Calc. Var. (2024) 63:7

https://doi.org/10.1007/500526-023-02608-1 Calculus of Variations
()

Check for
updates

Harnack inequality for solutions of the p(x)-Laplace equation
under the precise non-logarithmic Zhikov’s conditions

Igor Skrypnik'2 . Yevgeniia Yevgenieva'3

Received: 8 August 2022 / Accepted: 15 October 2023
© The Author(s) 2023

Abstract
We prove continuity and Harnack’s inequality for bounded solutions to the equation

loglog m

div( | Vu [P972 Vu) =0, px)=p+L 1
08 il

p>1, L>Q0,

under the precise non-logarithmic condition on the function p(x).

Mathematics Subject Classification 35B09 - 35B40 - 35B45 - 35B65

1 Introduction and main results

Let © be a bounded domain in R”, n > 2. In this paper we are concerned with elliptic
equations of the type

divA(x, Vu) =0, x e Q. (1.1

We suppose that the functions A : 2 x R" — R" are such that A(-, &) are Lebesgue
measurable for all £ € R”, and A(x, -) are continuous for almost all x € 2. We assume also
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that the following structure conditions are satisfied

A(x,8)E > Ky | £|PW,

(1.2)
| A, 6) | < Ky | & PO
where K1, K> are positive constants,
_ loglog%
px)=p+L€(x—x0), €s)=L—— (1.3)

1
log +
p>1land L > 0.

The aim of this paper is to establish basic qualitative properties such as continuity of
bounded solutions and Harnack’s inequality for non-negative bounded solutions to equation
(1.1).

Before formulating the main results, we say few words concerning the history of the
problem. The study of regularity of minima of functionals with non-standard growth has
been initiated by Zhikov [51-54, 56], Marcellini [36, 37], and Lieberman [35], and in the
last thirty years, the qualitative theory of second order elliptic and parabolic equations with
so-called "logarithmic” condition, i.e. if

p < — O<r<l1, 0<L <oo, (1.4)
Br(x0) log -
has been actively developed (see e.g. [1-3, 5, 6, 9—16, 20-22, 25-30, 39, 45-47, 49] for
references). Equations of this type and systems of such equations arise in various problems
of mathematical physics (see e.g. the monographs [8, 25, 40, 50] and references therein).
The case when condition (1.4) is replaced by the condition
n(r)

.
osc p(x) < =L, lim u(r) = 0o, lim a f =
B, (x0) ]()g - r—0 r—0 log -

0, (1.5)

differs substantially from the logarithmic case. It turns out that such non-logarithmic condition
is a precise condition for the smoothness of finite functions in the corresponding Sobolev
space W17 (Q). Thus this case is extremely interesting to study. But to our knowledge there
are only few results in this direction. Zhikov [55] obtained a generalization of the logarithmic
condition which guaranteed the density of smooth functions in Sobolev space W1 7™ ().
Particularly, this result holds if 1 < p < p(x) and

(1.6)

S|

Later Zhikov and Pastukhova [57] proved higher integrability of the gradient of solutions to
the p(x)-Laplace equation under the same condition.

Interior continuity, continuity up to the boundary and Harnack’s inequality to the p(x)-
Laplace equation were proved in [4, 7] and [48] under condition (1.5) and

dr
/ exp(—y eXp(uC(r)))T = 400, (1.7)
0

1
with some numbers y, ¢ > 1. For example, the function u(r) = L logloglog — satisfies
r

conditions (1.5), (1.7), provided that L is a sufficiently small positive number.
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The results from [4, 7, 48] were generalized in [41, 46] for a wide class of elliptic and
parabolic equations with non-logarithmic Orlicz growth. Particularly, it was proved in [46]
that under conditions (1.5), (1.7) functions from the correspondent De Giorgi’s 31 (€2) classes
are continuous and moreover, it was shown that the solutions of the correspondent elliptic
and parabolic equations with non-standard growth belong to these classes.

The exponential condition of the type (1.7) was substantially refined in [24]. Particularly,
the continuity of solutions to double-phase and degenerate double-phase elliptic equations

div( | Vu |P72 Vu+a(x) | Vu |972 Vu) =0, ¢q¢>p,
and
div( | Vu [P72 Vu(1 +log(1 + b(x) | Vu |))> =0

was proved under the conditions

B, (x¢

d
osc a(x) < Au@)I=Pri=P, osc b(x) < Bu(r)r, / N
) By (x0) / ()

"

1
Note that the function p(r) = log — satisfies the above conditions. In the present paper the

continuity and the Harnack’s type inequality have been proved under the conditions similar
to (1.6).

Before formulating the main results, let us recall the definition of a bounded weak solution
to equation (1.1). We introduce W (S2) as a class of functions u € wh1(Q), such that
[ 1Vu P9 dx < +oo, and Wo() = W(Q) N W, ().

Q

Definition 1 We say that a function u € W(2) N L*° () is a bounded weak sub(super)-
solution to equation (1.1) if

/ A(x, Vu) Vodx < (2)0, (1.8)
Q
holds for all non-negative test functions ¢ € Wp(2).

The following Theorem is the first main result of this paper.

Theorem 1.1 Let u be a bounded weak solution of Eq. (1.1) and let conditions (1.2), (1.3) be
fulfilled, then u is Holder continuous at point x.

The next result is a weak Harnack type inequality for non-negative super-solutions.

Theorem 1.2 Letu be a bounded non-negative weak super-solution to Eq. (1.1), let conditions
(1.2), (1.3) be fulfilled. Assume also that

(A(X,%')—A(X, 77))(5_77)>07 E7”€Rn» S#TI’ (19)
then there exist numbers y,y > 0 depending only on n, p, K1, K» and M = supu, such
Q

that for any 6 € (0, p — 1) there holds

1 1

0 6
][ Wde) <(—2—) (inf u+p). (1.10)
p—1-0 Bp (x0)
By (x0) :
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provided that Big,(xo) C Q2 and

1 loglog ——
S Y ik (AP (1.11)
loglogm logm

The following Theorem is Harnack’s inequality

Theorem 1.3 Let u be a bounded non-negative weak sub-solution to Eq. (1.1), let conditions
(1.2), (1.3) be fulfilled. Assume also that the monotonicity condition (1.9) holds. Then there
exist positive numbers y, y| depending only on n, p, K1, Ko, M such that for any 6 €
©0,p-1

1

g
sup u<y< ][ ugdx) +yp, (1.12)
B/)
260 B, (x0)

provided that Bigp(xo) C 2 and

1 loglog L
L ——1%

— + (1.13)
loglog Top log

1
T6p
Particularly, if u is a bounded non-negative weak solution to Eq. (1.1), then

sup u <y ( inf u+ p), (1.14)
Bp B (x0)
7(.’(0) 2
provided that Bigp(xo) C Q2 and
loglog ﬁ

log ﬁ

— +max(7, 71) L

R — <1, (1.15)
]oglogm

where y > 0 is the constant defined in Theorem 1.2.

