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Many-body entanglement in condensed matter systems can be diagnosed from equilibrium response
functions through the use of entanglement witnesses and operator-specific quantum bounds. Here, we
investigate the applicability of this approach for detecting entangled states in quantum systems driven out
of equilibrium. We use a multipartite entanglement witness, the quantum Fisher information, to study the
dynamics of a paradigmatic fermion chain undergoing a time-dependent change of the Coulomb
interaction. Our results show that the quantum Fisher information is able to witness distinct signatures
of multipartite entanglement both near and far from equilibrium that are robust against decoherence. We
discuss implications of these findings for probing entanglement in light-driven quantum materials with
time-resolved optical and x-ray scattering methods.

DOI: 10.1103/PhysRevLett.130.106902

Introduction.—A defining feature of quantummechanics
is the existence of nonlocal correlations and entanglement
between distinct physical objects [1,2]. Entanglement is
ubiquitous in the study of quantum many-body phenom-
ena, encompassing areas such as quantum gravity [3],
quantum information [4,5], and condensed matter physics
[6–11]. Especially in the latter, entanglement has signifi-
cant effects on the macroscopic behavior of quantum
materials [12,13] and is intimately connected with the
appearance of quantum spin liquidity [14–17], topological
order [11,16], quantum criticality [18], and strange metallic
behavior [19,20]. Therefore, efforts to identify and quantify
quantum correlations in solids have the potential to reveal
new collective phenomena and to advance our capability to
harness their functionalities.
While small entangled systems can be experimentally

characterized via tomography [21,22] or quantum interfer-
ence methods [23], diagnosing entanglement in solids
requires alternative approaches linked to accessible exper-
imental observables [6,7,24]. A possible strategy relies on
determining the expectation values of operators called
“entanglement witnesses” [13,25–31]. The witness selec-
tion depends on the type of system and entanglement of
interest, but a prominent quantity is the quantum Fisher
information (QFI). At equilibrium, the QFI can be rigor-
ously extracted from a sum-rule integral of the Kubo
response function [32] and acts as a multipartite entangle-
ment witness if its value exceeds classical expectations.

Its connection with experimentally accessible response
functions motivated recent inelastic neutron scattering
studies of multipartite entanglement in a variety of spin
chains [33–35] and defines a model-independent pathway
to detect entangled states in quantum materials.
Witnessing entanglement with the QFI or other measures

has significant implications well beyond the study of
quantum systems at equilibrium. Recently, ultrafast laser
pulses have enabled new pathways to drive quantummateri-
als through nonequilibrium phase transitions, or induce
entirely new states of matter without apparent equilibrium
analogs [36–43]. Probing quantum entanglement for these
dynamical phenomena is crucial in order to understand their
microscopic origin and to identify the possible role of
transient quantum coherence, especially in systems without
obvious order parameters [44–47]. Hence, it becomes
important to investigate how a time-dependent QFI reflects
the evolution of entanglement through a nonequilibrium
phase transition.
In this Letter, we show that the QFI is a robust witness of

time-dependent multipartite entanglement across a proto-
typical nonequilibrium phase transition. We consider the
experimentally relevant case of a fermion chain with a
dynamically tuned Coulomb repulsion [48–51] and map
its entanglement dynamics for different driving conditions.
Upon ramping the interaction strength, the system undergoes
a quantum phase transition from a disordered to an ordered
phase. The QFI witnesses an increase in multipartite
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entanglement while ramping the Coulomb interaction. For
adiabatic ramps, the QFI exhibits a well-defined local
maximum at the critical point, consistent with expectations
for equilibrium quantum phase transitions [32]. By contrast,
in a diabatic regime its increase persists deep into the ordered
phase with distinctive oscillatory behavior. Crucially, such
enhancement is robust against the introduction of local
decoherence processes, thus underscoring the possibility
to witness entanglement dynamics of quantum systems
coupled to realistic dissipative baths. Our results are immedi-
ately relevant to the nonequilibrium dynamics of one-
dimensional Mott insulators in the strong coupling limit
[e.g. ½NiðchxnÞ2Br�Br2, K-TCNQ, and (ET)-F2TCNQ]
[48,52–57], and, through a mapping onto an equivalent spin
model, of spin chain systems such as Cs2CoCl4 [34], KCuF3
[35], or ½Cuðμ-C2O4Þð4-aminopyridineÞ2ðH2OÞ�n [33].
More broadly, our work defines a strategy to distinguish
different dynamical regimes in driven materials via quantum
information methods.
Model.—We consider a half-filled chain of spinless

fermions interacting through a nearest-neighbor Coulomb
repulsion. The model Hamiltonian reads:

