arXiv:2208.01982v1 [quant-ph] 3 Aug 2022

All-optical coherent quantum-noise cancellation in cascaded optomechanical systems

Jakob Schweer,! Daniel Steinmeyer,! Klemens Hammerer,>' and Michele Heurs!

Unstitute for Gravitational Physics, and Max Planck Institute for Gravitational Physics (Albert Einstein Institute),
Leibniz Universitit Hannover, Callinstrafe 38, 30167 Hannover, Germany
2Institute for Theoretical Physics, Leibniz Universitit Hannover, Appelstrafe 2, 30167 Hannover, Germany
(Dated: August 4, 2022)

Coherent quantum noise cancellation (CQNC) can be used in optomechanical sensors to surpass the standard
quantum limit (SQL). In this paper, we investigate an optomechanical force sensor that uses the CQNC strategy
by cascading the optomechanical system with an all-optical effective negative mass oscillator. Specifically, we
analyze matching conditions, losses and compare the two possible arrangements in which either the optome-
chanical or the negative mass system couples first to light. While both of these orderings yield a sub-SQL
performance, we find that placing the effective negative mass oscillator before the optomechanical sensor will
always be advantageous for realistic parameters. The modular design of the cascaded scheme allows for better
control of the sub-systems by avoiding undesirable coupling between system components, while maintaining
similar performance to the integrated configuration proposed earlier. We conclude our work with a case study

of a micro-optomechanical implementation.

I. INTRODUCTION

Achieving force measurements at the quantum limit has
been a significant focus for several decades [1, 2] and has
fueled the development of optomechanics [3-5]. Optome-
chanical sensors exploit the interaction of a light field with
the motion of a mechanical oscillator to measure its displace-
ment with high precision. Force measurements based on these
schemes are subject to shot noise and quantum radiation pres-
sure backaction noise [6, 7]. Shot noise is caused by the un-
certainty in the number of photons over time and can be de-
creased relative to the signal by increasing the intensity of the
optical field. Contrary, the backaction noise arises from the
fluctuation in the radiation pressure of the optical field, which
will increase with its intensity. The trade-off between these
competing processes then sets a lower bound to the precision
of the measurement, which is called the standard quantum
limit (SQL) [7-9].

The SQL is not a fundamental limit, and many different
approaches have been suggested to achieve measurements
with sub-SQL accuracy. These approaches include frequency-
dependent squeezing [10, 11], variational measurements [ 12—
14], dual mechanical resonators [15, 16] and optical spring
effects [17-19]. In essence, these ideas go beyond the SQL
by measuring a quantum non-demolition (QND) variable of
the probe, that is, a variable that commutes with itself for dif-
ferent moments in time. In a QND measurement, the back-
action is transmitted to the canonically conjugate observable
and thus avoided. A more general approach to QND mea-
surements is gained by introducing another system that acts
like a reference frame with an effective negative mass [20].
By measuring with respect to this reference system, a QND
measurement is realized. When the reference system is a har-
monic oscillator, an effective negative mass amounts to a neg-
ative eigenfrequency. This idea was first experimentally uti-
lized in demonstrating Einstein-Podolsky-Rosen (EPR) states
of two atomic spin oscillators of positive and negative mass
[21]. Based on this, back action cancellation was demon-
strated by Wasilewski et al. [22] in the context of magnetom-

etry. Extending this idea, several proposals have been made
in a hybrid setting of a mechanical oscillator and atomic spin
ensembles [20, 23], and the evasion of backaction noise in
these spin ensembles experimentally verified in [24]. Inde-
pendently, Tsang and Caves [25, 26] developed this idea in
a more general context, called quantum-mechanics-free sub-
systems. In the context of optomechanics, the main idea is
to introduce an ‘anti-noise’ path to the dynamics of the op-
tomechanical sensor upon coupling to an ancillary resonator
that acts as an effective negative mass. This way, the back-
action noise can be cancelled coherently, and sub-SQL force
sensing is achieved for all measurement frequencies. Appro-
priately, this approach is called coherent quantum noise can-
cellation (CQNC). Details and experimental feasibility of this
all-optical effective negative mass oscillator were discussed in
more detail by Wimmer et. al [27].

Within the area of CQNC force sensing, many other possi-
ble negative mass oscillators and setups have been considered.
Other setups include the use of ultra-cold atoms inside a sepa-
rate cavity [28, 29], hybrid optomechanical cavity, i.e. imple-
menting an atomic ensemble inside the optomechanical sensor
[30, 31] and employing Bose-Einstein condensates [32]. Even
a new all-optical setup was suggested using two detuned opti-
cal modes inside the force sensor [33]. These approaches can
be categorized into integrated setups, where the effective neg-
ative mass is introduced directly into the optomechanical force
sensor, and cascaded setups [34, 35], where the effective neg-
ative mass oscillator is a separate system. Recently, Zeuthen
et al. [36] considered a broad class of effective negative mass
oscillators in a cascaded setting and even considered a possi-
ble coupling between the positive and negative mass oscillator
in a parallel topology.

