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1 Introduction

Scattering amplitudes in string theories have turned out to be rewarding laboratories to
encounter deep mathematical structures in a physics context. Already at tree level, the
multiple zeta values (MZVs) in the low-energy expansion of string amplitudes furnish elegant
physics applications of motivic MZVs [1], the Drinfeld associator [2-5] and single-valued
MZVs [1, 6-10]. At one loop, the common themes of string amplitudes, number theory, and
algebraic geometry are centered around elliptic polylogarithms [11-14] and non-holomorphic
modular forms. The latter arise from integrating over closed-string insertions on a torus [15-
18] and were dubbed modular graph forms (MGFs) [19, 20]. We refer to [21] for an overview
of MGFs as of fall 2020 and to [22-24] for recent discussions in a broader context.

The remarkable properties of MGFs attracted considerable attention among mathemati-
cians, for instance, their intricate network of algebraic and differential relations [17, 20, 25-28]
or the appearance of (conjecturally single-valued) MZVs in their Fourier expansion [19, 29—
34]. In particular, the advent of MGFs inspired Brown’s construction of non-holomorphic
modular forms from iterated integrals of holomorphic Eisenstein series and their complex
conjugates [35-37]. More specifically, Brown’s infinite families of non-holomorphic modular
forms arise as expansion coefficients of certain generating series dubbed equivariant iterated
Fisenstein integrals (EIEIs) and are conjectured to contain MGFs.

Brown’s EIEISs are built from two implicitly defined ingredients [35, 37]: (i) a generating
series bV of single-valued MZVs and (ii) a change of alphabet ¢* for the bookkeeping
variables of antiholomorphic iterated Eisenstein integrals akin to the construction of single-
valued polylogarithms at genus zero in [38]. This close relation to the theory of single-valued
polylogarithms is just one reason Brown’s non-holomorphic modular forms are of great
interest across several communities. Other reasons include their potential application to
solving arithmetic problems involving periods and their link to the study of universal mixed
motives. Further recent evidence for their arithmetic significance was also provided by [39],
where classical and important number-theoretic objects, such as period polynomials, were
associated with the space of such non-holomorphic modular forms. Despite this interest, the
explicit form of Brown’s EIEIs beyond depth one is essentially uncharted territory, apart
from the simplest contributions of (i) to non-holomorphic Eisenstein series.

An explicit example of how MGFs at depth two relate to Brown’s non-holomorphic
modular forms was given first in [36] and then further investigated in [40], where the
depth-three case was also briefly discussed. However, the equations determining (i) and
(ii) have not yet been solved to the orders that probe the generic properties of Brown’s
non-holomorphic modular forms or their connection to MGFs at depth > 2.

An alternative way of reducing MGFs to iterated Eisenstein integrals and their complex
conjugates was initiated by certain generating series of closed-string genus-one integrals
which contain all convergent MGFs in their low-energy expansion [41]. The explicitly-
known reality properties and first-order differential equations in 7 of these closed-string
integrals imply that MGFs can be uniquely expressed in terms of real-analytic iterated
Eisenstein integrals 5%V [42]. These representations of MGFs expose both the entirety of
their relations over rational combinations of MZVs and their expansion around the cusp.



The dictionary between MGFs and % at depth two is known from [43, 44], and we will
report on generalizations to depth three in future work [45].

In this work, we relate the organization of iterated Eisenstein integrals via [V to
Brown’s construction of non-holomorphic modular forms and confirm his conjecture that
EIEIs contain MGFs in a variety of cases. Moreover, we present an all-order proposal for
the explicit form of the aforementioned change of alphabet ¢*V in terms of commutator
relations between certain derivations {eggio, 20k+1} with & € N which are well known in
the mathematics literature. These derivations originated in pioneering work of Thara [46],
where deep connections to Grothendieck’s theory of motives (and particularly to Deligne’s
motivic fundamental group of the projective line minus three points [47]) were found. The
link between quadratic relations among these derivations and modular forms was first
described by Thara-Takao (see the summary in [48]), then studied in detail by Tsunogai [49],
Goncharov [50], Gangl-Kaneko-Zagier [51], Schneps [52], Pollack [53], Baumard-Schneps [54],
Hain-Matsumoto [55] and Brown [56, 57].

Our results close a notorious gap between the recent physics and mathematics literature
and may pave the way for deducing properties of closed-string amplitudes from powerful
theorems in algebraic geometry and number theory.

Outline. This work is organized as follows: we start by reviewing the basics of MGFs
and their iterated-integral building blocks from the string-theory literature in section 2.
Section 3 then introduces new results on these string-theory motivated building blocks with
a focus on the construction of non-holomorphic modular forms. This description of MGFs
is compared with Brown’s EIEIs in section 4: we first make a connection with Brown’s
generating series in terms of Tsunogai’s derivations [37] in subsections 4.1 and 4.2. The role
of Brown’s equivariant double integrals including depth-one integrals of holomorphic cusp
forms [35, 36] is then discussed in section 4.3.

2 Basics

We start by reviewing selected aspects of MGFs and setting up the notation to connect
with Brown’s work in later sections.

2.1 Modular graph forms

The original definition of MGFs as integrals over marked points on a torus can be applied
to any labeled directed graph [19, 20]. In lieu of the full definition, we restrict ourselves to
simple instances that suffice to illustrate our construction. For the case of a dihedral graph,
the definition of MGFs reduces to the following nested sums over discrete torus momenta

P1,---3PR [20]

R )
(ImT)aJ 5(p1+...+pR)
i = ([[52) xSt 2.1)
=1 7 propreN P1PL - PR PR

MGFs depend non-holomorphically on the modular parameter 7 € C of a torus with

Im 7 > 0. The sums over lattice momenta

p; N, AN =(Zr+Z)\ {0} (2.2)



converge absolutely if their exponents a;,b; € Z obey ai+b +a;+b; > 3 for all 1<i<j<R.
The conventions for the normalization factor (Im7)% 7% in (2.1) ensure that MGFs
transform with purely antiholomorphic modular weight (0, >~ j:l( bj—a;)) under the modular
group SL(2,Z),

R
C*[Z::::Zﬁ](iﬂs)z(H(cﬂd)”j‘“f)C*[ Thel(m), (eh) esLEz).  (23)

J=1

Expressions similar to (2.1) for more general topologies are for instance discussed in [20, 58].
The simplest non-vanishing examples of MGFs are non-holomorphic Eisenstein series

mr) = (180 = (7)) X . k22 24
peN

and their 7, 7-derivatives. Infinitely many instances of (2.1) with R > 3 lattice momenta
obey non-trivial relations such as [17, 25]

J(T) =E3(7) + G, (2.5)
J(r) = 24C* (31 1](7) — 184 (1) + 3E2 (1),

which are mysterious from the lattice-sum representations of MGFs but are exposed by the
iterated-integral representations below. A datamine of relations can be found within the

MATHEMATICA package [58]. Relations and expansions of MGFs around the cusp 7 — ico
introduce (conjecturally single-valued [17, 29]) MZVs [26, 30-34]
1
Cning,ne = Z PRI ST Ny > 2 (2.6)
0<ki<ko<..<ky "1 72 00T

of weight n1+ng+...+n, and depth r.
2.2 Real-analytic iterated Eisenstein integrals

Non-holomorphic Eisenstein series (2.4) can be written as

(2k—1)! 2Q2k—1 } 27)

) = G ]+ e

involving the real-analytic depth-one integral [42, 43]

Pl =gl [T () ey
_/_ioodﬁ (T—ﬂ>k—2_j(7_ﬁ)jgk(ﬁ)} 7 (2.8)

7 4y

with y = 7 Im 7, holomorphic Eisenstein series,
Gr(r) = (Im7)~*c* (E01(r), k>4 (2.9)

and tangential-basepoint regularization of the endpoint divergence at 71 — ioo [35]. Earlier
discussions of iterated-integral representations of non-holomorphic Eisenstein series can for



instance be found in [17, 59]. We emphasize that the integrals in (2.8) and similar iterated
integrals below are homotopy invariant: in spite of the appearance of 7 and 7 in both lines,
the integration variable 71 (71) only appears holomorphically (antiholomorphically) along
with dry (d7y).

Generic MGFs (2.1) can be uniquely® represented via higher-depth generalizations of
the real-analytic Eisenstein integral (2.8) which are constructed from kernels

W4 [k,T 7’1] = dTl<T_Tl

k—2—j .
2mi \ 4y ) (T=71)' G (m1), (2.10)

d77'1 T—T1 k=2=j N4
w_ [k,T 7'1} :27ri( 1 > (7—71)? Gg(11),

with & > 4 even and 0 < j < k—2. In terms of these kernels, the depth-one expression (2.8)
simply reads

—100

. 100 ) .
6SV[?€;T} :/ w+[i;7,ﬁ] —|—/_ w_H;T,Tl} . (2.11)
T T
Starting from the depth-two instance [42, 43]
[0 ] = (2.12)
100 100 100 —100
/er[ﬁ‘T 7-2} /w_|_|:i11;7',7'1}—|—/w+|:i§;7',7'2:| / w_[ill;T,Tl}
T2 T T
—300 —100 ' k1—2—7j1 ko —2—72 (k:1727j1)(k2*2*j2) : :
Jz2.. p1 D2 Jitp1 j2+p2.
* / BT / w_[kZ’T’TQ}JF — — (4y)pr+p2 [ ks 2’7]’
71 p1=0  p2=0

the real-analytic 5%V involve antiholomorphic building blocks «[:; 7] featuring MZVs in
each term which resemble the admixtures of MZVs to single valued polylogarithms at genus
zero in [38]. Just like the 5% at arbitrary depth, the [ ; 7] are invariant under the modular
T-transformation 7 — 7+1, see (3.21) below for an all—order formula at depth two. Note
the reversal of the ordering of labels for the w_ kernels in the definition (2.12).

The kernels (2.10) lead to specific linear combinations of Brown’s iterated Eisenstein
integrals over kernels Tf Gg(m) with £ > 4 and 0 < j < k—2 [35]. Their accompanying
polynomials in 7 and 7 can be understood from their generating function

oy (k2) 1
Zwi[ ] (X=rYY(X = 7Y)kd (j >(_4y)j

(27rz) (X TlY)k 2Gk(7—1) PWy,
- : (2.13)

W(X TlY)k 2G]€(7—1) W,

Uniqueness follows from the linear-independence results of [60] on holomorphic iterated Eisenstein
integrals.



which translate into the kernels (X —71Y)¥~2 G¢(71) of Brown’s EIEIs [36]: once the commu-
tative bookkeeping variables X, Y are taken to transform as a vector under (fj g) € SL(2,7Z)
according to (X,Y) — (aX+bY,cX+dY), both cases of (2.13) are modular invariant.

2.3 Higher-depth generalization

With a capital-letter notation P for words in the composite letters i of the kernels (2.10),
we can write the higher-depth generalization of (2.11) and (2.12) as

BrIPiTI = Y AIXGTIB Y718 (25 7], (2.14)

P=XYZ
where Y is obtained from Y by reversing the order of its composite letters (e.g. (ﬁ ﬁ )=
(iz ill )), and the sum over deconcatenations of P into XY Z includes empty words X,Y, Z

with s[0; 7] = B_[0; 7] = B+[0;7] = 1. We use a S1-notation to separate the contributions
from holomorphic and antiholomorphic Eisenstein series

Jr J2 - Je. — Je .
6+{k1k2...ke’7—:|_/ w+[ke77,74.../
T

T3

100

w.%ﬁ 0T, 7’2} / w+[£ i, 7'1} ,  (2.15)

T2

i1 J j —ioo ; —100 ) —i00 .
J1 j2 - Je . - o . . .
5—[191@._.15;’7}—[ w—[kf»’T’Tf]'“/, W—Hiﬁﬁz}/ w_[fl,nrl},
= ;

T3 T2

100

Moreover, the composition of antiholomorphic «[:; 7] in the last line of (2.12) generalizes
to multiple sums over p;,

T T ki—2—7; (kz—;—Jz)T
K[ ki ’T} o piZ:O (4y)Pi oz{m ki .. ’T} ! (2.16)

where one can infer the vanishing of their depth-one instances /@H;T} = aH;T} =0

from (2.8). Antiholomorphicity of the a[: ;7] and the composition rule (2.14) imply a

simple form of the holomorphic differential equations [42]

4
2mi(T—7)28, 8% [ﬁ o ;T} = 3" (ki—ji—2)8" [ﬁ L ;T} (2.17)
i=1
BT )G (1) [ ]

while Oz-derivatives are in general more complicated and sensitive to the expressions
for a5 7].

Note that all the £[X; 7] and the combinations Y g_y 6-[Y";7]64[Z; 7] in (2.14) at
fixed ) are separately invariant under 7' : 7 — 741. Modular S-transformations 7 — —%

in turn mix %V of different depths [42, 44] with rational functions of 7,7, MZVs and more
general multiple modular values [35, 61] in their coefficients. In other words, individual 5%
do not have good modular properties, unlike MGFs, which are specific linear combinations
of 55V of different depths with y-dependent coefficients. One of the main aims of this paper
is to give a more direct characterization of these linear combinations (see section 3) and to
relate them to Brown’s construction in section 4.



