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Preface

The work leading up to this cumulative dissertation was conducted from October 2018 to April
2022 at the Max Planck Institute for the Structure and Dynamics of Matter and the University
of Hamburg under the supervision of Dr. Michael Sentef and Prof. Dr. Dante Kennes, as
well as at the Center for Computational Quantum Physics at the Simons Foundation’s Flatiron
Institute, New York City, under the supervision of Prof. Dr. Andrew Millis. This thesis is based
on the publications presented in Sec. 3, in which we investigate non-equilibrium phenomena in
driven magnetic systems.
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1 Abstract

The investigation of nonequilibrium phenomena in strongly correlated systems is an intense
and increasingly important field of research, both from a theoretical and from an experimental
perspective. Experimental advances regarding the creation of ultrashort laser pulses and large
field intensities are making it feasible to avoid the decoherences that historically have made the
dynamics in driven solid state systems hard to access. However, many of the powerful analytical
and numerical equilibrium methods are not applicable in a nonequilibrium setup, largely because
of the increasing mixing of energy scales due to the external driving. It is therefore essential to
gain a deeper theoretical understanding of systems far from equilibrium. In particular, driven
dissipative systems allow for the formation of nonequilibrium steady states and the possibility
of phase transitions between them. Here, we present theoretical results on driven quantum
spin systems that help to gain an understanding of the different control knobs for driving such
nonequilibrium phase transitions. This is of great interest because it paves the way to optically
control the properties of quantum many body states.

A numerical method that has been shown to generate reliable results for periodically driven,
one dimensional systems is the time-dependent density matrix renormalization group (t-DMRG).
By simulating the dynamics of a quantum chain with Luttinger liquid and charge-density wave
phases under both continous and pulsed laser driving with t-DMRG calculations, we show that
the drive causes a light-cone spreading of density-density correlations with a Floquet-engineered
propagation velocity through the system. At large time scales, the employed continuous, off-
resonant, large frequency driving protocol leads to the formation of a Floquet steady state
with negligible heating. Strikingly, the formation of a discontinuity in form of a kink at the
edge of the light cone is observed. This kink shows similarities with the discontinuity that has
been analytically shown to exist in quenched systems, which indicates that dynamical quantum
criticality can be achieved in Floquet-driven systems. These results directly connect to the field
of time-resolved spectroscopy, aiming at measuring correlations in strongly correlated materials.

Emergent nonequilibrium states of matter prominently feature a high degree of many-body
entanglement, which may have a significant effect on the macroscopic finite-temperature be-
havior of the systems in question. This makes the identification of entanglement in driven
quantum systems an important area of research. A quantity that has been shown to act as an
entanglement witness is the Quantum Fisher Information (QFI), which can be used to discrim-
inate criticality at nonzero temperatures from thermal behavior. We investigate the QFI in an
interaction-quenched one dimensional XXZ quantum chain, transitioning from from adiabatic
to nonadiabatic dynamics.

In order to identify critical behavior in a driven-dissipative spin system with magnon interac-
tions we study the nonequilibrium steady states of a two-dimensional Heisenberg antiferromag-
net which is driven by a high frequency laser and coupled to a reservoir. The interplay between
interactions and the flow of energy due to to drive and dissipation is crucial to describe the
resulting steady state system. We demonstrate a nonthermal transition that is characterized by
a qualitative change in the magnon distribution, from subthermal at low drive to a generalized
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Bose-Einstein form including a nonvanishing condensate fraction at high drive and find that
this transition shows static and dynamical critical scaling. An analysis of the linearized kinetic
equation and its spectrum of eigenvalues allows us to draw conclusions about the role of hy-
drodynamic slow modes in the critical behavior near the transition point. Understanding these
mechanisms that determine the critical behavior could help understand nonthermal pathways
for controlling emergent properties of driven quantum materials.



2 Zusammenfassung

Die Untersuchung von Nicht-Gleichgewichtsphinomenen in stark korrelierten Systemen ist ein
breites und zunehmend an Bedeutung gewinnendes Forschungsgebiet, sowohl aus theoretischer
als auch aus experimenteller Sicht. Experimentelle Fortschritte bei der Erzeugung ultrakurzer
Laserpulse und grofier Feldstdrken machen es moglich, Dekohérenzen zu vermeiden, die in der
Vergangenheit die Messung der Dynamik angetriebener Festkorpersysteme erschwert haben.
Allerdings sind viele der méchtigen analytischen und numerischen Methoden der Gleichgewichts-
physik in einem Nichtgleichgewichtskontext nicht anwendbar, was vor allem auf die zunehmende
Vermischung der Energieskalen aufgrund des externen Antriebs zuriickzufiihren ist. Daher ist
es wichtig, ein tieferes theoretisches Verstdndnis von Systemen fernab des Gleichgewichts zu
erlangen. Besonders interessant sind in diesem Zusammenhang getriebene dissipative Systeme,
da sie die Ausbildung von stationdren Nichtgleichgewichtszustdnden ermoglichen, zwischen de-
nen es zu dynamischen Phaseniibergingen kommen kann. In dieser Dissertation stellen wir
theoretische Ergebnisse zu angetriebenen Quantenspinsystemen vor, die zum Verstidndnis der
verschiedenen Mechanismen zur Steuerung solcher Nichtgleichgewichtsphaseniibergénge beitra-
gen. Dies ist von grofliem Interesse, da es den Weg zur optischen Kontrolle der Eigenschaften
von Quantenvielkérperzustianden ebnet.

Eine numerische Methode, die nachweislich zuverlassige Ergebnisse fiir periodisch angetriebene,
eindimensionale Systeme liefert, ist die zeitabhéngige Dichte-Matrix-Renormierungsgruppe (t-
DMRG). Wir nutzen t-DMRG-Berechnungen um die Dynamik einer Quantenkette, die einen
Phaseniibergang zwischen einer Luttinger-Fliissigkeit und einer Ladungsdichtewelle aufweist,
sowohl unter kontinuierlichem als auch unter gepulstem Treiben zu simulieren. Dabei wird
deutlich, dass es unter dem Treiben zu einer lichtkegelférmigen Ausbreitung von Dichte-Dichte-
Korrelationen mit Floquet-modelierter Ausbreitungsgeschwindigkeit kommt. Auf grofien Zeit-
skalen fithrt das verwendete kontinuierliche, nicht-resonante, hochfrequente Antriebsprotokoll
zur Bildung eines stationdren Floquet-Zustandes mit vernachldssigbarer Aufheizung. Eine Auf-
falligkeit ist die Bildung einer Diskontinuitit in Form eines Knicks am Rande des Lichtkegels.
Dieser Knick weist Ahnlichkeiten mit der Diskontinuitdt auf, die analytisch in gequenchten
Systemen nachgewiesen wurde, was darauf hindeutet, dass dynamische Quantenkritikalitét
in Floquet-getriebenen Systemen erreicht werden kann. Diese Ergebnisse stehen in direktem
Zusammenhang mit dem Forschungsgebiet der zeitaufgelosten Spektroskopie, die darauf abzielt,
Korrelationen in niedrigdimensionalen Materialien zu messen.

Emergente Nichtgleichgewichtszustdnde der Materie zeichnen sich durch eine hohe Vielteilchen-
verschrankung aus, die einen erheblichen Einfluss auf das makroskopische Verhalten von Syste-
men bei endlichen Temperaturen haben kann. Dies macht die Identifizierung von Verschrankun-
gen in angetriebenen Quantensystemen zu einem wichtigen Forschungsgegenstand. Eine Grofe
die nachweislich dynamische Verschréankungen bezeugt, ist die quanten Fischer information (QFT),
die zur Unterscheidung von Kritikalitdt bei endlichen Temperaturen und thermischem Verhalten
verwendet werden kann. Wir untersuchen die QFI in einer eindimensionalen XXZ-Quantenkette,
deren Wechselwirkungen sprunghaft verstirkt werden, und zeigen einen Ubergang von adiabatis-
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cher zu nichtadiabatischer Dynamik.

Um kritisches Verhalten in einem angetriebenen dissipativen Spinsystem mit wechselwirkenden
Spinwellen zu identifizieren, untersuchen wir die stationdren Nichtgleichgewichtszustinde eines
zweidimensionalen Heisenberg-Antiferromagneten, der durch einen Hochfrequenzlaser getrieben
wird und an ein Reservoir gekoppelt ist. Das Zusammenspiel zwischen Wechselwirkungen und
dem Energiefluss aufgrund von Antrieb und Dissipation ist entscheidend fiir die Beschreibung
des resultierenden Systems stationirer Zustinde. Wir zeigen einen nicht-thermischen Ubergang,
der durch eine qualitative Anderung der Magnonenverteilung charakterisiert ist. Bei niedrigem
Antrieb zeigt das Quantensystem subthermisches Verhalten, wéahrend ein starkes Treiben zu
einer verallgemeinerten Bose-Einstein-Form mit einem nicht-verschwindenden Kondensatanteil
fiihrt. Der Ubergang zwischen diesen Phasen zeigt kritisches Skalierungverhalten, sowohl in
statischen als auch in dynamischen Messgrofien. Eine Analyse der linearisierten kinetischen
Gleichung und ihres Eigenwertspektrums erlaubt Riickschliisse auf die Rolle der hydrodynamis-
chen langsamen Moden im kritischen Verhalten nahe dem Ubergangspunkt. Das Versténdnis der
Mechanismen, die die Nichtgleichgewichtsdynamik und das kritische Verhalten des Spinsystems
bestimmen, kdnnte dazu beitragen neue, nicht-thermische Wege zur Kontrolle von getriebenen
Quantenmaterialien zu verstehen.



3 List of Publications

This cumulative dissertation is based on publications I, IT and III. These publications are
listed chronologically below, but they are presented starting with publication II - the paper
investigating a driven-dissipative quantum antiferromagnet - in this thesis. In chapter 5 we
provide a derivation of the vertices encoding spin wave interactions in the two-dimensional
antiferromagnet using spin wave theory and proceed by introducing the Boltzmann formalism,
which we use to simulate the interacting magnon system under drive and dissipation. The
following analysis of the properties of the eigenvalues and the kinetic equation is not part of
publication IT, but a corresponding publication is currently in preparation.

In both publication I and manuscript IIT we are employing t-DMRG calculations in order to
simulate a one-dimensional XXZ spin chain under the influence of a nonequilibrium drive. Pub-
lication I is presented in chapter 6, where the spin-flip terms are periodically driven and we
demonstrate a light-cone-like spread of correlations through the quantum chain. Here, we also
introduce how the XXZ spin chain can be mapped onto a half-filled chain of spinless fermions
through the Jordan-Wigner transformation. In chapter 7 we present results on using the quan-
tum Fisher information as a nonequilibrium entanglement witness, which is the main focus of

manuscript I11.

I Mona H. Kalthoff, Dante M. Kennes and Michael A. Sentef, "Floquet-engineered light-
cone spreading of correlations in a driven quantum chain" Physical Review B 100 (16),
165125, Oct 2019, DOI: 10.1103/PhysRevB.100.165125

IT Mona H. Kalthoff, Dante M. Kennes, Andrew. J. Millis, Michael A. Sentef, "Nonequi-
librium phase transition in a driven-dissipative quantum antiferromagnet" Accepted at
Physical Review Research, Apr. 2022, http://arxiv.org/abs/2107.03841

ITI Denitsa R. Baykusheva, Mona H. Kalthoff, Damian Hofmann, Martin Claassen, Dante
M. Kennes, Michael A. Sentef, Matteo Mitrano "Witnessing Nonequilibrium Entanglement
Dynamics in a Quenched Quantum Chain", in preparation

3.1 Declaration of contribution

I M. H. Kalthoff modified the t-DMRG code written by D.M. Kennes, performed all simu-
lations and created all plots. All authors participated in the planning of the project, the
analysis of the data and the writing of the paper.

IT M. H. Kalthoff wrote the code and did the analytics needed to implement the magnon
interactions with the assistance of M. A. Sentef. All authors participated in the planning
of the project, the writing of the paper and the analysis of the data. The full code is
available at https://github.com/MonaHKa/Boltzmann-simulation
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3 List of Publications

11T M. H. Kalthoff modified the t-DMRG code written by D.M. Kennes, wrote the script to
extract the QFI from the correlations and plotted the DMRG data. All authors partic-
ipated in the discussions and the analysis of the data. The main draft of the paper was
written by D. R. Baykusheva and M. Mitrano, M. H. Kalthoff contributed the section
about the DMRG data and the Jordan-Wigner transformation.



4 Introduction

Understanding the dynamics and phase transitions of driven solid state systems far from equilib-

rium is a crucial aspect of modern physics with many possible applications in future technologies,
such as quantum computing, the creation of memory devices and the engineering of quantum
materials with desired properties [1]. However, even some of the most basic questions in the
field remain to be answered and a schematic framework to explain nonequilibrium phenomena
is yet to be developed [2]. In quantum materials, an equilibrium ground state is determined by
the interactions between many intertwined degrees of freedom, such as spin, charge, orbitals and
the lattice [3, 4]. Our general understanding of the equilibrium properties of strongly correlated
materials and their phase transitions has majorly advanced over the last century, largely due
to powerful equilibrium methods, such as mean field theory and renormalization group tech-
niques [2]. Conceptually, these theoretical frameworks make use of the separable hierarchy of
energy scales in equilibrium systems, which allows the formation of a theory that starts from a
microscopic picture and correctly describes the long wavelength behavior of a system by inte-
grating out fluctuations at each intermediate energy scale [5]. Introducing perturbations in an
equilibrium system does not necessarily mean that the system needs to be seen in a nonequilib-
rium context, in fact measurements of equilibrium systems are in general performed by applying
an external force, which introduces a localized change in the system and then studying the
response function of the system [6]. As long as the external force is sufficiently weak for the
response of the system to be linear, the perturbation does not majorly influence the separability
of energy scales.

However, the abundance of interactions and energy scales involved in strongly correlated ma-
terials leads to a variety of many-body states far beyond the linear response regime, so that
even slight external perturbations introduce the possibility of a rich spectrum of new phases of
matter [7]. Controlling these phase transitions through ultrafast light matter interaction is a
vibrant field of research with many open questions, since the study of nonequilibrium systems
is more challenging, both from an experimental and a theoretical point of view [8]. A major
reason for this is that external perturbations can lead to a mixing of energy scales, such that the
framework in which systems in equilibrium are understood is no longer applicable. Two major
points of research are:

1. How can we understand new nonequilibrium phenomena, like exotic topological states,
that have no counterpart in equilibrium? Do these new, transient nonequilibrium states of
matter have properties that are robust, in the same way that equilibrium phase properties
are robust?

2. How can we reproduce phenomena that do exist but that are hard to realize in equilibrium,
in a feasible nonequilibrium setup? Can we, for example, use light-matter-interaction to
increase the temperature at which a material becomes superconducting?

Progress in this field has been largely driven by the improvement of experimental techniques such
as the manipulations of ultracold gases in optical lattices created by standing laser waves [9, 10]
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as well as ultrafast measurements in solid state systems [11-13], where laser pulses on femto-
and even attosecond timescales allow the study of systems undergoing phase transitions far from
equilibrium and to access transient states that have no analogue in equilibrium. Examples for
such phase transitions are light induced superconductivity [14-17], insulator-to-metal transitions
[18-21] and photoinduced melting of orbital order [22, 23].

In general, nonequilibrium problems fall into two categories. The first one is a quench where
there is a sudden change to the system properties. Theoretically, this can be achieved by
an instantaneous change in the Hamiltonian parameters, which corresponds to experimentally
hitting a system with a short pulse [24]. In particular, ultrafast laser spectroscopy allows to
access time and angle resolved information about the relaxation of a system after excitation with
periodic and pulsed electric fields [25]. Then one may ask how the system relaxes, which transient
states it evolves through and whether or not the resulting steady state corresponds to thermal
equilibrium [26]. It has been shown that such an instantaneous change in the system parameters
can indeed lead to dynamical phase transitions and nonequilibrium critical behavior [27-29] that
persists on timescales that are larger than the duration of the pump pulse due to a critical slowing
down of the relaxation dynamics close to critical points [30, 31].

In recent times, the field has moved from describing relaxation dynamics after a laser pulse
towards the growing field of dressed-state dynamics and light-induced states of matter during
the laser pulse [32]. This is particularly interesting because driven systems have a quasi energy
spectrum which can be tailored by the external drive, known as Floquet engineering of desired
system properties [33-36]. There are multiple advantages in exposing a system to a high fre-
quency drive with frequencies larger than the intrinsic time and energy scales in the system, one
of them being that under such driving conditions the long time physics can be described by a
renormalized Hamiltonian that is averaged over one period of the drive [3, 37]. One phenomenon
resulting from this renormalized description is known as dynamical localization because, at this
level of perturbation theory, the averaging leads to an effective hopping amplitude which is
reduced with regard to the equilibrium value, meaning the electrons are more localized [38].
Moreover, Floquet theory [39] provides an effective analytical tool to describe the stationary
states and the corresponding quasienergy-spectrum of periodically driven systems [40] because
it applies to time-periodic systems in analogy to Bloch theory for spatially periodic systems.

A feature systems with periodic lattice potentials that is observed experimentally during the
periodic driving, is the formation of so called Floquet-Bloch-Bands that repeat in both momen-
tum and energy [41, 42]. These findings are particularly notable since the interactions of the
degrees of freedom in quantum materials with light lead to an increased decoherence due to
additional scattering mechanisms, and high field intensities are required to overcome these deco-
herences [3, 43]. Another important aspect is that solid state systems may absorb energy from
the driving field, which leads to a growing number of excitations in the system which cause an
increase in its local entropy density so that the system is driven towards the infinite temperature
limit with no local correlations [44, 45]. While this is less of a problem when studying ultracold
atoms in optical lattices [9, 10] due to the almost perfect decoupling from the environment [46],
it is a major challenge in solid-state physics, where strong correlations make probes prone to
heating and eventually melting. However, this runaway heating can be significantly slowed down
or avoided by choosing a high frequency driving protocol that is detuned from the excitation
energies of the system [47-49] or has a with quasi-periodic time dependence [50]. Moreover, even
though Floquet theory strictly assumes an infinite drive, meaning a drive which has been turned



on in the infinitely distant past [36, 51, 52], it has been shown that the framework of Floquet
theory is still largely applicable for systems which are exposed to pulses with finite duration [53],
as long as a certain hierarchy between the pump and the probe pulse as well as the period of
the laser is maintained [54].

In one dimension, the time-dependent density matrix renormalization group (t-DMRG) [55] is
a versatile numerical tool to simulate quantum chains which are exposed to such a ramped
or pulsed high frequency periodic drive [47]. Amongst other applications, it can be used to
obtain information about the spread of correlations, which in quantum many body systems is
restricted to a maximum velocity, namely the Lieb-Robinson bound [56], analogously to the
speed of light bounding the velocity with which information can spread in relativistic quantum
field theory [24, 46, 57, 58]. One major part of this thesis is an investigation on how this light-
cone-like spread of electronic correlations in an infinite quantum chain exposed to modulated
periodic driving can be described using Floquet-renormalized effective Hamiltonian parameters,
and how drives that are ramped up over a short time interval can lead to kink-like discontinuity,
which resembles the discontinuity observed in the context of dynamical phase transitions after
quantum quenches.

While the study of periodically driven systems is a vast field of research with many open questions
on its own, the coupling of such a driven system to a reservoir leads to further rich physical
phenomenology and in particular allows the formation of a nonequilibrium steady state. This is
of great interest, because the effective Hamiltonians obtained through Floquet theory can only
be used to describe dynamics in systems where dissipation is negligible, which is a challenge to
realize experimentally [59]. In contrast, it is a flow of energy that characterizes a nonequilibrium
steady state obtained by a drive that adds energy to the system, a redistribution of energy due
to the interaction dynamics within the system and a dissipation into a bath such that energy can
go out of the system as well [60—63]. The interplay between these factors determining the flow of
energy through a system can potentially drive the system through phase transitions that do not
have an analogue in equilibrium, where phase transitions are commonly characterized through an
order parameter that indicates the breaking or recovery of symmetries [64]. Distinct from these
symmetry breaking phase transitions, which have been shown to also exist in nonequilibrium
setups [65-67], there can be another type of phase transition in a nonequilibrium steady state,
whose main feature is a qualitative change in the low frequency distribution of the collective
excitations [68]. Such phase transitions are exclusive to nonequilibrium scenarios, because in
equilibrium the shape of the distribution function is determined through thermodynamics.

Another feature of equilibrium phase transitions is, that the behavior in the vicinity of critical
points obeys well defined scaling laws with universal exponents [69, 70]. However, it is a priori
less clear if phase transitions in driven quantum systems share universal critical behavior dis-
tinct from equilibrium [71-75], and while it has been shown that some universality arguments
may persist out of equilibrium, there are indications that the out of equilibrium dynamics in
strongly correlated systems go beyond what can be captured by a theory of universal critical
exponents [2, 24, 76]. Theoretically, the question of whether universality persists in nonequilib-
rium has been mostly addressed in the context of global quenches, so understanding the role of
critical exponents in driven-dissipative systems is an important open point of research which is
relevant for many experimental setups.
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4.1 Nonequilibrium phenomena in magnetic materials

Nonequilibrium phenomena in magnetic materials are of particular interest because magneti-
cally ordered ensembles of magnetic moments can host collective excitations that are quantized
spin waves, commonly referred to as magnons[77, 78]. Controlling the magnetization and the
dynamic excitations of quantum materials is of fundamental technological importance, for ex-
ample for information transport and processing [79] as well as for the creation of devices which
store and manipulate data [13]. Over the last decade multiple ultrafast thermal and nonther-
mal pathways to optically control magnetism have been discovered [1, 80]. One example of a
novel state of matter in magnetic materials is Bose-Einstein condensation (BEC) of magnons, in
which an excitation with a pulse causes the distribution of excitations to form a single coherent
macroscopic quantum state in which the lowest energy excited state is macroscopically popu-
lated [81-83]. The most prominent example of materials in which such BEC of magnons has
been observed are thin, ferromagnetic yttrium iron garnet (YIG) films [83-90]. Magnon-magnon
interactions have been shown to be essential for many phenomena in magnetic materials, like
magnon thermalization and Bose-Einstein condensation [79, 91, 92].

In this thesis we investigate magnon interactions in a nonequilibrium system where the cru-
cial physics is determined by the interplay of the interactions as well as the particle addi-
tion and dissipation processes. In particular, we study the nonequilibrium steady states of a
driven-dissipative Heisenberg Antiferromagnet using a semiclassical magnon Boltzmann equa-
tion [93, 94] and thereby treating interactions among the excitations on a microscopic level.
This adds a new direction to past theoretical approaches for the study of spin systems that
feature condensates, which have been based on semi-phenomenological continuum approxima-
tions using Landau-Lifshitz-Gilbert equations [95, 96], Gross-Pitaevskii equations [82, 84, 97|
or field theoretical analyses [65, 75]. We identify an intrinsically nonequilibrium phase tran-
sition characterized by a qualitative change in the magnon distribution function and showing
characteristic scaling behavior between an ordered low drive state and a disordered phase with
a finite condensate fraction. This work is complimentary to the existing largely experimental
literature on BEC of magnons, which concerns systems with very long relaxation times, where a
population of magnons is transiently induced and then thermalizes into a Bose condensed state,
because we focus on a system where the drive strength is varied and the competition between the
effects of the particle addition and removal processes as well as the magnon interactions qual-
itatively changes the system properties. Furthermore our work bears interesting relationships
with exciton-polariton condensates [73, 98, 99] and possible extensions of our numeric method
to ferromagnetic materials and polariton systems are being discussed.

10



53 Nonequilibrium phase transition

In this chapter, we focus on the identification of critical behavior, and in particular a nonequi-
librium phase transition in a two-dimensional Heisenberg antiferromagnet which is driven by
high-frequency light and coupled to a dissipative reservoir. The general motivation for in-
vestigating a nonequilibrium phase transition in the driven-dissipative Heisenberg model were
recent theory results demonstrating a dynamical phase transition involving nonthermal magnon
populations in the antiferromagnetic phase of the two-dimensional Hubbard model upon laser
driving [68]. However, these results were obtained in a one loop non-interacting magnon theory.
In this project, we investigate the effects of magnon-magnon interactions on the dynamical phase
transition using an interacting spin-wave theory with a large spin expansion and a Boltzmann
formalism. In particular, we are interested in whether the redistribution of energy amongst
magnon modes due to scattering transfers energy to places where it can be relaxed more easily
and therefore makes the phase transition disappear. What we find is that the dynamic phase
transition survives the inclusion of interactions, but that the influence of magnon-magnon scat-
tering leads to qualitative and quantitative changes with respect to the noninteracting results.
Crucially, magnon-magnon scattering is shown to lead to a high drive steady state in the driven-
dissipative system that can be characterized by a generalized Bose-Einstein distribution with a
condensate fraction at zero momentum.

Section 5.1 provides a summary of the standard Holstein-Primakoff spin wave theory, which is
used to implement magnon interactions in the code simulating a driven-dissipative system with
magnon-magnon scattering. We proceed by introducing the Boltzmann formalism in section 5.2
before briefly summarizing the findings leading up to this project in chapter 5.3 and presenting
computational details in section 5.4, such that researchers interested in similar problems can
understand the theoretical and numerical background of the simulation used to obtain the results
presented in publication II. In section 5.5 we proceed to present so far unpublished results on
the linearized kinetic equation, its eigenvalues and possible implications for the slow modes in
the system.