Inspired by this, we want to discuss a cascaded version of
the original all-optical setup [25, 27]. Instead of implement-
ing the ‘anti-noise’ path directly into the optomechanical sen-
sor, an all-optical effective negative mass oscillator is built
as a separate system. The backaction is then cancelled by
coupling the force sensor to the effective negative mass os-
cillator via a strong coherent field. This approach will give
more freedom in the experimental design and simplify reach-
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FIG. 1. (a) Sketch of the cascaded setup. The optomechanical sensor
(green) consists of a mechanical oscillator inside an optical cavity,
depicted in a membrane-in-the-middle (MiM) setup. The effective
negative mass oscillator (blue) comprises two optical modes, cou-
pled via a beam-splitter and down-conversion process. A non-linear
(PPKTP) crystal exemplifies the coupling for the down-conversion
and a wave plate for the beam-splitter coupling. (b) Simplified de-
piction of the possible arrangements of the cascaded scheme.

ing the challenging conditions for a CQNC experiment. The
main challenge before cancelling quantum backaction noise is
to measure the backaction noise. Due to the modular nature
of the cascaded approach, this can be tackled entirely sepa-
rate from the effective negative mass oscillator. Additionally,
it will be easier to achieve the small beam waists required for
the down-conversion and optomechanical interaction. We will
see that under some modifications to the matching conditions,
our cascaded setup recovers the ideal CQNC performance de-
scribed in [27], and the additional degrees of freedom by ex-
panding the dimension of the system lead to novel phenomena
for sub-SQL force sensing. This includes the recovery of ideal
CQNC around an off-resonant frequency and possible CQNC
performance in the low- or high-frequency regime, even for
unmatched CQNC conditions.

This paper is organized as follows. In Sec. II, we describe
the model of our cascaded CQNC scheme and derive the quan-
tum Langevin equations of motion. In Sec. III, we discuss
force sensing in optomechanical sensors and derive the opti-
mal parameters for ideal CQNC. In Sec. IV, we analyze pos-
sible deviations from the ideal conditions and their impact on
the performance of coherent quantum noise reduction. Then,
in Sec. V, a case study is provided. Finally, we summarize
our findings in Sec. VL.

II. MODEL

Fig. 1(a) illustrates a possible realization of our setup. An
optomechanical sensor (OMS), subject to an external force
and radiation pressure noise, is connected to an effective nega-
tive mass oscillator (NMO) by a coherent light field. The force

is then measured by detecting outgoing light after the second
system. The order of sub-systems can be chosen freely, and
the two possible arrangements are depicted in Fig. 1(b). In
the first case, the light travels through the NMO, followed by
the OMS. We will refer to this case as NMO +— OMS. In
the second case, the order is reversed; hence the light will
travel through the OMS first, and we will refer to this case as
OMS — NMO. The effects of these different arrangements
on the performance of the backaction cancellation will be dis-
cussed later.

The OMS is modelled by an optical cavity with reso-
nance frequency won,, containing a damped mechanical posi-
tive mass oscillator (PMO) with resonance frequency wy, and
linewidth ~;,, coupled to the cavity field via radiation pressure
interaction and subjected to an external force F. Following
the standard treatment of these force sensors [5], we move to
arotating frame with respect to the frequency wy, of the strong
driving laser field and arrive at the linearized Hamiltonian

W
7(%211 +p12n) + 9Zm(Com + clm)'

(1

Here, Ao = Wom — wy, is the detuning of the optomechani-
cal cavity to the incoming field, cop, (cgm) are the annihilation
(creation) operators of the optical mode and z,,, = X/xzpp,
Pm = Px,pr/h are the position and momentum operators of
the mechanical oscillator normalized to the zero-point fluctu-
ation Zypp = +/h/Mwn,, such that [y, pm] = i. The last
term in Eq. (1) describes the radiation pressure interaction of
the cavity mode and the mechanical oscillator. Its strength
is given by ¢ = wcxzprac/L, where L is the cavity length
and a. o v/ P is the field amplitude of the cavity mode, pro-
portional to the input power P. Introducing dimensionless
amplitude and phase quadratures com = (Zom + iPom )/ V2,
the Hamiltonian (1) implies the quantum Langevin equations

(QLEs)

HOMS = Aomcgmcom +

Ty = WmPm, (2a)
Pm = —WmZTm — YmPm — 9Tom + V Y F, (2b)
. R i
Lom = _%xom + Aompom + Homxlgrzna (2C)

. K .
pom = *%pom - Aomxom - gmm + vV Rom g;n (2d)

Here, fom is the decay rate of the cavity mode and ¢, =
(x® 4+ ipi" )/+/2 is its vacuum input noise. The noise pro-
cess fulfills (i (t)ci2i(7)) = §(t — 7). In Eq. (2) we have
defined the scaled force operator F' = F/\/Am~yywy, with
dimension v/Hz. It consists of the to-be-detected force signal
F;, acting on the mechanical oscillator and Brownian thermal
noise F}, of the oscillator. The scaled thermal noise satisfies
(Fo(t)Fo (7)) = nwd(t — 1), where ny,, = kgT/hwy, is the
average phonon number of the mechanical oscillator.