2.4 Generating series of modular graph forms

The entirety of convergent MGFs which do not simplify under holomorphic subgraph
reduction [20, 28] are embedded into generating series of closed-string integrals over n > 2
marked points on a torus [41]. Their KZB-type differential equations in 7 have been solved
through a generating series in /% [42]

Y7 = ZR P)) B [P; 7] exp( R:l(y )) Yo, (2.18)

where we recall y = 7 Im 7, and the sum over P comprises all words P = ill - ii of length
£ >0 with k; > 4 even and 0 < j; < k;—2. The coefficients

¢
. = 1)\ (ke—2-30)  (ka—2—3ja) (k1—2—31)
6[%11 iz . } - (H k .72 2)! ) Ekez ‘ ”'ek; ’ 61611 ' (2.19)

with the shorthand

el = ad! (ep) (2.20)
and the exponential in (2.18) involve certain (n—1)! x (n—1)! matrix valued operators
Ry(epean,) which are conjectured [41, 42] to furnish matrix representations Rj(-) of Tsuno-
gai’s derivation algebra {ercan,} [49] with Rj(e2) = 0. The notation Rgz(e[P]) in (2.18)
instructs us to replace all the ¢, in (2.19) by Rj(ex). The conjecture is supported by a huge
number of checks that the relations of the derivation algebra [49, 53, 62] such as

0= e,(gk_l) , k > 4 even,

0 = [e4, e10] — 3[ee, €s] (2.21)
0 = —462ey, [ea, €8]] — 1725 e, [€6, €4]] — 280 [68 ,eél)]
+125 [, €l | +250 [e1q, €| = 80 [erg, €] = 16 ¢y, €l5]

are preserved in passing to the matrix-valued operators e, — Rj(e).

Finally, the quantity }Aféoo in (2.18) accounts for the 7 — oo degenerations of the genus-
one integrals [41, 42]. Its matrix entries are 7-independent Laurent series in the bookkeeping
variables s;;,m; of the reference that the operators Rj(e) act on, with (conjecturally
single-valued) MZVs in their coefficients (the explicit form at n = 2 can be generated
from (4.2) of [42]).

2.5 Examples

The contributions of exp (—%;0))}?%00 to the generating series (2.18) ensure that % of
different depths are combined into modular forms. At depth one, the formula is [42]

. 2)° =% (a+b—1)! [ _Ta 2Catb-1
Cr50l(r) = _( (()1_1)(!@_1)!) (5 (o] - (a+b—1+)lz4y)b1> : (2.22)

where a,b > 1, and a+b > 4 is an even integer.




Higher-depth instances of 5%V in (2.12) and (2.14) occur in MGFs with three and more
columns, such as [42]

CH3HHI) = 1268 7] — 19573 §s7) + 12687 7]+ o2 — £ 4 KT
279

C*H’%H(T):Tﬁsv[15o;7]+305“[%i;f]+ 2pa:7] (2.23)
_34'5/BSV[2; ] 3C5IBSV[ ] 7(7 _|_5<3C5 31C9

48y 16y%2  64y3

as well as [42]

2TmC* 913 3](7) = 6087 (9 817]— 2708 [} 3; 7] —605™ [} 357]+3908™[3 ;7]

2105 [} i7)=3908" 3 8171 -3 [hi7] + = 26”357
27455“[ ]+3—C§6W[ 7] 260G56% [:7] + 45C3B“[ ]
5C3 v 13(5

5 [3:7] - 120 (2.24)

As a common theme of (2.22) to (2.24), ﬁsv[ﬁ . i‘; ;7| are completed to modular forms of
weight (0, Y3¢_, (ki—2—25;)) by adding lower-depth terms with Q[y~!]-linear combinations
of MZVs in their coefficients. Note that only non-positive powers of y can arise from the
expansion of the exponential in (2.18).

The antiholomorphic «f:;7] in (2.12) and at higher depth are determined by the
reality properties

AT (Hyar )c b)) (2.25)

once a 3% representation of all basis MGFs at given weight Y% (a,+b,) is available.
Examples and general formulae at depth two will be given in the next section (also see
appendix A).

3 Modular forms from g%

In this section, we describe the structure of modular forms constructed from %V in prepa-
ration for the matching with Brown’s EIEIs. These modular versions will be denoted by
B by slight abuse of notation since they are not equivariant but simply standard non-
holomorphic modular forms. Since the 5% and their y-dependent coefficients are invariant
under T-transformations, we only need to ensure that the S-modular transformation law
is correct.

The answer at depth one is straightforward to obtain since the modular S-transformation
of (2.8) involves a depth-zero term which cancels from the combination

Beqv [i : 7_] — st {i : 7_} _ (k:_l)z((:y)lk—j—2 . (31)

This illustrates the fact that the §°V have to be completed by lower-depth terms with
non-positive powers of y and (single-valued) MZVs.




3.1 Construction and properties of GV

Modular versions of 8%V[P; 7] as seen in (2.22) to (2.24) can be parameterized by constants
¢®V[P] associated with the same type of words P in composite letters . with k > 4 even
and 0 < j < k-2,
' ] k—j—2 k ] 2) '
Beqv[i;T}:Bbv[ . }_'_ Z [J‘};p]’
_ k1—j1—2 k’l J1 2)
gl = h R X

p1=0

Pileled e

k1—j1—2 ka—j2—2 (kl 11—2) (k2—32—2) o
S i R

p1=0 p2=

and more generally
BEN[PiT] = BRIP T+ Y dVIX;T]BYY ), (33)
P=XY

where the constants ¢ have been reassembled into polynomials in 31,

‘ ki 2ji (2= '
Clikne = X gl (3.4)

pi=0

and we again have one summation of this type per column. The % appearing in (3.2) are
iterated integrals with at least one holomorphic cusp form Asg(7) among its kernels. They
do not contribute to MGFs [20, 28, 41], vanish at depth one, i.e. BY [k ; T] = 0, and will be
discussed in section 3.4. Up to these cusp-form contributions, the differential equations

V4
2mi(r—7)20, B0 | 7| = 3 (ki 2) B [ f1 I 7] (3.5)
=1

— 8, kpa2(T—T) Gy, (1 )Beqv[h ::iﬁ:ll ;T} mod A%

take the same form as those of the 5%V in (2.17) [42].

A few comments on the equations above are in order. Firstly, we stress that the
~1 with constants ¢V[ ;] in (3.3) or a[:;7] in (2.16) both preserve the
form of (3.5). Secondly, we notice that the construction (3.3) of W [P; 7] is expressed
in terms of d*[X;7]|B%[Y; 7] with deconcatenations P = XY of the word P, such that
BV[Y'; 7] is precisely labelled by the second subword Y. This fact ensures that only the
right-most letter ii of P causes the appearance of holomorphic Eisenstein integration
kernels in (3.5).

Once the constants ¢* and the T-invariant cusp-form contributions 3%’ are tailored to

combination of (4y)

the multiple modular values in the S-transformations of (2.15), the 5° in (3.3) transform
as non-holomorphic modular forms

4
lBeqv ]1 chi : ccz;'jrrg} — <H(c7—_+d)k¢22ji> 56QV[£ % : 7—:| , (‘é g) S SL(Q,Z) . (36)

=1



J1 -

The constants ¢*¥[ ! " ] are (conjecturally single-valued) MZVs (2.6) of weight >2¢_; (ji+1).

k
The earlier expression (3.1) for 5 [i ; 7’} at depth one implies the closed formulae

Csvm - _% Oz, A7 [i 9 T} T (k—l)Qsz;)lk—z—j -

(3.7)

At depth two, all the ¢V[]! #2] with ki+ky < 28 and 0 < j; < k;—2 are fixed by the 3%

representations of certain modular invariants Fi(z) and their 7, 7-derivatives at m+k < 14
in the ancillary files of [43, 44]. Double integrals of G4(71)Ga4(72) give rise to constants

vR81=0, IPIEE cV[331=0,
5
19] = ko » M[34]=0, 3= T (3.8)
5 2
v31=0, il =16 311 =36,
and the non-vanishing instances of ¢ {941 Jg} are
Me6l = 90§200’ Csv[ig]:_zzggoo’
98 = 73%’ csv[zllg]:m%oov V[isl=- 21C6500’ (3.9)
CZ <2 <2
h6] = 515 i8] = e i8] = — 10
~ 7 7 2
CSV[}LLGL] %7 CSV[E%]Z_WCZM ¢’ [ié]_ CSCE)'

More general examples ¢*V] ill ii] are composed of odd Riemann zeta values and bilinears
thereof. A variety of CS"[il1 ﬁ ii] to be extracted from depth-three analogues of Fi(i) in
future work [45] involve indecomposable single-valued MZVs of depth three, such as

1

Viicl = —ﬁ 353 — EC:?QS 21600C11 ;
9 1804427
566 2+ oo 3.10
ligel = 3750453 51 37506+ 124380000C13’ (3.10)
1 137359
SV[226] _
48] 1764C‘”3 + 10535 <3<7 213784801

where [63, 64]

(353 = 2353 — 2¢3(35 — 10¢3¢s,
(%5 = 205,35 — 22(3,5C5 — 120¢3¢3 — 10(5(s (3.11)
(3% 5 = 2C3,73 — 2C3,7Cs — 28(3C7 — 24(35C5 — 144¢5¢s — 12¢5(s -

A list of all cs"[il1 ﬁ] at k1+ke < 28 and csv[ii ﬁ ﬁ] with k1+ko+ks < 16 can be found in
the supplementary material attached to this paper, and their instances with j; = k;—2 are
revisited in the light of the f-alphabet in section 4.1.4.

As will be detailed in sections 4.1.2 and 4.3.3, some of the (:S"[il1 ﬁ ﬁ»] at j1+jotjs =

%(k:l +ka+ks) — 3 and k1+ka+ks < 16 admit redefinitions that one may be able to fix from
depth-four computations. We will track the one-parameter freedom ~ cg46(7 of cs"[{l1 Jf jg]



and ~ c466(3(5 of cs"[{f Jg ]"53] (with cqa6,ca66 € Q) in the supplementary material that

amounts to shifting certain combinations of modular invariant %1 [71 %2 %] and geav[ 7} 72 73 |
in an SL(2,R)-singlet by constants.
All of 5%, 5°Y and ¢ are expected to obey shuffle relations inherited from iterated
integrals such as
i) =e[h ]+ e[ (3.12)

and more generally

BT Y T = Y B[P,

PeXuwy
FUAE Y ir = 3 g, (313)
PeXwYy
P [X]CSV [Y] _ Z CSV[P] ,
PeXwy

with XwY denoting the shuffle product of the words X and Y. These shuffle relations
are consequences of our central claim in (4.2) below that the modular forms 5°1 can be
alternatively generated from Brown’s EIEIs.

3.2 Modular graph forms and beyond in terms of g

As will be illustrated from the examples in this section, the non-holomorphic modular forms
B¢ compactly encode iterated-integral representations of MGFs and more general modular
forms. More specifically, each MGF can be written as a QMZV]-linear (conjecturally
Q[single-valued MZV]-linear) combination of 3° though there are 5°4¥ with contributions
from holomorphic cusp forms which cannot be realized via MGFs.

The two-column cases (2.22) take the form

0 (2Z)b a(a+b 1) eqv
0] == ( _ ).(b—l) B [a-l—b}

Cctl (3.14)

o Q

upon inserting the 54 at depth one into (3.1). The depth-two examples in (2.23) and (2.24)
condense to

CT[311] = —1265°[§] — 185°1[3 ],
CH[331] = 2]+ 805 [34] + %W[é 9, (3.15)
2iImC*[9133] = 60(8°[9 3] -8 [§3]) — 270(8°V [ 3] -2 1))
+390(8°W[2 L] — e[ 39 ])—3C3ﬁeqv[ I,

by virtue of the CS"[Q1 j62] in (3.9) and the CW[Jﬁl {f] following from the shuffle relations (3.12).

As a convenient organization of modular double integrals, certain modular invariant

(

) to inhomogeneous Laplace equations have been studied in [43, 44], with

(s)

2<m<k referrlng to the E,,, Ex in the inhomogeneous terms. The real ones Fre m.k are char-
acterized by Laplace eigenvalues s(s—1) with s € {k—m+2, k—m+4, ..., k+m—4, k+m—2}

solutions F_~
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and contain the three-column MGFs C*[¢? €] whose Laplace equations can be found in [17].
The imaginary ones F;(Z) with s € {k—m+1, k—m+3, ..., k+m—3, k+m—1} contain cus-
pidal MGFs with three or more columns such as ImC*[9122] in (3.15).

The collection of B[ J1 72 ] and Y[ 2 J1 ] with 0 < j; < 2m—2 and 0 < jp < 2k—2
can be expressed in terms of Fifz), bilinears in E,,, E;, products (2,,—1Es as well as
respective modular derivatives V, = 2i(Im 7)29, and V, = —2i(Im 7)29:. Conversely, we

have compact identities
2
Py = 186°(39)
- 2 \'4 \ \4 \% 5 \4
Fo = —008°V[} 2]+ 008 4]+ 905° 2 §] - 908V [3 9] - 2G5V [4] . (3.16)

F;g6> = 189041 [ L 4] — 15126°9Y[2 3] + 18905°Y[ 4 1] + 15126°¥] 3 9],

and the analogous [°Y-representations of any Fi(z) with m+k < 12 can be found in
a file in the supplementary material. Modular forms Beq"[ﬁ iz] of non-zero weight
(0, k1+ko—2j1—2j2—4) occur in derivatives such as

15
wV,FEE) = 22 (53] - 1 (2] - DAY (3.17)

WvTFiég)

S = 2105 (] - 1205 [3§) - 3605 38]

which follow from the §°%-representations of Fi(z) via (3.5) and their Laplace equations.

