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Localization may survive in periodically driven (Floquet) quantum systems, but is generally unstable for
aperiodic drives. In this work, we identify a hidden conservation law originating from a chiral symmetry in
a disordered spin- 1

2
XX chain. This protects indefinitely long-lived localization for general–even aperiodic–

drives. Therefore, rather counter-intuitively, adding further potential disorder which spoils the conservation law
delocalizes the system, via a controllable parametrically long-lived prethermal regime. This provides a first
example of persistent single-particle ‘localization without eigenstates’.

Introduction.– Closed quantum many-body systems with
time-dependent (‘driven’) Hamiltonians tend to absorb energy
until they reach a featureless ‘infinite temperature’ state [1–
3]. This heat death can be prevented if a sufficient number
of integrals of motion is present. This may occur in integrable
systems [4], or via the emergent structure underpinning many-
body localization [5], which is stable against periodic driving
for sufficiently strong disorder [6, 7]. This even allows for
novel non-equilibrium phenomena such as discrete time crys-
talline order [8, 9] and anomalous Floquet-Anderson insula-
tors [10].

In recent years, the focus has shifted to aperiodic drives to
control quantum systems [11–22]. This leads to new types
of dynamical phenomena, e.g. non-adiabatic topological en-
ergy pumps [23–25] and prethermalization with algebraically
scaling lifetimes [26, 27]. However, the absence of time
translation symmetry (TTS) is generally expected to gener-
ate stronger heating effects, in particular destabilizing local-
ization [12, 13]. Nonetheless, localization has been shown
to remain robust for two-tone continuous drives [14], paving
the way to stabilize non-equilibrium phases unobtainable with
periodic drives, e.g., the quantum Hall effect in synthetic di-
mension [15–18] and discrete-time quasicrystals [12, 13, 19].

One natural question, then, is under what conditions lo-
calization can indefinitely survive generic aperiodic and even
random driving profiles? Unlike multi-tone drives with few
frequency components [12, 14], generic drives contain low-
frequency components which normally induce delocalization.
Technically (and conceptually), the analysis of generic aperi-
odic drives is complicated as no way is known of analysing
the quantum dynamics in terms of a fixed set of eigenstates,
{ψi}, whose time evolution is described by a simple phase ac-
cumulation rate given by their respective (quasi-)energies εi.

Here, we show that a localized steady state can emerge in a
non-interacting multi-particle system subjected to a drive with
a well-defined coupling operator but general time-dependence
and in this sense represents single-particle localization with-
out eigenstates.

Our model hosts disorder not as an on-site potential but in-
stead via randomness in the exchange interactions (or hopping
amplitudes for fermions) [28–30]. The disordered exchange
interaction has a single-particle chiral symmetry resulting in a
spectrum symmetric around zero. Unlike the single-particle
localization induced by potential disorder, where all eigen-
states are localized, the chiral symmetric randomness does not
fully localize all eigenstates, but instead yields a diverging lo-
calization length at zero energy [31–34]. Crucially, this chiral
symmetry enables us to construct drives with a hidden conser-
vation law, and we demonstrate that the localized steady state
persists indefinitely for arbitrary aperiodic drives as long as
the conservation law is preserved.

A static disorder-free exchange without the chiral symme-
try, or potential disorder, destroys this feature. They do so
via different routes, as the latter counterintuitively combines
the addition of disorder with delocalization as the symmetry
is broken. This ‘competition’ gives rise, as a function of dis-
order strength, to a non-monotonic heating rate. The resultant
‘prethermal’ localized state can also be exceptionally long-
lived upon increasing the driving frequency.

In the following, we first introduce the model with the
single-particle chiral symmetry, and show that the system re-
duces to a collection of two-level systems. Each pair corre-
sponds to the localized chiral symmetric excitations at oppo-
site energies ±εi. We then construct a drive which only in-
troduces dynamics within each two-level system. Therefore,
single-particle localization always persists despite the absence
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of well-defined eigenstates for generic aperiodic drives. For
a multi-particle state, however, the single-particle chiral sym-
metry does not straightforwardly generalize. Instead, we show
that it leads to an extensive number of local conserved quan-
tities which can protect the multi-particle steady state from
delocalization.

We then focus on the aperiodic Thue-Morse (TM) drive to
numerically verify the existence of persistent localization via
analyzing both the single-particle time evolution operator and
the entanglement generation for multi-particle states. We fi-
nally show how different types of chiral symmetry-breaking
perturbations lead to a long-lived prethermal regime with non-
monotonic scalings of the prethermal lifetime.

The model and hidden conservation law.– We focus on the
spin-1/2 model described by the Hamiltonian

H(t) = H0 + δhf(t)P̂ , (1)

where the nearest-neighbor exchange interaction reads H0 =
1
4

∑
i Ji
(
σxi σ

x
i+1+σyi σ

y
i+1

)
with disordered coupling strength

Ji ∈ [J0, J0 + Jmax]. The staggered potential P̂ =∑
i(−1)iσzi /2 is modulated with the amplitude δh accord-

ing to a time-dependent function f(t) which will be speci-
fied later. Since [H0, P̂ ] 6= 0, the drive is not trivially equiv-
alent to a quench. This model can be transformed into a
non-interacting fermionic form (Eq. 2) via the Jordan-Wigner
transformation [35]

H(t) =
∑

i

Ji
2

(c†i ci+1 + h.c.) + δhf(t)
∑

i

(−1)ini, (2)

with the standard fermonic operators c(†)i and the number op-
erator ni. The model has a U(1) symmetry, hence, the total
particle number, or the total magnetization in spin language,
is conserved. As the nearest-neighbor hopping is disordered,
eigenstates ofH0 are localized (or quasi-localized if the corre-
sponding eigenenergies are close to zero [36, 37]). As shown
in the following, the Hamiltonian H0 has a hidden conserva-
tion law even in the presence of P̂ which can protect the sys-
tem from delocalizing regardless of the driving profile f(t).

This conservation law originates from a single particle chi-
ral symmetry of the Hamiltonian H0. Consider a general
real quadratic Hamiltonian HC =

∑
ij c
†
iAijcj , its anti-

commutator with the staggered potential P̂ =
∑
i(−1)ini

reads

{HC, P̂} =
∑
ij

[
(−1)i + (−1)j

]
Aijc

†
i cj + D̂. (3)

with D̂ = 2
∑
ijk(−1)kAijc

†
inkcj . Crucially, the matrix ele-

ments of D̂ can be non-zero only for multi-particle states, but

they vanish in the single-particle subspace. In addition, for the
Hamiltonian H0 considered in Eq. 1, the first contribution on
the right hand side of Eq. 3 vanishes because Aij is nonzero
only for j = i + 1; in this case, however, the correspond-
ing prefactor (−1)i + (−1)j vanishes. The anti-commutator
{H0, P̂} thus vanishes in the single-particle subspace, which
implies that the Hamiltonian H0 is single-particle chiral sym-
metric: for a given single-particle eigenstate |εk〉 of eigenen-
ergy εk, P̂ |εk〉 is also an eigenstate of opposite energy −εk.

