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Pulsar timing arrays (PTAs) detect gravitational waves (GWs) via the correlations they induce in the
arrival times of pulses from different pulsars. We assume that the GWs are described by a Gaussian
ensemble, which models the confusion noise produced by expected PTA sources. The mean correlation
h2μuðγÞ as a function of the angle γ between the directions to two pulsars was predicted by Hellings and
Downs in 1983. The variance σ2totðγÞ in this correlation was recently calculated [B. Allen, Variance of the
Hellings-Downs correlation, Phys. Rev. D 107, 043018 (2023)] for a single noise-free pulsar pair at
angle γ, which shows that after averaging over many pairs, the variance reduces to an intrinsic cosmic
variance σ2cosðγÞ. Here, we extend this to an arbitrary set of pulsars at specific sky locations, with pulsar
pairs binned by γ. We derive the linear combination of pulsar-pair correlations which is the optimal
estimator of the Hellings and Downs correlation for each bin, illustrating our methods with plots of the
expected range of variation away from the Hellings and Downs curve, for the sets of pulsars monitored by
three active PTA collaborations. We compute the variance of and the covariance between these binned
estimates, and show that these reduce to the cosmic variance and covariance sðγ; γ0Þ respectively, in the
many-pulsar limit. The likely fluctuations away from the Hellings and Downs curve μuðγÞ are strongly
correlated/anticorrelated in the three angular regions where μuðγÞ is successively positive, negative, and
positive. We also construct the optimal estimator of the squared strain h2 from pulsar-pair correlation data.
Remarkably, when there are very many pulsar pairs, this determines h2 with arbitrary precision because (in
contrast to LIGO-like GW detectors) PTAs probe an infinite set of GW modes. To assess if observed
deviations away from the Hellings and Downs curve are consistent with predictions, we propose and
characterize several χ2 goodness-of-fit statistics. While our main focus is ideal noise-free data, we also
show how pulsar noise and measurement noise can be included. Our methods can also be applied to future
PTAs, where the improved telescopes will provide larger pulsar populations and higher-precision timing.
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I. INTRODUCTION

A pulsar timing array (PTA) is a galactic-scale
gravitational-wave (GW) detector. It searches for low-
frequency (nanohertz) GWs by precisely monitoring the
arrival times of pulses from a set of pulsars [1].
Gravitational waves (e.g., from inspiraling supermassive
black-hole binaries in the centers of merging galaxies)

influence the pulse arrival times in a way that is correlated
between different pulsars. The mean correlation between a
pair of pulsars depends upon the angular separation γ
between the lines of sight to each member of the pair, as
seen from Earth [2].
The mean correlation was calculated by Hellings and

Downs [3] for a unit amplitude, isotropic and unpolarized
GW background. It has the simple analytic form [4]
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where γ is the angular separation between a pair of pulsars,
and “u” means “unpolarized.” Observation of a correlation
proportional to this Hellings and Downs curve is the
“smoking gun” signature that a PTA has detected GWs [5].
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Several groups are searching for such correlations.
These groups report strong statistical evidence for fluc-
tuations in the individual pulsar arrival times that share
the same “red” spectrum [6–9] that a GW background is
expected to produce [10]. However, there is currently little
evidence for the Hellings and Downs angular dependence,
which makes it difficult to claim that a GW background is
responsible.
Could the lack of evidence for the Hellings and Downs

angular dependence be a statistical fluctuation? To answer
this, it is important to understand what variations away
from the Hellings and Downs predicted mean might be
expected. The size of such fluctuations is quantified by the
variance of the Hellings and Downs correlation.

A. Total variance, pulsar variance, and cosmic variance

Recent work [11] calculates this variance for several
GW source models, neglecting all sources of noise.
The most important model contains N unpolarized point
sources, uniformly distributed (statistically) in space,
radiating GWs at the same frequency but with indepen-
dent random phases. For large numbers of sources, this
creates stationary “confusion noise.” It is a Gaussian
stochastic process [12–14] provided that the amplitude of
the individual sources vanishes as N → ∞.
The (total) variance σ2tot computed in [11] is a sum of

“pulsar variance” and “cosmic variance” σ2cos. Both types of
variance have been observed in simulations based on
synthetic catalogs of sources [15]. Pulsar variance arises
because different pairs of pulsars separated by the same
angle γ have correlations that differ from the average, in a
way that depends (unpredictably) upon their sky positions.
Reference [11] computes the total variance (there denoted
by σ2 without a subscript) for a single randomly selected
pulsar pair separated by angle γ. In contrast, the cosmic
variance is the variance of the correlation after the
correlation has been averaged over all possible locations/
orientations of the pair. This corresponds to employing an
infinite number of pulsar pairs separated by angle γ,
uniformly distributed about the sky, and is called pulsar
averaging.
In the confusion-noise model (Sec. III A in [11]), cosmic

variance arises because, even after pulsar averaging, the
correlation depends upon the relative phases of the GW
sources. Each realization of the Universe has different
phases, and thus exhibits different pulsar-averaged corre-
lations. The cosmic variance is the amount by which
the pulsar-averaged correlation curve is expected to differ
from the Hellings and Downs prediction in an ideal world
containing an infinite number of noise-free pulsars. Unlike
the pulsar variance, it cannot be reduced: the cosmic
variance is a fundamental limit to the precision with which
the Hellings and Downs predicted mean might be observed
at a particular angle γ.

Figure 1 illustrates the total and cosmic variance, as
offsets away from the mean μu of the Hellings and Downs
correlation. The total variance at angle γ is the uncertainty
associated with the determination of the Hellings and
Downs correlation when a single (randomly selected)
pulsar pair at angle γ is used to estimate that correlation.
The cosmic variance at angle γ is the uncertainty that
remains when an infinite number of uniformly distributed
pulsar pairs at angle γ are used to do the estimation. In this
paper, we study the transition between these two limits,
when a finite set of pulsars at specific sky locations are
used to estimate the correlation. This reflects observational
reality because PTA pulsars are nonuniformly distributed
on the sky, so the pairs formed from them have no
separation angles in common.
The plots in Fig. 1 assume that the GWs arise from the

incoherent sum of many weak sources, giving rise, via the
central-limit theorem, to a Gaussian ensemble [12–14]. For
such sources, the scaling relation between the (squared)
mean and the variance is described in Appendix B; these
plots take h4=h4 ¼ 1=2 and h2 ¼ 1. This corresponds to
the large source-number limit of the “narrow-band” discrete
confusion-noise model (Sec. III A in [11]), where the
source frequency is assumed to be commensurate with
the inverse observation time.

B. Variance of the Hellings and Downs correlation
for an arbitrary set of pulsars

We assume that the reader is familiar with Ref. [11], and
extend that analysis in five ways:
(i) First, we define the Hellings and Downs correlation

[3] for many pulsar pairs. We have found only one sensible
way to generalize the standard “single-pulsar-pair” defi-
nition. We partition the angular range γ ∈ ½0; 180°� into

FIG. 1. The mean Hellings and Downs correlation μu as a
function of the angular separation γ between a pair of pulsars.
Also plotted are μu � σtot and μu � σcos, where σ2tot is the total
variance for a single pulsar pair and σ2cos is the cosmic variance.
(For this plot, we have set h4=h4 ¼ 1=2 and h2 ¼ 1; see text for
details of the GW source model.) Note that although the correct
term is “standard deviation,” we sometimes call σ the “variance”.
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nonoverlapping intervals called bins. Then, we define the
correlation associated with a bin ½γlow; γhigh� to be an
average of the Hellings and Downs correlations ρab for
the npairs pulsar pairs that have γlow < γab < γhigh, where
the subscripts a and b label pulsars, and γab is their angular
separation on the sky. We say that these pulsar pairs “fall
in” or “lie in” or “are in” the bin. If there is only a single
pulsar pair in the bin, then our definition reduces to the
standard Hellings and Downs definition.
What type of average should we employ? As shown in

Fig. 2, a uniform average, where the correlation of each
pulsar pair gets the same weight, 1=npairs, is not the best
choice. We define the Hellings and Downs correlation for a
given bin to be the weighted sum of the pulsar-pair
correlations ρab in that bin which is (1) unbiased and
(2) minimizes the expected variance.
In this paper, that weighted average (for a particular bin)

is called the “optimal estimator.” In several places, we also
consider a special case, which we call the “narrow-bin
limit.” This is the (mathematical) limit in which the width
(in γ) of an angular-separation bin vanishes, while the
number of pulsar pairs in that bin remains constant
or grows.
Conditions (1) and (2) lead immediately to a simple

formula for the weights. The weights depend upon the sky
directions to all of the pulsars which contribute to a
particular bin, and are easily computed for any specific
set of directions. In the limit of low pulsar noise, the
resulting optimal estimator tells an observer (in a universe
described by the Gaussian ensemble) the best way to
combine measured pulsar-pair correlations to estimate
the Hellings and Downs correlation in a particular bin.
As a byproduct, we also obtain simple formulas for

(a) the variance of the optimal estimator for a given angular

separation bin, and (b) the covariance of the optimal
estimators for any pair of bins. By definition these are
the variance and covariance of the Hellings and Downs
correlation. In particular, the variance, which by condition
(2) is as small as possible, quantifies the uncertainty in the
Hellings and Downs correlation for any particular bin.
The variance depends upon the sky directions to all of the
pulsars that contribute to that bin.
To illustrate this, Fig. 3 shows the variance obtained by

using the 88 pulsars currently employed by three active
PTAs, after dividing the 88 × 87=2 ¼ 3828 possible dis-
tinct pulsar pairs among 30 evenly spaced 6° bins. If the
Gaussian ensemble is a good description of the GWs in our
Universe and the correlation measurements are noise-free,
then this shows the expected deviations away from the
Hellings and Downs mean. Thus, it is an upper limit on the
ability to which that set of 88 pulsars could be expected to
recover the Hellings and Downs curve. Similar plots for the
three individual PTAs (employing only “their” pulsars) are
given in Sec. V B.

(ii) Second, we extend [11] by showing how the variance
and covariance of the expected Hellings and Downs
correlation decrease as pulsar pairs are added. For example,
the variance of the optimal estimator for narrow bins drops
from the total variance σ2totðγÞ for a single pulsar pair to the
cosmic variance σ2cosðγÞ for an infinite number of pairs
(distributed uniformly on the sky). This transition is
illustrated later in Fig. 6.
Our approach to deriving the cosmic variance is different

than that given in Sec. IV of [11], and provides a useful

FIG. 2. The bin at angular separation γ contains npairs ¼ 3 pulsar
pairs with γ ≈ γ12 ≈ γ38 ≈ γ47. The naive correlation estimator
ρnaive ¼ ðρ12 þ ρ38 þ ρ47Þ=3 weights them uniformly, but is sub-
optimal. The optimal estimator ρopt ¼ 0.3ρ12 þ 0.3ρ38 þ 0.4ρ47
gives more weight to the correlation ρ47. This is because the 12 and
38 pairs are close on the sky, so ρ12 and ρ38 give nearly redundant
estimates. The optimal estimator defines the Hellings and Downs
correlation of that bin. Note: for large numbers of pairs uniformly
distributed about the sky, rotational symmetry implies that all pairs
have the same weight.

FIG. 3. The dots (lines are to guide the eye) show the predicted
GW-induced variance σ2opt for the current set of 88 IPTA pulsars
(assumed free of noise) after optimally combining timing-
residual correlations in 30 × 6° angular-separation bins. This
reduces the variance far below the single pulsar pair (total)
variance σ2tot, bringing it close to the cosmic variance σ2cos.
The dots indicate the scale of the expected fluctuations away
from the Hellings and Downs curve, for a Gaussian ensemble
GW background with the binary-inspiral spectrum described in
Appendix B. This plot has the same scale and assumptions as
the IPTA plot in Fig. 9, i.e., α ¼ 1 for timing residuals and
h2 ≈ 0.5622. See Sec. V B and Appendix H for more details.
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alternative interpretation. Because different pulsar-pair
correlations are correlated with one another, as pulsar pairs
are added to a bin, the variance does not approach zero. The
reason is straightforward: once there are a sufficient
number of pulsar pairs in the bin, adding more pairs to
that bin provides negligible additional information about
the GW-induced correlations. (Section III E demonstrates
this behavior with a simple example.)
We also derive an elegant analytic expression for the

covariance of the optimal estimators in narrow angular
separation bins labeled by j and k, in the limit where each
contains an infinite number of pulsar pairs. This “cosmic
covariance matrix” is not given in [11], nor have we found
it elsewhere in the literature. We give it both in “position-
space” form and in harmonic space, where it is a diagonal
sum of products of Legendre polynomials, dominated by
the quadrupole plus a few additional multipoles. The
cosmic covariance has a surprisingly simple structure,
showing that the expected fluctuations away from the
Hellings and Downs mean correlation are strongly corre-
lated/anticorrelated in the three γ-angle regions where
the Hellings and Downs curve is successively positive,
negative, and positive.
(iii) Third, we address the question: “What is the strength

of the GW stochastic background in the PTA band?” For
simplicity, we assume that the frequency-dependent shape
of the GW spectrum is known (e.g., ∝ jfj−7=3 for binary-
inspiral sources). The goal is then to estimate the overall
scale, which is the squared GW strain h2.
We construct optimal estimators of h2 that are unbiased

and have minimum variance. These estimators are linear
combinations of the measured pulsar-pair correlations ρab.
We consider three different possible choices of the corre-
lation set: (a) auto+cross: use all possible pairs of pulsars;
(b) cross only: use all pulsar pairs where the two pulsars
differ; and (c) auto only: use all pulsar pairs where the two
pulsars are the same. We then derive the variance (squared
uncertainty) in these estimators of h2. As the number of
pulsars increases, these uncertainties get smaller. Their
scaling behavior, as a function of the number of pulsars,
depends upon which correlation set is used.
We show that if cross-correlations are included in the

squared-strain estimator, then the variance tends to zero as
Npul → 0. Initially, we were surprised by this: in the same
limit, the Hellings and Downs correlation has a nonzero
cosmic variance, as do local estimates of the squared strain,
such as hμνhμν. We show that this remarkable behavior
arises because a pulsar’s response to GWs allows a PTA to
probe infinitely many modes of the GW field.
(iv) Fourth, to enable straightforward tests for consis-

tency with the predictions of the Gaussian ensemble, we
construct a set of χ2 goodness-of-fit statistics. These can
be used to assess if observational measurements of the
Hellings and Downs correlation are consistent with the
expected deviations away from h2μuðγÞ, based on our

predictions of the variance and covariance for the
Gaussian ensemble. In defining these χ2 statistics, there
are three possible choices for which pulsar-pair correlations
to employ (as explained above in the context of estimating
h2) and two possible choices for how the overall scale of the
GW strain is determined. By taking all possible combina-
tions, we arrive at six different statistics.
To set the scale of the GW strain, there are two options:

(1) assume that h2 has been obtained via other methods/
data, or (2) obtain h2 from the goodness-of-fit statistic, via a
process we call “projection,” which minimizes χ2. The
justification for this choice of name, and the six different
options, are discussed in detail in Sec. VIII. Note that the
projection process leads to the same h2 estimators as
discussed in item (iii) above.
The χ2 statistics are a “sum of squares”; we denote them

with the same symbol as used for the traditional χ2 test,
whose distribution describes the sum of squares of normal
Gaussian variables. However, the distributions of our χ2

statistics and the standard χ2 statistics differ in an important
way: the random variables whose squares are summed
are not Gaussian, even though we assume that the GW
stochastic background is described by the Gaussian ensem-
ble. The χ2 statistics that we define have the same mean
values as the standard distribution, but they have much
larger variances because the GW background creates non-
Gaussian fluctuations in the pulsar-pair correlations.
(v) Our final extension to [11], which assumes noise-free

data, is to also consider the effects of pulsar and meas-
urement noise. While most of our paper considers ideal
data, noise is easily included. We do this starting in Sec. IX,
assuming that the noise is uncorrelated between different
pulsars. The noise modifies the pulsar-pair correlations and
thus adds additional terms to the pulsar-pair expectation
value, covariance matrix, and higher-order moments. This
means that our entire approach and methodology can still
be used in the presence of noise.
The noise contributions to the pulsar-pair correlations are

fundamentally different than those which are induced by
the GWs. For the GW-induced correlations, as the number
of pulsar pairs increases, the variance in the Hellings and
Downs correlation approaches the (nonzero) cosmic vari-
ance. In contrast, since we assume that the different pulsars
have independent noise, the contribution of their noise to
the variance of the Hellings and Downs correlation van-
ishes as the number of pulsar pairs increases. Thus, there
are reasons to hope that during the coming decades, as
PTAs add additional pulsars and improve their measure-
ments, the limit of the cosmic variance can be achieved in
practice.

C. Outline

Here, we give a brief outline of the paper, and introduce
the most important notation. Note that our methods and
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results apply both to pulsar redshifts (set α ¼ 0) and to
pulsar timing residuals (set α ¼ 1). See Appendix A for
details.
We begin in Sec. II by defining the time-averaged

correlation ρab between the redshifts of two pulsars a
and b, where the subscript denotes the pulsar pair ab. For
the Gaussian ensemble, in Sec. II A we calculate the first
moment hρabi of the correlation. For two distinct pulsars
(meaning a ≠ b) this is proportional to the Hellings and
Downs curve μuðγabÞ given in (1.1), where γab denotes the
angle between the directions to the two pulsars. To
gracefully accommodate the case a ¼ b, for which the
“pulsar term” doubles the correlation, we also define
the closely related quantity μab, cf. (2.4). In Sec. II B,
we use this to compute the “second moment” hρabρcdi.
From the moments, we construct the covariance matrix
Cab;cd ≡ hρabρcdi − hρabihρcdi, where cd denotes a sec-
ond pulsar pair constructed from pulsars c and d. Third
and fourth moments of ρab are computed in Sec. II C and
Appendix F.
In this paper, angle brackets hQi denote the average of a

function or functional Q. This average is always normal-
ized so that h1i ¼ 1. If not explicitly stated otherwise, then
this is an average over the Gaussian ensemble of GW
realizations [12–14]. However, in some places we (state
that we) use it differently. For example, in (9.2) it denotes
an average over a Gaussian ensemble of noise sources and
GW sources. In (4.4) it denotes an average over pulsar
pairs at fixed separation angles (indicated by the subscript
cd ∈ γk on the rightmost angle bracket).
The covariance matrix C is the most important quantity

in our analysis, and is used throughout. It is a square, real,
positive-definite symmetric matrix. We denote it byCwhen
referring to the matrix as a whole, and use indices Cab;cd to
indicate a particular entry of the matrix. In Sec. II D, we
derive two identities satisfied by the entries Cab;cd, which
are used later to obtain the cosmic variance limit.
The way that C is laid out, i.e., the indexing of its rows

and columns, is discussed in Sec. II E. Ordering pulsar pairs
ab by their angular separation γab puts the covariance
matrix C into “block-matrix form”, cf. (2.14). The different
blocks correspond to different angular bins, which we label
with integers j and k. The submatrix Cjk (we use the term
“block” or “matrix block”) of the covariance matrix has
rows (columns) corresponding to all pulsar pairs ab (cd)
that lie in the jth (kth) angular bin.
Pulsar pairs ab and cd that both lie in the same angular-

separation bin j have particular importance. The covariance
between such pairs is described by blocks which lie along
the diagonal of C. To simplify the formulas and calcu-
lations for these, we often drop the indices, denoting that
matrix (block) by C ¼ Cjj.
In Sec. III, we turn our attention to defining the

Hellings and Downs correlation for an arbitrary collection
of pulsars. This is defined as the optimal estimator of the

correlation in a particular angular-separation bin, which is a
weighted average of pulsar-pair correlations in that bin:
ρopt ¼

P
ab wabρab. In Sec. III A, we derive the weights

wab by requiring that the estimator be unbiased and have
the minimum possible variance. In Sec. III B, we calculate
the covariance Bjk between the optimal estimates in two
angular separation bins j and k. (Later, this plays an
important role in Sec. VIII, where we define χ2 goodness-
of-fit tests. These tests assess observed correlations, to see if
they are consistent with the likely fluctuations away from the
Hellings and Down mean.) In Sec. III C and III D, we
examine the narrow-bin limit of the optimal estimator, and
show how the variance of the optimal estimator simplifies if
the vector 1 containing all ones is an eigenvector of the
corresponding block C of the full covariance matrix C. We
conclude this section with a simple pedagogical example:
Sec. III E shows how an infinite collection of measurements
can have a nonzero variance.
Using this framework, Sec. IV investigates the behavior

of the binned variance and covariance matrix Bjk, as the
number of pulsar pairs grows. In [11], the variances at the
two extremes are called the “total variance” (one pair) and
the “cosmic variance” (many pairs). We begin in Sec. IVA
by averaging the entries Cab;cd of C over a large number of
pulsar pairs ab and cd lying in narrow angular-separation
bins j and k, respectively. In the limit of an infinite number
of pairs distributed uniformly on the sky, we obtain, in
Sec. IV B, an analytic expression, (4.11), for the cosmic
covariance matrix sjk. In Sec. IV C, we show that sjk is
diagonal when expressed in terms of products of Legendre
polynomials, (4.15), and calculate its inverse, s−1jk . This
inverse is used later on, in Sec. VII C, where we character-
ize the (fractional) variance of cross-correlation estimators
ĥ2 of the squared GW strain, (7.1). Finally, in Sec. IV D, we
obtain the cosmic variance computed in [11] by simply
setting the bins’ indices, j and k, of the cosmic covariance
matrix equal to one another. In this many-pulsar-pair,
narrow-bin limit, 1 becomes an eigenvector of the diagonal
block Cjj of the covariance matrix C, corresponding to
the (narrow) angular-separation bin at γj. Its eigenvalue is
simply related to the average value sjj of the entries of that
block. In Sec. IV E, we numerically examine the narrow-
bin limit, demonstrating that as pulsar pairs are added, the
variance of the optimal estimator decreases smoothly from
the (single-pair) total variance to the (infinite-pair) cosmic
variance. This approach to deriving the cosmic variance
differs from that given in [11], but the results are in exact
agreement.
Current PTAs do not have enough pulsar pairs to be well

described by the narrow-bin limit. In Sec. V, we study the
variance for this case. Since the bins have nonzero width
in γ, some angular resolution is lost. But in Sec. VA we
show that there is a compensating benefit: the variance
of the optimal estimator can be smaller than the cosmic
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variance. In Sec. V B, we apply our formalism to the sets
of pulsars currently monitored by three active PTAs. With
plots, we show how these sets reduce pulsar variance,
illustrating (for the ideal noiseless case) how closely the
variance approaches the cosmic variance.
In Sec. VI, for pedagogic purposes, we introduce

hypothetical “non-PTA” detectors, whose response to
GWs differ from that of PTAs. (Among the infinite set
of possible detector responses, standard PTAs are simply a
particular special case.) This is helpful in understanding
the statistical properties of estimators of the squared GW
strain h2 (discussed in Sec. VII). Non-PTA detectors
include, for example, hypothetical “one-arm LIGO-like”
detectors, whose response to an isotropic GW background
is described in Sec. VI A. Expressing the correlation matrix
for these hypothetical detectors in terms of its eigenvectors
and eigenvalues (Sec VI B) allows us to construct its
inverse or pseudoinverse (Sec. VI C), from which we
can calculate quantities of interest.
In Sec. VII, we study the statistical properties of

estimators ĥ2 of the squared GW strain h2. We assume
that the shape of the GW spectrum HðfÞ is known, but that
the overall scale h2 must be estimated from the observed
pulsar-pair correlation data. The estimators are defined to
be weighted sums of the observed correlations that are
unbiased and have minimum variance. We consider three
different correlation sets for constructing these estimators:
cross-correlations only, auto-correlations only, or auto- and
cross-correlations (which we denote “auto+cross”).
In all cases, the variance σ2

ĥ2
of these estimators

decreases as the number of pulsars Npul increases. But,
as shown in Fig. 10, the rate of falloff depends upon
which types of correlation measurements are included in
the squared strain estimator. Section VII A presents the
(mathematically) simplest case, where both auto- and cross-
correlations are included in the estimator. A direct calcu-
lation shows that as the number of pulsars grows, the
variance vanishes as 1=Npul. In Sec. VII B, we examine the
variance estimator formed by using only auto-correlations,
showing that it has a nonzero limit as Npul → ∞. Finally, in
Sec. VII C, we examine the estimator formed from only
pulsar-pair cross-correlations. For this case, as shown in
Fig. 13, the variance vanishes as N−1=2

pul .
Since the Hellings and Downs correlation of the

Gaussian ensemble has nonzero cosmic variance, we found
it surprising that (if pulsar-pair cross-correlations are
employed) there is no cosmic variance for the h2 estimator.
To verify this, in Sec. VII C, we prove that σ2

ĥ2
→ 0 for an

infinite number of pulsars distributed uniformly on the sky,
using the analytic expression of the inverse s−1jk of the
cosmic covariance matrix sjk derived in Sec. IV C. Then,
we show that this limiting behavior of σ2

ĥ2
has a good

physical explanation. It is a consequence of the way that

pulsar redshifts and timing residuals respond to a GW
background, which [as shown by (6.4)] has contributions
from an infinite number of (harmonic decomposition)
modes. This contrasts with conventional detectors, such
as the LIGO interferometers. Because the arms of LIGO-
like detectors are small compared to the GW wavelength
[16] they only respond to the five l ¼ 2 quadrupole modes
[see the discussion in Sec. VI following (6.4)].
In Sec. VII D, we calculate the fractional uncertainty

σĥ2=hĥ2i in the squared-strain estimator for the sets of
pulsars currently monitored by three active PTA collabo-
rations. These “best-case” lower limits (pulsar noise is
neglected) are given in Table I. We also demonstrate a
graphical method for constructing a “self-consistent inter-
val” for h2, based on the observed value of the estimator ĥ2.
Some care is required, because the variance σ2

ĥ2
depends

upon h2, whose true value we are trying to estimate. We
illustrate this for a 1σ interval, but the construction may be
carried out at any desired level of confidence.
In Sec. VIII, we turn our attention to χ2 goodness-of-fit

tests. To interpret observational claims, the scientific
community must assess if observed deviations away from
the expected Hellings and Downs curve are consistent
with expectations. Assuming that the correlation data have
been binned and optimally combined, we propose several
χ2 tests to carry out that assessment. The χ2 statistics,
described in detail in Secs. VIII A and VIII B, can either use
“external” estimates of the squared GW strain h2 (e.g., from
other analysis or other PTAs), or they can construct their
own estimates of this scale, by minimizing χ2. The latter
leads to the same estimators ĥ2 that we derived and
characterized in Sec. VII.
The χ2 tests are meant to replace “chi by eye” for

comparing observational results with theoretical expect-
ations. Those observational results are typically pre-
sented as Hellings and Downs curves with a small
number of angular bins, so our tests are designed for
those binned correlations. However, the most stringent χ2

tests are the ones with the largest possible number of
(nonempty) angular bins. These are obtained by putting
each pulsar pair into its own angular separation bin so
that Nbins ¼ Npairs.
In Sec. VIII C, we investigate the variance of the χ2

statistics for this extreme choice (Nbins ¼ Npairs) of binning.
We consider the three possible correlation sets (autoþ
cross correlations, auto-only, and cross-only) described in
Sec. VII. The variance σ2

χ2
depends upon the fourth-order

moment of the measured correlations ρab, which is
evaluated in Appendix F. In all cases, the variance is
dominated by a non-Gaussian term E, which is given
by (F8) in the noise-free case. This term arises because,
even though the GW background is Gaussian, the
correlations ρab are not Gaussian.
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For the autoþ cross and cross-correlations-only cases,
analytic calculations (Sec. VIII C 1) and numerical inves-
tigations (Sec. VIII C 3) show that as Npul → ∞, the

fractional uncertainty σχ2=hχ2i tends to zero ∝ N−1=4
bins .

(Note: this is slower than the ∝ N−1=2
bins behavior that would

arise if the correlations ρab were Gaussian.) In contrast, for
auto-correlations only (Sec. VIII C 2) it appears that the
limit is positive, meaning that there is a (nonzero) cosmic
variance for χ2. While we have not been able to prove this,
some partial results may be found in Appendix G.
In Sec. VIII C 4, we evaluate the (best-case, noise-free)

fractional uncertainty in χ2 for the collections of pulsars
currently monitored by three active PTA collaborations.
Table II gives σχ2=hχ2i for the unprojected statistics; the
fractional uncertainties for the projected χ2 statistics are
very similar. We also present a graphical method for
constructing “self-consistent one-sigma χ2 acceptance
regions” for the projected χ2 statistics, starting from
observed pulsar-pair correlations. Again, some care is
required, because the projected χ2 statistics depend on
the squared strain h2, whose value must also be estimated
from the observations.
Section IX examines the effects of instrumental and

pulsar timing noise, assuming that the noise in different
pulsars is uncorrelated. We show how to modify quantities
previously computed assuming noise-free measurements.
These are (1) the optimal estimator of the Hellings and
Downs correlation, (2) the optimal estimator of the squared
GW strain h2, and (3) the various χ2 statistics. The
modifications are straightforward, because the noise enters
our calculations via the first four moments of the pulsar-
pair correlations ρab. The noise contributions to the first
moment hρabi are obtained in Secs. IX A and IX B, to the
second moment (covariance) Cab;cd in Sec. IX C, and to
the third and fourth moments (cumulants) Dab;cd;ef and
Eab;cd;ef;gh in Sec. IX E.
In Sec. IX D, we examine how (2) is affected. In contrast

to the noise-free case, the optimal estimator ĥ2 for the
squared GW strain acquires a constant (independent of ρab)
term. Without this, ĥ2 cannot be an unbiased estimator if
auto-correlation terms are included in the estimate. An
additional complication is that the estimator ĥ2 then
depends upon the (unknown) value of the true strain.
We address this with a graphical technique that constructs
a self-consistent interval for h2.
Lastly, in Sec. IX F, we show that for large numbers of

pulsar pairs, the noise has no effect on the variance of the
Hellings and Downs correlation. This relies on a detailed
argument presented in Appendix C.
Our definition of the Hellings and Downs correlation, and

our approach for computing the weights and corresponding
variance, could be applied to any source of GWs. However,
for much of the paper, we assume that the GW background

arises from a Gaussian ensemble, which implies a special
form for the covariance matrix. In Sec. X, we explain the
consequence: our predictions for the cosmic variance create
a consistency test. If the Hellings and Downs correlation
(estimated according to the recipe we present) matches the
Hellings and Downs prediction much more (or much less)
closely than the variance we compute, then it is very
unlikely that our Universe has a GW background which
is described by the Gaussian ensemble. As also argued
in [11], this shows that the Hellings and Downs variance is
an observable quantity: it could (in principle or practice) be
used to falsify the widely accepted “Gaussian ensemble”
model of the PTA GW background.
This is followed by a short conclusion in Sec. XI, and a

number of technical appendices, Appendix A–Appendix H.
A summary of their contents may be found prior to the
appendices.
Throughout the paper we use units in which the speed of

light c ¼ 1, meaning that distances are measured in units of
time. For example, the distance L to a typical PTA pulsar is
hundreds to thousands of years.

II. STATISTICS OF PULSAR-PAIR REDSHIFT
CORRELATIONS

Consider a PTA built from a collection of Npul distinct
pulsars. We label the pulsars with indices a, b, c, and d,
which take values in the range 1; 2;…; Npul. Associated
with each pulsar is a pulse redshift measurement ZaðtÞ
which is a function of time.
The main objects of our analysis are the correlations

between two pulsars. The corresponding pulsar pair is
labeled with two letters ab, cd, ef;…; which identify the
individual pulsars. There are Npairs ≡ NpulðNpul − 1Þ=2
distinct pairs; we denote the angle between the sky
directions to pulsars a and b by γab.
The time-averaged redshift correlation between the

pulses arriving from pulsars a and b (that is to say, of
the pulsar pair ab) is

ρab ≡ ZaZb: ð2:1Þ

Here, the overline denotes an average over the time
interval −T=2 < t < T=2, where T is the total observation
period [17]. For simplicity we take T to be the same for
all pulsars.
Note that (a) our calculations, formalism, results, and

plots also apply to pulsar timing-residual correlations (as
well as to redshifts) as explained in Appendix A. (b) Here,
and in most of the paper, we assume noise-free pulsar
redshift measurements and thus noise-free pulsar-pair
correlations ρab. However, as shown in Sec. IX, our
analyses can be extended to include measurement noise
and intrinsic pulsar noise.
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In Secs. II A and II B, we compute the first moment hρabi
of the correlation ρab, and the covariance matrix of ρab.
The entries of this matrix are defined by the combination of
first and second moments

Cab;cd ≡ hρabρcdi − hρabihρcdi: ð2:2Þ

Note that the pairs ab and cdmay not be the same, meaning
that hρabρcdi is the correlation of the correlations. To avoid
such awkward language, we write “second moment” even
when ab and cd denote different pairs.
The angle brackets denote the average over a Gaussian

ensemble. As shown in Appendix C of [11], this ensemble
corresponds to an infinite collection of weak, unpolarized,
time-stationary GW sources, distributed uniformly in space
[12–14]. In any narrow frequency band, there are an infinite
number of sources radiating at indistinguishably close GW
frequencies, but with different (random) phases. This gen-
erates “confusion noise,” giving rise via the central-limit
theorem to a stationary and Gaussian stochastic process.
As explained in Sec. I B, our definition of the Hellings

and Downs correlation is based on angular bins. For
this reason, it is helpful to arrange the entries of Cab;cd

into “bin order” to form the covariance matrixC. We do this
in Sec. II E. First, the pulsar pairs ab are ordered by
increasing angular separation γab. Then, the index for those
pairs is divided into ranges corresponding to the different
angular bins. This putsC into a useful “block-matrix” form.

A. First moment

For the unpolarized isotropic stationary Gaussian
ensemble, Eq. (C15) in [11] gives the first moment of
the correlation as

hρabi ¼ h2μab; ð2:3Þ
where

μab ≡ μuðγabÞ þ δabμuð0Þ: ð2:4Þ

Here, δab is the Kronecker delta, which vanishes if pulsars
a and b are distinct, and is unity if they are identical.
The function μuðγabÞ is the Hellings and Downs curve
given by (1.1). Its fundamental underlying definition is [3]

μuðγabÞ≡ 1

4π

Z
dΩ̂
X
A

FA
aðΩ̂ÞFA

bðΩ̂Þ: ð2:5Þ

This is an average of the products of antenna pattern
functions FA

aðΩ̂Þ and FA
bðΩ̂Þ over GW directions Ω̂, where

Ω̂ denotes a unit vector on the two-sphere and
A ¼ þ;× labels two orthogonal polarization states of the
GWs. Definitions of the antenna pattern functions and a
full derivation of (1.1) starting from (2.5) are given in
Appendix D in [11].

The function μuðγabÞ is the sky-averaged correlation for
distinct pulsars a and b separated by angle γab, taking only
Earth terms into account. The Kronecker delta which
appears in (2.4) for time-stationary GW signals is discussed
in detail in Appendix C 2 of [11]. It arises because the
expected correlation for a pair of identical pulsars a ¼ b is
twice the expected correlation for a pair of distinct pulsars a
and b which lie along the same line of sight, but are at
different distances [18] from Earth. If pulsars a and b are
identical and the GW sources are (statistically) stationary in
time, then the pulsar-pulsar term in the correlation has the
same expectation value as the Earth-Earth term, producing
a factor of two.
The overall scale of the first moment hρabi is determined

by the constant

h2 ≡ 4π

Z
∞

−∞
df ð2πfÞ−2αHðfÞ: ð2:6Þ

Set α ¼ 0 for redshift correlations, or set α ¼ 1 for timing-
residual correlations, as explained in Appendix A. For
redshifts, h is a dimensionless strain, whereas for timing
residuals, h has units of time × ðdimensionlessÞ strain.
The real two-sided squared-strain spectral density HðfÞ

is related to the one-sided GW energy-density spectrum
ΩgwðfÞ and to the characteristic strain spectrum h2cðfÞ via

HðfÞ ¼ 3H2
0

32π3
1

jfj3 ΩgwðjfjÞ ¼
1

16π

1

jfj h
2
cðjfjÞ; ð2:7Þ

with HðfÞ ≥ 0 and HðfÞ ¼ Hð−fÞ, as shown in [11–13].
Note that the derivation of (2.3) assumes that the spectral

function HðfÞ has a coherence time/length which is much
less than the typical pulsar-pulsar and Earth-pulsar dis-
tances, so that the Earth-pulsar terms which appear in the
correlation can be neglected. This should be the case for the
expected PTA sources.