ĤðtÞ ¼ −
J
2

X
j

ðĉ†j ĉjþ1 þ H:c:Þ þ VðtÞ
X
j

ñjñjþ1; ð1Þ

where ĉ†j (ĉj) is a creation (annihilation) operator at site j,
ñj ¼ ĉ†j ĉj − 1=2 is the number operator relative to half
filling, and J is a constant hopping amplitude setting the
energy scale of our model. We consider a time-dependent
nearest-neighbor Coulomb interaction VðtÞ, which can be
realized in ultrafast optical experiments through dielectric
screening enhancement [49], coherent Floquet dressing
[43,58], or transient crystal lattice distortions [59]. For
simplicity, we ramp up the interaction strength at constant
velocity as VðtÞ ¼ Jvt for all the calculations presented in
this Letter. At equilibrium, this system exhibits a well-
known quantum phase transition at V ¼ 1 from a gapless
Luttinger liquid (LL) with short-range correlations to a
charge density wave (CDW) with long-range correlations.
We map the spinless fermions onto an equivalent spin-

1=2 anisotropic Heisenberg chain [Fig. 1(a)] via a Jordan-
Wigner transformation [60,61] and add a small staggered
magnetic field hz ¼ 0.005 (cf. Secs. S1 and S2 in the
Supplemental Material [62]) in order to select one of the
two classical Néel states. We have checked that our key
results are robust against the specific value of the field. We
study the nonequilibrium entanglement dynamics through
exact diagonalization (ED) calculations using the QuSpin
[64,65] and HPhi [66] packages. In the equivalent spin
formulation, the quantum phase transition occurs between
the XY and antiferromagnetic phases. Here, we report ED
calculations for a 10-site spin chain with periodic boundary
conditions (PBC) and benchmark a selected subset of these
against real-time density matrix renormalization group

(DMRG) calculations [67] on an infinite fermionic chain.
ED calculations for chains of up to 24 sites (also with PBC)
are included in the Supplemental Material [62].
We probe the entanglement dynamics by directly cal-

culating the time-dependent QFI density using the instan-
taneous wave function describing the system. For a pure
state ψ0, the QFI associated with an operator Ôq is simply
the connected correlation function [32]:

FQ ¼ 4ΔðÔqÞ2 ¼ 4ðhψ0jÔ2
qjψ0i − hψ0jÔqjψ0i2Þ: ð2Þ

Since we focus on phase transitions to states with staggered
correlations at wave vector q ¼ π [60], we choose the local
generator Ôπ ¼

P
lð−1ÞlŜzl (formulated in the spin lan-

guage). A value of the QFI density fQ ≡ FQ=L > m,
where m is a divisor of the system size L, signals that
the state jψ0i must be mþ 1-partite entangled [30,32,68].
Results.—Owing to the superposition of an increasing

number of states due to quantum fluctuations, a system
approaching a nontopological quantum phase transition
(i.e., one with a local order parameter on the quasi-ordered
side of the phase transition) will exhibit enhanced multi-
partite entanglement and a QFI maximum around the
critical point [32]. We first investigate the evolution of
the QFI density fQ upon tuning the interactions across the
equilibrium critical point. As shown in Fig. 1(b), fQ
correctly identifies the quantum phase transition (V ¼ 1)
via a clear local maximum. This behavior is common to
both the small and infinite-size limits (cf. Sec. S2 in [62]),
whereby the chain length mainly determines the sharpness
of the QFI maximum, with minor effects on its exact
position. In the gapless (LL) phase, the QFI density exceeds
the classical bound fQ ¼ 1, thus witnessing at least
bipartite entanglement. In the gapped (CDW) regime, the
QFI density becomes featureless and decreases below the

J

V = Jzz

ED
(a) (b)