In the present paper, we substantially refine the results of [4, 7, 41, 45, 46, 48]. We would
like to mention the approach taken in this paper. To prove the interior continuity we use
De Giorgi’s approach. Let us consider the standard De Giorgi’s class DG .y (£2) of functions
u which corresponds to equation (1.1):

—k p(x)
/ | Vu —k)+ [P ¢9dx<y / (“ ) dx, keR' o€ (0, 1), (1.16)
ro +
B, (x0) By (x0)
Bier(x0) C 2 and ¢(x) is the correspondent cut-off function for the ball B, (xp), namely,

¢ € CP(Br(x0), 0 < ¢ < 1,0 =1inBr-0)(x0). | V¢ |< (or)~!. Using the Young
inequality, by conditions (1.5) we have

_ u—k\"-
|V —k)x [P~ ¢dx <yo™” pur) dx
roJ+
By (x0) By (x0)
71 Br(xo) N @ = k) > 0} |, poi= min p(x).
r (X0
This estimate leads us to condition (1.7) (see, e.g. [45, 46]). It is easy to see that condition
(1.7) fails for the function u(r) = L loglog % To avoid this, using the Young inequality and
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our choice of p(x) we rewrite inequality (1.16) as

+ £(x—xo)) i
/ <M> | V(M_k)i |]7 é‘qu

r
By (xo)

+ p + £(|x—xol)
<yo™V (Lr (u, k)> / (L’ (u,k)) dx,

r r
By (x0)N{(u—k) >0}
MZE(u, k) == sup (u — k). (1.17)
By (x0)
M*(u, k)

L(x—xol)
It appears that the weight ) satisfies the Muckenhoupt type properties.

’
In Sect.2 we define the correspondent weighted De Giorgi’s classes by inequalities (1.17)

and prove the Holder continuity at point x¢ for the functions which belong to these classes.

The main difficulty arising in the proof of the Harnack type inequalities is related to the
so-called theorem on the expansion of positivity. Roughly speaking, having information on
the measure of the “positivity set” of u over the ball B, (x) C B, (xo):

[ x € B,®) :u) = s} [Za() | B@) |, a@) =y exp(—p’ (),

withsomer > 0,s > Oand y > 1, and using the standard De Giorgi’s or Moser’s arguments,
we inevitably arrive at the estimate

u(x) =y~ 's exp (= yexp(u(r)), x € By (%),

with some y, ¢ > 1. This estimate leads us to condition (1.7) (see, e.g. [41, 46]). Note that we
can not use the classical approach of Krylov and Safonov [31], DiBenedetto and Trudinger
[19], as it was done in [9] under the logarithmic conditions. We also can not use the local
clustering lemma of DiBenedetto, Gianazza and Vespri [17] (see also [18, 49] ). Difficulties
arise not only due to the constant « (r) which depends on r, but also when an additional term,
that couldn’t be estimated, occurs during the process of iteration from B, (x) to B,(xp). To
overcome it, we use a workaround that goes back to Mazya [38] and Landis [33, 34] papers.

We will demonstrate our approach on the p-Laplacian. Fix xg € Q andlet 0 < r < p,
E C B, (x0) C By(x0), Bisp(x0) C €2 and consider solution v := v(x, s) of the following
problem:

div(| Vv P72 Vv) =0, x €D := Bigp(xo) \ E, (1.18)
v—sy € WyP(D), (1.19)

where s > 0 is some fixed number, and ¥ € Wol’p(Bmp(xo)), Yy=1onkE.
By the well-known estimate (see e.g. [23]) we have

1
C,(E)\ T
inf v}y_]s< p( )> ,

By (x0)\ B2y (x0) phr

where C,(E) is a capacity of the set E. By the Poincare inequality from the previous we
obtain

1
. 1 (TEI\PT
inf vy s ) (1.20)
By (x0)\ B2y (x0) p"
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7 Page60of29 . Skrypnik, Y. Yevgenieva

Let u be a non-negative bounded super-solution to the p-Laplace equation in €2 and construct
the set

E(p,s) :=By(xo) N{u > s}, 0<s <supu.
Q

Consider also a solution v of the problem (1.18), (1.19) with E replaced by E(p, s). Then
since # > v on 3D, by the maximum principle and by (1.20) we obtain

| E(p. s) |>p‘1

mQ2p) = inf u> y_] s( .
P

By (x0)

which by standard arguments yields for any 6 € (0, p — 1)

[0.¢]
][ u’dx = | By(xo) 7' 6 /E(,o,s)se_lds <m’2p)
B, (x0) 0
oo
bymr 20y [P ds < X ap)
p—1-—0
m(2p)

from which the weak Harnack type inequality follows.
In Sects. 3, 4 we adapt this simple idea to the case of p(x)-Laplacian with non-logarithmic
growth. The weight

Mo (v)) {x=xD
P1 Biep (x0)\Bp, (x0)

which naturally arises in the proof of Theorem 1.2 also satisfies a Muckenhoupt-type condi-
tions.

Remark 1 1t was unexpected for authors that the modulus of continuity and the constants in

1
the Harnack type inequalities do not depend on the additional term log log — (usually, there
r

is a dependency, see e.g. [7, 24, 46, 48]).

The rest of the paper contains the proof of the above theorems.