The Hamiltonian H0 can thus be formally diagonalized
as H0 =

∑
0<k≤L/2 εkγ

†
kγk − εkγ̃

†
kγ̃k with a new set of

fermionic operators γk, γ̃k defined as

γ†k =
∑

i

Vkic
†
i , γ̃

†
k =

∑

i

(−1)iVkic
†
i , (4)

where the matrix V diagonalizes the coupling matrix A. This
enables the expansion of the operator P̂ in the eigenbasis as
P̂ =

∑
0<k≤L/2 P̂k where P̂k = γ†kγ̃k + γ̃†kγk, which ex-

changes the excitation in each k−subspace as P̂kγ
†
k|0〉 =

γ̃†k|0〉. Properties of the operator P̂ will be further discussed
in the Supplementary Material (SM) [38].

The key point is that for our choice of P̂ as the driving
term, the chiral disordered model reduces to a collection of
two level systems, e.g., by introducing the ‘pseudospin’ rep-
resentation |↑〉k = γ†k |0〉 , |↓〉k = γ̃†k |0〉, the drive operator
P̂k acts as the σkx operator in each k−subspace. According to
Eq. 4, the paired excitations have the same spatial wavefunc-
tion up to the (−1)i phase between neighboring sites. Con-
sequently, the coupling between the paired states via P̂k will
not significantly change the localization properties of the time
evolution operator U(t) = T

{
exp

(
−i
∫ t

0
dt′H(t′)

)}
in the

single-particle subspace at any time t for arbitrary forms of
the driving profile f(t).

Crucially, this symmetry argument applies only to the
single-particle subspace, but not to the multi-particle sub-
space, in which Eq. 3 generally does not vanish due to the
presence of the operator D̂. Although the spectrum for multi-
ple particles remains symmetric, the operator P̂ does not sim-
ply map between multi-particle paired eigenstates of H0, but
instead couples many (see SM). Nevertheless, the coupling is
highly constrained as the total number of excitations in each
k−subspace, Nk = γ†kγk + γ̃†kγ̃k, is a conserved quantity! It
trivially commutes with the Hamiltonian H0, but it crucially
also commutes with P̂ which can only convert the excitation
at a fixed k but cannot mix different k subspaces [38]. The
extensive number of conserved quantities Nk, which are local
because of the localized single-particle spectrum of H0, can
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protect many-particle states from delocalization.
This conservation law can be broken by single-particle chi-

ral symmetry-breaking perturbations, e.g., static on-site dis-
order

∑
i hini with hi randomly chosen from [0, hmax]. It

mixes different k−subspaces, hence, eigenstates of the time
evolution operator U(t) may become delocalized. However,
as we will illustrate in the following, if f(t) is periodic or con-
stant, additional potential disorder will not delocalize the sys-
tem but rather enhance the localization. Delocalization only
happens when f(t) is aperiodic, hence, highlighting the great
importance of the conservation law in protecting the localiza-
tion especially when TTS is absent.

Numerical results.– Although when Nk is conserved, the
concrete form of the driving profile f(t) is irrelevant for the
persistent localization, here we choose for concreteness the
discrete quasi-periodic Thue-Morse (TM) sequence which en-
ables us to probe exponentialy long times [20, 26, 27]. By
defining two Hamiltonians

H± = H0 +
∑

i

hini ± δhP̂ , (5)

one can construct two unitary evolution operators U± =

exp (−iTH±) , with the characteristic time scale T . One can
recursively define the following unitary operators

Un+1 = ŨnUn, Ũn+1 = UnŨn, (6)

with U1 = U−U+ and Ũ1 = U+U−. The unitary time evo-
lution for TM drive at stroboscopic times tm = 2mT is ob-
tained as |ψ(tm)〉 = Um|ψ(0)〉 [27]. For Floquet systems, to
diagnose the localization properties of single-particle eigen-
states, one can use the participation ratio (PR) defined as
Rk = 1/

∑
i |ψki |4, where ψki denotes the k-th eigenfunc-

tion at site i of the Floquet operator [39, 40]. To quantify
the average spreading of the eigenvectors in real space, the
average PR is defined over all eigenstates and different disor-
der realizations R̄ = 〈Rk〉k,r. For general delocalized states,
one obtains R̄/L ∼ O(1), whereas for perfectly localized
ones R̄/L ∼ 1/L [40]. However, in contrast to Floquet sys-
tems, a time-independent Floquet time evolution operator and
its eigenstates are not available for our aperiodic system. Al-
ternatively, R̄(t)/L is computed via the instantaneous eigen-
states of the time evolution operator Um at each stroboscopic
time t = 2mT .

As shown in Fig. 1 (a), for the case without potential dis-
order hmax = 0, the average PR R̄/L remains at a con-
stant small value indicating that single-particle eigenstates
of the evolution operator remain localized. Indeed, for each

t
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FIG. 1. (a) Average PR for eigenstates of the single-particle time
evolution operator Um at time t = 2mT . Results are calculated
for different system sizes and averaged over 100 disorder realization.
The PR remains low in the absence of potential disorder, whereas a
finite value hmax = 0.51 results in delocalization. The inset shows
the size dependence of R̄/L at t ≈ 10 and the scaling 1/L is ob-
tained to confirm the localization for short time. (b) PR for the static
Hamiltonian, Floquet operator and TM driving after sufficiently long
time t ≈ 1012 computed for L = 200. Potential disorder leads
to stronger localization in static and Floquet systems, while any non-
vanishing hmax delocalizes the system driven quasi-periodically. We
use J0 = 1, Jmax = 1.6π, δh = 1, hmax = 0.51, 1/T = 10 for the
simulation.

k−subspace, in the long-time limit, the time evolution oper-
ator recursively determined by Eq. 6 can be directly diago-
nalized by |↑〉k and |↓〉k, the same eigenstates of the static
Hamiltonian H0 [20, 38]. In contrast, the inclusion of po-
tential disorder drastically changes the behavior as different
k−subspaces start to mix: following a plateau at low values
for finite time t ∼ 102, R̄/L rapidly grows to system size
independent values (O(1)) indicating delocalization. We ver-
ified that delocalization occurs for any nonzero value hmax
as shown in Fig. 1 (b) where the average PR at a long time
t ≈ 1012 is plotted. As a comparison, for the Floquet operator
U−U+ and the static Hamiltonian H+, the average R̄/L al-
ways reduces for larger hmax suggesting that eigenstates are
more localized. Such a comparison suggests that the single-
particle chiral symmetry protection becomes particularly cru-
cial for aperiodic drives.