B. Second moment and covariance matrix

For a Gaussian ensemble, the second moment of the
pulsar-pair correlation can be found following the methods
in Appendix C 3 in [11]. There, the ensemble average
hρ12ρ12i is evaluated, where 1 and 2 refer to distinct pulsars.
A similar calculation using four arbitrary pulsars a, b, c,
and d (which might or might not be the same)
gives three terms. These arise from Isserlis’s theorem [19],
which expresses the four-point function for zero-mean
Gaussian variables as a sum of three products of two-point
functions, giving

hρabρcdi ¼
�
h2μab

��
h2μcd

�þh4μacμbd þh4μadμbc

¼ hρabihρcdi þh4ðμacμbd þ μadμbcÞ: ð2:8Þ
The second line of (2.8) is obtained from the first line by
using (2.3).
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The factor which appears on the rhs of (2.8) sets the scale of the covariance, and is

h4 ≡ ð4πÞ2
Z

∞

−∞
df
Z

∞

−∞
df0 sinc2

�
πðf − f0ÞT��4π2ff0�−2αHðfÞHðf0Þ; ð2:9Þ

where sincx≡ sinðxÞ=x [20] and T is the total observation
time. The constant α is explained in Appendix A. For
redshift correlations, α ¼ 0 andh is a dimensionless strain,
whereas for timing-residual correlations, α ¼ 1 and h has
units of time × ðdimensionlessÞ strain.
To compare the variance (proportional to h4) to the

squared mean (proportional to h4) we must have a value for
their ratio h4=h4. This ratio depends upon the spectrum of
the GW sources, and is discussed in Appendix C 3 in [11].
Note that since HðfÞ ≥ 0 and 0 ≤ sinc2x ≤ 1, it follows
immediately from (2.6) and (2.9) thath4 ≤ h4. We evaluate
their ratio for several models in Appendix B. For the
simplest Gaussian ensemble of binary-inspiral sources,
h2=h2 is shown in Fig. 21.
The covariance matrix is defined by (2.2). For the

Gaussian ensemble, making use of (2.8) we obtain

Cab;cd ¼ h4
�
μacμbd þ μadμbc

�
: ð2:10Þ

In this expression, the pulsars a, b, c, and d can be freely
chosen: they may have arbitrary angular separations, and
any or all of them may be identical or distinct. Thus, the
pairs ab and cd may lie in different bins or in the same bin,
and may even denote the same pair.
Expression (2.10) for the entries of the covariance matrix

has an interesting structure. Although the lhs is (at least
conceptually) a function of the two pulsar pairs ab and cd,
the rhs depends upon the angles between the pulsars in the
pairs formed from the other possible partners ac, ad, bc,
and bd. In general, those four pairs have angular separa-
tions which are very different than the angular separations
of the two pairs ab and cd.
Expression (2.10) also shows that the covariance matrix

is not diagonal. A diagonal covariance matrix could be

obtained by replacing the μ’s on the rhs with (quantities
proportional to) Kronecker deltas. But since μef is nonzero
for e different than f, the covariance matrix has nonzero
off-diagonal terms.
As a sanity check, consider a diagonal element of the

covariance matrix Cab;ab, and assume that the ab pulsar
pair is composed of distinct pulsars, so that a ≠ b. For this
case, after setting c ¼ a and d ¼ b, the rhs of (2.10) can be
simplified using (2.4). This gives the total (pulsar plus
cosmic) variance of ρab as

Cab;ab ¼ σ2tot ¼ h4
�
μ2uðγabÞ þ 4μ2uð0Þ

�
: ð2:11Þ

This diagonal element agrees exactly with the result found
in Eq. (C28) of [11], which corresponds to (2.10) with
a ¼ 1, b ¼ 2, c ¼ 1, and d ¼ 2.

C. Third and fourth moments

The third- and fourth-order moments of the pulsar-pair
correlation ρab can be calculated in a manner similar to that
presented above for Cab;cd: we use Isserlis’s theorem to
evaluate expectation values of products of six or eight
pulsar redshift measurements Za; Zb;…; Zh. Since the
resulting equations are messy, and are only needed to
compute the variances of the χ2 statistics in Sec. VIII, we
put these calculations in Appendix F. For the remaining
analyses of this paper, the central object of interest is the
covariance matrix Cab;cd.

D. Useful identities

For later use, we provide two useful identities involving
the covariance matrix Cab;cd. The first follows by
using (2.4) to expand the rhs of (2.10) for Cab;cd, giving

μacμbd þ μadμbc ¼ μuðγacÞμuðγbdÞ þ μuðγadÞμuðγbcÞ þ μ2uð0Þ
h
δacδbd þ δadδbc

i
þ μuð0Þ

h
μðγbdÞδac þ μuðγacÞδbd þ μuðγbcÞδad þ μuðγadÞδbc

i
: ð2:12Þ

The second identity provides an alternative form for the first two terms on the rhs of (2.12). Making use of (2.5), the
products of Hellings and Downs curves may be written in terms of antenna pattern functions as

μuðγacÞμuðγbdÞ þ μuðγadÞμuðγbcÞ

¼
X
A

X
A0

Z
dΩ̂
4π

Z
dΩ̂0

4π

�
FA
aðΩ̂ÞFA

c ðΩ̂ÞFA0
b ðΩ̂0ÞFA0

d ðΩ̂0Þ þ FA
aðΩ̂ÞFA

dðΩ̂ÞFA0
b ðΩ̂0ÞFA0

c ðΩ̂0Þ
�
: ð2:13Þ
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We use these identities in Sec. IV to calculate the average
value of a row of Cjk in the narrow-bin limit when there are
many pulsar pairs distributed uniformly on the sky. [As
described in (2.14), j and k label angular bins.] In this limit,
we demonstrate that the variance of the optimal estimator
converges to the cosmic variance first calculated in [11].

E. Block-matrix form of the covariance matrix

To form the matrix C from the entries Cab;cd, it is helpful
to index/order pulsar pairs by increasing angular separation
γab. As explained following (2.2), each angular bin
provides a lower and upper bound for this index, making
it easy to restrict attention to pulsar pairs within the bin
around angular separation γ.
To explicitly illustrate this indexing scheme, suppose

that we have Npul ¼ 101 pulsars at specific sky locations,
so that the number of distinct pulsar pairs is Npairs ¼ 5050.
Order the pairs by cos γab ∈ ½−1; 1� and divide them up into
κ ¼ 50 bins of width dðcos γÞ ¼ 0.04. On average, each
bin will contain npairs ¼ 101 pairs, with values of cos γ
differing by at most �0.04. (Throughout this paper, we use
npairs to denote the number of distinct pulsar pairs in an
angular separation bin, whereas Npairs denotes the total
number of distinct pulsar pairs. If necessary, we add a
subscript such as npairs;j to identify the angular bin.) Label
the bins by j ¼ 1; 2;…; 50, and let γj denote the average
value of γab in bin j [21].
With this angular-separation binning scheme, the covari-

ance matrix C, with entries given by (2.10), takes the
following “block-matrix form”:

C ¼

0BBB@
C11 C12 … C1κ

C21 C22 … C2κ
..
. ..

. . .
. ..

.

Cκ1 Cκ2 … Cκκ

1CCCA; ð2:14Þ

with κ ¼ 50. We call these smaller submatrices “blocks”
or “matrix blocks,” and denote them by Cjk, where
j; k ∈ 1; 2;…; κ label the bins. To distinguish the blocks
from the full covariance matrix C, we use a different
symbol C for them.
In this example, each block Cjk is a matrix with

approximately 101 × 101 entries. Note that the indices
j and k label the blocks, and not the entries within a block.
The block rows ab correspond to pulsar pairs separated by
angles γab ≈ γj, and its columns cd to pairs separated by
γcd ≈ γk. In computing and discussing the statistical proper-
ties of a single bin j, we often use the symbol C to denote
the corresponding (square) block Cjj, which is located
along the diagonal of (2.14). These diagonal blocks inherit
the most important properties of C: they are real, sym-
metric, and positive definite [22].

If j and k are narrow bins containing very many
uniformly distributed pulsar pairs, then the block Cjk

acquires an additional important property. For this case,
Sec. IVA shows that the sum of the entries along any row of
the block is the same as the sum of the entries along any
other row of the block. Said differently, the sum of any row
of Cjk is independent of the row. In this case, the only thing
we will need for our analysis is the average value sjk of
the entries of Cjk. For the diagonal blocks, we show in
Sec. IV D that sjj is the cosmic variance σ2cosðγjÞ, and for
the off-diagonal blocks, that sjk is the cosmic covariance
computed in Sec. IV B.

III. OPTIMAL ESTIMATION OF THE HELLINGS
AND DOWNS CORRELATION

In this section, we define the Hellings and Downs
correlation for a set of pulsars, as described in Sec. I B.
For a given angular bin (in γ) it is a weighted average of the
correlations for the pulsar pairs that lie in that bin. The
weights are determined by the conditions that the average
be unbiased and have minimum variance.

A. Derivation of the optimal estimator
and its variance

We now derive the optimal way to combine pulsar-pair
correlation measurements ρab, where the separation angles
γab lie in the jth angular bin. To simplify the equations,
we use vector/matrix notation, where the dimension of
the vectors and (square) matrices is the number npairs of
distinct pulsar pairs in the angular correlation bin. For
example, ρ≡ ρab denotes the column vector of redshift
correlation measurements in bin j, and the block C≡ Cjj is
a real, positive-definite, symmetric matrix, whose elements
are the covariances between the correlation measurements
ρab and ρcd, both lying in that bin.
The optimal estimator is a linear combination

ρopt ¼ w⊤ρ ¼
Xnpairs
ab¼1

wabρab ð3:1Þ

of the correlations in the bin, where w is a column vector of
dimensionless weights wab, and w⊤ denotes the transpose
of w. The second equality gives an explicit expression for
ρopt in terms of the vector components, where the sum is
restricted to npairs pulsar pairs ab that lie in the jth bin.
For subsequent formulas, we only give the more compact
vector/matrix equations.
Note that (3.1) is proportional to ρab, and does not

include a constant (i.e., independent of ρab) term. If only
cross-correlations (a ≠ b) are used, then (3.1) is sufficient
to construct an optimal (unbiased and minimum-variance)
estimator of the Hellings and Downs correlation. Likewise,
if the sum (3.1) includes auto-correlations (a ¼ b) but
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there is no noise, then no constant term is needed. However,
if (i) auto-correlations are included and (ii) there is pulsar or
measurement noise, then (3.1) is not general enough to form
an unbiased estimator. For that, an additional constant term
must be subtracted from the rhs of (3.1). In what follows, we
concentrate on the ideal noise-free case, where the constant
term is zero. Later, when we consider the effects of noise in
Sec. IX, this constant term must be nonzero to obtain an
unbiased minimum-variance estimator.
We start by calculating the variance of the optimal

estimator:

σ2opt ≡ hρ2opti − hρopti2; ð3:2Þ

where angle brackets denote the expectation value for
the Gaussian ensemble used in, e.g., (2.3) and (2.8).
Substituting (3.1) into (3.2), we obtain

σ2opt ¼ w⊤
�
hρρ⊤i − hρihρ⊤i

�
w ¼ w⊤Cw ¼ ðCw;CwÞ;

ð3:3Þ

where the second equality follows from the definition (2.2)
of the covariance matrix (restricted to block C≡ Cjj for
bin j). For the third equality we introduce an inner product
of column vectors A and B via

ðA; BÞ ¼ A⊤C−1B; ð3:4Þ

and use the property that the diagonal block C is a
symmetric matrix, so that C⊤ ¼ C.
To completely determine the weights, we need a nor-

malization constraint. The expected value of the estimator
follows immediately from (2.3) and (3.1), as

hρopti ¼ h2w⊤μ ¼ h2μ⊤w ¼ h2ðμ; CwÞ; ð3:5Þ

where μ denotes the column vector with components
μab ¼ μuðγabÞ, assuming a ≠ b. Now, we must make an
explicit and somewhat arbitrary choice: what value should
we pick for the expected value of the Hellings and Downs
correlation estimator hρopti for this particular angular bin?
This choice defines what it means for the optimal estimator
to be unbiased.
Using the subscript “bin” to denote this somewhat

arbitrary choice for the normalization constraint, the mean
value of our estimator should correspond to the expected
Hellings and Downs correlation

hρopti≡ ρbin ≡ h2μbin ð3:6Þ

for some choice of μbin which is representative of the
expected correlation in bin j. But what choice is most
sensible? Three reasonable options are the following:

(a) μbin ¼ μuðγbinÞ, where γbin is the central angle of the
bin. In practice, such bin centers are typically set in
advance of any analysis, as evenly spaced “round
numbers.”

(b) μbin ¼ μ⊤1=npairs, which is a uniform average of the
expected Hellings and Downs correlation values for
the different pulsar pairs in the bin. Here, 1 denotes a
column vector of dimension npairs containing all ones:

1≡
�
1; 1;…; 1

�⊤
: ð3:7Þ

(c) μbin ¼ μuðγbinÞ, where γbin ¼ γ⊤1=npairs is the mean
angular separation of the pulsar pairs that lie in the bin.
Here, γ denotes a column vector of the values γab.

We will see that this arbitrary choice only enters the mean
and the (square root of the) variance as an overall scale.
So, while there may be other justifiable choices which
are not listed above, we will see that the choice has no
effect on the most important quantity: the fractional
uncertainty σopt=ρopt.
For any of these arbitrary normalization choices, we

can now solve for the weights that define the optimal
(minimum-variance) estimator. Since the expected value
hρopti≡ ρbin ≡ h2μbin is independent of the weights w,
we can divide σ2opt by the square of this quantity before
minimization over w. Hence, we select w to minimize

σ2opt
ρ2bin

¼ σ2opt
hρopti2

¼ ðCw;CwÞ
h4ðμ; CwÞ2 ; ð3:8Þ

where we have used (3.3) and (3.5).
The inner product defined by (3.4) is positive definite

and obeys the Schwarz inequality. Hence, the denominator
of (3.8) is maximumwhen the vectors μ and Cw are parallel
to (and hence proportional to) one another. This implies
that Cw ¼ qμ for some q, or equivalently, that w ¼ qC−1μ.
Substituting this into the normalization condition (3.5)
then lets us solve for q and completely determines the
optimal weights:

h2ðμ;qμÞ¼ h2μbin ⇒ q¼ μbin
μ⊤C−1μ

⇒ w¼ μbin
μ⊤C−1μ

C−1μ:

ð3:9Þ

From theoptimalweights given in (3.9), the optimal estimator
and its variance are then given by (3.1) and (3.3) as

ρopt ¼ μbin
μ⊤C−1ρ

μ⊤C−1μ
and ð3:10Þ

σ2opt ¼
μ2bin

μ⊤C−1μ
: ð3:11Þ
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As discussed after (3.7), the ratio ρopt=σopt is independent of
the arbitrary choice μbin.
While this paper is specifically focused on GW back-

grounds that are described by a Gaussian ensemble, the
results of this section apply to any GW ensemble. This is
because any ensemble has a covariance matrix, from which
one can define the (best estimate of the) pulsar-pair
correlation (3.10) and the corresponding variance (3.11).
So, this way of defining the Hellings and Downs correlation
for some set of pulsar pairs, and computing its variance,
is quite general.

B. Covariance between optimal estimates

In Sec. I B and Fig. 2, we explained the importance
of correlations (in the Hellings and Downs correlation)
between different pairs of pulsars. This correlation
extends to the optimal estimators which we have con-
structed for different angular bins. For example, if the
optimal estimator in one angular bin lies somewhat above
the Hellings and Downs curve, then it is very likely that

the optimal estimator for an adjacent angular bin also lies
above the curve. This is because pulsar pairs are corre-
lated, even if they do not lie in the same (arbitrarily
defined) angular bin.
The correlation between deviations from the Hellings

and Downs curve in the jth and kth angular bins is the
covariance of the optimal estimators for those two bins, and
is straightforward to compute. The optimal estimators for
the two bins are given by (3.1) as

ρopt;j ¼w⊤
j ρj and ρopt;k ¼w⊤

k ρk; ð3:12Þ

with optimal weights given by (3.9):

wj ¼
μbin;j

μ⊤j C−1
jj μj

C−1
jj μj and wk ¼

μbin;k
μ⊤k C−1

kk μk
C−1
kk μk: ð3:13Þ

The covariance between ρopt;j and ρopt;k is defined by

Bjk ≡
��
ρopt;j − hρopt;ji

��
ρopt;k − hρopt;ki

�	 ¼ hρopt;jρopt;ki − hρopt;jihρopt;ki: ð3:14Þ

Expanding the rhs of (3.14) using (3.12), this becomes

Bjk ¼ w⊤
j

�hρjρ⊤k i − hρjihρ⊤k i
�
wk

¼ w⊤
j Cjkwk

¼ μbin;jμbin;k
ðμ⊤j C−1

jj μjÞðμ⊤k C−1
kk μkÞ

μ⊤j C−1
jj CjkC−1

kk μk; ð3:15Þ

where on the second line we use the notation of (2.14) for
the jkth block of the covariance matrix, and to obtain the
third line we use the weights (3.13).
Note that for the case j ¼ k, the covariance Bjj reduces

to the optimal variance (3.11). The lack of the index j in
the latter expression is because in previous sections we
dropped the bin index to simplify the notation: there was
no need to distinguish one angular separation bin from
another.
We will return to this topic in Sec. IV B, where we will

compute this interbin covariance for the special case where
both bins are narrow and contain enough pulsar pairs to
faithfully cover the sky.

C. Simplifications for narrow-bin correlation
measurements

The formulas above simplify for narrow angular bins.
For these, the pulsar pairs ab all lie in a narrow angular bin
at γ, and thus effectively have the same angular separation
γ ¼ γab. For this case, the correlation measurements ρab all

have the same expected value, hρabi ¼ h2μab ¼ h2μuðγabÞ,
which in vector notation reads

hρi ¼ h2μ ¼ h2μuðγÞ1; ð3:16Þ

where 1 is defined by (3.7). This implies that the three
“different” reasonable choices for the normalization con-
dition described in Sec. III A all correspond to the same
condition:

μbin ¼ μuðγÞ ⇔ μ ¼ μbin1 ⇔ w⊤1 ¼ 1: ð3:17Þ

For this narrow-bin case, the optimal weights (3.9), optimal
estimator (3.10), and variance (3.11) are

w ¼ C−11
1⊤C−11

; ð3:18Þ

ρopt ¼
1⊤C−1ρ

1⊤C−11
; and ð3:19Þ

σ2opt ¼
1

1⊤C−11
: ð3:20Þ

The denominators of (3.18)–(3.20) are the inverse of the
covariancematrix block, summed over all of its elements. This
is called the “grand sum” of C−1. (Equations (3.18)–(3.20)
are standard expressions for the optimal combination of
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correlated measurements that have the same expectation
value, and may be found in, e.g., [10,23,24]).
An important special case is that of a single pulsar pair

ab. For this, the optimal estimator of the correlation is ρab,
in agreement with the Hellings and Downs definition. The
variance for this single pair is σ2opt ¼ Cab;ab, which is given
in (2.11). As anticipated, this is precisely the (one-pulsar-
pair) total variance σ2ðγÞ derived in Eq. (C28) of [11] for
the Gaussian ensemble.

D. Simplifications for narrow-bin correlations
when 1 is an eigenvector of C

We obtain a further simplification for the narrow-bin
case if the sum of every row of the corresponding
covariance matrix block has the same value λ as the sum
of any other row. The condition may be written in matrix
notation as

C1 ¼ λ1; ð3:21Þ

meaning that 1 is an eigenvector of C with eigenvalue λ.
For this case, the variance of the optimal estimator, (3.20),
can be expressed in terms of the average value of the entries
of C.
To see this, note that since C is real, symmetric,

and positive definite, the eigenvalue λ must be real and
positive. Now multiply (3.21) from the left by λ−1C−1

to obtain

C−11 ¼ λ−11: ð3:22Þ

This means that 1 is also an eigenvector of C−1 with a real
positive eigenvalue λ−1. So, we can take the dot product
of (3.22) on the left with 1⊤, leading to

1⊤C−11 ¼ 1⊤λ−11 ¼ npairs=λ; ð3:23Þ

where the number of pairs has appeared because it is the
dimension of the vector 1.
So, with these assumptions (3.20) simplifies to

σ2opt ¼ λ=npairs ≡ s; ð3:24Þ

where s is the average value of the entries of C. In addition,
the properly normalized optimal weights of (3.18) are then
given by

w ¼ 1=npairs: ð3:25Þ

In this case, the optimal weights are all equal, and (3.19)
becomes

ρopt ¼ 1⊤ρ=npairs: ð3:26Þ

This is the uniform average of the correlation measure-
ments ρab.
To summarize, if the sum of each row of the covariance

matrixC for narrow-bin correlations gives the same number
λ, then: (i) the variance of the optimal estimator is simply
the average value, s≡ λ=npairs, of the entries of C, and
(ii) the optimal weights are all equal.
We will show in Sec. IV that, in the limit of an infinite

number of pulsar pairs distributed uniformly on the sky,
each row of a given narrow-bin covariance matrix block C
sums to the same value. Thus, the variance of the optimal
estimator may be found from the average value of the
entries of C, and is the cosmic variance. This follows from
rotational symmetry: with an infinite number of uniformly
distributed pairs, any pair at angle γ is equivalent to any
other pair at the same angle. The considerations of Fig. 2 do
not apply to this limiting case.

E. Simple example: An infinite set of measurements
with nonzero variance

We would normally expect that as more and more noise-
free measurements are included in some estimate, the
uncertainty in the estimate decreases to zero. However,
as we have explained, the Hellings and Downs correlation
does not behave this way. In the limit of many measure-
ments, the uncertainty decreases to a nonzero value, which
is the cosmic variance.
Here, we provide a simple example to illustrate how

correlations between the different measurements (described
by off-diagonal terms in the covariance matrix) are respon-
sible for this behavior. Consider the following npairs × npairs
covariance matrix block (from along the diagonal of the full
covariance matrix, as described in Sec. II E), where the
terms proportional to a arise from correlations between the
different measurements:

C ¼

0BBBBB@
1 a … a

a 1 … a

..

. ..
. . .

. ..
.

a a … 1

1CCCCCA: ð3:27Þ

The parameter a must lie in the range −1=ðnpairs − 1Þ <
a < 1 in order for C to be a positive-definite matrix [25].
We find the optimal estimator and its variance using the

results of Sec. III D. It is easy to verify that 1 is an
eigenvector of C with eigenvalue

λ ¼ 1þ ðnpairs − 1Þa: ð3:28Þ

Thus, the optimal estimator is

ρopt ¼ 1⊤ρ=npairs; ð3:29Þ
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and its variance is

σ2opt ¼
λ

npairs
¼ 1þ ðnpairs − 1Þa

npairs
: ð3:30Þ

Now, one might think that since ρopt is a uniform average
of the correlation measurements ρab, then the variance of
the optimal estimator should scale like 1=npairs, and hence
vanish in the limit npairs → ∞. But it follows immediately
from (3.30) that in the limit of large numbers of measure-
ments the variance approaches

lim
npairs→∞

σ2opt ¼ a; ð3:31Þ

which is nonzero for a > 0.
In the next section, we will see that the cosmic variance

exhibits the same behavior. From this example, we con-
clude that it is the nonzero off-diagonal elements of the
covariance matrix that are responsible for this. (It does not
arise from unequal weighting of the correlation measure-
ments because in the limit of many pulsar pairs, uniformly
distributed on the sky, all of the weights are equal.)

IV. COSMIC COVARIANCE AND
COSMIC VARIANCE

This section considers a pair of narrow Hellings and
Downs correlation bins at two different angles, each
containing a large number of pulsar pairs, uniformly
distributed on the sky. For each bin, we construct the

optimal estimator of the Hellings and Downs correlation in
that bin. We then compute the covariance of those two
optimal estimators, as defined in Sec. III B, obtaining a
simple analytic expression for the cosmic covariance. If the
two bins are the same, we prove that this reduces to the
cosmic variance found in [11].
At the end of the section, we consider the more realistic

case, where the number of pulsars is finite, and show how
the cosmic variance is approached as the number of
pulsars grows.

A. Narrow-bin pulsar averaging

Our approach to deriving the cosmic covariance follows
the formulation of Secs. III B, III C, and III D. Since each
angular bin is narrow, the quantities of interest are the
average values of the entries in the inverse covariance
matrix for that bin, as shown in Sec. III C. The averages are
computed along each row of the matrix. If each angular bin
contains a large number of pulsar pairs, uniformly distrib-
uted on the sky, then we can prove that every row of the
covariance matrix block has the same average value. This
allows further simplifications, as shown in Sec. III D.
Throughout this section we consider a pair of narrow

angular-separation bins j and k centered at γj and γk, and let
ab and cd denote the (many, uniformly distributed) pulsar
pairs lying in those respective bins. Equation (2.10) and
identities (2.12) and (2.13) provide the following expres-
sion for the entries Cab;cd of the covariance matrix Cjk of
the pulsar pairs in those two bins:

Cab;cd ¼ h4
�
μacμbd þ μadμbc

�
¼ h4

X
A

X
A0

Z
dΩ̂
4π

Z
dΩ̂0

4π

�
FA
aðΩ̂ÞFA

c ðΩ̂ÞFA0
b ðΩ̂0ÞFA0

d ðΩ̂0Þ þ FA
aðΩ̂ÞFA

dðΩ̂ÞFA0
b ðΩ̂0ÞFA0

c ðΩ̂0Þ
�

þh4μuð0Þ
h
μuð0Þðδacδbd þ δadδbcÞ þ μuðγbdÞδac þ μuðγacÞδbd þ μuðγbcÞδad þ μuðγadÞδbc

i
: ð4:1Þ

The second equality can be written more compactly using “symmetrization notation” [26] for indices,

QðcdÞ ≡ 1

2

�
Qcd þQdc

�
: ð4:2Þ

This yields

Cab;cd ¼ 2h4

"X
A

X
A0

Z
dΩ̂
4π

Z
dΩ̂0

4π
FA
aðΩ̂ÞFA

ðcðΩ̂ÞFA0
dÞðΩ̂0ÞFA0

b ðΩ̂0Þ

þ μ2uð0ÞδaðcδdÞb þ μuð0Þ
�
μuðγaðcÞδdÞb þ μuðγbðcÞδdÞa

�#
: ð4:3Þ

Recall [see the discussion after (2.10)] that the above expression for Cab;cd is valid for all possible values of a, b, c, and d
even though we will often restrict attention to distinct pulsar pairs for which a < b and c < d.
We now compute the average value of the entries Cab;cd in (4.3), where the average is computed along the ab row

of Cjk. We will see that this average value is independent of the row ab. This means that the matrix Cjk, when multiplied by
the column vector 1k of dimension npairs;k, yields a vector proportional to 1j, which has (a possibly different) dimension
npairs;j. This is sufficient to carry out the simplifications described in Sec. III D.
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Figure 4 provides a pictorial guide to clarify our notation.
The top shows the full covariance matrix C, which contains
four submatrices Cjk corresponding to narrow bins labeled
by j and k. For the illustration, these are arbitrarily selected
to be the third and seventh bins. The two submatrices along
the diagonal are square, but may have different dimensions.
Both dimensions are large, because both bins contain many
pulsar pairs. The two submatrices off the diagonal are
(for the general case) nonsquare.
The bottom left of Fig. 4 shows the rectangular sub-

matrix C73, whose many entries are denoted by �’s. Its rows
are indexed by pulsar pairs ab that lie in the narrow bin at
angle γ7, while its columns are indexed by pulsar pairs cd
that lie in the narrow bin at angle γ3.
The bottom right illustrates the implications of the

statement “the average values of the submatrix entries,
averaged along a row, are row-independent” [27]. This is
true if and only if each of the four submatrix blocks satisfies
an equation of the form Cjk1 ¼ λjk1. Pictorially, this is
illustrated by the matrix equation at the bottom right of
Fig. 4, keeping in mind that the 1 vectors which appear on
the two sides of that matrix equation may have different
dimensions. Indeed, the only property of the four matrices
which we will need is the average value of their entries,
denoted by sjk. For the pictorial example, these average
values are s33, s37 ¼ s73, and s77.
In what follows, we derive a formula for sjk. This holds

for any indices j and k that correspond to narrow bins

containing many uniformly distributed pulsar pairs. In
parsing the equations, the reader should find it helpful to
keep Fig. 4 in mind.
To compute the average value sjk of a matrix element

within the block, we fix the row index ab, and average
the entries along the columns cd within the block. The
pairs labeled by cd all have (approximately) the same
angular separation γk, and by assumption are uniformly
distributed on the sky. Thus, denoting the average by
ðsjkÞab, we have

ðsjkÞab ≡ hCab;cdicd∈γk ; ð4:4Þ

where hicd∈γk denotes the average over all pulsar pairs cd
separated by angle γk. In [11], this is called a “pulsar
average” and is explicitly defined in Appendix A of [11]
as a normalized integral over three variables.
From (4.3), one can see that there are three terms

that contribute to the average (4.4). The first explicitly
involves the antenna pattern functions, and the second and
third involve either a single Kronecker delta function or a
product of two Kronecker deltas. We show in Appendix C
that, in the limit of many pulsar pairs, the latter two terms
make negligible contributions to the average: they corre-
spond to a set of measure zero.
Thus, for large numbers of pulsar pairs, the only term

that contributes to the average value of the entries along the
row labeled by ab is

ðsjkÞab ¼ 2h4
X
A

X
A0

Z
dΩ̂
4π

Z
dΩ̂0

4π
FA
aðΩ̂ÞFA0

b ðΩ̂0Þ
D
FA
ðcðΩ̂ÞFA0

dÞðΩ̂0Þ
E
cd∈γk

: ð4:5Þ

(The symmetrization on c and d has no effect, because we have assumed that the pulsar pairs in the bin at angle γk are
uniformly distributed on the sky.) Pulsar averages of this type are introduced in Appendix G in [11], where they are called

FIG. 4. Four sub-blocks of the full covariance matrix C are shown. Each corresponds to a narrow bin containing many uniformly
distributed pulsar pairs ab and cd. For each sub-block Cjk, we compute the average value sjk of its entries, which is simply related to the
eigenvalue λ of the 1 vector (see text).
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two-point functions, and the specific average that appears in (4.5) is evaluated. The uniform sky average over all pulsar pairs
cd separated by angle γk yields

hFA
c ðΩ̂ÞFA0

d ðΩ̂0Þicd∈γk ¼ μAA0 ðγk; βÞ; ð4:6Þ

where the functions μAA0 ðγ; βÞ are given explicitly in Eqs. (G5) and (G9) in [11]; these functions vanish if A ≠ A0. Here, β is
the angle between Ω̂ and Ω̂0, so cos β ¼ Ω̂ · Ω̂0. Substituting (4.6) into (4.5) and summing over polarizations A0, we obtain

ðsjkÞab ¼ 2h4
X
A

Z
dΩ̂
4π

Z
dΩ̂0

4π
FA
aðΩ̂ÞFA

bðΩ̂0ÞμAAðγk; cos−1ðΩ̂ · Ω̂0ÞÞ: ð4:7Þ

It is easy to show that this expression is independent
of the pulsar pair (row index) ab, because a only
enters through FA

aðΩ̂Þ and b only enters through
FA
bðΩ̂0Þ.
To see this, pick coordinates for the Ω̂ integration in

which pulsar a points along the z axis. Next, pick
coordinates for the Ω̂0 integration in which pulsar b lies
in the x, z plane. Then, since all ab pairs have the same
separation angle γab ¼ γj, the average value is independent
of the specific choice of the ab pair.

Since the value of ðsjkÞab does not depend upon the row
ab, we can write ðsjkÞab ¼ sjk, meaning that the average of
the entries along any row of the covariance matrix depends
only upon the corresponding bin, and not upon which row
(pulsar pair) is selected. To compute this average value,
use (4.6) again (with pulsar labels cd replaced by ab and γk
replaced by γj) to average (4.7) over ab pairs separated by
angle γj. Since the entries have the same average value
along each row, the additional averaging does not change
that value, and we obtain

sjk ¼ 2h4
X
A

Z
dΩ̂
4π

Z
dΩ̂0

4π
μAAðγj; cos−1ðΩ̂ · Ω̂0ÞÞμAAðγk; cos−1ðΩ̂ · Ω̂0ÞÞ

¼ h4

Z
π

0

dβ sin β
�
μþþðγj; βÞμþþðγk; βÞ þ μ××ðγj; βÞμ××ðγk; βÞ

�
: ð4:8Þ

To obtain the final line of (4.8), we use

Z
dΩ̂
4π

Z
dΩ̂0

4π
QðΩ̂ · Ω̂0Þ ¼ 1

2

Z
π

0

dβ sin βQðcos βÞ ð4:9Þ

for the spherical average of any function QðxÞ of a single
variable. The normalization can be checked by setting
QðxÞ ¼ 1.
The quantity sjk only depends upon the angles γj and γk

that define two angular bins. When both bins are narrow, and
both bins contain many uniformly distributed pulsar pairs,
then sjk is the average value of any row or of any column of
the corresponding correlation matrix block Cjk. Thus, the
vector 1k is an “eigenvector” of this (possibly rectangular)
matrix Cjk, which permits the simplifications of Sec. III D.

B. Cosmic covariance and correlation between optimal
estimators for two narrow bins

In Sec. IVA, we obtained a simple formula for the
average value sjk of the entries in the covariance matrix
block corresponding to angular separation bins labeled by j
and k. We assumed that each of the bins is (a) narrow and
(b) contains many pulsar pairs that uniformly cover the sky.
The covariance between the optimal estimators of the

Hellings and Downs correlation for the two bins is given
in (3.15). Since the bins are narrow, the quantities μ⊤C−1μ
simplify as shown in Sec. III C and Fig. 4 because the
column vector μ is proportional to 1. Furthermore, because
there are large numbers of pulsar pairs, the pulsar averaging
methods of Sec. IVA may be applied, which permit the
simplifications of Sec. III D. Under these conditions, (3.15)
simplifies to

Bjk ¼ w⊤
j Cjkwk ¼

1

npairs;jnpairs;k
1⊤j Cjk1k ¼ hCab;cdiab∈γj;cd∈γk ¼ sjk; ð4:10Þ
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where sjk is defined by (4.8). This cosmic covariance sjk is a function of two angles γj and γk, which are the separation
angles of the (many) pulsar pairs in the jth and kth angular bins. It quantifies the amount by which deviations in the Hellings
and Downs correlation (away from the Hellings and Downs curve) are correlated between different pulsar separation angles.
We evaluate the cosmic covariance by carrying out the integral in (4.8), using the functions μAA0 ðγ; βÞwhich are explicitly

given in Eqs. (G5) and (G9) in [11]. To evaluate the integrals, it is convenient to set γ< ¼ minðγj; γkÞ and γ> ¼ maxðγj; γkÞ.
Because sjk is a symmetric function of the two angles, it can be written as a function of γ< and γ>. The integral over β is
evaluated separately in the three intervals β ∈ ½0; γ<�, β ∈ ½γ<; γ>�, and β ∈ ½γ>; π�. Adding these three contributions
together gives

sjk
2h4

¼ 1

12

�
cos γ< cos γ> − cos γ< − cos γ> − 3

�
ln
1þ cos γ<

2
þ 49

432
cos γ< cos γ>

þ 1

12

�
cos γ< cos γ> þ cos γ< þ cos γ> − 3

�
ln
1 − cos γ>

2
þ 1

4
ðcos γ< − cos γ>Þ −

5

48

þ 1

12

�
cos γ< cos γ> þ 3

� 
Li2

1 − cos γ<
2

− Li2
1 − cos γ>

2
− ln

1 − cos γ>
2

ln
ð1þ cos γ<Þð1þ cos γ>Þ

4

!
: ð4:11Þ

This is explicitly symmetric sjk ¼ skj, since interchanging γj and γk does not change the values of γ< or γ>.