5.1 Spin wave theory

In order to investigate the effect of magnon interactions on the steady states in a driven-
dissipative square lattice Heisenberg antiferromagnet, we consider the Hamiltonian

1
Hiteis = 3 Ji {2 (Sjsj— + Si—sj) + ASij} with J;; > 0 (5.1)
ij

where the local spin operators S; satisfy S? = S (S + 1) and the coupling strength .J;; is taken to
be positive to ensure an antiferromagnetic ground state. The spin magnitude S also determines
the magnitude of quantum fluctuations in the system, which for sufficiently large spin length is
ordered. By including the Hamiltonian parameter A, we allow for anisotropies of the exchange

11
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interaction. While this model is isotropic at A = 1, spin rotation symmetry is broken for A > 1
yielding the antiferromagnetic Ising model for A — co. While the ferromagnetic (J;; < 0)
ground state is well known, defining a ground state is more difficult in the antiferromagnetic
case and dependent on both the dimensionality and the anisotropy [100, 101].

We restricting the system to nearest neighbor interactions by defining the the exchange coupling
to be
J it Ri+6=R;
Jij = ' T, (5.2)

0 otherwise

where § are the unit vectors connecting a given site with its nearest neighbors and J determines
the energy scale. The coordination number z states how many of these vectors § exist for each
lattice point, i.e. how many nearest neighbors there are. On a two-dimensional square lattice,
the coordination number is z = 4 and the unit vectors are given by

6 € {—|—$, —Z, +ya _y} ) (53)

where for simplicity we have set the lattice constant to be a = 1. Classically, the spins would favor
alternating spin orientations, but while the Néel state is an eigenstate of Hyz = J Z<ij> S7S%,
it is not an eigenstate of the general Hamiltonian

1
’HHAFM:JZ{2<SZ-+SJ-+SZ-S;»F> +AS7:-ZS;} , (5.4)
(i7)

where the sum (ij) runs over nearest neighbors on the square lattice. Spin waves, i.e. magnons
can be described as bosons and there are different expansions around the Néel state that map the
local spin operators onto bosonic operators. Two of the most common expansions are the Hol-
stein—Primakoff transformation and the Dyson-Maleev representation, which will be explained
in detail in the following.

5.1.1 The Holstein—Primakoff representation

The Holstein—Primakoff representation maps the spin Hamiltonian given in Eq. (5.1) onto a
hermitian bosonic Hamiltonian. Both representations consider two sublattices, one where the
magnetic moments are pointing up and one where the magnetic moments are pointing down.
The formalisms assume bipartite lattices, meaning that next neighbors always belong to different
sublattices, as displayed in Fig. 5.1.

The Holstein—Primakoff transformation on one sublattice is given by

CLTCLZ'
S =v251/1- 55 a; (5.5a)
.
S7=v2Saly/1- % (5.5b)
Si=5— a;-fai (5.5¢)

12



5.1 Spin wave theory

| blb,
ST =+2Sbi /1 - S—SJ (5.6a)

.|.

and on the other sublattice by

bib;
Sy =V2S\[1- 2 b, (5.6b)
S7=—S+blb;, (5.6¢)

where both a and b are bosonic operators that follow the commutation rules

[ai, aH = (5“'/ (57&)
18;8L] = o (5.7b)
o,V = 0. (5.7¢)

Under the assumption that the spin S is large, we can Taylor expand the square roots in the
expressions above, yielding

S+ =125 (1- ajai) e (1> (5.8a)
i 15 ) S

.
S7 =v2Sal <1 - CZg) +0 (;) (5.8b)

and the analogous for S;f and Sj_ . At this point it becomes apparent that while the exact
Hamiltonian is not maintained due to the expansion, the hermitian nature of the Hamiltonian

t
is conserved as (SZJr ) =S, . The lattice has N sites, i.e. N/2 sites on each sublattice, so we

use

dor=>" > l=— (5.9)

(i5) i€A  bonds attached to i

where the number of the bonds attached to ¢ is z and Y ,c4 = N/2 (only the A sublattice).

7

Figure 5.1: Schematic display of a bipartite lattice in the Néel state with magnetic moments
pointing up (blue) only directly neighboring magnetic moments pointing down (blue) and
vice versa.
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5 Nonequilibrium phase transition

With this, we can evaluate the components of the Hamiltonian in Eq. (5.1) as

JAY SES: = —JAS*—~ NZ + JASz (Za a; + ZbTb ) —JaY {alaible;} (5.100)
(i) (1)

T
J Yoo aibjbjbj aZaiaibj aiaiaibjbjbj
§Zsi S; :Z{2Sa,j 7 T T 5 + 5S (5.10b)
(i7) (17)
T Toipt Tt
J e tot a a; azb aibjbjbj a a, alb b b;
z -9t == 25 alb! — 1
QZS’ S; 2(%{ Sa;b; — 5 5 + 53 , (5.10¢)
such that the full Hamiltonian is given by
Hup = By + H) + Viip + Viip (5.11a)
N
Bl = —TzAJS (S +1) (5.11b)
HYy = JS=2A (Z a;al + Zb}bj) - JSZ( bl + a;b;) (5.11c)
Vip=—JY {Aa a;blb; + ~ (aszb b; + ala;aib; + alalabl + albiblb; )} (5.11d)
<w>
"o Tot
Viip = 165 Z {a a; azb b bj + a; alalb b;b; } (5.11e)

Since we are using the Holstein-Primakoff transformation in the limit of large S, we will neglect
V{ip in the following. Fourier transforming the boson operators into momentum space via

2 )
a; = ’/N zk:e—sziak (5.12a)
2 .
_ +ikR;
bj_\/ﬁgk:e iby (5.12b)

where k runs over the (antiferromagnetic-)Brillouin zone, yields the momentum space represen-
tation of Hyp. We define the Fourier transform with opposite signs in the exponent to facilitate
the notation and restrict the indices to positive k. This implies that a-bosons and b-bosons
carry opposite momenta. Transforming the number operators on a given sublattice gives

Zazai = Z Z etikiR Za L€ —ikaRig, (5.13a)
i

i ki,ko
_ Z al a (NZeJri(klIQ)Ri) (5.13b)
kl k2 2 .

k1,k2 i

=" af, ar, 6 (k1 — k2) (5.13c)
k1,k2

— Za/tak» (5.13d)

k
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5.1 Spin wave theory
and, following the same steps,
S bib; =" blbe. (5.14)
j k
For the mixed quadratic operators, we get

X:aTbJr Z > z:eZklRiaLle_””(RiJ”s)bL2 (5.15a)

i ki,ky O
B —ikad ot [V N7 iRk ko) 15b
=D D e Mlab, | 5D e (5.15D)
kiky 6 i
=Y afpf S ek (5.15¢)
k é
where d runs over the unit vectors given in Eq. (5.3). In two dimensions we have
Ze—z’kﬁ 2d e~k 4 o—iky 4 gike | giky (5.16a)
0
= 2[cos (kz) + cos (ky)] , (5.16b)

and more generally we can define the function

1

takd
= 5.17
e = ;6 (5.17a)
1
== Z cos (kna) , (5.17b)

where d is the number of dimensions and « is the lattice constant. This allows us to write the
mixed operator products as

z:aTbJr = zZ'ykaLb;fc (5.18a)
k

Zaibj = szykakbk. (5.18b)

(i) k

In order to transform the interaction part Vyjp, as defined in Eq. (5.11d), into momentum space,
we compute

) . A 4 .
Za;raib;bj = <N> > Ze’klRiaIe_’sz"age_Zki‘Rjbgelk‘*ijzl (5.19a)
(i) kikakska (ij)
2 i . i .
B <N> D DD T Dalagtlpy - (5190)
kikoksks i
2 )
— N Z Z 615(k4_k3)ﬁ Z ez(k1—kg—k3+k4)RiaJ{a2b£b4 (519C)
kikoksky & 7
2z
- A7 Z Y(4-3) o (kl —ky — k3 + k4) aiagb;bzl (5.19(1)
ki1kokska
2z
=5 2 e-n0 (ki +ky— ks — ki) ajasbibs (5.19¢)
kikoksky
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5 Nonequilibrium phase transition

where all delta-functions in this context are to be taken modulo a reciprocal lattice vector of
the antiferromagnetic Brillouin zone. Similarly, we can transform

2z
Za}aiaibj = N Z Y(2) ) (kl + ko —ky — kg) aia3a4bg (5.20&)
(ij) kikoksky
2z
Z aiazaib} =~ Z Yay 0 (k1 + k2 — k3 — ky) aiagagb:& (5.20b)
(i7) kikoksks
2z
> aiblbb; = ¥ S Yoz 8 (k1 + ko — ks — ka) arbhbsbs (5.20c)
(i) kikaksks
2z
> alblvlo; = ¥ S Yosa) 8 (k1 + ko — ks — ku) albiblbs . (5.20d)
(i5) kikoksks
Transforming the components of the real space Hamiltonian in Eq. (5.11) in momentum space
yields
Hy = 7523 [A (anal + bibr) + e (ab) + axbi )| (5.21)
k

for the bilinear Hamiltonian and

2z

Vip=—J= " 8 (ki+ ko — ks — ka) Aoy alasblbs (5.22)
kikoksky
2z 1
—J— Z 1) (k:l + kg — k3 — k:4) Z (7(2) a{a3a4b2 + V(1) a]ibgbjlbg)
ki1koksks
2z 1
—J— Z ) (k:l + ko — kg — k4) Z (’7(4) a{a;agbl + V(1) a1b£b3b4)
kikoksky

for the magnon scattering. Here we have used that

Z ) (1{71 + ko — k3 — ki4) V(2—3-4) = Z ) (1{71 + ko — k3 — k?4) Ya) - (523)
kikokska kikokska

5.1.2 The Dyson-Maleev representation

Just like the Holstein-Primakoff representation, the Dyson-Maleev representation uses a trans-
formation on two sublattices, namely

S7=S—ala (5.24a)
aTai
St=v25(1- 55 | @ (5.24b)
S =+25d! (5.24c)
and
S% = S +blb; (5.25a)
+ — /25! b;r‘bj
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5.1 Spin wave theory

S; =250 (5.25¢)

to map the spin Hamiltonian in Eq. (5.1) onto a bosonic Hamiltonian. The major difference
between the Holstein-Primakoff representation and the Dyson-Maleev representation is that the
Dyson-Maleev representation maintains the full Hamiltonian because there is no need for a
truncation of a power series. However, in contrast to the Holstein-Primakoff representation, it
is not hermitian because

(Sj)T £S5 (5.26)

Following the same steps as described in section 5.1.1, we can divide the Hamiltonian into
a ground state energy, a bilinear Hamiltonian and a term encoding the magnon interaction,

yielding
Hpm = E| + H) + Vi (5.27a)
N
E) = _{AJS (S +1) (5.27b)
Hy = JSzA (Z aiazT + Z b}bj) + JSZ ( TbT + a;b ) (5.27¢)
i j
1
Ving = —J> [Aajaib}bj +35 (alaiaib; + ajbjbjb )] (5.27d)

(i7)

where both E{, and H{, are identical to the Holstein-Primakoff Hamiltonian. However, the term
encoding the magnon scattering is different, and it’s momentum space representation is given

by

2z

Vi =—J= 3 (ki + ks — ks — ki) Aya_ygyalazblbe (5.28)
kikoksky
= S(ki+ky—ks—k b albiblh
N Z 1+ K2 3 4) ’Y(2)a1a3a42+7() 10930402 ) -
ki1koksky

5.1.3 Diagonalizing the bilinear Hamiltonian H|

The bilinear Hamiltonian, which is identical in the two previously discussed formalisms, can be
written as the matrix equation

_ of
H) = Jszzkj [ak bu ﬁ Zkl [_gk] (5.29)

where the eigenvalues of the matrix are given by 4,/A% — 42 . We define
k

Ae = /A2 =72 | (5.30)

which allows us to write the diagonal Hamiltonian as

A 0 al
Hy=JSz) [ak bu [0’“ _)\J [—ll:k] (5.31a)
k
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5 Nonequilibrium phase transition

= JS2 > A (axal, + blb) - (5.31D)
k

Figure 5.2 displays Ay for three different anisotropies A along high symmetry cuts through the
antiferromagnetic Brillouin zone and it is visible, that while the system is gapless in the isotropic
case, a gap opens at A > 1. Note that the derivative of Ay perpendicular to the Brillouin zone
boundary (BZB) is independent of the value of A, as it is required for a dispersion. In general,
we know that

%15% e =1 (5.32a)
kLIIISHZB Y =10 (5.32b)

and therefore

lim A = VA2 1 (5.33a)
—

Jim A=A (5.33b)

In order to eliminate off-diagonal terms in the corrections to the bilinear Hamiltonian, we write
a and b in terms of the Bogoliubov operators

ap = upoy + vkﬂ;i (5.34a)
b = upfBr + vka}; . (5.34b)
Just like the original operators a and b, the Bogoliubov operators a,(j) and 5,(:) are canonical

bosonic annihilation (creation) operators and therefore need to obey the same bosonic commuta-
tion laws. Assuming ug and vy to be real without loss of generality, we evaluate the commutators

1.2
3 0.8
<>\
= A=1
~ ol A =105
' —A=125
0.0 r M X

Figure 5.2: Magnon dispersion A for three different values of A along high symmetry cuts
(shown in the inset, red) through the antiferromagnetic Brillouin zone. For A > 1 a gap
opens at I', which corresponds to the center of the Brillouin zone
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5.1 Spin wave theory

!
1= {ak,au = uj {ak,au + v [B,Tc,ﬂk} = uj — v} (5.35a)
|
1= {bk,bu =uj [,Bk,,BH + v {ai,ak} = uj — v (5.35Db)
and find that the Bogoliubov factors ug and vg need to satisfy
w2 — k=1, (5.36)

In order to write the momentum space Hamiltonian in Eq. (5.21) in terms of these operators,
we compute

Yearbr = Vi [uiakﬁk +opak Bl + ugv (Oékalt, + 5;1&)] (5.37a)
’Yk@;tﬂ;i =Tk {U%QL@Z + vEagBr + ukvk (akak + 61151«:)} (5.37b)
Aaka;rc =A [ukakaz + vkﬁkﬁk + ugvg (akﬂk + akﬁ,i)} (5.37¢)
AbLby, = [ukﬁkﬁk +vfagal, + ugvy (Oékﬁk + O‘kﬁlt:)} (5.37d)
which yields the Hamiltonian
Hj = [nykukvk +A (u,% + v,%)} (akaL + ,B,Lﬁk) (5.38)
+ [2Aukvk + Yk (ui + U%)} (akﬁk + 04,15,1) :
Identifying this with the bilinear Hamiltonian in Eq. (5.31b), we set
2ypuvr + A (uf + ) = M (5.39a)
2AuRvE + Y (uz + v,%) Lo. (5.39b)
This determines two further criteria that need to be satisfied by ug and vy, namely
A
ul ol = (5.40a)
Ak
! Tk
= __1k .40b
URVE =~ 5 (5.40b)
One choice of Bogoliubov factors that meets all the requirements from Eq. (5.36) and Eq. (5.40)
is given by
A+ A
= 5.41
Uk 2 ( a)
A—\
v = —sign (V) ) k) (5.41b)
k
The Bogoliubov transformation implies a new ground state, which is defined by
o [Pas) =0 (5.42)

and defines the vacuum at temperature 1" = 0.
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5 Nonequilibrium phase transition

5.1.4 The interaction term

The magnon interactions are contained in the interaction term V', whose momentum space
representations are given in Eq. (5.22) for the Holstein-Primakoff representation and in Eq. (5.28)
for the Dyson-Maleev representation. Both terms have the four-operator products

{aiagbjle, a{a3a4b2, aib;blbg} (5.43)
in common, the products
{a]ibjla;ag, b;b3a1b4} (5.44)

are unique to the Holstein-Primakoff representation. Writing these products in terms of the
Bogoliubov operators, as defined in Eq. (5.34), and normal ordering the result yields lengthy
expressions given in appendix A, starting at Eq. (A.2). Each of the products has terms with
two delta-functions, which do not depend on the Bogoliubov operators and therefore contribute
to the magnon vacuum. Furthermore, the products consist of terms that contain one delta-
function and that are bilinear in the Bogoliubov operators. These terms contribute to the
bilinear Hamiltonian. The terms which are not multiplied by a delta-function and which have
products of four Bogoliubov operators will lead to the vertices which we use to implement the
magnon interactions in our simulation. To simplify the notation, we will now split up each of
the five terms in Eq. (5.43) and Eq. (5.43) with the prefactors 7 from the momentum space
representation of the magnon interactions in Eq (5.22), in these three categories, meaning we
define

Pi= Y Ad(ki+ko— k3 — ki) yo_galazbiby = PE 4 pPilinear L pV, (5.45)
k1k2k3k4

where PP is the contribution to the ground state energy, P Pilinear ig the contribution to the
bilinear Hamiltonian and PV is the contribution to the magnon interactions. The analogous
definitions for the remaining products are

PQ = Z (5 (kl + kg — kg — k4) ’}/(2) aia3a4b2 = PQE + P2bilinear + PQV (5.46&)
ki1koksky

Py= > 8(ki+ko— ks~ ka)yu)alblbiby = PE 4 pPilinear 1 pV (5.46b)
kikoksky

Py = Z ) (kl + ko — kg — k4) Y(4) aiagang = P4E + 734bilinear + 774\/ (5.460)
kikoksky

Ps= Y (ki +ky—ks— k) vy arbbbsby = PE 4 plilinear L p V. (5.46d)
kikoksky

The first contribution to the magnon vacuum is given by

731E = Z Ad (kl + ko — k3 — k4) V(2—4) {’U%U% 1) (k:l — k3) 0 (k:z — k4)} (5.47&)
kikoksky
+ Z Ao (kil + k2 — kg — k4) ’7(2_4) [U1U2 V102 0 (kl — k54) 1) (kg — k:g)]
kikoksky
= Z A (vfu% + Y1) uruz 01112) (5.47b)
k1ko
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5.1 Spin wave theory

and the first correction to the bilinear Hamiltonian yields

p pilinear Z A [U% (u% + U%) + 29(0-1) u1u2 ’1)11}2} (aial + BIBl) (5.48)
K1k
+ Z A [2 ulvlvg + Y(2-1) U202 (u% + v%)} (aiﬁi + alﬁl) .
kiko

Analogously, we get

Py’ = 20iugvay(e (5.49a)
ki1ko
ppilinear _ Z {21&1111”%7(1)} (04011 + 5{50 + Z {2u2v2fy(2)} (u%aJ{a]_ + v%ﬁiﬁl) (5.49b)
kle k1k2
+ Z [2ulvlu2v27 } (alﬂl + a1ﬂ1) + Z [21}27 )] (v%aJ{BI —i—u%mﬁl)
klkz kle
and
Ps' =Y 2viugvaye) (5.50a)
kiko
Pgbilinear = Z [2’1111}11}%’7(1)} <OJJ{061 + BIBI) + Z [27121127(2)} (’U%O;{al + U%BIBI) (5'50b)
klkg k1k2
+ Z [2U1U1U2U2’)’(2)} (O/{BI + a161> + Z [22}%7(1)} (u%aiﬁi —I—U%Oqu) .
k1k2 klk2

The products that are unique to the Holstein-Primakoff formalism yield

7)4E = Z 27)%1@7)27(2) (5.51&)
k1ko
ppilinear — 3" {2 ulvlvgfy(l)] (a{al +ﬁiﬁ1> +> {2uzv27(2)} (U%aim —Hﬁﬁiﬁl) (5.51b)
k1k2 klkz
+ Z [2 ULV UV2Y(2 } (alﬂl + alﬁl) + Z [2 vy )} (u%aiﬂ{ —|—fu% alﬂl)
klkz k1k2
and
Py’ = 2viugvay(e (5.52a)
kiko
Py ilinear — > [QUWIU%W(D} (041041 +5151> + > [2u2v27(2)} (U%O‘J{O‘l +U%51B1) (5.52b)
k1k2 k1k2
+ Z [2U11}1U2U2’Y(2)} (OZJ{BI + 04151) ++ Z [211%7(1)} (U% Oéiﬁir + u? Oélﬁl) .
k1k2 k1k2

Collecting the contributions to the ground state energy, it is easy to see that the corrections to
E}, as defined in Eq. (5.11b) are the same for both formalisms, because PJ° = P& = P = PE.
Overall, we obtain

2Jz
Eq=E} — N E A (1)102 + Y- 1)u1uQv1v2) + 2v1u2v2’y( 2) (5.53a)
kiko
2
B 22 [ (A=) (A=A ’V(z—lmm@)} §e) [A - Al}
A - = 5.53b
,;162 41 Ao + 4\ \o A2 21 ’ ( )
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5 Nonequilibrium phase transition

where we have used the properties of the Bogoliubov factors in Eq. (5.40). To compute integrals
in momentum space, it is useful to recall that k only runs over the antiferromagnetic Brillouin
zone and not the full Brillouin zone, which means the corresponding integrals read

N 7 m N
— / dk* / dk¥ = = (5.54)
22m)? ) Je 2

k

and correspondingly

T o [T N2

Furthermore, recalling the definition of v in Eq. (5.17b) and the trigonometric addition formulas

kk

allows to write

o[ cos (k%) cos (k%) + cos (k¥) cos (kY .
27(2—1)f(k2)0C/ / dk3dkd (k) cos (kf) 5 (ky) cos ( 1)f( 5.k3)  (5.56a)
ko - J =T

o (k;%) " " X Y o x r .Y

+T/_7r /;ﬂ_dedk2 S1n (k‘2)f(]{}2,k'2) (556b)
in (EY T T

+Sm§1> /_ [ akgakg sin (k) £ (5. 1) | (5.56¢)

where both Eq. (5.56b) and Eq. (5.56¢) are zero for any given function f (k%,kY) that satisfies
[ (k3. KY) = f(—k%, —kY). Similarly, we get

o, cos (k&) cos (k¥) + cos (kY) cos (ki -
e ke oc [ [ angany RIS o TIOSU) f g ) (5570

4
s Y Y T
+L [ dkzgdky cos (k%) cos (ki )l—cos(k 5) cos (ki )f(kg,k‘g)
T Y Y
o</ / Ak R cos (k3) cos (k7) —;—COS (kQ)COS(kl)f(kg,k:g) . (55™)

where in Eq. (5.57b) we have used that we can swap k% and kY since f (k3,kY) = f (k3,k%). So
we see, that

Zv S (k2) sz nf(ke) YV f(k5Ky) = f (ks —k3) = f (k3 k3) . (5.58)

Since we know that

o (k. KY) = 7 (=5, —hY) = v (kY. k) (5.59)
N (kS k) = A (—K§, —kY) = X (Y, k3) (5.59D)

we can write the magnon vacuum as

(A= A1) (A= Xg)

JzA 2 (A + /\2)
Ey = E} — 1 A A - .
0 0 IN k%g:Z )\1)\2 |: + ( + )\1) ( + )\2) A ] (5 60&)
JzA A2 2)\2 2)\2
=F > 1+ (A1 - == .60b
0 oN = * ( ) ()\1)\2 N > N >\1>\2] (5.60b)
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5.1 Spin wave theory

2
JzA | N2 2 AZ  2),
- B — — 2N A A? -1 — 2= 5.60
EARE Azk: k+<zk: k) +( )k1k2<)\1)\2 Al 00

2
., JA|(N 5 A% 2\
=55y <2 _Zk:)\k> * <A 1) 2 (/\1>\2 A )

ki1ko

: (5.60d)

where it becomes apparent, that in the isotropic case of A = 1, Eq. (5.60d) further simplifies to

2
isotropic JN 1 2
Eisoropic — 2Z [S(S+1)+4<1—N2Ak> ] , (5.61)
k

which corresponds to the result in Ref. [102].

Just like the corrections to the ground state energy, the corrections to the bilinear Hamiltonian
H] (see Eq. (5.31b)) are independent of whether one uses the Holstein-Primakoff or the Dyson-
Maleev Formalism because 732bilinear 4 fp3bilinear — 7)4bilinear 4 7)5bilinear7 namely

2
Hy= Hj — % Z A [U% (u% + U%) + 2901)Y(2) uruz Ulvg} (04041 + ﬁIBl) (5.62)

kika

Z [2 ulvlv%’y(l) + u2v27y(2) (u% + U%)} (aial + 5151)
k1ks

_ 2;\772 Z A [2 uww% Y1)V (2) U202 (u% + v%)} (aIBI + 04151)
K1k

_ 2;\7: 3 {2 u1v1U2V2Y(2) + V3Y(1) (u% + v%)} (0‘15{ + 04151) .
K1k

27
N

Using the properties of the Bogoliubov factors, this can be written as

Hy = Hy+ 2;\772 3 [<A22;2)\%> _A (Azj\:aﬂ 3 (/\Al) (aial + 6161) (5.63)

k2 kl
2Jz A—)\Q A2—)\% AZ—)\% + +
inited _A =2
R E[C5) o (55| (55 eles )
+ N kZZ ( 2)\2 kzl )\1 (alﬁl + alﬁl) )
where the terms that mix the two sublattices (ag) 69)) cancel out for the isotropic system and
we obtain
Hisotropic _ Hl + ﬁ 1— 3 Z)\ Z)‘l (aTal + 5T61) (5 64&)
0 0 2 N -~ 2 - 1 1 :
=JSz 1—i—L 1—32)\ / Z/\k (aTak—i—ﬁTﬂk) (5.64b)
25 NR T4 k kER)

which also corresponds to Ref. [102]. To simplify notation we define

Hoisotropic — Zwk (aiak + ﬁz,ﬁk) (565)
k
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5 Nonequilibrium phase transition

with

w =JSz

1+ i ( Z Akﬂ e (5.66)

and we can numerically evaluate the constant

2 B 2 cos (ky) + cos(ky)\*
I_N%:Ak' —1—N;\/1—( 5 ) = 0.157947421. (5.67)

Assuming an isotropic system with S = 1/2, this yields

1 1
14+ — || = 1.157947421 A=1,85==. .
+5 ( ZAk)] 57947 v S =3 (5.68)

Considering the limits k — 0 and k — BZB in Eq. (5.32) and Eq. (5.33), we see that

1+( ZAk/)

at the Brillouin zone boundary. In the system with an anisotropy (Eq. (5.63), A # 1), the

(5.69)

Wmax = JSz

off-diagonal terms that do not only renormalize the overall energy scale but also change the
dispersion itself, are proportional to (1 — A?) (’y(k)/ )\k>. This term goes like

1—A?

i LA AT (5.70a)
k—0 Ak
1— A2

im | )1 _ g, (5.70b)
k—BZB Ak

The vanishing of the off-diagonal terms at the Brillouin zone boundary for arbitrary anisotropies
is a direct consequence of the symmetry due to the bipartite lattice. Only if a hopping between
next-nearest neighbors is introduced, 7() does not vanish at the boundary and the off-diagonal
terms remain finite at A # 0. However, at the center of the Brillouin zone the off-diagonal
term only vanishes at the Heisenberg-Point A = 1, meaning spin rotational symmetry, i.e. the
same symmetry that conserves magnons with & — 0 and causes them to be massless (Goldstone
modes), is strictly required for the Hamiltonian to be bilinear at this level of perturbation theory.
At A > 1 spin rotational symmetry is broken and a gap opens (see Fig 5.2), meaning there are
further corrections to the dispersion.