To verify the existence of persistent localization in multi-
particle systems and to quantify the delocalization crossover at
late times in the presence of a potential disorder, we next study
the entanglement entropy SL(t) = −Tr

[
ρL/2 log2 ρL/2

]

with the reduced density matrix ρL/2 of the half chain .

The initial state is chosen as a random product state with
zero entanglement in the total magnetization Sz = 0 sector (or
half-filling in the fermionic representation). After switching
on the drive, the system starts generating entanglement and
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FIG. 2. (a) Entanglement dynamics for different driving rates, with
or without potential disorder, averaged over 100 disorder realization
and different initial states. Steady state can be delocalized by a non-
vanishing potential disorder and thermalize. (b) System size depen-
dence of the entanglement entropy. Prethermal (red dots) and the
final plateau (purple squares) exhibit an area- and volume-law scal-
ing respectively. We use parameters J0 = 1, Jmax = 1.6π, δh =

1, hmax = 0.51, L = 400 for the simulation.

its dynamics for varying driving rates 1/T is plotted in Fig. 2
(a). In the absence of the potential disorder (blue), as eigen-
states of Um always remain localized, entanglement can only
be generated within limited regions. Therefore, it saturates
around t ≈ 102 at a low value after a transient process, sug-
gesting the appearance of a persistent localized steady state
protected by the conservation law of Nk. Once we turn on the
potential disorder, localization becomes prethermal with a fi-
nite but long lifetime τS for large driving rates, e.g. 1/T ≥ 15.
This prethermal localization can be well captured by an effec-
tive Hamiltonian (gray triangles), H0

eff = (H+ +H−)/2, ob-
tained from the average of the two driving Hamiltonians [26].

As illustrated in the inset, the prethermal plateau (gray tri-
angles) is slightly below the result for the steady state (blue),
implying that the additional potential disorder leads to en-
hanced prethermal localization despite the fact that it even-
tually delocalizes the system at late times.

The entanglement entropy exhibits a well-pronounced in-
crease after the time scale τS towards the final plateau, sug-
gesting the eventual delocalization. As illustrated in Fig. 2
(b), in contrast to the prethermal entanglement which is sys-
tem size independent (orange dots), the final plateau exhibits
volume-law scaling (purple squares) demonstrating that en-
tanglement has been established extensively over the whole
system. However, as the system is non-interacting, it does not
heat up to infinite temperature. The final entanglement en-
tropy is smaller than the average entropy for a random state,
i.e., the Page value S∞ = (L log 2− 1)/2 [41].
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Jnnn = 0, hmax = �
<latexit sha1_base64="n+nmeeyrN+2k8sYFuYBQq3r8lQE=">AAACAXicbVDLSsNAFJ34rPUVdSO4GSyCCylJFXRTKLgRF1LBPqANYTKZtENnJmFmIpYQN/6KGxeKuPUv3Pk3Th8LbT1w4XDOvdx7T5AwqrTjfFsLi0vLK6uFteL6xubWtr2z21RxKjFp4JjFsh0gRRgVpKGpZqSdSIJ4wEgrGFyO/NY9kYrG4k4PE+Jx1BM0ohhpI/n2/rWfCSHyqnPS9zOOHvJqNyRMI98uOWVnDDhP3CkpgSnqvv3VDWOcciI0Zkipjusk2suQ1BQzkhe7qSIJwgPUIx1DBeJEedn4gxweGSWEUSxNCQ3H6u+JDHGlhjwwnRzpvpr1RuJ/XifV0YWXUZGkmgg8WRSlDOoYjuKAIZUEazY0BGFJza0Q95FEWJvQiiYEd/bledKslN3TcuX2rFS7mcZRAAfgEBwDF5yDGrgCddAAGDyCZ/AK3qwn68V6tz4mrQvWdGYP/IH1+QNQHZbX</latexit>

<latexit sha1_base64="K976Xr1ntTZaDgy3HFcY9dGUntc=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeCBz1WsB/QxrLZbtqlu5uwuxFK6F/w4kERr/4hb/4bN2kO2vpg4PHeDDPzgpgzbVz32ymtrW9sbpW3Kzu7e/sH1cOjjo4SRWibRDxSvQBrypmkbcMMp71YUSwCTrvB9Cbzu09UaRbJBzOLqS/wWLKQEWwyyXMfG8Nqza27OdAq8QpSgwKtYfVrMIpIIqg0hGOt+54bGz/FyjDC6bwySDSNMZniMe1bKrGg2k/zW+fozCojFEbKljQoV39PpFhoPROB7RTYTPSyl4n/ef3EhNd+ymScGCrJYlGYcGQilD2ORkxRYvjMEkwUs7ciMsEKE2PjqdgQvOWXV0nnou5d1hv3jVrztoijDCdwCufgwRU04Q5a0AYCE3iGV3hzhPPivDsfi9aSU8wcwx84nz8VNY2j</latexit>

104

<latexit sha1_base64="/QZe4+Sj0pj+sqarJgYbcFo2JVs=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbBU9mV0noseNBjBfsB7VqyabYNTbJLkhXK0r/gxYMiXv1D3vw3Zts9aOuDgcd7M8zMC2LOtHHdb6ewsbm1vVPcLe3tHxwelY9POjpKFKFtEvFI9QKsKWeStg0znPZiRbEIOO0G05vM7z5RpVkkH8wspr7AY8lCRrDJJM99rA/LFbfqLoDWiZeTCuRoDctfg1FEEkGlIRxr3ffc2PgpVoYRTuelQaJpjMkUj2nfUokF1X66uHWOLqwyQmGkbEmDFurviRQLrWcisJ0Cm4le9TLxP6+fmPDaT5mME0MlWS4KE45MhLLH0YgpSgyfWYKJYvZWRCZYYWJsPCUbgrf68jrpXFW9erV2X6s0b/M4inAG53AJHjSgCXfQgjYQmMAzvMKbI5wX5935WLYWnHzmFP7A+fwBGD2NpQ==</latexit>