DMRG

FIG. 1. (a) Sketch of half-filled spinless fermion chain with
nearest-neighbor Coulomb interaction [Eq. (1)] (lower) and a
corresponding spin-1=2 anisotropic Heisenberg model (upper).
The fermionic hopping amplitude corresponds to the exchange
coupling J and the Hubbard interaction V becomes the z-
direction exchange coupling Jzz. (b) Equilibrium QFI density
as a function of the intersite Coulomb repulsion V computed
using ED for a L ¼ 10 chain (purple) and using DMRG for an
infinite chain (red), respectively. If fQ > 1, the system is at least
bipartite entangled.
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classical bound, consistent with the absence of multipartite
entanglement deep inside the ordered phase.
We now probe the nonequilibrium entanglement dynam-

ics of our system. We consider a purely unitary evolution
while ramping the interaction strength [see Fig. 2(a)].
Starting from the noninteracting limit, we calculate the
QFI of the time-evolved initial state jψ0ðtÞi ¼
T exp ½−i R t

t0
Ĥðt0Þdt0�jψ0ðt0Þi for a fine mesh of ramp

velocities. In the adiabatic limit (v → 0) the QFI density
still peaks around the equilibrium quantum critical point.
However, its nonequilibrium behavior exhibits significant
differences. Upon increasing ramp speed, the local QFI
maximum undergoes a long-lived enhancement with no
signs of decay at large interaction strength. The transition to
a diabatic regime occurs at relatively low velocity through a
highly entangled state with fQ ∼ L. By decomposing the
eigenstates of the instantaneous Hamiltonian into Fock
states specifying the spins at each lattice site, we see that
the entanglement growth of this region is mainly driven by
a “Schrödinger-cat”-like superposition of nearly degenerate
Néel states j↑↓↑↓…i and j↓↑↓↑…i [69–82]. As we show
later, this coherent superposition is not stable with respect
to decoherence. At higher ramp velocity (v > 3.5), the
nonequilibrium enhancement of the QFI density peaks at
larger interaction strengths (earlier times) and at a pro-
gressively lower level, thus suggesting a lower degree of
multipartite entanglement. Intriguingly, the existence of the
main peak of the time-dependent QFI density does not

depend on the system size [see Fig. 2(b)] while its position
is insensitive to the presence of additional interaction terms
in the equilibrium model (Sec. S6 in [62]). Hence, it
represents a genuine nonequilibrium feature which does
not extrapolate to the equilibrium critical point [83] and can
be used to define a critical speed v� separating adiabatic and
diabatic (‘impulsive’) dynamical regimes. In addition, the
QFI density enhancement is accompanied by a character-
istic oscillatory behavior [see Fig. 2(c)]. These oscillations
contain both size-dependent and size-independent fre-
quency components, as analyzed in greater detail in
Sec. S3 of the Supplemental Material [62]. Through a
time-frequency analysis via a sliding-window Fourier trans-
form, we assign these oscillations to transitions across the
gap of the instantaneous Hamiltonian ωðtÞ ≈ ΔðtÞ [84,85].
To microscopically interpret the observed nonequili-

brium entanglement dynamics, we decompose the instanta-
neous wavefunction ψ0ðtÞ as a weighted superposition of
Néel-like spin configurations with increasing number of
domain walls (or defects, s. Fig. 3(a)). We then map the
nonequilibrium QFI density at selected ramp velocities
onto the time-dependent behavior of these weights (see
Fig. 3). In the adiabatic limit (v≲ 0.03, see Fig. 3(b) and
3(f)), our system at t0 ¼ 0 is initialized in a disordered phase
with a high density of defects. As the interaction strength
grows, the time-evolved wavefunction ψ0ðtÞ follows the
ground state of the equilibrium Hamiltonian with effective
interaction VðtÞ and shows an increased superposition of
pure Néel states without domain walls. Since the equally

FIG. 2. (a) Nonequilibrium QFI density fQ ¼ FQ=L as a
function of the time-dependent interaction strength and ramp
velocity for L ¼ 10 sites. The white line marks the position of the
instantaneous maxima of fQ in the impulsive region (see text).
The lower part of the panel is an enlargement of the quasi-
adiabatic region. (b) Comparison between ED (dashed line) and
DMRG (solid line) calculations of the time-dependent QFI
density fQ for selected ramp velocities. (c) Time-dependent
QFI density fQ for various ramp velocities.