As detailed in [44], some of the an(z) with m+k > 7 and s > 6 contain iterated integrals
of holomorphic cusp forms and therefore go beyond MGFs. These cases determine the
cusp-form contributions A% in (3.2) and will be discussed in section 3.4 below, see in
particular (3.32) below for a simple example.

We conclude this section with depth-three examples of MGFs,

CT[3311] =2165°[7 1 §] +8405° [} §] — 2523°[3 §] + 8405V [§ ] — 25281 { 1]
+36008°0Y[2 2] — 32008°%[3 1] + 210080 [4 9] + 32125°[ 5] ,

47
Criztiiih = (72 + 1814400 C446> C7 — 3¢ B[ 4] — 1260¢38°M[3] — 180¢38°M[3 9]

+360(1505° [} §] + 150843 9 1] — 905°U [ § 3] — 90843 1 1]
— 908V} § 4] + 1508°[1 3 9] + 1508°(F § 4] + 1958°T[2§ ]
+1958°V[3 2] + 158°[35 9] — 3308°M[§ 1 §] — 3308°1[3 1 9]
+4805° (7 7 8] +4808°T[§ § ] + 3155°[§ §] + 3158°[§ 3]
— 11908°M[3 2] — 11908°9¥[ 4 L] 4 28008°0 [ L

]

] 4 28003°1[3 2]
+ 24339 [ [ §] + 2438°9[ ] 0] + 4326°V[ § 9] 4 4326°9V[% ]
+ 36408V §]), (3.18)

where the former has been previously expressed in terms of iterated integrals [42, 65].
Moreover, the six-column MGF in (3.18) is sometimes denoted by Ds 11 in the literature

- 11 -



and provided the first example of an irreducible single-valued MZV beyond depth one in
the expansion of MGFs around the cusp [29]. In our setting, the depth-three MZV (353
enters Ct[311111] via ¢¥[33¢] in (3.10), and the role of rational free parameter cusg is
explained below (3.11).

3.3 From Tsunogai’s derivation algebra to o

Apart from the constants ¢V and the cusp-form contributions g% in the modular forms (3.3),
we still need to supply the antiholomorphic T-invariants o[ ;7] (or their Q[y~!]-linear
combinations [ ; 7]) entering the 5%V in (2.14). A variety of depth-two cases has been deter-
mined from the reality properties (2.25) of MGFs (or respective generating functions [42]) and

those of the above solutions to inhomogeneous Laplace equations, F, ( ) iFi(s) [43, 44]:

any a7 72:7] is a linear combination of
k1 k2

\p+1l—Fk 100
Eo(k,0P; ) = (27”);/ dr (7—11)P[Gr(11) — 2¢k]

2 oo mn

_ q _2miT
S b e G

" m,n=1

with Q-multiples of odd Riemann zeta values as coefficients. Modular T-invariance is attained
through the subtraction of the zero mode Gy (7) = 2(; + O(q) in the integrand of (3.19) [66]
and manifest from the g-series representation in the second line. The subtraction of the
zero mode also makes the integral well-defined without the use of tangential-basepoint
regularization. We note for future reference that the conjugates of these integrals can be
rewritten as (with Bernoulli numbers By,)

By (—2mir)ptt 1 PP (M)

Eo(k,0P;7) = ———— 4+ — 7
El(p+1)! Pl = (—4dy)

B-[7tr] (3.20)

when using the integrals S_ of the antiholomorphic kernels introduced in (2.15).

The examples of the o] ;7] in the ancillary files of [43, 44] can be lined up with the
following general formula at depth two,

O‘[ﬁ g ;T} easy |:k1 ko ) } + Oéhard[ill ﬁ ;7—} ) (321)
2Ck -1 i 2Cks—1 T
aeasy[ill 2 'T} - — 1 Ok 2J2!E0 (K2, 092) — ?2_15j2,k27231!50(k1,031)-

The second part aparq is the crucial hint to anticipate the connection between MGFs or %Y
and Brown’s EIEIs: the ayaq are specified by a generating series

(k1—=1)(kp—1)(—1)71+52 (k 2) (k1—j1—2)
Z Z Z (/{?2 Jo— 2) ahard{ﬁ ii’T]ek; . Ek‘ll g

(k1—j1—2
k1,k2=4 j1=0 j2=0
=2 S ey (k—j—2)
= Z 2Com+1 Z Z k 2)! 31 (k, 07)[22m+1, €, ] |depth 2 (3.22)
k=4 j=0 J

- 12 —



akin to (2.18), where we use the shorthand (2.20), and an explicit closed form of @iarq
derived from (3.22) can be found in appendix A.

The brackets in the second line of (3.22) involve derivations z3, 25, 27, . .. dual to odd
zeta values subject to [zom 11, €0] = 0 that normalize? Tsunogai’s derivation algebra: any
[22m+1, €k0] in (3.22) is expressible in terms of nested commutators of two and more e,(ii)
through a procedure described in [53] which relies on expressing the derivations in terms of
elements of a free Lie algebra with two generators.

The “depth-two” contributions from [egl 1), 6592 )] are known in closed form,

see [55, section 25],

(2n+2)! Bansom 2§2 (—1)

9 ) &)  (2m—2-¢) .
2n+2m—2)1(2n+2m)! Bay 12 o GOt e niom ]

[22m—1, €2n12] ’depth 27
=0
(3.23)

The simplest examples of full [z, 11, ex0]-relations are

S )

o= g (- 7] 4] 15[ s e ]

= g [ ]3[4 7o 15[
N R N [ N PN N

+35 [64 , {64 ,eéB)H —313 {64 , [ef1 ), (Z)H +834 [64 , {ef% (UH +208 [6511), [64 ,eéQ)H> )

(3.24)

where the term ~ [¢,, [6511), €4]] in the middle equation is the first instance of the higher-depth
terms that are suppressed in (3.23). Combining (3.24) and (3.22) reproduces contributions
such as [42]

(3

ahard[g % 3 T] - @50(477—) )

ST = 5 B @07, (3.25)
2

O‘hard[g é 5 T] — %80(43 07 O,T) )

or [43, 67]
a1 B = - B 6007, o2 = - @07, (3.26)
48> 140 68> 98000

Note that (3.23) readily implies that ahard[i1 ]f ; 7] vanishes whenever k1 = ky. Any contri-

bution of {2q—15°%¥[] | to the 3°1-representation of F_ ( ) (such as the term —2(38°%[}] in

the expression (3.16) for F2,€(‘> )) can be traced back to apnarq and only occurs for s = k—m+1.

2The normalizer, Ny(S), of a subset S in a Lie algebra g is defined by Ny(S) = {2 € gs.t.[z,2] € S, V= €
S}.
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In principle, one could use the commutator relations among e in (2.21) to eliminate
some of the terms [e(j) (4= ')] in the expression (3.24) for [zs, €4] in favor of [e[(f),e% ])].
The coefficients of 6( ) ,(632) in the generating-series identity (3.22) are understood to be
compared after importlng the direct outcome of (3.23) for the commutators [22m+1, €k|
and before inserting any relation among [eg, , ex,] [49, 53, 62].> With this convention, the
Qhara are individually well-defined by (3.22), see the closed formula in appendix A, which
would not be the case when employing relations in Tsunogai’s derivation algebra from the
beginning. Beyond depth two, where we do not present a closed form analogous to (3.23),
this convention will no longer fix all possible shifts of [22,,,41, €x20]-relations by relations in
Tsunogai’s algebra (or ad,-actions thereon). Hence, additional criteria must be imposed to
land on a canonical form for depth > 3 contributions to the commutation relations.

3.4 Projecting out cusp forms

Holomorphic cusp forms Ags(7) do not arise in the differential equations of MGFs [20, 26, 28]
and their generating series [41]. Hence, iterated-integral representations of MGFs can only
involve those combinations of 3°V in (3.3) where the cusp-form contributions % cancel.
These cancellations can be conveniently implemented by dressing with Tsunogai’s derivations

TN ({er}im) =D e[P1B°v[P;]

P
oo k— 2
_1+ZZ k 2 i Beqv[ . ] ](fk*J*Q) (327)
k=4 3j=0

o) oo ki— 2]@22

1)71+s kl— J(k2=1) ceqv[ 1 (k2 =j2=2) (k1 —j1~2)
+Z Z Z Z k1*2 Jl k2 2— .72) B [ill iz;T]Ek; o kll 1 RER

k1—4k2—4]1 0]2 0

as in the generating series (2.18) of closed-string integrals over the torus. The words €[P] in
derivations ¢ are defined in (2.19) without committing to a matrix representation, and the
ellipsis in the last line of (3.27) refers to ﬁeq"[jl - Ji | of depth ¢ > 3.

While all 8Y[7 ;7] at depth one and % [71 722; 7] in (3.3) at k1+ke < 14 vanish, their
simplest non-trivial instances occur in the Laplace eigenfunctions Fi(z) with m+k > 7 and
s > 6 [43, 44] as well as their 7,7 derivatives. The results in the references translate into

sl = X Al MR ] (3:25)
Agy at

2s<k]+ko—2

where N = %(kl +ko)—s—1, and the rational numbers Ai,lljki N are given by

juge Z J1l(k1—2—71)j2! (k2 —2—j)
kik2, N 7 k?l'kig' (]1*NﬁLf)'(k‘l*]l*2*()'(]{32*2*]2*N+€)'(]2*5)' '
(3.29)

31 appears unnatural to rewrite the expressions (3.23) for the commutators [szH, ek] via relations in
Tsunogai’s derivation algebra: the relative factors [eg, e<84)] *3[6((31), eég)] +. .. in the expression (3.24) for [zs, e4]
are not reproduced by the binomials in the corollary 0 = ad?, ([64, €10] — 3]es, 58]) = ijo (j) ([ef), e
S[e(\j) (4_j)]) of (2.21). The representation of [zs, €4] in (3.24) is singled out by having no contribution of

[, €577, but it is not possible to eliminate all the [¢{, e{*™7'] with j =0,1,2,3,4.
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Moreover, we introduce the following delta-variant of the £V in (2.8) with j =0,1,...,k—2,
j ke f [ AN j
SV . —__ J
B [Ak:l: : } (271) {/T dT1< I ) (T—71)? Ag(m1)
e pp_m\E2d ,
- / ar ( ) (F=71) Ak(n)} . (3.30)

The constants fk T, 1D (3.28) do not depend on j1, jo and are expected to be transcendental,

for instance [44]

( A12 A12 < 32 96 ) A127 12)
4100 56,8 457 175 A12>10)

(A12 AND) A12 (3.31)

576 ) A(Aq2,13)
4,12 6 107 691

3455 691 A(Aqg,11)

(€&, & 23 ( 06 452 _32)Albun16)
114, &.13, &.10) 35" 385" 49 ) A(Ag,14)
( 672 8 8 )A(A12,14)
A(A12,10)

(A12 ANDS Alz)_
414> S6,12> §8,10) =

44915”9757 1365
As explained in the reference, the fk ', are ratios of L-values A(Asgg, t) outside and inside
the critical strip t € (0,2s) (with critical denominators A(Ags, 25— 2) and A(Ags,2s—1) if
S—i—%(/ﬁ—l—kz) is odd and even, respectively). The complete list of rfk s with k1+ke < 24
can be found in the supplementary material attached to this paper.

The simplest instance of integrals (3.30) over holomorphic cusp forms occurs in the
modular invariant Fy é6) (1), where the 8°-representation in (3.17) gives rise to

—(6 v

Fz,é )(T) !A = 189083 [1047 7] — 189053 [411 10 ;7] + 151283 [1 ,7-] - 151252[?1 130§T]
A(Aq2,12)

= sv 3.32
18000A(A12,1of8[ ’T} (3.32)

and the notation | on the left-hand side instructs us to suppress all Eisenstein integrals and
depth-zero terms. More generally, the sign in the superscript of Frin(z) matches that of the
+(s)

| A]2is ;7] in the iterated-integral representations of mek and their modular derivatives.

In particular, the 85| Aji ;7] with the middle value j = s—1 correspond to the solutions
2s

Hi% of homogeneous Laplace equations® [44],

5[] = —20-1imk, (), (33

4Larger (smaller) values of j correspond to the (j—s+1)*"" 7-derivative and (s—1—35)*" 7-derivative of
Hizs, respectively, where V, = 2i(Im 7)%0,:

AT r| = 24 (s 1MV, (0),

sv| s—1—-m
B AT ST =
2s

—2(s—1-m)!(xV,)"HE_ (7)
SO |
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whose appearance in the Frin(z) is discussed in the reference. Note that the shuffles (3.13)
relate ﬁs"[ii ill ;7] = —ﬁSAV[ﬁ ﬁ ;7] which together with the parity property Aﬁ]kll N =
(— )NAfgll’],fQ n of (3.29) implies that
A 3 Ags
gk;,kl _ (_1)s+2(k’1+k2)§ 25 (3'34)

k1,k2

Starting from depth three, the S} will generically involve both (3.30) and double integrals
that combine kernels Gy and Ay, and will be investigated in [45].