106

<latexit sha1_base64="3cDqMwQobEsGR2q4M0Fa9HQQ8JY=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbBU9mVUnsseNBjBfsB7VqyabYNTbJLkhXK0r/gxYMiXv1D3vw3Zts9aOuDgcd7M8zMC2LOtHHdb6ewsbm1vVPcLe3tHxwelY9POjpKFKFtEvFI9QKsKWeStg0znPZiRbEIOO0G05vM7z5RpVkkH8wspr7AY8lCRrDJJM99bAzLFbfqLoDWiZeTCuRoDctfg1FEEkGlIRxr3ffc2PgpVoYRTuelQaJpjMkUj2nfUokF1X66uHWOLqwyQmGkbEmDFurviRQLrWcisJ0Cm4le9TLxP6+fmLDhp0zGiaGSLBeFCUcmQtnjaMQUJYbPLMFEMXsrIhOsMDE2npINwVt9eZ10rqpevVq7r1Wat3kcRTiDc7gED66hCXfQgjYQmMAzvMKbI5wX5935WLYWnHzmFP7A+fwBG0WNpw==</latexit>

108

p
C ⇡ 1

<latexit sha1_base64="wohREflGXWjwQHfC2sTmxZHxjfs=">AAAB+nicbVDLSgMxFM34rPU11aWbYBFclZkq6LLYjcsK9gGdoWTSTBuaSWKSUcvYT3HjQhG3fok7/8a0nYW2HrhwOOde7r0nkoxq43nfzsrq2vrGZmGruL2zu7fvlg5aWqQKkyYWTKhOhDRhlJOmoYaRjlQEJREj7WhUn/rte6I0FfzWjCUJEzTgNKYYGSv13FKg75TJ6pMASanEI/R7btmreDPAZeLnpAxyNHruV9AXOE0IN5ghrbu+J02YIWUoZmRSDFJNJMIjNCBdSzlKiA6z2ekTeGKVPoyFssUNnKm/JzKUaD1OItuZIDPUi95U/M/rpia+DDPKZWoIx/NFccqgEXCaA+xTRbBhY0sQVtTeCvEQKYSNTatoQ/AXX14mrWrFP6tUb87Ltas8jgI4AsfgFPjgAtTANWiAJsDgATyDV/DmPDkvzrvzMW9dcfKZQ/AHzucPSNqUAQ==</latexit>

2.0
<latexit sha1_base64="SEuIpLxZxVzPhegenTROHnALmSM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeClx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNM7uZ+54lrI2L1iNOE+xEdKREKRtFKD7WqOyhX3Kq7AFknXk4qkKM5KH/1hzFLI66QSWpMz3MT9DOqUTDJZ6V+anhC2YSOeM9SRSNu/Gxx6oxcWGVIwljbUkgW6u+JjEbGTKPAdkYUx2bVm4v/eb0Uw1s/EypJkSu2XBSmkmBM5n+TodCcoZxaQpkW9lbCxlRThjadkg3BW315nbRrVe+qWru/rtQbeRxFOINzuAQPbqAODWhCCxiM4Ble4c2Rzovz7nwsWwtOPnMKf+B8/gBYII0y</latexit>

2.5
<latexit sha1_base64="oEnGHMSMv/Xkno+w1ixSmdslawg=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4CklV9Fjw0mNF+wFtKJvttF262YTdjVBCf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXJoJr43nfztr6xubWdmGnuLu3f3BYOjpu6jhVDBssFrFqh1Sj4BIbhhuB7UQhjUKBrXB8N/NbT6g0j+WjmSQYRHQo+YAzaqz0UHGve6Wy53pzkFXi56QMOeq90le3H7M0QmmYoFp3fC8xQUaV4UzgtNhNNSaUjekQO5ZKGqEOsvmpU3JulT4ZxMqWNGSu/p7IaKT1JAptZ0TNSC97M/E/r5OawW2QcZmkBiVbLBqkgpiYzP4mfa6QGTGxhDLF7a2EjaiizNh0ijYEf/nlVdKsuP6lW7m/KldreRwFOIUzuAAfbqAKNahDAxgM4Rle4c0Rzovz7nwsWtecfOYE/sD5/AFftI03</latexit>

3.0
<latexit sha1_base64="VlguQdcTLERC3/qPO1tbRZ43I4Y=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0haQY8FLz1WtLXQhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N24+Dtj4YeLw3w8y8MBVcG8/7dgobm1vbO8Xd0t7+weFR+fikrZNMMWyxRCSqE1KNgktsGW4EdlKFNA4FPobj25n/+IRK80Q+mEmKQUyHkkecUWOl+5rr9csVz/XmIOvEX5IKLNHsl796g4RlMUrDBNW663upCXKqDGcCp6VepjGlbEyH2LVU0hh1kM9PnZILqwxIlChb0pC5+nsip7HWkzi0nTE1I73qzcT/vG5mopsg5zLNDEq2WBRlgpiEzP4mA66QGTGxhDLF7a2EjaiizNh0SjYEf/XlddKuun7Nrd5dVeqNZRxFOINzuAQfrqEODWhCCxgM4Rle4c0Rzovz7nwsWgvOcuYU/sD5/AFZpo0z</latexit>

ln 1/T
<latexit sha1_base64="AisZkN2yyTpftR2QIJ/qEnNRFvQ=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4qkkV9Fjw0mOFfkEbymY7aZduNmF3I5TQH+HFgyJe/T3e/Ddu2xy09cHA470ZZuYFieDauO63s7G5tb2zW9gr7h8cHh2XTk7bOk4VwxaLRay6AdUouMSW4UZgN1FIo0BgJ5g8zP3OEyrNY9k00wT9iI4kDzmjxkqdvpDEu24OSmW34i5A1omXkzLkaAxKX/1hzNIIpWGCat3z3MT4GVWGM4GzYj/VmFA2oSPsWSpphNrPFufOyKVVhiSMlS1pyEL9PZHRSOtpFNjOiJqxXvXm4n9eLzXhvZ9xmaQGJVsuClNBTEzmv5MhV8iMmFpCmeL2VsLGVFFmbEJFG4K3+vI6aVcr3k2l+nhbrtXzOApwDhdwBR7cQQ3q0IAWMJjAM7zCm5M4L86787Fs3XDymTP4A+fzBy88jtQ=</latexit>

p
ln
⌧ S

<latexit sha1_base64="34ZNQT2I3+7CPe13nk9jghx9LN4=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16WSyCp5JUQY8FLz1WtB/QhLDZbtulm03cnSgl9qd48aCIV3+JN/+N2zYHbX0w8Hhvhpl5YSK4Bsf5tgpr6xubW8Xt0s7u3v6BXT5s6zhVlLVoLGLVDYlmgkvWAg6CdRPFSBQK1gnH1zO/88CU5rG8g0nC/IgMJR9wSsBIgV329L2CzBMSe0DS4HYa2BWn6syBV4mbkwrK0QzsL68f0zRiEqggWvdcJwE/Iwo4FWxa8lLNEkLHZMh6hkoSMe1n89On+NQofTyIlSkJeK7+nshIpPUkCk1nRGCkl72Z+J/XS2Fw5WdcJikwSReLBqnAEONZDrjPFaMgJoYQqri5FdMRUYSCSatkQnCXX14l7VrVPa/Wbi4q9UYeRxEdoxN0hlx0ieqogZqohSh6RM/oFb1ZT9aL9W59LFoLVj5zhP7A+vwBf82UKw==</latexit>

