra g’ C g is independent
of the choice of the realization. As a vector space, g’ = n_ ® b’ ®n, and admits
a presentation similar to that of g. Namely, let g’ be the Lie algebra generated by
elements {e;, f;, hi}icr with relations

[hishil =0 [hises] = agge;  [hi, f5] = —aiify  es, f3] = 0iha
for all 4,5 € I. The Lie algebra g’ is graded by Q, with gj = b’. The quotient of

g’ by the sum v’ of its graded ideals with trivial intersection with gf is canonically
isomorphic to g’. Moreover, 3 C b’ and the center of g’ is 3.

3.5. Symmetrizable Kac-Moody algebras. Assume that the matrix A is sym-
metrizable and choose a tuple (¢;);cr € ZI>0 of coprime positive integers such that
€;a;5 = €ja;; for all 4,7 € I. Note that generalized Cartan matrices of finite or
affine type are always symmetrizable. Let §” C b be a complementary subspace to
bh’. By [Kac90], the choice of h” induces a symmetric, non—degenerate bilinear form
(+,+) on b given by

(32) (h’Z7 ) = e‘_lai(') and (h/l7 h”) =0.

(3

In particular, (h;, h;) = ajiei_l = aijej_l. Let v : h — b* be the linear isomor-
phism given by v(h)(h') := (h,h’) for any h,h’ € h. Note that v restricts to an
isomorphism b’ >~ (h*)’, but it does not preserve the lattices unless A is symmet-
ric and defined over Z. We also denote by (-,-) the induced bilinear form on h*.
The latter uniquely extends to an invariant symmetric bilinear form on g such that
(e, f;) = dije; ' The kernel of this form is precisely t, and therefore (-,-) descends
to a non-degenerate form on g. Set bt = h @ @ae‘h g+a C g. The bilinear
form induces a canonical isomorphism of graded vector spaces b™ ~ (b7)*, where
b)) =h"a Gaae‘h g%, denotes the graded dual. If A is a symmetrizable gen-
eralized Cartan matrix, it is well-known that the ideal v is generated by the Serre
relations and g is completely presented by generators and relations.

3.6. Weyl groups. The matrix A = (a;;); jer indecomposable if for all X C I
there exists (4,5) € X x I\X such that a;; # 0. Henceforth we assume that A
is an indecomposable symmetrizable generalized Cartan matrix. The Weyl group
associated to the realization of A is the subgroup W C GL(h) generated by the
fundamental reflections s; : h — b, i € I, given by
with h € h. As an abstract group,
W (si | 8] =1, (sis;)™ = 1,i.j € Ii # )

where m;; = 7/Re(cos™ (1, /@;;a57)), given explicitly by the following table:

QijQjq 0O[1(2|3 24
The Weyl group naturally acts on h* through the dual fundamental reflections
si : b — b*, which we denote by the same symbol, given by

Si()\) =A— /\(hz)ozl

with A € h*. One verifies that, for any w € W, h € h, A € b*, (wA)(h) = Aw™'h).
Moreover, the bilinear forms on h and h* are W-invariant and v : h — h* is an
intertwiner. The Weyl group action on h* preserves the weight lattice and the root
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system h* D Q D ®. A root a € ® is real if o € W(II) (moreover, in this case,
dim(g,) = 1) and imaginary otherwise.

3.7. Braid groups and integrable modules. The braid group associated to the
Weyl group W is the Artin—Tits group By, generated by the elements S;, i € I,
with relations

S;i-S;- S =8;-8-8; .

™My ™My

Let D be the diagram associated to the matrix A is the (unoriented) diagram D
with vertices I, no loops, and an edge between ¢ and j whenever a;; # 0. Then,
(D, m) is the Coxeter-Dynkin diagram of W and Bw = Bp,, in terms of the
notation introduced in Section

Recall that an integrable g-module M is an h-diagonalizable module, i.e., M =
GB/\Eh* M) with

My ={meM|Yhebh, h-m=Ah)m},

such that the action of e; and f;, i € I, on M is locally nilpotent. It is useful to
observe that the latter condition is equivalent to the local finiteness of the action
of the fundamental Lie subalgebras g, = (es, fi) = slo, i.e., dim(gg;y -m) < oo for
all m € M and i € I, cf. [Kac90, Ex. 3.16-3.19]. We denote by Wiy the category
of integrable g-modules.

For any i € I and x € g(;), the operator exp(z) = 3, 52" /n! is well-defined on
every M € Wi, and can be regarded as an element of the algebra of endomorphisms
of the forgetful functor Wi,y — Vectc. For any i € I, set

5; 1= exp(e;)exp(—fi)exp(e;) = exp(—fi)exp(e;)exp(—fi).

It is well-known that the assignment S; — $;|5s defines a representation of the
braid group By on M € Wiy [Ti66]. Moreover, s;(My) = Mj, () for any A € h*.

3.8. Kac-Moody group. Associated to g’ there is a Kac-Moody group G, see
e.g. [KW92| 1.3]. Roughly, this can be thought of as (a central extension of) a
group generated by exp(gia,), ¢ € I. Moreover, G naturally acts on any integrable
g-module and thus on g itself. For any real root a € ®, one has a group embedding
exp : go — G and a group homomorphism Ad : G — Aut(g) such that, for any
real root o € ® and = € g,, Ad(exp(z)) = exp(ad(z)). In the following, we shall
consider the subgroup Ad(G) < Aut(g). Finally, note that the triple exponentials
Si, © € I, are elements of G and determine a morphism of groups By — G such
that Ad(5;)(ga) = 8s,(a) and Ad(s;)|y = s; for all i € I and a € ®. In particular,
we obtain the action of By on integrable g-modules

3.9. Automorphisms of g. We briefly recall the structure of the group Aut(g)
as given by Kac-Wang in [KW92]. Let H = Homgp(Q,C*). There is a group
homomorphism Ad : H — Aut(g) given by Ad(x)(e;) = x()es, Ad(x)(fi) =
X(—a;) f; and Ad(x)(h) = hfori € I, h € h and x € H. Following [KW92, 1.10 and
4.23], we may consider the normal subgroup Ad(H x @) < Aut(g). We also denote
by Aut(g; g’) the subgroup of Aut(g) of all automorphisms which fix g’ pointwise,
see [KW92, 4.20]. The action of Aut(A4) on b can be further extended to a Lie
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algebra automorphism of g by the assignments 7(e;) = e;) and 7(f;) = f-@; for
all ¢ € I. We denote by w € Aut(g) the Chevalley involution defined by

w(e;) = —fi, w(fi) = —ei, w(h) = —h

for i € I and h € h. We denote Out(A) = Aut(A) if A is of finite type and
Out(A) = {id,w} x Aut(A) otherwise. By [KW92| 4.23] we have the decomposition

Aut(g) = Out(A) x (Aut(g: g') x Ad(H x G)).

3.10. Automorphisms of the first and second kinds. Let 6 be an automor-
phism of g. Following [KW92l 4.6], we say that 0 is of the first kind if there
exists g € G such that #(b1) = Ad(g)(b") or, equivalently, #(b*) N b~ is finite-
dimensional. We say that 0 is of the second kind if there exists ¢ € G such that
6(b") = Ad(g)(b™) or, equivalently, #(b*) N b* is finite-dimensional. The set of all
automorphisms of the first kind Aut;(g) is a subgroup of Aut(g) and the set Aut;(g)
of all automorphisms of the second kind is the corresponding coset wAut;(g). If g is
of finite type then Aut;(g) = Autrr(g) = Aut(g) and otherwise Aut(g) is the disjoint
union of Autz(g) and Auty(g). In [KW92, 4.38-4.39] a combinatorial factorization
is given for semisimple automorphisms of g of the second kind; in addition to a
diagram automorphism, this requires as input a subdiagram of finite type of I.
We will come back to this in Section but for now review some basic concepts
associated to such subdiagrams.

3.11. Subdiagrams of finite type. If A is a symmetrizable generalized Cartan
matrix and X C I then the principal submatrix Ax = (ai;)ijex is also a sym-
metrizable generalized Cartan matrix. Throughout this section we let X be a
subdiagram of finite type, i.e. a subset X C I such that Ax of finite type. The
subalgebra gx = ({e;, fi }icx) of g is a finite-dimensional semisimple Lie algebra. In
particular, hx = hNgx C b’ is the C-span of I, = {h; |i € X} and nf( =ntNgx
are the Lie subalgebras generated by {e; |i € X} and {f;|i € X}, respectively. We
set IIx == {a; |1 € X}, b% == spanc(Ilx), and

Qx =QNby, Qx=Q"Nhk, Ix=Nbh%, P} =0 Nbhk.

Similarly, we have the coroot system ®% C hx associated to the Cartan matrix A%
and the positive subsystem <I>§(’+. The root systems ®x and ®Y are finite and the
sum of the corresponding fundamental weights and coweights are given by

PX:%ZC% PX(Z%Z}L

+ V.t
acdy hed y

In particular, px(h;) =1if i € X.

We denote by Auty (A) the subgroup of all diagram automorphisms 7 such that
X is 7-stable: 7(X) = X. Note that restriction to X induces a group homomor-
phism Auty (4) — Aut(Ax) for all X C I which is in general neither injective nor
surjective. The Weyl group Wy is the subgroup of W generated by {s;};cx. The
group Wx is finite and has a unique longest element wx which is hence involutive.
There exists a (necessarily unique and involutive) oix € Aut(Ax), called the oppo-
sition involution of X, such that wx (a;) = —aiy () for all i € X. It is well-known
that the element wy = s;, ---s;, € G, where s;, ---s;, is a reduced expression
of the longest element wx € Wy, does not depend on the choice of the reduced
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expression. By [BBBRY5, Lem. 4.9 and Corollary 4.10.3], the corresponding Lie
algebra automorphism of g satisfies

(33) Ad({ﬁx)bx = OiX © w‘gxa
(3.4) Ad(@%) () = (1) %)z
for all x € gy and A € ®.

3.12. Dynkin diagrams. Recall that a generalized Cartan matrix A can be fully
represented by its Dynkin diagram, a partially oriented multi-edge diagram defined
as followsH For simplicity, we assume that A is of finite or affine type so that
a;;a;; € {0,1,2,3,4} for all i,j € I. Given two nodes i # j, there is no edge if
a;ja;; = 0; there is a single or double undirected edge if €; = €; and a;;a;; equals 1
or 4, respectively; there is a double, triple, or quadruple edge directed from ¢ to j
if ¢; > ¢; and a;5a5; equals 2, 3 or 4, respectively.

3.13. Framed realizations. Motivated by the theory of quantum Kac-Moody al-
gebras (cf. Section [)), we are interested in larger (co)weights and (co)root lattices,
capturing information about the full Cartan subalgebra h. To this end, given a

minimal realization (h, II,IIV) of A, we extend IV to a basis I1Y,, of h by adjoining

a tuple (dr)cork(A) such that «;(d,) € Z for all i € I, r € {1,2,...,cork(A4)}; we

r=1
call ITY,, an extended basis and the triple (b, I, I1Y,,) a framed (minimal) realization
of A. The d, are called scaling elements; whenever cork(A) = 1 we have a single
scaling element which we simply denote d. Setting h” = spanc{d, }1<r<cork(4), from
B2) we obtain that (d,,ds) =0 for all 1 < r, s < cork(A). In analogy with Section
B, we obtain the extended coroot lattice and extended weight lattice, respectively

given by

Qexe = spang (Ile,,) and Pea = {A € 0" [ \(Qe) € Z}.
Let p € Pex be defined by p(h;) = 1 for all i € I and p(d,) = 0 for all r €
{1,2,...,cork(A)}. Given X C T of finite type, if i € X then (p — px)(h;) = 0 and
hence p — px is fixed by s;. Therefore we have

(3.5) wx(p—px) =p—px-

3.14. Framed extensions of diagram automorphisms. Let 7 € Aut(A). The
construction of a framed realization and the lift of 7 to Aut(h) (cf. Section[3.2) both
depend upon the choice of a complementary subspace §” C h such that b’ ®h"” = b.
Therefore, it is not surprising that, in general, 7 does not necessarily preserve I1Y,,
or QY or, by duality, Pex:.

Remark 3.1. If T preserves QY, it can be extended to an algebra automorphism
of the quantum group U,g (cf. Section H]). More importantly, in order to construct
solutions of the generalized reflection equation (2Z9)) for U,g we shall need the

automorphism 7 to extend to Pe and Ugg.

Following [KoI4], we say that a framed realization (b, 11, 11Y,,), the set of scal-
ing elements, QY;, and Pe are T-compatible if there exists a permutation 7 of

{1,2,...,cork(A)} such that
(3.6) oy (dz(ry) = ai(dy) for all r € {1,2,...,cork(A)}.

4Note that this is different from the Coxeter diagram mentioned in Section which does not
allow multi—edges, but rather labelled edges.
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In this case, 7 extends to an automorphism of Qg by setting 7(d,) = dz(,y and the
corresponding dual map on h*, denoted by the same symbol, preserves Pey:.

A framed realization (h,II,IIY,,), the set of scaling elements, QY;, and Pe is
T-minimal if it is 7-compatible and each function j — «;(d,) is the characteristic

function of a 7-orbit (possibly depending on ), i.e., if

(3.7)

1 ifj e {i,7(i)},
Vr e {l1,2,...,cork(A)} 3{i,7(i)} C I such that a;(d,) = w {Z (0}
0 otherwise.
Clearly, any scaling element in a 7-compatible set is a Z-linear combination of
scaling elements in a 7-minimal set.

3.15. Existence of 7-compatible realizations in corank one. If A is invertible
or 7 = id, any framed realization is clearly 7-compatible. By [Kol4, Prop. 2.12], if
A is a generalized Cartan matrix of affine type, a 7-compatible framed realization
always exists. The problem is open for A of indefinite type with cork(A) # 0 and
7 # id [Kol4l Rmk. 2.13]. In the following, we consider the case cork(A4) = 1,
where the problem reduces to the existence of a single scaling element d such that
7(d) = d. More precisely, we provide a criterion for arbitrary matrices with integer
entries A such that cork(A) = 1.

Proposition 3.2. Let A = (a;;)i jer be a matriz with integer entries such that
cork(A) = 1 and 7 € Aut(A). Then, T|kera)y = Fid. Moreover, a T-compatible
scaling element exists if and only if T|ker(a) = id.

Proof. We note that Ker(A) is of the form C(a; )y for some rational numbers a;, not
all zero. By clearing denominators we may assume that the a; are coprime integers;
this determines them uniquely up to an overall sign. Consider the basic imaginary
root § =3 .craja; € Q. Note that the natural C-linear left Aut(A)-action on ct,
defined by (7(x)); = x,-1(;) for all © = (z;);er € C!, i € I, 7 € Aut(A), stabilizes
the one-dimensional space Ker(A). Thus, there exists ¢ € C* such that a,(;) = Ca;
for all j € I. Since 7 is of finite order, ( must be a root of unity. On the other
hand, since both a; and a, ;) are integers for all j € I, it follows that ¢ € Q. Thus,
7—‘Ker(A) = +id.

Suppose that T\Ker( 4) = id. We show that there exists a T-compatible scaling
element, by a direct generalization of the proof given in [Kol4l Prop. 2.12]. Assume
that we have a finite-dimensional vector space h and a basis I1¥,, = IIV N {d} of h
where ITV = {h; }ier and o(;)(d) = o;(d) for all i € I. Now fix i € I so that a; # 0
(such i exist since Ker(A) is one-dimensional) and define a; € h* for j € I by:

1 ifje{ir(i)},
0 otherwise.

T(J

Oéj(hi) = Qjj foralli eI, O[j(d) = {

We claim that (h,II,I1Y,) with IT = {a;};cs is a 7-compatible framed minimal
realization of A. Note that if the set II = {«;};cr is linearly independent then
(h,II,11V) is a minimal realization by definition. Moreover, by setting 7(d) = d we
can check that ([B.6]) is true, thus obtaining the 7-compatibility. Suppose therefore
that .., mja; = 0 for some (m;)jer € C'; it suffices to show that m; = 0 for all

J € 1. By applying to h; for arbitrary i € I we deduce that (m;);cr € Ker(A). It
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follows that 3., mja; = md for some m € C. Since ( =1 we have

0=> mja;(d)=m > aj =ml{i,7(i)}a;
JeI jef{i,m(¢)}
and we deduce that m = 0 as required.

Suppose that 7|ker(4) = —id. We show that there exists no 7-compatible set {d}.
This follows from the claim that the existence of such a set implies Ker(§) = b, so
that § is the zero element of h*, contradicting the linear independence of I1. To this
end, note that the definition of § directly implies that d(h;) = 0 for all ¢ € I. Tt
remains to show that §(d) = 0. We denote the 7-orbits in I by Iy, I, ..., I, for some
{ € Zsg. For each k € {1,2,...,¢} choose a representative iy, € Ij; then «;(d) =
a;, (d) for all i € I}, as a consequence of T-compatibility and I, = {7°(ix) |0 < e <
|I.|}. Furthermore, for each such k we have oy, = 71%¥!(q;, ) = (=1)"¥lay, , so that

|I1| is even and hence ELI:’“(I)_l(—l)e = 0. Finally, we conclude that

l
5(d) =Y aj05(d) = 3 N ajas(d) = Y

jel k=1j€I, k=1 e=
The result follows. O

[T|—1
(_1)eaikaik (d) =0.
0

If A is a generalized Cartan matrix of affine type, the a; can be chosen to
be positive integers. Therefore, we automatically get T|ker(a) = id and recover
[Kol4, Prop. 2.12].

Example 3.3. There are examples of non—invertible indecomposable symmetriz-
able generalized Cartan matrices A of indefinite type with non-trivial diagram au-
tomorphisms, both with and without a 7-compatible weight lattice. For instance,
in the case of the corank one generalized Cartan matrices

29 -1 0 -3 2 -1 0 -1
-1 2 -3 0 9 2 -1 0
=19 3 o and A= 0 5 4>

-3 0 -1 2 -1 0 -1 2

we have that A, has a 7-compatible weight lattice whereas A, does not.

4. DRINFELD-JIMBO QUANTUM GROUPS

In this section we review the basic theory of Drinfeld-Jimbo quantum groups
[Dr85[Dr86l,Dr90al [Ji86lLus94]. In particular, we discuss the factorization proper-
ties of the universal R-matrix and we define (highest and lowest weight) category
O representations.