All the g5V] Ajki ;7| and their higher-depth generalizations cancel from the generating
series (3.27) since their coefficients vanish by the relations in the derivation algebra [49, 53,

62]: the overall coefficient in (3.27) of ﬁg’}g ﬂb"[ ' ;7'] is, for instance, proportional to
adg ™ ([ea, e10] — 3[es, es]) = 0, (3.35)

and more general coefficients of Hiz‘ in the series (3.27) are described in section 4 of [44].

By the depth-three terms [e4, [e4, €g]] and [eg, [€6, €4]] in the last relation of (2.21), the
%ﬁsv[ A]E ;7] also hinges on contributions from SY[7! /2 73; 7] and

478
N[% 7273 7], see [45] for details.

Given the cancellation of cusp-form contributions, the differential equation of the gener-

cancellation of

ating series (3.27) is determined by the terms in the 7-derivatives of 5°1¥ displayed in (3.5):

—27i(T—7)?0:- J°V ({e1};7) =ade, JUV ({ex };7) + D (m )" G (T)em TV ({e };7) -
m=4
(3.36)

Up to convention-dependent powers of 7—7 and normalization factors of the holomorphic
Eisenstein series, this matches the holomorphic derivative of Brown’s generating series J¢4V
in section 8.2 of [37]. In comparison to the differential equation of the generating series Y7
in section 2.4 of [42], left-action of the operator Rz(ep) is replaced by the adjoint action
ade, in (3.36) since O; no longer acts on the exponential in (2.18).

4 Connection with equivariant iterated Eisenstein integrals

In this section, we relate the modular forms Y introduced in the preceding section to
Brown’s EIEIs by equating certain generating series.

4.1 Matching §°?Y with Brown’s construction

We begin by describing an alternative way to assemble the generating series (3.27) of
the modular forms £°Y: instead of combining the holomorphic and anti-holomorphic
iterated Eisenstein integrals 1 into the 5%V as in (2.14), we organize them into separate
generating series

Jr({e ;) = Ze[P]Bi[P; 7], (4.1)

P

see (2.15) for B+ and (2.19) for the words €[P] in €. The sums in (4.1) and below over P
are again over all words P = 31 - i‘; of length ¢ > 0 with k; > 4 even and 0 < j; < k;—2.
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The central result of this work is that the modular forms £V constructed in (3.3) can
be alternatively generated via

TV ({er}im) = T ({er}i 1) BY ({en}; ) 6™ (- ({er}i 7)) - (4.2)

The ingredients BV and ¢ follow Brown’s construction in [37], see section 4.1.1 for the
series B%Y in MZVs, and the change of alphabet ¢V will be made fully explicit in section 4.1.2
below. The tilde of J_({e;};7) instructs us to reverse the words e,(gll) . el(jz) — el(j;) . e,(gjll)
without additional j;-dependent minus-signs that one may have expected from the ad,-
action. Note that the change of alphabet ¢V is performed after reversal of the word in e(j i)
and it would lead to an incorrect expression if the reversal is applied to the image of QSSV
The series J° with the modular transformation €, — (c7+d)*~2e; of its bookkeeping
variables under (¢ %) € SL(2,Z) [36, 37] is modular invariant and referred to as generating
EIEIs. As emphasized before, by slight abuse of notation, we allude to equivariance in
the superscript of the component integrals %1V in (3.27) even though they transform as

modular forms according to (3.6).

4.1.1 The generating series B®Y in single-valued MZVs

The series B%Y of single-valued MZVs in (4.2) is claimed to be constructed from the constants
¢ in the conversion (3.3) from %V to 1. However, the rational dependence of the d*
on y =7mIm7 in (3.4) needs to be augmented by additional powers of 7 in the numerator

ki— Ji+pi . .\
Ji ki—2—3; \ (dit+pi\ (—2miT)" .
bsv Ji - CSV e Ji ,.—l—pl 7 (43)
el = B R () ) S e e
where we have one double-sum over p;, ¢; per column. The rational dependence on 7 and T can
be understood from the transformation between the coefficient ¢v of Y;”Xik 7372 and b of
(X;—7Y;)0i(X;—7Y;)ki=3i=2 gimilar to the transformation of integration
kernels in (2.13).

At depth one, the additional 7-dependence still cancels by the simple form of
csv[ﬂ in (3.7),
(4.4)

; 2Ck—1
pSV|J. — -
7] = G
but already the simplest depth-two examples depend non-trivially on 7 and therefore vary
under the modular T-transformation,

V[0 7] = (3 TG TG G 5
14371 = 5760 T 2160y 86402 28857 17282
- 2 2 2
bsv[ig;T] _ _ZT7T<3 . T <3 <3 . 5(5 : (45)
510 1080y 722 216y
2 2 2
)
B2l =11 G 56

540 18y 108"

The alternative expression (4.2) for J® is then built from the following generating
series of b%V:

B ({ex};m) = > e[PIV™[P;7]. (4.6)

P
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4.1.2 The change of alphabet

The change of alphabet e — ¢ (e) in (4.2) acts on the series J_ of antiholomorphic
iterated Eisenstein integrals in (4.1) and maps each derivation to an infinite series in single-
valued MZVs and nested commutators of el(j ) [37]. Theorem 7.2 in [37] implicitly determines
B® and ¢° in terms of multiple modular values. The map ¢°' is an automorphism of the
universal enveloping algebra of Tsunogai’s derivations, and we find its explicit form on

single derivations to be given by
V(o) = €0, ¢V(ep) =MVe,(MV)L, k>4 (4.7)

with the following group-like element:

o0
MY = Z Z Ziy Zig - -+ Ziy pil (Sv(fi1fi2 ... fiz)) (48)
£=0 i1 i2,---yig
€2N+1
=1+ > zyp '(sv(fi)+ Y znznp (sv(fifi) £
i1 €2N+1 11,i2€2N+1
The dependence on the derivations z3, 25, . . . discussed around (3.22) and (3.23) will not be

displayed in the notation for M*V. Moreover, we use the f-alphabet description of (motivic)
MZVs [68]° with one non-commutative generator f; for each i € 2N+1. The isomorphism p
mapping MZVs to the f-alphabet

p(G) = fi, p(G¢) = fiwf; = fifi + fifi, 4,5 € 2N+1,

p((35) = —=5f3fs, p(C353) = —5f3f5f3+ ?fn, (4.9)

p(C35,3) = —20(f3f5f3 + f5f3f3) +299 f11 = SV(_5f3f5f3 + 2291211)

is invertible and often denoted by ¢ instead of p in the mathematics and physics literature
(see [1, 68] for examples beyond depth one).

In (4.9), we have given an example of the single-valued map in the f-alphabet. It takes
the following simple form in the general case [63, 64]

1
Sv(févfhfig .. fzg) — 5N,OZfij o 'figfilmfij+1fij+2 .. °fi[ y (4-10)

J=0

such that the depth-one and depth-two contributions to the change of alphabet (4.7) reduce
to odd Riemann zeta values by sv(f;) = 2f; and sv(fif;) = 2fiwf; = 2(fif; + fi fi),

OV(er) =€ +2 D Gilznel +2 0 D> GiGiolzins [z al] + - (4.11)

i1 €2N+1 i1,i2€2N+1

Also, at higher depth, each term boils down to nested brackets of el(%:i) since the z3, zs, ...

normalize the derivation algebra, see e.g. (3.24). The all-depth expression for the adjoint

5Both the f-alphabet and the single-valued map are only well-defined in the context of motivic MZVs
whose elaborate definition can for instance be found in [69, 70].
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action in (4.7) yields an infinite series of nested commutators

P =Y S sl i ioedl o (U f f) . (312)

=0 71,92,---» ip
€2N+1

which is implicit in Brown’s work [35, 37]. The action of ¢*¥ on higher-depth expressions in
the e derivations can be deduced from (4.12) via ¢° (e,jll)e,(62 2 )= (ad?2 6% (ex,)) (ad?2 6™ (ex,)) . . .
as can be seen from the conjugation action in (4.7). In the context of the series J°1V in (3.27),
conjugation (4.7) of the individual €; can be converted to the overall adjoint action

¢ (J-({enk; ™)) = MY J_ ({ep}: ) (M™) 7" (4.13)

Based on the ideas of [53], we have determined the commutators [z3, €x<14] and |25, €x<10]
and appended them in a file in the supplementary material attached to this paper. In this
way, one can extract the contributions of ¢V to all the ﬁeq"[f iz ]2] with ki14+ko+k3 < 16
from (4.2).

Note that the analogue of B, ¢* described in Theorem 7.2 of [37]° is only well-defined
up to B — B¥a~! and ¢*(J_) — a¢™ (J_)a~! for some series a in e,(cj ) whose coefficients
are QQ-linear combinations of single-valued MZVs. Such redefinitions amount to right-
multiplication of the series J°4¥ in (4.2) by a~!. One can view our realization (4.7) or (4.12) of
@Y as fixing a particular “gauge-choice” of the series a, and it would be interesting to compare
it with alternative choices. The one-parameter freedom of shifting certain cSV[];ll Jf 73] and

R 6
V[ B2 %3] by (7 and (3¢5 — see the discussion below (3.11) — Corresponds to leading-depth

contributions of schematic form a = 1 + C7[ ) [651 ), 33)]] + (3 (5[ ,[ ((3]2) Us )]] +...
with j1+j2+7j3 = 4 and j]+j5+j5 = 5, respectively. This freedom should get ﬁxed once we
impose all 5% at depth four to arise from the change of alphabet ¢SV in the form (4 12): i
requires at least one unit of depth from J_ to distinguish ¢*(J_) from a¢™ (J_)a™?, so
the departure of ag®¥(J_ ) ~1 from (4.12) with the above depth-three contribution to a is
at least fourth order in ek The reason why the discussion of a becomes more pressing at
depth three is discussed in section 4.3.3.

Moreover, derivations z; at ¢ > 11 are only well defined up to nested commutators of
Ziy Ziy - - - With i14i9+ ... = 4, which, for instance, leaves an ambiguity of adding [z3, [25, 23]]
to z11. This reflects the fact that the isomorphism p to the f-alphabet is non-canonical, e.g.
the choice in (4.9) sets the coefficient of fi; in p(¢335) to zero by convention. For a given
choice of setting up the f-alphabet, there is a preferred scheme of fixing the ambiguity of
zi>11, e.g. a specific representative of z1; adapted to having vanishing coefficient of fi; in
p(g‘37375).7 One then arrives at the same change of alphabet ¢V for any choice of f-alphabet
upon mapping back to (motivic) MZVs via p~! in (4.12).

5The series b*¥ in Brown’s work [37] corresponds to the inverse of B defined in (4.6).

"More generally, the p-images of MZVs at weights w < 16 in [1] are taken to have a vanishing coefficients
of f. for each element of the bases in the datamine [71] (where for = (g;—)’“kfé“ for even weight). As a result,
the p-images of the weight-thirteen ¢*¥ in (3.10) are computed from

p(Cs,3,5) = —60f3fs5f5 — 5fsfafs + %féfs + 1003f137

p(C3,7,3) = —66f3fs5fs —6fsfsfs —6fsfsfzs —14fsfrfs+ 144f2 f5 + 716 f13,

which follow from the absence of fi3 in the basis elements p({s3,5,5) and p((s,3,7) [1, 71].
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As will be detailed in future work, a conjugation formula similar to (4.7) applies to
the letters in the generating series of antiholomorphic genus-zero polylogarithms that enter
Brown’s construction of single-valued polylogarithms in one variable [38].

4.1.3 Extracting components
By extracting the coefficients of €[P] in (4.2), one can read off components
BVIPir) = BRI[Ps]+ Y BYXY Y T]B [ Z57) (4.14)
P=XYZ

where the cusp-form contributions S\'[P; 7] are projected out from JI by the relations
among the €, see section 3.4. We employ the shorthand

5f[ T = ¢SV< ({exls 7 ) L[p] (4.15)

for the iterated integrals of antiholomorphic Eisenstein series deformed by the change of
(4:)

alphabet in (4.12). Since any term in [z, €] involves at least two letters ¢ and no
instance of e,(jl l)e,({f) with k1 = ko, we have
ﬁ?{i;T} =[0_ [k,T] ) 6f[]}3 7}3;7} :5,[]}; 3}3;7-} . (4.16)

Hence, the simplest non-trivial corrections
548 |:]1 ]l } 5¢{ 7-} - B Hll % ;7-} (4.17)
via ¢%V occur at depth two with k; # ko, where the structure of (3.23) implies that

85— [ﬁ ,jé] = =00 []2 ]11] are products of odd zeta values with 5_ [i] of depth one. As

one can anticipate from the examples

o183 = =8 193]
o337 = o p (357, (1.15)
o (3317 = s [4i7]
as well as
56814337 = 2 B[4
0015157 = 1if§goﬂ [957] - C?’B 2, ]+6%6 [91:7], (4.19)
w[%i&z;ﬂ=—35§;00m91;ﬂ—6§—38 B+ B [ir] - o B (387

the ¢®*¥-corrections (4.17) to S_ of depth ¢ comprise iterated Eisenstein integrals of depth
< f—1, and their coefficients are single-valued MZVs with one to £—1 letters in the f-
alphabet. The simplest MGF that receives ¢*'-corrections is the non-holomorphic cusp
form ImC*[¢122] in (3.15). The real MGFs C*[2%¢] at a+b+c <6 and C*[3311] with
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iterated-integral representations in [42, 65] and (3.18) are unaffected by ¢V, that is why
cuspidal MGFs pioneered in [72] and further investigated in [42, 58] are essential case studies
of the change of alphabet.