The special function Li2, which appears in the cosmic
covariance, is the dilogarithm (or second polylogarithm)
[28–30]. This remarkable function [31] is defined by the
sum

Li2ðzÞ ¼
X∞
n¼1

zn

n2
; ð4:12Þ

which converges on and inside the unit circle jzj2 ≤ 1 in the
complex plane. While it may be analytically continued
outside of the circle, the sum in (4.12) is sufficient for our
purposes, because the arguments in (4.11) lie on the real
axis between −1 and 1.

The structure of the cosmic covariance is displayed in the
left panel of Fig. 5. This shows that the angular range
between 0 and 180° consists of three regions, from 0 to
≈50°, from ≈50° to ≈130°, and from ≈130° to 180°. The
fluctuations in each of these three regions are strongly
correlated, and adjacent regions are anticorrelated.
These three regions correspond to the ranges in which

the Hellings and Downs curve has one or the other sign. It
indicates that the variance in the Hellings and Downs
correlation also has a strongly quadrupolar nature. A
second way to illustrate this point is via the coherence
function sjk=

ffiffiffiffiffiffiffiffiffiffiffisjjskk
p , shown in the right panel of Fig. 5,

which is normalized to take values between −1 and þ1.

FIG. 5. Left panel: the cosmic covariance sjk is a function of the angles γj and γk. Its shape along the diagonal is the cosmic variance.
The map shows the rhs of (4.11) scaled by a factor of one thousand, which is equivalent to setting 2h4 ¼ 1000. Right panel: the cosmic
coherence (see text).
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This is also called the Pearson correlation coefficient or
“Pearson’s r.” Here, the values are close to þ1 or to −1,
indicating that the expected deviations away from the
Hellings and Downs curve are tightly correlated and thus
fluctuate together in the three angular regions.

C. Diagonalizing and inverting the cosmic covariance

The inverse of the covariance matrix appears in (the
weights and variances associated with) the optimal estimator
of the Hellings and Downs correlation, for example in
(3.18)–(3.20). We want to characterize these in the cosmic
variance limit, when there are many pulsar pairs uniformly
distributed on the sky. In this limit, the average value of the
covariance matrix approaches the cosmic covariance sjk
computed in Sec. IV B. In a similar fashion, the average
value of the inverse covariance matrix approaches the
average value of the inverse of sjk. So, in this section, we
diagonalize and invert sjk. Later, we will use that result to
obtain cosmic variance limits for the squared GW strain.
To carry out this diagonalization, we expand the Hellings

and Downs correlation in harmonic functions. This
approach was pioneered in [32,33] and then further
developed in [34,35]. We follow the treatment given in
Appendix C 6 in [11]. For example, the Hellings and
Downs curve (1.1) may be expressed ([11], Eq. (C49) ) as

μuðγÞ ¼
X∞
l¼0

ð2lþ 1ÞClPlðxÞ; ð4:13Þ

where Pl is a Legendre polynomial of order l, x ¼ cos γ,
and the coefficients are

Cl¼
�
0 if l < 2

ðl−2Þ!=ðlþ2Þ!¼ 1=ðlþ2Þðlþ1Þlðl−1Þ if l≥ 2.

ð4:14Þ

The Cl arise as expectation values in the Gaussian
ensemble, and for our purposes may be treated as definite
quantities.
The cosmic covariance sjk is a real symmetric matrix. To

write it in harmonic form, we follow the same method as
used in Appendix C 6 in [11] to obtain

sjk ¼ 4h4
X∞
l¼2

2lþ 1

2
C2
l Plðcos γjÞPlðcos γkÞ: ð4:15Þ

As a simple check, we can set γj ¼ γk, which correctly
recovers the harmonic form of the cosmic variance,
first given in Eq. (C53) in [11]. A numerical check (it is
sufficient to sum l ¼ 2; 3;…; 10) shows excellent agree-
ment between (4.11) and (4.15).
To invert sjk, consider first that the inverse M−1 of a

matrix M is defined by MM−1 ¼ I where I is the

identity matrix. For finite-dimensional matrices, the com-
ponents satisfy X

k

MjkM−1
km ¼ δjm: ð4:16Þ

For the case of interest, the matrix M is sjk. In the limit of
an infinite number of pulsar pairs distributed uniformly on
the sky, this matrix has continuous row and column labels
and can be written as

sðx; x0Þ≡ 4h4
X∞
l¼2

2lþ 1

2
C2
l PlðxÞPlðx0Þ; ð4:17Þ

where x ¼ cos γ and x0 ¼ cos γ0 lie in the interval ½−1; 1�.
By analogy with (4.16), if Mðx; x0Þ is a continuous
matrix, then we define its inverseM−1ðx; x0Þ as a “solution”
[but see remark after (4.25)] toZ

1

−1
dx0Mðx; x0ÞM−1ðx0; x00Þ ¼ δðx − x00Þ; ð4:18Þ

where δðxÞ is the Dirac delta function. Note that the
integration measure dx0 ¼ sin γ0dγ0 corresponds to uni-
formly distributed points on the sphere.
The Dirac delta function on the rhs of (4.18) may be

expressed as a sum of Legendre polynomials. The ortho-
gonality relation for Legendre polynomials,Z

1

−1
dxPlðxÞPl0 ðxÞ ¼

2

2lþ 1
δll0 ; ð4:19Þ

implies that for x and x0 in the interval ½−1; 1� one has

δðx − x0Þ ¼
X
l

2lþ 1

2
PlðxÞPlðx0Þ: ð4:20Þ

This allows us to rewrite the rhs of (4.18).
We now demonstrate a convenient way to invert M, if it

is diagonal in a Legendre function basis. Suppose that M
and its inverse are written as a sum of products of Legendre
polynomials

Mðx; x0Þ ¼
X
l

2lþ 1

2
QlPlðxÞPlðx0Þ; and ð4:21Þ

M−1ðx; x0Þ ¼
X
l

2lþ 1

2
qlPlðxÞPlðx0Þ: ð4:22Þ

Substituting these into the lhs of (4.18), using (4.19) to
carry out the integral over x0, and replacing the rhs of (4.18)
with (4.20), we obtain

X
l

2lþ 1

2
QlqlPlðxÞPlðx00Þ ¼

X
l

2lþ 1

2
PlðxÞPlðx00Þ:

ð4:23Þ
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Identifying the Legendre expansion coefficients on both
sides implies

Qlql ¼ 1: ð4:24Þ

Thus, to invert M, we simply invert the diagonal values,
setting ql ¼ 1=Ql.
We now use (4.24) to invert the continuous matrix

sðx; x0Þ, by letting M ≡ s. Identifying (4.17) and (4.21)
gives Ql ¼ 4h4C2

l , so (4.24) implies ql ¼ 1=4h4C2
l . The

continuous matrix inverse is then given by (4.22) as

s−1ðx; x0Þ ¼ �4h4
�
−1
X∞
l¼2

2lþ 1

2C2
l

PlðxÞPlðx0Þ: ð4:25Þ

Note that the l ¼ 0 and l ¼ 1 terms are absent from
this sum. This means that (4.17) and (4.25) cannot
satisfy (4.18). Rather, they satisfy this equation if the
l ¼ 0 and l ¼ 1 terms are dropped from the Dirac delta
function on the rhs of (4.20). This is because sðx; x0Þ
has a two-dimensional null space formed from all linear
combinations of P0ðxÞ and P1ðxÞ. The inverse operator
s−1ðx; x0Þ is only defined on the complement of that
null space.
Later, we will need to evaluate sums over uniformly

distributed pulsars, when the number of pulsar pairs goes
to infinity. These sums, which typically involve the
vector μab ≡ μj, and the matrices sjk and s−1jk , can be
converted to Riemann sums and hence to integrals as
follows.
To construct vectors of dimension Nbins and matrices of

size Nbins × Nbins, first select Nbins values of x ¼ cos γ
which are uniformly spaced in the interval ð−1; 1Þ:

xj ¼ ð2jþ 1 − NbinsÞ=Nbins for j ¼ 0; 1;…Nbins − 1:

ð4:26Þ

The vector μj is obtained by evaluating the function μu,
given in (1.1) or (4.13), at these discrete values:
μj ¼ μuðxjÞ. (For notational convenience we use
both x and γ as arguments.) The matrix sjk is defined by
(4.15), and (4.17) shows that its entries are obtained by
evaluating the continuous function at the grid of points,
hence

sjk ≡ sðxj; xkÞ: ð4:27Þ

While the continuous matrix inverse s−1ðx; x0Þ defined
by (4.25) may also be evaluated on the discrete grid of

points, this would not yield the matrix inverse of (4.27): it
has the wrong normalization to satisfyX

k

sjks−1km ¼ δjm; ð4:28Þ

even in the limit of large Nbins.
To obtain an inverse matrix s−1jk satisfying (4.28), in the

limit of many pairs, one must multiply s−1ðxj; xkÞ by two
factors of Δx≡ 2=Nbins. From (4.25) this gives

s−1jk ¼
�

2

Nbins

�
2�
4h4

�
−1
X∞
l¼2

2lþ 1

2C2
l

Plðcos γjÞPlðcos γkÞ:

ð4:29Þ
Note that the equality in (4.29) holds only in the limit of
large Nbins. In that limit, (4.28) may be demonstrated by
converting the sum to a Riemann sum and then to an
integral [36]. We make use of s−1jk and s−1ðx; x0Þ in
Secs. VII C and VIII C 3.
The failure of s−1jk to exactly equal s−1ðxj; xkÞ for a finite

number of pulsar pairs has a close analog in Fourier
analysis (where the inverse operation is the Fourier trans-
form). Suppose that we are handed a function of time yðtÞ
and its Fourier inverse ỹðfÞ, which is a function of
frequency. Now, we want to construct a discrete time
sequence and its discrete Fourier inverse. The discrete
time sequence is trivial to obtain: sample yðtÞ at uniformly
spaced times t ¼ kΔt, where Δt is the time step and
k ¼ 0; 1;…; N − 1. In contrast, the discrete inverse
(a sequence in frequency f) is not obtained by simply
sampling the continuous inverse ỹðfÞ at the corresponding
discrete frequencies. However, for a band-limited function,
they approach one another in the large-N limit with NΔt
held constant. A more detailed discussion may be found in
Appendix D of Ref. [14].

D. Relating the variance of the narrow-bin optimal
estimator to the cosmic variance

Using (4.8) and the results of Sec. III D, an expression for
the variance of the optimal estimator in the narrow-bin limit
follows immediately from setting γj ¼ γk. For the blocks
along the diagonal of C, this is true to a good approximation.
So, setting j ¼ k and γj ¼ γk ≡ γ in (4.8), we see that 1 is an
eigenvector of the matrix block Cjj. Thus, the average value
of an entry on one of these diagonal blocks is

s¼2h4
1

2

Z
π

0

dβ sinβ
�
μ2þþðγ;βÞþμ2××ðγ;βÞ

�
¼2h4 eμ2ðγÞ;

ð4:30Þ

where we dropped the indices from sjk ¼ sjj on the lhs of
the above equation.
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The (cosmic variance) function eμ2ðγÞ is computed in Appendix G in [11] and may also be obtained directly from the
diagonal of the cosmic covariance (4.11) by setting γj ¼ γk ¼ γ. We find

eμ2ðγÞ
μ2uð0Þ

¼ 49

48
cos2γ −

15

16
−
3

2
ðcos2γ þ 3Þ ln

�
1 − cos γ

2

�
ln

�
1þ cos γ

2

�
þ 3

4
ðcos γ − 1Þðcos γ þ 3Þ ln

�
1 − cos γ

2

�
þ 3

4
ðcos γ þ 1Þðcos γ − 3Þ ln

�
1þ cos γ

2

�
; ð4:31Þ

which agrees with Eq. (G11) in [11]. We have divided eμ2ðγÞ
by μ2uð0Þ to make (4.31) independent of the choice of
normalization of the Hellings and Downs correlation.
The variance of the optimal estimator of the Hellings and

Downs correlation is given by (3.24) as the average value s
of the entries of the covariance matrix, given by (4.30).
Hence,

σ2optðγÞ ¼ s ¼ 2h4 eμ2ðγÞ ¼ σ2cosðγÞ; ð4:32Þ

where σ2cosðγÞ is exactly the cosmic variance found
by different arguments in Appendix C 5 in [11]. This
provides a simple and alternative way to derive the cosmic
variance.

E. Numerical illustration showing the approach
to the cosmic variance

There are two limiting cases for which we can give
analytic expressions for the variance. If there is only a
single pulsar pair at each angular separation, then the
variance is the total variance, given by σ2totðγÞ in (2.11).
If there are a large number of uniformly distributed
pulsar pairs, then the variance is the cosmic variance
σ2cosðγÞ, given by (4.32). Here, we study the transition
between these two limits, when the number of pulsar pairs
is finite.

In the left panel of Fig. 6, we show the transition from
σ2totðγÞ to σ2cosðγÞ as we average the correlations of more
and more pulsar pairs with angular separation γ. For these
plots, we simulated 10 different realizations of npairs ¼ 1,
2, 5, 10, 25, 50, 100, and 200 pulsar pairs, all separated by
the same angle γ and distributed uniformly on the sky. We
then calculated σ2optðγÞ for each value of npairs and each
value of γ. (To reduce the fluctuations associated with the
random placement of the pulsar pairs on the sky, we
averaged together the results of the 10 different realiza-
tions to get the final set of transition plots.)
In the right panel of Fig. 6, we plot the minimum number

of pulsar pairs needed for the optimal variance σ2optðγÞ to
reach a value that lies within 1=e ≈ 0.37 of the cosmic
variance σ2cosðγÞ. In terms of the standard deviation σoptðγÞ,
this corresponds to reaching a value of approximately
1.17σcosðγÞ for each value of γ. Near the minima of
σcosðγÞ, in the vicinity of γ ≈ 54° and γ ≈ 126°, about
6000 pulsar pairs are required.

V. VARIANCE OF THE OPTIMAL BINNED
ESTIMATOR

A. Beating the cosmic variance

One interesting consequence of doing the binned esti-
mation is that for some ranges of angular separation γ,

FIG. 6. Left panel: the variance of the optimal estimator as the number of pulsar pairs at each angular separation γ is increased. Shown
in the plot, from top to bottom, is σoptðγÞ calculated for 1, 2, 5, 10, 25, 50, 100, and 200 pairs. (For this plot we have seth4 ¼ 1=2.) Right
panel: the minimum number of pulsar pairs needed for σ2optðγÞ to reach a value that is 1=e ≈ 37% larger than the cosmic variance. For this
number of pulsar pairs, σ2optðγÞ ≈ ð1þ 1=eÞσ2cosðγÞ.
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the loss of angular resolution allows one to “beat” the
cosmic variance for a sufficiently large number of pulsar
pairs in the bin. This is illustrated numerically in Fig. 7
for the case of a simulation involving 400 pulsars
distributed uniformly on the sky and 6° angular-separa-
tion bins. For this calculation, we used normalization
condition (b) in Sec. III A, which corresponds to
μbin ≡ μ⊤1=npairs. An analytic demonstration of this
result, for a simple “two-component” angular-separation
bin is given in Appendix E.

B. Examples

Here, we apply the results of Sec. III A to make plots
showing the total variance σ2totðγÞ, cosmic variance
σ2cosðγÞ, and variance σ2optðγÞ of the optimal estimator
for a finite number of pulsars distributed nonuniformly
on the sky, with 6° angular-separation bins. We use the
current sky locations of the pulsars monitored by three
active PTA collaborations: European Pulsar Timing
Array (EPTA), North American Nanohertz Observatory
for Gravitational Waves (NANOGrav), and Parkes Pulsar
Timing Array (PPTA). We also construct an International
Pulsar Timing Array (IPTA) by forming the union of the

pulsars monitored by the individual PTAs. See Table IV
in Appendix H for the names and angular coordinates of
the pulsars.
The individual PTA collaborations are currently mon-

itoring 42, 66, and 26 pulsars respectively, with a total of 88
distinct pulsars for the IPTA [37]. A skymap of the pulsars
is shown in Fig. 8, which is a Mollweide projection in
equatorial coordinates. Note that the pulsars are clustered in
the direction of the galactic center, which has equatorial
coordinates ðra; decÞ ¼ ð17h46m;−29°Þ; this is indicated
by black dots in Fig. 8. For reference, the center of the sky
maps is ðra; decÞ ¼ ð12h; 0°Þ.
Plots showing the expected Hellings and Downs corre-

lation plus/minus the uncertainties associated with the total
variance, cosmic variance, and variance of the optimal
binned estimator are given in Fig. 9.
For these plots, we use thirty 6°-wide angular-separation

bins, equally spaced between 0 and 180°. To model the
relative amplitude of the expected correlations and
their uncertainties, we set h2 ¼ 0.5622h2 and h2 ¼ 1.
This corresponds to timing-residual measurements for a
Gaussian ensemble of binary-inspiral sources, as described
in Appendix B. Finally, for the optimal binning, we have
chosen to normalize the weights according to condition

FIG. 7. Left panel: the variance of the optimal estimator for a simulation with 400 pulsars distributed uniformly on the sky, with
6° angular bins. This is compared to the (narrow-bin) cosmic variance. The variance of the optimal estimator dips below the cosmic
variance for sufficiently large numbers of pulsar pairs per bin. This is possible because angular resolution has been sacrificed,
see Appendix E. (For this plot we have set h4 ¼ 1=2.) Right panel: the number of pulsar pairs in each angular-separation bin for the
left-hand-panel case. The expected number is proportional to sin γ.

FIG. 8. Sky locations of the pulsars employed by the EPTA, NANOGrav, PPTA, and IPTA collaborations. The black dot indicates the
direction to the Galactic center. Table IV in Appendix H lists the pulsar names and sky locations.
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(c) in Sec. III A, that is, μbin ≡ μuðγbinÞ, where γbin ≡
γ⊤1=npairs is the average angular separation of the pulsar
pairs in a bin.
These plots do not include any contributions from

measurement noise or intrinsic pulsar noise. As such,
they show the fundamental limits on the recovery of the
Hellings and Downs correlation, based on using optimal
estimators for the given set of pulsars and a specific
choice of binning.
Since the PTAs are improving their results by adding

additional pulsars, these plots will improve with time. They
may be easily constructed as follows:

(i) starting with a set of pulsar sky directions, form all
pulsar pairs;

(ii) divide the pulsar pairs among a set of angular-
separation bins;

(iii) for each bin, compute the average angular separation
γbin of the npairs pairs in that bin;

(iv) for each bin, choose a normalization μbin for the
optimal estimator as described in Sec. III A, for
example, μbin ≡ μuðγbinÞ;

(v) for eachbin, calculate thenpairs-dimensional vectorμab
and Cab;cd for all pulsar pairs ab and cd in the bin,
using (2.4) and (2.10); the npairs × npairs-dimensional
covariance matrix C is defined by that block of C;

(vi) for each bin, calculate the variance σ2opt of the
optimal estimator using (3.11) for each bin.

Following this simple procedure, interested readers can
produce similar plots for different arrays of pulsars and
different choices of angular bins.

VI. NON-PTA DETECTORS

The focus of this paper is the Hellings and Downs
correlation (1.1) induced by GWs in PTAs. However,
to aid in our understanding, it is useful to consider
“non-PTA” detectors, which have a different response to
GWs than a PTA. This is particularly helpful in under-
standing the properties of estimators of the squared GW
strain h2 [38]. These estimators, which are linear combi-
nations of pulsar-pair correlation measurements ρab, are
described in Sec. VII.

FIG. 9. The mean Hellings and Downs timing-residual correlations (solid black curve) and the �σopt uncertainty of the optimal
estimator with 30 × 6° angular-separation bins (“þ” symbols). This illustrates the expected match for data which has no measurement
noise or intrinsic pulsar noise. We take the pulsars currently monitored by the EPTA, NANOGrav, and PPTA collaborations, and merge
these for the IPTA. (See Fig. 3 for a closeup of the IPTA variances.) We assume the binary-inspiral GW background described in
Appendix B, which has h2=h2 ≈ 0.5622 (timing-residual correlations, α ¼ 1) and normalize the mean with h2 ¼ 1. Two other curves
are shown for comparison. The dotted lines furthest from the solid black curve are the single pulsar pair variance:�σtot. The dotted lines
closest to the solid black curve are the cosmic variance corresponding to an infinite number of pulsar pairs:�σcos. The PPTA plot has no
“þ”-symbols at 3°, 147°, 159°, and 177° since npairs ¼ 0 in those bins.
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A. A more general form for the detector response
and its expected correlation

The most familiar non-PTA detector type is the
“short-arm interferometer” GW detector, described in
Appendix D. 4 of [32]. To construct this, place one arm
of a LIGO-like detector along the line of sight p̂ to a pulsar.
Along that path, a laser is used to measure the separation
between a pair of freely falling mirrors located near Earth.
We assume that the distance between the mirrors (or the
effective distance, if there are multiple bounces [16]) is

small compared to the GW wavelength. In practice, at
typical PTA frequencies this detector would be over-
whelmed by low-frequency noise, but in our idealized
thought experiment we replace pulsar redshift with the
fractional change in length between the mirrors.
Let us contrast the response (“antenna pattern”) of this

LIGO-like detector with one arm along direction p̂, to the
response of a PTA pulsar with sky direction p̂. For a unit-
amplitude circularly polarized plane GW traveling in
direction Ω̂, the redshift responses are

one-arm LIGO∶ FðΩ̂Þ ¼ 1

2
ð2πifLÞp̂μp̂νeμνðΩ̂Þ and ð6:1Þ

PTA pulsar∶ FðΩ̂Þ ¼ 1

2

p̂μp̂ν

1þ Ω̂ · p̂
eμνðΩ̂Þ

h
1 − η e−2πifLð1þΩ̂·p̂Þ

i
: ð6:2Þ

Here, the Einstein summation convention is in effect
for the spatial indices μ and ν, eμν ≡ eþμν − ie×μν is the
(complex) circular polarization tensor formed from the
traditional linear GW basis (Eq. (D6) in [11]), and fL is
the dimensionless distance to the pulsar, measured in GW
wavelengths.
The factor of 2πif in (6.1) arises because FðΩ̂Þ is the

redshift (rather than the timing residual) response. This
factor is discussed in Appendix A. It can be obtained
starting from the conventional (one-way) formula for
GW strain [14], which is the fractional variation
h ¼ ΔL=L ¼ 1

2
p̂μp̂νeμνðΩ̂Þ, where L is the detector arm

length. The redshift is the time derivative of ΔL, intro-
ducing a factor of 2πif, from which (6.1) follows.
In (6.2), the unity term in square brackets gives the

Earth term, and the second term in square brackets gives
the pulsar term. If desired, a similar pulsar term could be
incorporated into the one-arm LIGO-like detector [39].
The real constant η allows us to correctly incorporate the
pulsar term by setting η ¼ 1 [40], or to turn off the pulsar
term by setting η ¼ 0. “Flipping this switch” makes it
easier to separate and understand the effects of the
pulsar term.
The response (6.1) of a one-arm LIGO-like detector may

be obtained as the low-frequency (≡ short-arm) limit of the
PTA response (6.2) [41,42]. This is no coincidence. If our
fictional one-arm LIGO-like detector could also operate at
wavelengths much smaller than its arm length, then its
response would be described by the same expression [(6.2)
with η ¼ 1] as a PTA pulsar [43]. If we start with (6.2), and
take the limit fL → 0, we obtain (6.1). This is because the
pulsar term in (6.2) may be approximated using ex ≈ 1þ x
and when subtracted from the Earth term, cancels the
denominator 1þ Ω̂ · p̂.

This short-arm limit is valid for the currently operating
advanced LIGO detectors in their most sensitive frequency
band around f ≈ 100 Hz where the GW wavelength
≈3000 km is much larger than the 4 km arm length [16].
By assumption/construction, the short-arm limit is valid for
our hypothetical one-arm LIGO-like detectors.
Equations (6.1) and (6.2) for the detector response can be

recast in harmonic space by decomposing the GW pertur-
bations into a sum of (gradients and curls of) spherical
harmonic functions Ylmðθ;ϕÞ, as described in [32]. Any
GW field may be expressed in this form, whose value is
determined by a countably infinite set of amplitudes,
labeled by l ¼ 2; 3;… and m ¼ −l;−lþ 1;…; l. For the
Gaussian ensemble, each of these amplitudes is an inde-
pendent zero-mean Gaussian random variable, with a
variance that depends only upon l. The response of the
above two types of detectors to the l, m mode is (respec-
tively) given by the first term of Eq. (D4) from Ref. [32],
and by Eq. (92) (including the pulsar term) from that same
reference. These are

one-armLIGO∶Flmðp̂Þ∝ δl2Ylmðp̂Þ and ð6:3Þ

PTApulsar∶Flmðp̂Þ∝C1=2
l

h
1−ηe−2πifLð1þΩ̂·p̂Þ

i
Ylmðp̂Þ;
ð6:4Þ

where the Cl are given by (4.14), and l-independent
numerical factors are omitted. The key point is that the
one-arm LIGO-like detector responds to only the l ¼ 2
modes, whereas the PTA pulsar detector responds to all
modes with l ≥ 2. Here, Ylmðp̂Þ is the spherical harmonic
function Ylmðθp;ϕpÞ, where θp;ϕp are the spherical
coordinates of the pulsar direction vector p̂.
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Our claim about the distinct patterns of response may
appear surprising. Fundamentally, it is a statement about
the differing antenna patterns of the detectors, and can be
understood by comparing (6.1) and (6.2). Said succinctly,
a LIGO-like detector has a purely quadrupolar antenna
pattern and response, whereas a PTA pulsar detector
responds to all modes.
To determine the output at time t of an idealized (one- or

two-arm) LIGO-like detector, it is sufficient to know the five
independent spatial components of the metric strain hμνðtÞ at
the location of the instrument. In contrast, this knowledge is
insufficient to predict the redshift of a pulsar [44] at time t,
because of the 1þ Ω̂ · p̂ term in the denominator of (6.2).
Because the denominator depends upon Ω̂, to predict the
redshift one must also know the specific contribution to
hμνðtÞ from each different sky direction. This requires (or,
given observations, provides) information that is not local to
the neighborhood of the detector.
As shown in (6.1), a LIGO detector with one arm in

direction p̂μ has an antenna pattern p̂μp̂ν. A two-arm
differential LIGO detector (arm directions p̂μ

a; p̂
μ
b) has an

antenna pattern p̂μ
ap̂ν

a − p̂μ
bp̂

ν
b. Both are quadratic functions

of the three orthogonal Cartesian directions p̂x, p̂y, p̂z,
restricted to a two-sphere. Thus, their expression in terms of
spherical harmonics contains only l ¼ 2 terms. In fact, this
connection between the order of the polynomial (here two)
and the order l of the harmonic is the origin of the name
“spherical harmonics.” In contrast, the factor of 1þ Ω̂ · p̂
in the denominator of (6.1) gives the PTA pulsar detector an
antenna pattern that also responds to modes with l > 2.
Note that even for a (one- or two-arm) LIGO-like

detector, the five components of hμν are functions of time,
and thus have (in principle) infinite information content.
The corresponding l ¼ 2 amplitudes may be thought of as
functions of time, although it is simpler to regard them as
functions of frequency as in Eq. (14) of [32]. Thus, there are
five of these per frequency bin; the restriction to l ¼ 2 only
reduces the amount of spatial information.
Returning back to (6.3) and (6.4), we can use these

response functions to calculate the expected value of the
correlation between detector responses ZaðtÞ and ZbðtÞ for
the standard Gaussian ensemble. The expected correlation
is obtained by summing products of the response functions
for two detectors over both l and m [12,13,32]. Let p̂a and
p̂b denote the directions to pulsars a and b, or the arm
directions of a pair of one-arm LIGO-like detectors. Then

hρabi ¼ h2μab ¼ h2
X
l

Xl
m¼−l

Flmðp̂aÞF�
lmðp̂bÞ; ð6:5Þ

where μab is the overlap reduction function for the two
detectors.
To evaluate the expected correlation for either of the

two different GW detector types, substitute (6.3) or (6.4)

into (6.5) and use the addition theorem for spherical
harmonics,

Xl
m¼−l

Ylmðp̂aÞY�
lmðp̂bÞ ¼

2lþ 1

4π
Plðcos γabÞ; ð6:6Þ

to evaluate the sum over m, where cos γab ≡ p̂a · p̂b.
One obtains

one-armLIGO∶ μab¼P2ðcosγabÞ and ð6:7Þ

PTApulsar∶ μab¼
X
l

ð2lþ1ÞClPlðcosγabÞ
�
1þη2δab



;

ð6:8Þ

where for (6.8) we assume (i) that the Earth-to-pulsar
distances are many GWwavelengths 1 ≪ fL, and (ii) that
the Earth-to-pulsar distances La and Lb differ by many
GW wavelengths 1 ≪ jfðLa − LbÞj. This means that the
Earth-pulsar cross-terms average to zero, as discussed in
detail in [11]. Thus, (6.8) contains only Earth-Earth and
pulsar-pulsar terms. For pairs of distinct pulsars a ≠ b,
the Kronecker delta term vanishes, and we recover
the Hellings and Downs correlation μuðγabÞ as written
in (4.13) and (4.14).
It should now be clear to the reader that the two examples

we have just given are members of an infinite collection of
possible detector response functions. To define these, we
replace ð2lþ 1ÞCl in (6.8) by an arbitrary set of (positive)
coefficients Ql. A one-arm LIGO-like detector has Ql ¼ 0
for l ≠ 2, whereas a PTA has a specific set of coefficients
which are nonzero for all l ≥ 2. By analogy, one can
construct (at least, in our imagination) detectors for any
(positive) choice of these coefficients, with corresponding
correlation matrices μab.
The generalized detector response functions are defined

in analogy with (6.8). They have a correlation matrix

μab ¼ ð1þ η2δabÞUab; ð6:9Þ

where U is a real symmetric matrix of dimension
Npul × Npul, having entries

Uab ¼
X
l

QlPlðcos γabÞ: ð6:10Þ

The non-negative quantities Ql ≥ 0 which define Uab
determine which Legendre polynomials appear. The non-
negative constant η2 ≥ 0 which appears in (6.9) allows
us to control the pulsar term. Depending upon the context,
Npul denotes either the number of pulsars in a PTA, or the
number of non-PTA detectors.
A PTA has η ¼ 1 and Ql ¼ ð2lþ 1ÞCl, where the Cl

are defined by (4.14). Alternative detectors have different
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values for the Ql, but always with at least one of these
values nonzero. For example, we can haveQl nonzero for a
single value l ¼ L, or for some finite range, say 2 ≤ l ≤ L.
The one-arm LIGO-like detector corresponds to Ql ¼ δl2
and η ¼ 0.

B. Eigenvectors and eigenvalues
of the correlation matrix μab

We now investigate the properties of the correlation
matrix μab defined by (6.9) and (6.10). We start by finding
its eigenvalues and eigenvectors. For this, it is helpful to
first examine the matrix Uab.
The eigenvalues of Uab must be non-negative, since we

assume Ql ≥ 0 in (6.10). To see this, use the addition
theorem (6.6) to write Uab as

Uab ¼
X
l

4π

2lþ 1
Ql

Xl
m¼−l

Ylmðp̂aÞY�
lmðp̂bÞ; ð6:11Þ

where p̂a and p̂b are the sky directions to the two pulsars.
Now, consider the real number v⊤Uv ¼Pa;b v

aUabvb,
where va is any real Npul-component vector. The matrix
U is positive definite if v⊤Uv > 0 for all v, or positive
semidefinite if v⊤Uv ≥ 0 for all v. We have

X
a;b

vaUabvb ¼
X
l

4π

2lþ 1
Ql

Xl
m¼−l

jylmj2; ð6:12Þ

where ylm ≡Pa v
aYlmðΩ̂aÞ. Since we have assumed

Ql ≥ 0, the rhs of (6.12) is non-negative. This establishes
that U is positive semidefinite, meaning that its eigenvalues
are either zero or positive.
To count the vanishing eigenvalues of Uab, first

consider a simple case: suppose that the Ql are nonzero
only for l ¼ L. Since QL is positive, from (6.12) an
eigenvector va with vanishing eigenvalue must satisfy

P
a v

aYLmðp̂aÞ ¼ 0, for m ¼ −L;…; L. This is a set of
2Lþ 1 (real) homogeneous linear equations in Npul (real)
variables, which are the components of va. If the number
of these components satisfies Npul ≤ 2Lþ 1, then for
generic sky locations, the system of linear equations is
overdetermined. Since the equations are homogeneous,
the unique solution is the trivial one, va ¼ 0. Thus, for
Npul ≤ 2Lþ 1 there are no eigenvectors with eigenvalue
zero, so that all Npul eigenvalues are positive. Alternatively,
if Npul > 2Lþ 1, then the equations

P
a v

aYLmðp̂aÞ ¼ 0

have Npul − ð2Lþ 1Þ linearly independent nonvanishing
solutions va, corresponding to Npul − ð2Lþ 1Þ vanishing
eigenvalues. The remaining 2Lþ 1 eigenvalues are
positive.
The result generalizes immediately to the case where

more than one Ql is nonzero. Thus, define

NDOF ≡
X

fljQl≠0g
ð2lþ 1Þ; ð6:13Þ

which is the number of real degrees of freedom (DOF)
associated with the nonzero Ql. If Npul ≤ NDOF, then all of
the eigenvalues of U are positive. Otherwise, U has NDOF
positive eigenvalues andNpul − NDOF vanishing eigenvalues.
For notational clarity, for any square matrixM, we define

the integer

Nþ
M ≡ number of nonzero eigenvalues ofM: ð6:14Þ

For example, Nþ
U is the number of positive eigenvalues of

Uab. (Here, the matrices M of interest are symmetric and
hence can be diagonalized. For such matrices, Nþ

M is also
the rank of M.)
With this notation, the number of positive and zero

eigenvalues of Uab are therefore given by

number of positive eigenvalues of U ¼ Nþ
U ¼ minðNDOF; NpulÞ; and

number of zero eigenvalues of U ¼ Npul − Nþ
U ¼ maxðNpul − NDOF; 0Þ: ð6:15Þ

Note that a real PTA has Ql ≠ 0 for l ≥ 2, so Nþ
U ¼ Npul.

Thus, for a real PTA, Uab has no zero eigenvalues,
regardless of the number of pulsars.
It is now straightforward to count the number of

vanishing eigenvalues of the correlation matrix μab.
If the pulsar term is absent, so that η ¼ 0, then
from (6.9) one has μab ¼ Uab, and (6.15) also
describes the eigenvalues of μab. On the other hand,
if η ≠ 0, it is easy to show that μab is positive definite
and has no zero eigenvalues for any GW response
function.

To see this, note from (6.10) that the diagonal terms of
Uab are all positive and equal to one another, because
(no summation convention) Plðcos γaaÞ ¼ Plðcos 0Þ ¼
Plð1Þ ¼ 1, and Ql ≥ 0. Denote these diagonal elements by

Uð0Þ≡ Uaa ¼
X
l

Ql > 0: ð6:16Þ

Since they are equal, from (6.9) we can write

μab ¼ Uab þ η2Uð0Þδab; ð6:17Þ
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where δab is the identity matrix. Thus, if va, λ are an
eigenvector and corresponding eigenvalue of U, then va,
λþ η2Uð0Þ are the eigenvector and corresponding eigen-
value for μab. Since λ ≥ 0, and η2 and Uð0Þ are both
positive, it follows that all the eigenvalues of μab are
positive. Thus, for any GW detector response, if the pulsar
term is present, so that η ≠ 0, then all of the eigenvalues
of μab are positive.