4.1. Quantum Kac-Moody algebras. Let ¢ be an indeterminate and denote
by F the algebraic closure of C(g). We shall use the fact that the multiplicative
group F* is a divisible abelian group Let A be a generalized Cartan matrix and
(h, 10, 11Y,,) a framed realization. Following [Dr85.[Dr86}Ji86lLLus94] we denote by

ext

5While it is possible to use only a finite extension of C(q) (cf. [BK19, Rmk. 2.3]), the latter
depends on the generalized Cartan matrix A. Therefore, we prefer to work with the algebraic
closure of C(gq).
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U,g the unital associative F-algebra with generators E;, F; (i € I) and ¢, (h € Q)
subject to the following relations for h,h' € QY,, i,j € I:

ext?

to =1, thtn = thynss
ai(h) —ai(h) ti—t;"
th B = VY Eity, tnF; = q~ "\ Fity, [Ei, Fj] = 05—,
Serreij(Ei, E]) =0= Serreij(Fi, Fj) (Z 75 j),

where t; = t¢,n,, ¢; = ¢ and Serre denotes the g-deformed Serre relations (e.g.,
[Lus94, 3.1.1 (e)]). We endow U,g with the bialgebra structure determined by the
coproduct

AE)=E &1+t 0E, AF)=Fet;'+10F, Alt,)=t,®t,.

4.2. Triangular decomposition and diagrammatic subalgebras. We con-
sider the standard subalgebras

Unt =(E;|iel), Umn™ = (F;|iel),, Ub = (tn|h € Ql)

so that U,g = U,ntU,hU,n~. We set U,b* = U,n*U,h and consider the following
quantum analogue of the derived subalgebra g’ C g

U = (B, Fi,t' yiel) and UM = (' |iel).

7

For any subset X C I, the derived quantum Kac-Moody algebra corresponding
to Ax embeds in U,g’, yielding the diagrammatic subalgebras

Uggx = (Bi, Fi,tf' i€ X),  Upbx =UexNUb,  Umi = Uygx NU,nE.

? 7

Note that, for any i € I, Uygsy =~ Uy, slz. The assignment «; — ¢; yields an algebra
isomorphism FQ — Ugh’ and, for A € Q, we set tx = [[,c; tf"' if A= b
These elements satisfy

B =N Ety, 6 F=q MIFt, forall A€ Qi€ .
In terms of the linear isomorphism v from Section we have ty =t,-1(y) for all

A EQ.

4.3. Root space decomposition. Let M be a Ujh-module. For any p1 € Pey:, we
set

M, ={me M|VheQl:ty m=g"Pm}.

ext

Note that, for all A € Q and p € Pey, ty acts on M, as multiplication by ¢, By
considering the action of Ugh on U,g and U,g’ by conjugation, we obtain the root
space decomposition

Ujg =P WU0)r. Uy’ = PUeg)x
AEQ AEQ

as Q-graded algebras. Note that anjE are graded by Q™ and one has ani =
Dieq+ Ugn™) £
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4.4. Automorphisms. We briefly review several distinguished algebra automor-
phisms of U,g. An algebra automorphism is assumed to be F-linear unless otherwise
stated. Any diagram automorphism 7 € Aut(A) (cf. Section B) acts as a bialgebra
automorphism on U,g’ by

T(E) =By,  7(F)=Fru, 1) =tau,

for any ¢ € I. If the framed realization is T7-compatible, then this action extends
automatically to a bialgebra automorphism of U,g by setting 7(t,) = t. ) for all
h € Q. The Chevalley involution w lifts to an involutive algebra automorphism

of U,g, denoted by the same symbol, determined by
w(E;) =-F;, wF)=-E, w(ty=t_pn,
for any i € I and h € QY;. Note that w is a bialgebra isomorphism from U,g to
Uqg°°P, i.e.,
Aow=(w®w)oA%, €ow=c¢.
Finally, we discuss the bar involution, which is not F-linear (cf. [Lus94]). Note

that the algebraic closure of the field of formal Laurent series C((q)) is given by
C((@) = Up>1 C((¢"/™)), on which we define a field automorphism ~ by the rule

ql/m = g7/, The field F arises as the set of algebraic elements in C((q)) over C(q)
and note that ~ stabilizes C(q) C C((g)). By considering minimal polynomials of
elements of F in C(q)[x] we obtain that ~ stabilizes F. We extend it to an algebra
automorphism of U,g by setting

E,=E;,, F=F, t,=t_,

for any 7 € I and h € QY;. We use the same notation to denote the corresponding
algebra automorphism of U,g ® U, g, defined by u ® v :=u® ' for any u, v € Ugg.

4.5. The Drinfeld-Lusztig pairing. Given a bilinear pairing ( , ): A~ x AT —
F between algebras A~ and A" over a field F, it extends to an F-valued bilinear
pairing between (A7)®" and (A1)®" for all n € Zx; by

n
(ay @ @ay,af @ @af) =[] lam ah)

m=1
for all a,...,a, € A~ and af,...,a} € AT. We recall that, by [Dr90alLus94],
there exists a unique F-bilinear pairing ( , ):U,b~ x U,b" — F such that
(4.1) (y,a2’) = (A(y), 2" @),  (y,2) = ({yoy, Al))
for any z,2’ € U,bt, y,y' € Ub™, and
/ 1

(tn,tw) = ¢ "), (Fy Ej) = 65—,
(4.2) g g

<than>:0a <Fi,th/>:O,

for any i,j € I, h,h' € QY. In particular, for any e € U™, f € Un~, h, i/ € Ql,
one obtains

(4.3) (Ftnsetw) = q " (fe)

so that (f,zty) = (f,z), for all x € U,b™, f € Un™ and h € Q

ext*
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4.6. The categories O¢. It is well-known that the Drinfeld-Lusztig pairing allows
for the realization of U,g as (a quotient of) a quantum double [Dr86]. Thus, the
canonical element of (-,-), which belongs to a suitable completion of the tensor
product U,b~ @U,bt, is a topological R-matrix inducing a quasitriangular structure
on U,g. This is more conveniently described in terms of categories of representations
as we explained in Section 2.9

Let W C Mod(U,g) be the full subcategory of U,g-modules M endowed with a
weight space decomposition, i.e.,

M= EB M, .
EPext
Then, for any A € Q, the action of (Uyg)y maps M, into M. For e € {£},
let O¢ denote the full subcategory consisting of objects in W with a locally finite
U,n©-action and finite-dimensional weight spaces (see e.g., [Kac90, Ch. 9] or [Lus94]
Ch. 3]). Note that O° is closed under tensor products.

We denote by (Uqg)oe the completion of U,g with respect to the category O¢
(cf. Section [29). Recall that, by construction, (Uqg)OF is the algebra of operators
defined on category O¢ modules, which are natural with respect to U, g-intertwiners.
Similarly, we denote by (U, g®")oe the algebra of operators defined on tensor prod-
ucts of n modules in O°. For any n € Zsq, U,g®" embeds in (U,g®")°" and
therefore O° separates points [Dr90bl Question 8.2].

Note that (U,g)°" contains the subalgebra (U,n¢)®" = [1,.ccq+ (Ugn®),, that
is the completion of Uyn® with respect to its natural eQt-grading. Indeed, ev-
ery element in (thf)oe is convergent on category O¢ and commutes with every
intertwiner. Similarly, we have that

(U™ @ Ugn*)?" = H (Ugn )= ® (Un™)y
peEQt

are subalgebras in (U,g%?)°". Finally, note that (U,n*)y =TF.

4.7. Quasi-R-matrices. We recall below the construction of the so-called quasi-
R-matrix due to Lusztig [Lus94]. For any u € Q*, let (b, ,.), be an ordered basis for
(Ugn™)—p and let (b} ,), be the corresponding dual basis for (Ugn*),, with respect

to the pairing ( , ) defined by [@I))-[#2). Lusztig’s quasi-R-matriz is the element
0= 6,¢cUn aUn"H

(4.4) neQr
where ©, =Y b, @bt € (Un ) @ Umnh),.

The element O, is independent of the choice of basis. The quasi-R-matrix is deeply
related with the bar involution [Lus94) Thm. 4.1.2]. Namely, © is the unique
element of the form © = 37 o+ ©, with ©, € (Un™)_, ® (Un™), such that
©yp=1®1 and

(4.5) OA(u) = A@)O

for any u € U,g. Moreover, by a standard argument, the normalization ©¢ = 1
guarantees that © is invertible and moreover, by uniqueness, one has

o t=0.
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It is clear that © is not the full R-matrix of Uyg. As © is the canonical element
of the pairing between U,n" and U,n~, the missing factor is a weight zero operator,
computed in terms of Cartan elements.

4.8. A completion of the quantum Cartan subalgebra. We shall describe
several weight zero operators. For convenience, we think of such elements as be-
longing to the completion (U, ¢)"V. In particular, they act on category O¢ modules.
Let Fun(A, B) denote the functions from a set A to a set B. Any 8 € Fun(Pex, F)
induces an element of (Uqg)w, also denoted [, whose action on M € W, is given
by
B-m = B(p)m

for any 1 € Peyy and m € M,,. The subspace of (U,9)"Y spanned by such 8 is a
commutative subalgebra, which we denote by (U,h)"”. Indeed, note that the Cartan
subalgebra U,h naturally embeds in (U,h)"Y. The group (U,h)"* of invertible
elements is given by Fun(Pey, F*). Similarly, any x € Fun(Pey X Pext, F) defines an
element of (U,g ® U,g)"”, also denoted r, whose action on M ® N, for M, N € W,
is given by

k-m®n=r(u,rvmen
for any p,v € Pext, m € M,,, and n € N,,. In particular, for any g € Endz(Pex), we
denote by g4 the function from Pey X Py — F* given by

Fog(pt, 1) = g9,

Remark 4.1. Let 1, be an algebra endomorphism of U, g, whose restriction functor,
which we refer to as the pullback of 1,, gives an endofunctor ¥y : W — W.
Then, 1, extends to an endomorphism of (U,g)"", given by ¥,(¢)|p = ¢ Wi (M)

for any ¢ € (U,g)"Y and M € W. Suppose that 1, is invertible and by acts by

permuting the weight spaces, i.e., there exists 1) € Endz(Pext) such that, for any
M € W and p € Peq, ¥;(M),, = My, Then, for any g € Endz(Pex), we have

(Vg ®id)(kg) = Kgomp-

4.9. A distinguished subgroup of (U,h)"V>*. For any ¢ € Endz(Pex) and \ €
Pext, we define G¢ » € Fun(Pey, F*) by

(46) GC )\(N’) = q(C(M);M)/Q-i-()\,u)

for any p € Pe. For example, for A € Q, we have Gy » = t5 . Note that the set
of functions G¢ » with ( € Endz(Pext) and A € Py form a subgroup of (Uqb)w’x,
since Ge, xa Geong = Geitca,Mi+20- We Testrict to the case of ( € Endz(Peyx) which
are self-adjoint with respect to ( , ).

Lemma 4.2. Let ¢ € Endy(Pext) be self-adjoint and A € Pey.
(i) The functional equation
(4.7) Gea(p+v) = Gea(p)Gea(v)g )

holds for any p, v € Pex.
(ii) In (U, @ U,g)"V, it holds

(4.8) A(GC))\) = G(,)\ & G(,)\ K¢y
where A denotes the coproduct (U,g)"Y — (U,g @ Uyg)"Y.
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(ii) If ¢(Q) C Q, the automorphism Ad(Ge¢,\) preserves Uyg in (U,g)"Y. More
precisely, it holds

(49) Ad(GQ)\)(u) = G<7)\(/L)ut<(u) = G,Q)\(p)tc(u)u,
for any p € Q and u € (Uyg),.
Proof.

(i) This follows immediately from the self-adjointness of (.
(ii) Let M,N € W and let m € M, n € N such that m € M, and n € N,, for some
W,V € Pexe. Then m®@n € (M ® N),4,, and one has
A(Gea)(m@n) =Gea(p+v)men
=G (1)GeaW)re(p, v)m @ n
=(Ger ® Gep i) (m @),

where the second equality follows from (Z1T).
(i) Let N € W, v € Pext, t € Q and u € (Uyg),,. Then we have

_ Gealp+v)

Ad(Ge ) (u)|n, Gea(v)

uln, = Gea(pw)g“ W uly, = Gea(puteln,

and note that tc(yu = ¢WMute,). It follows that Ad(G¢,x)(u) preserves
Uqg. g

We shall consider also the subgroup of group homomorphisms Homgp, (Pext, F*),
i.e., B i Pex — F* such that S(p +v) = B(u)B(v) for p,v € Pex. For any
B € Homgep(Pext, F*), we have A(S) = S ® S and Ad(B)(u) = B(p)u for any p € Q
and u € (Ugg),-

4.10. The universal R-matrix. We review the construction of the full universal
R-matrix of Ugg. For our choice of conventions, it is preferable to work with the
operator = := O~ ! = O, which satisfies

(4.10) E-A(u)=A(@)-=

for any u € Uyg. One has Ad(kig) o A(T) = A°. Therefore, by (5], the universal
R-matrix given by R = kig - Z € (U,g%%)°" (see e.g. [Dr85lIJi86G]) satisfies

(4.11) RA(u) = A°®°(u)R

for any u € Uyg. Moreover, the following coproduct identities hold:
(A®id)(R) = Ri3Ra3 and (id ® A)(R) = Ri3R12.

Finally, one has

(4.12) (w®w)(R) = Roy and (re7)(R)=R

for any 7 € Aut(A).
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4.11. Diagrammatic factorizations. The factorization of R has the following
interpretation. As a bialgebra, U,b~ projects onto U;h. By a theorem of Radford
[Rad92], the Borel bialgebra U,b~ can be realized as the so-called Radford biprod-
uct of Ugh and Uyn~, where the latter should be regarded as a Yetter-Drinfeld
Ugh-module (see e.g., [ATL18, Sec. 2.17]). As the bialgebra structure on U b~ is
recovered by those on Uyh and Ugn™, in the same way the R-matrix of (the quantum
double of) U,b~ is realized as the product of those of Ugh and Uzn~, represented
respectively by kiq and =. A similar phenomenon can be described more generally,
when Ugh is replaced by a diagrammatic subalgebra U,by,, X C I.

Let X C I be arbitrary (in particular, not necessarily of finite type). There is a
unique diagrammatic quasi-R-matrix

Ox € H (U7 )a® (anJr))\
AeQ}
such that ©x 9o =1® 1 and

for any u € Uygx. Moreover, for any £ € Fun(Pex X Pext, F) such that k(p+v, p') =
K(p, ' +v) for v € Qx and p, p € Peyt, we have

(4.14) [£,0x] =0.
In particular, for any p € Q, we have
(4.15) [ty ®t,,0x] =0

and, for any 8 € Funx (Pex, F) where
Funx (Pext, F) := {8 € Fun(Pext, F) | B(n+v) = B(v) for all p € Qx,v € Pext},
we have
(4.16) [B®1,06x]=0.
We shall need the following result.
Proposition 4.3. We have
o0y e J[ (Um )-x® (Umh)a.
AEQH\QY
Proof. Set Ex = @;(1 = Ox, so that ZxA(u) = M'Ex for all u € Uzgx. Note
that U,b™ projects, as a bialgebra, onto the quantum Levi subalgebra Usny Ugb.

Similarly, the latter projects on U,h. Thus, by a double application of Radford’s
theorem and [ATLI18, Prop. 4.8], we obtain a refined factorization

R =k Ex R,
where R € HA€Q+\Q)+( (U™ )—x ® (Umnt)a. The result follows. O

Remark 4.4. When [ is of finite type, the result is an obvious consequence of the
so-called Kirillov—Reshetikhin factorization of the quasi-R-matrix [KR90].

5. QUANTUM WEYL GROUPS AND INTEGRABLE REPRESENTATIONS

We review the basic properties of the category of integrable U,g-modules, in-
cluding the action of the quantum Weyl group and the associated diagrammatic
half-balances, which will be used in Section
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5.1. Integrable U,g-modules. Recall that a U,g-module is integrable if it has a
locally finite U, g;3-action for all i € I. We denoted by Wiy the full subcategory of
integrable objects in W, cf. Section For € € {£}, let Of,, = O° N Wi denote
the category of integrable category O¢ modules. This is a semisimple category
whose simple objects are given by highest-weight (if € = +) or lowest-weight (if
¢ = —) modules. Moreover, O, is a braided tensor subcategory of O¢ with braiding

induced by the action of the R-matrix.

Remark 5.1. The pullback of the Chevalley involution defines a braided tensor
equivalence Oi—rtt — O,,;°%, where the latter category is endowed with the opposite
tensor product and braiding, cf. Section Note that, if g is of finite type,
OiJr:t = O, and w* is an autoequivalence at the level of abelian categories. However,
if dim(g) = oo, then every non-trivial module in Of, is infinite-dimensional and

Oi‘,tt N O, consists only of trivial representations.

Let (U, g)%n be the completion of U,g with respect to category Of,,. By restric-
tion, one gets a canonical morphism (U,g)°" — (U,g)%m. By [Lus94, Prop. 3.5.4],
the category Wi, separates points. By [ATL22/[E22], the same result holds for
category Of,, thus U,g embeds into (U,g)% through (U,g)°". In (Uqg)oi:rt, we
shall consider elements of the form

with wu, € (Ugn®), and ¢, € Usb~¢ (cf. [Dro0b, Question 8.2]).