Note that the depth-two examples in (4.18) can be lined up with a closed formula

2(71)71Ckl71(k27k1+1)'(k27k1+2)|g2'(k‘27]272)|Bk2 B j1+j27k1+2 A k <k’
(k1 =1k (k2 —1)!(k2—j1—Jg2—2)!(J1+J2—k1+2)!Bry—r+27 7 | ka—k1+2 - M 2>

S 7{]‘1 j2:| — ) 2(=1)72Cuy 1 (k1 —kat 1) (k1 —k2+2) 11 (k1 —j1—2)! Biy jrta—kat2]
¢5 k1 k2 (k2—1)/€1!(k1—1)!(/€1—j1—j2—2)!(j1+j2—k2+2)!Bk17k2+2/87 k1—ka+2 D hi> kR,

0 : kl = k? y
(4.20)

which is equivalent to (4.49) below and the results of appendix A.

Since ¢°V does not contribute at depth one, the simplest examples of the 5° in the
new description (4.14) read

gll) =s-[h]+ov[B] - e k]
gl =o[hk] e[ k] rov[h k] rao (B L]t [20]  @e
corfn] o] v (] o] e[ ] o8]

see (3.2) for the earlier description in terms of 5. We have checked up to kj+ke = 24 at
depth two and ki+ka+ks = 16 at depth three that the expansions of (4.2) and (3.27) in
terms of e,(cii) match after iteratively using the commutation relations [z, €x] in (3.24) and
the supplementary material.

The main conjecture of this work is that the two constructions (4.2) and (3.27) of the
generating series J1V agree to all orders in e,(gb_i). This conjecture implies that all MGFs
— i.e. modular combinations of 35V — are contained in the components of Brown’s EIEIs
generated by (4.2). Further corollaries of this conjecture include the shuffle relations (3.13)
of the building blocks 8%V, ¢®V of MGFs and the exclusive appearance of single-valued MZVs
in the expansion of MGFs around the cusp as firstly proposed in [17, 29].

4.1.4 ¢® in the f-alphabet

The f-alphabet also reveals all-order properties of the single-valued MZVs in (:S"[il1 - ﬁ] ]
that determine the components (4.3) of the series B% in (4.2): the results at depth < 3 in
section 3.1 and the supplementary material suggest that their instances at j; = k;—2 obey

a simple formula

0
9 o _ 1
p(cY [%12 k§€22 . ]”,WQ} )= (H ) sV(frr—1fks—1-- - fr,—1) mod lower depth,

i 1k
(4.22)
for their highest-depth terms, where words of length < ¢ in the f-alphabet have been
dropped. This is confirmed by (see (3.7) to (3.9))

o [57]) = Ui 33 = gvh). (5 = 1)
(4.23)
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as well as the irreducible depth-three MZVs in (3.10)

1 14573
sV[2247) _ _ L _
p(c¥[316]) 1 sv(f3f3fs) 13200 fii,
1 35071931
Svi2 4 4 _
p(c™165]) = = sVUfsfsfs) + 15 ia50000 113 (4.24)
1 365983
SV[2267) — _ © _
p(c™[338]) = 53 sv(f3fafr) 08720 fi3.

This resonates with the results of Saad in Lemma 12.3 of [73], where motivic iterated Eisen-
stein integrals over Gy, (71)Gy, (72) . . . Gg, (7¢) are related to Q-multiples of fr,—1 ... fe,—1 k-1
upon translating MZVs into the f-alphabet and discarding lower-depth terms. These iter-
ated Eisenstein integrals arise as multiple modular values in the S-cocycle of 55"[?1 N iﬁ ]
and need to be cancelled by the corresponding ¢*¥ in the modular completions 5¢4V. The
single-valued map of the f; encountered in (4.22) can be traced back to the combination of
holomorphic and antiholomorphic iterated Eisenstein integrals and the associated multiple
modular values in the expression (2.14) for .

It would be interesting if all-order formulae similar to (4.24) could be found for ¢*V
with subleading entries j; < k;—2 which still feature irreducible single-valued MZVs beyond
depth one. The simplest depth-three examples of this type are c*V [3;11 Jg Jg’] at j1+jo+j3 =8
(rather than 10), where for instance

SV 2
svro4a7 _ _ 5353 GG 31Cu L5
1986] = 31500 T 1575 ~ 94500 (4.25)
SVI044 1 232

p(cV[9¢8]) = %SV(ﬁfsfs + fafsf3) — mfn-

4.2 Comparison with the construction via g%

In order to compare the new generating function (4.2) of the modular forms g° with
their earlier construction in terms of 3%, we also cast (3.3) and (2.14) into generating-

function form,

TV ({en}; ) = Ty ({er i 1) I ({en ki T)K({er}; ) DY ({er}s 7) - (4.26)

The cancellation of cusp-form contributions is again incorporated through the relations
among the derivations €. The combinations d* and % of constants ¢®V and antiholomorphic
T-invariants @ in (3.4) and (2.16) are generated by

D¥({ex};7) = Y _elPldV[Pi7],  K({ex}i7) =D e[Pl[P;7]. (4.27)

P P

In fact, all of D%, K and the product J,J_ in (4.26) are individually T invariant. This is
different from (4.2), where the series B%" of single-valued MZVs in (4.6) depends on both
Re7 and Im 7 with a non-trivial T-variation.

The goal of this section is to compare the two presentations (4.26) and (4.2) of the
generating series of modular forms ¢4V, In particular, we will describe the antiholomorphic
T-invariants «[ ;7] in the earlier construction of 5% from the perspective of Brown’s work
by equating (4.26) with (4.2)

J-({exy K ({eksn) D™ ({e}i7) = B ({en}s 7)™ (J-({en}; 7)) (4.28)

- 29 —



and solving for the generating series K({ex};7) of the o[ ;7] in (2.16)
K ({ed;T) = T- ({an};7) 7 BY Hedsm) o™ (- (e} i) DY (e sm) ™. (4.29)

The inversion of the series J_ and DV can be readily implemented by reversing the entries
P of their coefficients and inserting minus signs for the |P| number of letters é in P, i.e.
by employing

-1
(ZG[P] 0[13}) => (-p)\lepC[P] (4.30)
P P

for arbitrary coefficients C[P] subject to shuffle relations C[X|CY] = > pcxuy C[P).
Hence, the components of (4.29) yield

AP = Y ()W W g (XY )po (27, (431)
P=WXYZ

which determine the antiholomorphic T-invariants «[:; 7] through the inverse
ki—2—j; (ki_Q—ji)

R e n as

of the transformation (2.16) with one summation over p; per column. The depth-one version
of the deconcatenation formula (4.31) is not sensitive to the reversals of W and X, and one
can easily verify the vanishing of

T-w-aldeol]-el-o uw
since both bs"[ﬂ — ds"[ﬂ and 3° [H - p- [“ cancel in view of (3.7), (4.4) and (4.16).

In the following, we shall express k[ ;7] at depths two and three in terms of the objects
¥, ,6’?, b%V, B_ related to Brown’s construction. Together with the all-order results for the
al ;7] in (3.21) and appendix B, the subsequent depth-two and depth-three expressions
were the central piece of evidence for the equivalence of the two constructions (3.3) and (4.14)
of modular forms 54V,

4.2.1 Depth two
The expression (4.31) for x[P; 7] at depth |P| = 2 simplifies to
sl k] =B ] -s-[B] e (] [ ] o [ B ]e (] e (B ]+ [ 4]
e LN LS AR I CRIARES ) 430
=8 [ 8] [B] e [a] - [B] o [E] v [ ][R k]
with d%Y [H given by (3.7). In passing to the last line, we have used the agreement of ,Bf, B6_
and 0%V, d®V at depth one as well as the shuffle property of 5_ and d°.

The various terms in (4.34) have different interpretations and combine in such a way
as to make this expression T-invariant even though this invariance is not manifest term by
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term. More precisely, the first three terms involving d48_ and S_ yield antiholomorphic
iterated Eisenstein integrals at depth one with odd zeta values in their coefficients due to

¢%V or the accompanying d®V. The difference bs"[il1 ﬁ} — als"[il1 ﬁ} at the end of (4.34) has

depth zero from the viewpoint of Eisenstein integrals and introduces ratios 7¢/y? as in (4.3)
with at least one power £ > 1 of 7. The relative factors and MZV coefficients of depth-one
and depth-zero contributions play out to recombine every term into the T-invariant integrals

Eo(...;7) in (3.19), multiplied by non-positive powers of y.

When extracting a[ﬁ ﬁ} from (4.34) via (4.32), we can clearly identify the sources of

the two contributions @easy and @harq in the all-order formula (3.21):

« The simple expression for Geasy in (3.21) can be traced back to the second and third
term B[ @[ 2] — d™ [} ]B-[{2] in the last line of (4.34).

« The generating function (3.22) of @parq stems from the d46— [ﬁ ill] in (4.34) which
are already fixed by the contributions ~ (;, [z, €x] to ¢*V(ex) in (4.11) and obey the

closed formula (4.20).

In both cases, the depth-zero terms bs"[il1 ii] - ds"[il1 ,Jé] in (4.34) ensure that the anti-
holomorphic Eisenstein integrals in S_ [i] and 040— [ﬁ ﬁ] conspire to reconstruct &g.

Conversely, the generating function (3.22) of @parq inferred from inspecting the variety
of examples in [43] was crucial in the early stages of this work to anticipate the significance
of the derivations z3, zs, . .. in the closed-form expression (4.12) for ¢%V. While the matching
of Qharg with 545,6’_[22 ﬁ} guided the identification of (;, [z, €x]-contributions to ¢ (ex),
the second order (;,(;,[2i,, [2iy, €k]] firstly became accessible from the depth-three analysis
in the next section.

4.2.2 Depth three

By suitably assembling the x[P; 7] at depth |P| = 3 from (4.31), we have

slbet]=s(ei]e (e valep]e ] o] o [a] o]
—p-]a ] e ] (@ [p e [m] -] )e-[ k]
R YL AR I L R I DAL A D
+ 04 Hz ﬁ iﬂ |depth 1+ 0pB- [ii ii ﬁ] |depth 2 5¢5_[£§ iﬂ 5_[£}
[ ] - h ][R v [ i ) e[ n] e B k]
As will be explained in appendix B, the detailed structure of (4.35) harmonizes with an
all-weight formula for o[ ;7] of depth three. The right-hand side features f_ of depth
0 < ¢ < 2, for instance, depth-two integrals in the first line and in the contributions

8- [i‘; ﬁ ﬁ} |depth o, — 03— [g ill 18- [ﬁ;] to the fourth line. The last line of (4.35) in turn
has depth zero and again features at least one power of 7 in each term.
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4.2.3 Comparison with Brown’s single-valued iterated Eisenstein integrals

According to section 8.1 of [37], right-multiplication of the series J°IV of EIEIs with (B%V)~!
yields Brown’s single-valued iterated Fisenstein integrals,

TV ({e};7) = T ({e }; ) B ({er };7) (4.36)
= T+ ({e}i 1) B (fer ki)™ (- ({er}im)) B™ ({exs 7)™

that, using (4.13), can also be written as

T ({eyir) = Jo ({aks )NVI- ({ed; ) () 7 (4.37)

where N3V = BSY ({ek}; T)MSV depends on both the ¢, and z,,. The freedom to redefine
B — BVa! and ¢*(J_) = a¢*¥(J_)a"! discussed below (4.13) amounts to the left-
multiplication M® — aM?®¥ and therefore drops out from the product NV = B*VM®V. That is
why J5V is canonically defined and does admit redefinitions analogous to J°% — Je4Vg =1 [37].

The form (4.37) is reminiscent of known constructions of single-valued functions and
periods (e.g. [38, 64, 74, 75]), which are made up of a combination of holomorphic and
anti-holomorphic parts where the anti-holomorphic parts are transformed using for example
— in the case of generating functions — a conjugation.