The NMO consists of two optical modes c. and a, with res-
onance frequencies w. and w,, coupled with a beam-splitter
and down-conversion process. In analogy to [27, 37], we re-
fer to w, as the meter cavity and w, as the ancilla cavity. The

Hamiltonian of this system, see Appendix A for details, is



given by

Hyno = Accleet+Anal atgos(aci+a'ce)+goe(ace+alcl),

3)
with the detunings A; 5 = wc  — wy, the beam-splitter cou-
pling strength ggs and the coupling strength of the down-
conversion process gpc. As above, we introduce amplitude
and phase quadratures associated with the meter and ancilla
cavity. Then the Hamiltonian (3) implies the following QLEs
for the NMO,

. K .
Bo = ——Tc + Acpe + (gns — gpe)Pa + VEczl,  (4a)

2
K in
S (gos + gpe)Ta + VEPE,  (4b)

De = _?xc —Acxe —

. Ra
Ty = —ixa + Aapa + (gBS - gDC)pC +

5 Ratll,  (4c)
(gss + G )Te + VEapl,  (4d)

. Ra
Pa = ——Pa—

5 Az, —

with the cavity linewidth «. and x, and the input noise pro-
cesses al™ and c'. Under the condition g5 — gpc = 0, the
QLEs (4) generate similar interaction as in Egs. (2). Addition-
ally, driving the meter cavity on resonance A, = 0, results in
A, = w, — wc. Thus the detuning between the meter and an-
cilla cavity can be used to generate an effective negative mass
oscillator.

III.  FORCE SENSING AND IDEAL CQNC

To solve the dynamics of both systems, we turn to the fre-
quency domain. Introducing the Fourier domain operators

O(w) = \/%/dtO(t)em,

equations (2)—(4) can be solved using the standard input-
output formalism [38]

% = \/kx — 2™, (5)
P = Vep —p™ (6)

We consider the systems separately, first the OMS. On reso-
nance, A, = 0, the output quadratures read

out __ _i¢,.in
Iom =e xonn
out __ _i¢, in 2 2 in
Pom = € "Pom — XmY FomXomZTom (7)

+ XmvKom9Xom v/ YmF,

where €' = (32 —jw)/(“5m +iw). We have defined the sus-

ceptibilities for the optomechanical cavity and the mechanical
oscillator, as

“?r% ®)

Xm(w) = wm[(w2 — wfn) — i’ymw]_l. 9)

Xom (W) = [iw +

The mechanical oscillator is susceptible to the external force
F, which contains the force signal F;, and thermal noise F},,.

sig

By measuring with light, the force signal can be estimated via
a phase measurement, which also introduces additional noise
due to the radiation pressure. From the measured phase pSit

in Eq. (7) we can give an unbiased estimator F of the force F,
as

1
v YmXm 9/ FomXom

where the additional force noise, added by the measurement
light, is defined as

F= PO = F 4 Fo,  (10)

ei¢ in
v YmXm 9/ Fom Xom Pom
o 9+/Kom Xom Z‘in
/T/m om

To characterize the sensitivity of the force measurement, we
use the (power) spectral density of the added noise defined by

Fadd = Fth +

Y

S (w)d(w — o) = % ((Puale)Fuaa ) +e) . (12)

Assuming uncorrelated amplitude and phase quadratures, the
added noise spectral density is
kT 1 Gom
S F = 2 9
hw m 2Gom Ym |Xm | 2’Ym

(13)

where we defined the frequency dependent measurement
strength as

(om )2

Gom w) = 2’<50m om (W 2= Fom 277 14
(W) = 9" Kom|Xom (w)] 7+ (B2 (14)

with Lorentzian shape and maximum I'y,, = i. In this

form, the noise spectral density (13) is dimensionless. To ar-
rive at a force noise spectral density in units of N2 /Hz, one
has to re-scale it, such that Sp(w) = AmymwmSr(w) for a
given optomechanical force sensor [27]. The terms in Eq. (13)
are thermal noise due to Brownian motion of the mechanical
oscillator (first term), shot noise in the phase quadrature (sec-
ond term) and backaction noise from the amplitude quadra-
ture (third term). The thermal noise adds a flat background to
the force sensitivity, which is independent of the measurement
rate Gon and frequency. Throughout this paper, we will as-
sume that the thermal noise is either dominated by backaction
noise [27] or is suppressed by cooling of the mechanical mode
and therefore neglect this term.

The shot noise term scales inversely proportional to the
measurement rate Gy, and thus inversely proportional to the
power, as G, o« P. Additionally, the backaction noise is
proportional to Gon,. This implies that an optimal power
value, which minimizes Eq. (13), exists for each frequency.
Minimizing Eq. (13) with respect to G, for all frequencies
gives the achievable lower bound

Sp(w) > —

— =S (W), 15
— '7m|Xm(CU)| Q (w) ( )



which is the standard quantum limit (SQL). The optimal mea-
surement rate required is

!
~ Ixm()l

Next, we consider the NMO. On resonance, A. = 0, and
for ggs = gpc = % ga the output quadratures read

Gsqu(w) (16)

x:':)ut — ezexlcn7
out __ 10 in 2 2 _in
P =€ DPe — Xa9akcXcLe 17)

Ka/2 +1iw .
+ Xav/KcGaXcV Ra <3L/Ax;n + plan> ;
a

where e’ = (% — iw)/(% + iw). We have defined suscep-
tibilities of the meter cavity . and the ancilla cavity y, as

xe = fiw+ 517 (18)
2
Xa = Auf(w? — AZ — %) —ikaw] L (19)

The aim of our setup is to couple the two systems in a manner
that the backaction noise in the force spectrum will cancel,
hence allowing for a sub-SQL performance. In our dual-cavity
setup, this is done by cascading the two systems and matching
the parameters of the NMO accordingly.