The difference between the Holstein-Primakoff formalism and the Dyson-Maleev formalism man-
ifests itself in the term that encodes the magnon interactions. We define

2Jz ~ (9.
VRS ikt ke ko ) (afassln) -
K1kokska

2:2
4‘)éz£ (a{a£a3a44—6§ﬁ15152

3:1)
fzm a1a2a4ﬁ34—a3545152

(
fii (a5636461+—a1a3a452
(

4:0)
fzn aia25364%—a3a45152

)
)
)
)
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5.1 Spin wave theory

and in the Holstein-Primakoff formalism, the vertices V are given by

~HP(2:2
V1+2(_3_)4+ = A’y(2_4) [U1U,QU3U4 + ’1)11}21)3’1)4] + A’y(g_g) [ulug V3V4 + U3U4 ’01’1)2] (5.72&)
aTpraTg
1
+ B {’Y(l) [U3 V1V2V4 + U ULUL 1)3] + Y(2) [U1U2U3 V4 + Uy 1)11)21)3]}
1
+ 5 {’Y(g) [U2U3’LL4 V1 + Uy v2v37)4] + V() [UQ V1V3V4 + UTUIU4 ’1)2]}
HP(2:2
VliQ(I3,;)4; = A’y(2_4)’U,1U3 V2U4 (5.72b)
1
+ Z [’Y(g) (u2 V1V3V4 + UTUIU4 UQ) + V() (U4 V1U203 + UL ULU3 U4)}
~HP(3:1
V1+2(+3J24, = Av(2-3) [uiusuy v + ug V1V3V4] (5.72¢)
« « B «
+ 1 {’)/(2) [UQU3 V1V4 + ULU4 Ugvg]}
2
1
+ 1 {’)’(3) [U1v21}304 + U1UQU3’LL4] + V() [’LL3U4 V1V2 + UTU2 v3v4]}
HP(3:1
V1+2(,3,)4, = Ava-a) [ug v1V2V3 + U UUS V4] (5.72d)
« B « «
+ 1 {’)/(4) [UQU4 V1V3 + uU1U3 U2’U4]}
2
1
+ Z {’)’(2) [U1U2U3U4 + U1UQU3’LL4] + V(1) [uluQ V3V4 + U3U4 vlvg]}
HP(4:0
V1§2(§3§)4§ = A7y(2—4)U1Ug V203 (5.72¢)
1
+ Z [’Y(g) (’LL1 V2U3V4 + UU3U4 1)1) + V() (U3 V1U204 + UL ULUL vg)}

while the vertices in the Dyson Maleev formalism yield

9?3%;?42 = Avya_q) (u1uu3us + v1v2v304) + A7y(a_s) (ugug v3V4 + V1V U3UY) (5.73a)
+ 72y (u1u2u3 v4 + ug V1V203) + (1) (U1U2U4 V3 + U3 VIV2V4)

V%l\;(;?% = Avya_gyu1u3 v2v4 + %7(2) [ug v1vV3VL + UU3UL V2] (5.73b)

]}g\gifg;;;)g = Av(a_3) (u1u3us v2 + Uz V1V304) + Y(2) (U1U4 V2V3 + U2u3 V1V4) (5.73¢)

V%\;I[(;’%)g = Avy(a—gy (u1u2u3 v + ug V1V203) (5.73d)
+ % {7(1) (ugus v1v2 + Uruz V3V4) + Y(2) (V1V2V3V4 + U1U2u3u4)}

VEEI\;IC(;?;;LE = Avy(a_gyu1ug V203 + %’7(2) [u1 vov3Vy + Ugu3UL V] . (5.73e)

All components PV used to construct these vertices, can be found in appendix A. At the
quadratic level, o and § annihilate the ground state. This means that ofafgt4T is the only
term that changes the ground state. The vertices in both formalisms are closely related by a
symmetry transformation [103]. In particular, we find

2:2)HP 1 2:2)DM 2:2)DM
VIE:;2{:3;4; T2 (V:(c;z)zsa% + Véut)tkaza) (5.742)
SHP(2:2) 1 (5DM(2:2) ~ DM (2:2)
‘/1;2;3;4g "9 <V1$2ﬁ3a4; T V;4ﬁ1a2g> ’ (5.74b)
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5 Nonequilibrium phase transition
which we use in the code presented in Sec. 5.4 to ensure that the vertices remain nonnegative,

meaning that small deviations from an equilibrium state decay back into equilibrium and do not
amplify.

5.1.5 The staggered magnetization

The staggered magnetization m is defined as the expectation value of the staggered magnetiza-
tion operator [101] given by

1

m= > (Pas| 57 |Pcs) (5.75a)

Sstag = »_S7 — Y _ 57, (5.75b)
icA jEB

Writing this operator in terms of the Bogoliubov operators in Eq. (5.34) yields

Z S7 = Z (S - aIai) (5.76a)

€A [
NS
=~ > ala (5.76b)
keBZA
NS 2 9 > ot b ot
9 Z [Uk + up, o + O By Br + ukvg (Oékﬁk + akﬁk)} , (5.76¢)
ke BZA

and, following the same steps,

. NS
=D 8= X [0} + v el + uf, BLBx + wrvn, (B + anBi )| - (5.77)
JEB keBZB

We can now write the staggered magnetization operator as

St = NS = 3 [200+ (v} +u}) (afon + BLBe) + 2wevn (B + anbe)| . (5.78)
keBZA

In order to compute the staggered magnetization we recall that (®gs| aLB,Z |®gs) = 0 and
(Pas| arfr | Pas) = 0, as well as that the expectation values of the occupation operators a,tak
and 5;1@% at a given temperature T" are given by

(Das| afor [Pas) = (Das| BBk [Pas) = nr (k) | (5.79)

where n(T, k) is a thermal distribution with

np (k) = —

TIE I (5.80)

We will from now on refer to Eq. 5.80 as thermal distribution, assuming there is no chemical
potential . For pu # 0 we will specify the chemical potential separately. Now we can write the

staggered magnetization as

m(T)=S—+ > |+ (o} +u})nr (k) (5.81)
keBZA
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5.2 The Boltzmann formalism

and recall that we can write the Bogoliubov operators as functions of the magnon mode energy

Wi, namely
1 /A 1 (w
2 max
=—|—-1) == —1 .82
Uk 2 ()\k ) 2 < Wi > (5-82a)
A “max
Ui + ’U,% = 7)\’6 = ) . (582[))

m(T) = S — % 3 {; <°‘Z“:X - 1> + K“’;n:") nr (k:)” (5.83a)
O B 0
_ <S+;> - QuX?ax > {wlk nr (k) + 2]} . (5.83¢)

keBZA

The numerical value for a thermal distribution with S =1/2, A =1and T = 0 is m = 0.303398.
Note that for sufficiently small spin S the staggered magnetization mathematically becomes
negative. The physical interpretation behind this is that quantum and thermal fluctuations
increase for shorter spin length and are eventually large enough to destabilize the ordered state.
At this point there is no long range order, so the definition of the staggered magnetization in
the magnon picture becomes invalid. We can use the density of states summed over the two
magnon branches, namely

plw) =2 / d?ké(w — wy) . (5.84)

and the distribution function of energy w, which is given by

n(w) = /d2knk(5(w —wg)/p(w) (5.85)

to write the staggered magnetization as

Wmax

1 Wm
S ) = 5+ 5 s 3 22

(n (wm) + ;) , (5.86)

where n (w) is not restricted to the subspace of thermal distributions.

5.2 The Boltzmann formalism

We use the interaction vertices V, which are derived in Sec. 5.1.4 in a semiclassical Boltzmann
approach. The disribution of magnons in a branch « at a given momentum k is given by

dn® (k)
at

2
_or (2]‘\7) (S22 (k) + 822 (k) + 8FY (k) + 88 (k) + 880 (k) (5.87)

where the scattering integrals S are corresponding to the self energy diagrams of the different
scattering processes. In particular, the vertices for processes in which two magnons scatter into
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5 Nonequilibrium phase transition

two other magnons are given by

. 2Jz ~ (9.
Ve = - S 3T 6 (ki ka — ks — k) x [Vﬁ§>34+ alasBiBs (5.88)
k1kokska «TpT s
2Jz . )
— =20 ) (ki +ka— ks — k) ¥ {Vﬁ';)+34 afabazaq + Vf%?fgﬂﬁ BLB11 52
ki1koksky xroto e BB

and the corresponding a-scattering integrals are

D) = 5 vttt I VED (s
koksky : ’ ’ :

{(1 +ng) (1 + ngz) n§3n£4 — (1+ng,) (1 + n£4) nzngz} )
where both magnon branches are involved in the scattering process, and

ST (k) = D" Otk kg —kad (why + why — wh — w,) V,iﬁlgu—"ﬁ?m—z— X (5.90)
k2k3k4 a“aaFa aFaVa “a

(14 ng) (1 + i) nignig, — nigni, (14 nig,) (1+ k)]

where the scattering consists of @ magnons only. The § scattering integrals can be written
down analogously. All processes in the system can be visualized using self energy diagrams, the
diagrams corresponding to Eq. (5.89) and Eq. (5.90) are displayed in Fig. 5.3.

V(2:2)

By 3fatk; 25

Figure 5.3: Self energy disgrams corresponding to Eq. (5.89) (above) and Eq.(5.90) (below).

Note that the difference of the occupations ensures that any thermal distribution, even with a
possible chemical potential p, which is given by

1

n(k,pn) = W’ (5.91)

stays constant in time, meaning the thermal distribution is a steady state of the system with-
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5.2 The Boltzmann formalism

out drive and dissipation. This is because the delta function of the energies ensures that
(Wky + Wky = Wiy + Wk, ). At this point we find the Holstein-Primakoff model advantageous,
since the hermitian nature of the Hamiltonian ensures that

2
HP(2:2) HP(2:2) . HP(2:2)
Vk§2;3;4g x V3§4§k;2; o (ngzgsa%) (5.92a)
2
HP(2:2) HP(2:2) _ (HP(2:2)
V1§2B3 4% x ‘/33451 2t (V1a+263 4*) ’ (5.92b)

meaning that the vertex products are inherently nonnegative. This is in general not the case for
the Dyson-Maleev vertex products, which may lead to an amplification of small deviations from
the equilibrium distribution.

Analogously we can write down scattering integrals for processes where three magnons scatter

into one magnon, like for example

3:1)
S((xaaﬁ_ D Okytho—k—ks0 (Why — Wiy —wk—Wk4)V,z’+4+2§1—V1+2 foaz X (5.93)
ki1koky

{(1 +ng) (1 - n£2> (1+ng,)ng, — (1+ng)) ngnZZn%J :

However, we find that for an evenly spaced momentum grid which avoids the k = 0 point, these
integrals do not contribute to Eq.(5.87) because the two delta-functions 6 (wg, — Wk, — Wiy — Wk, )
and O, +k,—ks—k, are never satisfied at the same time. This is easy to show mathematically in
the isotropic case, because we know that for small k-vectors, the energy is proportional to the

magnitude of the momentum vector so
w (ki) ~ v |k v |ki| < 7 (5.94)
which means that
Wy = Wky — Wk — Wk, = k1| = |k2| + k3| + |ka] . (5.95)

Given that we know k4 = k1 + ko — k3 from momentum conservation, the delta functions only

° ° ky ° °
) ° ) °
ko ks ki k,
° e ————® P —— >
° ° [ ° °
) ° ° °

Figure 5.4: Schematic illustration of the momentum points in a subsection of the magnetic
Brillouin zone around k = 0. The three highlighted vectors are the smallest three vectors
that fulfill |ki| — |ka| — |ks| =~ |k1 + ka2 — k3|
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5 Nonequilibrium phase transition

contribute at

k1| & |ka| + [ks| + k1 + k2 — k3| (5.96a)
k1| — |ka| — |ks| = |k1 + k2 — k3] . (5.96b)

Using the uniformly distributed momentum points described in detail in publication 11 and
partially shown in Fig. 5.4, we know that the smallest three vectors that fulfill this requirement

satisfy
kl = 3k4 (597&)
ky = —ky (5.97b)
kg = k:4 (5.97C)

and that the deviation from zero of the argument of the energy delta function becomes larger as

the magnitude of the vectors gets larger. So no matter how dense the k-points are distributed,
there is a deviation from zero as long as none of the k-vectors is the null-vector. From Eq. (5.97)
we also know that wy = w3 = wy, so the minimal energy in this finite grid is given by

!
min (|wk1 — Wy — Wky — wk4\) = \wkl — 3wk2] if ksi=ki+ky—ks. (598)

While the Taylor expansion in Eq. (5.94) is not accurate in case of a system with an anisotropy,
where a gap opens for small momentum vectors, we find numerically that the scattering of three
magnons into one magnon is kinetically forbidden for all A > 1.

5.3 The noninteracting steady state and the time evolution

In order to study how the magnon interactions derived in the previous chapter influence the
nonequilibrium steady states in a driven-dissipative system, we start from the results of a pre-
vious theoretical analysis of a half-filled large U Hubbard model coupled to a high frequency,
off-resonant drive and a dissipative reservoir at zero temperature [68]. This analysis largely
neglects magnon-magnon scattering and finds a steady state system which can be understood
in terms of the differential equation

2
Bum () = 2im (1 + 1.w)) — Tous (n () + [ nw) ] ) , (5.99)

where n7 (w) is a thermal distribution at temperature T without a chemical potential, as given
in Eq. (5.80). In this notation, =, is proportional to the drive strength and oy regulates how
magnons dissipate into the bath. The term describing the relaxation of magnons into the bath
has a nonlinearity in order to allow for the formation of a steady state. This means magnons are
created equally at all energies, but dissipate in an energy-dependent way where the dissipation
is faster at low energies. Equation (5.99) obtains steady states that can be characterized by a
dimensionless tuning parameter g, which is the ratio of in and out scattering, namely
Yin

= . 5.100
g Yout ( )
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5.4 Computational remarks

The analytic form of the steady states is given by

2
n:, 4g
n(g,ns) = 2T . <g—1:|: (9_1)2+n2~> , (5.101)
T

where only the + solution gives the desired physical result, which is displayed in Fig. 5.5 and
reproduces all features from the noninteracting result. At g = 1, meaning Vi, = Yout, the
solution is n (g, n4) = nj, meaning a thermal distribution that diverges like 1/w as w — 0. For
weak and intermediate driving (¢ < 1, blue) the magnon modes at larger mode energies are
not occupied and they go to a finite value as w — 0. However, the distribution of spin waves
diverges even faster than the thermal distribution when the drive is dominating (¢ > 1, red), so
in this case the noninteracting theory predicts nonthermal, in fact superthermal magnons. We
take this drive and dissipation and include it in our interacting Boltzmann simulation in order
to study how this changes the noninteracting theory. In particular, we are interested in whether
the redistribution of energy due to magnon interactions transfers the magnon occupation to
energies where dissipation is faster and therefore changes the theory.

10
ol <« g > 1 — Diverges faster than %
3
I 6l
s g = 1: Bose-Einstein n,
g 4
3 g < 1 — Finite Occupation
O
O Ll
% 0.2 04 06 038 1.0

Magnon Mode Energy w

Figure 5.5: The steady states of the noninteracting analysis. At g < 1 the distribution of
spin waves is finite for all w, at g = 1 the distribution is thermal and therefore diverges like
1/w and at g > 1 the distribution diverges faster than 1/w.

5.4 Computational remarks

Implementing the Boltzmann simulation for interacting magnons posed various computational
challenges, and we describe our solutions to these in detail in the appendix of publication II. In
particular, we need to avoid the k = 0 momentum point because a Bose-Einstein distribution
without a chemical potential diverges at the center of the Brillouin zone and can therefore not
be treated numerically. Furthermore, we need to numerically ensure momentum and energy con-
servation at the same time over comparatively large timescales, and we found that a broadening
of one of the delta functions in the scattering integrals S leads to an accumulation of errors
such that one of the quantities is not conserved. In order to avoid this, we map a uniformly
distributed momentum grid onto an energy grid which is uniformly distributed as well. The full
code is available at https://github.com/MonaHKa/Boltzmann-simulation
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A deeper theoretical understanding of driven-dissipative interacting systems and their nonequi-
librium phase transitions is essential both to advance our fundamental physics understanding and
to harness technological opportunities arising from optically controlled quantum many-body states.
This paper provides a numerical study of dynamical phases and the transitions between them in the
nonequilibrium steady state of the prototypical two-dimensional Heisenberg antiferromagnet with
drive and dissipation. We demonstrate a nonthermal transition that is characterized by a qualitative
change in the magnon distribution, from subthermal at low drive to a generalized Bose-Einstein form
including a nonvanishing condensate fraction at high drive. A finite-size analysis reveals static and
dynamical critical scaling at the transition, with a discontinuous slope of the magnon number versus
driving field strength and critical slowing down at the transition point. Implications for experiments
on quantum materials and polariton condensates are discussed.

I. INTRODUCTION

Nonequilibrium phase transitions in driven interacting
quantum systems constitute a fundamental and largely
open research problem!2. Quenches, i.e., abrupt changes
in Hamiltonian parameters or initial conditions, followed
by a time evolution, have been extensively studied and
can lead to dynamical phase transitions®* characterized
by qualitative modifications of the dynamical response
as the quench magnitude is varied. A nonequilibrium
steady state presents additional issues involving the flow
and redistribution of energy: the drive adds energy, the
dissipation removes energy, and the internal dynamics re-
distribute energy among modes 5. As the drive strength
is varied, the competition between these effects can qual-
itatively change system properties in the same sense that
changing temperature or a Hamiltonian parameter can
drive a system through an equilibrium phase transition.

Equilibrium phase transitions are typically analyzed in
terms of the onset or disappearance of order parameters
that encode broken symmetries, for example, the stag-
gered magnetization in an antiferromagnet that appears
when the temperature is reduced below a critical tem-
perature. We label such phase transitions as symmetry
breaking transition in the following. In a nonequilibrium
setting, an additional type of phase transition can ex-
ist that is characterized by a qualitative change in the
low-frequency distribution of the collective excitations of
a system. Such a transition cannot exist in equilibrium
where the form of the distribution is fixed by equilibrium
thermodynamics. We refer to the latter as a subthermal-
to-superthermal transition. Phase transitions occurring
in a nonequilibrium steady state are the subject of an
interesting and growing literature” !5 but are less well
understood. A deeper theoretical understanding of these

issues could open nonthermal pathways for controlling
emergent properties of driven quantum materials?.

Driven magnetic systems are of particular interest
in this context, for both fundamental and technologi-
cal reasons'®. A specific focus of attention has been
the possibility of magnon Bose-Einstein condensation
(BEC), in which a system is excited by a radiation pulse
and the resulting excitation distribution forms a sin-
gle coherent macroscopic quantum state with the low-
est energy excited state being macroscopically popu-
lated. The existing experimental literature on magnon
BEC!732 concerns systems with very long energy re-
laxation times, where a population of magnons is tran-
siently induced (often by a short duration frequency-
coherent excitation) and then evolves into a BEC!6:33-35,
This physics is very similar to the Bose-Einstein con-
densation of excitons and exciton-polaritons which has
been studied experimentally®6~4° and theoretically*! 43,
Theoretical analyses of the magnon case to date have
been based on semi-phenomenological continuum approx-
imations using Landau-Lifshitz-Gilbert equations®#4°,
Gross-Pitaevskii equations'®?6:27 or field theoretical
analyses®10:12715:42,43 © Here, we focus on the distribu-
tion function of excitations.

In this work we aim to add a new dimension to the un-
derstanding of this field. We study a steady state system
in which the crucial physics is the interplay of interac-
tions and the flow of energy and particles from the drive
through the system to a dissipative reservoir. We provide
a precise microscopic treatment of the interaction among
excitations, which is known3%4%°7 to be crucial for the
long time physics. Fig. 1 shows the behavior of the spin
system under consideration as a function of the critical
parameter g, which parametrizes the nonequilibrium ex-
citation strength relative to dissipative losses and will be
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FIG. 1. Nonequilibrium phase diagram of driven dis-

sipative steady states. Steady states as a function of drive
strength g and quantum fluctuations, parametrized here by
the inverse spin length 1/, but controlled in physical systems
by many factors, including geometrical frustration. The red
section along the vertical axis marks the antiferromagnetically
ordered ground state at 7" = 0. The black curve separating
the ordered (orange) from the disordered (green) subthermal
phase is obtained by determining the value of 1/S at which
the staggered magnetization (as defined in Eq. (A10)) van-
ishes for a given g. The grey vertical line at g = 1 separates
the subthermal from the superthermal regime, which turns
into a thermal distribution plus a ¢ function in the inter-
acting system in the thermodynamic limit. The critical end
point at g = 1, 1/S = 0 is a specific feature of the Heisen-
berg antiferromagnet in two dimensions. The grey dashed
curve indicates the expected behavior in three dimensions, or
in the anisotropic xy or xxz (Ising, gapped) regimes in two
dimensions.

introduced in more detail below. The figure displays two
distinct phase transitions, namely an order-to-disorder
phase transition, which is conceptually similar to known
equilibrium transitions but occurs here for nonthermal
distributions, and an intrinsically nonequilibrium sub-
thermal to superthermal transition, which we study in
this paper. This new phase transition is characterized by
a qualitative change in the distribution function.

II. MODEL AND FORMALISM

A. Hamiltonian and kinetic equation

We study the driven-dissipative square-lattice Heisen-
berg antiferromagnet with nearest neighbor interactions,

described by the Hamiltonian

Hpeis =J Y {% (SfS; +578F) + 555;} GY
(i)

with canonical spin operators S; at site i of the lattice.
The Heisenberg Hamiltonian has two parameters, the ex-
change coupling strength .J, which sets the energy scale
and which we take to be positive so that the ground state
is antiferromagnetic, and the spin magnitude |S| which
sets the strength of the quantum fluctuations and of the
interactions between the spin waves. At |S| = oo the
model is straightforwardly solvable and has a two-fold
degenerate set of spin wave excitations (magnons) with
dispersion wg. The primary object of interest will be the
magnon distribution function ng counting the number of
magnons excited above the ground state into the mode
with energy wg. Key to our analysis will be the interac-
tions between magnons. Because we are interested in the
qualitative effects of the interactions we use a standard
Holstein-Primakoff method®® to obtain the spin-wave in-
teractions at leading nontrivial order in 1/|S| (See ap-
pendix A). The important points here are that the inter-
spin-wave interactions conserve both total energy and the
total number of spin waves and that their effect on the
distribution may be studied using the Boltzmann equa-
tion with a collision integral S derived via standard meth-
ods from the magnon-magnon interactions.

The Heisenberg model is an effective model describing
the low energy physics of a more fundamental system of
strongly correlated electrons moving in a periodic lattice
potential such as the Hubbard model. These more fun-
damental models enable a calculation of the drive due to
electromagnetic radiation and dissipation due to coupling
with a reservoir. We specifically adopt the model stud-
ied in Ref. 59 in which the Heisenberg model is obtained
as the low-energy limit of the half-filled large U Hub-
bard model. The drive emerges from a Floquet analysis
of minimally coupled high frequency radiation detuned
from the upper Hubbard band. The dissipation results
from particle exchange with a reservoir, which we take
to be at zero temperature. The particle exchange is vir-
tual because of the Mott-Hubbard gap, but dissipation
of energy and magnons into the reservoir are allowed.

Since we consider only a spatially uniform drive, we
restrict our attention to a distribution function of en-
ergy w (instead of momentum k) defined®® as n(w) =
[ d?knpd(w — wi)/p(w) with wy, the magnon energy and
ng the magnon distribution as a function of wavevec-
tor. The density of states summed over the two magnon
branches is

plw) = 2/d2k5(w — wg) - (2)

We take the drive and dissipation from a previous
analysis®® of the driven-dissipative Hubbard model, spe-
cializing to the particular case of a high-frequency drive
detuned from any charge excitations, and a dissipation



arising from particle exchange with a reservoir. Refer-
ence’®” found, using an approximation that neglected the
magnon-magnon interactions, that the effect of a high
frequency detuned drive is the addition of magnons to
the system, such that the number of magnons in the
mode with energy w increases at the rate i (1 + n(w)).
Yin is proportional to the drive strength and the simple
form of the in-scattering follows from the very high fre-
quency, detuned drive. The calculation also implies a de-
cay of magnons into the charge reservoir at a rate given
2 w

by Yout <n(w) + (n”fgjj)) ) with nz (w) = 1/(et — 1)
and parameters T~ 0.6J. Note that T from Eq. (3)
is not the equilibrium temperature of the system, but
is a parameter describing the nonlinearity of the relax-
ation to the bath. The nonlinearity ensures a steady
state at any drive amplitude. The key features of the
out scattering are that the basic rate is determined by
the particle-reservoir coupling and that the nonlinearity
vanishes quadratically as wy — 0. The latter feature
stems from the large charge gap and the vanishing of
the charge-magnon coupling at low energies due to the
Goldstone theorem.