2 Elliptic DG classes, proof of Theorem 1.1
In this Section we define the following De Giorgi’s classes.

Definition 2 We say that a measurable function u : Bgr(xg) — R belongs to the elliptic

class DG (Bg(xo)) if u € WP (Br(x0)) N L% (B (x0)), esssup | u |< M and there exists
Br(x0)

numbers 1 < p < ¢, ¢; > 0 such that for any ball Bg,(x9) C Br(xo),anyk € R, | k |[< M,

any o € (0, 1),forany £ € C{°(B(x0)),0 < ¢ < 1,7 = Lin Br(1_0(x0).| V¢ |< (1) 7!,
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the following inequalities hold:
/ (M,i(u, k) )@(Ix—xol) VPt dx
i
2.1

+ P + £(lx—x0)
<cro™ (Lr (u,k)> / <7M’ (u,k)) dx,
r r
+

k,r

here (u — k)+ := max{x(u — k), 0}, A,j:r = By (x0) N {(u — k)+ > 0},

loglog%
MF(u, k) := sup (u —k)+ and (| x — xg |) := L——b—0L,
B, (x0) log =

L >0.

We refer to the parameters c1, n, p, g and M as our structural data, and we write y if it can
be quantitatively determined a priory in terms of the above quantities. The generic constant

y may change from line to line.
Our main result of this Section reads as follows:

Theorem 2.1 Let u € DG(BRg(xp)), then u is Holder continuous at xg.

We note that the solutions of Eq. (1.1) belong to the corresponding DG (Bg(xp)) classes,
provided that By (xg) C 2. We test identity (1.8) by ¢ = (u — k)+¢9(x), by the Young

inequality we obtain

—k p(x)
/|Vu Pt H(x)dx@/(” ) dx
or +

+ +
Ak Ak

r r

Jym P mt t(x—sol)
<yo? (M) / <M) dx.
r r

ES
Ak,r

From this, using again the Young inequality

ME (. ko) LoD _
/(M) | Vu |17 {qu

r

MEu, k p(x)
< / | Vu |17(X) dx + / (L) dx,
r

from which the required (2.1) follows.

2.1 Auxiliary propositions

ME(u, k)

Fork e Rand0 < r < Rsetwri(x,u,k) = <
,

following lemmas

£(|x—xol)
> , further we need the
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7 Page80f29 . Skrypnik, Y. Yevgenieva

Lemma 2.2 There exists C > 0 depending only on the data, such that for any u €
DG (Br(x0)) and for any t > 0 the following inequalities hold

1
r /wit(x,u,km)c (r‘" /[wﬂx,u,k)]" dx) <yt @2

By (x0) By (x0)
1
T+
(r_” / [w e, u, 0] a ) L ymtln / whx,u, kydx, (2.3)
B (x0) By (xg)
provided that
log log % 4
— +1 Lilgl, and r < M7 (u, k) < 1. 2.4
loglog log -

Proof To prove inequalities (2.2), (2.3) we just need to check

ME G,k : M k) T
7;(&) <t / [w;t(x,u,k)] tdxé)/(w) ,(2.5)

r

"
B, (x0)
MEw. )\ () ME, )\
V”(w) <r ! / [w?(x,u,k)]tdx<y(w> (2.6)
r r
B (x0)

for ¢ > 0. The left inequality in (2.5) and the right inequality in (2.6) are obvious due to the

fact that £(] x — xp |) is increasing if x € B,(xg) and r is sufficiently small. Let us check the
loglog{ .
——5 1 I8 increasing on

right inequality in (2.5). Integrating by parts, using the fact that .
0g- ¢

the interval (0, r), we obtain

+ —tL(s)
/ [w (x,u, k) y/(M (&, k)) " Lds

By (x0)
MEw. o\ ¢
< yr"( S (u, ))

r

i + —tl(s)

k M; k loglo

+yt L log (u )/( (u, )) g gs 11 g
log? ;

0
< (M,i(u,k))"“”
SVYr\—————

r

+ytL log

—1t
M (u. k) loglog /(Mi(u k)) Oy
r 1
Og 0

ME@u, )\ 1 -
< yrt (M) + / [wri(x,u,k)] th,

7
By (xo)

N |
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. loglog1 1 N . o .
provided that y ¢ L lilr < > r < M (u, k) < 1, from which the required inequality
og -
follows. '
Similarly,

ME(u, k)"
[wri(x, u,k)]tdx > yr" (L)

r
By (x0)

ME Mi t0(s) 1oologo L
—yt L log (" o /( (v, k)> o8 Og "1 ds

log? 5
MZE@, k)\"“" loglog L
>yrn< r(u )) <1—)/IL g %r)’
r log

I

loglog 1 1
from which the left inequality in (2.6) follows, provided that y ¢ L % < >
og ”
r<mM ri (u, k) < 1, which completes the proof of the lemma. O

In the sequel we also need the following lemma

Lemma 2.3 There exist C; > 0, k1 > 1 such that for any u € DG(Bg(xo)) and any
@ € Wo(By(x0)) the following inequality holds

- - K1p
(Br<xo)> /)w (row ) Lo T dx

u k r B,
- 1
<y(r —_ / w; tx,u, k)| Vo |P dx) , 2.7)
Sy, k ,(B (XO)) -
provided that
1 loglog 1
— +C gifrél, and r < M (u, k) < (2.8)
loglog - log &
Here

St (F) —/w,i(x,u,k)dx, F CR"
F

Proof Inequality (2.7) is a consequence of (2. 5) (2.6) and Sobolev embedding theorem.

Indeed, using the Holder inequality, if 0 < § < = nn(‘(il)sy we obtain with
n(1-5)

n(1=08)—ki(n—p(1-9))

t= > 1

@ Springer



7 Page100f29 1. Skrypnik, Y. Yevgenieva

[ wEwun g ax

By (x0)
1 n—p(1-3)
T np(1—8) K1 ti=s)
< ( / [w,i(x,u,k)]tdx>t< / | @ | =P8 dx>
By (x0) By (x0)
1 71
=5
< y( / [w#(x,u,k)]’dx)[( / | Vg |P1-5) dx)
By (x0) By (x0)

1 N
éy( / [wri(x,u,k)]tdx>t< / [wrj:()c,u,k)]_ngd)c)l(5

By (x0) B (x0)
_ K1
><< / wEx,u, k)| Vo |P dx)
By (x0)

1—k K1
_ n n _
< yrpkl( / w;, (x, u, k) dx) ( / wi(x,u, k) | Vo |P dx) .

By (x0) B, (x0)

Choosing C; = t C, we arrive at the required (2.7), which completes the proof of the lemma.