C. Inverse of the correlation matrix μab
Having understood the properties of the eigenvalues

of the correlation matrix μab, we now turn to the definition
of its inverse. This is needed for the calculations in
Sec. VII A.
For a PTA, or for any GW detector response which

includes a pulsar term, the matrix μab has only positive
eigenvalues, and hence its inverse μ−1ab is defined. However,
if (i) the pulsar term is absent (so η ¼ 0), (ii) the number of
degrees of freedom NDOF is finite, and (iii) the number
of pulsars is greater than NDOF, then the matrix μab has
vanishing eigenvalues, and the conventional matrix inverse
is not defined.
In such cases, it is helpful to define a modified inverse,

which we denote by μþab. This is

μþab ≡
X

fnjλn>0g
λ−1n vanvbn; ð6:18Þ

where λn, van are the eigenvalues and corresponding
normalized eigenvectors of μab, and the sum includes
only those terms for which the eigenvalues do not vanish.
This is called the Moore-Penrose pseudoinverse of the
matrix: it was found by Moore [45,46] and rediscovered
three decades later by Penrose [47]; see [48] for an
account. If all of the eigenvalues of μab are positive,
then μþab is the ordinary matrix inverse μ−1ab , so thatP

b μ
þ
abμbc ¼

P
b μabμ

þ
bc ¼ δac.

If some of the eigenvalues of μab are zero, then μþab is
still well defined, but has some properties that are
different than the normal matrix inverse. In particular,P

b μ
þ
abμbc ¼

P
b μabμ

þ
bc ¼ πac, where πab is a projector

onto the subspace spanned by the eigenvectors correspond-
ing to the nonvanishing eigenvalues. Thus,

πab ≡
X

fnjλn>0g
vanvbn: ð6:19Þ

In a basis formed from the eigenvectors van, (6.19) shows
that the matrix πab vanishes off the diagonal, and has
Nþ

π ¼ Nþ
μ ones and Npul − Nþ

μ zeroes along the diagonal.
The trace of πab, which is basis independent, isP

a πaa ¼ Nþ
μ . These follow immediately from the trace

of (6.19), which is the number of nonzero eigenvalues
of μab.

VII. ESTIMATING THE SQUARED GW STRAIN h2

PTAs are constructed to detect low-frequency GWs;
the most important quantity that they should determine is
the squared amplitude h2 of those waves. In this section, we
investigate how PTA correlation data can best be used to
estimate or constrain h2; the estimator is denoted ĥ2.
If the pulsar measurements are free of noise, or if their

noise is uncorrelated between different pulsars, then our
expectation is that including more pulsars in the PTA will
reduce the uncertainty in the strain estimate, because it adds
more information. This is indeed the case. However, we
will see that the rate at which that uncertainty decreases,
and whether it tends to zero for large numbers of pulsars,
depends upon the details.
In this section, we consider three cases, starting with data

from Npul pulsars. (i) All of the possible NpulðNpul þ 1Þ=2
pulsar-pair correlation measurements, including both
auto- and cross-correlations, are used. (ii) Only Npul

auto-correlation measurements are used. (iii) Only the
NpulðNpul − 1Þ=2 cross-correlation measurements from dis-
tinct pairs of pulsars are used. We will show that the typical
uncertainties in the h2 estimates have different scaling
behavior for these different cases, as the number of pulsars
grows. To set the stage, the three different scaling behaviors
are illustrated in Fig. 10, which shows the (inverse)
variance of the estimators. Later in this section, we derive
these results, and discuss and compare them in detail.
In addition, to gain some insight, we will also consider

GW responses which differ from those of PTA pulsars. As
described in Sec. VI, these could correspond, for example,
to fictitious LIGO-like detectors, floating in space near

FIG. 10. The inverse variance of three different estimators of
the squared GW strain, plotted as a function of the number of
uniformly distributed pulsars. For large numbers of pulsars, the
estimator based only on auto-correlations has a finite limit
corresponding to 48 degrees of freedom. The estimator which
employs only cross-correlations, and the estimator which em-
ploys both auto- and cross-correlations, have variances that
vanish as Npul → ∞. However, the latter vanishes much faster.
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Earth, but sensitive to the same low frequencies as
current PTAs.
In all three cases (i)–(iii) above, we use ĥ2 to denote

the optimal estimator of the squared strain GW h2. This
estimator is a linear combination of (measured or calcu-
lated) pulsar-pair correlations ρab with weights wab, and is
defined by

ĥ2 ≡ X
ab∈S

wabρab: ð7:1Þ

The only difference between cases (i)–(iii) is the choice of
the set S, which determines which pulsar pairs ab are used
in the summation. For case (i) we have S ¼ fabja ≤ bg,
for case (ii) we have S ¼ fabja ¼ bg, and for case (iii) we
have S ¼ fabja < bg. In what follows, we will indicate
these limits on the sums using the shorthand forms a ≤ b,
a ¼ b, and a < b respectively.
Note that (7.1) is proportional to ρab, and does not

include a constant (i.e., independent of ρab) term. The
constant term is also absent from (3.1), which gives the
optimal estimator of the Hellings and Downs correlation
for a particular angular-separation bin. The situation here
is the same. A constant term in (7.1) is only needed if
(i) auto-correlations (ρaa) are included in the sum and
(ii) there is pulsar or measurement noise. The reasoning
given after (3.1) also applies here. If both (i) and (ii) hold,
then (7.1) is not general enough to form an unbiased
estimator for h2: an additional constant term must be
subtracted from the rhs of (7.1). Since we primarily focus
on the ideal noise-free case, we do not include a constant
term in (7.1) or in what follows. We will return to this
issue later, in Sec. IX, when we consider the effects
of noise.
To find the optimal (unbiased, minimum-variance) esti-

mator for the squared strain h2, we determine the weights
in (7.1) with exactly the same technique that was used in
Sec. III A. The resulting estimator ĥ2 is a linear combina-
tion of the pulsar-pulsar correlations ρab, given by

ĥ2 ¼
 X

ab;cd∈S
μabC−1

ab;cd μcd

!−1 X
ef;gh∈S

μefC−1
ef;gh ρgh: ð7:2Þ

The expected value of ĥ2 is h2, and the variance of ĥ2 is

σ2
ĥ2
¼
 X

ab;cd∈S
μabC−1

ab;cd μcd

!−1

: ð7:3Þ

Note that ĥ2 is not Gaussian distributed: it is a sum
of products of multivariate-Gaussian random variables.
Thus, it is described by a generalized chi-squared
distribution [49].
The pairs ab, cd, etc. which appear in (7.2) and (7.3)

differ for cases (i)-(iii), exactly as described after (7.1).

In the following three subsections, we investigate the
behavior of the variance for those three different cases.
Expressions (7.2) and (7.3) for ĥ2 and its variance σ2

ĥ2
are

similar in form to the standard cross-correlation estimator
given in [42,50,51]; in the literature this is called the
“optimal statistic.” Our expression differs in two ways.
First, the standard cross-correlation estimator corresponds
to choice (iii) above, and only includes cross-correlations.
With choices (i) and (ii) our definition can also include
auto-correlations. Second, the standard optimal statistic
assumes that the covariance matrix is dominated by
instrumental and pulsar noise. Our expressions are general
enough to cover the entire range from noise-free to noise-
dominated, although we primarily focus on the noise-
free case.
In the absence of noise, the optimal estimator ĥ2 is

determined by the (observed or calculated) correlations ρab
and by the geometry of the pulsar sky positions. The details
of the GW spectral shape and its overall scale do not matter.
This is because the (nongeometrical) factors of h4, which
appear in the expression for the covariance matrices C
[see (2.10)] cancel out from the numerator and denominator
of (7.2). In contrast, the variance σ2

ĥ2
is proportional to h4

and hence depends on h2. This is the true but unknown
value of the squared GW strain that we are trying to
estimate.
If these estimators are applied to observational data, one

cannot avoid the question: “what value of h2 should be used
to evaluate σ2

ĥ2
¼ σ2

ĥ2
ðh2Þ?” In this case, since the true value

of h2 is unknown, we show how to construct a “self-
consistent interval” for the h2 estimate. We obtain this by
evaluating h2 � σĥ2ðh2Þ for many different (assumed)
values of h2, and finding the interval of h2 values consistent
within �σĥ2ðh2Þ of the observed value of ĥ2. We illustrate
this method graphically at the end of Sec. VII D. A more
general discussion of this self-consistent-interval method,
allowing for the presence of measurement and pulsar noise,
may be found in Sec. IX D.

A. Case (i): Using auto-correlations
and cross-correlations

We first consider the optimal estimator (7.1) for the
squared strain h2 which fully employs both the cross-
correlations and the auto-correlations. While this is defined
by the index set a ≤ b, in this subsection, it is convenient to
let a and b run independently over the range 1;…; Npul,
so that (7.1) includes N2

pul terms. In addition to including
the auto-correlation terms a ¼ b, this also includes each
possible cross-correlation term twice. These two possible
terms, for example ρ37 and ρ73, are each assigned identical
weights w37 ¼ w73. This means that (by doubling the
cross-correlation weights and keeping the auto-correlation
weights the same) the double sum over all N2

pul pulsar pairs
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could be replaced by an equivalent sum over a ≤ b.
However, for the calculations in this subsection, it is
helpful to keep all N2

pul terms in (7.1), so that

ĥ2 ≡XNpul

a¼1

XNpul

b¼1

wabρab ≡
X
a;b

wabρab; ð7:4Þ

where the final summation is shorthand notation for the
previous two sums. The same extension of the summations
apply to (7.2) and (7.3).
Here, and elsewhere in this paper, we use the following

convention for commas that occur under summation signs.
A comma between indices under a summation sign, for
example the “a, b” in (7.4), means that within the sum,
each index ranges separately over 1;…; Npul. If there is no
comma, for example “ab”, then the sum over pairs abmight
not be uniformly indexed, but instead is defined by some set
S, which is described in the text. Note that commas which
are not under a summation sign, for example in objects like
Cab;cd, Dab;cd;ef, and Eab;cd;ef;gh, have no such meaning.
Instead, they serve to group the arguments into pulsar pairs.
The variance of ĥ2 is given by (7.3), where each index

a, b, c, and d is independently summed from 1 to Npul.
We can evaluate (7.3) in closed form, by explicitly inverting
the covariance matrix. [With these index conventions, the
inverse C−1 is formally undefined. However, as we show
below, its action on symmetric matrices such as μab is well
defined, so that (7.3) is also well defined.]
With the index labeling conventions described in the

previous two paragraphs, the inverse of Cab;cd (restricted to
the space of symmetric matrices) is

C−1
ab;cd ¼

1

4
h−4

�
μ−1acμ

−1
bd þ μ−1adμ

−1
bc

�
: ð7:5Þ

To understand the restriction, consider the original defi-
nition of C as given in (2.10), but with the indexing
conventions of this subsection: each of the four indices
runs from 1 to Npul. C is a linear map from the space of
Npul × Npul square matrices to itself. Such a linear map may
be expressed in terms of the eigenvalues Λn and normalized
eigenvectors Wab

n of C, defined byX
c;d

Cab;cdWcd
n ¼ ΛnWab

n and
X
a;b

Wab
n Wab

m ¼ δnm: ð7:6Þ

In terms of these, C may be expressed as

Cab;cd ¼
X
n

ΛnWab
n Wcd

n ; ð7:7Þ

which can be checked by confirming the action of C on
each of the eigenvectors in turn, using (7.6).
Since the number of eigenvectors is the dimension of

the space of linearly independent Npul × Npul matrices, the
range of n is n ¼ 1; 2;…; N2

pul. From the definition of C

given in (2.10), one can see that it is symmetric in the
indices c and d. Thus, it maps any antisymmetric matrix to
zero, and therefore must have at least NpulðNpul − 1Þ=2
vanishing eigenvalues. The remaining NpulðNpul þ 1Þ=2
eigenvalues are positive if μab is positive definite.
By the inverse of C, we mean the matrix

C−1
ab;cd ¼

X
fnjΛn>0g

Λ−1
n Wab

n Wcd
n ; ð7:8Þ

which excludes the eigenvectors corresponding to vanish-
ing eigenvalues. Strictly speaking, C−1 as defined in (7.8)
is the Moore-Penrose pseudoinverse Cþ as discussed in
Sec. VI B. That is to say, if we multiply C−1 with C, we
obtain the projection operatorX

c;d

Cab;cdC−1
cd;ef ¼

X
fnjΛn≠0g

Wab
n Wef

n : ð7:9Þ

Because the zero eigenvectors are missing from the sum,
the rhs of (7.9) is not the identity matrix δaeδbf. Instead, it is
a projector onto the space of symmetric matrices.
Making use of (2.10) and (7.5) we obtainX

c;d

Cab;cdC−1
cd;ef

¼ 1

4

X
c;d

�
μacμbd þ μadμbc

��
μ−1ce μ

−1
df þ μ−1cf μ

−1
de

�
¼ 1

2
ðδaeδbf þ δafδbeÞ: ð7:10Þ

The rhs is precisely (7.9). It is easy to show that this is
the linear map of rank NpulðNpul þ 1Þ=2 which maps a
matrix M onto ðM þM⊤Þ=2. Thus, it preserves a sym-
metric matrix, annihilates an antisymmetric matrix, and
extracts the symmetric part of an arbitrary matrix.
Please be warned that (7.5) does not give the inverse

of C, as it is used in the other sections of this paper. First,
the indexing structure is different, and second, for a binned
quantity we are typically only interested in a submatrix
block of the full C. The inverse of a submatrix block is not
the corresponding submatrix block of the inverse.
We now evaluate the (inverse) variance σ2

ĥ2
given in (7.3).

Making use of (7.5) we find�
σ2
ĥ2
�−1 ¼ X

a;b;c;d

μabC−1
ab;cdμcd

¼ 1

4
h−4

X
a;b;c;d

μab
�
μ−1acμ

−1
bd þ μ−1adμ

−1
bc

�
μcd

¼ 1

2
h−4

X
b

δbb

¼ 1

2
h−4Npul: ð7:11Þ
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Thus, the fractional variance for the squared GW strain is

σ2
ĥ2

hĥ2i2 ¼
2

Npul

h4

h4
; ð7:12Þ

where we have inverted (7.11) and used hĥ2i ¼ h2. This is
the result that holds for a physical PTA. It demonstrates
that if both the auto-correlation and cross-correlation infor-
mation are fully exploited, then the squared GW strain can
be determined with arbitrary precision, given a sufficient
number of low-noise pulsars. Each additional pulsar pro-
vides an additional degree of freedom, as seen in Fig. 11.
Initially, we found this result surprising for two reasons.

First, in the many-pulsar limit, the optimal estimator of the
Hellings and Downs correlation has a nonzero (cosmic)
variance. Why does the variance of the squared-strain
estimate vanish in that same limit? Second, previous work
(e.g., Eq. (C40) in Sec. C 4 of Ref. [11]) shows that an
apparently similar measure of the squared strain (the time
average of s≡ hμνhμν) has fractional variance 2=5. How
can the estimator ĥ2 defined by (7.4) provide more precise
information?
To answer these two questions, consider GW detector

responses which differ than those of a PTA, as examined in

Sec. VI A. If there are a sufficient number of pulsars, then
for some responses, the correlation matrix μab has vanish-
ing eigenvalues. This means that μab is not invertible. In
such cases, the μ−1ab which appear on the rhs of (7.5) change
to μþab, which is the Moore-Penrose pseudoinverse of μab
defined by (6.18). Then the inverse variance becomes

�
σ2
ĥ2
�−1 ¼ 1

4
h−4

X
a;b;c;d

μab
�
μþacμþbd þ μþadμ

þ
bc

�
μcd

¼ 1

4
h−4

�X
b;c

πbcπbc þ
X
b;d

πbdπbd

�
¼ 1

2
h−4

X
b

πbb

¼ 1

2
h−4Nþ

μ : ð7:13Þ

Here, the projection operator πab is defined in (6.19), from
which it follows that its trace is Nþ

μ , which is the number of
positive eigenvalues of the correlation matrix μab.
There are two possibilities for the variance. Looking at

the rhs of (7.13):
(i) If the pulsar term is present, meaning that η > 0

in (6.9), then μab has no vanishing eigenvalues.
In this case, Nþ

μ ¼ Npul and the inverse variance
of (7.13) agrees with that of (7.11).

(ii) If the pulsar term is absent, corresponding to η ¼ 0
in (6.9), then μab ¼ Uab. In this case, (6.15) shows
that Nþ

μ ¼ Nþ
U ¼ minðNpul; NDOFÞ. Hence,

ðσ2
ĥ2
Þ−1 ¼ 1

2
h−4 minðNpul; NDOFÞ: ð7:14Þ

Here, as the number of pulsars grows, the behavior depends
upon the number of DOF to which the detector responds. If
NDOF is infinite, then the behavior is identical to case (i).
However, if the number of DOF is finite, then the variance
decreases to a minimum value and does not decrease further
as more pulsars are added. This is shown by the dashed
curves in Fig. 11. It demonstrates that for the squared GW
strain, “cosmic variance” is a property of the detector rather
than of the Universe.
This provides a clear answer to the second question.

Consider an array of one-arm LIGO-like (L ¼ 2) detectors,
each of which is sensitive to some linear combination
of NDOF ¼ 2Lþ 1 ¼ 5 modes of the GW field. If the
array contains five or more detectors (i.e., Npul ≥ 5), then
from (7.14) the variance is

σ2
ĥ2

¼ 2

5
h4: ð7:15Þ

But five one-arm LIGO-like detectors are enough to
measure all five independent components of the GW strain

FIG. 11. The inverse variance (7.14) of the squared-strain
estimator which optimally exploits both auto- and cross-
correlations, as a function of the number of pulsars employed.
Diagonal line: for any type of detector with a pulsar term, such as
PTAs, σ−2

ĥ2
is a linear function of the number of pulsars,

corresponding to one degree of freedom per pulsar. Hence, given
a sufficient number of pulsars, the uncertainty in the h2 estimate
can be made arbitrarily small. Dashed curves: if there is no pulsar
term and the detector is sensitive to only a finite set of modes,
then the inverse variance follows the diagonal line until it reaches
the corresponding number of degrees of freedom. Then it
saturates and follows the corresponding dashed curve, so σ2

ĥ2

does not decrease further as more pulsars are added.
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hμν at Earth, since hμν is a traceless symmetric 3 × 3matrix.
Adding additional LIGO-like detectors only adds
redundant information, because the strain is completely
determined: there are no additional DOF to measure. The
corresponding fractional uncertainty σĥ2=hĥ2i agrees
exactly with σs=hsi from Eq. (C40) in Ref. [11] where
the cosmic variance of s≡ time averageðhμνhμνÞ is com-
puted as an instructive exercise. This makes sense, because
s is determined by exactly the same five DOF.
We can also clearly see why a PTA detector provides

vanishing variance as Npul → ∞, which answers the
first question above. In contrast to a LIGO-like detector,
which is only sensitive to the l ¼ 2 mode, a PTA detects
all modes of the GW field. This is due to the divisor
1þ Ω̂ · p̂ that appears in (6.2). This factor of
ð1þ xÞ−1 ¼ 1 − xþ x2 − x3 þ � � �, where x ¼ Ω̂ · p̂, pro-
vides additional powers of p̂, contributing the l > 2
spherical harmonics Ylmðp̂Þ in (6.4). Each independent
mode provides additional information, and with enough
pulsars, all of those modes can be accessed. Hence, by
employing a large enough number of pulsars, (7.12) shows
that the uncertainty in the squared GW strain can be
reduced as much as desired.
While the calculations of this section and the previous

section require careful attention to detail, the results
themselves have an appealingly simple and intuitive
physical interpretation. The optimal combination of auto-
and cross-correlation terms extracts as much information as
is possible from the GWs. Each additional pulsar added to
the array provides another such degree of freedom, reduc-
ing the variance in proportion. In the absence of the pulsar
term, this continues until the number of pulsars reaches the
number of degrees of freedom probed by the detector. Then
the variance saturates, because the detector cannot extract
further information from the local measurements. On the
other hand, if the pulsar term is present, then each addi-
tional pulsar brings access to a new set of degrees of
freedom: the GW fluctuations in the space-time region
surrounding that new pulsar. In this case, the variance
continues to decrease without bound as new pulsars are
added to the PTA.

B. Case (ii): Using only auto-correlations

In this section, we construct an optimal estimator
ĥ2 ¼Pa waaρaa of h2, which uses only pulsar-pair auto-
correlations ρaa, where a ¼ 1; 2;…; Npul. Because it has
access to much less information than the estimator of the
previous section, we expect this estimator to have a larger
variance. Indeed, unlike the estimators of h2 that use only
cross-correlations or both cross- and auto-correlations, we
will see that this estimator has a (nonzero) cosmic variance.
Even with noise-free measurements from an infinite
number of pulsars distributed uniformly on the sky, this

auto-correlation-only estimator cannot estimate h2 with
arbitrary precision.
We evaluate the inverse variance of the estimator by

starting with the general expression (7.3) and including
only the auto-correlation terms in the sums. Thus,�

σ2
ĥ2

�
−1 ¼

X
a;b

μaaC−1
abμbb; ð7:16Þ

where
P

a;b is same shorthand notation used in (7.4), and
C−1
ab ≡ C−1

aa;bb is the inverse of the Npul × Npul covariance
matrix [52]

Cab ≡ Caa;bb

¼ 2h4μ2ab

¼ 2h4U2
ab

�
1þ η2δab

�
2

¼ 2h4
�
U2

ab þ ð2η2 þ η4ÞU2ð0Þδab
�
: ð7:17Þ

The second line follows from (2.10), the third line follows
from (6.9), and the final line follows from (6.16), because
all of the diagonal elements of Uab are equal to Uð0Þ. Note
that U2

ab denotes the matrix whose elements are the squares
of the elements of the matrix Uab. It does not denote the
matrix product of U with itself.
To evaluate the inverse variance, use (6.17) to write the

diagonal elements of μab as μaa ¼ ð1þ η2ÞUð0Þ. Hence,
the inverse variance (7.16) is�

σ2
ĥ2

�
−1 ¼ ð1þ η2Þ2U2ð0Þ

X
a;b

C−1
ab ; ð7:18Þ

which is proportional to the grand sum of C−1
ab . This is no

surprise, because Sec. III C shows that narrow-band
estimators give rise to a grand sum. Indeed, this estimator
is as narrow band as possible: it only has contributions from
the bin at zero separation angle. Later, Sec. III D shows that
if the vector 1 (here, a vector of dimension Npul containing
all ones) is an eigenvector of Cab, then (7.18) can be
computed from its eigenvalue. We now employ the same
argument, showing that if there are many pulsars uniformly
distributed on the sky, then 1 is an eigenvector of Cab and
hence of C−1

ab .
It is easy to see that 1 is an eigenvector ofCab in the large

pulsar limit. Focus attention on theU2
ab term in (7.17), since

1 is trivially an eigenvector of the other term, which is
proportional to the identity matrix δab. Equation (6.10)
shows that U2

ab only depends on the angle γab between the
directions p̂a and p̂b to pulsars a and b. It follows from
symmetry that averaging uniformly over p̂b (for fixed p̂a)
yields a result which is independent of p̂a.
To compute the action of U2

ab and δab on 1=Npul, we
use (6.10) to write U2

ab in terms of Legendre polynomials,
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then average over the directions p̂b. When there are many
pulsars uniformly distributed on the sky, this gives

1

Npul

X
b

U2
ab ≃

1

4π

Z
dp̂b U2

ab

¼ 1

4π

Z
dp̂b

X
l;l0

QlQl0Plðcos γabÞPl0 ðcos γabÞ

¼ 1

2

Z
1

−1
dx
X
l;l0

QlQl0PlðxÞPl0 ðxÞ

¼
X
l;l0

QlQl0
δll0

2lþ 1

¼
X
l

Q2
l

2lþ 1
: ð7:19Þ

In the first line, the approximation sign is a reminder that
we have averaged over a large number of pulsars uniformly
distributed on the sky. The second line follows from the
definition of Uab in (6.10). The third line follows by setting
x ¼ cos γab, also explicitly demonstrating that the average
is independent of the direction p̂a of pulsar a. The final
two lines follow from the orthogonality of the Legendre
polynomials (4.19). Now, we return to (7.17) and consider
the term proportional to δab. The action of this term on
1=Npul is trivial, since

1

Npul

X
b

δab ¼
1

Npul
: ð7:20Þ

So, combining (7.19) and (7.20) with (7.17), it follows that

1

Npul

X
b

Cab ≃ 2h4

�X
l

Q2
l

2lþ 1
þ 1

Npul
ð2η2 þ η4ÞU2ð0Þ

�
≡ λ

Npul
: ð7:21Þ

Thus, 1 is an eigenvector of C≡ Cab, with the eigenvalue λ
defined above.
Using this last result together with the results of

Sec. III D, we can now write down an expression for the
variance of the auto-correlation-only estimator of h2 in the
large pulsar limit. From (7.18), we immediately have

σ2
ĥ2
¼ 1

ð1þ η2Þ2U2ð0Þ
1P

a;bC
−1
ab

: ð7:22Þ

Then, using (3.23), we can replace ðPa;bC
−1
ab Þ−1 with

λ=Npul. This gives

σ2
ĥ2
≃

2h4

ð1þη2Þ2U2ð0Þ
X
l

Q2
l

2lþ1
þ2h4

Npul

ð2η2þη4Þ
ð1þη2Þ2 : ð7:23Þ

The variance (7.23) is nonzero in the limit Npul → ∞. In
contrast, the variances of the h2 estimators constructed from
both auto- and cross-correlations (as we saw in Sec. VII A)
and from cross-correlations only (as we shall see in
Sec. VII C) vanish in this limit.
We now evaluate the variance (7.23) of the squared-

strain estimator which employs only PTA auto-correlations,
in the many-pulsar limit. Set Ql ¼ ð2lþ 1ÞCl with the Cl
given by (4.14). Then

1

U2ð0Þ
X
l

Q2
l

2lþ1
¼ 1

U2ð0Þ
X
l

ð2lþ1ÞC2
l ¼

1

2h4

σ2cosð0Þ
U2ð0Þ ¼

1

12
;

ð7:24Þ

where we used (4.15) with γ ¼ γ0 ¼ 0 to get the second

equality, and where σ2cosð0Þ=U2ð0Þ ¼ 2h4 eμ2ð0Þ=μ2uð0Þ ¼
h4=6 follows from (4.31) and (4.32). Then, setting
η ¼ 1 in (7.23) to properly incorporate the pulsar term,
and making use of (7.24) to evaluate the first term,
we obtain

σ2
ĥ2
≃
h4

24

�
1þ 36

Npul

�
ð7:25Þ

for the variance of the auto-correlation-only PTA esti-
mator of h2. This approximation, and numerically
determined values for σ−2

ĥ2
, are shown in Fig. 12.

As Npul → ∞, these asymptote to h4=24, corresponding
to 48 effective DOF. Without the pulsar term, also shown
in the figure, the convergence is more rapid, to 12
effective DOF.
It is also instructive to evaluate the variance of this h2

estimator for an array of one-arm LIGO-like detectors
in the Npul → ∞ limit. Here, we set Ql ¼ δl2, so that
Uð0Þ ¼ 1 and set η ¼ 0 to turn off the pulsar term. The
variance (7.23) is then

σ2
ĥ2
≃
2

5
h4; ð7:26Þ

which agrees exactly with our expectations from (7.15)
for the estimator of h2 that uses both auto- and cross-
correlations. This variance, and the corresponding variance
for an l ¼ 3 only detector (meaning, Ql ¼ δl3) are also
shown in Fig. 12.
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The reader will note from Fig. 12 that if there is no pulsar
term present, then the variance of the finite-mode detectors
saturates if the number of pulsars is large enough. For the
detector of mode L, meaning Ql ¼ δlL, this occurs when
the number of pulsars Npul ¼ ðLþ 1Þð2Lþ 1Þ. For an
array of one-arm LIGO-like detectors (L ¼ 2) the variance
saturates if the array contains Npul ¼ 15 or more detectors.
Note that this is more than are needed if both cross-
correlation and auto-correlation information is used. Then,
as previously discussed, just five detectors are sufficient to
saturate the variance.
We can determine the number of detectors needed to

saturate the variance if the detectors only respond to a finite
number of DOF and the pulsar term is absent. It suffices to
decompose the matrix whose entries are the squares of the
entries of Uab into Legendre polynomials. The matrix U2

ab
then takes the form (6.10), with coefficients formed
from quadratic combinations of the Ql’s, weighted with
Wigner 3j symbols [53,54]. For Ql ¼ δlL, the U2

ab matrix
has ðLþ 1Þð2Lþ 1Þ DOF, as defined by (6.13). If modes
l ≤ Lmax are included, then the number of DOF is bounded
by ð2Lmax þ 1Þ2. So, if the number of pulsars exceeds this,
then the variance saturates for the same reason as explained
in Sec. VII A.

C. Case (iii): Using only cross-correlations

This section examines the optimal estimator ĥ2 of the
squared GW strain which is constructed using only PTA
cross-correlations. In other words, the pulsar-pair correla-
tions ρab which appear in the sum (7.2) are restricted to
distinct pulsars a < b.
We computed the variance (7.3) of this estimator numeri-

cally, for Npul PTA pulsars distributed randomly on the sky.
The results are plotted in Fig. 13. They show that σ2

ĥ2
tends

to zero as Npul → ∞. When there are more than about
30 pulsars, the variance is well approximated (blue dashed
curve) by

σ2
ĥ2
≈ 1.61

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Npul þ 75

p
Npul

h4: ð7:27Þ

Thus, as the number of (randomly distributed) pulsars
grows, the variance in the estimate of ĥ2 decreases ∝ N−1=2

pul .
Note that this decrease with increasing Npul is slower than
that of the h2 estimator that uses both auto- and cross-
correlation measurements. That variance decreases
∝ 1=Npul, as shown in (7.12) and Fig. 10.
To confirm the Npul → ∞ behavior suggested by Fig. 13,

we compute the variance σ2
ĥ2

for a PTA containing a large
number of uniformly distributed pulsars. Imagine that the
set of all pulsar pairs are ordered by increasing angular
separation, and note that since μab varies smoothly, the
summand of (7.3) is effectively averaging over nearby
entries in the inverse covariance matrix C−1. Since there
are many pulsars uniformly distributed on the sky, we are

FIG. 13. The black curve shows the variance σ2
ĥ2

of the PTA
“cross-correlations only” estimator ĥ2 for the squared strain.
This is obtained from (7.3) for Npul pulsar positions randomly
distributed on the sky. The blue dashed curve shows the fit
(7.27): for large numbers of pulsars σ2

ĥ2
∝ N−1=2

pul . Extrapolation
(correctly) suggests that the variance vanishes as Npul → ∞.

FIG. 12. Inverse variance of strain estimators formed entirely
from auto-correlations, as a function of the number of (uni-
formly distributed) pulsars, for different types of GW detectors,
determined numerically. All have nonvanishing cosmic vari-
ance as Npul → ∞. We plot 2h4=σ2

ĥ2
, which is the effective

number of statistically independent degrees of freedom. The
top solid curve for a PTA and the dashed approximation
of (7.25) both asymptote to 48. The next two solid curves
show the corresponding quantities for detectors having only a
single lmode, i.e.,Ql ¼ δlL with L ¼ 3 or L ¼ 2. These include
a pulsar term and asymptote to 4 × 7 ¼ 28 and 4 × 5 ¼ 20 DOF
respectively. The bottom three “no pulsar term” curves have the
pulsar term turned off (η ¼ 0). As explained in the text, the
L ¼ 2 and L ¼ 3 curves saturate at Npul ¼ ðLþ 1Þð2Lþ 1Þ,
corresponding to 15 and 28 pulsars respectively, with 5 and 7
DOF. A PTAwithout the pulsar term asymptotes to 12 effective
DOF (see text).
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justified [55] in replacing C−1 with the inverse of the
cosmic covariance matrix, s−1jk . This is given in diagonal
form as a harmonic sum in (4.29). We are also justified in
replacing μab and μcd with their harmonic sum forms given
in (4.13). This is because auto-correlation terms such as

δabμuð0Þ, which appear in (2.4), vanish for distinct pulsar
pairs a < b. Thus, substituting (4.13) and (4.29) (with
Nbins replaced by Npairs) into (7.3), and converting the
Riemann sums into integrals by taking the limit
Npairs → ∞, we obtain

�
σ2
ĥ2
�
−1 ≃

X
ab;cd

μabC−1
ab;cd μcd

¼
Z

π

0

sin γdγ
Z

π

0

sin γ0dγ0 μuðγÞs−1ðγ; γ0Þμuðγ0Þ

¼
Z

1

−1
dx
Z

1

−1
dx0

XL
l;l0;l00≥2

ð2lþ 1Þð2l0 þ 1Þð2l00 þ 1Þ ClCl00

8h4C2
l0
PlðxÞPl0 ðxÞPl0 ðx0ÞPl00 ðx0Þ: ð7:28Þ

Here, we have changed variables to x≡ cos γ and
x0 ≡ cos γ0, assuming that the pulsars are uniformly dis-
tributed on the sky.
The sums over l, l0 and l00 in (7.28) arise from expressions

(4.13) and (4.25), which are harmonic sums over all modes
l ≥ 2. However, in order to also consider the limiting
behavior σ2

ĥ2
for the non-PTA detectors described in

Sec. VI A, we terminate the harmonic sums at l;l0;l00 ¼L
where L ≥ 2 is a finite integer. For a physical PTA, which
includes all modes, L → ∞.
The integrals in (7.28) may be evaluated using the

orthogonality relation (4.19) for Legendre polynomials.
This converts the integrals over x and x0 into 2δll0=ð2lþ 1Þ
and 2δl0l00=ð2l0 þ 1Þ, respectively. The sums over l0 and l00
may then be evaluated, eliminating the Kronecker deltas,
and (7.28) becomes

�
σ2
ĥ2
�
−1 ≃

XL
l¼2

2lþ 1

2h4
¼ 1

2h4

�ðLþ 1Þ2 − 4
�
: ð7:29Þ

As more harmonics are included, L and the rhs of (7.29)
grow larger. Thus, for a PTA, σ2

ĥ2
vanishes as Npul → ∞,

just as Fig. 13 suggests.
Equation (7.29) also applies to non-PTA detectors. To

see this, note that Cl cancels out of (7.28) and so does not
affect the value of (7.29), provided Cl ≠ 0. In other words,
the actual numerical value of Cl is irrelevant; all that
matters is whether or not Cl vanishes. If Cl is nonzero, then
the corresponding value of l is included in the sum
of (7.29), whereas if Cl is zero, then the corresponding
term is absent. Hence, (7.29) holds for the non-PTA
detectors of Sec. VI A, which are defined by correlation-
matrix expansion coefficients Ql for 2 ≤ l ≤ L. For exam-
ple, taking L ¼ 2 for a one-arm LIGO-like detector, we find

σ2
ĥ2
≃
2

5
h4: ð7:30Þ

This is the same result that we have seen before for
both the autoþ cross and auto-only correlation estima-
tors, see (7.15) and (7.26). Plots of the inverse variance
for the cross-correlation-only squared-strain estimator ĥ2

are given in Fig. 14 for the different detector types
discussed above.