This allows us to write down a kinetic equation that
encodes magnon-magnon scattering through the collision
integral S as well as the effects of drive and dissipation

A (w) =yin (14 n(w)) = Yous (n(w) + < ) )2)

np(w)

+ S[{n(w)}] . (3)

B. Numerical implementation

We discretize the system and solve the resulting set of
coupled nonlinear equations numerically by integrating
forward in time from an initial condition until a steady
state is reached. We choose a uniform ¢ x ¢ momentum
space grid containing N = ¢? points shown in appendix D
and therefore a discrete set of momentum points wg. We
replace all momentum /frequency integrals by sums. The
largest linear dimension ¢ used throughout the paper is
¢ =120, which is the default discretization parameter for
the results shown below, unless otherwise indicated. The
discretized momentum grid is chosen in a way such that
k = 0 is avoided because a Bose-Einstein distribution
with p = 0 diverges as k — 0, implying that k = 0 can-
not be treated directly numerically (see appendix D, Fig-
ure 7). Below we employ a careful finite-size scaling anal-
ysis and extrapolation to infinite system size to extract
information about k — 0 and possible Bose-Einstein con-
densation. In the numerical results presented here we fix
the parameter T describing the nonlinear term in the
dissipation to be T = 0.6 and set Yoyt = 0.002, unless
explicitly denoted otherwise. Our conclusions are inde-
pendent of the specific parameter values.

As noted above, the collision integral S conserves the

magnon number N and energy £ which are discretized
as
Wmax

m=1

p (wm)n (wm) (4a)

Wmax

E= p(wm)n(Wn)wm, (4b)

m=1

where p (wy,) is the discretization of the density of states
given in Eq. (2) We parametrize the drive strength via
the dimensionless tuning parameter, that controls the ex-
citation density,

“Yin

= —., 5

Yout ( )

and consider the qualitative form of the computed
magnon distribution function.

III. RESULTS
A. Nonequilibrium phase diagram

Fig. 1 summarizes our findings in terms of a phase
diagram in the plane defined by the amplitude of quan-
tum fluctuations (inverse spin length 1/, vertical axis)
and the drive strength (g, horizontal axis). In equilib-
rium (g = 0), increasing quantum fluctuations drives a
transition to a quantum disordered state. Increasing the
drive strength at a fixed value of quantum fluctuations
produces two conceptually distinct effects.

The drive adds energy to the system, exciting magnons
above the ground state and thereby weakening the or-
der. For drive strengths less than a critical value (here,
g = 1) the magnon distribution retains a subthermal
form, with the magnon occupation n(w) remaining fi-
nite as the magnon energy w vanishes, in contrast to the
~ T/w behavior of the thermal distribution. Although
the distribution is subthermal, the increase in magnon
number may be sufficient to drive the system into a dis-
ordered state, as indicated by the phase boundary in
Fig. 1. This symmetry breaking phase transition is a
nonequilibrium version of the standard equilibrium phase
transition driven by raising temperature. Distinct from
this transition Walldorf et al. also found a change in the
magnon distribution from subthermal to superthermal,
occurring as the relative drive strength was increased be-
yond the critical value g = 1%°. It is this subthermal-
to-superthermal transition, which is characterized by a
qualitative change in the distribution and is not directly
related to the disappearance of a conventional order pa-
rameter, that we investigate here. Because the distribu-
tion function is at least thermal, in the two-dimensional
Heisenberg-symmetry case studied in detail here, long-
range order is necessarily destroyed at g = 1. However,
in two-dimensional xy/xxz or in three-dimensional sys-
tems, the ordered phase may persist into the superther-
mal phase.
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FIG. 2. Nonequilibrium phase transition. a) Interaction-induced changes of steady-state magnon occupation n(w).

Plotted is wn(w) as a function of magnon frequency w, in order to highlight the difference between subthermal (wn(w) — 0 for
w — 0), thermal (wn(w) — const), and superthermal (wn(w) — o0) regimes. The blue (red) data points show the interacting
results for representative subthermal, g = 0.5 (superthermal, g = 1.5) cases, in comparison with the noninteracting results
shown by blue (red) curves. The dark grey solid line indicates a thermal state at g = 1 and T' = 0.6; the light grey dashed line
is a best fit to the high-frequency part of the the interacting distribution function at g = 1.5, and corresponds to a thermal
state with an effective temperature 7' > T'. Inset: The same results plotted as n(w) versus w focussing on the low-frequency
part to highlight that the interacting superthermal system shows a low-frequency divergence that is stronger than both the
noninteracting system and the best thermal fit. b) Points: magnon number vs total energy curve defined from Eq. 4 with g as
an implicit parameter for both noninteracting and interacting steady state. Solid black line: magnon-number vs. total energy
relation obtained from Bose distribution with chemical potential ;1 = 0 with temperature as implicit parameter. States below
this critical Bose-Einstein condensation line have a lower number of magnons per energy than a thermal state. States above the
critical line have a number of magnons that exceeds the maximal number in states with w (k) > 0 that is compatible with the
given system energy in a thermal state, implying the existence of a d-function contribution at zero energy (condensate fraction)
in the thermodynamic limit.

the condensate fraction. This distribution has a temper-
ature that is fixed by the total energy; the number of
uncondensed bosons is then uniquely determined by this
temperature, and any excess over the uncondensed num-
ber makes up the condensate fraction. With this in mind
we plot in Fig. 2 (b) the magnon number as a function
of magnon energy with g as an implicit parameter, along
with the magnon number-energy relation implied by the
Bose distribution with chemical potential ;. = 0 and no
condensate, with temperature as an implicit parameter.
In ordinary BEC, decreasing the temperature decreases
the energy moving the system to the left along a line
at fixed V. Crossing the solid line signals the BEC. In
our system for ¢ < 1 the number-energy trace remains
below the solid line. At g = 1 the curves for both non-
interacting and interacting systems cross the solid line,
implying for ¢ > 1 an excess of magnons. Importantly
magnon-magnon interactions push the system even fur-
ther away from the thermal distribution rather than to-

B. Nonequilibrium steady state

Fig. 2 (a) compares the magnon distribution function
calculated with and without magnon-magnon scattering.
We find that the clear qualitative difference between
the subthermal and superthermal cases is still evident
in the interacting case, confirming that the nonequilib-
rium phase transition is preserved under magnon-magnon
scattering. In the subthermal steady state, the impact
of magnon-magnon scattering is rather small, produc-
ing only a slight shift of magnon occupation towards
lower frequencies. In striking contrast, the superthermal
steady state is strongly affected by magnon-magnon scat-
tering. At all but the lowest frequency the effect of the
scattering is to drive the distribution close to a thermal
distribution, but the occupancy at the lowest frequency
is strongly enhanced relative to the noninteracting case
(see inset of Fig. 2 (a)).

To interpret our results, we recall equilibrium BEC,
where the occupancy is given by a Bose Einstein distri-
bution with g = 0 and a J-function at wy = 0 describing

wards it because magnon-magnon scattering tends to re-
distribute magnons towards lower energy, thus accommo-
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FIG. 3. Finite-size scaling analysis revealing §-function
contribution at g > 1 in the thermodynamic limit. (a),
(b) Ratio of the magnon density at the lowest frequency and
the total number of magnons in the system, No/N, and (c),
(d) ratio of the magnon density at the second lowest frequency
and the lowest frequency, Ni/Ao, for g = 1.25 (left panels)
and g = 1.5 (right panels). Different colors correspond to
different values of Youy = 0.002,0.02,0.2 as indicated. Black
points correspond to the noninteracting stationary state, gray
points show thermal behavior (¢ = 1), and red stars corre-
spond to the stationary state to which the interacting, closed
system evolves when initialized with the respective noninter-
acting stationary state at given g.

dating more magnons per energy compared to the non-
interacting steady state.

C. Finite size scaling analysis

To further interpret the data we present a finite-size
scaling analysis. We define the magnon occupancy at
the m-th frequency weighted by the discretized density
of states, Nyn = p(wm )n(wm ). Fig. 3 (a) and (b) strongly
suggest that the occupancy Ny of the the lowest fre-
quency magnon mode remains a nonvanishing fraction
of the overall number of magnons A as the system size
increases in any interacting system with g > 1. This
is different from the case g = 1, which has no conden-
sate, and where the contribution of the lowest frequency
vanishes as the system size increases. Fig. 3 (c) and
(d) shows that the ratio of the occupancy at the sec-
ond smallest frequency to the occupancy at the smallest
frequency, Ni/Np, is decreasing as the system size in-
creases. The decrease is apparently linear in 1/¢, but
the system sizes available are not sufficient to allow for a
precise determination. The combination of a nonvanish-
ing NVp/N and a vanishing N; /N in the thermodynamic
limit strongly suggests the existence of a §-function con-
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FIG. 4. Static and dynamical critical behavior in the
interacting driven-dissipative steady state. (a) Rate of
change of magnon number A as a function of g. Inset: Scaling
behavior with linear system size collapses the data points onto
a single curve. (b) Rate of decay of total magnon number N
towards the stationary state, plotted as a function of g for
different system sizes as indicated. Inset: Scaling behavior
with linear system size consistent with collapse onto a single
curve, suggesting critical slowing down as g — 1. (for critical
behavior in the strength of the condensate fraction, see SM)

tribution at w = 0. For reference, we also show data
points for a system that is initialized with the noninter-
acting steady state at a given value of g and then evolved
as a closed system under magnon-magnon scattering. At
g > 1 this closed system is positioned above the critical
line for BEC in the N-£ diagram in Fig. 2 (b). Therefore,
in the thermodynamic limit this closed system necessarily
develops a finite condensate fraction because this is the
only possible thermalized solution to the closed-system
kinetic equation. The comparison between the interact-
ing driven-dissipative steady states and the closed-system
thermalized states drives home our point that the inter-
acting g > 1 system develops a nonvanishing condensate
fraction in the thermodynamic limit®!.

D. Static and dynamic criticality

Fig. 4 examines the nature of static and dynamic crit-
icality occurring as ¢ is tuned through g = 1. The main



panels show both the dependence of the static observable
dN/dg [Fig. 4 (a)] and the dynamic decay rate Ay [Fig. 4
(b)], as defined by

N (t) = Niinal + AN exp (—Ant) (6)

on the tuning parameter g. Equation (6) is the empiri-
cally observed long-time behavior of the excitation den-
sity in the system®2. Data are shown for different system
sizes. For both quantities there is a clear difference be-
tween g < 1 and g > 1 with weak system-size dependence
for g < 1 and strong system-size dependence for g > 1.
The inset shows an approximate data collapse that is con-
sistent with a critical scaling as g — 1 from above and
¢ — co. The implication of the data collapse is that

W fie-1a Ve, (7a)

dg

If dN/dg and Ay are to be finite and non-zero as £ — oo,
the two functions fi(z) and fo(x) need to have the form
fi(z) o< (1/y/z) and fa(z) x /z as x — oo, imply-
ing that at £ = oo dN/dg ~ ﬁ7 i.e., a square-root
singularity of M (g) in the thermodynamic limit, and
AN ~ Vg—1as g — 17, ie., a critical slowing down
as g — 1 from above. This asymmetric criticality is not
present in the noninteracting theory and is a consequence
of magnon-magnon interactions.

IV. DISCUSSION

A driven-dissipative system may exhibit two phase
transitions as a function of drive strength. One is
the nonequilibrium analogue of a conventional symme-
try breaking transition, occurring because the drive
creates excitations which push the system away from
the ordered state. This transition has been previously
studied®10:12-15:42,43 = The other type, studied here, is
that when the drive exceeds a critical value set by the
linear dissipation mechanism, a kind of “order from
disorder” transition may occur, with some fraction of
the drive-induced excitations condensing into a zero-
momentum ground state. Our finding bears an inter-
esting relationship to the existing literature on Bose-
Einstein condensation of magnons, where an evolution
into a condensed state of a transiently induced magnon
population is analysed.

Crucial to our analysis is a numerically exact solution
of the Boltzmann equation derived by considering the
interactions among excitations, which enables an analy-
sis of the interplay between the frequency dependence of
the dissipation mechanism and the tendency to conden-
sation. This comprehensive numerical solution extends
previously published theory which typically uses either
a phenomenological relaxation rate or a simple approx-
imation to the magnon-magnon scattering term. A key

finding is that the condensation occurs in a high-drive
limit, where the drive induced energy density is large
and the number of excited magnons is also large, and is
associated with a dynamical (drive-strength driven) crit-
icality. On the level of theory used here, this criticality
is described by a new set of static and dynamic critical
exponents.

Our work raises many important questions. First,
while we have demonstrated a qualitative change in the
magnon distribution consistent with the formation of a
condensate, the physics of fluctuations around this state
has not yet been studied, and therefore a full analy-
sis of the criticality, beyond the Boltzmann approxima-
tion used here, cannot be undertaken. Understanding
how to characterize the differences between the nonther-
mal symmetry breaking transition and the usual thermal
one, how to understand transitions involving distribu-
tion functions and not conventional order parameters,
and how to generalize the standard equilibrium theory
of spatial and temporal fluctuations in a critical state to
strongly nonequilibrium situations such as that consid-
ered here, are important open problems. The issues are
of particular importance in two dimensions, where the
obvious generalization of the Hohenberg-Mermin-Wagner
theorem to nonequilibrium situations would suggest that
the Bose-Einstein condensation we find signals a phase
with power law correlations.

Observation of the nonthermal critical behavior
predicted here is an important experimental chal-
lenge. Possible techniques include time-resolved sec-
ond harmonic optical polarimetry or inelastic x-ray
scattering®. Our work also has a close connection
to Bose-Einstein condensation in exciton-polariton sys-
tems, where interesting field-theory-based studies of crit-
icality have appeared.??#3. Investigations of possible
nonequilibrium-induced spatial structure, analogous to
the structures observed in turbulence®®, and clarifying
the relation of our work to nonthermal fixed points in
closed systems after quenches% %7 are also important di-
rections for future research.
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Here we have used

T+
U = T (A6a)
, 1\
ok = —sign () /55 (A6b)

In Eq. (A5a), the momentum-conserving ¢ function is
to be understood as modulo a reciprocal lattice vector
of the standard two-dimensional antiferromagnetic Bril-
louin zone.

Boltzmann equation The semiclassical magnon Boltz-
mann equation for the magnon distribution in branch «
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at a given momentum k; is

dn® (ki) 27 [2J2\% / (0. <o
) (2] (s 710

(A7)

where S are the relevant scattering integrals. To leading
order in 1/, only scattering processes with two magnons
scattering into two other magnons are kinematically al-
lowed. Consequently, the scattering conserves the num-
ber of magnons term by term at this level of approxi-
mation. The corresponding scattering integrals are given
by

S (ki) = Y 3 (ky + ko — kg — ka) 6 (wh, + Wk, = Wko — ki) Viratg y- Vi ahy - X (A8)
koksky
[(1+n® (k1)) (140 (k) n® (k3) n® (ka) —n® (k1) n (k2) (1 + 1 (k3)) (1 +n (ka))]
8(2 2) kl Z (5 kl + ko — k3 — k4) 1) (wkl + Wy — Wky — wks) Vl(z'; 30,4"']);35) 1z 2+ X (Ag)

koksky
[(1+n® (k1)) (14 n? (ka)) n®

Computational remarks We compute the time evolu-
tion on the two-dimensional antiferromagnetic Brillouin
zone, that is discretized into square tiles and subse-
quently mapped onto an energy grid (see appendix D for
details). The time propagation of the full kinetic equa-
tion in the main text is performed using the two-step
Adams-Bashforth method. We have carefully checked
convergence in the time step discretization.

The staggered magnetization is computed via

e 3+ £ 0m) (n (wm) + %) .

w.
m=1 m

m(S,n(w)) =5+ % -

(A10)

Specifically, the black curve in Fig. 1 that separates
the subthermal disordered phase from the subthermal
ordered phase is computed by solving the equation
m (S,n(w)) = 0 (with the noninteracting magnon dis-
tribution at given g inserted to compute m) for 1/S.

Appendix B: Strength of the condensate fraction

The strength of the condensate faction is determined
by the ratio of the number of magnons N to the system
energy . Projecting each individual point in Fig. 2b)
vertically onto the thermal distribution gives the number
of magnons Ny, that can be accommodated by the ther-
mal distribution. The excess of magnons determines the
strength of the delta function, Dy = N — N;y,. Therefore

n? (k) (14 (k1)) (1+n° (ks))] -

0.05
o £=120 .
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e
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FIG. 5. Condensate fraction Dy as a function of dimension-
less tuning parameter g for different linear system sizes as
indicated.

the steady state has the form
N(w) =Dy Na (w) +Mh,T5 (w),

where Ma (w) is a normalized function (integrating to
unity) and, as discussed above, turns into a d-function in
the thermodynamic limit. Since the number of magnons
only exceeds the number of magnons in a thermal distri-

(B1)



bution at g > 1, the weight of the J-function Dy vanishes
for g < 1. The decrease of the weight of the delta func-
tion Dy to 0 at ¢ = 1 is marking the phase transition
[Fig. 5].

Appendix C: Scaling of the magnon number in the
limit of weak driving

In the low driving phase g < 1 the scaling behavior
is substantially different from the results in the strong
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drive phase. As it is visible in Fig. 6 a) where the con-
tribution of the lowest frequency in the interacting phase
goes to zero as system size is increased, just as in the
thermal system. So at g < 1 there are no indications for
a condensate fraction at w = 0. Similarly, there is only a
minimal shift from the non-interacting results in the ra-
tio of the magnon density at the second lowest frequency
and the lowest frequency, N7 /Np. This is behavior in the
low drive ordered phase is substantially different from the
findings in the high drive, disordered phase.

@ our =0.002 @ Vour=0.02 Q@ VYour=02
0.06 T T 2 T :
a) ° b)
o
o 15¢ .

0.04}

OIDO 00O 00 0 0 O o o o

No/N
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N1/No

0.02r o
°o°° .o . 0.5r 1
é;p ‘.o' ¢
OO 0.006 0.012 O0 0.006 0.012
1/¢ 1/¢

FIG. 6. Finite-size scaling analysis analogous to Fig. 4 for the subthermal regime (g = 0.875). (a) Ratio of the magnon density
at the lowest frequency and the total number of magnons in the system, Ny /N, and (b) ratio of the magnon density at the second
lowest frequency and the lowest frequency, N7 /Ny. Different colors correspond to different values of vour = 0.002,0.02,0.2 as
indicated. Black points correspond to the non-interacting stationary state, gray points show thermal behavior (¢ = 1), and
red stars correspond to the stationary state to which the interacting, closed system evolves when initialized with the respective
non-interacting stationary state at given g.

Appendix D: Pseudocode

We numerically consider a quadratic lattice of momentum vectors as displayed in Fig 7 with linear dimension ¢
and ¢2 lattice sites. To make our compuation numerically feasible even for comparatively large ¢ we then reduce this
MBZ using symmetry relations to (¢2 + 2¢) /8 lattice sites (green). These reduced MBZ vectors (kpyz) are associated
with different weights due to their multiplicity as indicated. Please note that in the following pseudocode # denotes
the number of a quantity in an array while names like kpy without a # are the actual quantity. For example kpz
without a # is the actual vector in the reduced MBZ.

1) Building the full (yellow) and reduced (green) MBZ as displayed in Fig. 7

Save MBZ vectors sorted by length in MBZ [#kmpz] [k, ky]
Save vectors within the reduced MBZ sorted by length in PZ [#kpy] [k, ky]
for £ € PZ do
save the precise Energy associated with this vector as Q [#kpz]
save the weight associated with this vector as kweight [#kpyz]
end for
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The scattering conserves both momentum and energy. This is implemented numerically by mapping the MBZ in

momentum space on an energy grid as displayed in Fig. 8. To do so, we divide the interval {0, Qyax } into £ equidistant
energy bins and determine with which bin the vectors in the momentum grid are associated. The different colors of
the bins in Fig. 8 are simply to distinguish them from each other and have no further meaning. Since not all bins
will have energies not all bins need to be taken into account. Note that in the example of £ = 8 only 5 of the bis are
occupied (purple w). Each bin is then associated with the total weight of the MBZ vectors in it (red numbers).

@ weight =1
o weight = 2

/2

—7/2

r —7lr/2 0 /2 s

FIG. 7. Magnetic Brillouin zone (MBZ) for £ = 8. The full MBZ (yellow) can be reduced to (£% + 2¢) /8 lattice sites (green)
due to the symmetry of the lattice. The multiplicity weights of these reduced lattice vectors that are sufficient to simulate the
dynamics in the system is marked as indicated.

3

2) Map the reduced MBZ in k space onto an energy grid as illustrated in Fig. 8

Divide the interval {0, Qax } into £ equidistant energy bins
(see Fig. 8, blue and magenta boxes)
for k € PZ do
identify in which energy bin Q [#k] falls
end for
Discard empty energy bins
Save the center of the remaining energy bins as energybin [#w]
(see purple {w;,wo,ws,ws,ws} in Fig. 8)
Save the numbers of the reduced MBZ vectors in each bin as kpz@energybin [#w] [#kpz]
Compute the total kweight in each bin and save it as kweight@energybin [#w] [#kpz]

The next step is to find the quadruples in momentum space that satisfy momentum and energy conservation

simultaneously. Note that we use the centers of the energy bins and not the precise energies of the momentum vectors
to determine weather energy conservation is satisfied. The factor 4 in the cutoff is needed because each quadruple
consists of 4 momentum vectors. Furthermore, all entries of the 2 dimensional array ”integrals” are the same. Here
the cutoff has to be divided by ¢* because there are 4 free dimensions in the integration. The vertices are then
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symmetrized by computing

(vv)sym =0.125 [V1§2;3;4; + V3§4;1;2;} +0.125 [V1§2$4;3; + V3§4§2;1;} (Dl)
+0.125 [V2:1:3;4; + V4:33—1;2;] +0.125 [V221:4;3; + V4I3I221;]
and
(Vv>sym =025 [V1§4;3;2; + V3:25 1;4;] +0.25 [V2;3;4; 1} + V4$1g2;3j§} (D2)

This vertex symmetrization ensures energy- and particle number conservation by enforcing detailed balance and is a
necessary step in the energy-grid-representation.

3) Find Quadruples that satisfy momentum and energy conservation in momentum space

1: cutoff =4 % Quax /¢
2: for k, € PZ do
3: for k; € MBZ do

4: for k3 € MBZ do
5: ky=Fky+ ko — k3
6: Find bin energy w; associated with each of {k1, ko, k3, k4} — {w1,wa,ws, wa}
7: if wq + ws — w3 —wyg < 0.05 * cutoff then
8: Save quadruple as kquadruple [#k1] [#quadruple] [{k1, k2, k3, k4 }]
P)
9: Compute (VV),,, = (symmetrize I:VI(J:2(J§3; 4;])
- - 2
10: Compute (VV) = <symmetrize [V1+27374+D
sym a2pdads
11: Set vertices [#k1] [#quadruple] = VWsym + VWiym
12: Set integrals [#k1] [#£quadruple] = cutoff/(¢*)
13: end if
14: end for
15: end for
16: end for

Now we have found the quadruples in momentum space, but in order to compute the time evolution using the
energy grid in Fig. 8 we need to turn the quadruple list into an energy list with w;, we, ws and wy and then average
for each given wy over the multiple entries. This gives a consolidated list of energy quadruples and their weights.

k- ks
kq ko ks ks kokiyp

1 2 1 2 10

0 W1 Wo w3 Wy Ws  Qmax

FIG. 8. Mapping of momentum grid onto an energy grid for £ = 8. The Interval {0, Qmax} into £ equidistant energy bins (blue
and magenta) and for each momentum vector kpz the associated bin is determined. The red numbers give the total weight
of all vectors within the energy bin, so for example the energy bin ws has the momentum vectors {ks, ke, k7, ks, ko, k10} that
have a total weight of 10.



14

4) Convert Momentum Quadruples into Energy Quadruples

1: for w € energybins do

2 for k € kweight@energybin [#w] do

3 for ¢ € kquadruple [#k1] do

4 {k1, ko, k3, ks} = kquadruple[#k][#q]

5: Find energy bins associated with ki, ko, ks and kg — {w1,we, w3, ws}
6 Safe energyquadruples [#w] [#equadruple] [{w1, wa, w3, wy }]

7 enegryweight = integrals [#k] [#q| * vertices [#k] [#q] * kweight [#F]
8 Set energyweights [#w] [#fequadruple] = energyweight

9

: end for
10: end for
11: for equad € energyquadruples [#w] do
12: Check if the combination {wy, ws,ws,ws} has already been found
13: if No then
14: Save energyquadruples_consolidated [#w] [#equad_c] [{w1, wa, w3, w4 }]
15: energyweight_averaged = energyweights [#w] /kweightQenergybin [#w]
16: Save energyweights_consolidated [#w] [#equad_c] = energyweight_averaged
17: else if Yes then
18: energyweight_averaged = energyweights [#w] /kweight@energybin [#w]
19: Add energyweights_consolidated [#w] [#fequad_c] + = energyweight_averaged
20: end if
21: end for
22: end for

We then use the consolidated quadruples in energy space to compute the time evolution using the two-step
Adams—Bashforth linear multistep method.