2.2 De Giorgi Type Lemma

Let Bs,(x0) C Br(xo) and let u > esssupu, u; < essin)fu, o=k —

By (xo) Br(xo

[m}

Lemma 2.4 Letu € DG(Bg(xp))andfix§ € ( , 2M) Thenthere existsv € (0, 1) depending

only onn, p, q, c; and M, such that if

u, iy —Ewy,r

st <Br(x0) cu >t — %‘wr> <v SIM:_Ewhr(Br(XO)),

then either
Ewp <4,
or
. &
ulx) < p, — 1 w, fora.a.x € B% (x0),
provided that
1 loglog 1
L el
loglog - log

where C1 is the constant defined in Lemma 2.3.
Likewise, if

Sy v (B0 w60 ) SvST L (B0,

@ Springer
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Harnack inequality for solutions of the p(x)-Laplace... Page 11 of 29 7

then either (2.10) holds, or
_, &
ulx) = u, + 1 w, fora.a.x € B% (x0), (2.14)
provided that (2.12) is valid.

Proof We provide the proof of (2.11), while the proof of (2.14) is completely similar. For
J=0,1,2,... wesetr; = %(1 +270) k= = S —E 027 et g (0) €
C‘O’O(Brj (x0)),0 < ¢j(x) < 1,¢(x) =1forx € Brm(xo) and set A; := By, (x0) N{u >

kj}. Further we will assume that sup (u — koo)y > 20 because otherwise inequality
Br (x0)
2

(2.11) is evident. We note that
v wl O u k) < wf(u gt = Eop) <yl (ukp), x € By (xo).
If (2.10) is violated, then condition (2.8) holds due to (2.12) and the choice of &, r; <

sup(u — kj)+ < 1. So, by Lemma 2.3 and inequality (2.1) we have
By,
J

(kj —kji1)? S; (Aj+1)

yl/-:r—cfwr,r

< p2l7 / v, u, k) = k)7ed dx

Brj(xO)
iy + P Lq\KI ﬁ + -
< 72 w (v, u k) ((w —kpEed)™ dx [SMM_SW(AJA)] 5
Brj(x())
. 17 -
SY zjy[S:/L:r—Ewr r(B,(xo))]"l rf

_L
[ k) | V(@ = kpae) 1P ax ), (4p])

Br/- (x0)

<y 27 () [ST (B, o)) S AanP,

u,uf —Ewpr u, i —Ewpr

which implies

+ .
Su,u,*—éw,,r(AjJrl) < p -

+ ~
Su,u;-*'*éwr,r (B (x0))

Yj+1 =

from which by standard arguments (see e.g. [32]) the required (2.11) follows, provided that
v is chosen to satisfy v < y~!. This completes the proof of the lemma. O

2.3 Expansion of the Positivity

To prove our next result we need the following lemma.

@ Springer



7 Page120f29 1. Skrypnik, Y. Yevgenieva

Lemma25 Letk <0 <8 <1— % u € DG(Bg(xp)), p € WhPU=0(B (x¢)), then

1
n - p(1-5)
<yr1‘ﬁ<w>( / | Ve [P0 dx)” . (215)

+ A+
Ak,r\Al,r

+ - + 1
(4 — k) Su,k,r(Ak,r) | Al,r | < Vrl—f-,(lnia)( / | Vo |ﬁ(1—8) dx) p(1—5>7 (2.16)
Syt (Br(x0)) | Br(x0) |

SH AR AL
SI[’r(Br(xO)) | BF(XO) |

(I=k

AL\,
provided that

1 LC loglog !
r+ = £ %’ <1, oand r<MF@. D, M7 (u k) <1, (2.17)
loglog - p(1—=8)—1 log

here C > 1 is the constant, defined in Lemma 2.2.
Proof Let {v}, = { wvdx. Using the Poincare inequality and inequality (2.3) with ¢ =
By (x0)
1
PaA=8)—1 we get

w (e, u, 1) | v —{v), | dx

By (x0)
_ 1— =1 1
p1-4) (1-3) _ p(1-5)
< V( / [w," (x, u, ]P0 dx) ! < / | v—{o), P02 dx)l
By (x0) By (x0)
ﬁ
__n _ pa—
<yr! T SI,J(Br(xO))( / | Vo (PO dx> :
By (x0)
Take v = 0,if ¢ < k,v =¢ —k,ifk <@ <[,v=1—k,if ¢ > [. We evidently have
| A, |
(v}, < (I —k)——="—, hence
' | Br(x0) |
[ e =) g dx = d k)(l 'A:")/ o u, 1) d
w, (x, u, v—{v x 2= (- _— w, (x,u, X,
’ ' | B(xo) | ’
By (x0) Af

Lr

from which the required inequality (2.15) follows. The proof of (2.16) is completely similar.
]

Lemma 2.6 (Expansion of the Positivity) Let u € DG (Br(xp)), fix§ € (0, ﬁ) and assume
that with some a € (0, 1) there holds

| {x € Br(xo) :u(x) = puy =&} [S (1 —a) | Br(xo) |- (2.18)
Then there exists number s, depending only on n, p, q, c1, M, a and & such that either
w, <25, (2.19)
or
u@x) <pugp —2"%lo, foraa xe By (xo), (2.20)
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Harnack inequality for solutions of the p(x)-Laplace... Page 13 of 29 7

provided that
oglog -
7+L(s*+l)ﬁgl. (2.21)
log log log ;
Likewise, if
[ {x € By(x0) :u(x) S p— +é o} IS (1 —a) | Br(xo) |, (2.22)

then there exists number s, depending only onn, p, q, c1, M, a and &, such that either (2.19)
holds or

u(x) = p-+27%"'w, foraa x e Bz (xo), (2.23)

provided that (2.21) holds.