As seen in Fig. 1(b), the whole scheme has two possi-
ble arrangements. Thus, to cascade the systems, we choose
20" = it and pout = pi  for the case NMO +— OMS and

C C

2o = % and po%t = pi* for OMS ~ NMO. For ideal
CQNC, the order will not matter. We will discuss cases that
depend on the order further below. After cascading the two
systems, we can again identify the additional force noise as in

Eq. (10) and derive the added noise spectral density
_ 1
2G omYm|Xm[?
+ G§|Xa‘2 + Gc2>m|Xm|2 + 2 GaGomR(XmXz)
2Gom’}/m|Xm|2
Gakialxal? 2 274
Ralxal? (A REA LY
2GomYun [Xm |? AZ

Sk

(20)

see Appendix B for details. Analogous to the measurement
strength of the OMS in Eq. (14), we have defined the fre-
quency dependent measurement strength of the NMO,

NG

a5z @D
w? + (5)°

Ga(w) = gatic|xe(w)|

with ', = iig. The terms in Eq. (20) are shot-noise (first
term), backaction noise (second term) and shot noise from the
ancilla cavity (last term). The backaction noise is then can-
celled if the conditions are such that

1
9ss = gpc = iga» (22)
Gom(w) = Ga(w), (23)
Xm(w) = _Xa(w)v (24)

for all w. This means that the ancilla cavity should couple to
the light with the same strength as the PMO, but the response
to the force signal should be opposite to the PMO, hence it
behaves as an effective negative mass. Considering the ex-
plicit form of Egs. (9) and (19), condition (24) entails further
restrictions:

1. The detuning of the ancilla cavity to the meter cavity is

A, = —Wm;, (24a)
which effectively moves the ancilla cavity to the nega-
tive mass frame.

2. The linewidth of the ancilla cavity «, should match the
damping rate of the mechanical oscillator

(24b)

Ka = Ym,
to mimic the oscillating behaviour of the PMO.

3. The susceptibilities x,, and x, differ by a factor x2 /4.
To alleviate this, the detuning |A,| > k., and together
with forgoing points this implies the resolved sideband
limit of the ancilla cavity

Wm > Ka, (24¢)

and a large quality factor of the mechanical oscillator,

Om = :—m > 1. (24d)

m

These conditions are similar to the integrated setup [27], but
instead of the coupling strength g, and g, the measurement
strengths G, and Gy, need to match.

Assuming conditions (22)—-(24) are met, the backaction
term in Eq. (20) will vanish, and we arrive at

1 1 (w?+r2/4
S = - m 1 25
B 2C omm X ? T3 ( wi, * =

The shot noise is proportional to G} o P~! and hence can

be made arbitrarily small for large powers. In this limit, we
arrive at the lower bound

1 (w2 +A~2/4
Sp(w) 2 5 <w§/ + 1> = Soone(@).  (26)
This is a stricter bound than the SQL, sometimes referred to
as the fundamental quantum limit (FQL)[9], energetic quan-
tum limit [39] or the quantum Cramér-Rao bound [40, 41].
Combining Egs. (15) and (26) we find

on resonance w = w
m (27)
off resonance.

1
Soane = S X {1/(2Qm)

In conclusion, under the additional condition that G, = G,
the cascaded setup reproduces the same findings of [27], lead-
ing to an enhancement in performance up to a factor of 2@,
off-resonance and SQL performance on resonance.



TABLE I. Parameters of the optomechanical sensor used in Figs. 2
to5

Parameter Norm. value Value
wm mechanical resonance frequency 1 500 kHz
Ym mechanical linewidth 10wy, 500 Hz
(m mechanical quality factor :l‘: 1000
Kom Optomechanical cavity linewidth 10 wm 5 MHz

IV. IMPERFECT CQNC

Conditions (22)—(24) are the ideal case for a perfect cancel-
lation of backaction noise and will not be satisfied in an actual
experiment. Therefore, we will discuss possible imperfections
and their impact on the performance of our cascaded scheme.
These imperfections include mismatches to the parameters in
Egs. (22)—(24), and possible losses. Another degree of free-
dom of our setup is the order in which the light passes through
the sub-systems (i.e. NMO +— OMS or OMS — NMO),
but this will only affect the force sensing performance for im-
perfections that directly affect the force signal. Hence, we
split our discussion into order dependent and independent cat-
egories. Data shown in the figures of this section refer to an
OMS given by the parameters in Table I.

A. Order-independent imperfections

The parameters discussed in this subsection will impede
the cancellation of backaction noise and, as a result, limit
the CQNC performance but will not affect the force signal.
Hence, the possible CQNC performance in the face of these
imperfections will not depend on the system order.

1. Non-ideal ancilla cavity linewidth ka # Ym

The strictest requirement for an all-optical CQNC setup is
to match the ancilla cavity linewidth to the damping rate of
the mechanical oscillator. Assuming all conditions for ideal
CQNC are matched, except Kk, # . Since the measurement
strengths, G, = G, are matched for all frequencies, and we
assume no propagation losses between the system, this effec-
tively reduces to the integrated CQNC setup [27]. The spectral
density of added noise (20) in this case becomes

2
1 Gom | Xm + Xa

N QGOIHVIH‘XI”H‘Q 2’Ym Xm
HalXa|2 w2+"{§‘/4 +1 .
2%m|Xm[? wi,

Sk

(28)

For an optimal G,,, we find the minimal spectral density
for the added noise,

SF f— |XIII + Xa K’?L XH 22 <w2 +2K’ZL/4 _|_ 1> (29)
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FIG. 2. Force noise for a mismatch between ancilla cavity linewidth
Ka and damping rate of the mechanical oscillator V. For ko < wm
an improvement of k./2wm can be achieved off-resonance (solid
green). For Ky > wm, the effect of CQNC is completely cancelled
for low frequencies, and the sensitivity is worse than the SQL for
high frequencies (red). The shaded areas mark the bounds for sub-
SQL sensitivity, from below the fundamental limit given by Eq. (26),
from above the SQL given by Eq. (15). Parameters are given in Ta-
ble I