5 Nonequilibrium phase transition

5.5 Linearized kinetic equation

The so far unpublished results in this chapter build on the results about the nonequilibrium
phase transition and the nonequilibrium condensed phase in publication II, focusing on the
dynamics of the system that lead up to the steady state. In order to analyze the slow modes of
the system in the limit of weak driving, we start from the full kinetic equation given by

2
n
Oinw = Yin(1 + nw) — Yout (nw + nT”) + S [{nw}] (5.102a)
Thi
(7] 2
Oy = Yin + (Yin — ’Yout) T — Yout (n) +S [{nw}] (5-102b)

with the full collision integral S encoding the rearrangement of magnon occupations due to
magnon-magnon interactions and nr,; being a thermal distribution without a chemical potential
at temperature Ty,; (noninteracting temperature), as defined in Eq. (5.80). These scattering
processes conserve both the number of magnons N and the energy £, which in the discretized

system are given by

N=3" p(wn)n(wn) (5.103a)
m=1

E= p(wm)n (wm)wm (5.103b)
m=1

where p (wn) is the discretized density of states. We linearize the scattering matrix S around a
thermal distribution ny, (T') at a given temperature 7' by initializing the system with a distri-
bution where just one frequency deviates from the thermal distribution by a shift v, i.e.

n (to) = nen (T) + v (w;) (5.104)

w;j that is altered

v

Scattering Integral S at w;

Figure 5.6: Schematic illustration of the linearized scattering matrix. Multiplying this
matrix by a vector that only deviates from zero at a frequency w; will extract the orange
column and therefore give the change within one timestep.
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5.5 Linearized kinetic equation

and then computing the scattering integrals for each frequency in the first timestep as the system
evolves without drive or dissipation. By determining these scattering integrals for a deviation
in all frequencies w; and deviding the resulting matrix elements by the shift v, we can build the
full linearized scattering matrix Sy, that satisfies the equation

ni (dt) = n; (to) +dt Y Sf7 on; (5.105)
J

where we have defined én to be a small deviation of the initial distribution n (tp) from the
thermal distribution ny, (7). The precise form of the linearized scattering matrix is displayed in
Fig. 5.6. Note that the linearized scattering matrix is non-symmetric, but has real, nonnegative
eigenvaules I' which are directly related to the relaxation times to equilibrium when the system is
initialized with a distribution that deviates slightly from the equilibrium distribution. We know
that by construction every thermal distribution is an eigenfunction of the full scattering matrix
S, and that S conserves both the energy £ and the number of magnons N. The numerically
extracted scattering matrices for different system sizes all show two zero modes. However, all
other modes have eigenvalues, and therefore relaxation rates, that remain nonzero even in the
infinite system size limit, meaning that there is not a continuum of relaxation rates going down
to zero. The spectrum of eigenvalues for four different system sizes and the finite-size scaling
analysis revealing that the smallest eigenvalue remains nonzero as £ — oo is displayed in Fig. 5.7.

It is due to the smallest eigenvalue remaining nonzero, that we can assume that for small ~,
and 7oyt the distribution has relaxed to a distribution that is close to, though not identical
to a thermal distribution, and that the remaining dynamics can be characterized by the slow
variables. In this case, the stationary states of the kinetic equation have two degrees of freedom,
the distribution is fully described by an energy £ and a number of magnons N. Differentiating
between the high drive and low drive phase, the distribution can also be fully characterized by a

0.03
0.5 ) b)
0.20} < oo °
= =0.02f o
1 -
L 0.15} °
S £
S :
g 0.10} oo 7
i A ° £=60 = 0.01F
.0 o
o o £=280 g
0.05/ gue ° £=100
. o £=120
(3
0.00m . . . . . 0 .
0.0 0.2 0.4 0.6 0.8 1.0 0 0.01 0.02
Position sorted by size of the eigenvalue 1/¢

Figure 5.7: Analysis of the numerically extracted spectrum of eigenvalues: a) Eigenvalues
I" of the linearized scattering operator Sy, for different system sizes ¢ sorted by magnitude,
b) Scaling analysis for the smallest nonzero eigenvalue, revealing that the eigenvalue stays
nonzero in the thermodynamic limit.
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5 Nonequilibrium phase transition

given temperature T and a chemical potential y for ¢ < 1 or a temperature T and a condensate
fraction N. for ¢ > 1. So the two dimensional space of states that is stationary under the
collision integral S is spanned by either of these two sets of values and the most general form of
the long time distribution is given by

1

w—p(t)
e TH —1

n(w; T, p) = Ne(£)6@ (w) + (5.106)

The two-dimensional delta-function 6 (w) is defined as the limit of some integrable function
whose area stays at one and which gets narrower and higher as the system size approaches the
thermodynamic limit. Furthermore, it needs to satisfy [5°dwp(w)d® (w) = 1. For w — 0 the
density of states goes like p(w) ~ pow, thus

w2
52 (w) = lim {eszz/(poa%} (5.107)
with
1 o0 w?

is a possible definition that matches all criteria. The steady state for g > 1, in which there is
no chemical potential and the condensate fraction is given by N (tana1) = Do, is discussed in
detail in publication II. Due to the diverging magnon occupation at w — 0, which can not be
directly treated numerically, the condensate fraction needs to be extracted via a careful finite-
size analysis. However, the distribution for ¢ < 1 remains finite for all frequencies, so we can
directly fit the interacting steady state with a negative chemical potential and a temperature T
to the numerical data. This fit is displayed in Fig. 5.8, where it is visible that the thermal fit
very accurately corresponds to the steady state distribution.

5.5.1 The nonequilibrium condensed steady state

Starting from Eq. (5.103) we remember that the collision integral S conserves both the number
of magnons and the energy and use Eq. (5.102b) to write

n(w) \?
ON =Y (Z P (w)) + (Yin = Yout) N = Yout Y p (w) ( ) (5.109a)

N (w)

2
Ot€ ="in (Z wp (w)> + (Yin — Yout) € — Yout Y, wp (w) <nZ (UZZ))) : (5.109Db)
w w ni

At Yin = Yous = 0 the distribution n (w) is thermal with a possible condensate fraction and
chemical potential (depending on the initial values of & and N'), because a thermal distribution
is a fix point of the scattering operator S. Therefore, we expect in the limit of weak driving,
meaning i, and oy being small compared to the smallest eigenvalue I', that the distribution
is given by thermal distribution with corrections 7o /I'. This justifies to consider Eq. (5.109)
at (g —1) > 0 and to replace the general distribution n (w) with a thermal distribution at
T =Ty + Ta, where T is small and g = 0, plus a condensate fraction which has no effect on
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5.5 Linearized kinetic equation

the system energy. In order to facilitate notation we define

M => pw) Eo=> wpw) (5.110a)
N =Y p(w)nr (w) Er =Y wp(w)nr (w) (5.110Db)

where nr (w) is a thermal distribution at temperature 7. Using these definitions to reformulate
Eq. (5.109b) in the stationary state, we obtain

2

exp {Tw} -1
0= ’YingO + (’Vin - 'Yout) gT — Yout pr (W) :}n . (5111)
w exp |:Tni+TAi| —1

We can now Taylor expand

f(Ta) = (eXp [w] - 1) - (5.112)

using the derivative

[ (Ta) = —2 (ex {“’} - 1) [ I [“’} (5.113)
A Pl T+ Ta (Thi + Ta)? P+ Tal’ '
so the leading order of f (Ta) is given by
24 exp [ = }
1 TQA Tni
Taylor [f (Ta)]lg, —o = -+ — 5Ta+0[1]] . (5.114)
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----- noninteracting, g = 0.75
— thermal, p = —0.0950, T = 0.6033 |
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Figure 5.8: Steady state analysis for the subthermal regime (¢ < 1) in the limit of small
Yin and Yout (here: 7out = 0.002). The dashed lines indicate the noninteracting results for
g = {0.5,0.75} and the dots show the interacting results. The solid green and orange lines
are fits for thermal distributions with a negative chemical potential u and a temperature 7.
The errors of both quantities are on the order of 0.0001.
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Linearizing in Tx we have

%]

0= 'Yingo + (’Yin - 'Yout)gT — Yout Zp (w) wl|l+ TA (5115&)

w exp { } -1

w2 exXp |7
0= ('Yin - 70ut) (50 + ET) — 2T AYout ZP (W) |:T:| #m} (5.115b)

w nil exp [73:1} -1
and solving for T yields
-1 T

Tp = l9 = V(& +&r) (5.116)

25 @[] (en [] -1)

Analogous to the energy analysis of the stationary state, we can analyze the stationary state
of the magnon number for small driving. However, while the condensate fraction does not
contribute to the system energy, it does contribute to the number of magnons in the system.
We consider the stationary state with A¢ (tgna1) = Do and write

W 2 1 2
0= ’YinNO — Yout Z P (W) <6Tni - 1) <DO5(2) (W) + ul> + ('Yin - ’Yout)(DO +NT)

er —

(5.117a)

(e - 1)22
)

2
W 2 ((’» ni — 1)
—%utz (D05 e )) <€T’“ - 1) +2p (w) Do (w) ~—z——— ¢ . (5.117b)

0= ’YinNO + (’Yin - ’Yout)(DO + NT — Yout Z

Here, we need to remember our definition of the two-dimensional delta-function as the limit of
a Gaussian function in Eq. (5.107). For small frequencies we know that

Taylor [<6Twni - 1)2] = (12)2 +0 l(ﬁ)j . (5.118)

w=0
Using
2
20752
@) . Poe -
(Dos®) o (5.119)
we can now write the blue term in Eq. (5.117b) as
w2 D2
dw pow’e” o7 = 0 (5.120)
r?lp(Z)0-4 / 2CZ—‘I?I o
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5.5 Linearized kinetic equation

where we have used Eq. (5.118) to express the integrand. The green term in Eq. (5.117b)
becomes

(2) T
/ powte3(5)" = ovar (T> . (5.121)

nl,OO 02

In this form it is visible that the green term vanishes as ¢ — 0. Keeping this in mind, we can
write Eq. (5.117b) as

W 2
Yout ( i — 1)
o:%M—2T2 %mzp —7—7+mr%mm+%y (5.122)
£0 <6T _ 1)

Linearizing in T' — Ty; in the same way as in the energy analysis we get

Yout 2 2 “é eXp|: Tw
0= ('Yin - 70ut)(DO + NT +NO) - 2 — Yout Z P —TA (5123)
200 T2, exp || —1
w
“Yout 2 TAYout 1
0= (Yin = Yout)(Po + N + No) = 523 Dj =275 Y p(w)w | 14+ ——F—F—
2p0 Ty Ty 45 exp [TL} -1
(5.124)
T
0 = (in — Yout) (Do + N + Np) — — 2% D2 —g=8Tout (g 4 gy (5.125)
2po Tni TW
where dropping the part linear in Dy and solving for Dg yields
Dy =2po Ty (9 — N7 + Np) — 2 (Eo+&7) TA] : (5.126)
Finally we can use Eq. (5.116) for TA to obtain
&+ Er)?
D} = 200 T2 (g — 1) | (N +Ao) - (o * &) (5.127)

P (W) w? (1 + exp[;:ﬂ} 1)

Equation (5.127) states, that the squared condensate fraction D3 in the stationary state of a
system with g > 1 and weak drive/dissipation is proportional to (¢ —1). Figure 5.9 shows
that scaling the y-axis with the square root of the linear system size and the x-axis with the
linear system size collapses the curves for three different system sizes onto one function. Similar
to the discussion of the finite-size scaling of the magnon numer N and the decay rate Ay in
publication II, the data-collapse of the condensate fraction implies that there is a function f (x),
such that

flg=190
N

Since we can assume that the condensate fraction is finite and nonzero in the thermodynamic
limit, the function f (x) needs to satisfy f (z) o \/x, which means that in the thermodynamic

Dy = (5.128)
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5 Nonequilibrium phase transition

limit the condensate fraction satisfies Dy o< y/g — 1, which is in agreement with Eq. (5.127).

0.6 :
o £=120
e (=100 g
0.5 o £=80 o d
° o
0.4+ 0°
§ &
2 0.3 g
& &
&P
0.2} &
o
0.1f O?C)C‘D
&
0.0y 20 40 60
(g—1)¢

Figure 5.9: Finite size scaling analysis of the condensate fraction Dy as a function of
the dimensionless tuning parameter g. It is visible that a scaling with Dyv/¢ and (g—1)¢
collapses the curves for three different linear system sizes ¢ onto one function, which is in
agreement with the analysis of the linearized kinetic equation.

5.5.2 Long time limit of the kinetic equation

Up to now, we have been concentrating on the behavior in the nonequilibrium steady state,
where it was advantageous to consider the discrete notation of the system energy as well as
the kinetic equation in terms of v, and ~ous. We now focus on the dynamics that lead to the
stationary state. Numerically, we find that at fixed o4t and g there is a short, initial decay
which depends on the observable, followed by an exponential decay which has the same decay
rate for all observables. This observation confirms our analysis of the spectrum of eigenvalues,
revealing that there is a smallest nonzero eigenvalue and therefore a smallest decay rate, which
dominates the decay at long times.

Figure 5.10 shows the dynamics of the magnon distribution function n (w) for two different
magnitudes of vout at a fixed tuning parameter g = 1.25 at seven different magnon mode energies
w. In the left panel, it is visible that for large values of 7, and Yout, i.e. a system with strong
drive and dissipation, the decay time is comparatively short, meaning the decay rate is large,
and that the initial decay makes up a large part of the overall decay towards the stationary
state. However, in the limit of small drive and dissipation, which is displayed in the right panel,
the initial decay is short and the majority of the decay is dominated by a universal decay rate A.
For the displayed system size of £ = 120, the difference between the magnitude of the smallest
eigenvalues of S (I" &~ 0.05) is one order of magnitude larger than the decay rates in the system
with drive and dissipation (A < 0.005).

One explanation for the two different decay regimes with the universal decay rate A in the long
time limit would be, that the system first evolves on a fast time scale mainly under S until
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5.5 Linearized kinetic equation

the two-dimensional space spanned by T and p is reached and then evolves on a much smaller
timescale within this space, where the decay rate is determined by drive and dissipation while
S can be neglected. However, if this was the case, the decay rate on the long time scale should
be independent of the system size £ since the noninteracting distribution is independent at each
frequency. However, the decay rate depends majorly on ¢ (see publication IT). So while it is
likely that S indeed determines the relaxation on short time scales and brings the distribution
close to the space spanned by T and p, the assumption that S can be neglected in the long time
behavior seems to be wrong. Drive and dissipation are likely to cause the system to leave the
subspace where S can be neglected, such that the long time decay rate is an interplay of the
decay rate determined by the eigenvalues I' and the decay rates determined by g.

In order to gain further insight on the dynamics of the system in leading up to the steady state
in the limit of weak driving, we write the kinetic equation in Eq. (5.102b) in units of v,.: to
obtain the dynamics in terms of the tuning parameter g, which yields

on(w; T, 1)
a ('Youtt)

n(w: 2
:g—i-(g—l)n(w;T,u)—( (T’LQT’“) >+ ! S[{nu}], (5.129)

Thi out

and consider the integral representation of the magnon number and the energy, which is given
by

N = /dwp(w) n(w; T, w) (5.130a)
4
Yout = 0.2, g = 1.25 ot Yout = 0.002, g= 1.25
O.
=
3 -5\
S ' w = 0.05
|
= —10
3
< w = 0.09
(@]
3 —— X =0.096 ——X=0002
= _15} —X=009% ——X=0.002
X =0.092 ~10 X =0.002
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—— X = 0.096 _ 1o/ —x=o0.002 w=0.34
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Figure 5.10: Decay of the magnon distribution function n (w) at different magnon mode
energies w as a function of time. Displayed is the natural logarithm of the difference between
the occupation at a time ¢ and the occupation at the final time ¢; in the stationary state.
The dashed, grey lines are linear fits to the long time decay, which are used to extract the
decay rate A, the system size is £ = 120. While the initial decay with individual decay rates
for each frequency makes up a major part of the decay at v, = 0.2, the initial decay is very
short for v,,+ = 0.002 and the decay rate of the long term relaxation is independent of the
frequency w.
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5 Nonequilibrium phase transition

E= /dw wp (w) n(w; T, p1) . (5.130b)

Using that both quantities are conserved under the scattering integral S but are time dependent
through drive and dissipation, the derivative of the magnon number N yields

ON . n(w; T, p)?
D (routt) /dwp(w) <9 + (g —Dn(w; T, pn) - <nng (5.131a)
n(w; T, p)?
—g|[wo@)] + (0= 1) | [awp@ T - [dope) "2 G1sm)
-T 2
— (9= 1) (N +No) + N — /dwp (w) W (5.131c)
’Tni
and the derivative of the system energy & yields
o8 n(w; T, p)?
o =0 DE &) & / A () (5.132)
where we have defined the constants
N = /dwp(w) (5.133a)
& = /dwwp (w) . (5.133b)

In order to derive the time dependence of the condensate fraction, we now need to consider the
low drive regime (g < 1) and the high drive regime (g > 1) in the limit of weak driving (i, < T
and Yoyt < I') separately. To do so, we use the same argumentation as before, namely that in
the long time limit the dynamics are such, that the distribution n (w) is close, but not identical
to a thermal distribution with an a priori unknown temperature and either a chemical potential
for g < 1, or a condensate fraction for g > 1.

In the subthermal phase the chemical potential is negative (1 < 0) and there is no condensate
(Ne = 0), meaning we can use Eq. (5.106) to define

2
exp L‘f} -1

I (T, ) = / dop) | — Enp (5.134a)
exp Tw] Y
Ie (T, 1) = / duip (@) | — Enp (5.134b)
and use I (Tpi, 0) = N and Ig (Tai, 0) = & to rewrite Eq. (5.131) and Eq. (5.132) as
o = (g~ 1) N+ A7 (T.10) = [ (T2 = I (T, ) (5.1352)
T = (4= 1) 60+ £ (1) ~ [ (T.p) — Ie (T 0] (5.135b)

Since N and £ are dependent on the time ¢ only via the chemical potential u and the temperature
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T, we can define

N plw)e T
AT, ) === = [d 5.136
frw=5 /wT@w_l)Q (5136a)
ON pw)(w—p)eT
AL (Top) = == = [ dw (5.136b)
N 8T / T2 (6% _ 1)2
o€ plwwe T
AT, ) = 2= = [ dw 2220 5.136
HTn) = 5 /wT<€wTu_1)2 (51360
o€ pw)w(w—p)eT
AL(T,p) = == [ d 5.136d
and rewrite Eq. (5.135) as
1
— (AN (T O+ AT (T AT) = (9= 1) (No + N (T )
— [In (T, 1) — Ly (T3, 0)] (5.137a)
1
— (AL (T ) D+ AF (1) OUT) = (9= 1) (&0 + € (T 1)
— [Le (T, p) — Ie (T, 0)] - (5.137Db)

Given that p is negative when g < 1, all derivatives in Eq. (5.136) except for Eq. (5.136a) are
finite when T' — Ty; and p — 0~. However, Aj‘v diverges as pu — 0~. Using p (w) ~ pow we can
write the integral as

w—p
Wmax Thi
AR (T, 1) ~ 'io/ do—2 " (5.138a)
Tni 0 e
et —1
wmax + 1]
1 e Tui —1
= Wmax (W — 1) + Thiln T — (5.138b)
1—e T eTni — 1

So for a chemical potential going to zero from the negative side (1 — 07), this integral diverges
like

_ ]_’1
AR (T, 1) 22%5 TyiIn [’:’] . (5.139)

The steady state distribution at g < 1 has a temperature that satisfies T' = Ty; — Ta, SO we can
linearize the right hand side of Eq. (5.137) by writing

Taylor [In (T, p) — In (This O)HH:O,T:TM = I\ (Toi0) 1+ I/?/ (Thio) (T — Thi) (5.140a)
= IN (Twio) t — I (Tnip) T (5.140b)
Taylor [Ig (T, p1) — e (Tuis Ol y—o r—m,, = I8 (Tnio) 1 — I¢ (Thio) Ta (5.140¢c)
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with
Ji TLI 2 Thi
I8 (Twi, 0) = Olv /dw _ 2o+ N (T2, 0)) (5.141a)
8/1’ p:O,T:Tm l’ll ( T — 1) Tni
20 p(w 2 (&0 + € (Thi, 0)
IT (Th,0) = =~ /d = ’ 5.141b
and
1, 2 Tnia
IE (T, 0) = ole /d plw _ 26+ & (T, 0)) (5.142a)
8M ,u=0,T=Tm Thi < Ty — 1) Thi
1, 2 1
IT (T, 0) = Olg = —Z/dwp (W) w? | — +1], (5.142b)
O |y=or=1y T et 1
where all terms are finite. Equation (5.137) can now be written as
1
- (A (Thi; 0) Bupp + ARy (T2, 0) AT) = (g — 1) [N + N (T2, 0)] (5.143a)
out
— I3 (Toio) 1+ Ix (Taio) Ta
1
(A (T, 0) A AE (T, 0)T) = (g = 1) (€0 +€ (T3, 0)) (5.143b)
out
— I8 (Thio) pp + I (Tnio) T
or, in matrix notation
1 A/l nis AT Tni Tni
(T2, 0) /Tv( L0)| (O (- 1) No + N (T, 0) (5.144)
Yout | Ag (Tni,0)  Ag (T, 0) | \O:T &+ & (T, 0)

_|_

—IN- (Twio) 13 (Twio) | [ 1
—I¢ (Twio) 1 (Taio) | \Ta

This is an intrinsically nonlinear equation because the matrix element A/‘Q (Thi, 0), here marked
in green, is diverging like A\, (T4i,0) ~ Tyiln [T/ |p]] and the coefficients of the matrices on
both sides depend upon T and pu, so the general time evolution is complicated. However, we
numerically find that the long time value of u is different from zero for g < 1, so to analyze
the equation it is useful to first consider the steady state in which the stationary values are
Ta (tanal) = TX and p (tana1) = p#* and the derivatives on the left side of Eq. (5.144) are zero.
The steady state equation is

No+ N (T, 0)\ _ T4 (Tuo) 1§ (Tuo)] (47
(9—-1) (50 + & (Twi, 0) ) o [—IZ‘/(TM,O) [QT/ (Tni,o)‘| (TZ> : (5.145)

and there is an implicit dependence on (g — 1) in both p* and T*. With this, we can write
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Eq. (5.144) in terms of the stationary values, yielding

(@u) _ [—IK/ (Toio) I (Tni,O)] (( M) B (M*>>
oI —Ig (Thi0) [g (Thiy) Ta Tx .
(5.146)

1 [ AR (T0.0) AR (T, 0)
Yout Ag (Tniy 0) A?‘; (Tniv 0)

This equation has no direct dependence on (g — 1), meaning the relaxation for g < 1 is not
explicitly dependent on the distance from criticality. Yet, there is the implicit dependence on
(g — 1) through the values of p* and Ty, and we now consider the very long time limit in which
the chemical potential y is close to ©* and the temperature T is close to T'x. Given that Ag\}, Af
and Ag are smooth functions we can simply set ;1 = 0 when evaluating these three integrals, but
we need to explicitly denote the dependence on the chemical potential in the diverging function
Aj(/, which is marked green in Eq. (5.146). This diverging factor multiplies the time derivative
of the chemical potential, which will make the relaxation of p (t) slow, and we can solve for the
temperature T assuming p — p* is varying very slowly in time, meaning that 7' (¢) will depend
on the deviation of the chemical potential from its final value. Under the assumption that p—p*
is constant in time, we get
It
T (t) X €xp [_VOut t A%ﬂ‘| + I% (:u - :U’*) + (Tni - TZ) . (5'147)
& &
Given the rapid relaxation of T'(¢) (rapid meaning on the scale of 74,) we can now study the

time dependence of y (t) and find that due to the divergence of A, the differential equation
goes like

1

Yout

log [ri“] o< (p— p*) (5.148)

which means that there is a logarithmic divergence of the time constant as the coupling ap-
proaches the critical value from the subthermal side. Due to the implicit dependence of the
stationary state value of the chemical potential on distance from criticality p* ~ (1 — g) from
Eq. (5.145), these analytics predict the relaxation time to diverge like log [1/ (1 — ¢)], meaning
a weak divergence which is difficult to extract from finite-size data.

At g > 1 the chemical potential is zero and there is a time dependent condensate fraction N.(t).
In this case, Eq. (5.131c) becomes

1

,y AE (T, 0) 0T = g0 + (9 — 1) E (T, 0) — I¢ (T,0) (5.1492)
out

— (g — 1) (€0 + & (1,0)) — [L¢ (T,0) — I (T3, 0)] - (5.149D)
Linearizing around 1" = T}; + TA yields

Taylor [Ig (T,0) — I (Tui, 0)]lp—g,, = I¢ (Tuio) (T — Tui) (5.150a)
I (Thio) Ta (5.150b)

here with the opposite sign of the previous analysis because the steady state temperature is
larger than the noninteracting temperature Ty; for g > 1. This allows to write a linearized form
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of Eq. (5.149b), namely

L (AR @u0)) g gy (B E@O))
“Yout < Ig (Tnl,O) ) 0T = (g 1) < Ig (Tni,O) ) A, (5.151)

which means that the relaxation rate towards the steady state remains nonzero as ¢ — 1. In
order to compute 9;N, we need to consider the condensate fraction and write

N:/\/C+/dw (@)n (w:T) . (5.152)

Following the same steps as in section 5.5.1 up to Eq. 5.125, but this time keeping the derivative
of N on the left side, we obtain

ON 1
m:(g—l)(/\/c+/\/+/\/o)— T2 2 (E0+E) - 200 T2

N2, (5.153)

where the time dependence is in the temperature T and the condensate fraction A, which means
the left side yields

1 (N 8/\/ 9
oT -1 — 2 . 154
(SR ONe + GEOT) = (0= DN+ N No) =253 (E0+6) = N (3154)
On timescales such that TA has relaxed to its final value, this simplifies to
1 1 2
o ONe = (g —1)(Ne + N+ Np) — 2Tn1 (Eo+E&)— 300 T2 (N7 . (5.155)

From Eq. (5.116) we know that T is proportional to g — 1, and the steady state analysis
in section 5.5.1 revealed that Nc2 ~ (g —1), so to leading order in g — 1 we can drop N in
Eq. (5.155), yielding an equation of the form

LN, = (9= 101 — G (V)2 (5.156)

Yout
meaning the relaxation time diverges as 1/g — 1.