Proof We provide the proof of (2.20), while the proof of (2.23) is completely similar. We set

kg = M;" — %, s = [log é] +1,..., s« — 1, where s, is large enough to be chosen later,
[a] denotes the integer part of a number a. We will assume that sup (v — kg, )+ > %,

B% (x0)

since otherwise inequality (2.20) is evident. If inequality (2.19) is violated, then Lemma 2.6
with [ = ks and k = k; yields

A+ 1
@r Su s Aegirr) < y(a)rl_ﬁ( / | Vu [PO=9 dx) =
25+ S,j_k 1) r(Br(XO))

ks r\ kgqq.r

0 1 F1-5)
<yl r' T ( / [wh e, u, k)] 7 dx)p

+
\A kgq1or

ksr

x( / w;r(x,u,ks)IVu |ﬁ dx)p

Al
From this, by inequality (2.1) we obtain

+ A+
SM kst1, (A Ks+1, ")

u k 1, r(Br(XO))

8

1-6

< y(a)r*ﬁ< / [w:<x,u,ks)]*de> TSt (Ba o

I
Aks VAL ks1.7

By our choice and (2.21) we have

1
MF(u, k £(|x—xol) L(S*+1)luglog;
(M) < 2= ¢ o Tl <2, x e B(ro).

M (u, ks,)
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7 Page 14 0f29 1. Skrypnik, Y. Yevgenieva

therefore ST

ke AL D Z YIS AL Dand ST (Br(o)+S, L (B (x0) <

y S,j’ks (B (x0)), s = [log é] +1,...,54 — 1, so from the previous relation we have

pU=3)
8

[S; 4 AL D]
n = 1-5 _1-3

Sy@r 8 (8, (B o) P / [wi (e, u ks )] 7 dx.

Al AL

s+

Summing up these inequalities over s = [log %] +1,...,8 — 1, we conclude that

—n 1) 18 -1
<y FIST, (B GonI DS / [w; e, k)] dx.

B (x0)

d)

Using inequality (2.2) from the last inequality we arrive at

1 s
St r AL ) <v)(se - [1ogg] —1) TTsh B,

p(1=6)

Choosing s, by the condition y (&) (s* — [log El] — 1) = v and using Lemma 2.4 we

obtain (2.20), which proves Lemma 2.6. O

2.4 Proof of Theorems 1.1, 2.1

To complete the proof of Theorems 1.1 and 2.1 we fix R by the condition

loglog &
Lt )R,
loglog & log %

where s is the number defined in Lemma 2.6, and assume that the following two alternative
cases are possible:

1
{x € B0 st > uf = 201 1< 5 1B, o) | 50 > 2+ [log M),
or
_ wy 1
{x € Brwo) su) <y + 30} 1< 5 1B Go) |

forany 0 < r < p < R. Assume, for example, the first one holds. Then by Lemma 2.6 we
obtain

wr < (1 — 275*71) wr + 2%y,

(ST

Iterating this inequality, we have

B
wréyM(%> +yvp, B=PBG)eO1).

This completes the proof of Theorems 1.1 and 2.1.
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3 Upper and lower estimates of auxiliary solutions

In this Section we prove upper and lower bounds for auxiliary solutions v := v(x, m) to the
problem

divA(x, Vv) =0, x €D := Bigp(x0) \ E, E C B,(x0),
v—my € Wo(D),
where 0 < m < M is some fixed number, and v € Wy(Bi6p(x0)), ¥ = 1 on E. The

existence of the solutions v follows from the general theory of monotone operators. We will
assume that the following integral identity holds:

/ A(x,Vv)Vodx =0 forany ¢ € Wo(D). 3.1)
D

Testing (3.1) by ¢ = (v — m)4+ and by ¢ = v_ and using condition (1.9), we obtain that
0<vm<< M.
For p < p1 < p2 < 16p we set:

K(p1, p2) := B, (x0) \ By, (x0), My (v) = sup v,
K(p1,16p)

i Cx=xo) R
“”) . Su(K(p1. p)) == / B, (x, v) dx.

K(p1.p2)

Wy, (x,v) == (1 +

Note that similarly to (2.5), (2.6), for all p; € (p, 16p) there hold

—10(16p)
(1 + M)Ol (U)> g f [ﬁpl (X, v)]ft dx

L1
K (p1,16p)
I —te(16p)
<y(hw459> 1> 0, 3.2)
o1
I 1L(16p)
y~! (1 + 7‘;1(”)> < [, (x, )] dx
K (p1,16p)
I 1£(16p)
<y(LwJﬂ9> =0, (3.3)
L1
provided that
M loglog -k T6
7+tCLlog<l+ )7"@, (3.4)
log log 67 P/ log? Top

where C = max(C, Cy) and C, C; are the constants defined in Lemmas 2.2, 2.3. Therefore
Lemmas 2.2, 2.3 continue to hold in K (p;, 16p) with w;t(x, u, k) replaced by wp, (x, v).

To formulate our results, we need the notion of the capacity. Let E C B, (xo) C B, (xo)
and for any m > 0 set

1

C,\(E, Biep(xp); m) := — inf mVe [PY) dx,
p()(E, Bigp(x0); m) := — pont / | mV |

Biep (x0)
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7 Page 16 0f 29 1. Skrypnik, Y. Yevgenieva

where the infimum is taken over the set 9(E) of all functions ¢ € Wy(Bi¢p(x0)) withg > 1
on E.If m = 1, this definition leads to the standard definition of C,(.)(E, Bi¢p(x0)) capacity
(see, e.g. [3]).

3.1 Upper bound for the function v

We note that in the standard case (i.e. if L = 0) the upper bound for the function v was
proved in [42] (see also [43, Chap. 8, Sec. 3], [44]).

Lemma 3.1 There exists positive number y| depending only on the data such that if

C,(E,B
p() (E, Bigp(xo), m) 51

i (35)
Sy (K (30, 16p))

then

(v)

1
y_l< ﬁcpi)(E,liMp(Xo),m))P—‘ <l
Su (K (30, 16p))

1
5 Cp()(E, Bigp(xo), m)\ 71
< [ Cr0E: Brep ) 3.6

4G i) o

30

provided that

log log L
L2 1L (3.7)
loglog Top log Top

Proof First, we prove inequality on the right-hand side of (3.6). Fix o € (0, 1/4) and for any
se(5/4p,2p(1 —0)), j =0,1,2, ... set p](” =s(1+0 —o27)),
K; = K(p}l), 16p), kj ==k —k27/,k >0,A; == K;N{v > k;}, Mj == Sll(lpv and
J
let £ € C®(Bigp(x0)), 0 < ¢j < L, gj = 0in B m(xo), §j = Lin Kjy1, | VE; IS
J

y 2/ ((7,0)_]‘ Further, we will assume that

3

M%,,(v) = 30

since otherwise, by (3.5) inequality (3.6) is evident, moreover this inequality yields