D. Uncertainty of the squared-strain estimators
for the four PTAs

We now take the sky locations of the pulsars currently
being monitored by the different PTAs, as given in

FIG. 14. Plots of 2h4=σĥ2 for the cross-correlation-only esti-
mator of h2 for different detector types. These include a PTAwith
and without pulsar terms, and non-PTA detectors sensitive only to
modes 2 ≤ l ≤ L. For these non-PTA detectors, we have ne-
glected pulsar terms; at saturation they measure almost one
degree of freedom per pulsar. One can see that in the limit
L → ∞, these converge to the “PTAwithout pulsar terms” curve,
which statistically measures 2=5 of a degree of freedom per
pulsar.
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Appendix H. For these, we can predict the (best-case,
noise-free) fractional uncertainties, σĥ2=hĥ2i, of the three
different squared-strain estimators. These uncertainties are
given in Table I. For comparison, the last row of the table
gives the fractional uncertainty σs=hsi from (7.15), where
s ¼ time averageðhμνhμνÞ. As discussed in Sec. VII A after
(7.15), we assume that five or more of the pulsars are
replaced by ideal one-arm LIGO-like detectors (Ql ¼ δl2)
and s is estimated using both auto- and cross-correlations.
It is interesting to contrast the (inverses of the) fractional

uncertainties in ĥ2 with traditional SNRs. The expected
SNR for a detection statistic is defined to be the expected
value of that statistic in the presence of the signal, divided
by the rms value of the statistic in the absence of the signal.
It appears to be practically the same thing as the inverse
of the fractional uncertainty, hĥ2i=σĥ2 . However, they are
different: in our calculation, σĥ2 is not the rms value of the
“detection statistic” ĥ2 in the absence of the GW back-
ground (i.e., due purely to pulsar and instrumental noise).
Rather, it reflects the variations in ĥ2 among different
universes in the Gaussian ensemble, each of which would
give a different value of ĥ2.
Thus, we can employ ĥ2 in two different ways, depend-

ing upon which variance we select. First, we can use ĥ2 as a
detection statistic, to test the hypothesis “there is a GW
signal present in the data.” Alternatively, we can use it for
parameter estimation, to determine the most likely value of
the squared strain (and its expected fractional uncertainty)
assuming the presence of a GW signal. For the first of these
applications, the variance of ĥ2 is calculated assuming only
measurement and pulsar noise (see Sec. IX). Thus, if ĥ2 is
employed as a detection statistic, its SNR could be
considerably larger (or smaller) than the inverse of the
fractional uncertainties given in Table I.
There is a useful graphical way to think about the

second application: estimating the squared GW strain

from observational data. This parameter estimation prob-
lem is illustrated in Fig. 15, which shows the results of a
single numerical simulation. The simulation generates one
realization of a Gaussian ensemble with h2 ¼ 1; we then
use the (simulated) observational data to construct the
optimal estimator ĥ2. This simulates “observational reality,”
where only a single set of measurements and correlation
values is obtained. Here, the (one, randomly selected)

TABLE I. Fractional uncertainties for the different squared-strain estimators discussed in this section, assuming noise-free
measurements for each PTA’s pulsars. The values in row (1) are obtained directly from (7.12), whereas those in rows (2) and (3)
are obtained by numerically evaluating (7.3) for the PTA’s specific pulsar sky directions. While the order of increasing uncertainty is (1),
(2), (3), if there were more than ≈1500 pulsars uniformly distributed on the sky, the ordering would be (1), (3), (2); see the final column
and Fig. 10. The values in row (4) are the fractional error σs=hsi ¼

ffiffiffiffiffiffiffiffi
2=5

p
h2=h2 from (7.15) if the pulsars are replaced by one-arm

LIGO-like detectors sensitive to only the l ¼ 2 quadrupole mode of the background. Numerical values of h2=h2 for the binary-inspiral
GW background of Appendix B are given in Table III. For strain (α ¼ 0) set h2=h2 ≈ 0.3905; for timing residuals (α ¼ 1) set
h2=h2 ≈ 0.5622.

PTA: EPTA NANOGrav PPTA IPTA Ideal

Number of pulsars: 42 66 26 88 ∞
(1) σĥ2=hĥ2i from auto+cross-correlations: 0.2182h2=h2 0.1741h2=h2 0.2774h2=h2 0.1508h2=h2 0

(2) σĥ2=hĥ2i from auto-correlations only: 0.3222h2=h2 0.2850h2=h2 0.3533h2=h2 0.2629h2=h2 0.2041h2=h2

(3) σĥ2=hĥ2i from cross-correlations only: 0.6818h2=h2 0.5639h2=h2 0.8005h2=h2 0.5028h2=h2 0

(4) σs=hsi for a set of one-arm detectors: 0.6325h2=h2 0.6325h2=h2 0.6325h2=h2 0.6325h2=h2 0.6325h2=h2

FIG. 15. A “one-sigma self-consistent” h2 interval calculated
for one realization of simulated noise-free cross-correlation-only
data, for 40 pulsars placed at random sky locations. The blue lines
show the expected value of the estimator ĥ2 and the �σĥ2ðh2Þ
band about it. The one-sigma interval for h2 is defined by the
intersection of the one-sigma interval h2 � σĥ2ðh2Þ (blue dashed
lines) about h2 (solid blue line) with the observed value of ĥ2 for
many different (assumed) values of h2. The vertical gray region
spans the h2 interval indicated by the thick black tick marks on
the h2 axis. The dotted black line corresponds to the injected
value h2 ¼ 1.
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realization gave ĥ2 ¼ 1.35. What uncertainty should we
associate with this estimate?
As discussed earlier, there is a complication: the width of

the �1σ uncertainty band depends upon the unknown true
value h2 of the squared GW strain. So, at what value of h2

should this uncertainty be evaluated? Figure 15 shows our
proposed “self-consistent” approach. Since we do not know
the actual value of h2, we construct the optimal estimator
and its variance (vertical axis) for all possible values of h2

(horizontal axis).
Examination of Fig. 15 shows that only some values of

h2 are consistent with the (simulated) observation (i.e.,
credible) at the �1σ level. For example, suppose that the
actual value of h2 were 3. In this case, we would expect the
estimated ĥ2 to lie in the interval ĥ2 ∈ ½1.6; 4.4�. As can be
seen from the figure, this is inconsistent (at the �1σ level)
with the observation. The self-consistent interval for h2

lies between the tick marks on the horizontal axis, and
corresponds to the gray region.

VIII. TESTING THE CORRELATION MODEL
AGAINST DATA

The most important result of the present paper and of
Ref. [11] is this: even with data from many noise-free
pulsars, and even with signals coming from a perfectly
Gaussian GW background, the pulsar-averaged Hellings
and Downs correlation in our Universe will not follow the
Hellings and Downs curve exactly. The following question
then arises: after experiments have binned and (optimally)
averaged the correlations, are the deviations away from the
Hellings and Downs curve consistent with expectations?
A simple way to quantify and answer this question is via χ2

goodness-of-fit tests.
In the following subsections, we define two types of χ2

statistics, which we call “unprojected” and “projected” χ2.
We start in Sec. VIII A with the “unprojected” statistic,
which assumes that both the overall scale and spectral
shape of the GW background are known exactly, a priori.
This means that the true values of h2, h4, etc., are
“magically” given to us, with no reliance on the data used
to form the χ2 statistic. While unrealistic, this simplifies
the calculation of the expected value and variance of this
unprojected χ2, which may then be used to test the
Gaussian ensemble hypothesis of the GW background
against the measured data.
In Sec. VIII B, we define a “projected” χ2 statistic. In

addition to testing the match between the observed corre-
lation data and the Hellings and Downs curve, this statistic
also estimates the scale of the squared GW strain h2. Hence
it eliminates the need for a fictitious “oracle” who provides
the correct value of h2. We show that this estimate comes at
low cost: for a given value of the squared strain h2, the
fractional differences between expected value and variance

of the projected and unprojected χ2 statistics are negligible.
This is because projection effectively reduces the (large)
number of degrees of freedom by one. This is the same
reduction in degrees of freedom that takes place when the
variance of a data set is computed using the sample mean as
opposed to the population mean. Since the cases of interest
have many pulsars and hence many degrees of freedom, it is
not surprising that the properties of the two χ2 statistics are
almost identical.
The projected χ2 statistic provides an estimate of the

squared GW strain, but that estimate, and the value of χ2,
depend upon the (unknown) true value of h2. This is the
same situation that we encountered at the end Sec. VII D,
as illustrated in Fig. 15. It arises because χ2 is a quadratic
form defined by the (inverse of the) covariance matrix C,
which in turn depends upon h4, which in turn depends
upon h2. Our solution follows the same philosophy as in
the previous section: we evaluate χ2 for all possible
values of h2. Then, we ask if those observationally
derived quantities are self-consistent. This means that
χ2ðh2Þ should lie within the bounds hχ2i � σχ2ðh2Þ, where
h2 is restricted to an interval consistent with the observed
value of the estimator ĥ2, as discussed at the end of
Sec. VII D. The combination of these two bounds creates
a pass/fail “acceptance window,” which we describe at the
end of Sec. VIII C 4.
For the remainder of this preamble, we review the

notation and some related issues. As described above,
our starting point is a set of correlations which have been
binned and optimally averaged. The notation reflects this:
indices j; k; � � � denote angular separation bins, ρopt;j is the
value of the optimal estimator of the correlation in the
jth bin, and npairs;j is the number of distinct pulsar pairs in
the jth bin. The average value of the angles γab for the
pulsar pairs ab within bin j is denoted γbin;j. The quantity
μbin;j ≡ μuðγbin;jÞ is the expected value of the Hellings and
Downs curve for that bin, which we typically use for
normalization.
Binning is arbitrary: how many bins should be used, and

where should the bin boundaries be placed? Among the
possibilities are two important extreme cases: (a) combine
all pulsar pairs into a single bin, and (b) put every pulsar
pair into its own separate bin. We will see that (b) provides
the highest discriminating power and the best statistical
test. However, the intermediate cases are also of interest,
particularly to convince the scientific community regarding
detection claims.
In reading the remainder of this section, it may be helpful

to imagine that the choice of bins has been “fixed in
advance” by some external agency, say a review board or
detection committee. That choice might be one of the
extremes (a) or (b) described above, or lie somewhere in
between.
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To parse the equations, it is also helpful to keep in mind
that there are different vector spaces that enter. At the top
level, we have a vector space whose dimension Nbins is
equal to the number of bins, with vector and matrix
components denoted by indices j; k;l; m. Then, each of
those bins has its own vector space, whose dimension
npairs;j is the number of distinct pulsar pairs that lie in that
jth bin. In those vector spaces, the vector and matrix
components are indexed by pulsar pairs. For example, if the
expressions involve only cross-correlations, then these
pulsar pairs are of the form ab; cd;…; gh with a < b,
c < d;…; g < h. On the other hand, if auto-correlations are
also included, then we also must incorporate terms with
a ¼ b, c ¼ d and so on. Nevertheless, we still have some
freedom in how to define the bins. One choice would be to
put all of those auto-correlation ρaa terms into the same bin
at γ ¼ 0. At the other extreme, we could put each pulsar’s
auto-correlation into a separate bin, so that there were
distinct bins at vanishing angular separation. This latter
case corresponds to choice (b) above.
In the remainder of this section, we construct χ2

statistics which include three different sets S of pulsar-
pair correlations: (i) using all autoþ cross correlations,
S ¼ fabja ≤ bg; (ii) using auto-correlations only,
S ¼ fabja ¼ bg; and (iii) using cross-correlations only,
S ¼ fabja < bg. These are the same sets we used in
Sec. VII to construct different estimators of the squared
strain. Each of these choices has a corresponding unpro-
jected and projected χ2 statistic.
Here, we restrict our attention to noise-free correlation

measurements. In Sec. IX, we discuss how the χ2 analyses
are modified by including the effects of pulsar and
observational noise.

A. The unprojected χ 2 test

Suppose that the squared GW strain h2 is known. Define
a χ2 statistic by

χ2 ¼
X
j;k

�
ρopt;j − hρopt;ji

�
B−1
jk

�
ρopt;k − hρopt;ki

�
; ð8:1Þ

where the expectation value hρopt;ji ¼ h2μbin;j is a “known
quantity.” The matrix B−1

jk is the inverse of the covariance

Bjk between the Hellings and Downs correlation estimates
in bins j and k, given in (3.14) and (3.15):

Bjk ¼
μbin;jμbin;k

ðμ⊤j C−1
jj μjÞðμ⊤k C−1

kk μkÞ
μ⊤j C−1

jj CjkC−1
kk μk: ð8:2Þ

As we remarked above, this equation contains quantities
with different (vector) dimensions. For example, the vector
μbin;j has a dimension equal to the number of bins:
j ¼ 1;…; Nbins. In contrast, for a given value of j, the
dimension of the square matrix Cjj is npairs;j, which is the
number of distinct pulsar pairs ab that lie in the jth bin.
This is also the dimension of the vector μj. The rectangular
matrix Cjk has as many rows as the number of distinct
pulsar pairs in bin j and as many columns as there are
distinct pulsar pairs in bin k, as indicated using the block
form of C shown in (2.14).
In the remainder of this section, to simplify equations

and calculations, and to gain geometric insight, we adopt
standard notation for vectors and tensors in metric spaces.
We exploit the fact that Bjk is a real, square, positive-
definite Nbins × Nbins matrix, where Nbins is the number of
angular separation bins that contain at least one pulsar pair.
Hence, it is a positive-definite quadratic form,

gjk ≡ Bjk; ð8:3Þ
on the vector space indexed by angular separation bins.
This notation will be familiar to many readers because it is
widely used for general relativity (GR) [26]. However, in
contrast with GR, where gjk is a 4 × 4 matrix of signature
ð−;þ;þ;þÞ, here it is an Nbins × Nbins matrix of signature
ðþ;þ; � � � ;þÞ. With this notation, one must distinguish
between covariant (down) and contravariant (up) indices of
vectors and tensors. The covariant metric gjk ≡ Bjk and its
contravariant inverse,

gjk ≡ B−1
jk ; ð8:4Þ

are used to lower and raise indices, where B−1 denotes the
matrix inverse (and not the inverse of the matrix elements).
We also adopt the Einstein summation convention [26] for
equations. That is, if the same index label appears once
in the covariant position and once in the contravariant
position, then that index is summed over all angular bins.

To illustrate our conventions, we define the two contravariant vectors

μjbin ≡ gjkμbin;k ¼
X
k

B−1
jk μbin;k and ρjopt ≡ gjkρopt;k ¼

X
k

B−1
jk ρopt;k: ð8:5Þ

The χ2 statistic from (8.1) may then be written as

χ2 ¼ ðρopt;j − h2μbin;jÞðρjopt − h2μjbinÞ: ð8:6Þ
Equivalently, if we define the fluctuations of the observed correlations away from the Hellings and Downs curve as

nj ≡ ρopt;j − hρopt;ji ¼ ρopt;j − h2μbin;j; ð8:7Þ
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then the χ2 statistic from (8.1) and (8.6) is simply the
squared length

χ2 ¼ njnj: ð8:8Þ

Note that the fluctuations have zero mean hnji ¼ 0, so their
correlation and covariance matrices are equal. These are

hnjnki ¼ Bjk ¼ gjk: ð8:9Þ

These follow directly from (8.7) and (3.14).

The expected value of χ2 follows immediately by taking
the expected value of (8.8) and using (8.9). We obtain

hχ2i ¼ gjkhnjnki ¼ gjkgjk ¼ δj
j ¼ Nbins; ð8:10Þ

where Nbins is the number of angular separation bins. As
described above,Nbins may be as small as 1 in case (a) or as
large as the total number of pulsar pairs in case (b).
To further characterize χ2, we need to know its expected

variations away from the mean hχ2i. The magnitude of
these variations is quantified by the variance of χ2, which is

σ2
χ2
≡ hðχ2Þ2i − hχ2i2 ¼ gjkglm

�hnjnknlnmi − hnjnkihnlnmi
�
; ð8:11Þ

where the first equality defines the variance, and the second equality follows by substitution of (8.8).
The fourth-order expectation value that appears in (8.11) is deceptive. Since the GW background is described by a

Gaussian ensemble, one might suppose that Isserlis’s theorem [19] could be applied to hnjnknlnmi. If so, one could write it
as a sum of three products of two-point functions. However, this is not the case: the quantities nj are not Gaussian random
variables. Instead, they are quadratic expressions in the Gaussian random GW field amplitudes.
Evaluating the fourth-order expectation value using the results of Appendix F gives

hnjnknlnmi ¼ hnjnkihnlnmi þ hnjnlihnknmi þ hnjnmihnknli þ Ejklm: ð8:12Þ

The first three terms on the rhs are quadratic expectation
values given by (8.9). If the nj were Gaussian random
variables, so that Isserlis’s theorem could be applied, then
only these three terms would arise, and the final term would
be absent.
The final term in (8.12) arises entirely from the non-

Gaussian behavior of nj. This non-Gaussian contribution to
the variance of χ2 is

Ejklm ≡ X
ab;cd;ef;gh

wj;abwk;cdwl;efwm;ghEab;cd;ef;gh; ð8:13Þ

with Eab;cd;ef;gh given by (F8) and weights wj;ab given
by (3.13).
We now evaluate the variance of χ2. Starting from (8.11),

we use (8.12) and (8.9) to obtain

σ2
χ2
¼ gjkglm

�
gjlgkm þ gjmgkl þ Ejklm

� ¼ 2Nbins þ E;

ð8:14Þ

where we have defined

E≡ gjkglmEjklm: ð8:15Þ

If the nj were Gaussian random variables, then the E term
would be absent from (8.14), and χ2 would have the
statistics of a standard χ2-distributed random variable with
Nbins degrees of freedom. The mean value would be Nbins

and the variance would be 2Nbins. However, in Sec. VIII C
we will see that the E term is much larger than the other
terms. Thus, the statistical properties of χ2 are quite
different than those of an ordinary χ2-distributed random
variable with Nbins degrees of freedom.
Note that all of these expressions simplify in the extreme

case (b) described above, where every pulsar pair lies in its
own bin. In that case, the weights wj;ab are all unity [56],
and Bjk ≡ gjk becomes the full covariance matrix Cab;cd.

B. The “projected” χ 2 statistic (which also estimates
the squared amplitude of the GW background)

We now define a “projected” χ2 statistic, which also uses
the observed correlations to construct an estimator ĥ2 of h2.
We will see that for a large number of bins and for any
given value of h2, the expected value and variance of the
projected χ2 statistic are very similar to those of the
unprojected χ2 statistic. This has two positive features.
First, it means that we get an h2 estimate “almost for free,”
and second, it means that later, in discussing their behavior,
we do not need to distinguish between the projected and
the unprojected χ2 statistics.
There is, however, a complication. The projected χ2

statistic depends on the unknown value of the squared GW
strain h2 via the dependence of the quadratic form B−1

jk on
the covariance matrix C [see (8.2)], which in turn depends
on h4, which in turn depends on h2. This means that to test
if observationally determined correlations are consistent
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with expectations, we need to evaluate the projected χ2 statistic at different (assumed) values of h2. We then ask if those
values, χ2ðh2Þ, agree with its expected value to within �σχ2ðh2Þ, over the one-sigma range of h2 values consistent with the

observed value of ĥ2. This procedure will be discussed in more detail at the end of Sec. VIII C 4.
The projected χ2 statistic is defined by

χ2ðh2Þ≡min
h̃2≥0

�X
j;k

�
ρopt;j − h̃2μbin;j

�
B−1
jk ðh2Þ

�
ρopt;k − h̃2μbin;k

��
; ð8:16Þ

where we have explicitly indicated the h2 dependence of
B−1
jk and thus of χ2. We have chosen in this subsection not to

use the compact “raised-and-lowered” index notation of the
previous subsection since quantities with raised indices
have a “hidden” h2 dependence. The squared-strain esti-
mator ĥ2 is the value of the real quantity h̃2 ≥ 0 at which the
rhs of (8.16) is minimized.
We can easily obtain an explicit expression for ĥ2, in

terms of the observed correlations ρopt;j. This is found by
taking the derivative with respect to h̃2 of the quantity
inside the curly brackets in (8.16), setting the derivative to
zero, and solving the resulting linear equation to obtain h̃2.
Its value is

ĥ2 ¼ 1

μ2bin

X
j;k

μbin;jB−1
jk ρopt;k; ð8:17Þ

where the positive scalar quantity

μ2bin ≡
X
j;k

μbin;jB−1
jk μbin;k ð8:18Þ

is the squared norm of the vector μbin;j. Expression (8.17)
for ĥ2 is a special case of the form (7.1) which we used
to find the best h2 estimator in Sec. VII. Its variance
is σ2

ĥ2
¼ 1=μ2bin.

Equation (8.17) provides a squared-strain estimate ĥ2

formed from the optimal (“average”) Hellings and Downs
correlations for the different angular bins. If every single
pulsar pair is put into its own distinct bin, then (8.17) reduces
to the “best” h2 estimator given in (7.2). It is easy to see that
the estimators formed from the binned averages cannot have
a smaller variance than the best estimator. This is because the
general form of the best estimator allows it to equal the
binned estimator, simply by selecting appropriate weights.
An explicit expression for χ2 is obtained by setting h̃2

on the rhs of (8.16) to the value found in (8.17). This
minimizes the quantity in curly brackets in (8.16), showing
that the projected χ2 statistic is

χ2ðh2Þ ¼
X
j;k

�
ρopt;j − ĥ2μbin;j

�
B−1
jk ðh2Þ

�
ρopt;k − ĥ2μbin;k

�
:

ð8:19Þ

In the absence of noise, ρopt;j and ĥ
2 are independent of h2,

because the overall factors of h4 in the inverse covariance
matrices [see (3.12), (3.13), and (8.17), (8.18)] cancel out.
In the presence of instrumental or pulsar noise, there is
no such cancellation. In this case, ρopt;j and ĥ2 depend
on h2 as described in Sec. IX D. While we do not
explicitly indicate that dependence in (8.19) or in the
following equations, it is not a problem. Our philoso-
phy/approach for interpreting the χ2 test (described
below) is unaffected by this additional dependence of
χ2ðh2Þ on h2.
As before, χ2 is the squared length of a vector

χ2ðh2Þ ¼
X
j;k

n̂jB−1
jk ðh2Þn̂k; ð8:20Þ

but now this vector is the estimated fluctuations n̂j rather
than the actual fluctuations nj. The fluctuation estimators
constructed from the observational data are

n̂j ≡ ρopt;j − ĥ2μbin;j ≡
X
k

Pjkρopt;k; ð8:21Þ

where we have defined the projection operator

Pjk≡ δjk −uj
X
l

B−1
klul for ul≡μbin;l=

ffiffiffiffiffiffiffi
μ2bin

q
; ð8:22Þ

with μ2bin defined by (8.18). The unit vector uj is a
normalized version of the vector μbin;j, and satisfiesX

j;k

ujB−1
jk uk ¼ 1: ð8:23Þ

Thus, Pjk projects onto the vector space orthogonal to uk,
so n̂j ¼

P
k Pjknk is obtained from nj by removing its

component parallel to the expected value of the correlation
h2μbin;j. Thus, χ2 as given by (8.20) is the squared length
(with respect to the metric Bjk) of the estimate for the part
of nj that differs from the Hellings and Downs expectation.
Note that for the noise-free case, the projection operator Pjk

is independent of h2 since B−1
kl is proportional to h−4
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while each of uj and ul are proportional to h2 due to the

normalization by
ffiffiffiffiffiffiffi
μ2bin

p
in (8.22).

In contrast with the nj defined previously in (8.7), the
n̂j are estimators of the fluctuations away from the mean.
We will see that they have one fewer degree of freedom
than the nj. This is because the n̂j are obtained entirely
from the measurements, whereas the nj may only be
found by exploiting a priori knowledge of the true value
of h2. The n̂j’s have zero mean, i.e., hn̂ji ¼ 0, and
covariance

hn̂jn̂ki ¼ Bjk − ujuk ¼
X
l

PjlBlk: ð8:24Þ

The quantity Bjk − ujuk is a metric on the ðNbins − 1Þ-
dimensional vector space orthogonal to the unit
vector uj.

We can calculate the ensemble mean and variance of χ2

by proceeding as in Sec. VIII A. From (8.20) and (8.24),
the expected value of χ2 is

hχ2i ¼
X
j;k

B−1
jk hn̂jn̂ki ¼

X
j;k

B−1
jk

�
Bjk − ujuk

� ¼ Nbins − 1:

ð8:25Þ

From (8.20), the variance in χ2 is

σ2
χ2
¼
X

j;k;l;m

B−1
jk B

−1
lm

�hn̂jn̂kn̂ln̂mi−hn̂jn̂kihn̂ln̂mi
�
: ð8:26Þ

To evaluate the fourth-order expectation value of the n̂j’s,
we use n̂j ¼

P
k Pjkρopt;k from (8.21) and the results of

Appendix F to evaluate the fourth-order expectation value
of the ρopt;j’s. This leads to

hn̂jn̂kn̂ln̂mi ¼ hn̂jn̂kihn̂ln̂mi þ hn̂jn̂lihn̂kn̂mi þ hn̂jn̂mihn̂kn̂li þ Êjklm; ð8:27Þ

where the quadratic expectation values are given by (8.24),
and

Êjklm ≡ X
j0;k0;l0;m0

Pjj0Pkk0Pll0Pmm0Ej0k0l0m0 : ð8:28Þ

Starting with (8.26) and making use of (8.27) and (8.25),
we obtain

σ2
χ2
¼ 2ðNbins − 1Þ þ Ê; ð8:29Þ

where

Ê≡ X
j;k;l;m

B−1
jk B

−1
lmÊjklm ð8:30Þ

is the trace of the projected non-Gaussian term. Note that
for the noise-free case, the expected value and variance of
the projected χ2 statistic are independent of the squared
GW strain h2. This is because Ê as given by (8.30) depends
only on the ratio h8=h8. While this ratio depends upon the
type of the GW sources, it is independent of the overall
scale h2. For an explicit example, see Table III.
The mean and variance of the projected χ2 statistic

are very similar to those of the unprojected χ2 statistic,
which was discussed in Sec. VIII A. We will see that their
values and distributions are also very similar. If we
compare (8.25) and (8.29) to (8.10) and (8.14), we see
that Nbins is replaced by Nbins − 1 and the non-Gaussian
term involving Ejklm is replaced by its projected version
involving Êjklm, given by (8.28). This reduction by one
degree of freedom takes place whenever one estimates the
variance of a data set using the sample mean (here ĥ2) as

opposed to the population mean (here h2). For example,
the formula for the normalization of the sample variance
has a factor of 1=ðN − 1Þ whereas the corresponding
formula for the population variance has 1=N.

C. Variance σ2
χ 2

for the χ 2 statistics

Here, we investigate the variance of the unprojected
and projected χ2 statistics constructed in Secs. VIII A
and VIII B. The first has variance given by (8.14)

σ2
χ2
¼ 2Nbins þ E; ð8:31Þ

where E is given by (8.15) and Nbins is the number of
angular separation bins. The projected χ2 statistic has a
variance given by (8.29). It may be obtained from (8.31)
and (8.15) by replacing Nbins with Nbins − 1 and E with the
projected version Ê given by (8.30).
Recall that the E term (the components are explicitly

calculated in Appendix F) arises because pulsar-pulsar corre-
lations are non-Gaussian. If the pulsar-pulsar correlationswere
Gaussian, then E would vanish, and [dividing (8.31) by the
square of (8.10)] the fractional variation would be

E ¼ 0 ⇒
σ2
χ2

hχ2i2 ¼
2Nbins

N2
bins

¼ 2

Nbins
: ð8:32Þ

This behavior, if E can be neglected, is that of a standard
χ2-distribution with Nbins degrees of freedom: the fractional
deviations of χ2 away from its mean value are proportional to
N−1=2

bins . This would also be the case if Ê could be neglected,
with Nbins replaced by Nbins − 1.
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However, wewill see that when there are more than a few
pulsars, the E and Ê terms are the dominant contributors to
the variance. Hence, the fractional uncertainties of the χ2

statistics for the pulsar-pulsar correlations ρab have differ-
ent scaling behavior than for the Gaussian case of (8.32).
The minimum number of pulsars required for E or Ê to
dominate depends upon the ratio h=h. This is apparent
from (8.31), since E and Ê are proportional to h8=h8

[see (F8) for the factor of h8; the 1=h8 factor comes from
two instances of the inverse covariance matrix needed to
form the trace]. For realistic cosmological models, the ratio
h=h is of order unity [57]. Hence, assuming coefficients of
order unity leads to a correct estimate for this minimum
number of pulsars. When the number of pulsars exceeds
this minimum, then the first term on the rhs of (8.31) may
be neglected.
For the remainder of this subsection, we focus on the

most stringent statistical tests: each pulsar pair is placed
into its own individual angular bin, so that Nbins has its
maximum possible value. This corresponds to case (b) dis-
cussed in the preamble of this section. The corresponding
numbers of bins are

Case ðiÞ∶ Nbins ¼ NpulðNpul þ 1Þ=2 ðautoþ crossÞ;
Case ðiiÞ∶ Nbins ¼ Npul ðautoonlyÞ;
Case ðiiiÞ∶ Nbins ¼ NpulðNpul − 1Þ=2 ðcrossonlyÞ:

ð8:33Þ

The unprojected (8.1) and projected χ2 statistic (8.19) may
then be written

χ2¼
X
ab∈S

X
cd∈S

�
ρab−h2μab

�
C−1
ab;cd

�
ρcd−h2μcd

�
; ð8:34Þ

χ2ðh2Þ ¼
X
ab∈S

X
cd∈S

�
ρab − ĥ2μab

�
C−1
ab;cdðh2Þ

�
ρcd − ĥ2μcd

�
;

ð8:35Þ

respectively, where S denotes the different correlation sets
(i.e., autoþ cross, auto-only, or cross-only).
The second equation explicitly shows the h2 dependence

of the inverse covariance matrix C−1 and χ2, whereas the
first equation does not. This is because the unprojected χ2

statistic (8.34) assumes that the true value of h2 is known
a priori, independent of the observed data: χ2 is only
defined for that single true value of h2. In contrast, the
projected statistic (8.35) depends upon h2. Here, since
the true value of h2 is not known, we explicitly indicate the
dependence of C−1 and χ2 on h2. The optimal estimator ĥ2

of the squared GW strain h2 (for the set S) which appears
in (8.35) also depends, in general, upon h2 as described
in Sec. IX D. Hence, to perform goodness-of-fit tests for
the projected χ2 statistic, we must evaluate χ2ðh2Þ for a
range of (assumed) values of h2.
As mentioned earlier, the χ2 test is meant to supplement

“chi by eye” for observational data. This is often presented
with a much smaller number of bins than in (8.33).
Nevertheless, the equations in this section may still be
used to compute the variance σ2

χ2
numerically (for any given

set of pulsar sky positions and choice of bins). Thus, a
quantitative assessment becomes possible.
We have defined six different χ2 tests. While their

variances differ, we will see that in the large Npul limit,
the situation simplifies. In this limit, the fractional uncer-
tainties σχ2=hχ2i for the autoþ cross and cross-correlation-
only calculations, hence four of the six variants, approach
one another (see, e.g., the right panel of Fig. 16 and the

FIG. 16. Left panel: non-Gaussian contributions to the variance of the χ2 statistics formed using (i) autoþ cross correlations, (ii) auto-
correlations only, and (iii) cross-correlations only. The solid curves show E and the dashed curves show E − Ê, all normalized by
h=h ¼ 1. On this scale, the curves for E for autoþ cross correlations and cross-correlations only are indistinguishable. Right panel:
fractional uncertainty σχ2=hχ2i for the six different χ2 statistics, for a binary-inspiral model [57]. Again, the curves for autoþ cross and
cross-correlations-only are indistinguishable, as are those for the unprojected and projected χ2 statistics. These plots demonstrate that
there are only two types of limiting behavior for the six statistics.
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rows labeled by (1) and (3) in Table II). The two auto-
correlation-only χ2 statistics also have similar behavior in
the large Npul limit. So, in this limit, there are really only
two types of behavior, not six.
To determine the variance of the χ2 statistics, we need to

compute E and Ê, which are traces, (8.15) and (8.30), of
the cumulant tensor Eab;cd;ef;gh or its projected partner.
With our covariant/contravariant definitions, as explained
before (8.5), the metric used to compute the trace (8.15) is

the inverse C−1
ab;cd of the pulsar-pair covariance matrix

Cab;cd from (2.10). Thus,

E≡ X
ab∈S

X
cd∈S

X
ef∈S

X
gh∈S

C−1
ab;cdC

−1
ef;ghEab;cd;ef;gh: ð8:36Þ

A similar expression holds for Ê, with Eab;cd;ef;gh replaced
by its projected version

Êab;cd;ef;gh ¼
X
op∈S

X
qr∈S

X
st∈S

X
uv∈S

Pab;opPcd;qrPef;stPgh;uvEop;qr;st;uv: ð8:37Þ

The projection operator (8.22) is given by

Pab;cd ¼ δacδbd − μ−2bin μab
X
ef∈S

C−1
cd;efμef; ð8:38Þ

where

μ2bin ≡
X
ab∈S

X
cd∈S

μabC−1
ab;cdμcd: ð8:39Þ

Equation (8.38) for μ2bin is obtained by evaluating (8.18) for
the case where each pulsar pair occupies its own bin.
For the calculations that follow, we apply the projection

operators in (8.37) to the inverse matrices C−1
ab;cd and C

−1
ef;gh,

rather than to Eop;qr;st;uv. This leads to

Ê ¼
X
ab∈S

X
cd∈S

X
ef∈S

X
gh∈S

Ĉ−1
ab;cdĈ

−1
ef;ghEab;cd;ef;gh; ð8:40Þ

where

Ĉ−1
ab;cd ≡

X
op∈S

X
qr∈S

C−1
op;qrPop;abPqr;cd ð8:41Þ

is the projected version of C−1
ab;cd. Thus, we will use (8.40)

to evaluate Ê.
Numerical evaluation of the sums in (8.36) and (8.40)

is straightforward, and takes a few minutes of CPU time
for a few hundred pulsars. Two different sets of indices/
subscripts are used. Pulsar indices correspond to the pulsars
themselves; pair indices are obtained by constructing an
index set corresponding to all pulsar pairs ab ∈ S. First, the
Hellings and Downs correlation matrix μab is evaluated for
all members of the pair index set using (2.4). Next Cab;cd is
formed from (2.10) for all pairs in the index set, and
inverted. (It can have small eigenvalues, so some care may
be needed.) The corresponding four-pulsar-index tensors
are then formed, using the pair index set mapping. For Ê,
we also need the projection operator Pab;cd, which is
computed from C−1

ab;cd and μab according to (8.38). This

is contracted with C−1
ab;cd twice to get Ĉ−1

ab;cd as defined
in (8.41). Next, Eab;cd;ef;gh is evaluated from (F8) as a
product of four μab’s. Finally, the four sums over pulsar
pairs in (8.36) and (8.40) are carried out using pulsar
indices to obtain either E or Ê.
Plots of E and E − Ê versus Npul for the three different

cases of (i) auto- and cross-correlations, (ii) auto-
correlations only, and (iii) cross-correlations only are
shown in Fig. 16. For case (i) we used algebraic
expressions. For cases (ii) and (iii) we numerically
evaluated (8.36) and (8.40) as described above, extrapo-
lating the numerical values to large numbers of pulsars
using polynomial fits to the numerical values. The
following subsections give details of the calculations
for these three different cases.