5.2. Quantum Weyl group operators. Let M € Win.. For j € I, we denote by
T; Lusztig’s operator T}, from [Lus94} 5.2.1] (see also [KR90,LSI0]). Recall that
this is the element of (Uqg)wi"t defined on M € W,,; by

i~ — a b c
f= Y OB EOE
b th)

for any p € Pei. We have JN“J(M#) C My (a—btc)a; = Mg, for any pp € Pe.
By [Lus94, 5.2.3] Tj is invertible. It is well-known that the operators Tj satisfy
the generalized braid relations (2.3 and thus induce an action of By, on any inte-
grable representation [Lus94l 39.4.3]. At ¢ = 1, this reduces to the action by triple
exponentials described in Section [3.70

For j € I, let Ad(fj) be the algebra automorphism of (U,g)"V given by conju-
gation by Tj By [Lus94l 37.1], Ad(fj) preserves U,g and U,g’. Thus, it restricts to
an automorphism of U, g and satisfies Tj(:z:m) = Ad(fj)(:zr) Tj(m) for any x € Uyg
and m € M € Wipe. Also, by [Lus94l 5.2.3 and 37.2.4] we have

(5.1) Ad(T))(u) = (—1)*g= (oW Ad(T; ) (),

for any p € Q and u € (U,g),-

6We used the same symbol for the analogue category of g-modules. From now on we only
consider Ugg-modules.
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5.3. Diagrammatic operators. We shall be interested in distinguished operators
arising from finite type subdiagrams X C I. In this case, there is a well-defined
element N N N

Ty =Ty, T, € Ug",
where wx = sj, ---s;, is any reduced expression of the longest element in Wx.
Note that TX is invertible and maps M, to My, (), for all M € Wit and p € Pey.

By the explicit formulae in [Lus94, 37.1.3], it follows that Ad(Tx)(E;) € Umn*
for all i ¢ X. Moreover, if 7 € Autx(A), then, by the uniqueness of the longest

element, we have 70 Ad(Tx) = Ad(Tx) o 7. Note also that

(52) Ad(TVX)(Uqg,U«) < Uqgwx (p)
for any p € Q. Define the algebra automorphism
W =w o Ad(Gig,p) = Ad(Gig,—p) 0w,

where Ad(Giq,,) is given by ([@9). Note that & coincides with the automorphism tw
from [BK19, Sec. 7.1]. By [Jan96l Prop. 8.20], one gets

(5.3) Ad(Tx)|v,9x =@ " 0 0ix|v,gxs

where oix is the opposition involution from Section BI1l By [BK19, Lem. 7.1], @

commutes with Ad(7;) for any i € I and hence
(5.4) Do Ad(Tx) = Ad(Tx) o .

Recall that if sj, ---s;, = wx is a reduced decomposition, then the positive roots
in ®x are explicitly given by

(I)}’_( = {ajl7sjl (ajz)v SRR (Sjl o '5j271)(aje)}'

Hence, (5.2) implies
(5.5) Ad(Tx)(u) = (17X g~ CremAd(Tict) (),

for any p € Q and u € (U,g),. Note that this is the key property used in [BK19]
to relate intertwiners for the subalgebra Uy¢ to the bar involution.

5.4. Pullback of integrable modules. As mentioned above, for any j € I,

Ad(T}) preserves U,g and therefore it gives rise to a restriction functor on U,g-
modules, which we refer to as its pullback. We shall need the following.

Lemma 5.2. For all j € I, the pullback Ad(fj)* preserves integrable (resp. cate-
gory O° integrable) U,g-modules.

Proof. Let M € Wi,,. For any p € Pey, we have Ad(fj)*(M)M = M,,,, there-
fore Ad(T};)*(M) decomposes into weight spaces. We shall prove that the action

of Ad(T})(U9¢sy) is locally finite for all i € I. Since the module M is inte-
grable, the subspace U,gy;) - m is finite-dimensional for all m € M. Therefore,
Tj(Uqg{i} ~ZI~’]71(m)) is finite-dimensional and Ad(fj)(Uqg{i}) = ijqg{i}ffl acts
locally finitely on Ad(Tj)*(M). Similarly, since in this case the weight spaces are
finite-dimensional, in order to show that Ad(rfj)* maps Of, into Of,, it suffices to
prove that Uyn® act locally finitely on Ad(fj)*(M ) for all M € Of,, which follows

as before. O
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5.5. Diagrammatic half-balances. As mentioned in Remark[4.4] one of the main

applications of the diagrammatic operators Tx is to provide an alternative descrip-
tion of the quasi-R-matrix ©x. Indeed, by [KR90, Thm. 3] and [LS90] (see also
[BK19, Lem. 3.8]), we have the following coproduct formula:

(5.6) Ox = A(TYY) - (Tx @ Tx),
and therefore
(5.7) Ex = (Tx' @ Tx') - A(Tx).

By (&.3), the square of the operator Tx is almost central in Uggx. Thus, for fi-
nite type subdiagrams, Tx is essentially a half-balance for Usgx up to a Cartan
correction. This is particularly simple in the formal setting, i.e., ¢ = /2 € C[A].
In this case, the operator ¢hi(hi+1)/ Zii is a half-balance for the quantum sl, sub-
algebra corresponding to «;. This is a key property, in particular in relation to
the rigidity of the representations of By, given by the quantum Weyl group op-
erators cf. [ATL15]. More generally, Kamnitzer and Tingley in [KT09] (see also
[ST09] Definition 3.9]) proved that the modified operator

(5.8) Tx = Gid,py Tx =Tx - Gid,—px
satisfies
(5.9) Rx = (Tx' @ Tx") - A(Tx),

where Ry is the universal R-matrix of U,gx. Furthermore, T% is central and
therefore T'x is a half-balance for the diagrammatic subalgebra U,gx, cf. Section
27

In the next section, we shall discuss a modification of such diagrammatic half-
balances, which depends on the choice of a generalized Satake diagram (cf. Section

6.

6. CLASSICAL AND QUANTUM PSEUDO-FIXED-POINT SUBALGEBRAS

In this section we define the notions of (classical and quantum) pseudo-fixed-
point subalgebras of Kac-Moody type, following [RV21l, Sections 2 and 3]. Their
combinatorial datum is given in terms of a generalized Satake diagram, whose
definition is a generalization of the finite type theory from [RV20]. As a special
case, one recovers the fixed-point subalgebras of involutions and their quantizations,
whose theory for Kac-Moody type is developed in [KW92|[BBBR95] and [Kol4],
for the classical and quantum case, respectively.

Along the way, we introduce a modification, depending upon a generalized Satake
diagram, of the diagrammatic R-matrix and longest quantum Weyl group operator.
These can be interpreted as modified diagrammatic half-balances.

6.1. Generalized Satake diagrams. Just as Kac-Moody algebras g and their
quantizations U,g are defined in terms of the combinatorial datum (I, A), we will
define certain subalgebras of g and U,g by adjoining some combinatorial datum
which can be seen as a decoration of the Dynkin diagram. We assume that A is a
symmetrizable indecomposable generalized Cartan matrix.



792 ANDREA APPEL AND BART VLAAR

Definition 6.1. Let X C I be of finite type and 7 € Autx(A) such that 72 = id;
and 7|x = oix. We call a node i € I unsuitable for (X,7)if i ¢ X, 7(i) = ¢ and
the connected component of X U {i} containing i is of type As, or, equivalently,
0(a;) = —a; — oy and a;; = —1 for some j € X. We call (X, 7) a generalized Satake
diagram if I has no unsuitable nodes for (X, 7) and write GSat(A) for the set of
generalized Satake diagrams.

This notion arose in [He84] for g of finite type in the study of root system
involutions and associated restricted Weyl groups. In [RV20] this generalization
was found to describe coideal subalgebras of U,g possessing a universal K-matrix
for g of finite type (for suitable parameters).

6.2. Pseudo-involutions. From now on fix (X, 7) € GSat(A) and assume that the
extended weight lattice Pey is 7-compatible. We consider the pseudo-involution

(6.1) 0=0(X,7) =Ad(wx)owor € Aut(g),

cf. [KW92, 4.38-4.39] and [RV21l (2.26)]. From the fact that 6 stabilizes b it
follows that the dual map of 6, 0* € GL(h*) permutes root spaces: 0(ga) = go+(a)-
Therefore 6* preserves ® and hence also Q. Since Pey is 7-compatible, 6* also
preserves Pey:.

The terminology “pseudo-involution” is motivated by the fact that 6 has proper-
ties similar to an honest Lie algebra involution. Namely, 6?(g,) = g, for all a € ®
and 6 restricts to b and §’ as an involution, namely —wyx o 7. The dual map 6* is
also given by the formula —wx o7 and therefore we also denote it by € henceforth.

Because the three automorphisms Ad(wx ), w and 7 commute, see [Kol4 Prop. 2.2
(3)], it follows from (B4) that

0°lg, = (—1)a(2p¥‘)idga for all « € ®.

The above statements are satisfied for any pair (X,7) with X of finite type
and 7 € Autx(A) involutive. For the following property of § we also require the
condition 7|x = oix. Combining ([B3]) and (GI]) we obtain

(6.2) Ol(gx,b0) = (g no)
and hence
(6.3) (t—id)o (8 —id)=0

as an identity in Endc(h) or Endc(h*), see [Koldl Equation (5.7)]. From (6.2)—(63)
it follows that

) =bx® @ Clhi—h.) and ()= @ Clhi + hy),
igX igX
i< () i< ()

so that the number of 7-orbits in I\X equals dim((f)’)_a), which we refer to as
restricted rank of (X, 7). Note that h? C b’ if cork(A) < 1, in particular if A is of
finite or affine type.
6.3. Comparison with standard Satake diagrams. One can always choose a
group homomorphism s € Homg,(Q, {1, —1}) such that

s(a;) =1 ifie X or 7(4) =i,
(6.4)

(4)

) (—1)O‘i(2”§‘)s(ai) otherwise

s(a,
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(see e.g., IBK19, Eqns. (5.1) and (5.2)]) and consider with the modified automor-
phism 0 = Ad(s) o §. By (3.4, for any i € I, one has

—2 ~ slo; v V.
., = s(0)s (B A Pl = Sl (1) i,

It follows that @ is an involution if (X, 7) is a Satake diagram, i.e., if, in addition to
the conditions in Definition[6.1] it holds «;(p% ) € Z for any i ¢ X such that 7(i) = i
(cf. [Kol4l Definition 2.3]). One checks that if ¢ € I is an unsuitable node for (X, 7),
then i ¢ X, 7(i) = 4, and a;(p%) = —%. Thus, in the case of Satake diagrams,
there are no unsuitable nodes and every Satake diagram is a generalized Satake
diagram. Satake diagrams are known to describe and, up to a natural equivalence,
classify involutive automorphisms of g of the second kind, see [Kol4, App. A] and
cf. [KW92| 5.33] and [BBBRO5, 4.4-4.5].

6.4. Pseudo-fixed-point subalgebras. The introduction of unsuitable nodes in
Definition [6.Tlis motivated by the following generalization of fixed-point subalgebras
with respect to an involutive Lie algebra automorphism. For i € I¢, £ € Z, set

fi = (ad(fi,) o---oad(fi,_,))(fi,)

and consider the vector space g; 9 = 5pan(c{fi,9(fi)}. Choose a subset J C
Urez.,I* such that the set {f; |4 € J} is a basis of n~. Note that, for all 4 € 7, we
have (f;) = fi, if ¢ € X* for some ¢ > 0, and 0(f;) € n* otherwise. Hence g; ¢ is
one-dimensional if 7 € X for some ¢ > 0 and two-dimensional otherwise. We have
the following decomposition of g as an ad(h?)-module:

(6.5) g=niob’o@asob’.

i€eJ
Let v = (74)ier € (C*)! such that v; = 1if i € X. We denote by the same symbol
~ the element of Homg,(Q,C*) given by ~(c;) = 7;. Set

0 == Ad(y) o 6 € Aut(g).

Then 04|y = 0|y = —wx o7, 04(9a) = Go(a) and 04[5, 5oy = id(g poy for all a € @.
If 6 is indeed involutive, the decomposition of the fixed-point subalgebra g% will
be supported in the first three components of (6.3]) and its projection onto gy} ¢ is

C(fi +04(f1)) = C(fi +7:0(f2))-

Definition naturally generalizes fixed-point subalgebras of involutive algebra
automorphisms of the second kind, cf. [RV20, Definition 2 and Rmk. 3 (i)].

Definition 6.2. Suppose that X C I is of finite type and that 7 € Autx(A4) is
an involution satisfying 7|x = oix; furthermore suppose that v € (C*)! such that
~vi =1 for all i € X. In terms of (6.1), we define the pseudo-fized-point subalgebra

E=1t,(X,7) = (ax, b’ {bi|i & X}) = (n}, 0 {b;]i € I}),
where

b b T ifieX,
i = Yisy; _ ot .
fi +70(fi) otherwise.
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The subalgebra £ is closely related to the fixed-point subalgebra g’ as we explain
in the following. Note that £ g’ contains (gx,h?) and b; € 9{i},0- It is natural to
require € to be supported in the first three components of (6.3 and to be such that
the projection on gy;) ¢ is Cb;. Consider

Ieq ={i € Ii <7(i), (0(vi), ;) = 0}
(6.6) ={i ¢ X|i<7(i),Vj € XU{r(i)} a;; = 0},

Di={ye(C*)|Vie Xy =1and Vi€ lqvi = Y-i)}-

The following key result motivates the definition of a generalized Satake diagram.
Set b; := (ad(b;,) o ---oad(b;,_,))(b;,) for i € I*.

Theorem 6.3 ([RV21l Thm. 3.8]). Let X C I be of finite type, T € Autx(A) an
involution satisfying T|x = oix, and v € (C*) such that v; =1 for alli € X. The
following statements are equivalent:

(i) (X,7) € GSat(A) and v €T

(ii) t=n} &b’ & @, Cb; as ad(h?)-modules;

(iii) €Nnh=h?.

Note that from (ii) we deduce that € projects onto the first three summands in
the decomposition ([GH). Moreover, if cork(A4) < 1, then € C g’, since in this case
h’ Cp.

As in [Kol4, Cor. 2.9], the generators of the universal enveloping algebra
U(t(X, 7)) corresponding to the b; can be further modified by adding a scalar
term, yielding an additional tuple of parameters. A similar phenomenon occurs in
the g-deformed case discussed in [Le99, Rmk. 5.10] and [Kol4], yielding however a
non-trivial deformation.

6.5. Modified diagrammatic half-balances. As before, let A be a symmetriz-
able indecomposable generalized Cartan matrix, (X,7) € GSat(A4), and Pex a 7-
compatible extended weight lattice.

Note that Ad(wx) and w commute as elements of Aut(g) and Aut(Ug). By
(4), the quantum analogues Ad(T) and & also commute. However, & is not an
involution and the interaction of Ad(Tx) and & with the quasitriangular bialgebra
structure of U,g is not optimal. On the other hand, the involution w € Aut,g(U,g)
is a coalgebra antiautomorphism and does interact nicely with the quasitriangular
bialgebra structure. Similarly, one can use instead the element Tx as in (5],
which commutes with the undeformed w and resolves the diagrammatic universal
R-matrix (&9).

Modifying the definition of T'x, we introduce another correction of the element
ZN“X which enjoys similar properties and is explicitly tailored around Uyt .

Definition 6.4. The modified diagrammatic half-balance associated to the gener-
alized Satake diagram (X, 7) is the operator on integrable U,gx-modules

Tx,r = Gox.r)px Tx = TxGorx.r)—px € (Ugax)Vr,

where 6(X,7) is the pseudo-involution associated to (X,7) and the function
Go(x,7),px O Pex is defined in (E.8]).
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Note that T'x , is an invertible element in (Uqg)wi"t and T'x - (My) C M, (x) for
any M € Wint and A € Pey.

Remark 6.5. 1f I is of finite type and X = I, this coincides with the diagrammatic
half-balance (.8)) from [KT09] (cf. Section B3H). Similar modifications of Tx also
appeared in [Kol4l Sec. 4.4] and [CM18] Sec. 4.2 and App. A].

The algebra automorphism Ad(Tx ) € Autag(U,g) satisfies several useful prop-
erties, which motivate the definition of T'x ;.

Lemma 6.6.
(i) The analogue of ([&2) holds:

(6.7) Ad(Tx ~)(Uq8x) € UgBux () »
forany A € Q.
(ii) The analogue of (B3] holds:
(68) Ad(TX7T)|Uqu = Ad(Gg_ichx_p) ow o OIXqugX =wo OIXqugX .
(iii) The analogue of (B4l holds:
(6.9) woAd(Tx.+) = Ad(Go_idp—px Tx) 0@ = Ad(Tx +) ow.
(iv) The analogue of (BB holds:
(6.10) Ad(Tx7)(u) = (=1)XPOA(TY ) (@),

for any A € Q and u € (Uzg)x.

Proof. We note that ([G.7) and ([G8]) follow, respectively, from (52) and (E3). The
properties (B) and (B4) imply that w and Ad(Tx,,) commute, yielding (69).
Finally, (€I0) follows from (G.3]). O

6.6. Modified diagrammatic R-matrices. In analogy with Section .5 the el-
ement Tx , can be thought of as a half-balance resolving a modified diagrammatic
universal R-matrix (cf. Section 277)). Note that, since Pey is 7-compatible, the map
0=0(X,7) = —wx o1 € End(h*) restricts to Pex and is self-adjoint.

Definition 6.7. The modified diagrammatic R-matriz corresponding to (X, 7) is
the operator

Rx = ko(xnEx,
where rg(x -y is defined as in (E.6]).
The definition is motivated by the following result.

Lemma 6.8.
(i) The intertwining identity holds:
(6.11) Rx ;A(u) = A°®(u)Rx -

for any u € Uygx.
(ii) The following coproduct identities hold:

(6.12) Ry, = (T @ Tgh) A(Tx,).

(6.13) (Rx,r)21 = A(Tx ) - (Tx, @ TxL).
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Proof. We first prove ([G.I12)). Since 8(X,7) and wx commute, as a consequence of
#R) and (1) we have, as required,

Rx. =rkox,r) (Tx' @ Tx') - A(Tx)
= (Tx' ®Tx")  Kox.r) - ATx)
= ((Goxm)ox Tx) P @ (Gorx.r)px Tx) ) - A(Goxmy px Tx)
= (Tx;®Tx,) ATx.r).

Observing that §(X, 7) fixes h% pointwise and recalling that 8(X, 7) preserves roots,
we obtain 0(X,7)|qx = idqy, so that

Ko(x,nAW) = A%(u)kg(x 7)

for all u € U,gx. Finally, (611]) follows from ([@I0). Combining (612) and (GII]),
we obtain (G.13). O

6.7. Quantum pseudo-involutions. We have two triples of commuting algebra
automorphisms, i.e., (Ad(Tx),w, 7) and (Ad(Tx,;),w, T), both of which specialize to
the triple (Ad(wx),w, T) of algebra automorphisms of Ug providing a factorization
of the pseudo-involution 6. Therefore, we obtain two distinct quantum analogues
of 6 (see also Remark [6.13)):

(6.14) 0, = 0,(X,7) = Ad(Tx)owor  and 0, = 0,(X,7) = Ad(Tx.,)owor.