This is composed of measurement shot and backaction noise
(first term) and noise introduced by the ancilla cavity (sec-
ond term). The second term will dominate the first one for
frequencies off-resonance, setting a bound to the achievable
performance. The ratio between the spectral density (29) and
the SQL is

Ka

S =
F7 9 Wm
for kK, < wm. For k, > wn, the effect of CQNC will vanish
for low frequencies, converging to the SQL, while for large
frequencies, the added noise is larger than the SQL. This is
illustrated in Fig. 2.

X SSQL7 (30)

2. Unequal measurement strengths Gom 7# Ga

Next, we consider a mismatch of the measurement strengths
G, # Gom, while matching the other CQNC conditions. This
entails unmatched cavity linewidth k. # Ko and unmatched
couplings g, # ¢. Introducing parameters for the linewidth
mismatch k. = € Koy and coupling mismatch g, = \/Sg, we
find for the spectral density
2

1 C7vom |Xc‘2
SF = —+ 1-— 66
2G0m’7m |Xm | 2 27m ‘Xom | 2 (3] )
Ixe|? 1 [w?+42/4
1) - m 1].
P2\ T T

For suitable couplings g and cavity linewidth x, we can find
a frequency where the backaction term in Eq. (31) will van-
ish, and ideal CQNC is possible. This is the case when the
Lorentzians G, and Gy, are such that they will intersect at a
frequency w # 0. We find that

0€— €2 Kom
v V1—se 2 (32)




is a real-valued frequency for the following parameters:

Ga=9 = Ke < Kom or K¢ > Kom, (33a)

ga<g = €> 5 or € <9, (33b)
1

Ga>9 = €>46 or E<S' (33c¢)

Consequently, a cavity linewidth mismatch can compensate
for every possible matching condition of the couplings, and
ideal CQNC can be achieved at w,.

For non-vanishing backaction, we can again minimize the
spectral density (31) with an optimal G,y,. Turning to the
bad cavity limit (k¢ om > w), the measurement strengths be-
come frequency independent, Gom o — I'om,a, and the ratio
Ixcl?/|Xom|?> — 1/€2. The minimal noise spectral density is
then

1) )
Sp = ‘1 - g‘ X SSQL + <€> X SCQNC' (34)

Ideal CQNC can be recovered for ¢ = ¢, which means
T'om = T'a. Hence, as long as the rate at which the back-
action information leaks out of the system is matched, ideal
CQNC is possible.

For the converse case (k¢,om < w) the cavity susceptibil-
ities |xc|? & |Xom|?, effectively cancelling in Eq. (31). The
optimal spectral density becomes

Sp=11—109¢€| X SsqL + (0€) X Scone- (335)

In this case, ideal CQNC can be recovered for § = 1/¢, which
entails gZ ke = §%kom. We have depicted our main findings in
Fig. 3.

We also considered a combination of the imperfections dis-
cussed in this section. If, for example, G, # G, and addi-
tionally x, # ym, the noise spectral density will be a com-
bination of Eqs. (28) and 31. In this case, the cancellation of
backaction noise is possible for the cases discussed above, but
the ancilla cavity noise floor is higher because of the linewidth
mismatch vy, # k5. Thus, our findings will remain the same,
but the achievable performance off-resonance is given by the
noise spectral density (30).

B. Order-dependent imperfections

The parameters discussed in this subsection, namely losses,
not only hamper the cancellation of backaction noise but also
affect the force signal directly.

1. Losses

We first consider propagation losses, which occur between
the first and the second system. The propagation losses are
modelled via mixing the output signal of the first system with
vacuum in a beam-splitter-like interaction. This leads to a
modified output signal [8],

xé)ut = ﬁxout + V 1- 1 Tyacy (36)
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FIG. 3. Force noise for imperfect matching of measurement strength.
For mismatched coupling strength compensated by linewidth mis-
match, perfect noise cancellation can be recovered at low frequen-
cies (solid green for ¢ = § = 0.9). For matched linewidth but
mismatched coupling strength, noise cancellation is limited, but sub-
SQL performance is possible (dashed red for § = 0.9). In the case
of matched coupling strength but mismatched linewidth, we find a
frequency (32) where perfect noise cancellation is possible (dash-
dotted purple line, with € = 0.9). The shaded areas mark the bounds
for sub-SQL sensitivity, from below the fundamental limit given by
Eq. (26) and from above the SQL given by Eq. (15). Parameters are
given in Table 1.

where .., represents the vacuum field and n € [0, 1] is the ef-
ficiency of the process. Due to this additional noise, informa-
tion about the backaction interaction of the first system is lost
to the vacuum, hence perfect cancellation of backaction noise
is not possible. As before, we can find an optimal coupling
strength to minimize the additional noise. For the system or-
der NMO +— OMS, we achieve a minimal spectral density
off-resonance

Sp=1/1—1 X Ssar. 37)

In the opposite order OMS — NMO, additionally to the loss
of backaction information, some force signal will be lost due
to propagation losses. Hence, the added noise will increase
for this topology. We find

— X SSQL: (38)

for the minimal spectral density off-resonance. The spectral
density is increased by 1/n compared to the case NMO —
OMS and hence directly proportional to the lost force sig-
nal. Losses after the second system constitute the detection
efficiency and can be modelled similarly. Since this will not
affect the cancellation of backaction noise, we will omit de-
tection losses for now.