1. Case (i): Using both auto- and cross-correlations

If the χ2 statistic is formed using both auto- and cross-
correlations, then it is easy to obtain simple analytic
expressions for E and Ê using the techniques of
Sec. VII A. Recall that for this case, we replace summations
over pairs ab ∈ S ¼ fabja ≤ bg with (redundant) inde-
pendent summations over the individual pulsars

X
ab∈S

→
XNpul

a¼1

XNpul

b¼1

≡X
a;b

: ð8:42Þ

In Sec. VII A, we discuss the consequences of replacing the
set S with cardinality NpulðNpul þ 1Þ=2 by a larger set with
cardinality N2

pul. Those same considerations apply here.
The advantage of this larger indexing set is that we can

explicitly invert the covariance matrix Cab;cd. Since the
correlations μab are a symmetric Npul × Npul matrix, it
follows from (7.5) that

C−1
ab;cd ¼

1

4
h−4

�
μ−1acμ

−1
bd þ μ−1adμ

−1
bc

�
; ð8:43Þ
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noting that this inverse is only defined on the space of
symmetric Npul × Npul matrices. We can use this to com-
pute the quantities needed to characterize the χ2 statistic.
We first evaluate the projection operator. Substituting

(8.43) into (8.39) gives the squared norm

μ2bin ≡
X
a;b;c;d

μabC−1
ab;cdμcd ¼

1

2
h−4Npul; ð8:44Þ

where the calculation is identical to (7.11). From (8.38),
this implies that the projection operator is

Pab;cd ¼ δacδbd −
1

Npul
μabμ

−1
cd : ð8:45Þ

Note that the second term is symmetric in ab and
symmetric in cd, but that the first term is not. This is
irrelevant for the calculations that follow: we only use
Pab;cd as required in (8.41) to project C−1

ab;cd, which
from (8.43) is explicitly symmetric in both index pairs.
However, should one wish to extend the action of Pab;cd to
general tensors (which have an antisymmetric part), then
one should replace δacδbd in (8.45) with the symmetric
projector ðδacδbd þ δadδbcÞ=2.
As a final preparatory step, we use (8.45) to evaluate the

projection operation in (8.41). This gives

Ĉ−1
ab;cd ¼ C−1

ab;cd −
1

2Npul
h−4μ−1abμ

−1
cd ð8:46Þ

for the projected inverse of Cab;cd.
We now use these expressions to compute the non-

Gaussian contribution to the variance of χ2. Substituting
(F8) for Eab;cd;ef;gh into (8.36) and using (8.43), or
substituting (F8) into (8.40) and using (8.46) we obtain
the following exact expressions:

E¼ �2N3
pulþ5N2

pulþ5Npul

��h
h

�
8

; and

Ê¼
�
2N3

pulþ5N2
pul−7Npul−12þ 12

Npul

��
h
h

�
8

: ð8:47Þ

We have verified that these algebraic expressions agree
with numerical results obtained by placing pulsars at
random sky points.
These non-Gaussian contributions to the variance of χ2

are dominant when there are more than a few pulsars. The
difference between these dominant contributions to the
unprojected and projected statistics is given by (8.47) as

E − Ê ¼ 12

�
Npul þ 1 −

1

Npul

��
h
h

�
8

: ð8:48Þ

When there are many pulsars, so Npul ≫ 1, these show that
E ≃ 2N3

pulðh=hÞ8 and E − Ê ≃ 12Npulðh=hÞ8. Plots of E

and E − Ê [in units of ðh=hÞ8] as a function of the number
of pulsars Npul are shown in Fig. 16.
The numbers of pulsars used in current PTAs is large

enough that only the leading term is needed to approximate
the variance (also assuming, as we have done in this
section, that the number of angular bins is as large as
possible). With these assumptions, the fractional fluctua-
tions in the χ2 statistics are well approximated by keeping
only the non-Gaussian E term on the rhs of (8.31).
Using (8.10) and (8.47), we obtain

σχ2

hχ2i ≃
E1=2

Nbins
≃

Ê1=2

Nbins − 1
≃
21=2N3=2

pul

Nbins

�
h
h

�
4

≃
25=4

N1=4
bins

�
h
h

�
4

;

ð8:49Þ
where the last approximate equality follows from (8.33),
which givesNbins in terms ofNpul. Note that the presence of
the E term leads to a fractional uncertainty that has a
different scaling behavior than that of the textbook χ2

distribution, given in (8.32). See Table II, which compares
the fractional uncertainties for the (unprojected) χ2 statistics
for the different correlation sets, for the current sets of PTA
collaboration pulsars. Comparing rows (1) and (4) shows
the large effect of the non-Gaussian terms.

2. Case (ii): Using only auto-correlations

If the χ2 statistic is constructed from auto-correlations
only, it takes a particularly simple form. In this case, χ2 tests
whether the observed auto-correlations ρaa of pulsars with
themselves are all consistent with just one given value. That
value (the expected correlation at zero angular separation
γ ¼ 0) is h2μaa ¼ 2h2μuð0Þ for the unprojected χ2 statistic.
For the projected χ2 statistic, the observed auto-correlations
are tested for consistency with ĥ2μaa ¼ 2ĥ2μuð0Þ. Here,
ĥ2 is the squared GW strain estimator, formed from auto-
correlations only, as described in Sec. VII B.
There are several simplifications that arisewhen using only

auto correlations. First, the covariance matrix simplifies to

Caa;bb ¼ h4
�
μabμab þ μabμab

� ¼ 2h4μ2ab: ð8:50Þ
This is an Npul × Npul matrix, but note that its elements are
proportional to the squares of the elements of thematrixμab: it
is not proportional to the matrix product of μab with itself.
Because only some components are needed, the tensor E
given in (F8) reduces to

Eaa;bb;cc;dd ¼ 16h8ðμabμbcμcdμda þ μacμcdμdbμba þ μadμdbμbcμcaÞ: ð8:51Þ
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To further simplify the notation in what follows, we define

Cab≡Caa;bb; Pab≡Paa;bb; Eabcd≡Eaa;bb;cc;dd; ð8:52Þ

where the projection operator Paa;bb is computed from
(8.38). Since μaa ¼ 2μuð0Þ1a, we obtain

Pab ¼ δab −
1aðC−11Þb
1⊤C−11

; ð8:53Þ

whereC−1 ¼ C−1
ab is the matrix inverse ofC ¼ Cab, and 1 is

a vector with all components equal to one (3.7). Note that
the trace of (8.53) correctly gives Npul − 1: the numerator
and denominator of the resulting fraction are each the grand
sum of C−1, whose ratio is unity.
The non-Gaussian terms given in (8.36) and (8.40)

simplify to

E ¼ 16h8
X
a;b;c;d

C−1
abC

−1
cd

�
2μabμbcμcdμda þ μadμdbμbcμca

�
; and

Ê ¼ 16h8
X
a;b;c;d

Ĉ−1
ab Ĉ

−1
cd

�
2μabμbcμcdμda þ μadμdbμbcμca

�
; ð8:54Þ

where Ĉ−1
ab is the projected version of C−1

ab :

Ĉ−1
ab ≡

X
c;d

C−1
cdPcaPdb: ð8:55Þ

To obtain the factor of 2 on the rhs’s of (8.54), we used
the symmetry of C−1

ab , Ĉ
−1
ab , and Eabcd under interchange

of a and b.
For this auto-correlation-only case, we do not have a

way to simplify the expressions further, so we resort to
numerical evaluation, placing simulated pulsars at random
points on the sky. In this way, we evaluated E, E − Ê, and
the fractional uncertainty of the χ2 statistics as a function
of the number of pulsars Npul; these are shown in Fig. 17.
The black solid and dashed curves show E and E − Ê out to
Npul ¼ 1000, normalized so that h=h ¼ 1. The polynomial
fits (indicated by gray dotted curves) are fourth-degree

polynomials in N1=2
pul for E and a first-degree polynomial

in Npul for E − Ê.
If this polynomial behavior extends to arbitrarily large

values of Npul, then the fractional uncertainty in χ2

will asymptote to a nonzero value. This is because
E ∼ N2

pulðh=hÞ8 ∼ N2
binsðh=hÞ8, which implies σχ2=hχ2i ≈

E1=2=Nbins ∼ const using the first approximate equality
from (8.49). Thus, there would be a (nonzero) cosmic
variance for χ2 for auto-correlations only. Spot checks show
that the fit has less than 1% deviation out to N ¼ 2000,
but we have not been able to check larger values.
For χ2 statistics formed entirely from auto-

correlations, we were unable to derive a simple alge-
braic expression for E, analogous to (8.47). However, if
we replace the PTA detector with a detector that is only
sensitive to a single set of GW modes, then this is
possible in the large-pulsar limit. We describe that here

FIG. 17. Auto-correlations only. Left panel: non-Gaussian contributions to the variance of the unprojected and projected χ2

statistics, showing E (solid curve) and the difference E − Ê (dashed curve). The gray dotted curves show polynomial fits to the
numerically determined values out to Npul ¼ 1000. The normalization is h=h ¼ 1. Right panel: the corresponding fractional
uncertainties σχ2=hχ2i for a binary-inspiral model [57]. (On this scale, the unprojected and projected χ2 statistics are indistinguish-
able.) If the polynomial fits may be extrapolated to arbitrarily large values of Npul, then the fractional uncertainty in χ2 asymptotes to a
(nonzero) cosmic variance as Npul → ∞.
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and give details in Appendix G. We hope that this may
help others to derive a simple closed form for the PTA
detector case.
Consider (non-PTA) GW detectors whose correlation

function (6.10) is defined by Ql ¼ δlL for some non-

negative integer L. Such a detector is sensitive to exactly
2Lþ 1modes, corresponding to l ¼ L andm ¼ −L;…; L.
For this case, E is small for small values of Npul, and
increases as Npul grows. However, it does not increase
without bound. It saturates at a maximum value

E ¼ 2ð2Lþ 1Þð4L2 þ 9Lþ 6Þ
�
h
h

�
8

when Npul ≥ ð2Lþ 1ÞðLþ 1Þ: ð8:56Þ

Here, ð2Lþ 1ÞðLþ 1Þ≡ NDOF is the number of nonzero
eigenvalues of the matrix Cab.
This result can be obtained in two ways. (1) Fitting a

polynomial to numerically determined values of E, similar
to what is described above for PTA detectors. (2) From an
algebraic expression for E derived in Appendix G in the
limit Npul → ∞, see (G37).

3. Case (iii): Using only cross-correlations

We now consider χ2 statistics formed from cross-
correlations only. As in the previous case (auto-correlations
only) we have not found a way to calculate the relevant
quantities exactly. So, instead, we investigate the behavior
of E and Ê numerically, placing pulsars at random sky
locations, and then computing (8.36) and (8.40).
Plots of E, E − Ê, and of the fractional uncertainty of the

unprojected and projected χ2 statistics as functions of the
number of pulsars Npul are shown in Fig. 18, together with
polynomial fits. The curves are again normalized so that
h=h ¼ 1. The non-Gaussian E term is well approximated
by a third-degree polynomial inNpul with E ≃ 2N3

pulðh=hÞ8
for largeNpul. As foreshadowed earlier in Fig. 16, this is the
same fit obtained when both auto- and cross-correlations
are used, see also (8.47). For large Npul, E − Ê is well

approximated by a first-degree polynomial in Npul with
leading coefficient ≈8.44ðh=hÞ8. This coefficient is
smaller by a factor ≈1.42 times than the corresponding
coefficient when both auto- and cross-correlations are used
to form χ2. This is close to

ffiffiffi
2

p
, suggesting that the exact

coefficient may be 6
ffiffiffi
2

p
.

Since the number of bins is Nbins ¼ NpulðNpul − 1Þ=2, it
follows that the fractional uncertainty in χ2 for both the
unprojected and projected statistics tends to zero as N−1=4

bins
for large Nbins (or Npul). This is shown in the right panel of
Fig. 18, and is again similar to the autoþ cross correlations
case. In fact, as Npul → ∞, E and σχ2=hχ2i for the cross-
correlations-only χ2 and the auto+cross-correlations χ2 are
effectively indistinguishable. This is illustrated in both
panels of Fig. 16.

4. Fractional uncertainties for the χ 2 statistics
for the current PTA pulsar locations

The previous sections give numerical results for pulsars
located at random sky positions. Here, we consider the
specific sets of pulsars currently employed by the different
PTAs (see Appendix H and Table IV).
Table II gives the fractional uncertainties for the unpro-

jected χ2 statistics for the pulsar pairs currently used by

FIG. 18. Similar to Fig. 17 but for cross-correlations only. The polynomial fits to the underlying numerical results are shown by the
gray dotted curves. As before, on the scale of the plot in the right panel, there is no discernible difference between the fractional
uncertainties for the unprojected and projected χ2 statistics. The fractional uncertainty for cross-correlations only tends to zero like
N−1=2

pul , or N−1=4
bins , and assumes a binary-inspiral model [57].
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these PTAs. The fractional uncertainties for the projected χ2

statistics would be very close to the unprojected values
listed in the table, so are not given. We assume noise-free
measurements and put each pulsar pair into its own bin,
so that Nbins is related to Npul by (8.33). This ensures that
the number of bins is as large as possible, giving the
sharpest statistical test.
One row and one column of the table are for illustration

and pedagogical purposes. Row (4) corresponds to the
(incorrect) assumption of Gaussian correlations, and is
obtained by taking the square root of (8.32). The contrast
with the other rows shows that the non-Gaussian contri-
butions dominate the Gaussian ones. In a similar vein, the
final column shows the fractional uncertainty for a fictional
PTA containing an infinite number of pulsars, uniformly
distributed on the sky. This demonstrates the ultimate
potential performance of a PTA, in the distant future.
The table contains a question mark in the final column

of row (2). As discussed in Sec. VIII C 2, this is because
we have not been able to determine if χ2 has a (nonzero)
“cosmic variance” for auto-correlations only, although
our numerical results are consistent with this. In this
context, “nonzero cosmic variance” means that the frac-
tional uncertainty in χ2 approaches a nonzero value in the
Npul → ∞ limit.
Appendix G attempts to resolve this question mark, by

computing the dominant (non-Gaussian) contribution to χ2,
for auto-correlations only, in theNpul → ∞ limit. We derive
an expression that can be evaluated exactly for detectors
that respond to a finite number of GW modes and have no
pulsar term. However, since a PTA is sensitive to an infinite
number of modes and has a pulsar term, it does not answer
the question of interest.
The χ2 statistic can be used to test the “Gaussian

ensemble” hypothesis. For a given set of pulsars, numerical
simulations of χ2 using many realizations of the GW
background can be employed to estimate the fraction of
universes in the Gaussian ensemble that lie within a
specified number of standard deviations of the expected
mean. (If the distribution of χ2 were Gaussian—which it is
not—then 68% of realizations would lie within �σχ2 of the

expected mean, while 99.7% would lie with �3σχ2 of the
expected mean.) If the observed value of χ2 differs from
the expected mean by many standard deviations, then only
a tiny fraction of the realizations in the Gaussian ensemble
are consistent with the observations. In such cases, it would
be reasonable to conclude that the Gaussian ensemble is a
poor description of our Universe.
In Fig. 19 we illustrate how this would work in practice,

based on numerical simulations containing 40 pulsars (at
fixed random sky locations). We constructed hundreds of
representative universes drawn from a Gaussian ensemble
with squared strain h2 ¼ 1; the figure shows two of these.
(The first representative universe is typical, and passes
the test. The second representative is an atypical outlier,
which fails the test.) For each realization, we construct
the projected χ2 for cross-correlation-only data. While we
know the h2 value of the ensemble used in the simulations,
this would not be known for real observations. So,
following the same philosophy/approach as described at
the end of Sec. VII D, we compute χ2ðh2Þ, and its expected
“window,” for a large range of assumed values of h2. The
assumption of a Gaussian ensemble is self-consistent if
the χ2ðh2Þ values computed from the data passes inside the
credible window.

IX. INCLUDING PULSAR AND
MEASUREMENT NOISE

Up to this point, our calculations have assumed noise-
free pulsar redshift (or timing-residual) data. Thus, they
provide a baseline or “best-case scenario” for analyzing
the data, e.g., the best-case precision with which we can
recover the expected Hellings and Downs correlation or the
smallest fractional uncertainty in estimating the squared
GW strain h2.
In this section, we describe how the inclusion of pulsar

and measurement noise modifies previous (noise-free)
expressions for the optimal Hellings and Downs correlation
and its variance (Secs. III, IV, V), for the optimal squared-
strain estimator and its variance (Sec. VII), and for the χ2

statistics and their variances (Sec. VIII). We assume that the

TABLE II. Fractional uncertainties for the different (unprojected) χ2 statistics discussed in this section, assuming noise-free timing-
residual measurements for each PTA’s pulsars and the binary-inspiral GW model, see Table III and [57]. The total number of bins for
each analysis is shown in parentheses. The values in row (1) are obtained directly from (8.47) for E, whereas those in rows (2) and (3) are
obtained by numerically evaluating (8.36) (for specific pulsar sky directions) to determine E. The interpretation of row (4), and the way
in which it is computed, is discussed in the text.

PTA: EPTA NANOGrav PPTA IPTA Ideal PTA

Number of pulsars: 42 66 26 88 ∞
(1) σχ2=hχ2i from auto + cross-correlations: 0.3060 (903) 0.2425 (2211) 0.3930 (351) 0.2094 (3916) 0 ð∞Þ
(2) σχ2=hχ2i from auto-correlations only: 0.5168 (42) 0.4369 (66) 0.6673 (26) 0.3943 (88) >0? ð∞Þ
(3) σχ2=hχ2i from cross-correlations only: 0.3062 (861) 0.2426 (2145) 0.3938 (325) 0.2095 (3828) 0 ð∞Þ
(4) σχ2=hχ2i (if correlations were Gaussian): 0.0471 (903) 0.0301 (2211) 0.0755 (351) 0.0226 (3916) 0 ð∞Þ
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noise in each pulsar is time-stationary and that this noise is
uncorrelated between different pulsars. Our extension is
not general enough to include noise such as random
observatory clock fluctuations, which affect different pul-
sars in a correlated way.
Since the noise enters our calculations via the first four

moments of the pulsar-pair correlations ρab, the modifica-
tions are straightforward. New noise terms appear in
expressions for the expected value hρabi, for the covariance
matrix Cab;cd ¼ hρabρcdi − hρabihρcdi, and for the third-
and fourth-order cumulants Dab;cd;ef and Eab;cd;ef;gh. Thus,
Secs. IX B, IX C, and IX E focus on these quantities.
If noise is present, and the optimal estimators (for the

Helling and Downs correlation or for the squared GW
strain) include pulsar auto-correlations, then the noise-free
expressions (3.1) and (7.1) are modified. To obtain an
unbiased estimator, a nonzero constant term must be added
to the existing (proportional to ρab) terms. This is because
hρabi acquires an additional (auto-correlated) noise term,
as shown in (9.6). The optimal estimators then include
constant “bias subtraction” terms, which remove the effects
of autocorrelated noise. An example of such a modified
squared-strain estimator ĥ2 is given in (9.16).
The presence of noise does not modify the definitions of

the χ2 statistics given in (8.1), (8.16), and (8.19), even if
those sums include auto-correlations. Note, however, that
χ2 is defined in terms of ρopt;j and ĥ2. Their definitions are
modified in the presence of noise, as described above.
Another consequence of including the effects of noise is

that the optimal estimator ĥ2 and the optimal estimator ρopt
of the Hellings and Downs correlation now depend on h2,
which is the (unknown) quantity that we are trying to

estimate. So, the question arises: what value of h2 should we
choose to evaluate these estimators? Our solution is to
identify the self-consistent values of the squared strain. We
do this by evaluating the estimator ĥ2, for many different
(assumed) values of h2, and finding the h2 interval where
these agree to within the uncertainty of the estimator. The
details of this construction are given in Sec. IXD. We follow
the same philosophy/approach that we adopted at the end of
Sec. VII D, where (even in the absence of noise) we had to
account for the h2 dependence of the variance σ2

ĥ2
.

A. Pulsar redshifts in the presence of noise

In the presence of noise, the measured redshift Za for
pulsar a has contributions from the GW signal and from
the noise. We express these quantities in the frequency
domain as

Z̃aðfÞ ¼ h̃aðfÞ þ ñaðfÞ; ð9:1Þ

where Z̃aðfÞ, h̃aðfÞ, and ñaðfÞ denote the Fourier domain
representations of the pulsar redshift ZaðtÞ, the GW
contribution haðtÞ, and the noise contribution naðtÞ. As
stated above, we assume that the noise associated with
different pulsars a and b is stationary and uncorrelated
between pulsars or with the GW background. This implies
that the quadratic expectation values of the noise and GW
contributions can be written as

hñ�aðfÞñbðf0Þi ¼ 4πNaðfÞδabδðf − f0Þ;
hh̃�aðfÞh̃bðf0Þi ¼ 4πHðfÞμabδðf − f0Þ; and

hñ�aðfÞh̃bðf0Þi ¼ 0: ð9:2Þ

FIG. 19. χ2 tests for two simulated universes drawn from a noise-free Gaussian ensemble with squared strain h2 ¼ 1 (see text). The
horizontal axis shows the (assumed unknown) value of h2; the actual value is indicated by the vertical dotted line. The solid vertical line
shows the inferred value ĥ2 and the horizontal gray band is the inferred �1σ interval, as previously illustrated in Fig. 15. On the vertical
axis, the solid curve shows the values of the projected χ2ðh2Þ computed from the simulated observational data. The blue solid and dashed
horizontal lines show the �1σ window around the expected mean. The left panel shows a typical realization. This “passes” the χ2 “one-
sigma” test, because the black curve enters within the credible window. The right panel shows a rare atypical case. This “fails” the test,
because the black curve lies entirely outside the window. The horizontal blue dashed lines representing hχ2i � σχ2 are straight because
these simulations are noise-free. Including pulsar noise would make σχ2 dependent on h

2, so the upper and lower horizontal boundaries
would be curved rather than straight.
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Here NaðfÞ is a spectral function for the noise in pulsar a,
which is analogous to HðfÞ for the GW background. The
angle brackets now denote an average over a Gaussian
ensemble of different noise realizations and different GW
source realizations. [To allow for timing-residual measure-
ments, multiply HðfÞ and NaðfÞ by factors of ð2πfÞ−2α as
explained in Appendix A. For redshift measurements, set
α ¼ 0; for timing-residual measurements, set α ¼ 1.]
The correlation between redshifts in pulsars a and b

(which might denote the same pulsar) is frequency depen-
dent. It is obtained by combining (9.1) and (9.2), giving

hZ̃�
aðfÞZ̃bðf0Þi ¼ 4πΓabðfÞδðf − f0Þ; ð9:3Þ

where

ΓabðfÞ≡HðfÞμab þ NaðfÞδab: ð9:4Þ

As we will see below, to incorporate noise into our previous
analyses, HðfÞμab is replaced by ΓabðfÞ.
The transition from noise-free expressions to “noise-full”

expressions is nontrivial, because ΓabðfÞ is a function of

frequency and not simply numerical factors multiplying
μab and δab. This complicates matters. We are interested
in quantities like hρabi, Cab;cd, Dab;cd;ef, and Eab;cd;ef;gh.
For the noise-free case these contain numerical factors h2,
h4, ℏ6, and h8, which are obtained by integrating various
products of HðfÞ with itself over frequency, as shown
in (2.6), (2.9), (F9), and (F10).
In the presence of noise, additional terms appear, arising

from integrals of various products of HðfÞ, NaðfÞ, and
NbðfÞ. For example, second-order moments of ρab will
give rise to three numerical factors involving integrals
of products HðfÞHðf0Þ, HðfÞNaðf0Þ, and NaðfÞNbðf0Þ.
Similar factors appear in the third- and fourth-order
moments of ρab. In total, 11 new factors arise from the
inclusion of noise. These supplement the four factors h2,
h4, ℏ6, and h8 that are present in the noise-free case.

B. First moment hρabi in the presence of noise

To calculate the first-order moment hρabi in the presence
of noise, we begin by writing the time-averaged pulsar
redshift correlation ρab ≡ ZaZb in the Fourier domain:

ρab ≡ ZaZb ≡ 1

T

Z
T=2

−T=2
dt ZaðtÞZbðtÞ ¼

Z
df
Z

df0 sinc
�
πðf − f0ÞT�Z̃�

aðfÞZ̃bðf0Þ; ð9:5Þ

where T is the total observation time. Note that here, and in
the remainder of this section, integrals without limits are
taken over ð−∞;∞Þ. Using (9.3) and (9.4), it immediately
follows that

hρabi¼ 4π

Z
df ð2πfÞ−2αΓabðfÞ¼ h2μabþn2aδab; ð9:6Þ

where h2 is given in (2.6) and

n2a ≡ 4π

Z
df ð2πfÞ−2αNaðfÞ: ð9:7Þ

[We have included a factor of ð2πfÞ−2α in some integrals to
allow for either redshift or timing-residual measurements as
discussed above.] Note that for distinct pulsar pairs a ≠ b,

we have hρabi ¼ h2μuðγabÞ, which agrees with the noise-
free case. This means that if one restricts attention to a
single pulsar pair, then only the auto-correlation measure-
ments ρaa are affected by the noise. If one looks at
correlations between different pulsar pairs, then the noise
enters in a more complicated way.

C. Second moment (covariance) Cab;cd
in the presence of noise

For the covariance matrix Cab;cd≡hρabρcdi−hρabihρcdi,
we need to evaluate the expectation value (Gaussian
ensemble average) of the product ρabρcd. This can be
written in terms of the four redshift measurements
Z̃a;…; Z̃d as

ρabρcd ¼
Z

df
Z

df0
Z

df00
Z

df000 sinc
�
πðf − f0ÞT�sinc�πðf00 − f000ÞT�Z̃�

aðfÞZ̃bðf0ÞZ̃�
cðf00ÞZ̃dðf000Þ: ð9:8Þ

We assume that the pulsar noise and the GW background
are described by independent central-limit-theorem Gaus-
sian ensembles. This implies that Z̃, which is a sum of these
two processes, is also described by a Gaussian ensemble.

Thus, starting from the ensemble average of (9.8), we use
Isserlis’s theorem [19] to convert the expectation values of
products of four redshift measurements in the frequency
domain to products of terms containing two redshift
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measurements. We then use (9.3) to evaluate these expectation values, eliminating two of the four integrals. Finally, we
subtract hρabihρcdi, calculated in Sec. IX B, from (9.8). We obtain

Cab;cd ¼ ð4πÞ2
Z

df
Z

df0 sinc2
�
πðf − f0ÞT�ð4π2ff0Þ−2α�ΓacðfÞΓbdðf0Þ þ ΓadðfÞΓbcðf0Þ

�
¼ h4ðμacμbd þ μadμbcÞ þ ðδacδbd þ δadδbcÞN2

ab þ ðδacMaμbd þ δbdMbμac þ δadMaμbc þ δbcMbμadÞ; ð9:9Þ

where the second line follows from (9.4) by expanding the factors of ΓacðfÞ, Γbdðf0Þ, etc., and where

N2
ab ≡ ð4πÞ2

Z
df
Z

df0 sinc2
�
πðf − f0ÞT��4π2ff0�−2αNaðfÞNbðf0Þ; and ð9:10Þ

Ma ≡ ð4πÞ2
Z

df
Z

df0 sinc2
�
πðf − f0ÞT��4π2ff0�−2αNaðfÞHðf0Þ: ð9:11Þ

Under our assumptions, this is the form of the covariance
matrix, which includes both the GW and pulsar-noise
contributions. Note that (9.9) is valid for all possible
choices of the pulsars a, b, c, d, including, for example,
a ¼ c, b ¼ d, etc.
Current PTA searches for GW backgrounds assume

noise sources similar to those described above. The
resulting noise terms appear in the likelihood functions
used in Bayesian analyses. They are also used to weight
pulsar-pair correlation measurements to form the standard
cross-correlation detection statistic [42,50,51].
Pulsar timing data have been noise-dominated (until

possibly recently [6–9]). (Indeed, after this paper was com-
pleted, some PTAs reported evidence of GW-induced timing
correlations consistent with the Hellings and Downs predic-
tion [58–61].) So, currentmethods to estimate theHellings and
Downs correlationρðγÞ ignore the (GW-induced) off-diagonal
entries of the covariance matrix, including only the terms
in (9.9) proportional to N2

ab. (After this paper was completed,
both NANOGrav [58] and EPTA [59] adopted our definition
of the Hellings and Downs correlation and the corresponding
estimation method. This shifts the means, and increases
the variance of the estimates by about a factor of two.) This
is a good approximation if the GW signal power is small

relative to the noise. But if the GW power is comparable to
(or larger than) that of the noise, then it is a mistake to drop
the off-diagonal terms. Leaving out these terms, which are
proportional to Ma and h4, will lead to incorrect statistical
assessments of the data (e.g., confidence intervals that do not
have the proper statistical coverage). For this reason, efforts
are currently underway [62] to include the full form of the
covariance matrix, cf. (9.9), in the optimal pulsar-pair estima-
tors described above.

D. Estimating the squared GW strain
in the presence of noise

In Sec. VII we showed how to estimate the squared GW
strain h2 in the absence of noise. Now, we consider how to
carry out such estimates if the pulsar noise is not small.
For simplicity, we will assume here that: (i) all pulsars have
the same noise spectrum, so NðfÞ≡ NaðfÞ, and that this
spectrum is completely known, and (ii) the spectral shape
of the GW spectrum HðfÞ is known, but not its overall
normalization (amplitude). This simple model is enough to
address the most important questions.
From assumption (i), it follows that the covariance

matrix (9.9) simplifies to

Cab;cd ¼ h4ðμacμbd þ μadμbcÞ þn4ðδacδbd þ δadδbcÞ þm4ðδacμbd þ δbdμac þ δadμbc þ δbcμadÞ; ð9:12Þ

where

n2 ≡ 4π

Z
df NðfÞ; and ð9:13Þ

n4 ≡ ð4πÞ2
Z

df
Z

df0 sinc
�
πðf − f0Þ�NðfÞNðf0Þ; and ð9:14Þ

m4 ≡ ð4πÞ2
Z

df
Z

df0 sinc
�
πðf − f0Þ�NðfÞHðf0Þ: ð9:15Þ
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These last three equations are (9.7), (9.10), and (9.11), with α ¼ 0 and n2, n4,m4 instead of n2a, N2
ab,Ma, since there is no

pulsar dependence in these terms. Assumption (ii) fixes the ratio h2=h2 as indicated in Table III, (i) implies that n4 is
proportional to n4, and (i) and (ii) imply that m4 is proportional to n2h2. Thus, with our assumptions, the covariance
matrix Cab;cd only depends upon a single unknown, which is h2.
The optimal estimator of h2 is given by (7.2) minus a constant term (proportional to n2 below):

ĥ2 ¼
 X

ab;cd∈S
μabC−1

ab;cdðh2Þμcd
!−1 X

ef;gh∈S
μefC−1

ef;ghðh2Þðρgh − n2δghÞ: ð9:16Þ

The constant term is chosen so that ĥ2 is an unbiased
estimator of h2, i.e., hĥ2i ¼ h2, even if auto-correlations are
included in the correlation set. The variance of ĥ2 has the
same form as for the noise-free case, (7.3),

σ2
ĥ2

¼
 X

ab;cd∈S
μabC−1

ab;cdðh2Þμcd
!−1

; ð9:17Þ

but contains the inverse of the “noise-full” covariance
matrix (9.12).
These equations lead to an apparently impossible circle

of dependence. Both the estimator and its variance are
functions of the (unknown) quantity h2, becauseCab;cd (and
hence its inverse C−1

ab;cd) depend upon h2. This means that
to (optimally) estimate h2, we need to know its value.
To explore this complication, we first write (9.16)

and (9.17) in more compact matrix/vector notation

ĥ2 ¼ μ⊤C−1ðh2Þðρ − n2δÞ
μ⊤C−1ðh2Þμ ≡ fðh2Þ; ð9:18Þ

and

σ2
ĥ2
ðh2Þ ¼ 1

μ⊤C−1ðh2Þμ ; ð9:19Þ

where δ in (9.18) denotes the identity matrix in “pair-
indexed vector” form. In the above equations, we explicitly
indicate that both the optimal estimator ĥ2 and its variance
σ2
ĥ2
depend upon h2. Given observational data, the function

f is known; only the correct value of its argument is
unknown.
The formulas for ĥ2 and its variance are problematic:

what value of the unknown quantity h2 should be used on
the rhs of (9.18) and (9.19)? The approach we propose is to
make the estimate of ĥ2 for all possible values of h2,
and then to pick the range of estimates which are self-
consistent. By this, we mean that the inferred estimate ĥ2

agrees with the assumed value h2 within the variance
given by (9.19).
The circular aspect is confusing. To obtain an (optimal)

estimate ĥ2 of the squared GW strain h2, we first need to

know h2, which is the quantity that we want to estimate.
Fortunately there is a simple graphical solution, starting
from our fundamental assumption: that the GW back-
ground is described by a Gaussian ensemble. Such an
ensemble is completely characterized by its spectrumHðfÞ.
We have assumed that the functional form of HðfÞ is
known, apart from an overall scale h2. Thus, our Universe
is one realization of the corresponding Gaussian ensemble,
for a particular definite value of h2. The problem is that we
do not know what that value is. So, we embrace this
uncertainty, and consider all possible values of h2. For each
of these possible values we ask: “what value of h2 would
the data suggest, and with what uncertainty?” One of those
values of h2 is the correct one, but how can we recognize it
and estimate the uncertainty?
This approach is illustrated graphically in Fig. 20. To

make these plots, we placed 88 pulsars at random sky
locations, simulated Gaussian ensembles with three differ-
ent GW (squared) amplitudes, and then randomly selected a
single realization from each ensemble. The horizontal axis
shows the possible values of h2; the true value is indicated
by the dotted vertical line. The vertical axis shows the
optimal estimator ĥ2 of h2 (solid black) and its expected
one-sigma interval (dashed blue lines) about its expected
value hĥ2i ¼ h2 (solid blue line) based on the observational
data ρ using cross-correlations only, assuming that the h2

value on the horizontal axis is the correct value. [The upper
end of the one-sigma interval is h2 þ σĥ2ðh2Þ; the lower end
is h2 − σĥ2ðh2Þ, if that quantity is positive, else 0.] The
range of h2 values that are self-consistent lie in the interval
where the solid black curve ĥ2 ¼ fðh2Þ falls inside the
h2 � σĥ2ðh2Þ range. This self-consistent interval is
denoted in the figure by the gray region, and is also
indicated by tick marks on the h2 axis. This is the range
of h2 for which the optimally estimated values of h2 are
consistent with the assumed value, within one standard
deviation. This approach “automatically” identifies the
results as an “upper limit” (the interval begins at h2 ¼ 0)
or as a “detection” (the interval starts above zero). This is
similar in spirit to the well-known method proposed by
Feldman and Cousins [63].
Given a set of pulsar sky locations and correlation

observations, other approaches to obtain bounds on h2
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could also be followed. For example, one could simulate many GW backgrounds, with some prior distribution of h2, and
obtain a posterior distribution by asking which fraction give rise to correlations consistent with the observed correlations ρ.
Provided that the priors are not pathological, we expect this would give similar bounds on h2.

E. Third and fourth moments (cumulants) Dab;cd;ef and Eab;cd;ef ;gh in the presence of noise

Calculations similar to those of Sec. IX B (first moment) and Sec. IX C (second moment) show how noise modifies
Dab;cd;ef and Eab;cd;ef;gh. These quantities appear in the final expressions for the third- and fourth-order moments of ρab,
as described in Appendix F.
The noise-free expressions are (F7) for Dab;cd;ef and (F8) for Eab;cd;ef;gh. In the presence of noise, these are

replaced by

Dab;cd;ef ¼ 4ð4πÞ3
Z

df
Z

df0
Z

df00 sinc
�
πðf − f0ÞT�sinc�πðf0 − f00ÞT�sinc�πðf00 − fÞT�ð8π3ff0f00Þ−2α

×
�
ΓbðcðfÞΓdÞðeðf0ÞΓfÞaðf00Þ þ ΓaðcðfÞΓdÞðeðf0ÞΓfÞbðf00Þ

�
; ð9:20Þ

and

Eab;cd;ef;gh ¼ 8ð4πÞ4
Z

df
Z

df0
Z

df00
Z

df000 sinc
�
πðf − f0ÞT�sinc�πðf0 − f00ÞT�

× sinc
�
πðf00 − f000ÞT�sinc�πðf000 − fÞT�ð16π4ff0f00f000Þ−2α

×
�
ΓbðcðfÞΓdÞðeðf0ÞΓfÞðgðf00ÞΓhÞaðf000Þ þ ΓbðeðfÞΓfÞðgðf0ÞΓhÞðcðf00ÞΓdÞaðf000Þ

þ ΓbðgðfÞΓhÞðcðf0ÞΓdÞðeðf00ÞΓfÞaðf000Þ þ a ↔ b
�
: ð9:21Þ

These expressions can be further simplified by using (9.4) to expand the factors of ΓbcðfÞ, etc. on the rhs’s of (9.20)
and (9.21). One then obtains integrals of various products of HðfÞ and NaðfÞ, NbðfÞ,… with themselves and one another.
These recover earlier expressions for h2, h4, ℏ6, h8, n2a, N2

ab, Ma, and give rise to new expressions, such as

FIG. 20. Self-consistent squared-strain (h2) intervals for simulated GW backgrounds having three different (squared) amplitudes. Each
plot shows a single realization of a different Gaussian ensemble, observed with 88 pulsars. The true values of h2 are shown by the
vertical dotted lines. From left to right, the simulated GW backgrounds have large, medium, and small amplitudes in comparison to
the observational noise, corresponding to h2=n2 ¼ 10, 0.33, and 0.01 respectively. The solid black curve shows ĥ2 ¼ fðh2Þ for the
particular realization of the GW background and noise, constructed using cross-correlations only, while the dashed blue lines bracket the
one-sigma intervals h2 � σĥ2ðh2Þ about the expected value hĥ2i ¼ h2 (solid blue diagonal line). The gray regions and corresponding tick
marks on the h2 axis are the inferred “one-sigma self-consistent” range of h2. Note that for the weak-signal case, this interval extends
down to h2 ¼ 0.
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Qa ≡ ð4πÞ3
Z

df
Z

df0
Z

df00 sinc
�
πðf − f0ÞT�sinc�πðf0 − f00ÞT�sinc�πðf00 − fÞT�

× ð8π3ff0f00Þ−2αNaðfÞHðf0ÞHðf00Þ ð9:22Þ

and

Rabc ≡ ð4πÞ4
Z

df
Z

df0
Z

df00
Z

df000 sinc
�
πðf − f0ÞT�sinc�πðf0 − f00ÞT�

× sinc
�
πðf00 − f000ÞT�sinc�πðf000 − fÞT�ð16π4ff0f00f000Þ−2αNaðfÞNbðf0ÞNcðf00ÞHðf000Þ: ð9:23Þ

There are a total of eight such new terms.