By [Kol4] Thm. 4.4 (1-2)], the map gq preserves certain nice properties of ¢, listed
in Lemma The same properties remain for 6,, thanks to the relation

(6.15) Oq = Ad(Gia—0,px—p) © 04 = 0q © Ad(Gig—0,ppxc)-

Note that (€I5]) follows from (6.9) and the observation that Ad(Gig—g,px—p) fixes
U,8x pointwise (a consequence of the invariance of Gig_g , —, under the translation
action of Qx on Pe). Therefore, we have the following

Lemma 6.9.
(i) For any X € Q, 6, ((Uq
(ii) For any h € Qext, 0, . (th
(iii) For any X € Q, 6, 1 (tA)

In particular, Uyh and Uyg’ are both 9q—5table and 04-stable and
(6.16) Oq(u) = u = 0,(u),
for any u € U,gxUyb®.
Note that ([6I6) follows immediately from (53] and (6], since 7|x = oix.

gq((Uqg)A) = (Ug8)o(n)-

Remark 6.10. In summary, we have introduced in parallel two series of data
(@,Tx,Ex,gq(X,T)) — (w,TXVT,RXJ,Qq(X,T)).

The data on the left are predominant in [BK19] and are crucial in the construction
of the quasi-K-matrix. However, once the quasi-K-matrix has been constructed, we
will mainly work with their counterparts on the right, which enjoy more convenient
relations with the coproduct structure.
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6.8. Quantum pseudo-fixed-point subalgebras. Together with the subset Iq
of I\X defined in (G.6]), we also consider

Ie ={iel|0(a;) =—0a;} ={i ¢ X|7(i) =1, Vj € X a;; =0}
Accordingly, we consider the following sets of parameter tuples:
Ly=TyX,7)={ve @) |Vie Xvi=1and Vi € Iq i = Vr(i) }

Yy =3¢(X,7) = {0 €F"|Vi€ I\Is 0; =0 and V(i,5) € I a;; € 2Z or o; = 0}.
Definition 6.11. Let (X, 7) € GSat(A4) and (v,0) € I'y x £,. For i € I we set
(6.17) B = Biyio (X, 7) = {Z + 70y (X, T)(F}) + out; ;ft;eervii;e.

The quantum pseudo-fized-point subalgebra corresponding to (X, 7,-, o) is the sub-
algebra of U,g given by

Uyt = Ugty o (X, 7) = (Upgx, Uph®, {Bi i & X}) = (U Uph?, {Bi]i € I}).

The main result of the present paper is that, up to completion, Ut is equipped
with a universal K-matrix. Lemma [6.12] compares our expression of the generators
with that used in [Kol4] and [BK19].

Lemma 6.12. Let i ¢ X. Then
(6.18) Bi=F;+ G,y (ai)'yigq(X, T)(Fl-ti)tzfl + aitifl.

Proof. In the proof we write 6 instead of (X, 7) for simplicity, and similarly for gq
and 6,. We have

0q(Fi) = —Ad(Gopx Tx) (Er(s)
=—Gopx (wX(Oéf(i)))Ad(fX)(Ef(i))te(wx(am)))
= Gy px ()0 (Fit;)t7 "
by virtue of Lemma [2{iii) and the definitions (7). Now (GI8)) follows as an

immediate consequence. O

Remark 6.13. Note that the map 6(X,7) as defined in [Kol4[BK19] differs from
ours by having an extra factor Ad(s). This guarantees that 8(X, 7) is an involutive
automorphism of g. Nevertheless, its quantum analogue 6, (X, 7) is not an involutive
automorphism of U,g. Moreover, it follows from ([G.I8) that, if (X, 7) is a Satake
diagram, our expression for B; corresponds precisely to that used in [BK19, (5.8)]
upon identifying, for any i € I\ X,

i = 8(0r(@))G-ox,m),ox ()i,
where s € Homg,(Q, {1, —1}) is constrained by (6.4]).
6.9. Structure of U,t. By [Koldl Prop. 5.2], U,t is a right coideal of U,g; the
proof of this statement requires 7|x = oix but not the condition that (X,7) has

no unsuitable nodes, or anything stronger. More precisely, by [Kol4, Eq. (5.5)], we
have

(6.19) A(B;) - B; @t € UygxUyh? @ Uyg.
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Furthermore, it follows from [Kol4l Prop. 6.2] that
(6.20) UtnUb =U,b?,

providing a quantum analogue of the identity £ N h = h?. If cork(A) < 1 (in
particular if A is of affine type), then U,h? C U,h’. Combining with (G20), we
obtain Uyt C U,g’. These statements follow from the analysis of the expressions
Ser;;(B;, B;) in [Koldl Sec. 5.3] for (v,0) € I'; x ¥,. This analysis remains valid
for any generalized Satake diagram.

7. THE QUASI-K-MATRIX

In this section, we review the construction of the so-called quasi-K-matrix, which
is the essential ingredient in the construction of universal K-matrices for quantum
groups. We present a more general and simpler construction as we explain below.

In [BW1S[ES18|[BK15|[BK19], the existence of the internal bar involution on the
coideal subalgebra U,t relies on certain constraints on the parameters v and o (see
e.g [BK19, (5.16)-(5.17)]). These constraints carry over to the quasi-K-matrix in
[BW18BK19], since its definition relies on the internal bar involution. In this sec-
tion we provide a generalized construction of the quasi-K-matrix, valid for quantum
symmetric pairs of Kac-Moody type, which does not rely on the existence of the
internal bar involution and does not require special constraints on the parameters
(Theorem [(3]). In fact, as shown by Kolb in [Ko21], this in turn can be used to
define the internal bar involution for U,t.

7.1. Locally inner automorphisms. We recalled in Section [ that the construc-
tion of the quasi-R-matrix due to Lusztig essentially amounts to producing a solu-
tion to the following problem: find an element X in U,g®? (or rather in a suitable

completion) such that the subalgebras A(qu), A(U,g) C U,g®? are pointwise re-
lated by conjugation by X. Note that the two subalgebras do not coincide. There-
fore, if the solution X exists, it is certainly non-trivial. This is indeed the defining
intertwining equation satisfied by X = = ([@I0)).

This suggests the notion of locally inner automorphisms, that is, global auto-
morphisms of algebras, which become inner (or rather topologically inner) when
restricted to a distinguished subalgebra. We shall consider the following situation.
Let A C B C C be a tower of (unital associative) algebras over a field F. Let A
be a given generating set for A. Suppose we have a function f : Ag — B and an
element ¢ € C* such that f(ag) = Ad(c)(ap) for all ag € Ag. We extend f to an
algebra embedding A — C by setting f(a) = Ad(c)(a). Since every element of A
can be written as a linear combination of products of the elements of Ay, it follows
that f maps A into B. Finally, restricting the codomain of f to the subalgebra
f(A), we obtain an algebra isomorphism between A and f(A). Furthermore the set
f(Ag) = {Ad(c)(ao) | ap € Ao} is clearly a generating set of f(A).

7.2. The case of the bar involution. Proving that the bar involution is a locally
inner automorphism is the problem at the origin of the quasi-K-matrix. We shall
consider the situation described above with A = Uzt »(X,7), B = Usg and C =
(Uqg)o+ for (X, 1) € GSat(A) and (v,0) € I'y x ;. The set Ay will simply be the
canonical set of generators U,gxU,h% U{B;., o, |i & X} of Uty ». We choose f|a,
as follows:

f|UquUqb9 = iqungtha and f(Bim,m) = Biyo! (i ¢ X),

71
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where in addition to the parameter tuples v = (v;)icr € I'q, 0 = (0)icr € Xq, we
have chosen alternative tuples 4" = (v})ier € I'y, 0/ = (0})icr € Xy, to be specified
later, see ([C3). The element ¢ will be given by an element

Y =Ty (X, 7)€ (Unh)°" C (U,9)°"

which we will construct in the following.
The condition Ad(T)(u) = f(u) for all u € U,gxUsh? U {Bi., 0.
equivalent to requiring

i ¢ X} is

(7.1) Y B, oi = By ot T and Tu=uY

!
Y3295

for i € I\X and u € U,gxU,h?. By the above discussion, we obtain that f(U,ty o)
is an algebra isomorphic to Uty o, generated by U,gxU,h? and {Biryior |1 & X}.
Since the bar involution is an algebra automorphism of U,g preserving U,g XUqhe,
we have f(Ugty o) = Ugty o

Remark 7.1. Similarly to the case of the quasi-R-matrix, we shall see in the following
sections that f(Ugt) = Ad(T)(Ust) and Uyt are different subalgebras of U,g, for
generic values of (v,0). Define the internal bar involution of Uty , to be the
composition

(7.2) Py

On the subbialgebra U,gxU,h? this coincides with the usual bar involution (note
that this map preserves U,gxU,h?). The condition (v/,0") = (v,0) imposed in
[BK15BK19] implies that the internal bar involution fixes B;.., », for all i ¢ X.
Note that ibid. it is furthermore assumed that =% preserves U,t, . Detailed
information on the presentation of U,t , in particular the quantum Serre relations
satisfied by the generators B;, is then necessary to deduce that =2 is indeed an
algebra automorphism of Ugt, o, cf. [BK19, Thm. 5.6 (1)].

Our approach allows instead to completely avoid the use of the internal bar
involution, and hence does not require detailed results on the presentation of Uyt .
Indeed, we show below that the proofs in [BK19l Sections 6 and 9.2] are independent
of the condition (v',0’) = (v,0). Thus, we obtain a quasi-K-matrix in a more
general setting. In [Ko21] this observation is further exploited to prove the existence
a fortiori of the internal bar involution in the case (v/,0') = (v, 0).

7.3. The involution on the set of parameters. Define a map ’ on F! via
(7.3) (@); = a7 = (- PTG
forx € Fl and i € I.

Lemma 7.2. The map ' defined by ([L3)) is an involution which preserves I'q and
¥4. Moreover, for the latter, it maps o to ©.

Proof. Note that ’ restricts to (F*)\X. From 7 € Autx (A) it follows that (y"); =
v; and that v} = 'y;(i) if and only if v; = 7,(;), for all i ¢ X, which proves the claim
for I'y. The claim for ¥, follows immediately from the fact that o; = 0 if 7(4) # ¢
or a;(p¥%) # 0. O
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7.4. Parameters as elements in (Uqh)oi:g. By a mild abuse of notation, given
x € (F*)!, we shall denote by the same symbol the corresponding character of
the root lattice @ € Homgp(Q,F*) given by x(a;) = z; for ¢ € I. By further
abuse of notation, by the same symbol we shall denote an arbitrary extension to a
group homomorphism of Pg,. Note that such extensions exist since Q C Pey is an
embedding of abelian groups and F* is a divisible abelian group. Finally, we will
denote by x also the corresponding element of (Uqh)oij:t defined as in Section .8
In the following, we shall consider the tuples v/, v, and v~ = (7; ');er as elements

in (Uyh)Om.

7.5. The quasi-K-matrix. We state the main result of this section. It is conve-
nient to rewrite the system (). In order to be able to apply Lusztig’s theory of
skew derivations directly, we write

Tyo=Xy0

for some X = X 5 € (U,nH)". We note that the system (Z.I) is equivalent to

(7.4) X Biv, 0, = B; X and Xu=uX

Al
Y595

for i ¢ X and u € U,gxUyh? (note that the bar involution preserves U,gxU,bh?).
The rest of the section is devoted to the construction of the quasi-K-matrix X
based on its intertwining properties and the computation of its coproduct.

Theorem 7.3. For all (v,0) € Ty x £, we have the following two results:
(i) There is a unique operator X = X 5 € (an“‘)o+ of the form
Ae(Qt)—°

such that X~ o0 =1, X000 € (Un™)a and the system (TA) is satisfied.
(ii) The following coproduct identity holds:

A(X)=(X®1)- (Ad(¥) o8, ®id)(O) - Ad(kia)(1 ® X) - O

This is a generalization of analogue results from [BK19]. The proof of (i) (The-
orem [T.14)) is carried out in Sections The proof of (ii) (Theorem [T.17) is
carried out in Sections [ TTHZ. T4

Remark 7.4. We follow the same approach used in [BK19, Sec. 6]. The results for
arbitrary values of o € X, are obtained from the special case o = 0 (Theorem
[[I0). This relies on the arguments given in [DK19, Sec. 3.5] and simplifies the
computations significantly.

7.6. The intertwining property. The key ingredient to prove the existence of
the intertwiner is the use of the so-called Lusztig skew derivations. To this end, we
shall first find an equivalent formulation of the intertwining system.

Lemma 7.5. For alli & X,
(7.5) Ad(Tx ) (Erqy) = (—1)* PP Ad(Tx L) (Er ),
Ad(tiTX,T)(Er(i)) — q—(O(ai),ai)Ad(Tx,r)(ET(Z-)).
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Moreover,

Bi;'y,i,ai =F - (Cz Ad(j:’)zl)(ET(z)) - U_z)tw
(76) B; uylol = F; - t;1 (C‘r(z) Ad(TX)(ET(z)) - 0_2)7
where

¢ = (‘Uai(ng{)G—&—px ()% = G_0,—px (ai)'}’;(i) ifi & X,

"7 o ifieX.
Proof. Tt is enough to observe that ([CH) follows from (G.I0) and the defining rela-
tions of U,g. Then, the explicit formula (EI7) implies (Z.H]). O

It follows that (T4) together with the condition XF; = F;X (i € X) is equivalent
to the condition

(%, 1] = 2(G Ad(Tx ) (Bry) = T0)ti — £ (o) Ad(Tx) () — 00) X,
for any i € X.

7.7. Skew derivations. We recall some basic facts from [Lus94] and [Jan96]. Let
i € I and note that Ad(¢;) is an algebra automorphism of U,n". Following [Lus94]

1.2.13], let Dy), Dzm € Endp(U,n™) be the unique linear maps (denoted r; and ;r
in ibid.) such that D\ (E;) = 6;; = D\")(E;) for any j € T and

(7.7)

DY (uu') = D (w)Ad(t:) (u HuD{" (), DI (uu') = DI (u)u'+Ad(t;) (u) DI (')

)=
for any u,u’ € Umn*t. They satisfy D§ )((Uqrﬁ) ) C(Unt)aa, 2 DET)((anJF),\)
for all A € QT and

(7.8) opo DET) =D o op,

7

where op is the unique algebra antiautomorphism of U,g which fixes each E; and
F; (i € I) and inverts each t;, (h € QY,). Recall that the following properties hold.

(i) By [Lus94l Prop. 3.1.6],

for any u € Uyn'.
(ii) By [Lus94, Lem. 1.2.15 (a)],

u=0 & VieIDPw)=0 & VieID“wu)=0

for any u € Uyn{ with A € QT\{0}.
(iii) By [Jan96l Lem. 10.1],

D" oD =D o D"
for any 4,5 € I.
(iv) By [Lus94, 1.2.13],
1 r
—— (0, D)) and  (vF,u) = ———(v, D" (u))

(7.10) (Fv,u) = ———
q; — 4 q; — 4

for any u € Un™ and v € Ugn™.
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Note that the maps Dz@, D" naturally extend to (an+)0+ (roughly, the latter

7
consists of formal series in Uynt converging on category O modules, cf. Sec-

tion [.6]).

7.8. The intertwining property in terms of skew derivations. We shall use
the skew derivations to provide an equivalent description of the system (7.4). By
(Z9) and the linear independence of ¢; and t; ' over (an+)o+, X is a solution of

(T4) if and only if it is a solution of the following system in (U,n*)°":

(7.11) D) = (g — g7 HE(G AT (Ery) — 7).

D(%) = (i — 47 Y) Gy Ad(Tx ) (Br i) — 77) X,

for any i € I. For A € Q, let X be the projection of X on the root space (Ugn™)y
with respect to the root space decomposition U,n™ = @)\GQ(Uqﬂ+))\. Then, X, =0
if A € QT and we get the following result.

Lemma 7.6. Let X € (an+)o+ be an invertible element. Then, X is a solution
of 4 if and only if

(712) D73 = (65 — 47 ) (G Ba-asotan Ad(Tx ) (Eri) — 7i%r—a,).

(713) D) = (@~ 47 ") (G Ad(Tx) (Br() - 40(ar) — 07 ¥rma)
forany A\ e QT andi€I.

We normalize X by setting X9 = 1. In order to show that the system ([ZTI2)-
([TI3) has a solution, we rely on [BK19, Prop. 6.3].

Proposition 7.7. Let u € QT be a positive weight of height > 2 and AZ(-T),AZ(-Z) €
(Un) y—ay, fori € I, a collection of given elements.
(i) There exists u € (Umn™), such that, for any i€ I,

(7.14) Dlm (u) = Al(-r) and Dy) (u) = Al(-e)
if and only if, for any i,j € I, we have
¢ ¢
(7.15) DAy = DI (4(")
and, for i # j,
1—a;;
q; ij l—a;;—s s—1 (r)\ _ 1—a;; (r)
(7.16) J_q LY (- ( ]) (BT R AT = (R AL,
? s=1 qi

(ii) If the system (CI4) has a solution, it is unique.

Remark 7.8. If X = ), .q X with Xo = 1 is a solution of the system (Z12)-(Z.13),
then so is op(X)|y; s+, ,, - Therefore, by uniqueness, op(X)|y, s+, = X.

Finally, proceeding exactly as in [BK19, case (3) = (4) of the proof of Prop.
6.1], we get the following result.

Proposition 7.9. Let X € (an“‘)O+ be an invertible solution of (CIJ). Then,
Xy =0 unless A € (QT)7?, i.e., X has the form

Xx= ) Xy
Ae(Qt)~

with X~ o.x € (Umt)\. Moreover, [X,u] =0 for any u € UntUh?.
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7.9. The case o = 0. We prove the result in the case & = 0. Namely, we have
the following.

Theorem 7.10. For any v € I'y and o = 0, there exists a unique solution X of
the system (L4) of the form X = 3" q+y-o X with Xo =1 and X, € (Ugn™) .

Note that, by uniqueness, X = X7!|45+/. The proof is carried out in Sections
9. 1H.9.2)

7.9.1. The recursive construction of X through Proposition [T.7(i) relies on the fol-
lowing technical result.

Lemma 7.11.