3.5
<latexit sha1_base64="JEwuZ5FqmE/jVpSxu6K6HoF10JQ=">AAAB6nicbVBNSwMxEJ2tX7V+VT16CRbB07LbKnoseOmxov2AdinZNNuGZpMlyQpl6U/w4kERr/4ib/4b03YP2vpg4PHeDDPzwoQzbTzv2ylsbG5t7xR3S3v7B4dH5eOTtpapIrRFJJeqG2JNORO0ZZjhtJsoiuOQ0044uZv7nSeqNJPi0UwTGsR4JFjECDZWeqi514NyxXO9BdA68XNSgRzNQfmrP5QkjakwhGOte76XmCDDyjDC6azUTzVNMJngEe1ZKnBMdZAtTp2hC6sMUSSVLWHQQv09keFY62kc2s4Ym7Fe9ebif14vNdFtkDGRpIYKslwUpRwZieZ/oyFTlBg+tQQTxeytiIyxwsTYdEo2BH/15XXSrrp+za3eX1XqjTyOIpzBOVyCDzdQhwY0oQUERvAMr/DmcOfFeXc+lq0FJ585hT9wPn8AYTqNOA==</latexit>

4.0
<latexit sha1_base64="rT1GS7CeAilugiYlJaT7LWYaEVM=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4Kkkt6LHgpceK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsbm1vbObmGvuH9weHRcOjltmzjVjLdYLGPdDajhUijeQoGSdxPNaRRI3gkmd3O/88S1EbF6xGnC/YiOlAgFo2ilh1rFHZTKbsVdgKwTLydlyNEclL76w5ilEVfIJDWm57kJ+hnVKJjks2I/NTyhbEJHvGepohE3frY4dUYurTIkYaxtKSQL9fdERiNjplFgOyOKY7PqzcX/vF6K4a2fCZWkyBVbLgpTSTAm87/JUGjOUE4toUwLeythY6opQ5tO0Ybgrb68TtrVinddqd7XyvVGHkcBzuECrsCDG6hDA5rQAgYjeIZXeHOk8+K8Ox/L1g0nnzmDP3A+fwBbLI00</latexit>

4.5
<latexit sha1_base64="CBkm64hFn069i79b6Ero8eWjB6U=">AAAB6nicbVBNSwMxEJ2tX7V+VT16CRbB07JbK3oseOmxov2AdinZNNuGZpMlyQpl6U/w4kERr/4ib/4b03YP2vpg4PHeDDPzwoQzbTzv2ylsbG5t7xR3S3v7B4dH5eOTtpapIrRFJJeqG2JNORO0ZZjhtJsoiuOQ0044uZv7nSeqNJPi0UwTGsR4JFjECDZWeqi514NyxXO9BdA68XNSgRzNQfmrP5QkjakwhGOte76XmCDDyjDC6azUTzVNMJngEe1ZKnBMdZAtTp2hC6sMUSSVLWHQQv09keFY62kc2s4Ym7Fe9ebif14vNdFtkDGRpIYKslwUpRwZieZ/oyFTlBg+tQQTxeytiIyxwsTYdEo2BH/15XXSrrr+lVu9r1XqjTyOIpzBOVyCDzdQhwY0oQUERvAMr/DmcOfFeXc+lq0FJ585hT9wPn8AYsCNOQ==</latexit>

3.0
<latexit sha1_base64="VlguQdcTLERC3/qPO1tbRZ43I4Y=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0haQY8FLz1WtLXQhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N24+Dtj4YeLw3w8y8MBVcG8/7dgobm1vbO8Xd0t7+weFR+fikrZNMMWyxRCSqE1KNgktsGW4EdlKFNA4FPobj25n/+IRK80Q+mEmKQUyHkkecUWOl+5rr9csVz/XmIOvEX5IKLNHsl796g4RlMUrDBNW663upCXKqDGcCp6VepjGlbEyH2LVU0hh1kM9PnZILqwxIlChb0pC5+nsip7HWkzi0nTE1I73qzcT/vG5mopsg5zLNDEq2WBRlgpiEzP4mA66QGTGxhDLF7a2EjaiizNh0SjYEf/XlddKuun7Nrd5dVeqNZRxFOINzuAQfrqEODWhCCxgM4Rle4c0Rzovz7nwsWgvOcuYU/sD5/AFZpo0z</latexit>

L = 600
<latexit sha1_base64="bxw4Ly/FYri7JLn7/ggcHAv+PFw=">AAAB7nicbVA9SwNBEJ2LXzF+RS1tFoNgFe6iqI0QsElhEcF8QHKEvc1csmRv79jdE0LIj7CxUMTW32Pnv3GTXKGJDwYe780wMy9IBNfGdb+d3Nr6xuZWfruws7u3f1A8PGrqOFUMGywWsWoHVKPgEhuGG4HtRCGNAoGtYHQ381tPqDSP5aMZJ+hHdCB5yBk1Vmrdk1ty5bq9Ysktu3OQVeJlpAQZ6r3iV7cfszRCaZigWnc8NzH+hCrDmcBpoZtqTCgb0QF2LJU0Qu1P5udOyZlV+iSMlS1pyFz9PTGhkdbjKLCdETVDvezNxP+8TmrCG3/CZZIalGyxKEwFMTGZ/U76XCEzYmwJZYrbWwkbUkWZsQkVbAje8surpFkpexflysNlqVrL4sjDCZzCOXhwDVWoQR0awGAEz/AKb07ivDjvzseiNedkM8fwB87nDylsjik=</latexit>

L = 1400
<latexit sha1_base64="4DKZ+dK/ENvenjTjLc7IbFHeG5E=">AAAB73icbVA9SwNBEJ3zM8avqKXNYhCswl0MaCMEbFJYRDAfkBxhb7OXLNnbO3fnhBDyJ2wsFLH179j5b9wkV2jig4HHezPMzAsSKQy67reztr6xubWd28nv7u0fHBaOjpsmTjXjDRbLWLcDargUijdQoOTtRHMaBZK3gtHtzG89cW1ErB5wnHA/ogMlQsEoWql9R26IV3HdXqHoltw5yCrxMlKEDPVe4avbj1kacYVMUmM6npugP6EaBZN8mu+mhieUjeiAdyxVNOLGn8zvnZJzq/RJGGtbCslc/T0xoZEx4yiwnRHFoVn2ZuJ/XifF8NqfCJWkyBVbLApTSTAms+dJX2jOUI4toUwLeythQ6opQxtR3obgLb+8SprlkndZKt9XitVaFkcOTuEMLsCDK6hCDerQAAYSnuEV3pxH58V5dz4WrWtONnMCf+B8/gCW8I5i</latexit>