M £(lx—xol) I 2(lx—x|)
<ﬂ> < Wy, (x,v) < V<ﬂ> , xeD.
P1 P1

Testing 3.1) by ¢ = (v —kj11)+¢ jq and using the Young inequality we obtain

| Vo [P ¢ dx

Kjﬂ{v>kj+1}

) _ M Ldx=xoD _
Syo V2V pTP ) (v—k)HL dx
p(l) J/+

A J
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£(|x=xol)
iy —F My p
<yoV27p p/(p(l)) (v—kj)idx
0

i
:yo-iyzj)’pfﬁ/ @pé])(x,l})(v—kj)id-x.
A

J

Using again the Young inequality, assuming that k > gy Mo, where g9 € (0, 1) is small
enough, from the previous we have

/ @pél)(x, v) | Vo |? ¢ dx

Kinfv>kj1}

My —~
<v|l—m w m(x, v)dx

Py 0

Kjﬁ{v>kj+1}

—yniv -5 [ ~ P

+yo V27 p P/wpél>(x,v)(v—kj)+dx
Aj

i (MO [ Iz

<yo Y <p7> /wp(()l)(X, v)(U—kj)+dX

j
v oiv o= | p
+yor2i7p P/wp81>(x,v)(v—kj)+dx
Aj
=Y _—vAjy ,—P | = p
<yg' o Y217 p p/wp(()l)(X, v)(v —kj), dx.

Aj

Choose y; > 0 large enough, by our assumption Lemma 2.3 is applicable, therefore from
this we obtain

Vj+l = / @p(()u(x,v)(v—kjﬂ)idx

Aj+1
1 1-L
<yl o V2 [§ (K(p“’ 16,0))]_(1_H)< / B (x v)dx> i
S 0 v o > p(()l) 5
Aj+1
_ P iy [© ) -3
></wp(()u(x,v)(v—kj)erxgysO o V2 [S,, (K(po ,16p))]
Aj

_ 1
w kPO yj T =012, ...

)

Hence, setting M, := My, by standard arguments (see, e.g. [32]) and by our choice, we

arrive at

_ -~ - . —1 _
My < el M +ye;” a7 [Sy (K (ol 160) )] / @ o (x, v) v dx. (3.8)
0

o
1
K(pi".16p)
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7 Page180f29 1. Skrypnik, Y. Yevgenieva

Let us estimate the second term on the right-hand side of (3.8). For this we set vy, =
min{v, Mo}, by Lemma 2.3 we have for any ¢ € (0, 1)

~ p _ ~ p
/ U)p(()l)(x, v)vPdx = / wpél)(x, v)vMde

K(py",16p) K(py",16p)
< yp? / @pm(x, v) | Vou, |7 dx
0
K (p" 16p)
ca? pP . _p)
< L [W o(x,v)]PO-r dx
Y 0
K(pi",16p)
vp? p@)
+ / | Vo [PX) dx
D
o’ 5 1 yo?
== MIS, (K(p(() ), 16,0)) + | Vo, 179 da.

evo?
D

Collecting the last two inequalities we obtain

_ e . P -1
ME < &+ Symf 0[5 (el 160)) ] [ 1V 1 . G9)
D

0 gyera?
Let us estimate the second term on the right-hand side of (3.9). Let ¥ € 9M(E) be such
that

1
_ / | m Vi |P(X) dx

m
Biep (x0)

< 1
< Cp)(E, Bigp(x0)i m) + p" < Cpio (E, Biop(xo): m) + 7S, (K (o, 160))

Testing identity (3.1) by ¢ = v — m, by the Young inequality we obtain

/le P& dx <y / | mVy [PY) dx
D

Bi6p (x0)

Sym <Cp(~)(E, Bigp(x0); m) + S, (K(pél), 160))) :

M
Testing (3.1) by ¢ = vpg, — =0 v, using the Young inequality and the previous inequality,
m

we have
M,
/|WM0 1P®) dx < y—o/ | Vu [P dx
m
D D

< Mo (Cypir (E. Bigyxorim) + 5, (K (a1 16p)) ).
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This inequality, the Young inequality and (3.9) imply that
5 Cp) (E, Bigp(x0); m) N ,;)
S, (K (o, 160))
b
5 Cp)(E, Biep(x0); m)) . p[,}
Su (K (30, 16p))

Iterating the last inequality, choosing &g and then ¢ = ¢(gp) small enough, by (3.5) we arrive
at

5 o€ 5 _
MP < () + 87) M§ +y80y£_ya_VM0(p
0

5 & 5 _
< (285-}-87)1\/[(};4-)/80)/8_}/0’_)/{(,0
0

M

1
5 Cr()(E, B : 1
30(,)) < ( P p’(\)( g16,o(xo) m)) 7 h
i Sy (K (30, 16p))
L
<y <pﬁ Cﬁﬁ)(Ev 3;16,0()50); m)) p717
Sy (K (30, 16p))
which completes the proof of the lemma.
Now we prove inequality on the left-hand side of (3.6). Let {1 € C§°(Bay(x0)), 0 <
6 < 1,6 = Lin Byy(xo), | V& |< L. Testing (3.1) by ¢ = v — m ¢!, using the Young
0

inequality, we obtain for any &1 > 0

/ | Vo [P® dx < )’% / | Vo [PO-1 ¢ 77 gy

D K(2p,4p)
m m _
<y— | Vo [P® gx +y = / PO .
e1p
K(2p,4p) K(2p,4p)

Lets € CSO(K(%[), 60)),0< 0 <1,50=1in K(Q2p, 4p),| V&2 |< Z. Testing (3.1) by
0

0= §2q and using the Young inequality, we estimate the first term on the right-hand side
of the previous inequality as follows:

0\ P y i
| Vo [PD) dx <y / <7> dx < = / w3 (x,v) v’ dx.
P pP 2P
K(2p.4p) K(3p,6p) K(3p.16p)

Combining the last two inequalities and using the definition of capacity, we obtain

1
Cpir (E. Bugp(x0):m) < — / | Vo P9 dx
m
D
Y

/ w3 (x,v) vl dx + Y / 8{?()6)71 dx.
2P 0

K(%p,mp) K(2p,4p)

X = -1
g pPt!