The expansion of J% is to be contrasted with the generating series of the 8%V in the
physics literature

3 BVIP;7le[P] = I ({ex ;1) D ({en ;) (4.38)
P
= I ({ex};7) BV ({en}: 1) (- (e }; 7)) D ({ex}s 7)

which follows from (2.14) and (4.28) and features a right-multiplicative inverse D% ({z};7) "
instead of the B*¥({ex}; 7')71 in (4.36). Thus it follows that

JV({en ;T <Z B [P; e > D¥ ({ex};7)BY ({ek};T)fl ) (4.39)

The depth-one components b5V [ﬂ =d" [J } still happen to agree, and g% [7 } coincide with
Brown’s single-valued iterated Eisenstein integrals at depth one. At depth ¢ > 2, however,
the b®V generically depart from d®¥ by the polynomial dependence on 7 in (4.3). Hence,
by the mismatch between (4.36) and (4.38), the st[h N %] at ¢ > 2 differ from Brown’s
single-valued iterated Eisenstein integrals by terms involving at least one non-trivial MZV
and one power of T in the numerator. One may view the 5%V as T-invariantized versions
of Brown’s single-valued iterated Eisenstein integrals since, in contrast to the inverse B®Y
n (4.36), the series D%V in (4.38) is invariant under 7 — 7+1.

4.3 Relation to Brown’s equivariant double iterated integrals

So far, we have only matched the subspace of the modular forms £°Y with Brown’s
work, where iterated integrals involving holomorphic cusp forms are projected out by the
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accompanying €. In this section, we go beyond this subspace and connect the cusp-form
contributions S} to 51 of depth two in (3.2) and (3.28) with Brown’s equivariant double
iterated integrals of [36].

Following the normalization conventions in the reference, Brown’s double integrals are

constructed from holomorphic (1,0)-forms®
(k—1)! k-2
X,Y;7| = X-1Y 4.4
Qk[ ) aT] 2(27Ti)k_1 ( T ) Gk(T) dr ( O)

involving commutative bookkeeping variables X, Y. These one-forms are in fact, multiples
of the generating functions (2.13) of the earlier forms w4 H T, 71} in (2.10). Accordingly,
iterated integrals of Gy, [X1,Y1;71]Gy, [ X2, Y2; 7] ... generate the constituents S+ of MGFs
in (2.15) upon expansion in the combinations (X;—7Y;)% (X;—7Y;)k=9=2 [36].

At depth one, the real-analytic combinations

I 1ot e (h=2)1G1 g
M X, Y;7]=—= GL[X,Y; —f/ G.[X,Y; ———_Y 4.41
dxvir= =5 [T Gxyvinl - [ GIKYinl e o ss (441)
with & > 4 as well as X = X and Y = Y generate non-holomorphic Eisenstein se-

ries (3.14) via

(*7?)

(—4y)’

k—
Mi[X,Y;7] = —i(k—l)! ZQ B | Li7| (X—rY ) (X 7Y )h27, (4.42)
=0

where the additive constant ~ Y*~2 in (4.41) (not to be confused with y = 7 Im 7) introduces
the odd zeta value into the modular forms 54" of depth one in (3.1) [36]. The object (4.42)
is referred to as an equivariant Eisenstein integral since the action on the bookkeeping
variables (X,Y") leads to the SL(2,Z) invariance
at+b
Mp|aX+bY,cX+dY; orrd| = M[X,Y57]. (4.43)

ct+d

4.3.1 The non-modular primitives at depth two

At depth two, Brown’s construction [36] of equivariant double iterated integrals starts from
closed one-forms ~ Gy, [ X1, Y1; 7] My, [ Xo, Yo; 7]+ My, [ X1, Y1; T]Gy, [ X2, Ya; 7] and considers
their real-analytic primitive

Kk17k2[X1,Yi,X2,Y2;T]: (444)
1 100 100
- Gy, [X1,Y1;71] Gy, [X2,Ya; )]
4 T T1

1 100 —100 1 —100 —100
+Z/ le[XlaYIQTl][ QkQ[XQ,Yz;Q]ﬂLZ[ ng[Xsz2;T2][ Gy, [X1,Y1;71]

T T T T2

(h2=2)1Chy—1 ey [*° . (k1=2)!Chy -1 k2 [T

_WYQ [r le[XlaYth]—WYl ! /% QkQ[XQ,Y%TQ],

8The expressions (4.40) for G, [X,Y; 7] and (4.41) below for Mx[X,Y; 7] are denoted by E, and _»
in [36].
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where we have rewritten the integrals of the reference in a manifestly homotopy-invariant
way. In order to avoid cluttering, we shall no longer spell out the dependence of Ky, 1,
and related objects on the commutative bookkeeping variables X;,Y;. By decomposing the
integration kernels X;—7;Y; and X;—7;Y; as in (2.13), one can rewrite (4.44) as

k12k22k12 kg—2
Kups = B DS Co G0 (o[ 2] o i) o[+ [ 2])

71=0 j2=0
X (X1 =7Y1) (X1 =7Y1)" 72 (X —1Y2) 2 (X —7Yp) M2 72772 (4.45)
(ka—2)! (k1 —1)1Chy—1 "= (k=2 (=1) } ' I
_ 8(27Ti)k2—2 2 ZO ; (4y)j By {]gl} (lefyl)a (leTyl) 1 j}/z
]:

(k1 =2)! (k2= 1)1Cy -1 "= (k=2 (=1 , [ ;1 ke o
. 8(27r§)’“1*2k 1 Jz:% ( 2j ) (4y)7 5—[132}1“1’“ Y Xo—1Ya) (Xo—7Y)k2 7277

where the round bracket in the first line features ﬂs"[” J 11] up to the lower-depth contribu-
tions from «a ;7] in (2.12). One can anticipate from the variety of lower-depth terms in the
constructions (3 2) or (4.21) of modular forms Beq"[h ]2] that (4.45) is not yet equivariant

in the sense of (4.43).

4.3.2 The modular completion at depth two

In the same way as the additive constant (,_;Y* =2 in (4.41) ensures equivariance of M}, at
depth one, there is a systematic modular completion My, g, of K, r, in (4.44) and (4.45):
on top of a polynomial thkQ in X;,Y; independent on 7, the additional complexity at
depth two generically requires the addition of holomorphic and antiholomorphic depth-
one integrals [36],

. 1 100 0 —1%00 5 —iooEi
Mpgy ko = Ky ky — Chkika 2{/ fklka (71) +/_ gk1,k2(7—1> +[ gkth(ﬁ)} :
T T T

(4.46)
As detailed in the reference, flgl,k'z (71) is an equivariant (1,0)-form in 7; while g,gl k, (T1) and

ge 1, (1) are equivariant (0, 1)-forms in 71 composed of?
 a holomorphic cusp form Agg(71) in the case of f gl,kQ (11)

 an antiholomorphic cusp form Agg(71) in the case of ggh ko (1) and an antiholomorphic

Eisenstein series Gg(71) in the case of g%l kQ(T 1)

e a polynomial in the bookkeeping variables X;,Y; as well as 71 in the case of f181,k2 (11)

or 71 in the case of g,?l ko (1) or g,;El ks (1)

All of CZL;@’ f,Sth (11), g,?th (1) and g,g 1k, (1) are understood to have homogeneity degrees
ki1—2in X1,Y7 and k2—2 in X», Y5 compatible with K}, 1, in (4.44). As detailed in section 9.2

°In [36], the antiholomorphic forms g0k, (11) and g,flm (m1) are combined into a single object, but we
find it useful to separate their contributions. We have also introduced a superscript ° for the cuspidal parts
compared to the notation in [36].
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of [36], the existence of modular completions My, j, in (4.46) for any ki, k2 € 2N+2 follows
from the Eichler-Shimura theorem [76, 77]. At depth one, in turn, the contribution G YF2
to (4.41) already suffices to compensate the SL(2, Z)-transformation (or “cocycle”) of the
Gp[...]- and Gg[...] integrals: the cocycle of the real-analytic combination of Eisenstein
integrals in (4.41) is a coboundary [35].

The modular completion Ky, , — My, k, in (4.46) assembles exactly the kinds of
constituents needed to convert the 31 in (4.45) to the modular forms ﬁeq"[ﬁ ii J:
o The Q[(2mi)~!]-linear combinations of MZVs in the coefficients of czhb generate the

depth-zero terms bs"[il1 ﬁ] in (4.21).

o The Eisenstein part gk, 1k, (71) yields the contribution d45- []2 Jl] to (4.21) from the

change of alphabet ¢V in section 4.1.2. We therefore find non-zero g,g ey (1) for any
pair k1, ko € 2N42 subject to k1 # ko.

« Finally, f,?th (1) and g,?l (71) combine to the contributions S}’ [32 jl] to (4.21) and
vanish for k1+ko < 14. More precisely, the holomorphic and antiholomorphic integrals
in (3.30) are captured by f,gth (11) and g | (71), respectively.

On these grounds, it is not surprising that the transition from Kj, i, to My, i, promotes
the depth-two terms in the first line of (4.45) to SIV[J! 21,

1 k1—2ko—2 k1 2>(k2 2) o
My, oy = = (k1=1)1(ka—1)1 Y z e g tgeav |2 ] (4.47)
16 71=0 j2=0 y

X (X1—mV1)7H (X —7Yy)R ]1<X2—7’Y2)j2 (Xo—7Yo)h2=2772

Moreover, since the relation between bV and ¢ in (4.3) implements the change of alphabet
between (X;—7Y;), (X;—7Y;) and X;,Y;, we can express the constant czl’,@ in (4.46) as

k1—2ko—2
1 k=2 (k2=2\ (s 5
ke = ~g DRt 3 Z( | )( | ) [22]

71=0jo=0 \ /1 J2
VI ko (Y2 k2
EL) xhm2ma (B2 xke=2mi 4.4
X (27r> 1 <27r) 2 (4.48)

Finally, the Eisenstein part g,?l kQ(T) can be given in the closed form
_Ckl_l(kl—2)!(k2—k1+1)(k32—k1+2) Bk2
2(27Ti)k1_2k2(k22—1) Bk2_k1+2
X(X1Yo—XoY1)M 7 2Gy, gy 2[Xo, Yai 7] 1 ki < ko,

gl 1, (1) =1 Chka-1(k2=2)!(k1—ko+1)(k1—k2+2) By, , (4.49)
2(27Ti)k2_2k1 (]{71—1) Bkl—k2+2

X(X1Yo—XoY1)P 2 Gy _py 40 X1, V15 7] < ko < K,

0 2]421:]{22,
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see (4.40) for the definition of G, [X,Y;7]. As can be anticipated from the powers of the
modular invariant X;Y2—X5Y7, the Eisenstein integrals ka,kl +2[. ..] only contribute to a
single SL(2, R) multiplet of MGFs that can be extracted from My, x, through the projectors
6% in section 7 of [36]. The SL(2,R) representation theory of MGFs of depths two and three
will be discussed in [45]. We have checked (4.47), (4.48) and (4.49) for all depth-two cases
up to and including k1+ky = 28.

4.3.3 On uniqueness of My, x, and choices in J°1V

As noted in section 9.2 of [36], the SL(2,R)-singlet component of My, », may be shifted
by a constant ¢ € C without altering the modular properties. Such singlets only occur
in the case of ky =ky =k and are then proportional to (X;Ys—X5Y7)*~2. Since k is even,
the singlet will be symmetric under exchange of X1,Y; < X, Y5 and therefore involve
combinations %9V [Jkl sz] Beav [JkQ 31] (4.47). These combinations conspire to the shuffles
Beqv[jl}ﬁeq"[h] which would no longer be the case when adding c¢(X;Y2—X2Y1)¥2 to
M, and thereby redefining 3°0¥[7! 2] 4 g°av[7271]. Hence, the ambiguity of adding a
constant to the SL(2,R)-singlet components at depth two is fixed by imposing shuffle
relations between the components 3° of M}, and My, .

Using this imposition, the modular completion given by equation (4.46) now uniquely

determines the czhkz, f,gth (m1), gl?th (11) and g,g’,@ (11). We note, however, that in this
equation we have chosen the Eisenstein addition to appear in the form of ngl ky (71). We can,

in fact, modify My, r, by a suitable multiple of M}, to remove g,g’kQ (1) whilst retaining
modular completion, but this will cause a function kath (11) composed of a holomorphic
Eisenstein series to appear instead. The equation defining CZMQ would also be affected by
this modification.

The umqueness argument for My, r, also explains why the redefinitions B — BVg~!
and ¢*(J_) — a¢™(J_)a~! by some series a in e,(c) (with MZV coefficients) mentioned
below (4.13) can be ruled out below depth three: only an SL(2,R) singlet of modular forms
5°Y admits a redefinition of modular invariants by a constant from the series a without
spoiling the differential equations (3.5) or (3.36). The absence of singlets at depth one rules
out any components with a single factor of ekj in a. Since the series a is imposed to be
group like [37] (one would otherwise give up shuffle properties), the only viable depth-two
contributions are commutators [eg 1) el(cp)] However, the latter do not contribute to the
SL(2,R)-singlet combination of 31" entering My, ; with (X;Y2—Y;X5)¥~2 which rules out
depth-two components in a.

At depth three, in turn, generic (ki, k2, k3) admit SL(2,R)-singlet combinations of

modular forms gV 32 3

contributions [e,(fl 1), [e,(jz 2), e,(% )]] to a compatlble with the shuffle properties of 5% are con-

| that are independent under shuffle relations. That is why

ceivable such as the examples (; [64 v, [egj 2) ( ]] and (3(s]€g G [eé ), Us) ]] in the discussion
below (4.13). This freedom of f modifying depth—three contributions to J®1V translates into
depth-four modifications ¢V (J_) — a¢*'(J_)a~! and can be fixed by imposing the change
of alphabet ¢* to take the form (4.12). Since we have not yet constructed the relevant 54¥
at depth four, we can only determine the preferred cs"[{l1 {f jg’] and cs"[{L1 j62 jé?’] up to one free
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parameter each (see the supplementary material and the undetermined cas6 € Q in (3.18))
and relegate their fixing via (4.12) to the future. We stress that these free parameters
merely concern canonical choices in shifting modular invariants by constants and do not
reflect any shortcomings in the construction of modular forms at depth three or beyond.