0 =(a)

(b) (c)

2 = 6 =

4 =

(d)

(e) (g)(f)

FIG. 3. Nonequilibrium QFI (top) and time-dependent density
of defects (bottom) for selected velocities, (b),(e) v ¼ 0.005, (c),
(f) v ¼ 2, and (d),(g) v ¼ 50. Dashed vertical lines indicate the
position of the first QFI maximum. (a) Chain configurations with
a variable number of domain walls. The density of defects is
given by the sum of the weights of time-evolved states containing
zero to three domain walls. All calculations have been performed
using the ED method.
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weighted superposition of Néel states is maximally
entangled and the underlying wave function cannot be
represented as a product state, the QFI density fQ increases
to a value close to the system size (fQ ∼ L). Then, above the
transition into the ordered phase, fQ decays as the system
selects one of the two Néel configurations and reduces the
amount of multipartite entanglement.
At small ramp velocities [0.175 < v < 3.5, see Figs. 3(c)

and 3(f)], the entanglement dynamics becomes diabatic and
involves the excitation of states with nonzero defect
density. The system still features a growth of the super-
position between pure Néel configurations with the QFI
density fQ approaching the maximum value allowed by the
system size. However, the departure from adiabaticity leads
to the excitation of multiple low-lying states with a finite
number of domain walls, their population being periodi-
cally redistributed as a function of time. At large ramp
velocities [v > 3.5, see Figs. 3(d) and 3(g)], the QFI
dynamics is deep in the diabatic regime. The time-evolved
wave function does not follow the ground state evolution
and its composition becomes skewed towards states with a
nonzero number of domain walls. The superposition of
pure Néel configurations is suppressed and the overall
entanglement content of our model is reduced. In other
words, a rapid change of the interaction strength drives the
system into states with a larger number of defects and lower
multipartite entanglement.
Since the QFI behavior is closely related to the pro-

liferation of defects, we verify whether this entanglement
witness follows a dynamics of the Kibble-Zurek (KZ) type
[86,87]. In the KZ picture, the dynamics of a system
undergoing a quantum phase transition, including the
scaling of the density of defects and other observables
as a function of the quench velocity, is determined by its
behaviour at the critical point [88–90]. While the validity of
the KZ mechanism in the quantum regime has been
established for trajectories across a critical point, our
quench from the disordered to the ordered phase requires
crossing an entire critical region (0 ≤ Δ < 1) [91,92] and
the critical point at V ¼ 1 is of the Berezinskii-Kosterlitz-
Thouless (BKT) type [93]. Figure 3 and the corresponding
analysis strongly imply the existence of a tight connection
between the extrema of the dynamical QFI and the number
of defects as a function of time. In Fig. S6 of the
Supplemental Material [62], we show that the maximum
of fQðtÞ in fact coincides with a minimum of the integrated
density of defects, consistent with the fact that the pre-
dominance of the Néel-like configuration is conducive to
higher entanglement levels. Therefore, in the following we
interpret the scaling of the time instant t� maximizing the
dynamical QFI density fQ in terms of the KZ paradigm. In
the impulsive regime, we find that the nearest-neighbour
Coulomb repulsion Vðt�Þmaximizing the QFI density fQ is
consistent with the KZ expectation and follows a dynamical
scaling given by the power law Vðt�Þ ∝ vα with α ≈ 1=2

(0.5295� 0.0009). In Sec. S5 of the Supplemental Material
[62], we relate α with the critical exponent of the system
and the scaling of the gap at the critical point V ¼ 1.
Remarkably, for the systems sizes investigated here the KZ
scaling of Vðt�Þ is insensitive to diverse microscopic
perturbations of the equilibrium model such as second-
neighbor interactions, decoherence, or external fields [62].
Since most nonequilibrium experiments on condensed

matter systems involve the coupling to an external envi-
ronment, we now verify that the QFI density enhancement
survives the presence of quantum dissipation. We evolve
the density matrix ρ̂ðtÞ ¼ jψ0ðtÞihψ0ðtÞj according to a
Lindblad master equation with a decoherence rate γ