(3.10)
My, ()

Choose €1 from the condition ] = , then inequality (3.10) yields

o
My,

pP

)

-~ 3
Cp()(E, Biep(x0); m) < y Sy (K(E’O’ 16,0))
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from which the required inequality follows, this completes the proof of the lemma. O

3.2 Lower bound for the function v

Further we need the following lemma.

Lemma 3.2 Let condition (3.5) holds, then there exists ¢ € (0, 1) depending only on the data
such that

1

- C,y(E,B ; =T

/ ﬁgp(x,v)x[v 28(,0” pi)( 3160(}60) m)>p :|dx
’ Su (K (30, 16p))

K(3p.16p)

>y'5, (K(%p, 16p)), (3.11)

provided that inequality (3.7) holds, here x| F] is the characteristic function of the set F.

Progf To prove (3.11) we use inequality (3.10). Choose &; from the condition &; =
. M%,,(U)
&1

, €1 € (0,1), then by Lemma 3.1 the terms on the right-hand side of (3.10)

are estimated as follows

Y px)—1 é1 > —1a 3
= / &l dx < yﬁM%p(v)” Sy (K(Ep, 16p)>
K(2p,4p)
< y&a1Cp)(E, Bigp(xo); m). (3.12)

Similarly, by Lemma 3.1

14 ~ P
e p7 / w%p(x,v)v dx

K(3p,16p)

cP
<y o Cp)(E, Bigp(xg); m)
Cp)(E, Bigp(xo); m)
Sv (K (30, 160))

1

- C,y(E,B ; T

X / ﬁgp(x, v)X|:v > 8<,0” p,(\)( 3160()60) m)>p :|dx. (3.13)
’ Su (K (30, 16p))

K(3p.16p)

Collecting estimates (3.10), (3.12), (3.13) we obtain

_ ep
Cp()(E, Bisp(xo);m) < (v&1 + vy a) Cp)(E, Bigp(xp); m)
Cp(H(E, Bigp(xp); m)
Su (K (30, 16p))

™ 1
- C,)(E,B : =4
X / w;p(x,v)x[v > s(pp PO 3]6p(JC0) m))p ]dx.
3 ’ Sv (K(Zp7 16,0))

K(3p.16p)
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1 e? 1
Choosing £; by the condition y&; = 1 and then choosing ¢ by the condition y — = T
€1
from the previous we arrive at

1
A 5 Cp()(E, Bigp(x0); m)\ 71 i 3
W3 (x,v)x[v}s(p” P dx >y 'S, | K(=p,16p) ],
/ 2° So (K(3p,16p)) kG )
K(3p,16p)

which completes the proof of the lemma. O

The following lemma is the main result of this Section

Lemma 3.3 There exists € € (0, 1) depending only on the data such that either

_ [E| \77
em| ——— < p, (3.14)
| By(x0) |
or
I{K(gp 16p)'v>ém<'E'>”ll} >y KCp 160 . (.15)
2" T | B (x0) | - 2P ’ :

provided that inequality (3.7) holds.

Proof Lemma 3.3 is a consequence of Lemma 3.2, for this we first estimate the capacity of
the set E from below. Let ¢ € Wo(Bi6p(x0)), ¢ = 1 on E, then by Lemmas 2.2, 2.3, 3.1
and using the evident inequalities y~'S, (K(%p, 16p)) < f ﬁ%p(x, vdx <

Biep (x0)
¥ Sy (K (3p. 16p)) we have
m13|E|<m13 / (pﬁdx
Bigp (x0)
€1 . 1—L
— Kl N S Kl
m PK1 ™ Kk —1
< ( / iy, (6, 0) | (me) | dx) ( / (i, (x, )] dx)
Biep (x0) Biep (x0)
1—L
< 07 B (K (5o, 160) )17 (3,000 T dx )
S Y v 2,0, P U)%p X,V X
Biep (x0)
x / W3,(x,v) | Vimg) 1P dx
Biep(x0)
pﬁ+n ; p13+n
<Yy=——5—"—"— / w3 (x,v) | Vme) | dx <y=——5+———
Su (K (30, 16p)) 2 Su (K (30, 16p))
Biep (x0)
Ms,(v)\ 7
x( / 1’D%p(x, v)<1 + 27> dx + / | V(mg) [P dx)
0
Bigp (x0) Bi6p (x0)
p[7+n

<yp"M+ym =

== Cp(E,B ,
So (K(%P,lqo)) PO 16p(x0), m)
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pﬁ+n

s
5. (K (30 167)

/ | V(me) [PY) dx. (3.16)
Biep (x0)
Since g is arbitrary, estimate (3.16) yields
_ _ p+n
mP | E|< ypP™ +y m =0

P C,\(E. Bigy(x0). m).
Sy (K(3p.160)) 7T

If inequality (3.14) is violated then

[} -
— _ 5—1 4
b Bl (ELY (2,
| By (xo) | | By (xo) | €

so, if £ is sufficiently small, from the previous we arrive at

# Cp)(E, Bigp(xo),m) =y~ ' mP~! &~
Sy (K (30, 16p)) | By (xo) |
And hence
(E, B ; 5 5 = p=—p
Cpi)( , 316p(X0),m) >y pl—pmp—l i > y—p 7P > Y0,
Sy (K(50.16p)) | Bp(xo) |

provided that (3.14) is violated and ¢ is sufficiently small. Now we use Lemma 3.2 for this
| E |

1
1
7> ! } We have by Lemmas 2.2 and 3.2
| Bp(x0) |

we set F':= {K(%p, 16p) : v > ém(

3
2

(.3 ! _
)1 <3, (K(Ep,16p)> [ s

K(3p.,16p)
1

< P ( / (W3 (x v)]zdx);< ( £ )7
I =" 3 s X T2 . i
S0 (K(30. 160)) e "Nk Go. 160 |

K(3p.16p)

which completes the proof of the lemma. O

4 Harnack’s inequality, proof of Theorems 1.2 and 1.3
4.1 Weak Harnack inequality, proof of Theorem 1.2

ForO <s < MsetE(p,s) := {Bp (x0) 1 u > s}.As it was mentioned in Sect. 1 Theorem 1.2
is a simple consequence of the following lemma