So in both the subthermal phase at ¢ < 1 and the high drive phase at g > 1, the slow time
dependence is driven by the slow time dependence of the chemical potential y () and respectively
the condensate fraction N (t), while the temperature T'(¢) relaxes on a faster timescale. Due to
the comparatively strong divergence (~ /g — 1 ) in the high drive phase, the divergence of the
relaxation time is in agreement with the numerical data and can be shown through an appropriate
finite-size scaling analysis, as it is presented in publication II. However, the divergence is weak
in the subthermal phase (~ log[1/(1 — g)]), and while we perceive a small dependence of the
relaxation rate on the distance from criticality in publication II, it is difficult to extract the
logarithmic divergence from our finite-size data. Hence the analysis presented in this chapter
is consistent with the numeric computations, but the exponent of the critical slowing down can
only be verified numerically for the condensed phase at g > 1.
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6 Light-cone spreading of correlations

Over the last two decades, there has been a variety of time-resolved spectroscopy experiments
which measure the transient physical response of strongly correlated systems [7]. One power-
ful experimental technique is time- and angle-resolved photoemission spectroscopy (trARPES),
which measures the single-particle spectral properties of quantum systems [3, 104-107]. Most
other groups of spectroscopy experiments directly or indirectly measure two-point correlation
functions, prominent examples being time resolved X-ray diffraction measuring equal time
density-density correlations of the electron cloud as well as the nuclear lattice [108-112], time-
resolved resonant inelastic X-ray scattering (tr-RIXS) gaining information about short-range
spin correlations as well as valence density-density and charge-density correlations [113, 114]
and a vast variety of optical methods (infrared spectroscopy, time-resolved Raman spectroscopy
etc.) measuring, amongst others, current correlation functions [115, 116]. In publication I,
we investigate the spread of density-density correlations in a one-dimensional correlated chain
of spinless fermions under the influence of an electromagnetic field by using t-DMRG calcula-
tions [47]. In this chapter, we provide an introduction to the theory behind publication I by
elucidating the duality between the Hamiltonian of the half-filled chain of spinless fermions and
the XXZ-spin chain, as well as explaining the concept of dynamical localization.

6.1 The dual charge/spin Hamiltonian and dynamical localization

The Hamiltonian of the chain at half filling and with nearest neighbor Coulomb interactions is
given by

w5 [0 (e ) <0 (- ) (D)) -

The fermionic creation operator c; creates a fermion at lattice site j and the annihilation operator

c;j destroys an electron at lattice site j. The particle number conserving local number operator
is given by n; = c;-cj. Here, the nearest neighbor Coulomb interaction U > 0 is constant
in time, while the hoppinig amplitude J (¢) is time dependent once the chain is driven by an
electromagnetic field. This charge Hamiltonian can be mapped onto a fermionic Hamiltonian
by the Jordan-Wigner transformation [117], namely

c} = Sfe‘iq)j (6.2a)
cj = j_eicpﬂ (6.2b)
+ 1
cjcj =S5 + 3 (6.2c)
where the phase ® is given by
D=7y S5 (6.3)
I<j
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In order to write the charge Hamiltonian in terms of the spin-operators, we compute

c}cjﬂ :SJ'-F ]7+1ei7r"j (6.4a)
=SFSo [ 14m )] (im) ) (6.4Db)
m=1 m
= S5, (1 —2ny) 6.4c
chyiey = (1—2n5) 87,8 (6.4d)

such that the Hamiltonian in Eq. (6.1) becomes

J(t) . o
Hxxz (t) = Z [—2 (S;_Sj—i—l +57115; ) +U S5
J

(6.5)
Here we have made use of the fact that we can write
o (MY g (DY oy (Y Z (0 _ e (1D
5 2”(!@) % ((w) 2<0>> (m) & (m)
oy (Y — (VY (V) o= (1D
sy () = (8= () =5 (1), o

[
which implies that Sj (1-2n;) = Sj and (1 —2n;)S; = S;. It is useful to keep in mind

that the formulation in terms of the spin operators and the charge picture are equivalent, since

—~

6.6a)

some observations are more intuitive considering one of them. The interaction U between two
neighboring occupied lattice sites in the charge picture corresponds to the Ising-type coupling
between two spins, and the hopping J between two lattice sites is equivalent to a spin-flip.
The Hamiltonian in Eq. (6.1) is schematically displayed in Fig. 6.1. Note that the Hubbard
interaction is defined relative to half filling, so two neighboring filled (empty) sites, as displayed
by the two neighboring red dots, mean an energy penalty of U/2.

dynamical localization

reduced
bandwidth

reduced hopping Jog

Figure 6.1: Schematic illustration of the influence of a periodic driving field on a half-
filled chain of spinless fermions with hopping amplitude J (¢) and nearest neighbor Coulomb
interaction U. The drive (top panel) adds a time dependence to the hopping J, which drives
the the electron along the band (displayed in the bottom panel) such that the hopping is
effectively reduced.
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6.1 The dual charge/spin Hamiltonian and dynamical localization

Two ways to add energy to the system are a quench or, as displayed in the upper panel of
Fig. 6.1, a spatially uniform, time-periodic electric field. The field adds a time dependence to
the hopping J which can be taken into account via the Peierls substitution [118], yielding

J(t) = Joet® (6.7a)
E(t)=—0,A(t) , (6.7b)

where E (t) is the electric driving field and A (¢) is the corresponding vector potential. Since we
consider the drive to be uniform, we can assume both to be scalar functions. For simplicity, we
now consider an infinite sinusoidal driving protocol with E (¢) = Eysin (2t) where Ej is the field
strength and € is the driving frequency. In the high frequency limit also known as Magnus limit,
in which ©Q > J U, meaning the driving frequency is larger than the intrinsic time and energy
scales in the system [3], the steady state can be defined in a parametrically long intermediate
time regime and the long time behavior can be characterized using a renormalized Hamiltonean,
i.e. a Hamiltonian that is averaged over a period of the drive (27/€). In this case, the time
dependent hopping J (t) gets replaced with an effective hopping Jeg given by

E
Jeft = Jo Jo <0> : (6.8)

Q

where 7, is the Bessel function of first kind. Note that the argument of the Bessel function is
smaller or equal to one, meaning the hopping is smaller than in equilibrium. This is schemati-
cally displayed in the bottom panel of Fig. 6.1, which displays the single particle band energy.
In equilibrium, when both the hopping and the interaction are constant in time, the electron is
at the bottom of the band. Once a periodic drive adds energy to the system and the hopping
becomes time dependent, the electron is driven along the band and sees a band with reduced
bandwidth. This effectively leads to a reduced hopping, which is known as dynamical localiza-
tion. While we study a more complex drive, namely a drive that is ramped up over a certain
time interval and a drive which is modulated with a Gaussian, in publication I, the general
concept of dynamical localization in the Magnus limit is still applicable.

In equilibrium, the system displays a well defined phase transition at U/J = 1. If U/J is
smaller then one, meaning the interaction is small compared to the hopping, the system is a
Luttinger liquid, which is a gapless metal and does not display long range order. In this phase,
the comparatively large hopping causes the charge density to be almost evenly distributed. In
contrast, in the charge-density wave phase at U/J > 1, the interaction dominates, so the system
does display long range correlations and the charge alternates between the lattice sites. In this
case, the system is insulating and could be described as an antiferromagnet in the spin picture.

The metric or characterization tool of the phase transition is the density-density correlation

Chom (68) = ((mo (0= 3) (me® = 3 ) ). (6.9)

whose equivalent in the spin picture is given by

function

Cxxz (£:1) = (S5 () S7 (1)) - (6.10)

The correlation function states to what extent a spin at a certain lattice site £ is correlated with
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6 Light-cone spreading of correlations

the spin at a certain distance. Considering two spins that are far away from each other, the
correlation function is zero in the Luttinger liquid, while there is a finite offset in the charge-
density wave phase, since only the charge-density wave phase displays long range order. The
equilibrium correlation function for two spins which are separated by 49 sites is displayed in
Fig. 6.2 (orange), where it is visible that C (o) is nonzero only in the charge-density wave phase
at U/J > 1, where there are staggered long-range density-density correlations.

In contrast to the correlation function, the fluctuations which are computed by subtracting the
classical part (S§ (t)) (S7 (t)) off the correlation function, and therefore are given by

Fxxz (6,t) = (S5 (8) 5¢ (1)) — (S5 (£)) (57 (1)) (6.11)

are largest around the phase transition, as it is visible in Fig. 6.2 (purple). While we focus
on the spread of density-density correlations through the quantum chain upon laser driving in
publication I, the fluctuations become important in manuscript II1 when extracting information
about the entanglement in the driven system.

In an exact calculation for two infinitely distant spins, we would expect the fluctuations to diverge
at the phase transition and the correlations to be exactly zero in the Luttinger liquid [119].
However, the DMRG-data in Fig 6.2 shows a peak which is not diverging and is slightly shifted
towards U/J > 1 as well as a correlation function that has small deviations from zero in the
Luttinger liquid phase. Despite our use of the t-DMRG method in the infinite system size
limit [47], we can only evaluate fluctuations and correlations between two spins which are a
finite distance apart from each other, which causes the fluctuations to be finite and the slight
offset in the correlations at U/J < 1.

r0.004 1
=
(@)
(—P
=
Q)
g
| o . E
Luttinger liquid charge-density wave [gog2 @
OO0 O0OO0Oo @ Oe@0O e /1
S

. i . . - 0

0 0.5 1 1.5 2.0 2.5

u/J

Figure 6.2: Equilibrium correlations and fluctuations of two lattice sites which are 49 sites
apart in a half-filled chain of spinles fermions. The density-density correlation function C(t)
(orange, left y-axis) is zero in the Luttinger liquid, because the charge-density is evenly dis-
tributed (as indicated by the light blue points) and nonzero in the charge-density wave phase
at U/J > 1, where there are long range correlations and the charge alternates (visualized
through alternating blue points). The fluctuations (purple, right y-axis) peak at the phase
transition at U/J =1
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Floquet-engineered light-cone spreading of correlations in a driven quantum chain
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We investigate the light-cone-like spread of electronic correlations in a laser-driven quantum chain. Using the
time-dependent density matrix renormalization group, we show that high-frequency driving leads to a Floquet-
engineered spread velocity that determines the enhancement of density-density correlations when the ratio of
potential and kinetic energies is effectively increased both by either a continuous or a pulsed drive. For large times
we numerically show the existence of a Floquet steady state at not too long distances on the lattice with minimal
heating. Intriguingly, we find a discontinuity of dynamically scaled correlations at the edge of the light cone,
akin to the discontinuity known to exist for quantum quenches in Luttinger liquids. Our work demonstrates the
potential of pump-probe experiments for investigating light-induced correlations in low-dimensional materials
and puts quantitative speed limits on the manipulation of long-ranged correlations through Floquet engineering.

DOI: 10.1103/PhysRevB.100.165125

I. INTRODUCTION

The control of materials properties with light is a growing
research field [1]. Theoretical proposals for using light to
change properties of interacting-electron systems range from
spin systems [2-5] via one-dimensional Luttinger liquids and
charge-density waves [6,7] and nonequilibrium superconduc-
tors [8-21] to correlated insulators [22-27]. However, in
practice one often has to deal with heating effects that can
blur Floquet-engineered properties [28,29].

A sweet spot in laser-driven correlated systems was iden-
tified in Ref. [6], where it was shown that high-frequency
driving avoids runaway heating and tunes the system across
a phase transition. Similarly, resonant laser excitation with
phonons [30] has been demonstrated experimentally to lead to
light-induced phases with enhanced interactions and induced
order parameters [31-33]. However, in ultrafast materials
science it is difficult to assess the actual correlation lengths
involved in the buildup of correlations in real time. This is
drastically different, for instance, in cold atoms in optical
lattices, where light-cone-like spreading of correlations was
demonstrated [34].

Here we show how light-cone spreading of correlations can
also be triggered by high-frequency laser driving. By inves-
tigating a laser-driven one-dimensional quantum chain with
real-time density matrix renormalization group (t-DMRG)
calculations, we demonstrate how the spread of correlations
is dictated by an instantaneous effective mode velocity that
can be understood in terms of Floquet-renormalized effective
Hamiltonian parameters. Moreover, we investigate the buildup
of a Floquet steady-state for continuous laser driving and com-
pare against thermal states. Finally, we find that a sufficiently
fast switch-on of the drive leads to a kink at the edge of the
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light cone, reminiscent of a dynamical phase transition after
a quantum quench. Our combined results demonstrate the
rich opportunities to tune correlations in periodically driven
systems, provided that adequate off-resonant driving regimes
can be identified.

II. MODEL AND METHOD

To analyze the influence of an electromagnetic driving field
on a one-dimensional correlated chain of spinless fermions,
we consider the Hamiltonian

H() =Z |:—J(2t)cj.cj+1 + H.c.
J

1 1
+U<n,—2)<n,-+1—2)]. ()

Here U > 0 is the nearest-neighbor Coulomb interaction and
J(¢) the hopping amplitude, which becomes time-dependent

in the driven case (see below). The operator CE_T) annihilates

(creates) a fermion on lattice site j, and n; = cjc‘,- is the
local number operator. Throughout this paper we assume
an infinite chain at half filling. The influence of a spatially
uniform, time-dependent electric field is taken into account
by performing the Peierls substitution [35], yielding the time-
dependent hopping J(t) = Jyexp[iA(t)], where A(¢) is the
vector potential corresponding to an electric field E(¢) =
—0;A(t). In the following we use Jy = 1 as our unit of energy.

To set the stage for the nonequilibrium dynamics, we first
characterize the well-known equilibrium phase diagram. The
system has a quantum phase transition at U/J = 1. To char-
acterize this phase transition, we compute the density-density
correlation function

C(, 1) = ((no(t) — 3)(ne() — 3)). )

This correlation function is shown for the ground state (t = 0)
in Fig. 1 for the tenth (red) and the 50th (blue) lattice site

©2019 American Physical Society
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FIG. 1. Equilibrium quantum phase transition showing the tran-
sition from a Luttinger liquid (LL) to a charge-density wave (CDW)
at U/J = 1 with nonzero long-ranged correlations.

as a function of U/J. When U/J < 1 the system is a gapless
Luttinger liquid (LL), which does not display long-range
charge density wave order. For U/J > 1 a gapped charge
density wave (CDW) phase emerges with staggered long-
range density-density correlations.

We now turn to the nonequilibrium dynamics. In the
following we consider two different harmonic drives with
frequency €2 in the high-frequency (Magnus) limit 2 > J, U.
The first is a drive that is ramped on over a time interval t,
with vector potential

Ey . t—51
Ap) =5 sm(szz)[o.s + 0.5tanh< - )} G

This continuous-wave drive (CW-Drive) has previously been
studied with the same DMRG method that we use in this
paper [6]. Hence, it is known that in the Magnus regime
the growth of entanglement limiting the DMRG calculations
remains manageable due to the absence of runaway heating,
and the long-time limit is accessible.

For high driving frequencies, it is known that a steady
state can be defined in a parametrically long intermediate
time regime [4,6,36]. Therefore, long-time physics can be de-
scribed by a renormalized Hamiltonian, i.e., by a Hamiltonian
that is averaged over a period of the drive. Averaging the
time-dependent hopping J(¢) over the 277 /2 period yields the
effective hopping

Jur = oo [ 2 4
eff—O‘.70§s 4)

where 7, is the Bessel function of the first kind [37]. Because
the absolute value of the Bessel function is smaller than unity
for any nonzero argument, the effective hopping is generically
reduced compared to the equilibrium hopping. This implies
that U/J is increased by the drive. Therefore the laser drive
moves the system to the right in the phase diagram shown
in Fig. 1, provided that the renormalization of U/J is the
dominant effect of the laser. Below we will show that this is
indeed the case provided that the parameters of the problem
are carefully chosen.

Floquet theory [38] allows for an effective analytical study
of periodically driven systems, but is restricted to time-
periodic systems in analogy to Bloch theory for spatially pe-
riodic systems. Therefore most theoretical studies of Floquet-
driven systems [4,39-56] assume the limit in which the drive
was turned on in the infinitely distant past, which is impossible

to realize within an experiment. Nevertheless it has been
shown that Floquet theory still captures the essential spectral
features for a system driven by laser pulses of finite duration
[57,58] if the system is probed on timescales sufficiently
longer than the period of the driving field [59], and if the
pulse envelope is even longer than the probe duration. We
therefore also consider a periodic drive that is modulated with
a Gaussian envelope, given by

o)

PRV
Ag(t) = % sin(Qt)exp[—UtO)] ,

202

and compare our results to the system where the driving field
is switched on and is kept switched on for long times.

The spread of correlations within a quantum many-body
system is restricted by a maximal velocity, known as the
Lieb-Robinson bound [60]. This bound is similar to the speed
of light for the propagation of information in a relativistic
quantum field theory. The corresponding light-cone effect
has been demonstrated experimentally by quenching a one-
dimensional quantum gas in an optical lattice [34]. The spread
of correlations can be visualized as modes departing from two
lattice sites and the information being propagated when the
modes interfere in the middle [61]. Therefore the velocity with
which correlations spread through the lattice after it is excited
by a quench is given by twice the maximal mode velocity [62].
In the case of a LL, this means the expected velocity is given
by

Jr sin[arccos(—U/J)]
2ULL = — .
h m —arccos(=U/J)

(6)

To compare this velocity to our numerical data, where the
system is not excited by a sudden quench, but rather an
oscillatory laser drive that is turned on smoothly, we define a
time-dependent effective hopping Jes(¢), which is calculated
via the envelope functions of the drives. For the ramped case
and the Gaussian pulse, this effective time-dependent hopping
is given by

JP(1) = Jojo{%[oj + 0.5tanh<t — 5T>] } (7a)

T

PRy
Ko=na[Bos(-S0Y] o

202

respectively. Replacing J in Eq. (6) with Je(¢) yields the

spread velocity

Jes (1) sin {arccos [-U/Jesr (1)1}
/] 7 — arccos [—U /e (1)]

2uL(t) =

(®)
Note that this implies that Je¢(¢) decreases as the amplitude
of the drive increases, and the velocity, which is dominated
not by U/J but by J, decreases because J.g is smaller than 1.
This is illustrated in Fig. 2, which displays the vector potential
Ag(t), the corresponding renormalized hopping Jes(7), and
the spread velocity 2vry () as a function of time. Below we
will investigate to which extent the spread of correlations

is indeed captured by the effective spread velocity given in
Eq. (8) by comparing against the numerical data.
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FIG. 2. Vector potential Ag(f) as a function of time with driv-
ing frequency 2/Jy = 15, maximal amplitude Ey/Q2 = 1.421, width
oJo/h =10, and tyJy/h = 36.77 (purple, left y axis). The Gaussian
envelope is displayed in blue, and the resulting Floquet-engineered
hopping Jes/Jo is displayed in green. The right y axis refers to
the time-dependent spread velocity 2vy (¢)/i/Jy (twice the Luttinger
velocity), which is displayed in red.

III. RESULTS

In this paper we consider three different interactions in the
LL phase U/Jy = {0.429, 0.500, 0.643} and three different
maximal amplitudes Ey/2 = {0.835, 1.111, 1.421}, which
we found to be representative. This yields values of U/Je
between 0.52 (LL) and 1.16 (CDW) at the maximal driving
amplitude. The corresponding driving field profiles are shown
in the upper panels of Figs. 3 and 4, respectively. Note that
the values for the interaction and the driving amplitudes are
chosen such that even though nine different combinations of

U/Jy and E;/S2 are given, there are only six corresponding
values of U/Jes. Thus the pairs Figs. 3(g) and 3(e), 3(f) and
3(j), as well as 3(i) and 3(k), and analogously for the corre-
sponding pairs of panels in Fig. 4, have the same U /J.f. The
driving frequency is chosen to be 2 = 15Jy, the ramp time of
the ramped drive is 7Jy/h = 5 unless denoted otherwise, and
the parameters of the Gaussian pulse are given by Jy /i = 10
and tpJo/h = 36.77. The lower panels in Figs. 3 and 4 display
the heat maps of the light-induced changes of correlations
at even distances ¢ (odd distances have opposite sign) as a
function of time ¢. Here we subtract off the initial correlations,
and C(¢,t) — C(¢£, 0) is displayed on a logarithmic scale.

The green lines show the expected spread of correlations,
with twice the largest possible mode velocity in the LL, as
defined in Eq. (4), integrated from ty,.Jo/i = 22.2 for the
CW-Dirive and fy,Jo/h = 23.0 to ¢ for the pulse

t
Zeff(l‘, tstart) = / ZULL(t/) dt/. (9)
Tstart

The starting time fy, iS chosen to best match the onset of
enhanced correlations in the numerical data. Note that we
tried to automatize the extraction of the wave front position as
well as of ty ¢ from the numerical data. However, we found
that this requires the introduction of a somewhat arbitrary
threshold value for the signal, which is why we prefer to
not use an automatic extraction method to analyze the re-
sults. Nevertheless we find that, especially for small distances
on the lattice, the wave front of the correlations computed
with t-DMRG matches the green curves quite well. This

Eo/=0.835 Eo/Q =1.111 Eo/Q =1.421
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FIG. 3. Spread of correlations in the continuously driven chain. (a)—(c) Vector potential Ap(¢) of the ramped drives as a function of time
with driving frequency €2/Jy = 15 and ramp time tJy /i = 5. (d)—(1) Heatmaps of correlation changes C(¢,t) — C(¢, 0) as a function of time
t for even distances ¢ and three different values of U and E/2, as indicated. J. (o) is the maximal amplitude of Ap (7).
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FIG. 4. Spread of correlations in the pulse-driven chain. (a)—(c) Vector potential Ag(?) of the Gaussian drives as a function of time with
driving frequency 2/Jy = 15, width oJy /i = 10, and #oJy/h = 36.77. (d)—(1) Heatmaps of correlation changes C(¢, t) — C(£, 0) as a function
of time 7 at even distances ¢ for three different values of U and E, /<2, as indicated.

hints towards the validity of the concept of a time-dependent
Floquet-engineered spread velocity. Moreover, the magnitude
of the correlations increases as U /Jeg increases.

At the maximal drive envelope amplitude ( — o0), only
the cases in Figs. 3(d) to 3(k) correspond entirely to
the LL phase with (U/Je(t0) = {0.52, 0.6, 0.7, 0.77, 0.9}).
The green curves match the data to a large extent in all
of the shown cases. However, there are tails of correlations
that exceed the 2vy 1, limit, which have a suppressed magnitude
compared to the major wave front that spreads with 2vy to a
good approximation.

To compare more closely against time-resolved exper-
iments, which typically employ a pump-probe setup with
a pulsed driving envelope, we consider a sinusoidal field
that is modulated with a Gaussian envelope. The correlation
changes for such a Gaussian drive are displayed in Fig. 4.
Here the time-dependent effective velocity also matches the
major wave front. For the pulse we can also also observe the
relaxation dynamics after the pulse. While C(¢, t) — C(¢, 0) is
always nonnegative for the ramped drive, it does take slightly
negative values when the field is switched off after the peak
of the Gaussian pulse (see slightly blue areas in Fig. 4). This
effect can be understood as a consequence of heating (see
discussion below and Appendix), with reduced correlations at
effective nonzero temperatures compared to zero temperature.
Moreover, we find that enhanced correlations last longer at
larger distances, as can be seen from the red areas bending
over to the right in Fig. 4. This implies slower relaxation
dynamics at longer distances, which is in accordance with

the same light-cone effect that causes slower enhancement of
correlations at longer distances when the drive is first switched
on.

According to Floquet theory, a periodic drive with a driv-
ing frequency in the high-frequency Magnus regime should
induce a Floquet steady state at sufficiently long times. In
Fig. 5 the correlations for three different distances on the
lattice are displayed as a function of time. The panels on the
left Figs. 5(a), 5(c), and 5(e)] display the correlations for a
pulsed system, and the panels on the right (Figs. 5(b), 5(d),
and 5(f)] display the correlations for the ramped drive. Note
that the scale of the y axis is different for all three distances
(three rows) since the correlations are roughly ten times larger
at £ = 6 than at £ = 26.

For the ramped case, the correlations are stabilized to a
steady state at short [Fig. 5(b)] and intermediate [Fig. 5(d)]
distances, but as expected we find longer thermalization times
for larger distances in the lattice [Fig. 5(f)]. For the pulsed
case, we find that the correlations at short [Fig. 5(a)] and
intermediate [Fig. 5(d)] distances basically follow the driving
pulse profile and return to the initial value almost perfectly
shortly after the pulse, whereas for the longest distance shown
here [Fig. 5(e)] the correlations are slightly suppressed below
the initial value before thermalizing at longer times.