Apart from propagation losses, we take intracavity losses
into account. Introducing a Markovian bath for each cavity,
with coupling rates x2*"™ and «2*'", the intracavity losses can

C om °*

be described in terms of the escape efficiencies

in Kin

esc om,c _ Mom,c
nOU17€ - Kin + Kpath : (39)
om,c om,c

Kom,c



FIG. 4. Flow chart between the mode of the ancilla and the meter
cavity. The solid line shows the original backaction flow, and the
dashed line shows the noise introduced by the relative mismatch g,
of the beam-splitter and down-conversion coupling.

Similar to propagation losses, introducing intracavity losses
will always impede the cancellation of backaction noise, and
depending on the order of the systems, the available force sig-
nal information will differ. For the case NMO — OMS, with
optimal measurement strength, we find the minimal spectral
density

esc esc __ 2 escpesc
§p = VI T Mo = 20 e Seon. (40)

Nom

This encompasses both cases with propagation loss, for
nee — 1 we retrieve Eq. (37) and for g™ — 1 Eq. (38)
respectively. Thus, for the configuration NMO — OMS, the
intracavity loss can be handled similarly to propagation loss.
For the case OMS — NMO, we lose additional force signal
due to intrinsic loss in the meter cavity. Moreover, the signal
also picks up additional information of the phase quadrature.

We arrive at the minimal spectral density,

_ VI e — 208 G
Mo 11— n&ehiexe]?

Sk X Ssqr- 41

The term |1 — k. xc|* describes the meter cavity’s phase
and noise contribution. Due to its dependence on the me-
ter cavity susceptibility x., this difference is frequency-
dependent and will vanish for frequencies w > k.. For low
frequencies, it will be at a maximal value of |1 — 27 2
making intracavity losses extra punishing for configuration
OMS — NMO. We see that introducing losses is detrimen-
tal to the possible noise reduction. As losses will never be
avoidable, the system order NMO — OMS should always be
preferable since higher levels of noise reduction are achieved.

2. Relative mismatch of gss and gpc

In addition to losses, a relative mismatch between the beam-
splitter coupling ggs and down-conversion coupling gpc will
also affect the noise cancellation depending on the system or-
der. So far, we assumed ggs = gpc = 1/2ga, in order to
mimic the backaction interaction of the OMS. We will now
fix ggs + goc = g and introduce a mismatch between the
beam-splitter and down-conversion couplings

9ss — Ybc

— g £0, “2)
9ges + gbc
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FIG. 5. Force noise for relative mismatch of beam-splitter and down-
conversion coupling. (a) Plotted for g = 0.2. (b) Plotted for
gr = —0.2. The relative mismatch introduces additional noise by
modifying the effective backaction term of the NMO. Perfect noise
cancellation is not possible, but sub-SQL levels are achievable for
low frequencies. For high frequency, no noise reduction is possible.
Traversing through the OMS first seems advantageous for noise can-
cellation. The shaded areas mark the bounds for sub-SQL sensitivity,
from below the fundamental limit given by Eq. (26) and from above
the SQL given by Eq. (15). Parameters are given in Table I.

As shown in Fig. 4, the relative mismatch g, allows the phase
quadratures to couple back into the amplitude quadrature and
thus deviate from the backaction interaction of the OMS. This
introduces a noise path and will limit the cancellation of back-
action noise. It also affects the force noise differently for the
different system orders. For the case OMS — NMO, the
force signal is imprinted on the output phase quadrature of
the OMS, and with the introduced mismatch, it is possible for
the signal to couple to the amplitude quadrature. Contrary,
for NMO — OMS, the force signal will remain fully in the
output phase quadrature. Thus, this results in different spec-
tral noise densities for our phase measurement. For general
mismatches, this will not reduce to a simple expression. The
resulting spectral densities were calculated numerically and
are shown in Fig. 5. The CQNC performance is limited for
low frequencies, but sub-SQL levels are still possible. Con-
trary to losses, the order OMS — NMO seems advantageous
for a relative mismatch of the couplings. CQNC will vanish
entirely in the high-frequency limit, and no sub-SQL perfor-
mance is possible.



TABLE II. Proposed set of parameters

Parameter Norm. value Value/27w
wm mechanical resonance frequency 1 500 kHz
Ym  mechanical linewidth 1073 wm 500 Hz
Ke meter cavity linewidth 4wy 2 MHz
A, ancilla cavity detuning —0.99w,, -495kHz
Ko  ancilla cavity linewidth % Wm 200 kHz
gss beam-splitter coupling strength 1.01% 253 kHz
goc down-conversion coupling strength ~ 0.97 § 243 kHz
ne  escape efficiency NMO 0.9

Kom optomechanical cavity linewidth 0.99 k. 1.98 MHz
g optomechanical coupling strength Wm 500 kHz
Nom €scape efficiency OMS 0.9

Nprop Propagation efficiency 0.97

Ndet detection efficiency 0.97

V. CASE STUDY

After discussing ideal CQNC and the most relevant devi-
ations from the ideal parameters, we now turn to a realistic
situation one would expect in an actual experiment. For an
integrated setup, reasonable parameters have been discussed
in [27], which were revised in [37] for a cascaded setup, and
two reasonable sets of parameters were given. From there,
we found a new set of parameters which achieve broadband
noise reduction for frequencies below the mechanical reso-
nance of the oscillator. Losses are of particular interest in our
case study, as they influence the noise reduction depending on
the system order. Our set of parameters is shown in Table II.