Lemma 4.1 Let u be a non-negative bounded super-solution to equation (1.1) in Q and let
condition (1.9) be fulfilled, then there exist positive numbers Ca, C3 depending only on the
data such that

| E(p.s) 1< Ca | Bywo) | 57 (o + inf W)’ (4.1)

p (x0)
2
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provided that Big,(xo) C Q2 and

1 loglog
G L—— 2 <L 4.2)
loglog Top log Top

Proof We construct the solution v of the problem (3.1) in D = Big,(x0) \ E(p, s), since
u > vondD,by (1.9)u > vin D. First we use Lemma 3.3, if inequality (3.14) is violated,
ie. if

1
_ (1E(p,s) [\
! > p, 4.3
“<|Bp(xo)|> p “3

by Lemma 3.3 there holds

1
= (LE@,s) I\7T
| {Bisp(x0) 1u > &s (IB,)(xo)|> H
1
| E(p,s) |\7T
a0

| Bp(x0) |

| E(p, s) |>ﬁ'—l
| B, (x0) |

3
> [{K(p,16p) i u >ém<

3 _ _
>|{K(fp,16p):v>as< } 1>yt | Biop(x0) |,

2

provided that

log log ﬁ

T < 1. 4.4)
log Top

1 t™n
loglog ﬁ

1
E(p, =T
Now we use Lemma 2.6 with r = 16p, u— =0 and fw, = ¢s <M> ' , we
| By (xo) |
obtain that
| E(p.5) |\ 77
- P, 8 P
u(x) =275 (*) , X € Bgp(xo), 4.5)
| By(x0) | g
provided that
log log L
s, L——1% (4.6)

loglog ﬁ log ﬁ

Choosing C;, C3 sufficiently large, collecting (4.3)—(4.6) we arrive at (4.1), which completes
the proof of the lemma. O
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To complete the proof of Theorem 1.2 set m(p/2) := p/2 + Bin(f )u, then by Lemma 4.1
2 (X0
2

for 6 € (0, p — 1) we have

o0
Foatax=01B,00 1" [1EGs) 15" ds
0

Bp(XO)
o0
<m®(p/2) +6 | By(xo) | / | E(p,s) | s"7"ds
m(p/2)
o0
h— _5 Y
<m8(p/2)+ymp 1(/)/2) / s97P ds < mme(p/Z),
m(p/2)

provided that

loglog ﬁ

C3
log ﬁ

loglog ﬁ

which completes the proof of Theorem 1.2.

4.2 Proof of Theorem 1.3

The proof of Theorem 1.3 is almost standard.
For fixed o € (0, 1/8),s € (3/4p,7/8p),k > 0and j =0, 1,2, ... set

kj=k—k2,pj:=s(1—0+0277),p; = 5(,0]' + pj+1), Bj := By, (x0),
Bj = Bp,(x0) and let My := supu, My := supu. Denote by {; a non-negative piece-
By Boo
_ 2/
wise smooth cutoff function in B; that equals one on Bj,1, such that | V¢; [< y—.
op

Mo\ LoD
Set also wg(x) = (l + —) and wo(F) = f wo(x) dx. Evidently, we have
Lo F

Mo L(|x—xol) Mo £(|x—xol) )
— <wolx) <yl — ,if My > po.

00 00
Note that similarly to (2.5), (2.6) there hold

My "0 My "0
y—1<1+7) <][wgf<x)dx<y<1+—> >0, @47

£0 P £0
0
. M, t€(po) . My (o)
y {1+ — < T wyx)dx <yl|ll+ — , >0, (4.8)
£0 4 £0
0
provided that
_ M loglogi
ﬁ—l-tCLlog(l—i-—)T 4.9)
loglog 2 o/ log %
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where C = max(C, C) and C, C; are the constants defined in Lemmas 2.2, 2.3. Therefore
Lemmas 2.2, 2.3 continue to hold in By with w;t (x, u, k) replaced by wo(x).
Further we will assume that My > pog.

Test identity (1.8) by ¢ = (v — kj1+1)+ ¢?, then
— ks r(x)
M) dx

/ | Ve —kjr)4 1P ¢Tdx <y 277 /(
J op +
B; B;
_, 2 5
<yo p—p wo(x) (u —k;)Y dx.
Bj

From this by the Young inequality, assuming that k > g9 Mo, o € (0, 1) is small enough,

we obtain
_ Mo p
/ wo(x) | V(u —kjr1)4 1P ¢f dx < y<7> / wo(x) dx
Bj l_?jﬂ{u>kj+|}
2y B
+yo? o7 /wo(x) (u —kji1); dx
B.

J
Mo\ p
<yo V2JV<E> / wo(x) (u —kj)idx
Bin{u>k;}
iy 5
+yo ’/ﬁ wo(x) (u —kj1)ydx
B;

<yeg o™ 7 /wo(x)(u—kj.;_l)idx,

Bj

1 _
My <el Mo+yey o7 ([wo(Bo)r1 / wa(x)u”dx)p
By

provided that (4.9) holds. From this similarly to (3.8) we obtain
(4.10)

Let us estimate the second term on the right-hand side of (4.10), using Lemma 2.2 we obtain

forany 0 <6 < pandany ¢ € (0, 1)

([wowo)r' / wo(x)uﬁdx>”

By

Si—=

1_2% —1 0
< M, ([wo(Bo)] /wo(x)u2 dx)

By

< eMo+ye‘V<[wo<Bo)]—‘ / wo(x)u%d)f)e
By
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5 3 s
<sMo+ys*V[wo<Bo>r§( / w%(x)dx) ( / uf’dx)

By By
1

7
<eMy+ye™” (,0*” / u? dx) ,

By

which together with (4.10) yield

1
1 7
Ms < (¢f +e)Mo+y so_y e Vo7 (,0’" / u? dx) .
By

Choosing &g, ¢ small enough, iterating this inequality and taking into account our choices
we arrive at

1

4
sup u <y <,0_” /uo dx) + 7y 0,
B2 (x0) Bo

provided that (4.9) is valid. This proves inequality (1.12).
Collecting estimates (1.10), (1.12) with 6 = %(ﬁ — 1), we arrive at

sup u<y( inf u+p),
Bp/a(x0) Bppa(xo)

which completes the proof of Theorem 1.3.
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