4.3.4 Examples

The general discussion of Brown’s equivariant double iterated integrals My, , calls for
examples of the building blocks Czl,kz’ f]ghkz(T), glghb (1) and g,;ELRQ (1) of the modular

completion in (4.46).
Based on the examples of single-valued MZVs ¢® [k1 ";] of weight (j1+j2+2) in (3.8)
and (3.9), the constants in (4.48) specialize to

. . 2
v XY X Y1) — Y Y (X Ve Xa V) — B y2y2
C44 9607 °*1 2(X1Ys 2Y7) 19273 11 2(X1Ys 2Y1) PTMESEP
= XX, (X Ve XoV) — 0 Xys (3X3Y2-3X1 XaY1 Yo+ X7YZ ) (4.50)
647 100807 96073
G e 9 . TiC7 .3 3(3Cs
Y2(X,Ye—X5Y; Y3Ys(X,Ye—X,Y, Y Yy
+1127r41(12 21)+1287r512(12 oY1) + 30,6 11712

in case of double integrals over G4G4 and G4Gg. Examples at higher weights can be
generated from the list of all ¢® [il 92] at k1+ks < 28 given in the supplementary material
attached to this paper. We reiterate that the ¢®V at depth two only involve odd zeta
values and bilinears thereof, whereas irreducible single-valued MZVs beyond depth one are
relegated to the modular completion of triple Eisenstein integrals and higher depth [73], see
section 4.1.4.

The closed formula (4.49) for the Eisenstein part g,?hkg(T) specializes as follows in the

simplest non-vanishing examples

24%(7) —1232(X1Y2—X2Y1)2Q4[X27Y2;T],
3 _

gis(7) = 16432 (X1Ya—X5Y1)? Gg[Xa, Y5 7], (4.51)
9 -

gis(T) = s (X1Y2—XoY1)* Gy[ X2, Yo; 7] .

567t

Finally, the cusp-form contributions f,?l’ ko (7)), gk?l k, (T) to (4.46) always arise in pairs by the

structure of the 5% Aji ;7] in (3.28), (3.30) and are most conveniently expressed in terms of
k

X1 X
Ay [ Vi Ya: 7':| =i (k=) (X1—7Y1)" (Xo—7Y2)? Ap(T)dr, ri+re=k—2. (4.52)

L T2

This equivariant (1, 0)-form may be viewed as the cuspidal analogue of G [X,Y’; 7] in (4.40),
where (X,Y) is split into two pairs (X;,Y;) with partial homogeneity degrees r;. The
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simplest non-vanishing examples of f]gl’b (1) and g,?th(T) are

—— 1 A12712) X1 X X1 X
(fz?,lo (T>>g£,10 (7)) = T 2700-11! A A12 10) (12 Yll Y22, ) A12[1/11 3;22a }) )
—_ 1 A(Aq2,12) X1 Xo X1 X2 1
(fg,s (1), 888 (T)) 1900111 A (Apa, 10) < vt ﬁélz[ﬁfﬁ %Q;TD, (4.53)
—_ 1 A(A12,13) (X1Y2—XoY7) X1 X2 X1 X2 ]
0 0 . 12, 1Y2—AXa2Y1 )
(f4,12 (T>>g4,12 (7')) - 1382 11'A(A12,11) (m) (A12{311 3;2, } Am{i? igz, }) >
5 A(Aq2,13) (X,

— —X,Y7) YN X ] XX T
0 0 _ 211 . i
(fﬁ,lo (T)7g6,10 (T)) == 8292.11!A(A12’11) (7,’]'[') (A12|:};1 }’/72 7T:| 7é12|:};1 };2 7T:|> ’
o~ 3 A(Alg 13) (X1YVQ—X2Y1) X1 X2 X1 X2
0 0 _ ) .
(85 &35(7) = 5w A(Arp,11)  (im) Bl ] 8ey ] )

Starting from kj+ks = 18, generic f,gth (1) and glgl k,(T) comprise several cusp forms,

_— 1 (A 16) X1 Xo X1 Xo
0 0 _ 16, _ .
(810 7). 00 ) = ~momi R (2t <A [ ] —A]y x;ND (4.54)
1 (A12,14) (X1Yé XQYl) X1 X2 X1 Xo
A 1 Yo 7—é 1 Y2 ] s
TI560-111 A (A1, 10)  (im)? *12[32 % T} 12[’2 % T}

and the relative sign between Ay and Ay in My, g, is +1 (—1) if 3(ki+ko+k) is even
(odd). Similar to the Eisenstein case in (4.49), the cuspidal contributions with k; < ks
interchanged can be obtained from

£0, 1, [ X1, V1, Xo, Yoy 7] = —£0, 4 [Xa, Vo, X1, Vi3 7],
glgl,kz[XhYl,Xz,YQ;T] = —g&,kl (X9, Y, X1,Y7;7]. (4.55)

The coefficients of A, and A, are always Q[(X;Y2—X2Y1)/(im)]-linear combinations of
€, in (3.28) and (3.31), with §(ki+ka—Fk) — 1 powers of (X1Yo—XoY1)/(im).

The integrals over f,?h,€2 (1) and gl?h k,(7) exemplified in this section generate the cusp-
form contributions (3.28) to depth-two 5°1¥ in (4.47). In contrast to the derivation-valued
generating series J° of modular forms $°Y in (3.27), the equivariant double integrals
My, i, in (4.46) retain the integrals of holomorphic cusp forms. One can equivalently
()

generalize J° by re-interpreting the ¢/’ at £ > 4 and 0 < j < k—2 as generators of a free

algebra rather than brackets of Tsunogai’s derivations and thereby preventing the dropouts
()

of modular forms due to relations among commutators of €. This viewpoint is taken in

intermediate steps to motivate (3.22) as a generating series of all the aparq| il ﬁ ; 7], without
any dropouts. Based on the combinations My, j, r, of 8°Y at depth three in upcoming

work [45], the same logic applies to the generating series (B.10) of ahard[ill ﬁ ii ;7.

5 Conclusions and further directions

In this work, we have established a dictionary between Brown’s non-holomorphic modular
forms obtained from equivariant iterated Eisenstein integrals (EIEIs) and the modular graph
forms (MGFs) in the low-energy expansion of one-loop closed-string amplitudes. In spite of

~ 31—



rapid progress in representing MGFs via iterated Eisenstein integrals and their complex
conjugates [42, 43, 65, 67|, it was a long-standing problem to pinpoint their connection to
Brown’s EIEIs [35-37]. Based on new structural results on the building blocks of MGFs
with detailed studies at depths two and three, see section 3, we spell out their explicit
relations with the key quantities of Brown’s construction in section 4.

One central ingredient of Brown’s EIEIs is a change of alphabet ¢ for Tsunogai’s
derivations €, that appear as non-commutative bookkeeping variables in the integration
kernels. We extract an all-order expression for ¢°¥(ex) as an infinite series of derivations with
single-valued MZVs in their coefficients from the implicit characterization of ¢ in [35, 37].
This series-representation of ¢%(ex) involves nested commutators of ¢; with additional
derivations zs3, zs, ... studied in the mathematics literature. While the depth-two parts of
[2m, €x] are known from Hain and Matsumoto [55], we provide the higher-depth completions
for a variety of such commutators beyond the examples in [53].

Our new results on the derivation algebra, as well as a variety of examples for other
quantities of interest in this work, can be found in the supplementary material attached to
this paper. A longer follow-up paper [45] will elaborate on intermediate steps and extensions
of our results, including

)

two [43] that were used in the derivation of some of our results

e depth-three analogues of the solutions Fi(z to Laplace eigenvalue equations at depth

¢ double integrals mixing holomorphic Eisenstein series and cusp forms that were studied
from a Poincaré-series perspective in [78] and enter our modular integrals at depth
three

 depth-three analogues of Brown’s equivariant double iterated integrals (4.46) as well
as their cocycles and SL(2, R) multiplet structure

Apart from building a bridge between the mathematics and physics literature on non-
holomorphic modular forms, this work stimulates numerous research lines for the future:

First, Brown’s construction of purely 7-dependent non-holomorphic modular forms
calls for an extension to so-called elliptic modular graph forms [79, 80] which additionally
depend on marked points z on a torus. Elliptic modular graph forms extend Zagier’s
single-valued elliptic polylogarithms [81] to higher depth and were recently translated into
z-dependent analogues of the real-analytic iterated integrals 8%V for conventional modular
graph forms [82]. The dictionary between 35V and EIEIs established in this work should
guide the construction of similar generating functions of elliptic modular graph forms that
manifest their (anti-)meromorphic iterated-integral constituents.

Second, it would be interesting to revisit the proposal [67] of MGFs being single-valued
versions of elliptic MZVs in the light of this work: by relating MGFs with Brown’s single-
valued iterated Eisenstein integrals, our results pave the way to compare the proposal in the
reference with the general frameworks of single-valued integration [63, 83] and single-valued
periods [64, 84]. This kind of follow-up study aims to extract information on loop amplitudes
of closed strings from single-valued open-string data.
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Third, the variety of perspectives obtained on MGFs at genus one is expected to
inspire the study of higher-genus modular graph forms [79, 85] and tensors [86]. The quest
for the algebraic [86, 87] and differential [88-90] relations of higher-genus modular graph
forms might greatly benefit from an organizing principle based on iterated primitives of
meromorphic modular tensors. The description of genus-one MGFs via iterated Eisenstein
integrals in this work is hoped to find an echo at higher genus.
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A Explicit formula for ay,.q at depth two

In this appendix, we reformulate the all-order solution for the @p,q at depth two in (3.21)

as an explicit formula instead of a generating-series identity (3.22). By inserting the

commutators (3.23) into the generating series and treating all the egl 1)6,9;) as independent,

one can solve for
Onara [ 11 237] = 0kt > k2)0(ks—2 < jitja < ka—2)or [ f257] (A1)

—0(k2 > k1)0(k1—2 < j1+j2 < kz—@a[ﬁ ill ;7-} ,
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where the 6(...) are taken to be 1 if the inequalities in the bracket hold and zero otherwise.
Moreover, we have introduced the shorthand

ol 7] = (A2)

20k, 1 (k1 —ka+1) (k1 —ka+2)! (ko —ja—2)! (k1 —j1—2)! By,
(ko—1)k1 (k1 —1)! Br, —par2

ko—jo—2
X (J1+72—ko+2)!E (k1 —ko+2,001Hi2—k2+2: 1) Z
¢=max(0,j1 —k1+k2

(=1) (ks —hea+0)!
)é!(kg—j2—2—€)!(€—j1+k1—l@)!

for the antiholomorphic T-invariants & defined in (3.19).

B Antiholomorphic T-invariants a at depth three

This appendix provides a conjectural all-order expression for the a[,ﬁ ﬁ f?” ;7] at depth

three that resembles (3.21) for a[ill iz ;7] at depth two. The subsequent depth-three results
were crucial to guide us towards a matching of the two generating series (4.2) and (4.26) of
modular forms §°UV. It will be convenient to represent the T-invariants (3.19) entering the

a[ﬁ ﬁ ; T] via

Eo|1t37] = 1€ (R, 0715 7) (B.1)

Moreover, the expressions in this appendix involve their generalization

- J2
— ) +r)! - -
&)Hi iﬁﬁ} =j2! ) (jlrv : Eo(kz, 07277, ky, 01147 7) (B-2)
r=0 ’

(J1+72+1)! By, z
-

(j1+Jj2+1)! By, %
ka!(j2+1)

ko, 0J1ti2+1:
Gty o ")

(ky, 001 +52+ 1, 7)

where the first line of the right-hand side features double integrals of the T-invariant kernels
GY(7) = Gi(1) — 2¢ = O(q) [66]:

(271-7;)171*#172*161*/02*#2 100 0 00 0
€O(k1,0p1,k32,0p2;7): p1'p2‘ dTg(T*Tg)pQG]Q(TQ) dTl(TQ*Tl)plel(Tl)
* * T T2
4 00 m’fl—lmgz—lqmln1+m2n2 B.3
GRS A e s e

mi,ni,ma,na=1

As will be detailed in section B.3 below, the antiholomorphic T-invariants in (B.1) and (B.2)
are related via shuffle relations

alhaler] sl +ala ] e

and can be rewritten in terms of Brown’s iterated Eisenstein integrals over kernels 7/ Gy, (1)
with 0 < 57 < k—2 and powers of 2mi7T as coefficients. More specifically, the results of
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section B.3 imply the following alternative formula for So[ill %z ;7] which generalizes (3.20)
for So[ill ;7]

k1—2—j1 ka—2—72 (klfff.jl) (k2*€27j2)
1 2

(—dy)ate

B {]22;& J1];|-€1 : ] (B.5)

J1 J2 . _
50[k1k2,7}— 1

£1=0 lo=0
RN k1—2—j1 (k1—2—j

_ Bp, (—2mir)l2tl B (" 0 31)5 {jﬁ-el ,T} +

; | _ l - k1

(Go+Dko! S (—dy) !