(i) For anyi ¢ X, (DET) o Ad(TX))(Ez) is fized by op o T.

(ii) Let i,j € I such that i # j and consider \;; = (1 — a;;)a; + a; € QF. If
O(Nij) = —Nij, then either 7(j) =i € Ieq U T(Ieq) 07 1,j € Ins.

(iii) Let i,j € I such that i # j and consider N\;j == (1 — a;;)o; + a; € Q. If
O(Nij) = —Xij, then either 7(j) =i € IeqU T(leq) 0r 4,7 € Ins.

Proof. (i) The statement that it is fixed by opo7 is [BW21, Thm. 4.1], the proof
of which does not use the condition a;(pY%) € Z, so that it holds for all pairs (X, 7)
such that X C I of finite type, 7 € Autx(A) is involutive and 7|x = oiyx.

(ii) This is [BK19, Lem. 6.4]. Note that in the proof nothing stronger than
the defining condition of GSat(A) is used, namely that there exists no pair (i, 7) ¢
X x X such that 7(i) = 4, the connected component of X neighbouring ¢ is {;j} and
A5 = —1= Aji-

(iii) This is [BK19, Lem. 6.5]. Recall that we assumed o; = 0 at the start of
this section.

O

7.9.2. We fix p € Q" and assume that for all A\ < u we have constructed elements
Xy € (Ugnt)y satisfying X = 1 and, for all ¢ € I, (ZI2)-(ZI3). Define, for all
i € I, the following elements in (Ugn™),_q,:

(7.17) AT = (g = 476 X s ro(an A (T ) (B,
(7.18) A = (g5 — 47 o) Ad(Tx) (B (i) X i s +0(c0s)-

We will now prove ([.I5)—(7I8) for the above choices of Aga7 AET).

Proposition 7.12. With Agz),AEr) as in (CI7)-(CI]), the condition ([IH)) is
satisfied.

Proof. We follow the proof of [BKI9, Lem. 6.7]. The crucial observation is that,
for all ¢,j € I, D](r)(Ad(TX)(ET(i))) = 0 unless j = i, see [BK19, Equation (5.10)],
which goes back to [Kol4, Lem. 7.2]. As a consequence, by the defining property of
DET) and the induction hypothesis most terms in ngr) (Ay)) and DJ(-Z)(AET)) match

pairwise. We have D(r)(Ay)) - D§€)(Al(r)) =0 if 4 or j lies in X or if 7(i) # j.

i
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Without loss of generality we may assume j = 7(i) € X. In this case
T £) 14 r
D{(A) - D (A7)
= (qj — q; ") t0@0D) ¢ (D) o Ad(Tx)) (B () X im0y

_ (Qi _ qifl)q(ajau—ai+9(ai)) G %M*OLH»O(Q,;) (D§E) ° Ad(T);l))(ET(i)).
In this case ¢; = ¢; and ¢(~®H0(e)x) = glag,—aitd(ai)) o that
D7(A) - D (4)

= (g5 — q; ")glo Pt g (q(”’“i“’f) (D) o Ad(Tx)) (E) oy 46(a))
~ Xy auroton (DL 0 AT ) (B)) )

Recall ([63]). Also, note that (D](D OAd(f)}l)) (E;) lies in Uyn% and hence commutes
with X, 16(a,)- We obtain

T 4 4 r
D(AY) = DY (A7)
= (g5 — q; g PTG R, o
( (mei—ei) (D) o Ad(Tx)) (Ey) — (DS 0 Ad(Tx ))(Ej)).

If X,_a,+6(a;) = 0 we obtain the desired statement; hence we may assume that it
is non-zero. By Proposition [[9 we have 8(u) = —pu. Applying (IEI) agam we have
(1, i — ;) = 0. By [Lus94} 37.2.4] we have opoAd(Tx)oop = Ad(Tx'). Recalling

[T8), we obtain
D(T)(A l)) . DJ(_Z) (Al(_r)) _ (q_ _ q_fl) (aj,0(ai) —ai+p) C’:{ufadre(ai)
(( D" o Ad(Tx)) (E;) — (op o D™ 0 Ad(Tx)) (E; )).

(
J

Finally, Lemma [Z.T1(i) implies Dgr)(Ag.@) - D§€)(AET)) = 0, as required. O

Proposition 7.13. With AZ(-T) giwen by ([CI7), (CIQ) is satisfied for all i,j € I
such that i # j.

Proof. We may follow the proof of [BK19, Lem. 6.8]. Note that F‘il_ai"_stFf*1 €
(Ugn™)r;;—a, and Fil_a” € (U™ )a,;—a;- By the non-degeneracy of the bilinear
pairing, we only need to consider the case that 4 = A;;. By Proposition [L.9] we
may assume 6(u) = —p and by Lemma [[.TT)(ii) we are in one of two possible cases:
T(j) =1 € IeqNT(Ieq) Or i, j € Ipns. In the former case, we have p = o —l—aj, Vi ="
and ¢; = ¢;. It follows that A(r) (¢ —q; )'yZE and A( "= = (¢ —q; Y4 E;, so
that (CI6) is an immediate consequence of (F;, E;) = (Fl, E;).

It remains to consider the case i,j € I, for which we can now follow the first
part of [BK19l Proof of Lemma 6.8, Case 2]. Namely, we invoke Lemma [TTT]iii)
and deduce that

(1 = aij)ai + o € Zzo(ay — 0(e)) + Q7 5y = 222005 + Qf 535

which is a contradiction. Hence this case does not occur and there is nothing left
to prove. (Il
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Finally, relying on the previous results, the proof of [BK19, Thm. 6.10] applies
to this case. The result follows.

7.10. The intertwining property of X for general o. Theorem[T.I0lgeneralizes
as follows.

Theorem 7.14. For any (v,0) € Ty x ¥, there is a unique X = Xy =
Sse@i)-¢ Xyon € (Un)O" such that Xy o0 = 1, Xy o € (Ugn®)x and the
system ([T4l) is satisfied.

The proof relies on a generalization of the arguments made in [DK19, Sec. 3.5]
to the case (v',0') # (v, 0) and is carried out in Sections [T TOTHZT0.2

7.10.1. By [Kol4l Thm. 7.1}, the algebra U,t, , has a presentation in terms of
generators and relations, which are independent of o. That is, the assignments

bo(Biri0) = Bisyio, and bo(u) =u
for i ¢ X and u € Uygx Uqh(’ define an algebra isomorphism
Vo Ugty o = Uty o

Hence, xo = €0 ¢5 : Usty o — F is a one-dimensional representation. Note that
XU(B’LQ’Yi,O) = 0; fOI' Z ¢ X

Lemma 7.15. We have the following identities of morphisms of algebras Uty o —

U,g:
(7.19) bo = (Xo ®id) 0 A,
(7.20) o = - o(xer ®id)o (fB ® - )oA,

where the map -, Uty 0 — Uty o is defined by (T2).

Proof. The relations (C.T9)—([Z20) can be verified by checking on generators. Apply-
ing both sides of (ZI9) to u € U,gxU,h? we obtain u for either side. Furthermore,
applying ¢ ® id to (G.I9) implies

((¢0 & id) ° A) (Bim,O) - Bi;'nm ® t;1 = A(Bim,o) - Bim,O ® t51~
To this we apply e®id and deduce, using €(Bj,, ) =05, that (o ®id) (A(Bjx,,0)) =
Bi.~;,0.- This completes the proof of ([ZI9).

As for (T20), one can check that the right-hand side fixes E; and F; for i € X
and ty, for h € (QY)? pointwise, so that (Z20) is true when restricted to U,gxU,h°.

ext
It remains to prove that

—_—B —
(7'21) (XU’ o - @ - )(A(Biwz',())) = Bi;"/iﬂi
fori ¢ X. If i ¢ I, then o; = o} = 0. Thus, from the identity

—B _ — _
(XU/ ° - ® - )(Bim@ ®t; 1) = Xa/(Bim,O) ®t; =0,
©.19), and e(u) = €(u)|g—q-1, we deduce that

- ® - J(A(Bim,0) = (€0 - @ - )(A(Biyy,.0)

= (6 ® id) (A(Bisy,0)) = Bigyi0-

(XO'/ [0}
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Therefore, ([[.21) is satisfied in this case. On the other hand, if ¢ € I, then by
(618) we have

Bi;%‘ﬂi = Fl—ql_l’}/zEltl_l—i-O'th_l and A<Bi;7i,0) = Bi;vi,0®t;l+1®Bi;7i,0-

Therefore,

(Xor © e ) (A(Bip0) = ‘7;tz+—m = Biy.0 +0it; ' = Bisyio, -
The result follows. O
7.10.2. Following [BWTS], 3.1] and [Ko20l Sec. 3.3], we consider the 2-tensor quasi-
K-matriz for Ugty - (X, T), i.e., the operator in (Uqg‘m)o+ given by

Ono =A(Xye) ©-X,, 1.

By Prop. 3.2] and [Ko20, Prop. 3.9], it satisfies
(7.22) 040 ((fB ® o A) (b) = A(BB) 0,0

for b € Uyt ». By [Ko20, Prop. 3.10, cf. Rmk. 3.11] (see also Prop. 3.5)),
the operator ©, , is given by a series

(7.23) Oro= Y, Oyon  where 450 € Ugty o @ Upny.
AEQT
We then obtain the following generalization of [DK19 Prop. 3.26].

o given by

Proposition 7.16. For any (v,0) € I'y x X, the operator in (Umn™)
X, 5 = (Xor ®id)(O4,0)

satisfies the system (4.

Proof. Applying xo ®id to (L22) in the special case o = 0, we deduce

%o (xor @id)o (7

for b € Uyt 0. By (CI9)-(Z20), we obtain
— —B
%;'70' (ba(b) = ¢0" (b ) xﬁy,o’

for any b € Uyty 0. The result follows. O

® 7)o A) (b) = (xor @id)A(B") XL,

By (Z.23), we have
X, = Z X o where X! .\ € (Unh)x,
AEQT

with XJ, ., = 1. By Proposition [[7(ii), we deduce that Xy, = X/, ,. Finally,
Theorem [T.14] follows. This concludes the proof of part (i) of Theorem [[3l
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7.11. The coproduct formula for X. We now address the proof of part (ii) of
Theorem In order to establish a factorization of the coproduct of X, we use
the bilinear pairing again. We consider the subalgebra

(UbT @ Un™)R" 1= T Ugntta ® (Un™)s C (Ugh™ @ Upn ™)
A€Qt
Note that A((U;nT)0") ¢ (Ub+ @ U,n™)Q'. By [BK19, Lem. 2.4] we have, for all

+

X e (Uppt@Un")]",
(7.24) Vy,zeUmn™ (y®2,X)=0 = X =0.

The following result is the direct generalization of [BK19, Theorem 9.4] to the case
of unrestricted parameters.

Theorem 7.17. We have
(7.25) AX)=(X®1)- (Ad(¥) 00, ®id)(0) - Ad(kia)(1® X) - O

The proof, given in Section [Z.14] relies on the properties of the auxiliary element
W, which we discuss in Sections [[L.12H7{.13]

7.12. The auxiliary element ¥. In [BK19, Secs. 8 and 9] the coproduct of X is
computed for the special case that I is of finite type, ¥ = v’ and o = o’. We will
now generalize this.

For X C I, recall Lusztig’s quasi-R-matrix Ox € (Uny ® an})o+. The key
ingredient for the coproduct of X is the element

U= (Ad(Y) 00, ©id)(00%") € (U9 @ Uyg)®" .

Note that we proved in Proposition B3] that the element ©0%" is supported on
Q" \ Q%. More precisely,

o0y e J[ (Wn)r@ [Umh),.
AEQH\QYL

We shall use this result in Lemma [7.19]

Remark 7.18. Let I be of finite type and assume v, = ; for all ¢ ¢ X; note that for
i € X we automatically have «/ = v;(= 1). We observe that the function £ : Peyy —
F* defined by [BK19, Equation (8.1)] is of the form &(u) = G_ia—a,0(1t)Eerp(1t)
with &g € Homg(Pext, F*) such that &g, = Go,p—py 7y for some extension ' €
Homgrp(Pext, F*) of the group homomorphism: Q — F* defined by a; — ~;. It
follows that & = G_ig—g,p—px?'. Also, we have Ad(fj_l) = wooi;. By inspecting
the list of generalized Satake diagrams [He84, Table I] we see that oi; preserves X,
so commutes with Ad(fg 1), and commutes with 7. Hence

Ad(T; ' Tt o ooi; = GooifoAd(Tx ) orooir =02 08, ' = Ad(Gidra,px—p) 00, !

so that Ad(ffl_lif’vgl)OTooil = Ad(v')of; ! and hence ¥ coincides with the element
defined by [BK19, Equation (9.1)].
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7.13. Properties of W. The element ¥ satisfies the following properties, which
generalize [BKT9, Lem. 9.1-9.2-9.3].
Lemma 7.19. We have
(7.26) Ve J[ (Wanh)_gota® (Umh)a,
AEQH\QY

(7.27) (i@ D)(W) = (g —q; 1) G U Ad(Ox Ty @ 1) (B, @ 1) - (1 ® 1).
Proof. We have
0 (Ugn™)=x) = Ad(Gp,0x Tx ) (U ") 7))

= Ad(G 0,0, ) (Un") —6(x))

= (anJr),e()\)t)\.

Therefore, ([(.26) follows from Proposition B3l From (5) and @I3)), for i € X,
A(F;) commutes with ©0%". Combined with (Zd) and the linear independence of
t; and t; ! over U,nt, this yields (Z.27) for i € X. We need to prove the case i ¢ X.
As before, we obtain

(7.28) (id@ D")(©) = (¢ —q)OF 1

for any ¢ € I. Since for i ¢ X, we have (id ® DET))(@X) = 0, the identities (1)

and (7.28) yield

; () —1\ _ ¢ (r) A 1

(7.29) (id® D;")(00%") = (d® D;"”)(0) Ad(1 ® t;) (0%")
=( ' -a)OF®t oy 1ot

Since Ox € (Ugny ®an})o+, it is fixed by both Ad(y")®1 and 6, ' ®1. Moreover,
(Ad(Y) 0 ;1) (F) = —=Ad(Y'G—g,px T ") (E-(3))
= =G py (—0(i) )Yy Ad(Tx ) (Er i) )
= —CiAd(T§1)(ET(i))ti-
Applying Ad(y") 06, ! ®@id to [Z29), we get
(id D7) (0) = (i—q; )i (Ad(Y) ol ' ©id)(©) Ad(Txc ") (Ero))tiot Ox' 101
= (¢ —q; NGV Ad(@X)(Ad(T);l)(ET(i))ti ®t) 1@t
Thus, by ([@I3]), we obtain (T27) in the case i ¢ X. O
Note that
Ad(kig)(1 @ X\) | M, 0N, = ¢ ® Xx|m,on, =t @ Xx|m, 0N,
for A € QT, p,v € Py and M, N € OF. Hence,

(7.30) Ad(kig)(1® X) = Z BNESY
AeQt

and Ad(xiq)(1 ® X) coincides with the element defined by [BKI9, Equation (9.6)].
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Lemma 7.20. We have
(7.31)

(id® D) (Ad(ria)(1 @ X))

=(gi — qY) Ad(kia) (1 ® X) (gi t_p(a) @ Ad(T ) (Ey) — 571 @ 1)@» ®1.
Moreover,
(732)  [Ad(kig)(1® X), O] = 0 = [Ad(rig) (1 ® X), Ad(Tix) (v s @ ]

Proof. Note that ([T32) follows immediately from (730) and Proposition In-
stead, by (Z30), we have

(id® D) (Ad(ria) (1@ X)) = Y ta® DIV (%)
AeQt

Thus, by (C12), it follows
(id ® D;") (Ad(ria) (1 © X))
=(@i—a") D tr® (G Xn—aitro(an AT (Erp) — 7 Xr—a,)

AeQt
= (ql - ql_l) (Cz( Z t)\fa.ﬂre(ai) ® X)\aiJrO(ai))taiO(ai) ® Ad(fgl)(ET(z))
AeQt
—o?( > tha, ® %k—ai>ti ® 1)
AeQT

= (Qi _ qi_l)Ad(Hid)(l ® X) (Cz tai,g(ai) ® Ad(fgl)(ET(i)) —0; 6 ® 1).
The result follows. O

7.14. Proof of Theorem[T.17l By ([I0) and (Z32), the coproduct identity (25
is equivalent to

(7.33) A(X) = (X®1)- T - Ad(rig)(1 © X).

By (720) and (Z30), the right-hand side of (Z33) belongs to (U,b+ @ U;nt)Q".
Since also A(X) € (U,bT ® Unt)Q", by (Z24), the coproduct identity (Z-33) is
equivalent to
(7.34) Y@z, AX)=(y®z,(X®1) - T-Ad(kiq)(1 @ X))
for y,z € Uyn~. By linearity it suffices to consider the case z = F;, F;, - - - F;, for
all (i1,...,ip) € I, £ € Z>o. We do this by induction on .

Consider the case £ = 0. Denote by P(;r the projection from (U,b* ® an’)g+ to

the direct summand Ugn* ®F. By (Z.26), Ad(v')of; ' ®id maps > xeaneax O1,2Ox 4

Atpu=v
into (Ugn™) gty @ (Ugn'), for v € QT, so that Py (¥) = 1® 1. Also, by (Z30)
we have
P (Ad(ri)(1@ X)) = Y Pf(ta@ X)) =1®1.
AEQT
Therefore, we obtain

(yol,(X©1) U -Adxg(12X) =(ye@1L,X01) = (y,X) = (@ 1, A(X)).
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Assume (7.34) is satisfied for all y € Ut and all monomials z = F; Fj, --- F;
with ¢ > 0. It remains to prove that

for any ¢ € I. By (@) and (ZI0l), we have
(y® 2F;, A%)) = (yzFi, X) = (q; = ) {yz, D7 (X))
Thus, by (ZI1]), we get
(g 2F3, M%) = (y2,%(07 — GAI(TR) (Br) )
= (y® 2, AQ)(071 @ 1 - GAA(T) () )-
By induction, the LHS of (Z.35) gives

£

(v 2Fi, AR) = (y@z, (X2 1) 0-Ad(ke) (10X) (7712 1-GA (AT ) (Bri)) ),
while the RHS of (Z35), by @3), (ZI0), and (77), gives
(y® 2F, (X®1)- - Ad(kia)(1 ® X))

= (y@2F;, (X@1)- ¥ -Ad(kig)(1 @ X)t; ' @ 1)

= (g —a) (y @z (de D) (X @1 ¥ A (12 X)) @1)

— (7" —a) (v @2 (X @) (de D) (¥ Ad(kg) (12 X)) @1).
Therefore, the desired identity (Z3H) reduces to
U Ad(kig) (1@ X) (771 © 1 — GA(Ad(Tx ") (Er:)))

= (g7 — ¢) " M(id® D) (¥ Ad(rig) (1 © X))t @ 1.