F. Properties of the noise contribution
to the covariance matrix

Does the inclusion of pulsar noise in the covariance matrix
affect the analyses described in the previous sections? For a
finite number of pulsars and sufficiently loud noise, the
answer is yes. But in the limit of a sufficiently large number
of pulsar pairs that faithfully cover the sky, the noise
contributions (for independent pulsar noise) average to zero,
leaving only the GW contribution.
To see this, we can repeat the calculation of Sec. IV

including the additional noise terms. As before, the relevant
entries of the covariance matrix are those where the rows
and columns correspond to pulsar pairs ab and cd all

separated by (approximately) the same angle γ. We showed
in Secs. IVA and IV D that in the limit of a large number of
such pulsar pairs distributed uniformly on the sky, 1 is an
eigenvector of the matrix block Cjj (with γj ≡ γ) for the
noise-free contributions to C. Then, according to (3.24),
the variance of the optimal estimator in this narrow bin is
the average value of the entries of this block.
So, is this also the case when we include the noise

terms in (9.9)? Examining those terms by first sym-
metrizing over the indices c and d, and then expanding
μac, etc. in terms of the corresponding Hellings and
Downs functions μuðγacÞ and Kronecker deltas δac, etc.
using (2.4), we obtain

Nab;cd ≡ ðδacδbd þ δadδbcÞN2
ab þ

�
δacMaμbd þ δbdMbμac þ δadMaμbc þ δbcMbμad

�
¼ 2
�
N2

ab þ ðMa þMbÞμuð0Þ


δaðcδdÞb þ 2MaδaðcμuðγdÞbÞ þ 2MbδbðcμuðγdÞaÞ: ð9:24Þ

But since all of the above terms involve either a single
Kronecker delta or a product of two Kronecker deltas, they
give zero in the limit of an infinite number of pulsar pairs
distributed uniformly on the sky, as shown explicitly in
Appendix C.
Thus, the noise terms do not contribute to the limiting

behavior of the full covariance matrix, and

σ2optðγÞ ¼ σ2opt;signalðγÞ þ σ2opt;noiseðγÞ ¼ σ2cosðγÞ; ð9:25Þ

just as we found for the noise-free case.

X. HOW TO APPLY THE OPTIMAL ESTIMATOR

It is helpful to think about how the methods described in
this paper would be used in practice. Imagine that we are
handed a set of pulsar-pair correlation measurements ρab
associated with an angular bin at angle γ. From these
measured correlations, we want to construct an optimal
estimator of the correlation at angle γ. We proceed as

described in this paper. First, we compute the weights wab
from (3.9) or (3.18). For this, we need the (inverse of the)
matrix block Cjj of C appropriate for that angular-
separation bin γj ≈ γ. But this covariance matrix cannot
be obtained or estimated from the data that we have—a
theoretical model is needed.
For the Gaussian ensemble, in the limit of noise-free

observations, the theoretical model of the covariance matrix
is given by (2.10). The values of μac, μbd, etc. on the rhs
of (2.10) are fully determined by the sky locations of the
pulsars via Eqs. (2.4) and (1.1). The value ofh4, which also
appears on the rhs of (2.10), is not needed: it cancels out of
the numerator and denominator of (3.9) when evaluating
the weights, thus allowing us to determine ρopt;j from the
measured correlations ρab [64].
The important point to note is that in following this

procedure we have assumed that the Gaussian ensemble
model is correct. Logically, there are only two possibilities:
(a) the data/Universe is well described by the Gaussian
ensemble, or (b) the data/Universe is not well described
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by the Gaussian ensemble. In case (a), the optimal
estimator that we form, and the variance that we attribute
to it, will both be meaningful and consistent. However, in
case (b), neither the weights that we have derived nor the
variance of the optimal estimator that we compute, have
any justification.
Consider a specific example: a (non-Gaussian!) ensem-

ble of universes containing GW sources which radiate at
distinct nonoverlapping frequencies. Such an ensemble is
constructed in Sec. III B of [11], where it is demonstrated
that the cosmic variance is zero, so the pulsar-averaged
correlations always follow the μuðγÞ shape exactly. But if
we followed the procedure described above, we would
obtain the same estimated variance for the optimal
estimator as in the Gaussian confusion-noise case, where
the pulsar-averaged correlation curves do not follow
μuðγÞ precisely. For this example, the pulsar-averaged
correlations computed from the data would follow the
expected mean much more closely than expected for the
Gaussian ensemble.
The conclusion is that the construction provided here is

mainly useful as a consistency test, given that we have a
finite set of observations that are not uniform on the sky.
It can be used to determine the number of pulsar pairs to
place in each angular bin, and also used to weight the
correlations of those pairs. Finally, it can be used to
estimate (for the Gaussian ensemble) the variance that
would be expected for that set of pulsar pairs. If the
correlation curve that is obtained has fluctuations of
about �1σopt around the h2μuðγÞ curve, then we conclude
that the Universe is consistent with the Gaussian ensem-
ble predictions. If the fluctuations are significantly
smaller or significantly larger, then the opposite con-
clusion is reached. These possibilities can be tested
with the χ2 goodness-of-fit statistics that we define and
discuss in Sec. VIII A.
In this sense, the results of this paper are useful because

they predict the total Gaussian ensemble variance (pulsar
plus cosmic) for a finite number of pulsars at specific sky
locations, whereas the variance σ2cos computed in Ref. [11]
is for the limit of an infinite number of uniformly
distributed pulsars.

XI. CONCLUSION

The standard definition of the Hellings and Downs
correlation is for a single pair of pulsars. We have extended
and generalized that, defining the Hellings and Downs
correlation for a set of pulsar pairs whose angular sepa-
rations γ lie in some (perhaps narrow) range.
Assuming that the GW background is described by a

Gaussian ensemble, we have found the optimal way to
weight the correlations of the individual pulsar pairs, so that
the Hellings and Downs correlation has the smallest
possible variations from the mean. These weights are

normalized to produce an average that agrees with the
single-pair correlation, enabling direct comparison.
Moreover, in the absence of pulsar and instrumental noise,
it is straightforward to compute the expected variance of
these weighted sums.
As pulsar pairs are added at some angle, the variance of

the correlation decreases. This variance starts at the total
variance σ2tot of [11] for a single pulsar pair. It decreases
smoothly as pulsar pairs are added, eventually approaching
the cosmic variance σ2cos of that same reference. The plots in
Fig. 6 illustrate this transition. Physically, there is a simple
way to understand this. Once there are enough pulsar pairs
at a given angular separation, adding additional pulsar pairs
does not provide any additional information about the
GW-induced correlations. This is because those pairs lie
close on the sky to other pairs: their correlations provide
redundant information.
We have also calculated the covariance of the optimal

estimators for different angular separation bins. In the
limit of an infinite number of pulsar pairs lying in narrow
bins j and k, we obtain an analytic expression (4.11) for
the cosmic covariance matrix. This shows that the likely
fluctuations away from the Hellings and Downs curve are
strongly correlated (or anticorrelated) across three broad
angular separation regions. We also computed the cosmic
covariance matrix in harmonic space (4.15), where it takes
diagonal form: a product of Legendre polynomials evalu-
ated at cos γj and cos γk, multiplied by the square of the
harmonic space coefficients for the Hellings and Downs
correlation.
To test if the observed deviations away from the expected

Hellings and Downs curve are consistent with expectations,
we proposed two sets of χ2 goodness-of-fit statistics. The
first set assumes knowledge of the squared GW strain h2

independent of the observational data, while the second set
estimates h2 from the pulsar-pair correlation data them-
selves. Somewhat surprisingly, we found that if the
correlation set used to construct these statistics includes
cross-correlations, then the fractional variance in the
corresponding estimator of h2 tends to zero in the limit
of an infinite number of pulsars distributed uniformly on
the sky. This means there is no cosmic variance for these h2

estimators, despite the nonzero cosmic variance in the
recovery of the expected Hellings and Downs correlation.
We traced this behavior to the particular form of the pulsar
response function, which is sensitive to an infinite number
of modes.
We believe that the PTAGW sources in our Universe are

well described by a Gaussian ensemble, and we have a
good idea of their spectrum. This means that, for a specific
set of pulsars at specific sky locations, we can predict the
best-case variance in the Hellings and Downs correlation.
This best case assumes that the intrinsic pulsar and
experimental noise are small, and so provides a lower
bound on the uncertainty of observational results. A simple
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recipe for making this prediction, given the pulsar sky
locations, is given at the end of Sec. V B. Modifications
needed to extend our formalism to include pulsar and
measurement noise were described in Sec. IX.
In future PTA searches, using improved telescopes and

larger pulsar populations, we expect that the variance of
the Hellings and Downs correlation will reveal exactly the
cosmic variance. In practice, this means that the optimal
estimator of the Hellings and Downs correlation will not
agree exactly in shape with the classic Hellings and Downs
curve μuðγÞ. The cosmic variance is an estimator of this
difference, and observational data can be tested for con-
sistency with it, for example, by using χ2 statistics like
those we have proposed.
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OUTLINE OF APPENDICES

The appendices contain calculations and arguments
which are useful for the main body of the paper. Here,
we outline their contents.
Appendix A shows how our results for the Hellings and

Downs correlation of pulsar redshifts can be easily modi-
fied to treat pulsar timing residuals.
The relationship between the mean and the variance for

the Gaussian ensemble depends upon certain integrals
of the power spectrum. We discuss this dependence in
Appendix B and calculate the relationship for a simple
binary-inspiral model of the GW background.
In Appendix C, we examine the Kronecker delta terms

which appear in the covariance matrix. We show that if
there are many pulsar pairs distributed uniformly on the
sky, then these terms constitute a set of measure zero and do
not affect the variance.
In Appendix D, we consider the case where there are

large numbers of pulsar pairs at a small (integer) number κ
of distinct separation angles. We show that the quantity
relevant for the variance of the Hellings and Downs
correlation estimator may be calculated from κðκ − 1Þ=2
quantities, obtained from the two-point function given in
Appendix G in [11] via (4.8).
We exploit this result in Appendix E to show how (with a

binned analysis employing a large number of pulsar-pair
correlations at two different angles) it is possible to “beat”

the cosmic variance. This does not come for free: angular
resolution is lost.
In Appendix F, we calculate the third- and fourth-order

moments of the pulsar-pair correlations ρab. These are
needed to evaluate the variance of the χ2 statistics defined
in Secs. VIII A. Since ρab is quadratic in the Gaussian-
distributed redshift (or timing-residual) measurements, the
third- and fourth-order moments of ρab turn into sixth- and
eighth-order moments of a Gaussian distribution. We
evaluate these using Isserlis’s theorem [19], obtaining triple
and quadruple integrals of the GW power spectrum. We
compute these integrals for both redshift and timing-
residual measurements, assuming the same simple
binary-inspiral background used in Appendix B. Results
are given in Fig. 23 and Table III.
In Appendix G, we calculate the non-Gaussian con-

tributions to the variance of the χ2 statistics in the many
pulsar limit, for the special case where only auto-
correlations are included. These analytic expressions
can be evaluated exactly for GW detectors that (a) respond
to only a finite number of harmonic modes and (b) have
no pulsar terms. In this case, the expression becomes a
finite sum. However, PTA detectors do not satisfy either
condition, and the sums contain an infinite number of
terms. For this reason, we have not been able to determine
if the fractional variance of the auto-correlation-only χ2

statistics is finite or tends to zero as Npul → ∞ for PTA
detectors. Our partial results may help others to resolve
this question.
Finally, in Appendix H, we list the sky positions of

the 88 pulsars currently monitored by three active PTA
collaborations [37]. These are used for the example plots of
Sec. V B, shown in Figs. 3 and 9, and for constructing
Tables I and II.

APPENDIX A: MEAN AND VARIANCE OF
TIMING-RESIDUAL CORRELATIONS (VERSUS

REDSHIFT CORRELATIONS)

Much of the literature and experimental/observational
work for PTAs is based on pulsar timing residuals
rather than redshifts. Pulsar timing residuals may be
obtained by integrating the pulse redshifts with respect
to time, which inserts a factor of 1=2πif into frequency
domain formulas. This makes it straightforward to
modify formulas for the first moment, second moment,
etc., and the variance and covariance of pulsar timing
redshifts so that they can also be applied to pulsar
timing residuals.
Following this procedure, formulas identical to (2.3)

and (2.10) are obtained for the first moment and covariance
matrix of timing-residual correlations, by replacing HðfÞ
with HðfÞ=4π2f2 in the definitions of h2 and h4 given
in (2.6) and (2.9). To ensure that our formulas can cover
both possibilities, we introduce a constant α into them.
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Set α ¼ 0 to describe pulsar redshift correlations, or set
α ¼ 1 to describe pulsar timing-residual correlations.

APPENDIX B: RELATIVE SCALING BETWEEN
THE CORRELATION MEAN AND VARIANCE

FOR NOISE-FREE DATA

The GW Gaussian ensemble is completely specified
by the real spectral function HðfÞ ≥ 0 defined by (2.6)
and (2.7). For example, HðfÞ sets the overall scale h2 of
the expected Hellings and Downs correlation via (2.3). The
spectral function HðfÞ also determines the scale h4 of the
covariance matrix Cab;cd via (2.9) and (2.10).
This implies that h4 sets the scale of the total

variance and the cosmic variance, since those are
determined entirely by Cab;cd. It follows immediately
that the ratio of the variance of the optimal estimator
(for a given number of pulsar pairs and binning
procedure) to (say) the cosmic variance is identical
for any Gaussian ensemble: the quantities being com-
pared only depend upon h4. Thus, plots in this paper
that only contain variances are universal: they apply to
any Gaussian ensemble.
In contrast, the ratio of the variance to the (squared)

mean is model dependent: it depends upon the ratio
h4=h4 ≤ 1 and hence upon HðfÞ. To compare the (square
of the) mean and the variance, we must specify the
spectrum HðfÞ, which defines the Gaussian ensemble.
Hence, plots in this paper that contain variances
and means (for example, Fig. 9) are model dependent.
To make them, we must assume some form of the
spectrum HðfÞ.
One simple source model is constructed in Sec. III A

in [11]. This “confusion-noise model” consists of a large set
of GW sources, uniformly distributed in space, all radiat-
ing GWs at exactly the same frequency, but with different
random phases. The corresponding spectral function HðfÞ
is the sum of a delta function centered at that frequency,
plus another equal one at the corresponding negative
frequency. In Appendix C 3 in [11] it is shown that for

this model h4=h4 ∈ ½1=2; 1Þ; if the frequency is an integer
multiple of the inverse observation time, thenh4=h4¼1=2.
Note that the same values for this ratio are obtained
for pulsar redshift correlations (α ¼ 0) and for pulsar
timing-residual correlations (α ¼ 1). This source model
is easy to construct and understand, so we use this value
h4=h4 ¼ 1=2 in Fig. 1. However, the model is unrealistic
because in our Universe the sources are distributed over
frequency.
Here, we construct a more realistic spectral model,

which we then use for Fig. 9 and elsewhere. This more
realistic model assumes that the GW background is
produced by large numbers of compact binary systems,
whose energy loss is dominated by GW emission in the
Newtonian limit (orbital velocities ≪ speed of light).
In this case, HðfÞ ∝ jfj−7=3. Physically, this spectrum
extends to very low frequencies (corresponding to periods
longer than thousands of years).
Although it continues to much lower frequencies, for

the purpose of computing PTA correlations, the spectrum
is effectively “cut off” below a characteristic frequency
f0 > 0. Hence, we take

HðfÞ ¼
�
qjfj−7=3 for jfj > f0; and

0 for jfj ≤ f0;
ðB1Þ

where q is a constant. The cutoff frequency f0 is of order
1=T, where T is the total observation time. It arises because
PTA data analysis in effect “removes” low-frequency
components during the fitting process that subtracts (quad-
ratic and higher-order terms in) the pulsar’s intrinsic spin-
down to obtain timing residuals [65–67]. For further
details, see the “transmission functions” illustrated in
Fig. 2 of Ref. [67].
The ratio of the variance to the squared mean is

proportional to h4=h4. For our simple spectral model, this
ratio depends only [68] upon the low-frequency cutoff f0.
This can be seen by substituting (B1) into (2.6) and (2.9) to
obtain

h4

h4
¼

R
∞

πf0T
dx
R

∞

πf0T
dy
h
1
2
sinc2ðx − yÞ þ 1

2
sinc2ðxþ yÞ

i
ðxyÞ−7=3−2α�R ∞

πf0T
dx x−7=3−2α

�
2

: ðB2Þ

Here, we have changed to dimensionless variables
x ¼ πTf and y ¼ πTf0, and used HðfÞ ¼ Hð−fÞ to write
the integrals in one-sided form. The constant α that
appears in (B2) is explained in Appendix A. Set α ¼ 0
to describe the ratios of pulsar redshift correlations, or set
α ¼ 1 to describe the ratios of pulsar timing-residual
correlations.

The behavior of h4=h4 < 1 as given in (B2) has
interesting limits. As f0T → 0, the integrands and integrals
are dominated by values of x and y which are small
enough that both sinc functions approach unity. The
numerator of (B2) then approaches the denominator, and
h4=h4 → 1. For values of f0T which are somewhat larger,
the first sinc function approaches unity, whereas the second
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sinc function falls off quickly, and h4=h4 → 1=2. For the
cases of interest, where f0T is of order unity, the first sinc
function is also less than one (although it contributes more
than the second sinc function).
The ratio h2=h2 [the square root of (B2)] is evaluated

numerically and shown in Fig. 21 as a function of the
effective lower cutoff frequency f0T. A reasonable choice is
f0 ¼ 1=T, which is justified by Fig. 2 of Ref. [67]. Taking
f0T ¼ 1 in Fig. 21 implies h2=h2 ≈ 0.5622 for timing
residuals and h2=h2 ≈ 0.3905 for redshifts (see Table III).
We use the first of these values for the plots in Fig. 9. For the
other plot in the paper (Fig. 1) that shows a mean value, we
use h4=h4 ¼ 1=2, corresponding to the single-frequency
confusion-noise model described above and in [11].

APPENDIX C: PROOF THAT TERMS
INVOLVING KRONECKER DELTAS DO NOT
CONTRIBUTE TO THE COSMIC VARIANCE

Here, we show that terms in the covariance matrix Cab;cd

involving one or two Kronecker delta terms, such as

2h4
h
μ2uð0ÞδaðcδdÞb þ μuð0Þ

�
δaðcμuðγdÞbÞ þ δbðcμuðγdÞa

�i
or

2
h
N2

ab þ ðMa þMbÞμuð0Þ
i
δaðcδdÞb þ 2MaδaðcμuðγdÞbÞ þ 2MbδbðcμuðγdÞaÞ ðC1Þ

from (4.3) or (9.24), do not contribute to the average
value of the covariance matrix components over a row,
hCab;cdicd∈γ defined by (4.4), where γ denotes the angular
separation of the ab and cd pairs. In the limit where the
number of pulsar pairs goes to infinity, these terms constitute
a set of measure zero, and make negligible contributions to
the average. [If each pulsar pair is placed in its own bin, then
the Kronecker delta terms are not a set of measure zero and
must be included; see for example (G8).]
We begin by considering the terms proportional to

δaðcδdÞb. The factors μ2uð0Þ, N2
ab, or ðMa þMbÞmultiplying

these terms are all finite, and hence will not affect the
following analysis. Such terms are easy to evaluate, since
there is only one value of c and d that will match the fixed
values of a and b:

2hδaðcδdÞbicd∈γ ¼ 1=npairs: ðC2Þ

This is manifestly independent of the fixed pulsar pair ab,
and vanishes in the limit of an infinite number of pulsar
pairs distributed uniformly on the sky: it is a set of
measure zero.
The terms proportional to a single Kronecker delta are

also sets of measure zero. This may be understood by
looking at just one of four subterms

sab ≡ hδacμuðγdbÞicd∈γ: ðC3Þ

We can again ignore the factors μuð0Þ, Ma, and Mb since
they are finite multiplicative constants. This average also
vanishes in the limit of an infinite number of pulsar pairs
distributed uniformly on the sky. To see this, note that (C3)
can be bounded above by replacing μuðγdbÞ with its
maximum value μuð0Þ and bounded below by replacing
μuðγdbÞ with its minimum value. Looking first at the upper
bound, one must have

sab ≤ μuð0Þhδacicd∈γ: ðC4Þ

Since δac is independent of d, the averaging over d
(within a cone of angle γ about c) has no effect; that is, the
cd averaging reduces to an average just over c. Now,
imagine explicitly carrying out this average as a sum of N
terms divided by N. Cover the surface of the sphere
with N equal-area uniformly distributed patches, which
are the discrete values of c. In the sum over c, the
Kronecker delta in (C4) gets a contribution from only a
single term (the term for which the c patch contains a).
Hence, we obtain

sab ≤ μuð0Þ=N; ðC5Þ

so sab is bounded above by μuð0Þ=N. A similar argument
shows that sab is bounded below by a constant=N. Since

FIG. 21. The quantity h2=h2 determines the ratio of the
standard deviation σ in the Hellings and Downs correlation to
its mean hρi. The ratio depends upon the spectrum HðfÞ of the
Gaussian ensemble. Here, this corresponds to a set of binary-
inspiral sources (see text). The different values of the cutoff
frequency f0 are expressed in units of the inverse observation
time 1=T. The α ¼ 0 curve is for redshift correlations, and the
α ¼ 1 curve is for timing-residual correlations (see Appendix A).
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both bounds converge to zero for large N, we conclude
that sab vanishes as N → ∞.

APPENDIX D: COMPUTATIONS WITH
MATRICES OF A CERTAIN FORM

We consider real, symmetric, positive-definite matrices
built up from smaller matrices, of the form

C ¼

0BBB@
C11 C12 … C1κ

C21 C22 … C2κ
..
. ..

. . .
. ..

.

Cκ1 Cκ2 … Cκκ

1CCCA: ðD1Þ

Here, each of the Cjk is a (possibly nonsquare) matrix, and
κ is a positive integer. We assume that each of these κ2

matrices has the property that the sum of any row of Cjk has
the same value as the sum of any other row of Cjk. (Since C
is symmetric, this implies that the sum of any column ofCjk

equals the sum of any other column of Cjk.)
Note that the symbol C is the same as we gave to our

definition of the covariance (2.2). However, in many
cases of interest, (D1) is a submatrix of the full covariance
matrix so that κ does not range over the full angular range
from 0° to 180°. Thus, in this appendix (Appendix D), C
may refer either to the full covariance matrix (2.2) or to
some submatrix of it along the diagonal. This also holds
for Appendix E.
We introduce the symbol dk (for k ¼ 1;…; κ) to

denote the number of columns in the matrix Cjk. Note
that this is independent of j. Note also that since C is
symmetric, the number of rows of the matrix Cjk is
given by dj. Hence, the matrix Cjk has dimension
ðdj rowsÞ × ðdk columnsÞ. The sum

N ¼ dimðCÞ ¼
Xκ
j¼1

dj ðD2Þ

is the number of rows or columns of the matrix C.
Finally, we define the quantity sjk to be the average

value of the entries of the blockCjk. Note that since the sum
of any row of Cjk gives the same number, independent of
the row, that sum must be given by dksjk.
Equation (D1) is the form taken by the covariance matrix

C of the Hellings and Downs correlation, when there are κ
distinct values of the pulsar-pair separation angle γj, for
j ¼ 1;…; κ, and there are dj distinct pulsar pairs at each
angular separation. We have shown in Sec. IV that when
there are large numbers of pulsar pairs at each angle,
uniformly distributed on the sky, then the average value of
any row of the Cjk matrix is row independent.
In this appendix, we obtain a simple formula for the

“sum of interest,” which is the quantity μ⊤C−1μ. Here, μ is
an N-dimensional column vector containing values of the

Hellings and Downs curve corresponding to the angular
separation of the pairs: for each j ¼ 1; � � � ; κ, μ has dj
identical entries μuðγjÞ.
We begin by constructing a set of κ column vectors

e1; e2;…; eκ of dimension N. Note that these do not form a
basis for C, since that would require N vectors, and here
we have far fewer. However, we will see that the ej form a
basis for the subspace of interest, needed to evaluate the
sum of interest.
The first of these vectors has d1 equal nonzero elements

followed by N − d1 zeros. The second of these vectors has
d1 zeros followed by d2 equal nonzero elements, followed
by N − d1 − d2 zeros, and so on. Thus, we have

e1 ¼ d1−1=2ð1;…; 1; 0;…; 0;……; 0;…; 0Þ⊤;
e2 ¼ d2−1=2ð0;…; 0; 1;…; 1;……; 0;…; 0Þ⊤;
…

eκ ¼ dκ−1=2ð0;…; 0; 0;…; 0;……; 1;…; 1Þ⊤: ðD3Þ
The (N-dimensional) dot product of any two of these
vectors follows immediately from (D3), and is

e⊤j ek ¼ δjk; ðD4Þ
where δjk is the Kronecker delta. Hence, the dot product of
distinct vectors vanishes.
Because the sumof any rowofCjk yields the same number,

the action of C on any one of the vectors ek produces a
linear sum of the full set: the vectors e1; e2;…; eκ form an
invariant subspace under the action of C. Multiplying ek
given in (D3) on the left by C given by (D1) yields

Cek ¼
Xκ
j¼1

Sjkej; ðD5Þ

where

Sjk ≡ ðdjdkÞ1=2sjk for j; k ¼ 1;…; κ: ðD6Þ
The square root factors in (D6) arise from counting the
contributionsarising fromeachentryof thecolumnvectorCek.
To evaluate the sum of interest, we exploit the fact

that sjk and Sjk are symmetric κ × κ matrices. This allows
us to transform the N × N dimensional problem to a
smaller κ × κ dimensional problem. Let S−1 denote the
matrix inverse of S, which satisfies (and is also defined by)Xκ

l¼1

SjlS−1lk ¼ δjk: ðD7Þ

From (D6) and (D7), it immediately follows that

S−1jk ¼ ðdjdkÞ−1=2s−1jk for j; k ¼ 1;…; κ; ðD8Þ

where s−1 denotes the matrix inverse of s.
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With the matrix inverse S−1 we define a set of
N-dimensional column vectors

vj ¼
Xκ
k¼1

S−1kj ek for j ¼ 1;…; κ: ðD9Þ

We now show that C−1ej ¼ vj. Consider the action of C
on vj. Multiplying (D9) on the left by C and using (D5)
we obtain

Cvj ¼
Xκ
k¼1

S−1kj
Xκ
l¼1

Slkel

¼
Xκ
l¼1

 Xκ
k¼1

SlkS−1kj

!
el

¼ ej; ðD10Þ
where on the second line we use the definition of the matrix
inverse (D7) to replace the quantity in curved brackets with
the Kronecker delta. Multiplying (D10) on the left by C−1,
it follows immediately that

C−1ej ¼ vj: ðD11Þ
Taking the inner product of (D11) from the left with e⊤k and
using (D9) and (D4) gives us the inner product

e⊤k C−1ej ¼ S−1kj ; ðD12Þ
from which we can now easily evaluate the quantity of
interest.
We write the N-dimensional column vector μ as a linear

combination of the ej:

μ ¼
Xκ
j¼1

μj
ffiffiffiffiffi
dj

q
ej; ðD13Þ

where μj ≡ μuðγjÞ is the value of the Hellings and
Downs curve at angle γj. The quantity of interest is then
evaluated as

μ⊤C−1μ ¼
Xκ
j¼1

Xκ
k¼1

μjμk
ffiffiffiffiffi
dj

q ffiffiffiffiffi
dk

p
e⊤j C−1ek

¼
Xκ
j¼1

Xκ
k¼1

μjμkðdjdkÞ1=2S−1jk

¼
Xκ
j¼1

Xκ
k¼1

μjμks−1jk

¼ μ̂⊤s−1μ̂; ðD14Þ

where on the second line we use (D12) to evaluate the
matrix elements of C−1 and on the third line we use (D8)
to replace the matrix elements of S−1 by those of s−1.

The κ-dimensional column vector μ̂ which appears in the
final line has components

μ̂ ¼ ðμ1; μ2;…; μκÞ⊤: ðD15Þ

Thus, the N × N dimensional computation of μ⊤C−1μ has
been reduced to a κ × κ dimensional problem, where κ is
the number of distinct angular bins.
An important feature of this result is that when there are

enough pulsar pairs in a particular angular separation bin,
then the variance is not significantly reduced by adding
more pulsar pairs to that angular separation bin. Here,
“enough pairs” means that the average value of the
covariance matrix rows at that angle are approximately
constant. This is because (D14) depends only upon the
matrix sjk. That matrix is determined by the average value
of each block of the covariance matrix. Once there are
enough pulsar pairs in a given angular separation bin,
adding more pulsar pairs to that bin does not significantly
change the average value of the block.

APPENDIX E: “BEATING” THE COSMIC
VARIANCE (A SIMPLE EXAMPLE)

Here, with a simple example [69], we show that the
variance of the binned optimal estimator with two distinct
angles can be smaller than the cosmic variance for a point
estimator at a single angle.
We take an angular-separation bin containing a large

number of pulsar pairs with separation angles γ1 and γ2,
respectively, uniformly distributed on the sky. Let
γ1 ≈ 54° lie at the leftmost minimum of the cosmic variance
σ2cos, as shown in the left panel of Fig. 6, and γ2 ≈ 49° lie at
a zero of the expected Hellings and Downs correlation, so
μ2 ≡ μuðγ2Þ ¼ 0. Wewill demonstrate that the joint optimal
estimator has a smaller variance than the minimum value of
the cosmic variance σ2cosðγ1Þ. This is possible because the
binned estimator uses information from correlation mea-
surements made at both angular separations γ1 and γ2. By
sacrificing some angular resolution, the variance of the
optimal estimator drops below the minimum cosmic
variance. Such behavior is visible in Fig. 7.
We assume that there are npairs pulsar pairs at each of the

two angles, so that the covariance matrix C for the two
separation angles is 2npairs × 2npairs in size. As described
in Appendix D, and shown in (D14), in the limit as
npairs → ∞, the variance of the optimal estimator can be
calculated from the 2 × 2 matrix

s ¼ sjk ¼
 
s11 s12
s12 s22

!
: ðE1Þ

The four values that appear in s are the average values of
the entries in each of the four corresponding npairs × npairs
blocks Cjk, where j, k ¼ 1, 2.
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An explicit expression for sjk was derived in (4.8)

sjk ¼ h4

Z
π

0

dβ sin β
�
μþþðγj; βÞμþþðγk; βÞ þ μ××ðγj; βÞμ××ðγk; βÞ

�
: ðE2Þ

As shown in (4.32), for large npairs, the variances of
the individual (single-angle) optimal estimators approach
the cosmic variances, so s11 ≡ σ21 ¼ σ2cosðγ1Þ and
s22 ≡ σ22 ¼ σ2cosðγ2Þ.
Since (E2) has the form of a positive-definite inner

product, the Schwarz inequality ensures that s212 ≤ s11s22.
Thus, we can parametrize the off-diagonal elements
of s as

s12 ¼ rσ1σ2; ðE3Þ

where the Schwarz inequality ensures that the real num-
ber r ∈ ½−1; 1�.
The variance σ2opt of the optimal binned estimator is

expressed in terms of μTC−1μ by (3.11). This is evaluated
in (D14), in terms of the matrix s of (E1). In that way,
we obtain

μ2bin
σ2opt

¼ μ⊤C−1μ ¼ μ̂⊤s−1μ̂

¼ 1

s11s22 − s212

�
μ21s22 þ μ22s11 − 2μ1μ2s12

�
¼ 1

1 − r2

�
μ21
σ21

þ μ22
σ22

− 2r
μ1
σ1

μ2
σ2

�
: ðE4Þ

To obtain the second line, we explicitly inverted the 2 × 2

matrix in (E1), and set μ̂ ¼ ðμ1; μ2Þ⊤ where μ1 ≡ μuðγ1Þ
and μ2 ≡ μuðγ2Þ. For the final line, we used the definitions
of σ21, σ

2
2, and r in terms of s11, s22, and s12.

In signal processing and data analysis, the quantities

Sopt≡h2μbin=σopt; S1≡h2μ1=σ1; and S2≡h2μ2=σ2;

ðE5Þ

which appear in (E4) are called expected SNRs. We include
the factors of h2 on the rhs of (E5) so that the numerators
have the interpretation of correlation ρ. Larger (absolute)
SNR values indicate that the mean can be determined with
higher fractional precision. Because the mean of the Hellings
and Downs correlation varies with angle γ, it is these SNRs
(rather than the variance) that reflect the additional precision
obtained by combining data from multiple angles. We will
see that a loss in precision is not possible (the converse Santa
Claus Principle in action [70]).
A simple geometric argument shows that combining

data from the two angular-separation bins always

increases the SNR. First, multiply (E4) by h4 and
use (E5) to obtain

S2opt ¼
1

1 − r2
�
S21 þ S22 − 2rS1S2

�
: ðE6Þ

Then introduce new variables x and y so that

S1
Sopt

¼ x − yffiffiffi
2

p ;
S2
Sopt

¼ xþ yffiffiffi
2

p : ðE7Þ

Equation (E6) satisfied by the three SNRs may now be
written

x2

1þ r
þ y2

1 − r
¼ 1; ðE8Þ

which is the equation of an ellipse with major radiusffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ jrjp

and minor radius
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − jrjp

, rotated by 45° with
respect to axes defined by S1 and S2. This is shown in
Fig. 22. Note that 0≤minor radius≤1≤major radius≤

ffiffiffi
2

p
.

This means that the ellipse always lies within the square, and
hence S2opt ≥ S21 and S2opt ≥ S22. Thus, the optimal (binned)
estimator always has an SNR that is greater than or equal to
the SNRs for the individual (narrow-bin) estimators corre-
sponding to the angular separations γ1 and γ2.

FIG. 22. Equation (E6) constrains the ratios of SNRs, S1=Sopt
and S2=Sopt, to lie on an ellipse. The shape of the ellipse is
determined by r ∈ ½−1; 1�, and is also shown for r ¼ 0 (dotted
unit circle) and for r ¼ �1 (degenerate dotted line segments at
�45°). The ellipse always lies within the square, proving
geometrically that S2opt ≥ S21 and S2opt ≥ S22.
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Some insight can be gained from two special cases: (i) If
the correlation measurements at the two discrete angles are
uncorrelated with one another (i.e., r ¼ 0), then the ellipse
is simply the unit circle, and the SNRs add in quadrature:

S2opt ¼ S21 þ S22: ðE9Þ

(ii) For perfectly correlated or anticorrelated correlation
measurements r ¼ �1, and S2 ¼ �S1. The ellipses degen-
erate into lines as shown in Fig. 22, and one has

S2opt ¼ S21 ¼ S22: ðE10Þ

In this second case, the SNR of the optimal (binned)
estimator has the same value as that for the (narrow-bin)
estimator for either angle separately, since no new infor-
mation is obtained by considering the second angle.
Finally, to show that σ2opt can be less than the global

minimum of the cosmic variance, we take γ1 ≈ 54° at a
minima of the cosmic variance curve, and γ2 ≈ 49° at a zero
of the expected Hellings and Downs correlation, so μ2 ¼ 0.
Pick μbin to lie anywhere between μ2 ¼ 0 and μ1. We have
proved that S2opt ≥ S21, which implies from (E5) that

σ2opt ≤
μ2bin
μ21

σ21 < σ21: ðE11Þ

Since σ21 is at the minimum of the cosmic variance, σ2opt lies
below that. As mentioned at the start of this appendix, this
behavior is apparent in Fig. 7. [For producing the plot in
Fig. 7, we choose the normalization condition on the
weights to be μbin ≡ μ⊤1=npairs ¼ ðμ1 þ μ2Þ=2 ¼ μ1=2,
leading to σ2opt ≤ σ21=4 or σopt ≤ σcos=2.]