(a)
<latexit sha1_base64="sOjZUoNK33Nc8nqmGB8ygq4L+xA=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2E3CnoMevEY0TwgWULvZDYZMju7zMwKIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TRVmDxiJW7QA1E1yyhuFGsHaiGEaBYK1gdDvzW09MaR7LRzNOmB/hQPKQUzRWeijjea9YcivuHGSVeBkpQYZ6r/jV7cc0jZg0VKDWHc9NjD9BZTgVbFroppolSEc4YB1LJUZM+5P5qVNyZpU+CWNlSxoyV39PTDDSehwFtjNCM9TL3kz8z+ukJrz2J1wmqWGSLhaFqSAmJrO/SZ8rRo0YW4JUcXsroUNUSI1Np2BD8JZfXiXNasW7qFTvL0u1myyOPJzAKZTBgyuowR3UoQEUBvAMr/DmCOfFeXc+Fq05J5s5hj9wPn8AifmNTg==</latexit>

(b)
<latexit sha1_base64="7tVg+AhPeiaMnY5qvG8kDXGmdb0=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2E3CnoMevEY0TwgWcLsZDYZMju7zPQKIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7gkQKg6777eTW1jc2t/LbhZ3dvf2D4uFR08SpZrzBYhnrdkANl0LxBgqUvJ1oTqNA8lYwup35rSeujYjVI44T7kd0oEQoGEUrPZSD816x5FbcOcgq8TJSggz1XvGr249ZGnGFTFJjOp6boD+hGgWTfFropoYnlI3ogHcsVTTixp/MT52SM6v0SRhrWwrJXP09MaGRMeMosJ0RxaFZ9mbif14nxfDanwiVpMgVWywKU0kwJrO/SV9ozlCOLaFMC3srYUOqKUObTsGG4C2/vEqa1Yp3UaneX5ZqN1kceTiBUyiDB1dQgzuoQwMYDOAZXuHNkc6L8+58LFpzTjZzDH/gfP4Ai36NTw==</latexit>

FIG. 3. (a) Algebraic dependence of τS on chiral symmetry-breaking
perturbation δ with parameter 1/T = 1, L = 1400. Dashed
black lines correspond to the algebraic fit δ−2.6. (b) Delocaliza-
tion time

√
ln τS versus driving rate ln 1/T with parameter hmax =

1.1, Jnnn = 0. The numerical data fits well with a straight line of
slope

√
C ≈ 1, indicating τS behaves like τS ∼ eC[ln(T−1/g)]2 .

Both figures use J0 = 1, Jmax = 1.6π, δh = 1 and 100 disorder
average.

Prethermal lifetime.– For weak breaking of the conserva-
tion law delocalization only occurs after a sufficiently long
time scale. In Fig. 3 (a), we show the dependence of
the delocalization time τS on different single-particle chiral
symmetry-breaking perturbations of strength δ. To quantify
the dependence, one can extract the time tx at which the en-
tanglement entropy crosses the threshold SL(tx)/(L/2) = x.
The prethermal lifetime τS is then defined as the average
τS = 〈tx〉x where the averaged is performed by using five
different thresholds x = s0 ± ε, s0 ± ε/2, s0 with the param-
eter values s0 = 0.11 and ε = 0.02.

It is worth noting that the driving frequency (1/T = 1)
is comparable to other energy scales of H0. Hence, the
prethermal localization cannot be predicted via a local ef-
fective Hamiltonian obtained from a high-frequency pertur-
bative expansion [27]. However, the prethermal localization
can still be parametrically long-lived as it is protected by ap-
proximately conserved quantities Nk. In the case of the small
potential disorder hmax = δ (orange circles), the data fits well
with a straight line in the log-log scale, suggesting that τS de-
creases algebraically as τS ∝ δ−β with β ≈ 2.6. Interest-
ingly, for δ > 0.2, a clear deviation from the scaling is ob-
served and a turning point appears around δ ≈ 5, after which
the prethermal lifetime instead increases monotonically. This
suggests that beyond this point, instead of playing the role of a
symmetry breaking perturbation, potential disorder stabilizes
the localization and prolongs the prethermal lifetime.

Similarly, single-particle chiral symmetry can also be bro-
ken by introducing a static next-nearest-neighbor hopping
Jnnn/2

∑
i(c
†
i ci+2 + c†i+2ci) to H0 and approximately the
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same scaling exponent β is extracted (purple circles). How-
ever, in contrast to potential disorder, long-range hopping can-
not stabilize the localization, hence no turning point exists.

The prethermal lifetime τS also increases with the driv-
ing rate 1/T , and we extract τS similar to above, but with
s0 = 0.13, ε = 0.01. We plot

√
ln τS versus ln 1/T in Fig. 3

(b) for two system sizes with nonzero potential disorder hmax.
The numerical results fit well with a straight line of slope√
C ≈ 1 in the high frequency regime, indicating that the

prethermal lifetime scales as τS ∼ eC[ln(T−1/g)]2 with a local
energy scale g as proposed in Ref. [27]. This scaling grows
faster than any power law in 1/T but slower than exponen-
tial [27, 38].

Conclusion and Discussion.– We have identified a per-
sistent localized steady state in a quasi-periodically driven
multi-particle non-interacting system. The single-particle chi-
ral symmetry and the resulting conservation law for multi-
particle states account for this behavior. One can also add
higher powers of the drive operator P̂ to the Hamiltonian,
which leads to a long-range interaction and precludes the solv-
ability of the model. However, as shown in the SM [38], such
interaction cannot delocalize the system as it preserves the
conservation law.

An analogous idea can be readily applied to systems host-
ing quantum many-body scars [42, 43] generated from, for
instance, Hilbert space fragmentation [44–47] or a spectrum
generating algebra [48–50]. As long as the fragmented struc-
ture is preserved by the drive, or the spectrum generating lo-
cal ‘ladder’ operator [51], which only couples low-entangled
scared states, is modulated aperiodically, the system eventu-
ally will not thermalize.