By ((27) and ([Z31)), if ¢ € X, then (30) is satisfied since (; =0 =0;. If i € X,
then by (332)), we have

(" — ) "H(id @ DY) (@)A1 @ ti)ri) 1@ X) £ @1
= —GU Ad(Ox (T @ 1)) (Eri) @ DAA((t @ t)ria) (1 © X)
= (U Ox Ad(T) (B, ))®1Ad(( ti)kia) (1@ X)03!
=~ OxAd(kig)(1® X) (Ad(Tx")(E-)) @ 1) O
= -V Ad(kig)(1® %)Ad(@X(TX & 1))(E7-(i) ®1).
Hence, (71) implies
(i — ¢ ")~ (id @ D7) (¥ Ad(ria) (1@ X))t @ 1
= V¥ Ad(kig)(1 ® X) (Cz‘Ad (Ox(Tx' @ 1)) (Er @ 1)

(7.36)

+ Cit—gay) ® Ad(T ) (Er)) — il ® 1)-
Therefore, [((30]) further reduces to
AAATE ) (B ) = Ad(Ox (T @ 1)) (Eriiy ® 1) + t_g(ay) ® Ad(T ") (Er i)
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Let j € X. Applying Ad(Tx?) o 7 to E;Fjt; = ¢~ (*:2) Fit,; E;, we have
Ad(Tx ") (Er) B = q~ @) B;Ad(Tx ) (Br ()
and
(t-6(ar) © Ad(Tx ) (Er(i) (F) ® Ej) = ¢ 7% (F; @ Ej) (t-p(an)
© Ad(Tx ") (Er(p))
= (F; ® Ej) (t—p(ar) @ Ad(T ") (Er(iy)-
Hence, t_g(q,) ®Ad(1~“§1)(ET(i)) commutes with © x and, by (5.6]), we conclude that

AAAT ) (Er ) = Ad(Ox (Tx' @ T ) (Eriy ® 1+ tr(i) @ Ergyy)
= Ad(Ox)(Ad(Tx ") (Br(i)) ® 1+ t_p(ay) ® Ad(T ) (Er(s)))
=Ad(Ox(Tx' @ 1)) (Er(y) @ 1) + t_g(a;) @ Ad(Tx ) (Eri)) -

The result follows.

8. UNIVERSAL K-MATRICES

In this section, we introduce the standard universal K-matrix and derive its key
properties. A further modification in terms of a multiplicative difference of two
modified diagrammatic half-balances, corresponding to a pair of generalized Satake
diagrams, yields a rich theory of new modified universal K-matrices. Among those,
in special cases, certain choices are more convenient or natural than others. In
particular, when the two diagrams coincide, this yields a natural interpretation
of the quasi-K-matrix as a universal K-matrix. For quantum groups of finite type,
this recovers the Balagovié-Kolb universal K-matrix and their formalism (cf. Section
RI0). In Section [ we shall outline the applications of this approach in the theory
of quantum affine algebras.

Throughout the section, we fix (X, 7) € GSat(4), (v,0) € T'y x ¥,, we assume
that Pex is 7-compatible, and we consider the associated quantum pseudo-fixed-
point subalgebra Uyt o C Uyg.

8.1. The inverse of the quasi-K-matrix. It is convenient for us to work with the
inverse of the quasi-K-matrix constructed in Section [ (cf. Theorem [T4]). Thus,
we set

(8.1) T="yoi=Xyo =X}

y,o'

where the parameters (v/,0”) are defined in ([Z3). Recall the injective algebra
homomorphism f : Uty — U,g defined by f(u) = u if u € U,gxUyh? and

f(Bisi.0:) = By o for all i ¢ X. We have the following

Lemma 8.1. The operator T € (an"’)(9+ is the unique element with Yo = 1
satisfying the intertwining equation

(8.2) YTu= f(u)Y
for any u € Uyt . Moreover, it satisfies the coproduct identity

(8.3) A(Y) =Ry, -(1®7)-(Ad(y)o b,  @id)(R)- (Y®1).
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Proof. By Theorem [[.14] it follows that Y satisfies (82). Then, from (7.20]), we
have
A(T) =E¢" Ad(kia) (1@ 1) (Ad(y) 0 0, ®id)(2) (T @ 1)
=Ex" Ad(r—p)(1® T) (Ad(7) 00, @id)(T) (T @ 1)
— Ry, (1T) (Ad(y) 0 ;1 @ id)(R) (T & 1),
where the first equality follows from the identity Ad(rgiid)(1 ® x) = 1 ® x for any

z € (UmnT)x and A € Q% while the third equality follows from (6! ®id)(kig) = kg
(cf. Remark [£T]). O

Remark 8.2. The choice of k¢ in the definition of Ry , (cf. Definition [6.7)) is there-
fore instrumental to obtain (B3], in that it absorbs the Cartan corrections that
naturally arise in the coproduct identity of the quasi-K-matrix.

8.2. Quantum pseudo-involutions on U,t, . In the following, we shall use the
quantum pseudo-involution 6, as defining a new intertwining equation. To this end,
we need to describe its action on Uzt ». Recall that we regard v as an element in

(Uqh)oiﬁ_ We have the following
Proposition 8.3. For any u € Ugty o, it holds 0, (u) = Ad(y~1)(f(u)).

Proof. For u € U,gxUyh?, we have Ad(y~1)(u) = f(u) = u = 0, ' (u). It remains
to prove that, for i ¢ X,

(8.4) (9q ° Ad('y_l))(Bi;'ylf,Ug) = By, 0
Note that
(8.5) (6g 0 Ad(y™1)) (F}) = %ilq (Fy).

Moreover, by (Z3) and (G.I0]), we have
Y10 (F) =— (1)) Ad(Tx ) (Br (i) = =72 () Ad (T =) (B i) = Yo (i) 05 ().
Therefore,

(040 Ad(y ™)) (104 (Fi)) = Y21y (04 0 Ad(v ™)) (0,1 (F)) = Fi.

Finally,
(8.6) (eq © Ad('V_l))(Uiti) = 0ibly(ti) = oilg(a;) = Uiti_l
since o; = 0 if 0(e;) # —;. Combining (BH)—(86]), we obtain (84]). O

8.3. The standard universal K-matrix Kx .. We introduce a subtle correction
of the operator Y, which reveals crucial in the following.

Definition 8.4. The standard universal K-matrix is the operator in (Uqur)O+
given by

KX,T = 7_1T7

where T is defined in ([8J]). The standard twisting operator is the algebra auto-
morphism of U,g given by ¢x , := 9;1.

We prove the first main result of the paper.
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Theorem 8.5. The standard universal K-matriz Kx ; satisfies the intertwining
equation

(8.7) Kx u=1vx,(w)Kx,
for any u € Uyt o and the coproduct identity
(8.8) A(Kxs) =Ry, -(1®Kx;) (Yx-®id)(R) (Kx,®1).

Proof. Combining (1)) with Proposition B3] we immediately obtain ([87). To
prove (B.3)), note that A(y) =« ® v and B3] imply

AEx.) =9y Ry, (18 7) (Ad(y) 0 0,(X,7)" @ id)(R) (T ® 1).
By (£14), y®~y commutes with Rx , = ne(XJ)G);(l, which completes the proof. [

8.4. The universal K-matrices Ky,. The twisting operator ¢x » = 6, is in
general quite a complicated automorphism, whose pullback functor is not easily
described. It is therefore convenient to introduce a further modification of the pair
(Kx 7, %x, ) in terms of an auziliary generalized Satake diagram (Y, 7) which yields

a simpler twisting operator. This however requires to restrict to integrable category
OT modules.

Definition 8.6. For any (Y,n) € GSat(A) such that Pe is n-compatible, we con-
sider the operator in (Uqg)oij; given by

(8.9) Kyy =Ty, Txs) Kxr= Ty, Tx:) -7 T

and the algebra automorphism of U,g given by

(8.10) iy = Ad(Ty, Tx r) 0 tox.r = 04(Y,m) " oot =Ad(Ty,) ' owor,
where 6,(Y,n) denotes the quantum pseudo-involution associated to (Y, 7).

Note that, in the case (Y,n) = (X, 7), Definitions B4l and yield the same
operators and there is no clash of notations.

Our next main result is that the element Ky, is a universal K-matrix for Uyt &
with respect to the twisting operator vy,. More precisely, following Definition
22l we shall prove that (¢y,,, Ry,) is a twist pair, (Ugg, R, ¥y, Ry, Kv,,) is
a cylindrical bialgebra, and Uyt » is a cylindrically invariant coideal subalgebra.
These results will be proved in Proposition 8.7 and Theorem [B.8], respectively.

8.5. The twist pair (¢y,,, Ry,,). We first prove that (¥y,,, Ry,,) is a twist pair
for the quasitriangular bialgebra (Uyg, A, €, R). This amounts to proving that ¢y,
is an isomorphism of quasitriangular bialgebras

Yy (Ug8 A%, €, Ror) — (Uqg, Ad(Ry,) 0 A€, (Ryy)or - R Ryy) .
Proposition 8.7. The following relations hold:
(8.11) (Vv @ Yyy) 0 A% = Ad(Ry,;) 0 Aothy,,, €othyy = ¢,
and

(8.12) (Vyin @ Yyy)(Ra1) = (Ry)21 - R+ Ry .
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Proof. Since the diagram automorphisms are bialgebra automorphisms and w is a
coalgebra antiautomorphism satisfying ([£12]), the identities (BII)—(&I2) reduce to

(8.13) Ad(Ty, @Ty,) o A =Ad(Ry,) o AoAd(Ty,),
(8.14) eo Ad(Ty.,) = e,
(8.15) Ad(Ty, ® Ty} )(R) = (Ry.)a1 - R+ Ry, .

The identity (8.14) follows from (6.7) and the fact that Ad(Ty,,)(tn) = tw, (n) for
h € QY. The identities (BI3) and (BI3) follow from (G.12]). O

8.6. Properties of Ky,. We prove that the operator Ky,, is indeed a universal
K-matrix with respect to the twist pair (¢y,,, Ry,y).

Theorem 8.8. The operator Ky, satisfies the intertwining equation

(816) KY,n U= ,ll)Y,n(u) . KY,T] )
for any u € Uy, o, and the coproduct identity
(8~17) A(KYJZ) = R)_cln (1 ® KYJI) (wYm ® id)(R) (KYJI ®1).

Proof. From (87, one has

Kyyu=Ty, Tx - 07" (u) Kx = (Ad(Ty})owor) (u) Ty, T+ Kx r =y, (u) Ky,
for any u € Uyty . Then, from (B8], one has

A(KY,U)

= A(Ty ) Tx )Ry, (1® Kx ) (6,(X,7)"" @id)(R) (Kx-®1)

= A(Ty) "' (Txr @ Tx ) (1@ Kx7) (0,(X,7)"" ®@id)(R) (Kx,»®1)
=A(Ty,)) ' 1@ Tx-Kx,7) (Ad(Tx,r) 0 0y(X,7) " ®@id)(R) (Tx,rKx, ®1)
=Ry, (Ty,®Ty}) (10Tx +Kx +) (Ad(Tx 7)o0,y(X, )" @id)(R) (Tx - Kx - ®1)
= R;}n (1® Ky,) (Yy,y ®id)(R) (Ky,, ® 1),

where the second and fourth equalities follows from ([G.12]). O

8.7. Generalized reflection equation. The following result is the analogue of
Proposition 241

Theorem 8.9. The operator Ky, satisfies the generalized reflection equation ([2.9)
with respect to the twisting operator Yy, i.e.,

(8.18)
(QpY,n ® QpY,n)(R?l) : (1 ® KY,n)'(¢Y,n ® id)(R) : (KY,n ® 1)
:(KYJI ® 1) : (id ® ¢Y777)(R21) ’ (1 ® KYW) R

Proof. From the coproduct formula (817, one has
AP(Ky,) = (Ryy)a Ky @ 1) (id ® dy,)(Rar) (1@ Ky,y)

and, from (@I,
AP(Kyy)=R-A(Kyy)  R'=R Ry, (1® Ky,;) (¢v,y ®id)(R) (Ky, ®1) R™".
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Therefore,
(Kyp ®1) - (id®¢y,;)(Ro1) - (1® Ky,y) - R

= (Ryy)a1 R~ Ry, - (1@ Ky,) - (¥yy @id)(R) (Ky,; ® 1).
Thus, the result follows from (&I12)). O

8.8. Cartan corrections of universal K-matrices. We describe a further mod-
ification of the standard K-matrix K . associated to the elements g € (U,h)"*
such that Ad(g) preserves U,g C (U,g)"Vm. Namely, we set

(8.19) Ky, =g Kyy and 9§, = Ad(g) o Py, -
The operator K{J,’n remains a universal K-matrix.

Theorem 8.10. The operator Kf’m satisfies the intertwining equation

(820) Kiq’,nu = ng/,n(u)KY,ng ’
for any u € Uyt o, the coproduct identity
(8.21) A(KY,) = (RY,) ™" (1® Ky,,?) - (i, @id)(R) - (K§, ® 1),

where (Rg,m)fl = A(g) R{,ln (g7t ®g™1), and the generalized reflection equation
(KY,®1) - (id@yy, ) (Ra1) - (1@ Kyy?) - R

= @%, @¢y, ) (Ra1) - (1® Ky,?) - (¢§, ®id)(R) - (KY., @ 1).
Proof. The identities (820), (821) and ([822) follow by multiplying (8I6I), (m
and (BI8) by g, A(g) and g ® g, respectively.

Remark 8.11. Clearly, g can be thought of as a gauge transformation acting on
the cylindrical structure (¢y,,, Ry, Kv,), i.e., we have g x (¢y,y, Ry, Kvy,;) =

(8.22)

(¥, RY.,» K3-,)). In fact, the same result applies for any g € (Uqg)oift such
that Ad(g) preserves U,g (cf. [AV22] Sec. 3]). In particular, we have (TQ;TXJ) *
(wXﬂ'a RXﬂ'v KXJ’) - (wY,'qv RYJ]’ KYJ])'

8.9. An alternative choice. From Remark [R.I1] it is clear that the universal K-
matrix Kx . and the twisting operator 1x » give rise to large family of universal
K-matrices depending upon the choice of a gauge transformation with some mild

restrictions. In particular, we can recover immediately the slightly different setup
used in [BK19]. Namely, instead of considering Ky,, and ¢y, defined by (&3)-

®I0), we can set
Kg/ﬂ? = (TyﬁnTXf,-) . KXJ- and Q/Jg/m = Ad(TymTXﬂ-) o 1/)X77-.

Proceeding as before, one verifies that the operator Kgf,n satisfies the intertwining
equation

Ky qu =1y, (u)Ky,
for any u € Uyt o, the coproduct identity
A(KY,) = (Ryg)a (1@ Ky ) (by, ®id)(R) (Ky,, @ 1),
and the generalized reflection equation
(Ky,y ©1)- (id@¢y,)(Ra) - (1@ Kyy) - R
:(wg/,n ® %b?,n)(RQl) ’ (1 ® K§/77]) ’ (wg/,n ® Id)(R) ’ (K§/77] ® 1) :
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8.10. Distinguished K-matrices. By Sections 84 and B as (Y,n) ranges
through GSat(A), we obtain various universal K-matrices Ky, ;. In the case (Y,n) =
(X,7), we recover the standard universal K-matrix Kx . From a representa-
tion theoretic point of view, this choice is somewhat preferable, since Kx , €
(Uqg)o+,i,e., it acts on any category O Ugg-module. Note however that this
is no longer true if Y # X.

In the case (Y,n) = (X, 7), the twisting operator ¢ x , is in general a complicated
automorphism, since it coincides with 9;1. From the point of view of integrability
theory, it is convenient to look for choices of (Y, 7), yielding a simple form of the
generalized reflection equation. As a measure, since by, = 0,(Y,n) "t onor, we
consider the dimension of the subspace of fixed points in §’. Namely, we define a
strict linear order on GSat(A) given by

(Vo) < (Y'n) <= dim((5)""") < dim((y') 0",

Recall that, since 1]y = oiy, the dimension of (§")~?(Y*") equals the restricted rank
of (Y,n), i.e., the number of n-orbits in I\Y. There are two extreme cases.

(i) The restricted rank is maximal. This corresponds to the choice (Y,n) =
(0,id). In this case, we have 6(0),id) = w,

Ky q = Tg[é Ixr Kx- and g = Ad(Tpa) ' owor.

Since Ty g € (Ught)™V:*, by setting g = T jq in Theorem B0, we obtain a
distinguished universal K-matrix

(8.23) K, =Tx, Kx- and Yy = wWoT,

which we refer to as the semistandard universal K-matrix. Note that in this
case the twisting operator 1, is an involution on U,g and we obtain the
generalized reflection equation

(Ko ®1) (i[d®1)(Ra1) - (1@ K,) - R=R-(1® K,) - (¢ ®id)(R) - (K, ®1).

(ii) The restricted rank is minimal, i.e., it equals the number of 7-orbits in the
complement of the largest 7-stable subset of I of finite type. If A is of
infinite type, there are in general several (Y,n) € GSat(A) whose restricted
rank is minimal. On the other hand, if A is of finite or affine type, the
minimal restricted rank is 0 or 1, respectively, and the choice is canonical as
we describe below.

(iii) If g is of finite type, GSat(A) has a unique minimal element given by (I, oiy).
In this case, we get

Kin =Ty o

Ioi; TX,T : KX,T and Yiin =0if o T,
since 6,(I,0i;) = id. Note that the twisting operator is an involution on U,g

(cf. BK19, Rmk 7.2]). Finally, we obtain the generalized reflection equation
(Kin ®@1) - (id @ ¢Ysin ) (Ro1) - (1@ Kfin) - B = Ra1 - (1® Kfin) - (Vin @1id)(R) - (Kfin ® 1).