The dashed grey lines in the panels on the right indicate
the correlations at thermal equilibrium for the U/Je (Whose
value is indicated by the arrows on the right) corresponding to
the curves. The magnitude of these equilibrium correlations
does not depend on U/Jy and E/$2 separately, but is solely
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FIG. 5. Temporal evolution of correlations at short, intermediate,
and long distances. Correlations C (¢, t) for a continuously driven
system (left panels) and a pulsed system (right panels) with Q/Jy =
15 and € = 6 (top), £ = 16 (middle), and ¢ = 26 (bottom). Note the
different scale on the y axis for each €. Driving: tJy/h = 5. Pulse:
oJo/h =10, t0Jo/h = 36.77. The grey lines indicate the correlations
at thermal equilibrium (zero temperature) for the values of U /J.¢ that
are indicated with the arrows on the right.

determined by the value of U/Je(t — 00). Note that due
to the fact that three combinations of interaction strengths
U/Jp and maximal driving amplitudes Ey/2 yield the same
U /Jei (t — 00), there are only five different equilibrium cor-
relations and corresponding steady-state values for the eight
different cases shown. Indeed, we show in the Appendix that
heating is negligible by computing the time-dependent energy
absorption. The system evolves essentially adiabatically de-
spite the fact that the LL phase is gapless and adiabaticity is
not well defined in this case [63-65].

C(¢,t)/C(¢,0)

(=2
0 1 20
Zeﬁ" (ta tstart) /ﬁ geff (tv tstart) /6

FIG. 6. Renormalized correlations as a function of dimensionless
distance at increasing distances ¢ in the lattice for ramp times
(a) tJo/h =5 [same parameters as Fig. 3(i)], and (BO tJy/h = 3.
Here U/Jy = 0.5 and U /J.(t — oo) = 0.9. Different curves corre-
spond to increasing even lattice distances as indicated.
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We finally turn to the question of dynamical critical be-
havior when the system is driven between states with differ-
ent correlation power laws. Within the LL phase, a scaling
analysis shows that the correlations after a quench follow
a different power law inside compared to outside the light
cone, which necessarily leads to a kink in the renormalized
correlation function at the edge of the light cone. This can
be shown analytically for quenched systems, for example,
in the interacting Tomonaga-Luttinger model [66,67]. In the
following we identify an analogous kink at the edge of the
light cone in our numerical data for driven systems.

To this end we show in Fig. 6 the correlation function
C,t)/C,t =0), for two different switch-on times of the
ramped drive, as a function of the effective dimensionless
spreading distance, given by Ce(Z, tsar)/€. The initial and
final values of U/J are within the LL phase in both cases.
For large distances, where a power-law decay of correlations
is expected, the kink should be located at e (, tsart) /€ = 1,
i.e., at the edge of the light cone, which is indicated by the
dashed line in Fig. 6.

Indeed no clear peak can be identified at short distances in
both cases, but a peak emerges and moves towards the edge of
the cone at intermediate distances. At large distances the peak
is well defined and approaches a kink-like discontinuity. As
expected, the peak develops more clearly when the ramp time
is shorter [Fig. 6(b)] compared to the slower ramp [Fig. 6(a)].
Interestingly this result proves that dynamical quantum crit-
icality with nonanalytic behavior can indeed not only be
observed for quantum quenches but also for Floquet-driven
systems, paving the way for the potential observation of such
critical behavior in pump-probe experiments on solids.

IV. SUMMARY AND OUTLOOK

In this work we investigated in detail the Floquet-
engineered spread of correlations in a driven quantum chain
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with Luttinger liquid and charge-density wave phases. In par-
ticular, we showed that light-cone effects exist even in driven
systems with finite ramp times and finite laser pulses when the
velocity renormalization due to the driving field is properly
taken into account. Our findings prove that thermalization of
correlations at moderate distances happens relatively quickly,
provided that heating can be largely avoided in the first place.
In our study heating is effectively suppressed although the
Luttinger liquid is gapless and the switch-on timescale of
the laser drive is relatively fast. The suppression of heating
is enabled by the choice of an off-resonant, large driving
frequency.

The upshot from our results for laser-driven materials is
that light-induced phase transitions and nonequilibrium ma-
terials engineering can be rationalized. In analogy with ex-
periments on cold atomic gases [34] the effective correlation
length that can be induced by nonequilibrium engineering of
microscopic interactions is speed-limited only by the largest
available relevant mode velocity. For example, for velocities
on the order of 10° ms~!, which is a typical scale for the Fermi
velocity in graphene, a correlation length on the order of
10~® m is established within half a picosecond. Correspond-
ingly, for slower modes like phonons, magnons, or plasmons,
the times for correlations on the micrometer level are longer. It
would be highly intriguing to devise experiments that are able
to measure such timescales for the buildup of correlations in
Floquet-engineered materials, which might be possible with
time-resolved scattering at x-ray free-electron lasers [68—70].
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APPENDIX: ENERGY ABSORPTION

Here we briefly comment on the extraction of a Floquet
steady-state energy in comparison to the ground-state energy
of the Floquet-renormalized Hamiltonian, which proves that
energy absorption is minimal and heating is avoided in the
high-frequency driving regime. The upper two panels in Fig. 7
display the energy h(t) as a function of time. The values
of U/Jy and Ey/2 are chosen such that U/Jeg(t — 00) =
0.60 for both panels [analogous to Figs. 3(e) and 3(g)]. The
numerically extracted period duration of the time-dependent
energy, h™(¢t) = 0.838, equals twice the period of the drive.
By comparison to the ground-state energy for the Floquet-
renormalized parameters with U/Jo = 0.60, it becomes ev-
ident that the time-averaged energy of the driven system
approaches exactly this ground-state energy in the long-time
limit. This proves that heating is indeed minimal, as discussed
in the main text in the context of Fig. 5.

Finally we illustrate that the energies corresponding to
parameters that have the same U/Jek(t — 00) = 0.60 are
directly related to each other. Figure 7(c) displays the energy
as a function of the inverse temperature 8 and shows that they
are simply related by rescaling of all energies in the problem

U/ e (t — 00) = 0.60
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FIG. 7. Energy h(t) as a function of time for (a) U, /Jy = 0.429
and Ey/Jy = 1.111 and (b) U,/Jy = 0.500 and E,/J, = 0.835, re-

spectively, shown as rapidly oscillating blue curves. Averaging over
the numerically determined period duration t,Jy/h leads to the
period-averaged energy h*(¢) (yellow). In addition, we indicate in
the legend the long-time limit 43, . Green lines indicate the respec-
tive equilibrium energies of the Floquet-renormalized Hamiltonian at
zero temperature. The frequency of the drive is 2/Jy = 15 and the
ramp time is tJy/fi = 5. (c) Energy h(B) as a function of inverse
temperature for U;/Jy = 0.429 and E;/Jy = 1.111 [purple, same
parameters as Fig. 3(g)] and U, /J, = 0.500 and Ey/Jy = 0.835 [red,
same parameters as Fig. 3(e)]. A renormalization of 4(8) for the
red curve (U,/Jy = 0.500, Ey/Jy = 0.835) of both the x axis and
the y axis with the ratio of energy scales, namely U, /U, = 0.858,
leads to the dashed magenta curve, which is identical to the purple
curve (U;/Jy = 0.429 and Ey/Jy = 1.111), showing that the curves
are related by simple rescaling of all energies, as they should.

for the two cases shown. The nonequilibrium parameter Ey /2
enters the equilibrium calculation as a parameter that renor-
malizes the effective hopping Jeg(Eo/S2) [cf. Eq. (4) in the
main text]. We show this parameter as a label in Fig. 7(c)
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to allow for a direct comparison to the nonequilibrium cases
shown in Figs. 7(a) and 7(b). Figure 7(c) indeed shows that
the dashed magenta curve, which is the red curve rescaled by

the ratio of respective Jog values for the two cases discussed
here, is identical to the purple curve, confirming the expected
behavior.
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7 Entanglement dynamics

Strongly correlated materials in and out of equilibrium may feature phases that are characterized
through short- or long-ranged many body entanglement and the identification of these phases
requires knowledge of the entanglement content [120, 121]. Understanding and measuring this
entanglement through quantities commonly referred to as entanglement witnesses is therefore
essential for gaining a deeper insight of emergent phases of matter, especially in a nonequilibrium
context where a quantification of the entanglement would allow for the distinction between ther-
mal and nonthermal photoinduced states. The quantum Fisher information has been identified
as a dynamic measure for entanglement, which is accessible through Bragg or neutron scattering
experiments and can be used to detect multipartite entanglement in complex condensed-matter
systems [122, 123]. In manuscript I1T we study the quantum Fisher information in a half filled
chain of spinless fermions, as it is introduced in section 6.1. However, instead of considering
a driven chain with a Floquet engineered hopping J (t), we focus on a quench of the Coulomb
repulsion U (t) with a varying ramp speed v, i.e.

U (t) = ot. (7.1)

This excitation protocol is experimentally relevant because interaction-quenches can effectively
be achieved through laser driving of correlated materials [124, 125].

The quantum Fisher information can then be extracted from the t-DMRG data by taking the
Fourier transformation of the fluctuations introduced in Eq. (6.11), namely

Flat) = % > {{SE (8) S7 (1)) — (S5 (1) (SF (1))} (7.2)
)4

and evaluating the resulting function at ¢ = 7, i.e.
Fq(t) = F(mt). (7.3)

Although the t-DMRG simulations are performed on an infinite chain [47, 126, 127], the Fourier
transformation in Eq. (7.2) is computed over a finite number of lattice sites (L = 198 if not
denoted differently), so there are weak finite-size effects in the data presented in this chapter. In
addition to the t-DMRG data, we present exact diagonalization (ED) data ! for spin-chains up
to 24 lattice sites, using the python QuSpin package [128]. However, due to the comparatively
small system size accessible through ED, the ground state features nearly degenerate states and
the computations require an infinitesimal staggered magnetic field. It is important to keep in
mind that this staggered magnetic field noticeably influences both the height and the shape of
the ED quantum Fisher information, while the quantum Fisher information extracted from the
t-DMRG data is not computed using an additional field.

Figure 7.1 displays the quantum Fisher information both in equilibrium setup and in the
quenched chain. The equilibrium curve computed with t-DMRG is given by the solid black

'The ED compuations were performed by Denitsa R. Baykusheva
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7 Entanglement dynamics

line, which in the gapless phase is continuously increasing with distance to criticality at U = 1,
reaches a maximum at the critical point and decays to zero in the antiferromagnetic phase. The
equilibrium ED data, given by the dashed dark blue line, qualitatively agrees with the equilib-
rium DMRG data, but the exact height and the position of the maximum computed via ED is
dependent on the staggered magnetic field. The four solid multicolored curves show the time
evolution of the quantum Fisher information following an interaction quench starting at U = 0.
The t-DMRG data displayed for different ramp velocities v € {0.6,0.8,1.0, 1.2} reveals that the
quench generally increases the quantum Fisher information, and that the increase is larger for
smaller ramp velocities. In contrast to the equilibrium curve, the dynamical quantum Fisher
information shows not only a global first maximum, but also multiple local maxima at U > 1,
and the position of the global maximum moves to the right upon increasing the ramp velocity.

The inset shows that the dynamical quantum Fisher information computed via ED for the
same ramp velocities (dashed, shades of blue), approximately agrees with the t-DMRG data at
U (t) < 2. After this initial increase, ED finite-size effects become important and the curves
start to differ. However, while the bond dimension rapidly grows in the t-DMRG computations
and restricts our simulation to shorter time scales, the ground state wavefunction is computed
individually at each time step with ED, which allows to simulate comparatively large time spans.
Overall, the enhancement of the quantum Fisher information following a quench shows that the
quantum Fisher information is indeed a sensitive probe for criticality and phase transitions out
of equilibrium.

12¢

10}

U(t) =vt

Figure 7.1: Dynamical quantum Fisher information for an interaction quenched chain com-
puted via ED (blue lines, dashed) and t-DMRG (solid black and multicoloured lines). The
solid black line is the DMRG equilibrium curve and the dashed dark blue curve is the ED
equilibrium result. Both equilibrium curves feature a local maximum at U (t) = 1 and ap-
proach zero in the antiferromagnetic phase at U > 1. Note that the exact shape of the ED
equilibrium curve depends on the staggered magnetic field, which is here given by h, = 0.05.
The multicolored solid lines (t-DMRG) for the quenched system at different ramp speeds v
show an enhancement of the quantum Fisher information upon laser driving. The dahsed
lines in shades of blue are the corresponding ED results and the inset shows that the ED data
qualitatively agrees with the t-DMRG data (computed for an infinite chain) below U (t) = 2.
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Quantum materials driven out of equilibrium can host highly-entangled emergent states. The
experimentally detection these many-body states requires the identification of entanglement sig-
natures in the measured response functions both in and out of equilibrium. A possible protocol
relies on the use of entanglement witnesses, such as the Quantum Fisher Information, in tandem
with operator-specific quantum bounds. However, this method hinges upon the validity of the
fluctuation-dissipation theorem and has not yet been applied to the physical response of nonequilib-
rium systems. Here, we investigate the entanglement dynamics in an XXZ quantum chain following
an interaction quench. By linearly ramping the spin anisotropy, we observe an enhancement of
multipartite entanglement, which manifests itself as a peak and subsequent oscillations of the dy-
namical quantum Fisher information. These features are nonadiabatic, i.e., not connected to the
equilibrium XXZ phase diagram, and resilient to the introduction of different decoherence channels.
We finally map our findings onto the experimentally relevant scenario of a quenched Hubbard U in
a dual charge chain and discuss implications for time-resolved spectroscopic probes of both charge

and spin degrees of freedom.

Introduction.— Many-body entanglement is a ubiqui-
tous phenomenon in condensed matter physics [1-5]. Su-
perconductors, quantum spin liquids, and certain quan-
tum magnets, all feature complex wavefunctions involv-
ing entangled building blocks with either short- or long-
ranged correlations [6-8]. Examples of such states in-
clude resonating valence-bond states comprised of dimer-
ized singlet excitations [9], which have recently been ex-
perimentally realized in a programmable quantum sim-
ulator [10, 11], anyonic excitations in the Kitaev toric
code model [12], or suggested wavefunctions potentially
at the root of the strange metal that is observed in high-
temperature superconductors [|. While typically consid-
ered a microscopic phenomenon best observed in small
atomic ensembles [13], quantum entanglement can per-
sist in the thermodynamic limit and can have significant
effects on the finite-temperature behavior of macroscopic
systems [14-16]. This realization ignited an intense ex-
perimental and theoretical interest in devising means to
probe many-body entanglement in quantum materials.

Entangled states in thermodynamic equilibrium can
be diagnosed from response functions through the use
of ”entanglement witnesses” [1, 17], such as one- [18-
20] and two-tangles [14, 20, 21], or the Quantum Fisher
Information (QFI) [22-24]. In particular, the QFI is rig-
orously related to a sum-rule integral of the imaginary
dynamical susceptibility [25] and has been recently used
to quantify multipartite entanglement in neutron scatter-
ing experiments on low-dimensional spin systems [16, 26].
Crucially, by extracting information about quantum cor-
relations encoded in the dynamical response of a mate-

rial, the QFT is able to discriminate quantum criticality
at non-zero temperatures from thermal phase transitions
[1, 25]. The QFI with respect to nonlocal operators can
be used to detect topological quantum phase transitions
in models such as the Kitaev chain [27], the Kitaev hon-
eycomb model [28], and the toric code [29].

A particularly intriguing new application of entan-
glement witnesses, such as the QFI, would be the de-
tection of entanglement correlations in driven quantum
materials. Intense laser pulses have recently enabled
the observation of emergent topological Floquet [30-32]
and superconducting-like [33-35] states of matter, thus
paving the way to the synthesis of coherent light-matter
hybrids with novel electronic properties [36-39]. Cer-
tifying the presence of quantum entanglement far from
equilibrium would allow the distinction between ther-
mal and nonthermal photoinduced states [40, 41] and the
identification of entangled nonequilibrium states with-
out obvious order parameters. However, whether entan-
glement witnesses can detect and characterize nonequi-
librium phase transitions in driven quantum materials
through time-resolved response functions is still an open
problem.

In this Letter, we tackle this challenge by witnessing
the time-dependent entanglement dynamics in a quan-
tum chain undergoing an interaction quench. We con-
sider the experimentally relevant case of a quench of
the Coulomb repulsion [42-45] in a dual spinless fermion
(charge) chain, or anisotropic Heisenberg (spin) chain,
and calculate the time-dependent QFI in both the charge
and spin sectors. Upon globally ramping the interaction



strength, both models exhibit a time-dependent increase
of the QFI, which is robust against decoherence and the
presence of additional interactions that break integrabil-
ity in the thermodynamic limit. The QFI dynamics qual-
itatively changes from an adiabatic to a diabatic quench
regime with varying ramping speed, thus indicating that
the quench speed crucially influences the multipartite en-
tanglement of a quantum system. Our results indicate
that the QFI is able to witness nonequilibrium entangle-
ment dynamics and could be used to distinguish different
dynamical regimes in driven materials.

Model— We consider a half-filled chain of spinless
fermions interacting through nearest neighbor Coulomb
repulsion. The model Hamiltonian is given by

Joy

Hen(t) = — 5

(é;r‘éj+1+H.C.)+U(t)Zﬁjﬁjﬂ, (1)
J J
where é; (¢;) is a fermionic creation (annihilation) oper-
ator at site j, n; = étéj — 1/2 is the number operator
relative to half filling, and J,, is a constant hopping am-
plitude which determines the energy scale of our model.
The nearest-neighbor Coulomb interaction U(t) = vt is
time-dependent and ramped up at constant velocity v
starting at ¢ = 0. By applying a Jordan-Wigner trans-
formation [46], this charge Hamiltonian maps onto an
equivalent spin-1/2 anisotropic Heisenberg (XXZ) chain
(Fig. 1a)

Joy o+ a— Gz Gz
Hep(t) = Z {_Ty(s;ngj+l +H.c.)+Ut)S75% 4],

J
()
where S’Ji =1 <S’f + 5’;”) and .5’;‘ (o = m,y,2) are the
usual spin operators defined in terms of the Pauli matri-
ces S = %&a. In this picture, the hopping amplitude .J;,,
becomes the exchange coupling while A(t) = U(t)/Jgy
quantifies the anisotropy of the spin interactions.

At equilibrium, this dual quantum chain exhibits well-
known quantum phase transitions. Upon increasing A,
the fermionic chain evolves from a gapless Luttinger Lig-
uid (LL) phase with short-range correlations to a charge
density wave (CDW) phase with long-range correlations.
The XXZ chain instead undergoes two separate transi-
tions into an Ising ferromagnet (A < —1) and antiferro-
magnet (A > 1), while for (JA| < 1) it exhibits an XY
phase.

Since the dual charge and spin formulations are one-to-
one equivalent, we choose to study the time-dependent
dynamics of the quantum spin chain by using the Qu-
Spin package [47, 48]. We diagonalize Eq. 2 and cal-
culate the ground state wavefunction at each time step
for finite-size chains up to L = 24 sites. The anti-
ferromagnetic XXZ ground state in a finite-size system
contains a mixture of nearly-degenerate states (notably
[t .. 1) £ 41 ... 11)). In order to break this near de-
generacy, which vanishes in the thermodynamic limit, we
also introduce an infinitesimal staggered magnetic field
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FIG. 1. Equilibrium phase diagram of the XXZ chain. (a)
Sketch of half-filled chain of spinless fermions with Coulomb-
type nearest-neighbor interaction [Eq. (1)] (lower part). Via
the Jordan-Wigner transform, this is equivalent to a spin-
1/2 XXZ chain [Eq. (2)] (upper part) where the fermionic
hopping amplitude corresponds to the exchange coupling Jy
and the Hubbard interaction constant becomes the z-direction
exchange coupling J... Note that since the Hubbard interac-
tion in Eq. (1) is defined relative to half-filling, pairs of ad-
jacent sites incur an energy penalty of J../2 when they are
both occupied and when they are both unoccupied, match-
ing the physics of the S*S* coupling in the XXZ chain. (b)
Equilibrium QFI density, calculated as a function of the spin
anisotropy response. Coulomb interaction for the spin-1/2
chain system of length L = 10 computed using ED (purple)
and for an infinite chain computed using i-DMRG (red), re-
spectively. The bound of fo for detecting entanglement is
given by fo = 1.

7:lexc = Ej(—l)j hZS’JZ- to select a specific spin configura-
tion. This ensures that the disconnected part of the spin
correlation function in Eq. (3) attains a finite value in
the limit A — oco. Our spin sector quench dynamics is
then benchmarked for selected conditions against real-
time density matrix renormalization group (t-DMRG)
calculations [49] of the time evolution of an infinite chain.

To witness the multipartite entanglement content, we
directly calculate the QFI of our system. For a pure state
1o, the QFI, defined in terms of the generator O, assumes
the particularly simple form of the connected correlation
function:

A\ 2 ~ A~ A~
Fo=1a(0,)" =4 ((dol O [d0) — (90| O, 1d)”)

3)
Here we focus on the gapless and the antiferromagnetic
regions of the quantum XXZ chain phase diagram
(resp. the LL/CDW regions of the spinless fermion
counterpart). These phase transitions are characterized
by a divergent correlation function at ¢ = 7, identifying
the onset of staggered spin (charge) order [46]. Hence,
we choose O, = 37,(—1)'S7 to interrogate the entangle-
ment content of these quantum chains. In the presence
of genuine multipartite entanglement, a value of the QFI
density fo = Fo/L > m, where m is a divisor of the
system size L, signals that the state [¢)p) must be at
least m + 1-partite entangled.
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FIG. 2. Nonequilibrium QFT in the driven XXZ chain.
(a) Dynamical QFI density fq = Fg/L as a function of time
and ramp velocity. The lower part represents a zoom on the
dynamics for low ramp velocities, emphasizing the adiabatic
region and the region of superextensive QFI density. (b) Se-
lected one-dimensional line cuts of the time-dependent QFI
density for various ramp velocities.

QFI in and out of equilibrium.— In Fig. 1b, we show
the equilibrium QFI density fo as a function of the
anisotropy parameter A for both spin (ED, blue) and
charge (t-DMRG, red) sectors. Focusing on the A > 0
portion of the phase diagram, the QFT density shows crit-
ical behavior in the vicinity of A = 1, manifested in the
appearance of a local maximum of the QFI where fg ex-
ceeds the classical bounds. On approaching the critical
point, the spin (charge) system becomes three (seven)-
partite entangled, and both systems exhibit a robust re-
gion of a enhanced QFI throughout the entire critical
gapless (LL) phase. The fine details of the phase dia-
gram in the spin sector also feature a dependence on the
additional staggered magnetic field h,, as elaborated in
the supplementary material. Deep into the AFM regime,
the QFI becomes featureless. For the ED calculations,
we also extend the phase diagram mapped by the equi-
librium QFI to the ferromagnetic region, which is the
result of a ¢ = 0 instability. fq features a discontinuity
at the phase boundary point A = —1. These findings
establish the QFI density as a sensitive probe of quan-
tum phase transitions in both spin and charge sectors at
equilibrium.

Having discussed the multipartite entanglement in the
static limit, we now turn to the nonequilibrium case. Un-
less stated otherwise, we focus entirely on the spin sec-
tor, and validate our results through comparison with
t-DMRG. In Fig. 2a, we present the main result of
this work, namely the unitary time evolution of the
QFTI density following an interaction quench. We start

from the XY limit A = 0, with ramp velocities rang-
ing from 5 - 1074Jmax to 0.3Jma (with JM®* ranging
up to 200J,,), and calculate the QFI using Eq. (3)
for the time-evolved pure initial ground state [¢)o(t)) =
Texp [ [} Hxxz ()] [do(to))-

While the QFI density generally decreases upon in-
creasing ramp speed, a region with extensive QFI den-
sity scaling (i.e. fo ~ L, thus saturating the upper
bound) emerges at low-to-intermediate ramp velocities
0/ I max ~ 0.005 — 0.025. On further analysis, this
highly entangled state features low-energy excitations
giving rise to a “Schrodinger-cat”-like state featuring a
superposition of nearly-degenerate Neel states.

At sufficiently high ramp speeds (v > 0.01.J72%%), the
temporal evolution of the QFI assumes a more regular
structure, characterized by the emergence of a pro-
nounced broad main peak encoding a region of enhanced
entanglement content with respect to the static case.
This main front is robust with respect to the inclusion
of decoherence terms or additional interactions, that
break integrability in the infinite system. The position
of the main propagation front (marked with a white line
in Fig. 2a) moves towards larger values of the effective
spin anisotropy J,,(t) with increasing ramp speed v,
which corresponds to earlier times in the time evolution
in the SM for analysis in the time domain. Moreover, its
position is essentially size-independent. The analysis in
the supplementary material reveals that the main front
bears no link with the specific details of the equilibrium
model (i.e. presence of additional interaction terms),
making it a generic feature that emerges out of thermal
equilibrium. Instead, its origin can be associated with
the existence of a critical ramp speed v* separating
the dynamical evolution of the QFI into an adiabatic
regime (v < v*) where the time-dependent fq essentially
traces out the equilibrium phase diagram (cp. Fig. 1b)
as a function of time, and a nonadiabatic, “impulsive”
region. Before discussing the physical origin of the nona-
diabatic phase and its implication for nonequilibrium
entanglement spectroscopy, we first examine the tem-
poral features of the QFI density at v > v* in more detail.

Apart from the main “jet”, the time-dependent QFI
exhibits a rich dynamical texture, as revealed by selected
the 1D “cuts” presented in Fig. 2b. A detailed time-
frequency analysis performed with the aid sliding-window
Fourier transform offers additional insight into the origin
of the various dynamical features. Both the system-size-
dependent slow “revivals” following the main peak and
the size-independent rapid oscillations (dominating the
dynamics for slower ramps at short time scales) can be
linked to the energy level structure of the ground state
and the separation between the states dominating the
formed wave packet in the nonadiabatic limit.