_̂ρðtÞ¼−i½ĤðtÞ; ρ̂ðtÞ�þ2γ
XL−1
l¼0

�
L̂lρ̂ðtÞL̂†

l −1

2
fL̂†

l L̂l; ρ̂ðtÞg
�
:

ð3Þ
We choose two different quantum jump operators L̂l,
namely L̂z ≡ σ̂zl and L̂þ− ≡ σ̂þl σ̂

−
lþ1. The former describes

local dephasing, relevant to the description of decay
processes involving local degrees of freedom, such as
molecular vibrations [55]. The latter encodes instead non-
local quantum decoherence [94] relevant to systems featur-
ing magneto-elastic coupling where the spin-exchange
process is coupled to a bath of vibrational oscillators.
The calculation of the QFI in this case follows the
definition for a mixed state

FQðtÞ ¼ 2
X
i;j

ðϵit − ϵjtÞ2
ϵit þ ϵjt

jhφi
tjÔπjφj

tij2; ð4Þ

FIG. 4. Nonequilibrium QFI density fQ ¼ FQ=L as a function
of time and ramp velocity for L ¼ 10 sites and at fixed
decoherence rate γ ¼ 0.01. (a),(c) Evolution of fQ in the presence
of the Lindbladian jump operators L̂z and L̂þ−, respectively. (b),
(d) Time-dependent fQ curves for selected ramp velocities. The
calculations have been performed employing the ED method.
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where ϵit and jφi
ti are eigenvalues and eigenvectors of ρ̂ at

time t (see Sec. S4 in the Supplemental Material [62] for
further details). As shown in Fig. 4, the decoherence terms
suppress the Schrödinger-cat-like state at low ramp speeds
and introduce a decay of the QFI density for increasing
interaction strength. However, the main nonequilibrium
QFI peak is preserved and persists up to coupling rates of
γ ≈ 0.1 [62] with only minor changes in location and
magnitude. A decoherence rate γ ¼ 0.1 is consistent with
the experimental quasiparticle recombination rates of
certain quasi-1D Mott insulators [55]. Hence, it should
be possible to use the QFI density to witness nonequili-
brium entanglement dynamics in realistic quantum systems
subject to decoherence.
Conclusion.—We have investigated the nonequilibrium

evolution of a driven fermion chain in terms of its many-
body entanglement properties. By dynamically tuning the
intersite Coulomb repulsion, we witness the multipartite
entanglement dynamics with the time-dependent QFI
across a prototypical quantum phase transition and find
it robust against the introduction of decoherence.
The existence of a rigorous connection between the QFI

and the dynamical response of quantum systems at equilib-
rium has motivated recent attempts to witness multipartite
entanglement in inelastic neutron scattering experiments
[33–35]. The same protocols could be extended to certify
the presence of entangled states in driven systems with
ultrafast resonant inelastic x-ray scattering and optical
methods. Our Letter establishes the QFI as a valid non-
equilibrium entanglement witness for driven condensed
matter systems beyond its current use in quantum simulators
and quantum information science [95–100]. However, fur-
ther progress in this direction requires mapping the QFI
operator to transient response functions (thus abandoning the
fluctuation-dissipation theorem as the key tenet of Ref. [32]),
determining appropriate quantum bounds for the relevant
observables, and controlling sources of experimental uncer-
tainties (e.g. energy resolution broadening or incorrect
normalization of experimental spectra) which could lead
to an inaccurate extraction of theQFI [32,34,35]. These steps
will extend the use of entanglement witnesses to future
nonequilibrium spectroscopy experiments on quantum
materials.
Our findings pave theway towards a deeper understanding

of the role of quantum correlations in photoinduced phase
transitions. The entanglement dynamics studied here is
immediately relevant to laser-driven quasi-one-dimensional
Mott insulators and spin chainmaterials [67] and represents a
template to understand the more general behavior of corre-
lated quantum materials out of equilibrium. In particular,
entanglement correlations might allow for a better charac-
terization of hitherto incompletely understood pathways
towards hidden metastable phases [47,101], the identifica-
tion of dynamical quantum phases without obvious order
parameters [102,103], and could be key in unraveling the
mystery behind light-induced phases of matter without
equilibrium analogs [104].
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