Remark 8.12. The case (iii) is considered in [BK19, Corollary 7.7], where the op-
position involution oi; is denoted 7y. More precisely, relying on the alternative
formalism from Section [89] the operator K constructed in [BK19 Corollary 7.7] is
related to K} ;. by

I,Oi[

K=' = (oif o 7) (K] o1, )
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under the additional constraints v = v, & = 6’, (i 0r)(i) = Vis and O (oi,07)(s) = Tis
cf. [BK19, (7.4)]. This is a consequence of the fact that

¢(qu'r,cr(Xv 7')) = Uqtp(~),6(0) (X, T)

for involutive ¢ € Autx (A) commuting with 7.

9. SPECTRAL K-MATRICES FOR QUANTUM AFFINE sly

In this section, we motivate our construction by discussing its application in
the finite-dimensional representation theory of the quantum loop algebra U,Lsl.
The general case is treated in detail in [AV22]. We show that the inversion of the
spectral parameter on finite-dimensional representations can be realized in terms
of a suitable choice of the twisting operators vy . The specialization of the corre-
sponding universal K-matrix yields a formal solution of the generalized reflection
equation with a spectral parameter. Finally, we prove that this construction gives
rise to matrix solutions of the standard reflection equation which are formal series
in the spectral parameter.

9.1. The quantum loop algebra U,Lsly. We set I := {0,1} and we consider the
symmetric generalized Cartan matrix A with agy = —2. We denote the correspond-
ing Kac-Moody algebra by sly and its derived subalgebra by sly (see e.g., [FR92]).
We shall consider 0 as the affine node [Kac90, Ch. 6]. The Lie algebra sly is an
extension of the loop algebra Lsly = sl ® C[t, ¢~ 1 by a central element c. Simi-
larly, the element t. is central in U, 5[2 and the quotient UyLsly = U, 5[2 [(te — 1)
is known as the quantum loop algebra of sl;. As in the classmal case, U,Lsly is
endowed with a family of algebra homomorphisms ev, : U, Lsly — Ugsly (a e FX)
called evaluation homomorphisms (see e.g., [CP91l, Prop. 4.1]) defined as follows:

ev,(Ey) = E, evy(Fy) = F, evy(t1) =1,
eve(Ey) = g laF, ev,(Fy) = qa 'E, evy(tyg) = L.

Here we have denoted the Chevalley-Serre generators of Ugsly by E, F, t+1, sup-
pressing the subscript 1. Note that U,Lsls is also endowed with a grading shift
automorphism (cf. [Dr86])

Y, : UyLsly[z, 27 = U,Lsly[z, 271,

where U, Lsly[2, 271 := U, Lsly @ Fz, 271], given by X, (t,) = tp, X, (E;) = 2% F;,
and ¥, (F;) == 2% F;. By specializing z in F*, we obtain a one-parameter family
of automorphism of U, Lsl, satisfying ev, = ev; o X,.

9.2. Evaluation representations. By pullback through ev,, every irreducible
finite-dimensional U,slo-module is acted upon by U,Lsl,. Specifically, let V;, be
the (n + 1)-dimensional irreducible Uysle-module. For any a € F*, we obtain an
irreducible (type 1) U,Lsl;-module V,,(a) = ev}(V},), which is referred to as an
evaluation representation. Let Repgy(U,Lsly) be the category of finite-dimensional
(type 1) U,Lsly-modules, which clearly contains every evaluation representation.
By [CP91l Thm. 4.11], every irreducible module in Repgy(U,Lsls) arises as a ten-
sor product of evaluation representation. Note that, while category O7 inte-
grable Uslo-modules form a semisimple and braided category, Repgy(U,Lsls) is
not semisimple nor braided (see e.g., [CP95, Ch. 12]). However, as we briefly re-
call below, it is functionally braided, since the universal R-matrix of Uq.glg gives
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rise to a parameter-dependent operator on finite-dimensional Uy Lsly-modules (cf.
[FR92|[KhT92[KS95L[EMO03]).

9.3. Spectral R-matrices. The universal R-matrix does not immediately act on
finite-dimensional U,Lsl;-modules, since the series = determined by R = kig - E
(cf. Section T0) does not necessarily converge. Relying on the grading shift, for
any V € Repgy (U, Lsly) with action my : U,Lsla — End(V'), we consider the infinite-
dimensional representation V'(z) := V ®F((z)), with action given by 7y, = my0X,.
Then, for any V,W € Repgy(U,Lsly), we obtain an operator

Ryw(z,w) =7y, @ mw.,(R) € End(V @ W)[z~ 1, w].

By the explicit description of = and ([@4), it follows that Ry w (2, w) is a formal series
in w/z, which we denote by Ryw(w/z). For any Vi, Vs, Vs € Repgy(U,Lsls), the
specialization of the universal R-matrix on the tensor product V;(271) @ Vo ® V3 (w)
yields a formal solution of the Yang-Baxter equation with a spectral parameter:

R12(2)R13(zw)R23(w) = Rgd(w)Rm(zw)ng(z) .

Relying on a similar strategy, the universal K-matrices constructed in Section [3]
produce formal solutions of generalized reflection equations with a spectral param-
eter.

9.4. Quantum pseudo-fixed-point subalgebras for U,Lsl,. We shall consider

the quantum pseudo-fixed-point subalgebras Ut = Uyt o (X, 7) C Uysly, where
v € T’y is such that yvyy1 = 1, 0 € ¥4, and (X, 7) is one of the Satake diagrams
(0,id), ({1},id), (0, (01)), with (0 1) being the permutation of two nodes of the affine
Dynkin diagram. Following [BB17], we refer to the corresponding subalgebras as the
g-Onsager algebra, invariant g-Onsager algebra and augmented g-Onsager algebra,
respectively. Note that U 8(X,7) identifies with a coideal subalgebra in U,Lsl,
since (X, 7)(c) = —c.

9.5. Spectral K-matrices for the q-Onsager algebra. We consider the Satake
diagram (X, 7) = (0,id). The corresponding coideal subalgebra Uyt C U,Lsl; is
generated by

By = Fy — q_IVOEOtal + Uotal, and By = F| — q_lleltfl + altfl.

Following Section B we choose the auxiliary Satake diagram (Y,n) = ({1},id)
and we consider the universal K-matrix K and the twisting operator v given by the
formulae ([89) and (810). Note that 1) descends to an automorphism of U, Lsl, and
satisfies 3, 01) = 90X, /.. We get the following special case of [AV22] Thm. 4.2.1].

Theorem 9.1.
(i) For any V € Repgy(UyLsly), the universal K-matriz K descends to a formal
series Ky (z) € End(V)[z] satisfying
(9-1) Ky (2)mv (22 (u)) = mv ($(31/:(u)) Kv (2)
for any u € Uk, i.e., it yields a formal Ugt-intertwiner Ky (z): V(z) —
V¥(1/z), where V¥ = p*(V).
(ii) For any V,W € Repy(U,Lsls), the generalized reflection equation with a
spectral parameter holds:

Ky (2) ®id - Ryvy (2w)2; - id @ Ky (w) - Ryw (%)

(9:2) = Rypors()a1 - id ® Kuy (w) - Ryoyy (20) - Ky () ®id.
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Proof. We shall prove that K = (T}Z}]Tx,r) -4~1 . T acts on V(z). Any finite-
dimensional U,Lsly-module has a weight decomposition over P/(P N QJ) and is
integrable as a Uysly-module. Thus, (T3 ’}]TX,T) -~~! naturally descends to an ele-

ment in End(V), since 7971 = 1 and T}Z:]TXJ is supported only on Ugsly. Moreover,
it is invariant under ¥,. Finally, as in the case of Z [Dr80], the shifted quasi-K-
matrix X,(T) gives a formal series in End(V')[z]. Therefore, we get

Ky (z) =7y, (K) € End(V)[z].
Note that (0.1 follows from (8I6]) and the identity ¥, o) = 1o X;,.. Similarly,
[@2) follows directly from (BIS). O

A direct computation shows that ¢ is the identity on U,sly = (E1, Fy, K1) and,
for any a € F*, it satisfies ev, 0 1) = evg2,-1. Thus, we get the following special
case of [AV22) Thm. 7.2.1].

Corollary 9.2. Let V,W € Repgy(U,Lsla) be evaluation representations at a = q.
Then, the standard reflection equation with a spectral parameter holds:

Ky(z) ®@id - Rwy (2w)21 - id ® Kw(w) - Ryw (%)
= Rwv(%)21-id ® Kw(w) - Ryw (2w) - Kv(z) ®id.
Proof. 1t is enough to observe that, for any n > 0,
P (Va(q)) = (evg 0 )" (Vo) = evy(Va) = Vau(q) -
Thus, V¥ =V, W¥ = W, and (@.3) follows from (@.2). O

(9.3)

Remark 9.3. For any a € F*, we obtain an analogue of Corollary by observing
that V,(a)¥ = V,(¢%a™1).

9.6. Spectral K-matrices for the invariant g-Omnsager algebra. We now
consider the Satake diagram (X,7) = ({1},id). Note that in this case we have
Yo = 1 = 1. The corresponding coideal subalgebra U, is generated by E;, Fi, tfl,
and B
By = Fy — ¢*Ad(T1)(Eo)ty -

Following Section [84] we choose the auxiliary Satake diagram (Y,n) = ({1},id) =
(X, 7) and we consider the universal K-matrix K and the twisting operator 1 given
by the formulae ([83). Note that ¢ is the same as in Section In particular,
it descends to an automorphism of U, Lsly, satisfies 3, o ¢ = 1) 0 3y, and is the
identity on Ugsly. Then, the analogues of Theorem and Corollary hold for
U4t. The proofs are the same and therefore omitted.

Remark 9.4. Other examples of spectral K-matrices for Ut and U,t can be ob-
tained by choosing different auxiliary Satake diagrams. For instance, following Sec-
tion[BI0] one can choose (Y,n) = (0, id) and consider the semistandard universal K-
matrix and twisting operator given by the formulae (823)), i.e., K = Ty o1) ALY
and ¢ = w. Note that, in this case, one has ev, o w = w o ev,p2,-1 and, for any
n>0and aeF*,

w*(Vn(a)) = (eva ow)" (V) = (woevga—1)"(Va) 2 evie, 1 (V) = Vi(g*a™1),

where the third identity relies on the isomorphism of Ugslo-modules w*(V,,) ~ V,.
Thus, the semistandard universal K-matrix yields a formal intertwiner V,,(az) —

Vn(i) with respect to the action of the coideal subalgebra.
az
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9.7. Spectral K-matrices for the augmented g-Onsager algebra. Finally,
we consider the Satake diagram (X,7) = (0,(01)). The corresponding coideal
subalgebra U4t is generated by t(ﬂfltfl = ta—Lz ,

By = Fy — qyoEltal and By = F; — qylEOtfl.

As in Remark[@.4] we consider the semistandard universal K-matrix and the twisting
operator
K::Txﬁw'y*l-'r and PYi=worT.

Note that the operator T'x , is in this case just a Cartan correction. Up to such
correction, K and % correspond to the standard universal K-matrix Kx , and
0,(X, 7)1, respectively.

In this case, the procedure described in Section does not immediately apply,
since 7 does not commute with the grading shift. To remedy this, we consider the
principal grading shift

YP U, Lsly[z, 271 — U,Lsla[z, 27,

given by 3P (¢;) == t;, ¥P(E;) == 2E; and XP"(F;) := 271 F; for i € {0,1}. Indeed, it
satisfies XP o) = o E';r/z. For any V' € Repgy(UyLsly) with action my : Uy Lsly —
End(V'), we consider the infinite-dimensional representation V' (z) := V®F((z)), with
action given by my, , = my o X8 With this correction, the analogue of Theorem [0.1]
holds for U,t.

Fix a € F*. Let 8 : Q — F* be the group homomorphism given by B(ag) =
—qa~! and B(a;) = —¢~'a. Asin Section 9] we obtain an algebra automorphism
Ad(B) : UyLsly — U,Lsly. Following Section B.8] we consider the universal K-
matrix and twisting operator given by (8I9), i.e.,

Kg ::ﬁ-Tgﬁ(Ol)-'y_l-T and Y =Ad(B)oworT.

By direct inspection, the twisting operator g satisfies ev, 0 9)g = evg2,-1. There-
fore, for any n > 0, we obtain ¢5(V,,(a)) = Vi.(¢*a™"). In particular, for V = V,(q),
the universal K-matrix Kg specializes to a formal Ugt-intertwiner V(z) — V(1/2),
yielding the analogue of Corollary for Ugt. It is to be expected that Kg is
related to the genmeric K-matrices for the augmented g-Onsager algebra given in
[BTs18, Sec. 4.1.2].

ACKNOWLEDGMENTS

The authors would like to thank Martina Balagovi¢, Ivan Cherednik, Anastasia
Doikou, Pavel Etingof, Sachin Gautam, David Jordan, Stefan Kolb, Vidas Regel-
skis, Nicolai Reshetikhin, Jasper Stokman, Valerio Toledano Laredo, Tim Weelinck,
and Robert Weston for useful comments and discussions.

REFERENCES

[ATL15] Andrea Appel and Valerio Toledano Laredo, Monodromy of the Casimir connection of
a symmetrisable Kac-Moody algebra, Preprint, larXiv:1512.03041, 2015.

[ATL18] Andrea Appel and Valerio Toledano Laredo, A 2-categorical extension of Etingof-
Kazhdan quantisation, Selecta Math. (N.S.) 24 (2018), no. 4, 3529-3617, DOI
10.1007/s00029-017-0381-z. MR3848027

[ATL19a] Andrea Appel and Valerio Toledano Laredo, Uniqueness of Cozeter structures on
Kac-Moody algebras, Adv. Math. 347 (2019), 1-104, DOI 10.1016/j.aim.2019.02.022.
MR3915314


http://arxiv.org/abs/1512.03041
https://www.ams.org/mathscinet-getitem?mr=3848027
https://www.ams.org/mathscinet-getitem?mr=3915314

[ATL19b)

[ATL22]

[AV22]

[BBBRY5]

[BB17

[BK15]

[BK19]

[Bri71]

[BS72]

[Brol12]

[BTs18]

[BW18]

[BW21]

[BZBJ18]

[Chs4]
[Ch92]

[CM18]

[CPO1]
[CPY5]

[Dav07]

[Del72]

[Del90]

UNIVERSAL K-MATRICES FOR QUANTUM KAC-MOODY ALGEBRAS 821

Andrea Appel and Valerio Toledano Laredo, Cozxeter categories and quantum groups,
Selecta Math. (N.S.) 25 (2019), no. 3, Paper No. 44, 97, DOI 10.1007/s00029-019-
0490-y. MR3984102

Andrea Appel and Valerio Toledano Laredo, Pure braid group actions on category O,
in preparation, 2022.

Andrea Appel and Bart Vlaar, Trigonometric K-matrices for finite-dimensional rep-
resentations of quantum affine algebras, Preprint, larXiv:2203.16503, 2022.

Valérie Back-Valente, Nicole Bardy-Panse, Hechmi Ben Messaoud, and Guy Rousseau,
Formes presque-déployées des algébres de Kac-Moody: classification et racines rel-
atives (French), J. Algebra 171 (1995), no. 1, 43-96, DOI 10.1006/jabr.1995.1004.
MR1314093

Pascal Baseilhac and Samuel Belliard, Non-Abelian symmetries of the half-
infinite XXZ spin chain, Nuclear Phys. B 916 (2017), 373-385, DOI
10.1016/j.nuclphysb.2017.01.012. MR3611411

Martina Balagovi¢ and Stefan Kolb, The bar involution for quantum symmetric pasirs,
Represent. Theory 19 (2015), 186-210, DOI 10.1090/ert/469. MR3414769

Martina Balagovi¢ and Stefan Kolb, Universal K-matriz for quantum symmetric
pairs, J. Reine Angew. Math. 747 (2019), 299-353, DOI 10.1515/crelle-2016-0012.
MR3905136

Egbert Brieskorn, Die Fundamentalgruppe des Raumes der regularen Orbits einer
endlichen komplexen Spiegelungsgruppe (German), Invent. Math. 12 (1971), 57-61,
DOI 10.1007/BF01389827. MR293615

Egbert Brieskorn and Kyoji Saito, Artin-Gruppen und Cozeter-Gruppen (German),
Invent. Math. 17 (1972), 245-271, DOI 10.1007/BF01406235. MR323910

Adrien Brochier, A Kohno-Drinfeld theorem for the monodromy of cyclotomic KZ
connections, Comm. Math. Phys. 311 (2012), no. 1, 55-96, DOI 10.1007/s00220-012-
1424-0. MR2892463

Pascal Baseilhac and Zengo Tsuboi, Asymptotic representations of augmented q-
Onsager algebra and boundary K-operators related to Baxter Q-operators, Nuclear
Phys. B 929 (2018), 397-437, DOI 10.1016/j.nuclphysb.2018.02.017. MR3771977
Huanchen Bao and Weigiang Wang, A new approach to Kazhdan-Lusztig theory of
type B via quantum symmetric pairs (English, with English and French summaries),
Astérisque 402 (2018), vii+134. MR3864017

Huanchen Bao and Weigiang Wang, Canonical bases arising from quantum symmet-
ric pairs of Kac-Moody type, Compos. Math. 157 (2021), no. 7, 1507-1537, DOI
10.1112/S0010437X2100734X. MR4277109

David Ben-Zvi, Adrien Brochier, and David Jordan, Quantum character varieties and
braided module categories, Selecta Math. (N.S.) 24 (2018), no. 5, 4711-4748, DOI
10.1007/s00029-018-0426-y. MR3874702

Ivan Cherednik, Factorizing particles on a half line, and root systems (Russian, with
English summary), Teoret. Mat. Fiz. 61 (1984), no. 1, 35-44. MR774205

Ivan Cherednik, Quantum Knizhnik-Zamolodchikov equations and affine root systems,
Comm. Math. Phys. 150 (1992), no. 1, 109-136. MR 1188499