The OMS must be limited by quantum backaction noise to
measure the possible cancellation of backaction noise. For
this, the quantum backaction noise in Eq. (13) must be much
larger than the thermal noise. In the bad cavity limit (Ko, >
w), this can be expressed in terms of the quantum cooperativ-
ity, as
4¢°h

= 2> 1 43
Ym kBT IiokaTQ > ( )

Fom h m
Cq = -

Since we assume negligible thermal noise, the radiation pres-
sure noise is visible for any mechanical quality factor Q.
For more realistic temperatures, the quality factor must be in-
creased to elevate the backaction effects over the thermal noise
floor. In order to account for this and compare all OMS of fre-
quency wy,, once they can resolve the quantum backaction,
we normalize our force noise by the quality factor Qy,.
Matching most parameters, such as ancilla cavity detuning
A, and the cavity linewidth k. and K.y, should not be a prob-
lem; we assume them to be closely matched. More delicate
to match are the coupling strengths. A down-conversion cou-
pling of gp = 27 x 250 kHz and a beam-splitter coupling of
ges > 21 x 235 kHz were readily achieved [37], thus we set
the optomechanical coupling strength to g = 27 x 500 kHz.
Optomechanical coupling strengths of g = 27 x 440 kHz have
been reported in micro-mechanical setups [24] and higher

0.5 -2 _ - nMO — OMs

OMS — NMO

Force noise [Qm]
!

integrated setup

l \/
107! 10°

Frequency w [wm]

FIG. 6. Force noise normalised to Q) for the parameters given
by Table II. For low frequencies, sub-SQL performance is possible
for the integrated setup (solid green) and the case NMO — OMS
(dashed blue). No sub-SQL levels are possible for the case OMS —
NMO (dash-dotted orange). The shaded area shows levels above the
SQL.

couplings in the order of MHz should be possible [42]. Hence,
our assumed coupling strength should be reasonable. If these
levels cannot be reached for the optomechanical coupling
strength, one could still compensate for this mismatch by the
cavity linewidths, as described in Eq. (29) and increase the
performance for low frequencies.

For a negative mass oscillator, where the two modes are
not spatially separated, as depicted in Fig. 1(a), the escape
efficiency will also dictate the achievable linewidth of the an-
cilla cavity. An escape efficiency of 90% should be achievable
[43], which, with a meter cavity linewidth of k., = 2 MHz,
makes an ancilla cavity linewidth of x, = 200 kHz possible.
For the OMS, similar escape efficiencies should be achievable.
Detection efficiencies over 97% were already realized [44].
Similarly, propagation losses between the systems should not
be an issue. We assume 3% losses from both propagation and
detection.

The achievable sensitivities for the parameters in Table II
are shown in Fig. 6. In the low-frequency regime, the config-
uration NMO +— OMS shows a reduction of 20% below the
SQL and almost comparable results to the integrated setup.
No sub-SQL sensitivity can be achieved for the other sys-
tem order OMS +— NMO. This is not surprising, as we saw
in subsection IV B that this configuration suffers additional
penalties from losses. We see that instead of matching the
parameters (22)—(24), the limiting factor for noise reduction
in a realistic case will be losses. Additionally, as losses will
never be entirely avoidable, choosing the right system order-
ing, NMO — OMS, is of utmost importance.

VI. CONCLUSION

In this work, we discussed a cascaded version of the all-
optical coherent quantum noise cancellation setup proposed
by Tsang and Caves [25, 27]. Instead of introducing the anti-
noise path directly into the optomechanical cavity, we consid-
ered an all-optical effective negative mass oscillator as a stan-



dalone system and removed the backaction noise of the pos-
itive mass oscillator by coupling both systems coherently via
a strong drive field. Under the conditions (22)—(24), we then
rediscovered the perfect cancellation of backaction noise. Af-
terwards, we discussed deviations from the ideal conditions,
including losses and the influence of the system order. We
saw that for mismatched measurement strengths, by choosing
the cavity linewidth and coupling strength in a specific way,
CQNC can be recovered in the high- or low-frequency regime,
or even at a specific frequency w, # wy,. For losses and a
relative mismatch of beam-splitter and down-conversion cou-
pling, the system order will also affect the noise cancellation
performance. Finally, we discussed the performance of our
setup for a set of realistic parameters and showed that a quan-
tum noise reduction of 20% below the SQL is possible for the
order NMO — OMS in the low-frequency regime.

We thank Jonas Junker and Bernd Schulte for fruitful dis-
cussions regarding the experimental setup. This research
was funded by the Deutsche Forschungsgemeinschaft (Ex-
cellence Cluster QuantumFrontiers (EXC 2123 Project ID
390837967), GRK 1991) and the Quantum- and Nano-
Metrology (QUANOMET) initiative within project QT2.

Appendix A: Details on the Hamiltonian Hynio

Here, we give some more details on the Hamiltonian Hyo
in Eq. (3). The effective negative mass oscillator consists of
two optical modes with different frequencies w. and w,, cou-
pled by a beam-splitter and down-conversion process. The
whole Hamiltonian reads

HNMO :HO+Hdrive+HDC +HBS7 (Al)

where the first term represents the free Hamiltonian of the op-
tical modes,

(A2)

Hy = wccicc + waaTa.