The additional potential disorder, which breaks the single-
particle chiral symmetry, spoils the conservation law and the
system delocalizes after a long prethermal localized regime.
Although the dependence of the prethermal lifetime on the
driving frequency is well-understood for the TM drive, a mi-
croscopic description of the delocalization process and its de-
pendence on the symmetry breaking is still missing and worth
exploring in the future. In a related vein, a framework for the
description of localization in the absence of a natural time-
independent time evolution operator – or perhaps a theory of
the long-time convergence of the time evolution operators of
aperiodic sequences – would be highly desirable.
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THE CHIRAL SYMMETRY

Here discuss details of the chiral symmetry. In the lit-
erature [28, 29], instead of using the single-particle chiral
symmetry generator P̂ , chiral symmetry for a fermionic sys-
tem with Hamiltonian HC =

∑
ij c
†
iAijcj is defined via the

generator S = R × T , where R represents the particle-
hole transformation Rc†iR−1 = (−1)ici and time reversal
T c†iT = c†i , T iT −1 = −i. The time reversal symmetry en-
sures that the matrix A is real and the particle-hole transfor-
mation takes the Hamiltonian to

RHCR−1 =
∑

ij

(−1)iciAijc
†
j(−1)j

=
∑

ij

(−1)i+j+1c†jAijci + tr(A)

=
∑

i 6=j
(−1)i+j+1c†iAijcj −

∑

i

Aiini + tr(A).

(7)

As the initial Hamiltonian reads

HC =
∑

i 6=j
c†iAijcj +

∑

i

Aiini, (8)

by comparing it with Eq. 7, we know that to preserve the chiral
symmetry, the off-diagonal term needs to satisfy the condition

(−1)i+j+1Aij = Aij , (9)

and any diagonal terms in A has to be zero. Eq. 9 suggests that
if Aij 6= 0, (−1)i+j+1 has to be 1, leading to the conclusion
that i+j is odd; otherwise,Aij is zero. These conditions guar-
antee that SHCS−1 = HC . Therefore, if |εα〉 is an eigenstate

of HC with eigenenergy εα, S |εα〉 is also an eigenstate with
the same eigenenergy. However, these two eigenstates might
not have the same particle number as the particle-hole trans-
formation does not conserve it.

For a single-particle state, Eq. 9 naturally leads to the anti-
commutation relation {HC , P̂} = 0 as (−1)i+(−1)j in Eq. 3
has to be zero. The HamiltonianH0 defined below Eq. 2 in the
main content is one special case with only nearest-neighbor
hopping. P̂ is unitary in the single-particle subspace with the
property

P̂ 2 = I, (10)

where I denotes the identity. The vanishing anti-commutator
also implies that for a given single-particle eigenstate |εk〉 of
eigenenergy εk, P̂ |εk〉 is another eigenstate of energy −εk.
Such a property sharply distinguishes the effect of S and P̂ .

In the multi-particle subspace, Eq. 10 is not true.
Also, the anti-commutator {HC , P̂} = D̂, with D̂ =

2
∑
ijk(−1)kAijc

†
inkcj , is generally non-vanishing for a

multi-particle state. For example, consider a single body Fock
state |φ〉1 = c†p|0〉, we then have

D̂ |φ〉1 =
∑

ij

Aijc
†
i δjp

(∑

k

(−1)knk

)
|0〉, (11)

where the number operator yeilds zero. However, for a two-
body Fock state |φ〉2 = c†pc

†
q|0〉, one can verify that

D̂ |φ〉2 =
∑

i

Aip(−1)qc†i c
†
q|0〉 (12)

−
∑

i

Aiq(−1)pc†i c
†
p|0〉, (13)

which is a non-zero superposition of two-body Fock states.
Therefore, {HC , P̂} = 0 is valid only in the single particle
subspace. For this reason we call P̂ the ‘single-particle chiral
symmetry generator’ to distinguish it from the more standard
chiral symmetry operator S.

REPRESENTATION OF P̂ IN THE EIGENBASIS

Here we will show how to expand P̂ =
∑
i(−1)ini in the

eigenbasis. By using the transformation

ci =
∑

0<k≤L/2
Vkiγk +

∑

0<k≤L/2
(−1)iVkiγ̃k,
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we obtain

P̂ =
∑

i

(−1)i


 ∑

0<q≤L/2
V ∗qiγ

†
q +

∑

0<q≤L/2
(−1)iV ∗qiγ̃

†
q




×


 ∑

0<k≤L/2
Vkiγk +

∑

0<k≤L/2
(−1)iVkiγ̃k


 ,

(14)

where four combinations appear if we expand the product.
However, two of them yield zero, for instance

∑

i

(−1)i
∑

0<q≤L/2
V ∗qiγ

†
q

∑

0<k≤L/2
Vkiγk

=
∑

0<q,k≤L/2
γ†qγk

∑

i

(−1)iVki[V
†]iq

=
∑

0<q,k≤L/2
γ†qγk

∑

i

Vk̃i[V
†]iq

(15)

where we define Vk̃i = (−1)iVki. Suppose Vki represents
the k−th eigenstate of energy εk, then Vk̃i corresponds to its
paired state of energy −εk. We also know

∑
i Vk̃i[V

†]iq =

δk̃,q , which turns to be zero because L/2 < k̃ ≤ L whereas
0 < q ≤ L/2. Therefore, Eq. 15 gives zero. On the contrary,
the following term is nonzero:

∑

i

(−1)i
∑

0<q≤L/2
V ∗qiγ

†
q

∑

0<k≤L/2
Vkiγ̃k(−1)i

=
∑

0<q,k≤L/2
γ†q γ̃k

∑

i

Vki[V
†]iq

=
∑

0<q,k≤L/2
γ†q γ̃kδk,q =

∑

0<k≤L/2
γ†kγ̃k.

(16)

In the end, we obtain P̂k = γ†kγ̃k + γ̃†kγk.

EFFECT OF P̂ ON DIFFERENT EIGENSTATES

As we discussed in the main content, P̂ couples the paired
single-particle excitations of opposite energy. However, this
will not be the case if we consider a multi-particle system.
For example, we can consider the ground state |λGS〉 =∏

0<j<L/2 γ̃
†
j |0〉 where all negative energies are occupied.

Operator P̂ excites each of them forming a superposition as

P̂ |λGS〉 =
∑

0<i<L/2

(−1)L/2−i
∏

0<j<L/2,j 6=i
γ̃†jγ
†
i |0〉, (17)

where the phase factor comes from anti-commutation re-
lation for fermions. This state is different from the state∏

0<j<L/2 γ
†
j |0〉 of energy

∑
0<j<L/2 εj as the symmetric

counterpart of the ground state at the top edge of the multi-
particle spectrum. In addition, Eq. 17 indicates that the

ground state is only coupled with L/2 excited states of en-
ergy −∑0<j<L/2 εj + 2εi, which is only a small fraction of
the whole spectrum. Repeated application of P̂ will couple
more excitations. However, excitations at the same absolute
energy cannot be simultaneously populated as the total occu-
pation number Nk for each k must be conserved.