Kenny De Commer and Marco Matassa, Quantum flag manifolds, quantum symmetric
spaces and their associated universal K-matrices, Adv. Math. 366 (2020), 107029, 100,
DOI 10.1016/j.aim.2020.107029. MR4070299

Vyjayanthi Chari and Andrew Pressley, Quantum affine algebras, Comm. Math. Phys.
142 (1991), no. 2, 261-283. MR1137064

Vyjayanthi Chari and Andrew Pressley, A guide to quantum groups, Cambridge Uni-
versity Press, Cambridge, 1995. Corrected reprint of the 1994 original. MR1358358
Alexei Davydov, Twisted automorphisms of Hopf algebras, Noncommutative structures
in mathematics and physics, K. Vlaam. Acad. Belgi¢ Wet. Kunsten (KVAB), Brussels,
2010, pp. 103-130. MR2742734

Pierre Deligne, Les immeubles des groupes de tresses généralisés (French), Invent.
Math. 17 (1972), 273-302, DOI 10.1007/BF01406236. MR422673

Pierre Deligne, Catégories tannakiennes (French), The Grothendieck Festschrift,
Vol. 11, Progr. Math., vol. 87, Birkhduser Boston, Boston, MA, 1990, pp. 111-195.
MR1106898


https://www.ams.org/mathscinet-getitem?mr=3984102
http://arxiv.org/abs/2203.16503
https://www.ams.org/mathscinet-getitem?mr=1314093
https://www.ams.org/mathscinet-getitem?mr=3611411
https://www.ams.org/mathscinet-getitem?mr=3414769
https://www.ams.org/mathscinet-getitem?mr=3905136
https://www.ams.org/mathscinet-getitem?mr=293615
https://www.ams.org/mathscinet-getitem?mr=323910
https://www.ams.org/mathscinet-getitem?mr=2892463
https://www.ams.org/mathscinet-getitem?mr=3771977
https://www.ams.org/mathscinet-getitem?mr=3864017
https://www.ams.org/mathscinet-getitem?mr=4277109
https://www.ams.org/mathscinet-getitem?mr=3874702
https://www.ams.org/mathscinet-getitem?mr=774205
https://www.ams.org/mathscinet-getitem?mr=1188499
https://www.ams.org/mathscinet-getitem?mr=4070299
https://www.ams.org/mathscinet-getitem?mr=1137064
https://www.ams.org/mathscinet-getitem?mr=1358358
https://www.ams.org/mathscinet-getitem?mr=2742734
https://www.ams.org/mathscinet-getitem?mr=422673
https://www.ams.org/mathscinet-getitem?mr=1106898

822

[DG02]

[DK19]

[DKMO3]

[DMO3]

[tD9g]

[tDHO98]

[Dr85]

[Dr86]

[Dr90al]

[Droob]

[B22)
[EMO03]

(Enr04]
(Enr10]

[ES18]

[FR92]

[GK91]

[GZ94]

[He84)

[Jan96]

[Jig6]

[Kac90]

ANDREA APPEL AND BART VLAAR

Gustav W. Delius and Alan George, Quantum affine reflection algebras of type

dfll) and reflection matrices, Lett. Math. Phys. 62 (2002), no. 3, 211-217, DOI
10.1023/A:1022259710600. MR1958114

Liam Dobson and Stefan Kolb, Factorisation of quasi K-matrices for quantum
symmetric pairs, Selecta Math. (N.S.) 25 (2019), no. 4, Paper No. 63, 55, DOI
10.1007/s00029-019-0508-5. MR4021849

Joseph Donin, Petr Petrovich Kulish, and Andrey I. Mudrov, On a universal solu-
tion to the reflection equation, Lett. Math. Phys. 63 (2003), no. 3, 179-194, DOI
10.1023/A:1024438101617. MR1992884

Gustav W. Delius and Niall J. MacKay, Quantum group symmetry in sine-Gordon
and affine Toda field theories on the half-line, Comm. Math. Phys. 233 (2003), no. 1,
173-190, DOI 10.1007/s00220-002-0758-4. MR1958056

Tammo tom Dieck, Categories of rooted cylinder ribbons and their representations,
J. Reine Angew. Math. 494 (1998), 35-63, DOI 10.1515/crll.1998.010. Dedicated to
Martin Kneser on the occasion of his 70th birthday. MR1604452

Tammo tom Dieck and Reinhard Héaring-Oldenburg, Quantum groups and cylin-
der braiding, Forum Math. 10 (1998), no. 5, 619-639, DOI 10.1515/form.10.5.619.
MR1644317

Vladimir G. Drinfel’d, Hopf algebras and the quantum Yang-Bazter equation
(Russian), Dokl. Akad. Nauk SSSR 283 (1985), no. 5, 1060-1064. MR802128
Vladimir G. Drinfel'd, Quantum groups, Proceedings of the International Congress of
Mathematicians, Vol. 1, 2 (Berkeley, Calif., 1986), Amer. Math. Soc., Providence, RI,
1987, pp. 798-820. MR934283

Vladimir G. Drinfel’d, Almost cocommutative Hopf algebras (Russian), Algebra i
Analiz 1 (1989), no. 2, 30-46; English transl., Leningrad Math. J. 1 (1990), no. 2,
321-342. MR1025154

Vladimir G. Drinfel’d, On some unsolved problems in quantum group theory, Quantum
groups (Leningrad, 1990), Lecture Notes in Math., vol. 1510, Springer, Berlin, 1992,
pp. 1-8, DOI 10.1007/BFb0101175. MR1183474

Pavel Etingof, Private communication, 2022.

Pavel 1. Etingof and Adriano A. Moura, Elliptic central characters and blocks of finite
dimensional representations of quantum affine algebras, Represent. Theory 7 (2003),
346-373, DOI 10.1090/51088-4165-03-00201-2. MR2017062

Benjamin Enriquez, Quasi-reflection algebras and cyclotomic associators, Selecta
Math. (N.S.) 13 (2007), no. 3, 391-463, DOI 10.1007/s00029-007-0048-2. MR2383601
Benjamin Enriquez, Half-balanced braided monoidal categories and Teichmiiller
groupoids in genus zero, Preprint, larXiv:1009.2652v2, 2010.

Michael Ehrig and Catharina Stroppel, Nazarov-Wenzl algebras, coideal subalge-
bras and categorified skew Howe duality, Adv. Math. 331 (2018), 58-142, DOI
10.1016/j.2im.2018.01.013. MR3804673

Igor B. Frenkel and Nikolai Yu. Reshetikhin, Quantum affine algebras and holonomic
difference equations, Comm. Math. Phys. 146 (1992), no. 1, 1-60. MR1163666
Alexandre M. Gavrilik and A. U. Klimyk, g-Deformed orthogonal and pseudo-
orthogonal algebras and their representations, Lett. Math. Phys. 21 (1991), no. 3,
215-220, DOI 10.1007/BF00420371. MR1102131

Subir Ghoshal and Alexander Zamolodchikov, Boundary S matriz and boundary state
in two-dimensional integrable quantum field theory, Internat. J. Modern Phys. A 9
(1994), no. 21, 3841-3885, DOI 10.1142/S0217751X94001552. MR1285930

André Heck, Involutive automorphisms of root systems, J. Math. Soc. Japan 36 (1984),
no. 4, 643-658, DOI 10.2969/jmsj/03640643. MR759421

Jens Carsten Jantzen, Lectures on quantum groups, Graduate Studies in Mathematics,
vol. 6, American Mathematical Society, Providence, RI, 1996, DOI 10.1090/gsm/006.
MR1359532

Michio Jimbo, A g-analogue of U(gl(N + 1)), Hecke algebra, and the Yang-Bazter
equation, Lett. Math. Phys. 11 (1986), no. 3, 247-252, DOI 10.1007/BF00400222.
MR841713

Victor G. Kac, Infinite-dimensional Lie algebras, 3rd ed., Cambridge University Press,
Cambridge, 1990, DOI 10.1017/CB09780511626234. MR 1104219


https://www.ams.org/mathscinet-getitem?mr=1958114
https://www.ams.org/mathscinet-getitem?mr=4021849
https://www.ams.org/mathscinet-getitem?mr=1992884
https://www.ams.org/mathscinet-getitem?mr=1958056
https://www.ams.org/mathscinet-getitem?mr=1604452
https://www.ams.org/mathscinet-getitem?mr=1644317
https://www.ams.org/mathscinet-getitem?mr=802128
https://www.ams.org/mathscinet-getitem?mr=934283
https://www.ams.org/mathscinet-getitem?mr=1025154
https://www.ams.org/mathscinet-getitem?mr=1183474
https://www.ams.org/mathscinet-getitem?mr=2017062
https://www.ams.org/mathscinet-getitem?mr=2383601
http://arxiv.org/abs/1009.2652v2
https://www.ams.org/mathscinet-getitem?mr=3804673
https://www.ams.org/mathscinet-getitem?mr=1163666
https://www.ams.org/mathscinet-getitem?mr=1102131
https://www.ams.org/mathscinet-getitem?mr=1285930
https://www.ams.org/mathscinet-getitem?mr=759421
https://www.ams.org/mathscinet-getitem?mr=1359532
https://www.ams.org/mathscinet-getitem?mr=841713
https://www.ams.org/mathscinet-getitem?mr=1104219

[KhT92]

[Kol4]
[Ko20]
[Ko21]
[KR90]
[KS92]
[KS95)

[KT09]

[KW92]

[KY?20]

[K93)

[Le99]

[Le02]

[Le03]

[LS90]

[Lus90]
[Lus94]

[NDS97]

[NS95]

[Rad92]
[RV16]

[RV20]

UNIVERSAL K-MATRICES FOR QUANTUM KAC-MOODY ALGEBRAS 823

Valeri N. Tolstoy and Sergei M. Khoroshkin, Universal R-matriz for quantized non-
twisted affine Lie algebras (Russian), Funktsional. Anal. i Prilozhen. 26 (1992), no. 1,
85-88, DOI 10.1007/BF01077085; English transl., Funct. Anal. Appl. 26 (1992), no. 1,
69-71. MR1163029

Stefan Kolb, Quantum symmetric Kac-Moody pairs, Adv. Math. 267 (2014), 395-469,
DOI 10.1016/j.aim.2014.08.010. MR3269184

Stefan Kolb, Braided module categories via quantum symmetric pairs, Proc. Lond.
Math. Soc. (3) 121 (2020), no. 1, 1-31, DOI 10.1112/plms.12303. MR4048733
Stefan Kolb, The bar involution for quantum symmetric pairs—hidden in plain sight,
Preprint, larXiv:2104.06120, 2021.

Anatolii N. Kirillov and Nikolai Reshetikhin, g- Weyl group and a multiplicative formula
for universal R-matrices, Comm. Math. Phys. 134 (1990), no. 2, 421-431. MR1081014
Petr Petrovich Kulish and Evgeny K. Sklyanin, Algebraic structures related to reflec-
tion equations, J. Phys. A 25 (1992), no. 22, 5963-5975. MR1193836

David Kazhdan and Yan Soibelman, Representations of quantum affine algebras, Se-
lecta Math. (N.S.) 1 (1995), no. 3, 537-595, DOI 10.1007/BF01589498. MR 1366624
Joel Kamnitzer and Peter Tingley, The crystal commutor and Drinfeld’s unitarized
R-matriz, J. Algebraic Combin. 29 (2009), no. 3, 315-335, DOI 10.1007/s10801-008-
0137-0. MR2496310

Victor G. Kac and Shu Ping Wang, On automorphisms of Kac-Moody algebras and
groups, Adv. Math. 92 (1992), no. 2, 129-195, DOI 10.1016/0001-8708(92)90063-Q.
MR1155464

Stefan Kolb and Milen Yakimov, Symmetric pairs for Nichols algebras of diagonal type
via star products, Adv. Math. 365 (2020), 107042, 69, DOI 10.1016/j.aim.2020.107042.
MR4065713

Tom H. Koornwinder, Askey-Wilson polynomials as zonal spherical functions on
the SU(2) gquantum group, SIAM J. Math. Anal. 24 (1993), no. 3, 795-813, DOI
10.1137/0524049. MR1215439

Gail Letzter, Symmetric pairs for quantized enveloping algebras, J. Algebra 220 (1999),
no. 2, 729-767, DOI 10.1006/jabr.1999.8015. MR1717368

Gail Letzter, Coideal subalgebras and quantum symmetric pairs, New directions in Hopf
algebras, Math. Sci. Res. Inst. Publ., vol. 43, Cambridge Univ. Press, Cambridge, 2002,
pp. 117-165. MR1913438

Gail Letzter, Quantum symmetric pairs and their zonal spherical functions, Transform.
Groups 8 (2003), no. 3, 261-292, DOI 10.1007/s00031-003-0719-9. MR1996417
Sergei Z. Levendorskii and Ya. S. Soibel’'man, Some applications of the quantum Weyl
groups, J. Geom. Phys. 7 (1990), no. 2, 241-254, DOI 10.1016/0393-0440(90)90013-S.
MR1120927

George Lusztig, Canonical bases arising from quantized enveloping algebras, J. Amer.
Math. Soc. 3 (1990), no. 2, 447-498, DOI 10.2307/1990961. MR1035415

George Lusztig, Introduction to quantum groups, Progress in Mathematics, vol. 110,
Birkhauser Boston, Inc., Boston, MA, 1993. MR1227098

Masatoshi Noumi, Mathijs S. Dijkhuizen, and Tetsuya Sugitani, Multivariable Askey-
Wilson polynomials and quantum complex Grassmannians, Special functions, g-series
and related topics (Toronto, ON, 1995), Fields Inst. Commun., vol. 14, Amer.
Math. Soc., Providence, RI, 1997, pp. 167-177, DOI 10.1090,/s0002-9947-98-01971-0.
MR 1448686

Masatoshi Noumi and Tetsuya Sugitani, Quantum symmetric spaces and related q-
orthogonal polynomials, Group theoretical methods in physics (Toyonaka, 1994), World
Sci. Publ., River Edge, NJ, 1995, pp. 28—40. MR1413733

David E. Radford, The structure of Hopf algebras with a projection, J. Algebra 92
(1985), no. 2, 322-347, DOI 10.1016/0021-8693(85)90124-3. MR778452

Vidas Regelskis and Bart Vlaar, Reflection matrices, coideal subalgebras and general-
ized Satake diagrams of affine type, Preprint, larXiv:1602.08471, 2016.

Vidas Regelskis and Bart Vlaar, Quasitriangular coideal subalgebras of Uq(g) in terms
of generalized Satake diagrams, Bull. Lond. Math. Soc. 52 (2020), no. 4, 693-715, DOI
10.1112/blms.12360. MR4171396


https://www.ams.org/mathscinet-getitem?mr=1163029
https://www.ams.org/mathscinet-getitem?mr=3269184
https://www.ams.org/mathscinet-getitem?mr=4048733
http://arxiv.org/abs/2104.06120
https://www.ams.org/mathscinet-getitem?mr=1081014
https://www.ams.org/mathscinet-getitem?mr=1193836
https://www.ams.org/mathscinet-getitem?mr=1366624
https://www.ams.org/mathscinet-getitem?mr=2496310
https://www.ams.org/mathscinet-getitem?mr=1155464
https://www.ams.org/mathscinet-getitem?mr=4065713
https://www.ams.org/mathscinet-getitem?mr=1215439
https://www.ams.org/mathscinet-getitem?mr=1717368
https://www.ams.org/mathscinet-getitem?mr=1913438
https://www.ams.org/mathscinet-getitem?mr=1996417
https://www.ams.org/mathscinet-getitem?mr=1120927
https://www.ams.org/mathscinet-getitem?mr=1035415
https://www.ams.org/mathscinet-getitem?mr=1227098
https://www.ams.org/mathscinet-getitem?mr=1448686
https://www.ams.org/mathscinet-getitem?mr=1413733
https://www.ams.org/mathscinet-getitem?mr=778452
http://arxiv.org/abs/1602.08471
https://www.ams.org/mathscinet-getitem?mr=4171396

824

[RV21]
[Sk8s]
[ST09]

[Ti10]

[Ti66]

ANDREA APPEL AND BART VLAAR

Vidas Regelskis and Bart Vlaar, Pseudo-symmetric pairs for Kac-Moody algebras,
Preprint, larXiv:2108.00260, 2021.

Evgeny K. Sklyanin, Boundary conditions for integrable quantum systems, J. Phys. A
21 (1988), no. 10, 2375-2389. MR953215

Noah Snyder and Peter Tingley, The half-twist for Uq(g) representations, Algebra
Number Theory 3 (2009), no. 7, 809-834, DOI 10.2140/ant.2009.3.809. MR2579396
Peter Tingley, A formula for the R-matriz using a system of weight preserving en-
domorphisms, Represent. Theory 14 (2010), 435-445, DOI 10.1090/S1088-4165-2010-
00378-7. MR2652074

Jacques Tits, Normalisateurs de tores. I. Groupes de Cozeter étendus (French), J.
Algebra 4 (1966), 96-116, DOI 10.1016/0021-8693(66)90053-6. MR206117

DIPARTIMENTO DI SCIENZE MATEMATICHE, FISICHE E INFORMATICHE, UNIVERSITA DI PARMA,
PARCO AREA DELLE SCIENZE 53/A, 43124 PARMA, ITALY
Email address: andrea.appel@unipr.it

DEPARTMENT OF MATHEMATICS, HERIOT-WATT UNIVERSITY, EDINBURGH EH14 4AS, UNITED
KiNGDOM; AND MAX PLANCK INSTITUTE FOR MATHEMATICS, VIVATSGASSE 7, 53111 BONN, GER-

MANY

Email address: vliaar@mpim-bonn.mpg.de


http://arxiv.org/abs/2108.00260
https://www.ams.org/mathscinet-getitem?mr=953215
https://www.ams.org/mathscinet-getitem?mr=2579396
https://www.ams.org/mathscinet-getitem?mr=2652074
https://www.ams.org/mathscinet-getitem?mr=206117

	1. Introduction
	2. Cylindrical bialgebras
	3. Kac-Moody algebras
	4. Drinfeld-Jimbo quantum groups
	5. Quantum Weyl groups and integrable representations
	6. Classical and quantum pseudo-fixed-point subalgebras
	7. The quasi-K-matrix
	8. Universal K-matrices
	9. Spectral K-matrices for quantum affine 𝔰𝔩₂
	Acknowledgments
	References