The second term describes the laser drive, which drives the
meter cavity mode c., and is given by

Harive = iE (et — erte). (A3)
Here, w;, denotes the laser frequency and E describes the laser
field amplitude, which is given by |E| = \/k.P/hw,,, with
the laser power P and cavity linewidth «.. The third term de-
scribes a two-mode squeezing process. In this, a pump field
impinges on a non-linear crystal, and a pump photon of fre-
quency wp is converted into two photons of lower frequency.
In the usual treatment of such processes, the pump is assumed
to be a strong coherent field. In a rotating frame with re-
spect to the pump frequency and linearized pump field [45],
the Hamiltonian is then

Hye = goelace +a'cl). (Ad)
The coupling strength of the down-conversion process is given
by goc = T'l¥, where [ is the length of the crystal, L is the
cavity length, c the speed of light and I' the gain parameter.

We refer to [27, 46] for more details on the gain parame-
ter. The last term describes the beam-splitter interaction. It
is given by

Hys = gus(atee + cla), (AS)

where g5 denotes the coupling strength of this process. For a

generic beam-splitter, the strength is defined by gps = r¢/L

with 7 the reflectivity of the beam-splitter. Alternatively, for

a setup considered in Fig. 1(a), where the two modes are

not spatially separated, the beam-splitter interaction can be

achieved with a wave plate [37]. The strength is then given by
co

gus = T3 sin 27,

with 6 the wave plate angle and 7 the delay. Moving to a rotat-
ing frame with respect to the laser frequency w;, and assuming
a strong driving field, the Hamiltonian can be linearized, and
we arrive at Eq. (3).

(A6)

Appendix B: Calculation of noise spectral densities

We consider a general linear quantum system consisting of
n system variables, k in- and outputs and m bath variables.
The input-output relations can be written as

(BI)

T
Xout = Kinx — Xin

with a vector x containing the n system variables, and x;;, and
Xout Vectors for the k inputs and outputs. The whole system
is governed by the equations of motion

X(t) = Msysx<t) + Kinxin (t) + Kbathxbath(t)7

where we have introduced the system matrix M., and input
matrices K, and K,,,, for the input and bath quadratures.
The equations of motion (B2) can be solved in the Fourier
domain, where x(t) = iwx(w). It follows,

X= (ZWl - Msys)_l (Kinxin + Kbathxbath)'

(B2)

(B3)
Together with Eq. (B1), we derive the output quadratures as

T
Xout = Kinx — Xin

= (K (iwl — M.,.) "' Kin — 1) xin
+ K (iwl = M) ™ Ky Xpa (B4
= TinXin + ThatnXvan
=T Xin,
where
Xin = (xmin ) (BS)
T = (Tin, Toawn) - (B6)

From this, we can calculate the (symmetrized) spectral density
matrix as

d(w — W) Sout (w) = 7<X0U-t(w)xiut(w/)> +c.c.

N =N =

= <T(w)iin>~(LTT(—w/)>+C.C. (B7)

= (T (W)Su T (—w") +c.c.,

DN =



with Sj, the input spectral density matrix. Every sub-system
in our setup has four system variables. Hence the system
matrices M, and bath input matrices K,,,, are all 4 x 4-
dimensional. The in- and output variables are the two quadra-
tures of the laser light, making the input matrices Kj, 4 X 2-

dimensional.

To model losses, the output quadratures are mixed with vac-
uum noise via a beam-splitter interaction, which are then

, 1000 T 0\ [ %in
p— . BS
Fout (0 10 0) x4 (o 1) <x> (B8)

Toss

The second matrix mixes the cavity output with vacuum, and
the first matrix is the partial trace over the lost output port of
the beam-splitter.

Finally, we need to cascade the two sub-systems. For this
choose X, 2 = X, 1, Where the subscripts 1 and 2 stand for
the first and second system. The total output quadratures are

then given by

Xin
/ loss T 0 0 Foan,1
Xout2 = T2 0 lsya O Xoac, 1 (BY)
0 0 loxo Xpath,2
Xyac,2

total Xin, total *

The equations of motion (2) for the optomechanical sensor
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imply the following matrices,

M:;lﬁws _ 7?}01)’1 *(’)‘2’"‘ *Og wo , (B10a)
m
—g 0 —Wm —Ym
in
KOMs — g \/gTq 7 (B10b)
0 0
bath
KOMs — 8 \/,{6)7"] ) (B10c)
0 Ym

Similarly, the equations of motion (4) for the effective nega-
tive mass oscillator implies

_% AC 0 (ng - gDc)
MNMO = —Ac 7% 7(.‘7}35 + gDC) 0
e 0 (.‘]Bs - gnc) *% A, ’
_<gRs + gnL) 0 _Aa _%
(Blla)
VED 0
Ko =1 0 Vi), (B11b)
0 0
K= VR (Bl1c)
o VFa 0
0 NN

From these expressions, we calculate the total transfer ma-
trix in Eq. (B9) and together with the input spectral density,

g - 1diag(1,1,1,1,1,1,1,1,0,28F) for NMO — OMS
m 1diag(1,1,1,1,0,25F,1,1,1,1) for OMS » NMO’
(B12)

we obtain the output spectral density with Eq. (B7). The spec-
tral density of the added noise is then estimated from the phase
component S?¥,, by dividing it by the coefficient of Sp.
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