Another interesting two-body eigenstate is the one occupy-
ing both excitations at the same absolute energy:

|λk〉 = γ†kγ̃
†
k |0〉 . (18)

This eigenstate has zero energy and does not couple to any
other eigenstates via the operator P̂ because P̂k |λk〉 = 0

holds.

COMMUTATION BETWEEN Nk AND Pk

Here we show that the total number of excitations exci-
tation Nk = γ†kγk + γ̃†kγ̃k at a fixed k commutes with the
drive P̂ =

∑
0<k≤L/2 γ

†
kγ̃k + γ̃†kγk. As terms in different k-

subspaces commute, we only need to check whether the fol-
lowing commutator [Pk, γ

†
kγk + γ̃†kγ̃k] vanishes. It involves

two contributions and the first one reads

[Pk, γ
†
kγk] = [γ†kγ̃k + γ̃†kγk, γ

†
kγk]

= [γ†kγ̃k, γ
†
kγk] + [γ̃†kγk, γ

†
kγk]

= γ†kγ̃kγ
†
kγk − γ

†
kγkγ

†
kγ̃k + [γ̃†kγk, γ

†
kγk]

= 0− γ†k(1− γ†kγk)γ̃k + [γ̃†kγk, γ
†
kγk]

= −γ†kγ̃k + [γ̃†kγk, γ
†
kγk],

(19)

where we use (γ†k)2 = 0. In the end we get

[Pk, γ
†
kγk] = −γ†kγ̃k + γ̃†kγk. (20)

The second contribution can be obtained similarly as
[Pk, γ̃

†
kγ̃k] = −γ̃†kγk + γ†kγ̃k. It cancels Eq.20, hence we ob-

tain [Pk, γ
†
kγk + γ̃†kγ̃k] = 0.

LOCALIZATION IN THE LONG-TIME LIMIT

Using a pseudo-spin representation, one can rewrite the ele-
mentary time evolution operator for each subspace labeled by
k in the form

Uk± = exp
[
−iTEk

(
sin γkσ

k
z ± cos γkσ

k
x

)]
, (21)

with Ek =
√
ε2k + δh2, and sin γk = εk/Ek, cos γk =

δh/Ek. The unitary operator recursively determined by Eq. 6
converges to Uk∞ = exp

(
− iαk∞σz

)
in the limit n→∞ with
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FIG. 4. J0 = 1, Jmax = 1.6π, δh = 1, L = 600.

a nonsaturating phase factor αkn [20]. Hence, in the asymp-
totic limit it is diagonal in the z direction, and Uk∞ can di-
rectly be diagonalized by |↑〉k , |↓〉k, the same eigenstates of
the static Hamiltonian H0.

COMPARISON BETWEEN DIFFERENT FITS

Here we extract the delocalization time by averaging the
time t such that SL(t)/(L/2) = 0.2 ± 0.04, 0.2, 0.2 ± 0.02,
and compare different fitting methods. In the left panel of
Fig. 4, we plot the numerical data in the log scale and fit it
with the exponential scaling

τS ∼ exp(αT−1). (22)

The slope of the linear fit corresponds to the scaling exponent
α ≈ 0.5. The numerical data curve down from a straight
dashed line, suggesting that the heating time is shorter than
exponential. As a comparison, in the right panel we perform
the fitting only for 1/T > 7, and the data fit well with

τS ∼ eC[ln(T−1/g)]2 , (23)

with
√
C ≈ 1. Both the scaling parameters

√
C and α do not

depend on hmax.

INTERACTION EFFECTS

As shown in Fig. 2 of the main text, the final entanglement
plateau does not reach the Page value. It indicates that al-
though the system thermalizes, the final state is not the infinite
temperature state because the system is non-interacting. Here
we introduce the interaction in z direction as a perturbation to

FIG. 5. J0 = 1, Jmax = 1.6π, δh = 1, T−1 = 10.

explicitly break the integrability. The Hamiltonian then reads

H± = H0 +
1

2

L∑

i=1

h±i σ
z
i ,

H0 =
1

4

L−1∑

i=1

Ji
(
σxi σ

x
i+1 + σyi σ

y
i+1

)
+ Jzσ

z
i σ

z
i+1,

(24)

and the simulation is performed via exact diagonalization for
system size L = 12. The result is plotted in Fig. 5.

First, let us focus on the non-interacting case (blue data in
the left panel) with Jz = 0 and hmax = 0 where the entangle-
ment quickly saturates after a transient relaxation. However,
we notice this value still depends on system size indicating
that the simulation is limited by the finite size effect. Nonzero
hmax (orange dots) delocalizes the system and entanglement
increases and saturates at a value smaller than the Page value
SL = (L log 2 − 1)/2 (black dashed line) corresponding to
the infinite temperature state.

In contrast, as shown in the right panel, even for hmax = 0,
the interaction Jz

∑
i σ

z
i σ

z
i+1 delocalizes the system. This

happens because Jz
∑
i σ

z
i σ

z
i+1 breaks the conservation law

Nk, even though it is invariant under the chiral transforma-
tion S up to a constant. As this perturbation also breaks the
integrability, the final saturation is close to the Page value,
suggesting eventual thermalization to infinite temperature.

Alternatively, we also consider interactions which preserve
the conservation of Nk, for instance P̂ 2. In terms of spin op-
erators, up to a constant, this term can be expressed as

Hs =
Js
4

∑

i,j

(−1)i+jσzi σ
z
j , (25)

which is an infinitely long-range interaction in z direction.
The full driving now reads

H± = H0 +
1

2

L∑

i=1

h±i σ
z
i ±Hs. (26)
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As shown in Fig. 6 left panel, starting from the domain-wall
initial state |↑ . . . ↑↓ . . . ↓〉 with zero total magnetization, the
system maintains the memory of the initial state for small val-
ues of Js, suggesting that the system is localized in the pres-
ence of the conservation-preserving interaction. However, as
shown in the right panel, non-vanishing Js tends to generate
more entanglement than the non-interacting case. The steady
state does not heat up to infinite temperature because the sys-
tem is localized and Nk is conserved.

The comparison between different types of interactions
highlights that the persistent localization is protected by the
single-particle chiral symmetry generated by P̂ , instead of the
chiral symmetry generated by S.

FIG. 6. J0 = 1, Jmax = 20, δh = 1, hmax = 0, 1/T = 10.
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