Stability of the QFI dynamics.— Realistic protocols
aimed at an experimental detection of macroscopic en-
tanglement face the problem of coupling to an external
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FIG. 3.  Stability of the nonequilibrium QFI. Effect

of decoherence and additional interactions on the nonequi-
librium QFI. The QFI density fo = Fq/L is plotted as a
function of time and ramp velocity as 2D maps (left) as well
as selected 1D cuts (right). Panels (a) and (b) show the evolu-
tion of fg in the presence of the Lindbladian jump operators
L. and £ _, whereas panel (c) shows the unitarily evolved fq
for a Hamiltonian featuring a static second-order interaction
term H(2) (see text for more details).

environment, usually detrimental for the presence of en-
tanglement. To investigate the QFI dynamics in pres-
ence of quantum dissipation, we evolve the density ma-
trix p(t) = | (t)) (¥o(t)| according to a Lindblad master
equation with a decoherence rate ~:

5(8) = =i [fp(0). 5] +25 (r:ﬁo:)f:* e ﬁ(t)}) |

(4)
The temporal evolution of the QFI following the lin-
ear ramp protocol in the presence of decoherence is dis-
played in Fig. 3 a and b for two different choices of
the Lindbladian jump operator, £, = Y_,(—1)'67 and
[l_,__ =3, &?‘&l__H, respectively, and for a fixed decoher-
ence rate of v = 0.005. As anticipated, the decoherence
term eradicates the highly entangled “Schrodinger-cat”-
like region located at low ramp speeds barely exceeding
the adiabatic limit, reducing the temporal profile of fq in
this region to a single main peak followed by a slow decay
as the effective anisotropy increases. At higher ramp ve-
locities, the effect of decoherence is mainly discernible at
longer times, where it quenches the dynamical fq to val-
ues below the classical bound fg = 1, in contrast to the
case of unitary evolution. The latter is consistent with
the equilibrium evolution of the QFI density for increas-
ing anisotropy. The most striking aspect that emerges
on examining Fig. 3, however, is the fact that the main
nonequilibrium feature identified in the unitary case - the
“entanglement fan” at v > v*, is preserved throughout
the entire region, and persists up to significant coupling
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FIG. 4. QFI and defect density. Nonequilibrium QFI

(upper row) and time-dependent density of defects (bottom
row) for three different velocities: panel (a): v = 0.005; (b):
v =2; (¢): v =>50. Dashed grey lines indicate the position of
the first QFI maximum. The density of defects is quantified
by the sum of the weights of the spin configurations featuring
zero to three domain walls (cf. color legend) comprising the
time-evolved ground state o (t).

rates of v = 0.1, only undergoing minor shifts in the exact
location of the maximum as well as its magnitude.

Finally, we take a step to further corroborate the
stability (or universality) of the nonequilibrium features
by also considering the role of additional interactions,
that break integrability in the infinite system, and study
the dynamical QFI for a spin-1/2 XXZ chain (Eq. (2))
featuring next-nearest-neighbor interactions of the form
7:l(2) = J? > S’f§f+2. The results presented in Fig. 3c

for an exchange coupling of J2 = 2J,y illustrate that
the main traits of the nonequilibrium QFI dynamics
are preserved also in this case. Importantly, this obser-
vation further demonstrates the generic character and
robustness of our main findings and suggests that they
should be observable across many different experimental
platforms, irrespective of microscopic details.

The formation of the extended entanglement “jet”, its
spreading out and suppression at progressively higher ve-
locities, and its stability against decoherence, constitute
the main features of the nonequilibrium entanglement dy-
namics. We now provide a rationalization for these ob-
servations. We plot the temporal evolution of the weights
of the various spin configurations comprising the ground
state of the quantum chain, classified according to the
relative number of domain walls (or defects) separating
Néel-like phases within each configuration. The zero-
defect spin arrangements correspond to the pure Néel
states. In the AFM limit, the two possible superposi-
tions of the latter form the doubly degenerate (in the
thermodynamic limit) ground state, whereas states with
two domain walls constitute the low-energy excitations.



The equally-weighted superposition of Néel states in fact
constitutes a maximally entangled state and saturates
the QFI (fo > 5) as the underlying wavefunction cannot
be represented as a product state. With this information,
we can not only explain formation of the “entanglement
jet” but also delineate two distinctly different regimes of
the buildup of entanglement: adiabatic versus impulsive.
At ty = 0, the system is initialized in the critical regime
A = 0, where the ground state (o) has a complex
form interpolating between the AFM and FM limits, and
exhibits a high density of defects. During an adiabatic
ramp-up of the spin anisotropy v < 0.005J22% 4o (t) es-
sentially follows the GS of the XXZ Hamiltonian with the
effective anisotropy JZ; = J,vt, thus increasing the pro-
portion of the the zero-defect Néel superposition in the
time-evolved wavefunction v (t). This is reflected in an
initial rise of the QFI density fq, which is followed by a
steady decay as the staggered magnetic field term favors
one of the Néel configurations as JZ; grows, quenching
the created entanglement. At finite but still sufficiently
small ramp velocities (0.05 < v/J2** < 30), the entan-
glement dynamics take a nonadiabatic course and pro-
ceed via via coherent (?) excitations to a cluster of states
with lower defect density at higher energies with respect
to the GS configuration at A = 0. These excitations
also lead to a net growth of the weight of the zero-defect
configuration (and thus of the QFI) Finite (but still suf-
ficiently small) ramp speeds v > v* also lead to a net
growth of the weight of the zero-defect configuration (and
thus of the QFI), however, after the initial maximum of
the zero-defect configuration (coinciding with the maxi-
mum of fg), the temporal defect redistribution develops
a highly oscillatory structure. As we show in the supple-
ment, the frequency content of these oscillations can be
traced back to the energy separations between the states
composing the wave packet.

At very high ramp velocities (v > 30), the defect cre-
ation and the QFI dynamics are situated deep in the
nonadiabatic regime. As shown in the Kibble-Zurek scal-

ing analysis in the SM, the domain wall density follows
the power law. In this regime, the peak of the QFI co-
incides with the emergence of low-defect states (mainly
exhibiting two domain walls) in the GS configuration.
The maximally achievable entanglement in this regime is
lower (2 < fo < 3), thus suppressing the amplitude of
the entanglement fan at higher ramp velocities.

Conclusions.— We have investigated the nonequilib-
rium evolution of a driven quantum chain in terms of its
many-body entanglement properties. By using an experi-
mentally accessible quantity, the QFI, we find that multi-
partite entanglement grows across a quantum phase tran-
sition both in and out of equilibrium, with distinct dy-
namical behavior for adiabatic and nonadiabatic regimes.
Owing to the dual nature of our model, such dynamics
is expected to occur both in the spin and charge sectors,
thus underscoring the possibility to measure multipar-
tite entanglement through multiple time-resolved exper-
imental probes. While experimental studies of entangle-
ment in quantum materials at equilibrium have mainly
focused on spin systems, where quantum operators are
local and inelastic neutron scattering is an established
method to interrogate the spin-spin correlation function,
our conclusions could be tested with time-resolved res-
onant inelastic x-ray scattering (sensitive to both spin
and charge degrees of freedom), or via optical methods
(mainly charge-sensitive).

Our findings are immediately relevant to the study of
photoinduced phase transitions in quasi-one-dimensional
correlated materials [49] and to the search for dynam-
ical coherence in higher dimensions. By establishing a
direct relationship between the instantaneous response
function of a material and the time-dependent QFI, we
anticipate the possibility to identify dynamical critical-
ity and nonequilibrium long-range ordered states, such
as photoinduced superconductivity and quantum spin
liquidity. More generally, the use of entanglement wit-
nesses provides an opportunity to detect coherent states
in light-driven quantum materials without the need for
well-defined order parameters.
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8 Comprehensive discussion

In this thesis, we aimed at shedding light on the nature of nonequilibrium steady states in
correlated materials and the phase transitions between them. To do so, we studied criticality
from different angles, namely by simulating an interacting, two-dimensional, driven-dissipative
magnon system using a Boltzmann formalism, by analyzing the Floquet-engineered spread of
density-density correlations in a driven quantum chain with Luttinger liquid and charge-density
wave phases, and by investigating the multipartite entanglement that is created through an
interaction-quench in a spin-1/2 XXZ chain. The presented results help with understanding
different aspects of driving systems out of equilibrium and achieving nonequilibrium steady-
states with distinct phase properties. Throughout these projects, we aimed at maintaining close
relation to experimental pump-probe spectroscopy by choosing realistic driving protocols and
discussing experimentally accessible dynamic quantities.

Investigating the spread of electronic correlations in a one-dimensional correlated chain of spin-
less fermions driven by a high frequency laser, we find that the velocity with which the corre-
lations spread through the system, is restricted by an upper bound that is renormalized with
respect to the driving field. This renormalized upper bound causes light-cone effects, which
can be shown even if the periodic drive is ramped up over a finite time and when the drive is
modulated with a Gaussian. The modulation of the drive is chosen in order to connect our re-
sults to time-resolved experiments, which typically use pulsed driving envelopes and require the
drive to be ramped up over a given time [53, 54]. In this context, the renormalized bound to the
spread of correlations sets the time that is required for experimentally realizing a nonequilibrium
phase transition, given that the correlations need to build up over macroscopic distances [46].
Despite the modulation, we find that heating is suppressed as long as the high-frequency, off
resonant driving protocol is employed. For the quenched Luttinger liquid, it is known that the
correlations follow a different power law behavior inside and outside of the light-cone, leading
to a discontinuity in the form of a kink at the edge of the light-cone [129-131]. This dynamical
critical behavior in the form of a discontinuity is also present in the correlation function of the
Floquet-driven system, making the observation of Floquet-engineered spreading of correlations
in time-resolved spectroscopy experiments a thrilling future perspective.

Investigating the same equilibrium model, namely a half-filled chain of spinless fermions, but
introducing a quench in the Coulomb repulsion [125, 132] instead of an external driving field, we
identify the quantum Fisher information as a dynamical witness of multipartite entanglement
which can be used to characterize nonequilibrium phase transitions. Both t-DMRG and ED
calculations reveal that the quantum Fisher information shows critical behavior at the phase
transition between a gapless and an antiferromagnetic phase, and reaches its maximum value at
the critical point. The entanglement is generally enhanced in the interaction quenched system
and continues to show distinct critical features out of equilibrium. Upon increasing the ramp
speed, we find a qualitative change from adiabatic to nonadiabatic behavior, meaning that the
entanglement is sensitive to the ramp-time of the quench. Due to the accessibility of the quantum
Fisher information through inelastic neutron scattering [122, 123] and time-resolved resonant
inelastic X-ray scattering [113, 114] as well as various optical methods, it is a promising candi-
date for identifying dynamical criticality and nonequilibrium long-range order in photoinduced
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nonequilibrium states [3].

In the project presented in publication II, we move from studying criticality in one-dimensional
systems to a two-dimensional quantum magnet. Simulating a driven-dissipative Heisenberg anti-
ferromagnet, we find two distinct phase transitions that are determined through the interplay of
drive, dissipation and interactions amongst excitations (magnons). In the subthermal regime the
driving term is small compared to the parameter that regulates the dissipation into a reservoir,
and we find a nonequilibrium steady state which is ordered for sufficiently large spin-length. The
Holstein-Primakoff expansion allows us to mathematically decrease the spin-length and find a
transition where at sufficiently short spin length, the number of fluctuations is large enough to
destabilize the ordered state, and spin rotation invariance is broken. Due to the employed large
spin expansion, the precise location of the ordered subthermal to disordered subthermal phase
boundary will be different from the curve presented in publication I, but the qualitative aspects
of this order-to-disorder transition are captured by our theory. This nonequilibrium phase tran-
sition is closely related to equilibrium transitions where a magnetic order parameter vanishes
as temperature is raised, and similar nonequilibrium transitions have been studied in previous
literature [66, 73, 133—135]. Furthermore, the subthermal population of magnons indicates that
nonthermal situations in perturbed magnetic materials exist in which low energy excitations are
less populated then one would a priori expect. This could lead to interesting effects such as
avoiding the Mermin-Wagner-Hohenberg theorem. Although this subthermal phase transition
is contained in our theory, it is not the main focus of our results.

However, in addition to the phase transition that is characterized by the disappearance of an
order parameter, there is a conceptually different phase transition where the functional form of
the distribution of excitations changes. This phase transition occurs when the drive exceeds a
critical value set by the dissipation mechanism and causes an excess of magnons with regard to to
the system energy, which in the interacting system condenses at zero momentum. To determine
the precise properties of the condensed phase, we perform a careful finite-size scaling analysis,
and find that the high drive phase is given by a thermal distribution with a condensate fraction
and it can therefore be fully characterized by a temperature and the excitation density in the
condensate. Importantly, the condensation is a direct consequence of the inclusion of magnon
interactions; there is no condensate in the noninteracting driven-dissipative system, as has been
shown for various other nonequilibrium phenomena in magnetic materials [79, 91, 92]. Our
results are fully consistent with the known occurrence of Bose-Einstein condensates in particle-
number conserving systems with an excess number of particles [101, 136], but differ in various
ways. At the nonequilibrium phase transition, the system shows characteristic critical scaling
behavior in static and dynamic observables. We show a discontinuity of the magnon number with
respect to the tuning parameter and a critical slowing down in all computed dynamic quantities.
On the level of the Boltzmann approximation, we extract the corresponding critical exponents
and further analyze the behavior close to criticality by considering the linearized kinetic equation
and its eigenvalues. The spectrum of eigenvalues reveals two zero modes corresponding to the
conserved quantities as well as a smallest eigenvalue that remains nonzero in the thermodynamic
limit. The existence of a smallest nonzero eigenvalue is not only consistent with the existence
of a smallest relaxation rate that dominates the long term decay of the occupation function,
but also justifies a hydrodynamic approach to the slow modes close to criticality. Therefore, the
derivation of a hydrodynamic nonequilibrium theory of this critical behavior in close relation to
the derivation of the Navier-Stokes equation from the Boltzmann equation [137] is an exciting
point of future research.
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The condensed nonequilibrium phase we find numerically, shows interesting similarities to the
phenomena studied in largely experimental literature on Bose-Einstein condensation of magnons
in systems with long relaxation times, where a population of magnons is transiently introduced
and evolves into a coherent quantum state where the lowest energy state is macroscopically
populated [81-83]. The most prominent materials in which such a condensation of magnons
is observed are ferromagnetic yttrium iron garnet (YIG) films [83-90], and a modification of
our Boltzmann approach to simulate ferromagnetic materials could possibly help understand
the mechanisms of the evolution into the condensed state. Similarly, our results bear a close
relationship to exciton-polariton condensates [98, 138-141], which are bosonic systems and can
be modeled by a Boltzmann equation as well. Because we consider a spatially uniform drive,
our approach in its current form does not answer the question as to whether there can be
an interesting spacial structure to the nonequilibrium phase transition. And importantly, our
numerical observation of a high-drive condensed phase in a Heisenberg antiferromagnet requires
further study because we used a large spin expansion around the ordered Néel state to find a
condensed phase with a distribution function that is at least thermal for any nonzero momentum,
meaning long-range order is necessarily destroyed. This implicit contradiction could be avoided
using the Schwinger representation of the antiferromagnet [101, 142, 143], which would require
implementing a change in the dispersion in every time step. Furthermore, it would be fascinating
to see a full quantum critical analysis revealing the physics beyond the Boltzmann formalism,
including a connection of nonequilibrium critical exponents to a possible new universality class.
Another point of relevance is that our computations are based on a theory up to leading order
in the magnon expansion. We believe, although we have not investigated in detail, that if we
included terms to higher order (which are not necessarily particle number conserving) the system
would eventually thermalize at much longer time scales. The critical behavior in our analysis
could therefore possibly be interpreted as intermediate time asymptotics of the magnon system.

Observing the nonthermal behavior and particularly measuring a nonequilibrium phase transi-
tion in the distribution function rather than in a conventional order parameter, would be highly
intriguing. Promising experimental setups for probing such a transition are time-resolved second
harmonic optical polarimetry or inelastic x-ray scattering [144, 145], especially given that at the
level of the Boltzmann approximation, we find different critical exponents when approaching
the phase transition from the subthermal phase and from the nonequilibrium condensed phase.
While the determined spin condensate occurs in the limit of low energy spin waves, a mea-
surement of the dynamical excitations approaching the phase transition from both sides could
reveal the critical slowing down in proximity of the critical point. Possible probe-candidates for
such measurements would be for example antiferromagnetic, two-dimensional transition metal
oxides [146] because of their large magnetic exchange energy and strong spin-orbit coupling.

Summarizing, the projects presented in this thesis contribute to our understanding of the ver-
satile physical mechanisms involved in inducing nonequilibrium phase transitions and criticality
through light-matter interaction. This is important given that the enormous progress in the
field of time-resolved spectroscopy goes hand in hand with the need for the development of
out-of-equilibrium computational methods. Furthermore, improving our understanding of the
control knobs for achieving nonequilibrium steady states is essential to optically control emer-
gent states of strongly correlated materials, and thus achieving engineered quantum materials
with distinct desired system properties. This deterministic engineering of quantum materials
and phases presents a rich new landscape of technological applications.
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Appendix

A Mathematical details of the magnon interactions

The two-operator products in this Eq. (5.43) and Eq. (5.44) are given by

aJ{ag = 0%5 (k1 — ks3) + ulu;;aJ{ag + vlvg,ﬁgﬁl + ulvgaiﬁg + ugviag S (A.la)
bj;b2 =030 (ko — k) + U2u4ﬁ152 + U2U40¢$0¢4 + uww%ﬁl + ugvg04 32 (A.1b)
agby = ugv26 (ko — kyg) + U4v2a£a4 + U2U4/Bl52 + wma%ﬂl + Ugug 0y B2 (A.1c)
aJ{b;ﬂ) = u1v16 (k1 — k3) + ulvgaiag + u;gvlﬂgﬁl + ulu;),ozi,é’;) + viv3a301 . (A.1d)

With this, we can evaluate the four operator products that appear both in the Holstein-Primakoff

and the Dyson-Maleev formalism, namely

alagbiby =viv3 6 (k1 — k3) 0 (kg — ky) + urugvivg 6 (k1 — ka) 6 (ko — k3) (A.2)
+ v%é (k1 — k3) (U2U4ﬁl,82 + 7)21)404;044 + mmaéﬁl + uQv4a462)
+ 036 (ko — ky) (U1U304J{a3 + Uwﬁ;,ﬂl + ulvgaiﬁg + U3U1Oé351>
+ ugv2d (ko — k3) (u1v4a1a4 + uwwf{ﬁl + v1vg 41 + u4v16161)
+ u1v10 (k1 — ka) (U2@3 /39;52 + vau3 a£6§ + uguz a3 + u3112045043>
+ U uau3 U4 (,)’-il-(},g ﬂ Bo + v109v304 (,x;(uﬁgg 51
+ uiugv3vy ai(mﬁg By + usu4v109 agagﬁi 3
+ uju3v9v4 ()q(x;(yga,l + ugugv1v3 g’j’:];;ﬂb’l B9
+ uju4v2V3 O&a;ﬁgﬁl + uzuav1v4 30 152
+ U Uz U4V aiagagﬂl + U1V2V3V4 aiagoqﬁ;’
+ U UU3Vy aJ{agoq,Bz + u3v1 V904 a£a3a4ﬁl
+ ugv1v2V3 a;ﬁgﬁlﬁl + u1u2u4v3 aiﬁ;ﬁl@
+ ugugugvy asBlB1 B + uzvivsvs BB fa

which is the only term dependent on the anisotropy parameter A, as well as
alazashy =v2ugva [8 (k1 — k3) 8 (ko — ka) + 0 (ko — k3) 8 (k1 — k)] (A.3)

+ 016 (k1 — k3) (u4v2a£a4 + ugva 3} o + vovgal B + U2u4044ﬁ2>

+ ugv2d (ko — ky) <U1U3Oé11-063 + v1v36§61 + ulvgaiﬁg + u?,vlagﬁl)
+ ugu9d (ko — ks3) (u1u4 a}oa; + vivg ,6’151 + uqva aiﬁl + uqvq a4,81)
+ 76 (k1 — k) (U3712 Oé;Oé?, + ugv3 5;52 + vau3 a;ﬁ; + ugug 04352)

+ U usu3 vy (1104333,}132 + uqv1v309 (13&4;3;3 1
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+ U uU4U3 (},J{O@ﬂgﬂg + u3v1v904 (k;a;;ﬁiﬂl
+ ujuszugvo (ﬂ- (ch(,)/g(,u + usv1v3v4 )’i; ﬁlﬁlgf)’g
+ u1v3v204 a{oéﬁ;ﬁl + ugugugvy azfBroyfe
+ upuzvoy oﬂia;agﬁl + U uqv3v2 a{agawg
+ UTULUS U4 Oé];a3()é4,32 + U3U4V1V2 a£a3a4,6’1

+ v1v2V3V4 a;ﬁ;ﬁlﬁl + u1U2113.U404J{/6;,5152

+ ugugv1v3 s Bl 81 B2 + usuguiv as BB B

and

alblblby = v3uyvy 6 (ki — k3) 6 (ko — ky) + vaugvy (ko — k) 0 (k1 — ky) (A.4)
+ u1v16 (k1 — k) (v2v4a$a4 + upua 3] B2 + uavaah 8] + uQv4a452)
+ 035 (ko — k) (ulvgoﬂiag + u3v15§51 + ulugoﬂiﬁg + vlvgagﬁl)

+ v%é (ko — k3) (ulv4 aJ{a4 + w0y 51,31 + ujug ai,@l + vivg a451)
+ w9 (k1 — kyg) (v2v3 oz;ozg + ugug ﬁ§ﬁ2 + ugvg agﬁg + ugu3 013,82)
+ U UU4V3 aia;;ﬁlﬁ’g + u3v1U204 aga;ﬁ;ﬁl

+ upuU3Vy aiI y 3;[ B + u4v10203 ag a3 31 51

+ U voU3V4 (xi(xgag(u + Usu3U4V] /3:];31 3159

+ uyugugva ol b B 81 + ugvivzvg azaa B B

+ U v2U4V3 a{agagﬁl + u1uU3v904 a}agawg

+ wguavzvs @] Az Ba + v1v2v3vs abagau By

+ uguguive ab BIA1A1 + urusuzug of B8] 5,

+ upuzv1vg Bl B1 Ba + uzugvivs 861 Ba -
The products that only appear in the Hollstein Primakoff formalism are

alblalas = w0036 (k1 — ka) 0 (ko — k3) + viusved (k1 — ks) 8 (ko — ky) (A.5)
+ U% 0 (k1 — ks3) (u2v4 04;044 + uqv9 ,8162 + uguy a;ﬂl + vouy a4/32>
+ ugve d (ko — ky) (ulugaIag + v1v3ﬂ§51 + ulvgaiﬁg + u;z,vlozgﬁl)
+v3 8 (ko — k3) (u1v4041044 + g BB + wrusal 8] + vlv4a4ﬁ1)
+ ugv1 (k1 — ka) (ungagag + v2v3/5’§62 + uzvgogﬂg + ugvgagﬁg)
+ U1 VU304 (LI(Y;M?;[))Q + uqusuz vy aia;;;’?lﬁ’l
+ uiuzuy vo (YIO(,;} o’i Ba + U9 01304 ozg(uﬁ; 51
+ ugusus vy aiagtmag + Uqv V903 /318;/31 B9
+ urugug vsad ad LAY + uzvivavsazas B fo
+ ujus v;»,maiagcmﬂ;f + u1UQU3U4aJ{a£oz3ﬁl
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T T
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+ U2U4U1U3O‘£ﬁ§ﬁlﬁl + waww&ﬂ;ﬁlﬁz
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(A.6)

where the scattering terms that conserve the number of magnons are marked in blue. In order

to simplify notation we will write the delta function as

O(142-3-4) = O(142-3-4)

(A7)

in this appendix. The component of the product of four operators that encode the magnon

interactions as defined in Eq. (5.45) is given by
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kikoksky

(A.8)

where we have used that due to the delta-function we can write v5_4) = (1—3). The remaining
components from Eq. (5.46) that are the same in both the Hollstein-Primakoff and the Dyson-

Maleev formalism are given by

Pa=2 > buio-3-a) {7(2)u1u2u3 v+ (1yus vivave| ol asBiBs

ki1koksky

(A.9)
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The products that are unique to the Holstein-Primakoff formalism yield
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B Numerical implementation of the density of states

Due to the mapping of the momentum grid onto an energy grid, as presented in the appendix
of publication IT, the numerically extracted density of states shows major finite size effects (see
figure B.1). While this is less of a problem when analyzing quantities that are summed over the
entire Brillouin zone, it presents complications when determining frequency dependent quantities
like the energy density U(t) given by

U(w,t) =wn(w,t)pw) . (B.13)

We therefore compute a smoothened density of states by averaging over intervals of the density
of states extracted from a system with ¢ = 2000, as presented in figure B.1, and read in the
averaged density of states for the various system sizes. The files containing this density of states
are available at the github repository mentioned in section 5.4.

0.8f o DOS: p(w, £ = 120) ° fd
Py — DOS, p(w, £ =2000)
2 0.6 IV A
\Ez .
o —— DOS 120, extracted from 2000 o e
g
_g 0o0?
w 0.47 ° e o |
2z ! o
] o o o °
6 ° o o ° o
D 0.2- o o o O il oo o e
% 05 1.0 15 2.0

Frequency w

Figure B.1: Numerically extracted density of states for ¢ = 120 (orange) and ¢ = 2000
(blue) as well as smoothened density of states (red) that is implemented in the code.
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