APPENDIX F: THIRD AND FOURTH MOMENTS
OF THE CORRELATION

To calculate the variance of the χ2 test statistics defined
in Sec. VIII A, we need the third and fourth moments of the
correlations ρab between pairs of pulsars. These may be
computed using the methods of Appendix C in [11]. We
used similar methods to compute the first and second
moments in Secs. II A and II B. For convenience, we repeat
those expressions here:

hρabi ¼ h2μab; and

hρabρcdi ¼ hρabihρcdi þ Cab;cd; ðF1Þ

where

Cab;cd ¼ h4
�
μacμbd þ μadμbc

�
; ðF2Þ

and

h2 ≡ 4π

Z
df ð2πfÞ−2αHðfÞ; and ðF3Þ

h4 ≡ ð4πÞ2
Z

df
Z

df0 sinc2
�
πðf − f0ÞT��4π2ff0�−2αHðfÞHðf0Þ: ðF4Þ

The constant α is explained in Appendix A. For redshift correlations, α ¼ 0 and h is a dimensionless strain, whereas for
timing-residual correlations, α ¼ 1 and h has units of time × ðdimensionlessÞ strain.
Since ρab is quadratic in the pulsar redshift measurements Za, calculating third- and fourth-order moments of ρab means

evaluating expectation values of terms containing six or eight factors of Z. Since Z is a Gaussian random variable, applying
Isserlis’s theorem [19] to evaluate these expectation values, we obtain

hρabρcdρefi ¼ hρabihρcdihρefi þ hρabiCcd;ef þ hρcdiCef;ab þ hρefiCab;cd þ Dab;cd;ef; and ðF5Þ

hρabρcdρefρghi ¼ hρabihρcdihρefihρghi
þ hρabihρcdiCef;gh þ hρabihρefiCgh;cd þ hρabihρghiCcd;ef

þ hρcdihρefiCgh;ab þ hρcdihρghiCab;ef þ hρefihρghiCab;cd

þ hρabiDcd;ef;gh þ hρcdiDef;gh;ab þ hρefiDgh;ab;cd þ hρghiDab;cd;ef

þ Cab;cdCef;gh þ Cab;efCcd;gh þ Cab;ghCcd;ef þ Eab;cd;ef;gh; ðF6Þ

where

Dab;cd;ef ¼ 4ℏ6
�
μbðcμdÞðeμfÞa þ μaðcμdÞðeμfÞb

�
; and ðF7Þ
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Eab;cd;ef;gh ¼ 8h8
�
μbðcμdÞðeμfÞðgμhÞa þ μbðeμfÞðgμhÞðcμdÞa þ μbðgμhÞðcμdÞðeμfÞa þ a ↔ b

�
; ðF8Þ

and

ℏ6 ≡ ð4πÞ3
Z

df
Z

df0
Z

df00 sinc
�
πðf − f0ÞT�sinc�πðf0 − f00ÞT�sinc�πðf00 − fÞT�

×
�
8π3ff0f00

�−2αHðfÞHðf0ÞHðf00Þ; and ðF9Þ

h8 ≡ ð4πÞ4
Z

df
Z

df0
Z

df00
Z

df000 sinc
�
πðf − f0ÞT�sinc�πðf0 − f00ÞT�

× sinc
�
πðf00 − f000ÞT�sinc�πðf000 − fÞT��16π4ff0f00f000�−2αHðfÞHðf0ÞHðf00ÞHðf000Þ: ðF10Þ

The quantities Cab;cd,Dab;cd;ef, and Eab;cd;ef;gh are the unique (up to scale) quadratic, cubic, and quartic combinations of the
μ’s that are symmetric with respect to each pair of indices ab; cd;… separately, as well as under interchange of the pairs
ab ↔ cd, etc. The scaling factors h2, h2, ℏ2, and h2, which are determined by the GW spectrum, are bounded by
h2 ≤ ℏ2 ≤ h2 ≤ h2. The quantities Dab;cd;ef and Eab;cd;ef;gh are the third- and fourth-order cumulants [71] of ρab. These
cumulants vanish for a Gaussian distribution, showing that the correlations ρab are not Gaussian. This is no surprise as the
ρab are formed by summing products of Gaussian-distributed redshift (or timing-residual) measurements Za and Zb.
Using the property HðfÞ ¼ Hð−fÞ, the integrals for ℏ6 and h8 can be put into single-sided form. It is helpful to first

introduce a pair of functions of two variables fm and fn:

Pmn ≡ sinc
�
πðfm þ fnÞT

�
and Mmn ≡ sinc

�
πðfm − fnÞT

�
; ðF11Þ

where P andM respectively denote “plus” and “minus.” In terms of these functions, we can write the integrals in (2.6), (2.9),
(F9), and (F10) as

h2 ¼ 8π

Z
∞

0

df1 ð2πf1Þ−2αHðfÞ; ðF12Þ

h4 ¼ 1

2
ð8πÞ2

Z
∞

0

df1

Z
∞

0

df2 ð4π2f1f2Þ−2αHðf1ÞHðf2Þ
h
M12M21 þ P12P21

i
; ðF13Þ

ℏ6 ¼ 1

22
ð8πÞ3

Z
∞

0

df1

Z
∞

0

df2

Z
∞

0

df3 ð8π3f1f2f3Þ−2αHðf1ÞHðf2ÞHðf3Þ
h
M12M23M31 þ 3M12P23P31

i
; and ðF14Þ

h8 ¼ 1

23
ð8πÞ4

Z
∞

0

df1

Z
∞

0

df2

Z
∞

0

df3

Z
∞

0

df4 ð16π4f1f2f3f4Þ−2αHðf1ÞHðf2ÞHðf3ÞHðf4Þ

×
h
M12M23M34M41 þ P12P23P34P41 þ 4M12M23P34P41 þ 2M12P23M34P41

i
: ðF15Þ

We now evaluate these integrals for two cases of interest.

The first case of interest is the stochastic GW background
model of Appendix B, for whichHðfÞ is given by (B1). This
vanishes below frequency f0, and behaves as a power-law
with slope −7=3 above that frequency. As explained there,
the effective low-frequency cutoff f0 is of order 1=T, where
T is the total observation time. To evaluate (F12), (F13),
(F14), and (F15) for this spectrum, we set up a hypercubic
grid in each dimension, which is uniformly spaced in the

TABLE III. The coefficients h2, ℏ2, and h2 for the binary-
inspiral GW background model of (B1) for a (nominal) low-
frequency cutoff f0 ¼ 1=T. These are accurate to four decimal
places.

h2=h2 h2=h2 ℏ2=h2 h2=h2

redshift (α ¼ 0) 1 0.3905 0.3229 0.3002
timing (α ¼ 1) 1 0.5622 0.4933 0.4665
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variable u defined by du ¼ f−7=3−2αdf. The integral is then
approximated by a sum over this grid. Representing the
functions M and P by square symmetric matrices (whose
rows and columns label the grid points), the sum may be
written as the trace of the corresponding matrix products,
which can be quickly and efficiently evaluated [72]. The
results are shown in Fig. 23, and Table III gives the values
for the nominal case f0T ¼ 1.
The second case of interest assumes that the spectrum

HðfÞ is a Dirac delta function with support at a frequency
which is commensurate with the observation time. In this
case, the functions defined in (F11) become Pmn ¼ 0 and
Mmn ¼ 1, so we obtain h4=h4 ¼ 1=2, ℏ6=h6 ¼ 1=4, and
h8=h8 ¼ 1=8, or, equivalently, h2=h2 ¼ 2−1=2 ≈ 0.7071,
ℏ2=h2 ¼ 2−2=3 ≈ 0.6300, and h2=h2 ¼ 2−3=4 ≈ 0.5946,
for either timing (α ¼ 1) or redshift (α ¼ 0).

APPENDIX G: EXPRESSIONS FOR E AND
Ê IN THE LARGE Npul LIMIT FOR
AUTO-CORRELATIONS ONLY

In this appendix, we derive analytic expressions for E
and Ê in the large Npul limit. We assume that χ2 is formed
from auto-correlations only, as described in Sec. VIII C 2.
Our final expressions may be easily evaluated for GW

detectors that respond to only a finite number of harmonic
modes (l ≤ Lmax) and have no pulsar terms. These non-
PTA detectors are described in Sec. VI.
We do not know how to evaluate these expressions for

detectors that are sensitive to all modes, or if pulsar terms
are present, both of which are true for PTAs. In these cases,
the sums over modes l are unbounded: we have not found a
way to evaluate or characterize them. Thus, we regard these
results as partial results, and present them here hoping that
others will be able to make further progress.

We begin by finding a large-Npul expression for the
correlation function of a general GW detector, as defined
by Eqs. (6.9) and (6.10):

μab¼ð1þη2δabÞUab; Uab¼
X
l

QlPlðcosγabÞ: ðG1Þ

A PTA detector corresponds toQl ¼ ð2lþ 1ÞCl, with η ¼ 1
to include pulsar terms, and with the Cl given by (4.14).
To include the pulsar terms in the large-Npul limit,

observe that X
a

≃
Npul

4π

Z
dp̂a: ðG2Þ

Here, and throughout this appendix, we use ≃ to denote an
approximate equality that becomes exact in the limit of
many pulsars (Npul → ∞) uniformly distributed on the sky.
The normalization of (G2) may be checked by applying this
relation to 1: one obtains Npul on both sides. It follows
immediately that the Kronecker delta δab has the continuum
form

δab ≃
4π

Npul
δ2ðp̂a; p̂bÞ; ðG3Þ

where δ2ðp̂a; p̂bÞ is the two-dimensional Dirac delta
function on the 2-sphere S2. The normalization of (G3)
can be verified by summing both sides over all pulsars
using (G2), giving unity on both sides.
Lastly, we expand the two-dimensional Dirac delta

function as a sum of Legendre polynomials. Because the
spherical harmonics are a complete orthonormal set on S2,
the Dirac delta function is

δ2ðp̂a; p̂bÞ ¼
X∞
l¼0

Xl
m¼−l

Ylmðp̂aÞY�
lmðp̂bÞ: ðG4Þ

(Note that in the remainder of this section, double sums
of this form are indicated by

P
lm.) Using the addition

theorem (6.6) to carry out the sum over m in (G4) and
using (G3) gives

δab ≃
4π

Npul

X
l

2lþ 1

4π
Plðcos γabÞ: ðG5Þ

Thus, defining Uð0Þ≡ Uaa ¼
P

l Ql, and using (G1)
and (G5) we can write

μab ≃
X
l

 
Ql þ η2Uð0Þ 2lþ 1

Npul

!
Plðcos γabÞ

¼
X
lm

4π

 
Ql

2lþ 1
þ η2Uð0Þ

Npul

!
Ylmðp̂aÞY�

lmðp̂bÞ

¼
X
lm

ΛlYlmðp̂aÞY�
lmðp̂bÞ; ðG6Þ

FIG. 23. The coefficients h2, ℏ2, and h2 for the binary-inspiral
GW background model of (B1), expressed as a fraction of the
mean-squared GW amplitude h2. The upper three curves show
the timing-residual case α ¼ 1, and the lower three curves show
the redshift case α ¼ 0.
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where the second line follows from the addition theorem for
spherical harmonics, (6.6), and the third line defines the
expansion coefficients

Λl ≡ 4π

�
Ql

2lþ 1
þ η2Uð0Þ

Npul

�
: ðG7Þ

Although we are examining the case Npul → ∞, we
cannot drop the term proportional to 1=Npul, because the
Ql=ð2lþ 1Þ term may equal zero after some finite value
of l, or may decrease rapidly for increasing l. So, for any
finite number of pulsars, there is a critical value of l at
which the term proportional to 1=Npul dominates Λl.
Equations (G6) and (G7) are an eigenvector/eigenvalue

decomposition of the Npul × Npul correlation matrix μab
in the large Npul limit. The normalized eigenvectors are
spherical harmonicsYlmðΩ̂Þ evaluated at the pulsar directions
p̂a and p̂b, with eigenvaluesΛl, which are independent ofm.
We now do an analogous harmonic expansion of Cab.

For a general GW detector, (8.50) shows that its elements
are proportional to the squares of the elements of (G1),
which is written down explicitly in (7.17):

Cab ¼ 2h4
�
U2

ab þ ð2η2 þ η4ÞU2ð0Þδab
�
: ðG8Þ

Each of the terms on the rhs is a function only of the
angular separation γab between the two pulsars and not
their individual directions p̂a and p̂b. Hence, each term in
Cab may be written as an expansion in terms of Legendre
polynomials of cos γab. We use (G5) for the term propor-
tional to δab. The U2

ab term may be expressed as

U2
ab ¼

X
l

DlPlðcos γabÞ; ðG9Þ

where the Dl may be found using the orthogonality of the
Legendre polynomials (4.19). This gives

Dl ¼
2lþ 1

2

Z
1

−1
dxU2

abðxÞPlðxÞ

¼ 2lþ 1

2

X
l0

X
l00

Ql0Ql00

Z
1

−1
dxPl0 ðxÞPl00 ðxÞPlðxÞ

¼ ð2lþ 1Þ
X
l0

X
l00

Ql0Ql00

 
l l0 l00

0 0 0

!
2

; ðG10Þ

where the Wigner 3j symbols [53,54] are defined by an
integral over the two-sphere S2, given in the second
equality of (G16). Thus, substituting (G5) and (G9)
into (G8), and using the addition theorem (6.6) to
write the Legendre polynomials in terms of spherical
harmonics yields

Cab ≃
X
lm

λlYlmðp̂aÞY�
lmðp̂bÞ; ðG11Þ

where the expansion coefficients are

λl ≡ 8πh4

 
Dl

2lþ 1
þ ð2η2 þ η4ÞU2ð0Þ

Npul

!
: ðG12Þ

When there are many pulsars, (G11) is an eigenvector/
eigenvalue decomposition of Cab, completely analogous
to (G6) for μab.
In the many-pulsar limit, we can also expand C−1

ab in a
spherical harmonic basis, obtaining

C−1
ab ≃

�
4π

Npul

�
2 X
fljλl≠0g

Xl
m¼−l

λ−1l Ylmðp̂aÞY�
lmðp̂bÞ: ðG13Þ

The sum is restricted to those values of l for which λl is
nonvanishing. (For PTAs, λl is always nonzero, but for non-
PTA detectors without a pulsar term, some λl may vanish.
In such cases, C−1

ab is actually a pseudoinverse, as discussed
in Sec. VI C.)
It is straightforward to verify that (G13) is the inverse

of Cab in the many-pulsar limit. Begin with
P

b C
−1
abCbc.

Use (G2) to replace the sum over b with an integral.
Evaluate the integral, and use orthonormality of the
spherical harmonics to eliminate two of the sums.
Use (G4) to express the remaining sum of spherical
harmonics as δ2ðp̂a; p̂cÞ, and lastly, use (G3) to transform
that into δac.
We now use these expressions to evaluate E as

given by (8.54). The two C−1 matrices are replaced
by (G13), the four μab are replaced by (G6), and
the four sums over a, b, c, d are replaced by (G2).
This gives

E ≃ 16h8
X

fl1jλl1≠0g

X
m1

X
fl2jλl2≠0g

X
m2

X
l3m3

X
l4m4

X
l5m5

X
l6m6

λ−1l1 λ
−1
l2
Λl3Λl4Λl5Λl6ð2X þ YÞ; ðG14Þ

where

X ≡ ð−1Þm1þm2þm3þm4þm5þm6Il1m1;l3m3;l6;−m6
Il1;−m1;l3;−m3;l4m4

Il2m2;l4;−m4;l5m5
Il2;−m2;l5;−m5;l6m6

;

Y ≡ ð−1Þm1þm2þm3þm4þm5þm6Il1m1;l3m3;l6;−m6
Il1;−m1;l4;−m4;l5m5

Il2m2;l5;−m5;l6;m6
Il2;−m2;l3;−m3;l4m4

ðG15Þ
are products of integrals of spherical harmonics, obtained from the integrals that replaced the sums over a, b, c, d.
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The I’s are defined as integrals of the product of three spherical harmonics, which may be written in terms of the Wigner
3j symbols [53,54] as

Ilm;l0m0;l00m00 ≡
Z

dΩ̂YlmðΩ̂ÞYl0m0 ðΩ̂ÞYl00m00 ðΩ̂Þ

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2lþ 1Þð2l0 þ 1Þð2l00 þ 1Þ

4π

r  
l l0 l00

0 0 0

! 
l l0 l00

m m0 m00

!
: ðG16Þ

Where they are needed to avoid ambiguity, we add commas within the subscripts of the I’s, for example, in (G15).

The integrals Ilm;l0m0;l00m00 have several important proper-
ties. The first is obvious from the definition (G16): they are
symmetric under any permutation of the three pairs lm, l0m0
and l00m00. A second obvious property is that they vanish
unless mþm0 þm00 ¼ 0; this is a consequence of the
azimuthal dependence of Ylmðθ;ϕÞ ∝ eimϕ. A third relation
is obtained by considering the inversion transformation
Ω̂ → −Ω̂, which maps a point Ω̂ on the sphere to its
antipodal point [73]. Under this transformation, a point
with spherical coordinates ðθ;ϕÞ is mapped to a point

with coordinates ðπ − θ;ϕþ πÞ. Since the volume element
dΩ̂ is invariant under this transformation, the integral
in (G16) must be unchanged if we replace dΩ̂ by dð−Ω̂Þ
or, equivalently, if we leave the volume element
unchanged but replace the arguments of the three spherical
harmonic functions by −Ω̂. Since Ylm ∝ eimϕPm

l ðcos θÞ,
under the transformation Ylmð−Ω̂Þ ¼ Ylmðπ − θ; π þ ϕÞ ¼
eimπð−1ÞmþlYlmðθ; ϕÞ ¼ ð−1ÞlYlmðθ; ϕÞ ¼ ð−1ÞlYlmðΩ̂Þ.
We thus obtain

Ilm;l0m0;l00m00 ¼ ð−1Þlþl0þl00Ilm;l0m0;l00m00 ⇒ Ilm;l0m0;l00m00 ¼ 0 for lþ l0 þ l00 odd: ðG17Þ

Thus follows the third property: if lþ l0 þ l00 is odd, then Ilm;l0m0;l00m00 vanishes.
We note that the second equality in (G16) does not suffice to define the Wigner 3j symbols for two reasons. First, if

lþ l0 þ l00 is odd, the left-hand side of the equality and the leftmost 3j symbol vanish, but the right 3j symbol may be
nonzero. Furthermore, if m ¼ m0 ¼ m00 ¼ 0, then the overall sign is not determined. In such cases, the symbol is non-
negative if lþ l0 þ l00 is divisible by four, otherwise lþ l0 þ l00 is nonpositive.
The powers of (−1) in (G15) arise because some of the spherical harmonics are complex-conjugated: we have used

Y�
lmðΩ̂Þ ¼ ð−1ÞmYl;−mðΩ̂Þ to obtainZ

dΩ̂Y�
lmðΩ̂ÞYl0m0 ðΩ̂ÞYl00m00 ðΩ̂Þ ¼ ð−1ÞmIl;−m;l0m0;l00m00 : ðG18Þ

Similar relations exist for integrals containing any product of three complex-conjugated or unconjugated Ylm.
If all three spherical harmonics are complex-conjugated, the integral is invariant:

Ilm;l0m0;l00m00 ¼ Il;−m;l0;−m0;l00;−m00 : ðG19Þ

To see this, consider the integralZ
dΩ̂Y�

lmðΩ̂ÞY�
l0m0 ðΩ̂ÞY�

l00m00 ðΩ̂Þ ¼ ð−1Þmþm0þm00
Il;−m;l0;−m0;l00;−m00 ¼ Il;−m;l0;−m0;l00;−m00 ; ðG20Þ

where the first equality follows from Y�
lmðΩ̂Þ ¼ ð−1ÞmYl;−mðΩ̂Þ and the second equality follows because I vanishes unless

the sum of the three m’s is zero. But we can easily transform the lhs of (G20) to the same quantity without the complex
conjugates. The integral over the azimuthal angle that appears on the lhs of (G20) isZ

2π

0

dϕ e−iðmþm0þm00Þϕ ¼
Z

−2π

0

−du eiðmþm0þm00Þu ¼
Z

0

2π
−du eiðmþm0þm00Þu ¼

Z
2π

0

du eiðmþm0þm00Þu: ðG21Þ
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The first equality in (G21) follows from a change of
variables ϕ ¼ −u, the second equality is because the
argument is periodic with period 2π, and the final sign
change is from flipping the direction of integration. This is
the same integral that would appear on the lhs of (G20) if
the complex conjugates were removed, thus proving (G19).
The expression (G14) for E may be computed for any

detector response that has only a finite number of nonzero

Λl or λl, but naive counting indicates that the number of
terms in the sums is of order L12

max. Computationally, this is
very expensive, but the cost can be greatly reduced by
combining and eliminating terms.
As a first step, we can simplify the expression (G14)

for E by noting that the Wigner 3j symbols ð lm l0
m0

l00
m00Þ

vanish unless the following three conditions (“selection
rules” [53,54]) are satisfied:

ðiÞ m ∈ f−l;−lþ 1;…; lg; m0 ∈ f−l0;−l0 þ 1;…; l0g; m00 ∈ f−l00;−l00 þ 1;…; l00g;
ðiiÞ mþm0 þm00 ¼ 0;

ðiiiÞ jl − l0j ≤ l00 ≤ lþ l0: ðG22Þ

Because (G14) arises from a sum over spherical harmonics,
condition (i) is always satisfied. Note that the Wigner 3j
symbol which appears in (G16) is invariant under any even
permutation of the three “columns.” Under an odd permu-
tation, it is invariant if the sum of the top row is even;
otherwise it changes sign.
Using the symmetries and selection rules, we can reduce

the number of terms in the sum to order L9
max. Consider the

index structure of the four I’s that appear in (G15) for X.
Selection rule (ii) implies:

m1 þm3 −m6 ¼ 0;

−m1 −m3 þm4 ¼ 0;

m2 −m4 þm5 ¼ 0;

−m2 −m5 þm6 ¼ 0: ðG23Þ

Since the final equation is implied by the previous ones,
only three of these equations are independent. For X these
imply

m4 ¼ m6 ¼ m1 þm3; m5 ¼ m1 −m2 þm3: ðG24Þ

In addition, selection rule (iii) applied allows us to restrict
the summations over l4, l5, and l6 to a smaller range of
values. For X this implies

X
l4

¼
Xl1þl3

l4¼jl1−l3j
;

X
l5

¼
Xl2þl4

l5¼jl2−l4j
;

X
l6

¼
Xl1þl3

l6¼jl1−l3j
:

ðG25Þ
A similar set of conditions and restrictions hold for Y.
These imply that

m4¼m2þm3; m5¼m1þm2þm3; m6¼m1þm3;

ðG26Þ
and

X
l4

¼
Xl2þl3

l4¼jl2−l3j
;

X
l5

¼
Xl1þl4

l5¼jl1−l4j
;

X
l6

¼
Xl1þl3

l6¼jl1−l3j
:

ðG27Þ

Thus, when evaluating E, the summations overm4,m5, and
m6 can be eliminated, and the range of the summations over
l4, l5, and l6 can be restricted. These significantly reduce
the computational cost of evaluating E.
An explicit expression for E with the reduced number of

summations is

E ≃ 2Aþ B; ðG28Þ

where
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A≡ 16h8
X

fl1jλl1≠0g

X
fl2jλl2≠0g

X
l3

Xl1þl3

l4¼jl1−l3j

Xl2þl4

l5¼jl2−l4j

Xl1þl3

l6¼jl1−l3j
λ−1l1 λ

−1
l2
Λl3Λl4Λl5Λl6

×
ð2l1þ 1Þð2l2þ 1Þð2l3þ 1Þð2l4þ 1Þð2l5þ 1Þð2l6þ 1Þ

ð4πÞ2
 
l1 l3 l6
0 0 0

! 
l1 l3 l4
0 0 0

! 
l2 l4 l5
0 0 0

! 
l2 l5 l6
0 0 0

!

×
Xl1

m1¼−l1

Xl2
m2¼−l2

Xl3
m3¼−l3

0B@ l1 l3 l6

m1 m3 −m1−m3

1CA
0B@ l1 l3 l4

−m1 −m3 m1þm3

1CA
×

0B@ l2 l4 l5

m2 −m1−m3 m1−m2þm3

1CA
0B@ l2 l5 l6

−m2 −m1þm2 −m3 m1þm3

1CA ðG29Þ

and

B≡ 16h8
X

fl1jλl1≠0g

X
fl2jλl2≠0g

X
l3

Xl2þl3

l4¼jl2−l3j

Xl1þl4

l5¼jl1−l4j

Xl1þl3

l6¼jl1−l3j
λ−1l1 λ

−1
l2
Λl3Λl4Λl5Λl6

×
ð2l1þ 1Þð2l2þ 1Þð2l3þ 1Þð2l4þ 1Þð2l5þ 1Þð2l6þ 1Þ

ð4πÞ2
 
l1 l3 l6
0 0 0

! 
l1 l4 l5
0 0 0

! 
l2 l5 l6
0 0 0

! 
l2 l3 l4
0 0 0

!

×
Xl1

m1¼−l1

Xl2
m2¼−l2

Xl3
m3¼−l3

ð−1Þm1þm2

0B@ l1 l3 l6

m1 m3 −m1 −m3

1CA
0B@ l1 l4 l5

−m1 −m2−m3 m1þm2þm3

1CA
×

0B@ l2 l5 l6

m2 −m1−m2 −m3 m1þm3

1CA
0B@ l2 l3 l4

−m2 −m3 m2þm3

1CA: ðG30Þ

To avoid any ambiguity in their second rows, we have
added vertical separators to the Wigner 3j symbols. Note
that for detectors that respond to an infinite number of
l-modes, or for detectors that include a pulsar term, the
summations over l extend to infinity.
We now prepare to calculate the non-Gaussian contri-

bution Ê to the χ2 statistic as given in (8.54). This requires
the projection operator Pab and the projected inverse
metric Ĉ−1

ab ; see (8.53) and (8.55). Using (G13) for C−1
ab ,

it is easy to see that in the large pulsar limit, 1 is an
eigenvector of C−1:X

b

C−1
ab1b ≃

4π

Npul

1

λ0
1a ⇒ 1⊤C−11 ≃

4π

λ0
; ðG31Þ

where 1 is a vector containing all ones (3.7). The first
relation may be verified by using (G13) to replace C−1

ab
and (G2) to replace the summation over b with an integral.
Carrying out the integral, and using the orthonormality of
the spherical harmonics, all terms vanish apart from the one
with l ¼ m ¼ 0. This term gives the first relation, which in

turn implies the second relation. Now, substituting (G31)
into (8.53) leads to

Pab ≃ δab −
1

Npul
1a1b: ðG32Þ

(Note that this has the correct trace Npul − 1.) Substituting
this projection operator into (8.55) and using (G31) again,
yields

Ĉ−1
ab ≃ C−1

ab −
4π

λ0

1

N2
pul

1a1b: ðG33Þ

This completes our preparation for the calculation that
follows.
To compute the non-Gaussian contribution Ê in the

many-pulsar limit, we determine the difference between
the two expressions given in (8.54). Since C−1 and Ĉ−1 are
related by (G33) (twice), the difference consists of two
terms. The first term (1) contains 1a1b1c1d, and the second
term (2) contains 1a1bC−1

cd þ 1c1dC−1
ab . To evaluate these,
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we replace the summations with integrals using (G2)
(four times), replace μab with a sum of harmonics
using (G6) (four times), and in term (2) we replace
C−1 with the harmonic expansion (G13). The four
integrals may now be carried out. In term (1), each gives
Kronecker deltas of the form δl1l2δm1m2

, which allow all
but the final sum to be evaluated. In term (2), two of the

integrals evaluate to give Kronecker deltas. The remain-
ing two integrals over three spherical harmonics each give
rise to terms defined by (G16). In simplifying the product
of those two terms, it is helpful to keep in mind that one
may freely change the signs of the m’s, because they are
summed over both signs. Making use of (G17), (G19),
and (G20), one obtains

E − Ê ≃ −
48h8

ð4πλ0Þ2
X
l

ð2lþ 1ÞΛ4
l þ

32h8

4πλ0

X
fl1jλl1≠0g

X
m1

X
l2m2

X
l3m3

λ−1l1 Λl2Λ
2
l3
ð2Λl3 þ Λl2ÞI2l1m1;l2m2;l3m3

; ðG34Þ

where the first term on the rhs arises from (1) and the second from (2). As earlier, we can use the Wigner 3j selection
rules to eliminate the sum over m3 in the last term (since m3 ¼ −m1 −m2), and also restrict the range of the sum over l3
to run from jl1 − l2j to l1 þ l2. Making use of (G16) to evaluate the I2 factor, we obtain

E − Ê ≃ −
48h8

ð4πλ0Þ2
X
l

ð2lþ 1ÞΛ4
l þ

32h8

4πλ0

X
fl1jλl1≠0g

X
l2

Xl1þl2

l3¼jl1−l2j
λ−1l1 Λl2Λ

2
l3
ð2Λl3 þ Λl2Þ

×
ð2l1 þ 1Þð2l2 þ 1Þð2l3 þ 1Þ

4π

 
l1 l2 l3
0 0 0

!
2 Xl1
m1¼−l1

Xl2
m2¼−l2

0B@ l1 l2 l3

m1 m2 −m1 −m2

1CA
2

: ðG35Þ

While we have not indicated it, the sum over l3 may be further restricted to those values for which l1 þ l2 þ l3 is even.
This follows from (G17).
To end this section, we consider a simple example: a (non-PTA) detector which is sensitive to only a single harmonic

mode (Ql ¼ δlL), in the absence of pulsar terms (η ¼ 0). For this case, the above expressions for E and Ê simplify
considerably. Using (G7), (G10), and (G12), we obtain

Λl ¼
4π

2Lþ 1
δlL and λl ¼ 8πh4

Dl

2lþ 1
¼ 8πh4

 
l L L

0 0 0

!
2

⇒ λ0 ¼
8πh4

2Lþ 1
: ðG36Þ

Symmetry properties of the above Wigner 3j symbol then imply that λl ≠ 0 only if l ¼ 0; 2;…; 2L. Thus, the total number
of nonzero eigenvalues of the covariance matrix Cab is given by NDOF ¼ ð2Lþ 1ÞðLþ 1Þ.
Substituting the expressions in (G36) for Λl and λl into (G28), (G29), (G30), and (G35) leads to the following simpler

expressions:

E≃ 4

�
h
h

�
8XL
l1¼0

XL
l2¼0

ð4l1þ 1Þð4l2þ 1Þ

×
X2l1

m1¼−2l1

X2l2
m2¼−2l2

XL
m3¼−L

26642
0B@2l1 L L

m1 m3 −m1−m3

1CA
2
0B@2l2 L L

m2 −m1−m3 m1−m2þm3

1CA
2

þð−1Þm1þm2

0B@2l1 L L

m1 m3 −m1−m3

1CA
0B@2l1 L L

m1 m2þm3 −m1 −m2−m3

1CA

×

0B@2l2 L L

m2 m3 −m2−m3

1CA
0B@2l2 L L

m2 m1þm3 −m1 −m2−m3

1CA
3775; ðG37Þ
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and

E − Ê ≃
12

2Lþ 1

�
h
h

�
8

264−1þ 2
XL
l1¼0

ð4l1 þ 1Þ
X2l1

m1¼−2l1

XL
m2¼−L

0B@ 2l1 L L

m1 m2 −m1 −m2

1CA
2
375; ðG38Þ

where we “doubled” the indices l1 and l2 since the summand vanishes if either of these is odd.
By evaluating the rhs of (G37) and (G38), we find

E ≃ 2ð2Lþ 1Þð4L2 þ 9Lþ 6Þ
�
h
h

�
8

and E − Ê ≃ 12

 
4L2 þ 6Lþ 1

2Lþ 1

!�
h
h

�
8

: ðG39Þ

These are amazingly simple formulas, considering the
summations of products of the various Wigner 3j symbols
that enter (G37) and (G38). We have not found an
analytical approach to evaluate the sums leading to (G39).

APPENDIX H: SKY LOCATIONS OF PULSARS
CURRENTLY MONITORED BY PTA

COLLABORATIONS

Table IV gives the sky locations of the 88 pulsars currently
monitored by the European Pulsar Timing Array (EPTA)
collaboration, the North American Nanohertz Observatory
for Gravitational Waves (NANOGrav) collaboration, and the
Parkes Pulsar Timing Array (PPTA) collaboration [37]. We
used these to create Figs. 3, 8, and 9, and for constructing
Tables I and II: see Secs. V B, VII C, and VIII C for details.
The sky locations are in equatorial coordinates, with right
ascension (ra) and declination (dec) given in degrees. They
are related to spherical polar coordinates (in radians) via
θ ¼ π=2 − ðπ=180°Þdec and ϕ ¼ ðπ=180°Þra.

TABLE IV. The 88 pulsars currently employed by the European
Pulsar Timing Array, the North American Nanohertz Observatory
for Gravitational Waves, and the Parkes Pulsar Timing Array
collaborations. The final column identifies which PTAs employ
this pulsar. The sky location is given by right ascension and
declination in degrees. The International Pulsar Timing Array
(IPTA) pulsars are the full list.

Pulsar name ra (deg) dec (deg) PTA

J0023þ 0923 5.8 9.4 N
J0030þ 0451 7.6 4.9 EN
J0034 − 0534 8.6 −5.6 E
J0218þ 4232 34.5 42.5 E
J0340þ 4130 55.1 41.5 N
J0406þ 3039 61.6 30.7 N
J0437 − 4715 69.3 −47.3 NP
J0509þ 0856 77.3 8.9 N
J0557þ 1551 89.4 15.8 N
J0605þ 3757 91.3 38.0 N
J0610 − 2100 92.6 −21.0 EN

(Table continued)

TABLE IV. (Continued)

Pulsar name ra (deg) dec (deg) PTA

J0613 − 0200 93.4 −2.0 ENP
J0614 − 3329 93.5 −33.5 N
J0621þ 1002 95.3 10.0 E
J0636þ 5128 99.0 51.5 N
J0645þ 5158 101.5 52.0 N
J0709þ 0458 107.3 5.0 N
J0711 − 6830 108.0 −68.5 P
J0740þ 6620 115.2 66.3 N
J0751þ 1807 117.8 18.1 E
J0900 − 3144 135.2 −31.7 E
J0931 − 1902 142.8 −19.0 N
J1012þ 5307 153.1 53.1 E
J1012 − 4235 153.1 −42.6 N
J1017 − 7156 154.5 −71.9 P
J1022þ 1001 155.7 10.0 ENP
J1024 − 0719 156.2 −7.3 ENP
J1045 − 4509 161.5 −45.2 P
J1125þ 7819 171.5 78.3 N
J1125 − 6014 171.5 −60.2 P
J1312þ 0051 198.2 0.9 N
J1446 − 4701 221.6 −47.0 P
J1453þ 1902 223.4 19.0 N
J1455 − 3330 223.9 −33.5 EN
J1545 − 4550 236.5 −45.8 P
J1600 − 3053 240.2 −30.9 ENP
J1603 − 7202 240.9 −72.0 P
J1614 − 2230 243.7 −22.5 N
J1630þ 3734 247.7 37.6 N
J1640þ 2224 250.1 22.4 EN
J1643 − 1224 250.9 −12.4 ENP
J1705 − 1903 256.4 −19.1 N
J1713þ 0747 258.5 7.8 ENP
J1719 − 1438 259.8 −14.6 N
J1721 − 2457 260.3 −25.0 E
J1730 − 2304 262.6 −23.1 ENP
J1732 − 5049 263.2 −50.8 P
J1738þ 0333 264.7 3.6 EN
J1741þ 1351 265.4 13.9 N
J1744 − 1134 266.1 −11.6 ENP
J1745þ 1017 266.4 10.3 N

(Table continued)
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