Bk1 Bk2 (*27T’L'77')j1+j2+2
(Jo+1)(J1+jo+2)kilka!

Similar to (3.21), we shall split the desired T-invariants into two parts

J1 j2 Js . J1 j2 Js. J1 j2 Js.
Oé{kl ko ks T} aeasy[kl ko kg 7'} + Oéhard[kl koo kg 3 7':| (BG)

and discuss the construction of Qeasy and anarq separately in the next two subsections. We
have checked that all the «f:: ] with ki+ko+ks < 20 and 0 < j; < k;—2 obtained from a
depth-three generalization of F ( ) [45] are reproduced by (B.6) with the Geasy and Ghara

below. Our results are consistent Wlth the necessary condition

o[ b E ] +alGhRir] +alE R R =0 (B.7)
for the shuffle relations (3.13) of the 8% at depth three.

B.1 @easy at depth three

The first part of (B.6) dubbed Wasy is determined by the ¢®V at depth < 2 multiplied by
the above &) as well as the ahard[ 2 2. 7] of appendix A,

v [ 137 =&l ml (] s frl e ] &l o] k) ]
+5E7Pﬂﬁﬂ+gﬁﬁﬁﬂﬁm—gﬁﬁ?ﬂﬁﬁﬂﬁ}

At leading depth of the respective S_ in (3.20) and (B.5), the conversion of (B.8) to k[ ;7]

via (2.16) reproduces the first three lines of (4.35). In particular, the contributions of @hara

to (B.8) line up with the terms 45— [ﬁ ill ]ds"[“] ds"[jl 1648- [33 32] in the third line
of (4.35). Note that the first two lines of (B.8) intuitively generalize the rewriting

e | 1 1337 = o[ 7] (1] — o[ £:7] (1 (B9)

of the @eagy at depth two in (3.21).
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B.2 @parq at depth three

Similar to (3.22), the Qpaq at depth three are most conveniently encoded in generating
series (see the supplementary material for the [z2,,+1, €x] on the right-hand side),

00 k1—2ko—2 k3—2

(k1—1) ]{; N (ka—=1)(—1)J11I2+J3
> ZZZ 1 o—1)(k3—1)(-1)

4. G0 —I
by oo s 7120 ja=0 fyo (F1=71=2)1 (k2= j2—=2)! (ks —j3—2)!

X Ohard {kl ko kg

J1 j2 ja .T} €g§3 —Jj3—2) l(ﬂ’;rjr?)el(;jrjr?)
2 XS 2 J. (k—j—2)
- Z <2m+1 Z Z k‘ 2 0 |:k 3 T:| [Z2m+17 €L ] |depth 3
Ji=4 j=0 3
k— 2
2 3 )J B.10
+ Z Comy+1C2ma i1 Y Z k: %) (B.10)
mi,me=1 k=4 j=0 ]
j k—j—2)
X 60[']177_] [Zle—‘rla [22m2+1> ]E; —I= } ‘depth 3
o) k1—2ko—2 . .
kl_ ]{;2 1)( 1)]1+]2
+ Z 2omi1 Y, Y Z
kot 7120 om0 (F1=71=2) (k2= j2—2)!

% W [[Z2m+1, El(c? —J2— 2 (k1*j172)} ‘

‘depth 27 Ekl
The & [];7] on the right-hand side contribute 3_ of depth one via (3.20) which match
the 5¢57 [iz ﬁ ﬁ] }depth 1
k[:;7]). The nested brackets in the last two lines of (B.10) reproduce the contributions
8- [%z s ‘depth o —00B-[12 11 18- []2] in the fourth line of (4.35) when the &[] 2 7]
are restricted to the S_ of depth two in (B.5). Finally, the last line of (4.35) has depth zero
as well as at least one power of T in each term and should account for the contributions
to (3.20) and (B.5) without any factor of 5_.
(1) (42) (i

Similar to the comments before section 3.4, the coefficients of ¢ L €hy ek 3) in the

in the fourth line of (4.35) (again after conversion (2.16) to

generating-series identity (B.10) are understood to be equated before employlng any commu-

tator relation in Tsunogai’s derivation algebra. The anard [ ﬁ ﬁ ﬁ ; 7] are defined individually
from (B.10) when the commutators among z,, and € are evaluated through (3.23) and the

expressions in the supplementary meterial.

B.3 &y at depth two from iterated integrals

We conclude this appendix by elaborating on the origin of the antiholomorphic T-invariants
at depth two in (B.2) from iterated integrals over kernels G (7) = Gg(7) — 2¢, = O(q). The
first line of (B.2) can be traced back to

(27-”)2-*']1-&-]2 k1— kz/

a7 (R—7)1GY (m) / ™ dr (72— 7)2GY ()

T1

—100

7

= (2mi)¥Ttiz—h kzZ(”) / A (=) GY, (1) / dn (o=71)2 "Gy, (12)

r=0 r 1

j2 - |
:]2'2 (]1:;T) 50(k270j2—7‘,k170j1+7‘;7-)? (Bll)
r=0 ’
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where we have rewritten (7,—7)72 = 72 (%2)(7—7)" (fa—71)7> " and identified the &
through their iterated-integral representation in (B.3). By comparing with the integral
representation (3.19) of Eg[i;T], already the restriction of So[ill ii ;7] to the double in-
tegrals (B.11) is easily seen to obey the shuffle relation (B.4). The second line of (B.2)
involving depth-one integrals over G%i in turn is antisymmetric under (ji, k1) <> (j2, k2)
and therefore drops out from the symmetrized combination on the right-hand side of the
shuffle relation (B.4). Hence, the shuffle property of the &|...;7] is a consequence of the
integral representation (B.11).

We shall now state an alternative integral representation of the Eo[ill ii ;7] which
manifests their relation with Brown’s kernels %jm with 0 < j < k—2: following the
tangential-basepoint regularization of [35], one can retrieve (B.2) from
—100

47, (71 —7)1 G (1) / A7y (7a—7)2 G (72)

T1

—_— —100
J1 Jz. _ -\ 2+j1+jo—k1—ke
5o[kl i ,T} = (27i) 3

7

By, (—2miT)72t! 7[j1 } By, Bg, (—2mi7)i1tiz+2
_ ol i) —

. B.12
(J2+1)ks! ko7 (J1+1) (J1+g2+2) k1 ko! (B.12)

Each term on the right-hand side is an (iterated) integral of kernels %ijini (1:) with 0 <
Ji < ki—2 with Q[2miT]-coefficients: this is evidently the case for the first line of (B.12)
upon binomial expansion of both factors of (7;—7)’, and the depth-one term So[ﬁ ;7] in
the second line can be checked to have the same property via binomial expansion in (3.19).
The alternative form (B.5) in terms of S_ follows from rearranging the integral in the first
line of (B.12) and applying (3.20) to its second line.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited. SCOAP? supports
the goals of the International Year of Basic Sciences for Sustainable Development.

References
[1] O. Schlotterer and S. Stieberger, Motivic Multiple Zeta Values and Superstring Amplitudes, J.
Phys. A 46 (2013) 475401 [arXiv:1205.1516] [INSPIRE].

[2] D.H. Wohl, Selberg integrals, multiple zeta values and Feynman diagrams, math/0206030
[INSPIRE].

[3] J.M. Drummond and E. Ragoucy, Superstring amplitudes and the associator, JHEP 08 (2013)
135 [arXiv:1301.0794] [INSPIRE].

[4] J. Broedel, O. Schlotterer, S. Stieberger and T. Terasoma, All order o'-expansion of
superstring trees from the Drinfeld associator, Phys. Rev. D 89 (2014) 066014
[arXiv:1304.7304] [INSPIRE].

[5] A. Kaderli, A note on the Drinfeld associator for genus-zero superstring amplitudes in twisted
de Rham theory, J. Phys. A 53 (2020) 415401 [arXiv:1912.09406] [INSPIRE].

[6] S. Stieberger, Closed superstring amplitudes, single-valued multiple zeta values and the Deligne
associator, J. Phys. A 47 (2014) 155401 [arXiv:1310.3259] [INSPIRE].

— 37 —


https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1088/1751-8113/46/47/475401
https://doi.org/10.1088/1751-8113/46/47/475401
https://arxiv.org/abs/1205.1516
https://inspirehep.net/literature/1113913
https://arxiv.org/abs/math/0206030
https://inspirehep.net/literature/572016
https://doi.org/10.1007/JHEP08(2013)135
https://doi.org/10.1007/JHEP08(2013)135
https://arxiv.org/abs/1301.0794
https://inspirehep.net/literature/1209446
https://doi.org/10.1103/PhysRevD.89.066014
https://arxiv.org/abs/1304.7304
https://inspirehep.net/literature/1230970
https://doi.org/10.1088/1751-8121/ab9462
https://arxiv.org/abs/1912.09406
https://inspirehep.net/literature/1771882
https://doi.org/10.1088/1751-8113/47/15/155401
https://arxiv.org/abs/1310.3259
https://inspirehep.net/literature/1258162

[7]

S. Stieberger and T.R. Taylor, Closed String Amplitudes as Single- Valued Open String
Amplitudes, Nucl. Phys. B 881 (2014) 269 [arXiv:1401.1218] [NSPIRE].

O. Schlotterer and O. Schnetz, Closed strings as single-valued open strings: A genus-zero
derivation, J. Phys. A 52 (2019) 045401 [arXiv:1808.00713] [INSPIRE].

P. Vanhove and F. Zerbini, Single-valued hyperlogarithms, correlation functions and closed
string amplitudes, arXiv:1812.03018 [INSPIRE].

F. Brown and C. Dupont, Single-valued integration and superstring amplitudes in genus zero,
Commun. Math. Phys. 382 (2021) 815 [arXiv:1910.01107] InSPIRE].

F.C.S. Brown and A. Levin, Multiple elliptic polylogarithms, arXiv:1110.6917.

B. Enriquez, Analogues elliptiques des nombres multizétas, Bull. Soc. Math. Fr. 144 (2016)
395.

J. Broedel, C.R. Mafra, N. Matthes and O. Schlotterer, Elliptic multiple zeta values and
one-loop superstring amplitudes, JHEP 07 (2015) 112 [arXiv:1412.5535] [INSPIRE].

J. Broedel, N. Matthes, G. Richter and O. Schlotterer, Twisted elliptic multiple zeta values
and non-planar one-loop open-string amplitudes, J. Phys. A 51 (2018) 285401
[arXiv:1704.03449] [iNSPIRE].

M.B. Green and P. Vanhove, The Low-energy expansion of the one loop type II superstring
amplitude, Phys. Rev. D 61 (2000) 104011 [hep-th/9910056] [INSPIRE].

M.B. Green, J.G. Russo and P. Vanhove, Low energy expansion of the four-particle genus-one
amplitude in type II superstring theory, JHEP 02 (2008) 020 [arXiv:0801.0322] [INSPIRE].

E. D’Hoker, M.B. Green and P. Vanhove, On the modular structure of the genus-one Type II
superstring low energy expansion, JHEP 08 (2015) 041 [arXiv:1502.06698] [INSPIRE].

J.E. Gerken, A. Kleinschmidt and O. Schlotterer, Heterotic-string amplitudes at one loop:
modular graph forms and relations to open strings, JHEP 01 (2019) 052 [arXiv:1811.02548]
[INSPIRE].

E. D’'Hoker, M.B. Green, O. Giirdogan and P. Vanhove, Modular Graph Functions, Commun.
Num. Theor. Phys. 11 (2017) 165 [arXiv:1512.06779] [InSPIRE].

E. D’Hoker and M.B. Green, Identities between Modular Graph Forms, J. Number Theor. 189
(2018) 25 [arXiv:1603.00839] [INSPIRE].

J.E. Gerken, Modular Graph Forms and Scattering Amplitudes in String Theory, Ph.D. Thesis,
Humboldt University, Berlin, Berlin (2020) [DOI] [arXiv:2011.08647] [INSPIRE].

N. Berkovits, E. D’Hoker, M.B. Green, H. Johansson and O. Schlotterer, Snowmass White
Paper: String Perturbation Theory, in 2022 Snowmass Summer Study, Seattle U.S.A, July
17-26 2022 [arXiv:2203.09099] [INSPIRE].

D. Dorigoni, M.B. Green and C. Wen, Chapter 10: Selected topics on modular covariance of
type IIB string amplitudes and their supersymmetric Yang-Mills duals, J. Phys. A 55 (2022)
443011 [arXiv:2203.13021] INSPIRE].

E. D’Hoker and J. Kaidi, Lectures on modular forms and strings, arXiv:2208.07242
[INSPIRE].

E. D’Hoker, M.B. Green and P. Vanhove, Proof of a modular relation between 1-, 2- and 3-loop
Feynman diagrams on a torus, J. Number Theor. 196 (2019) 381 [arXiv:1509.00363]
[INSPIRE].

— 38 —


https://doi.org/10.1016/j.nuclphysb.2014.02.005
https://arxiv.org/abs/1401.1218
https://inspirehep.net/literature/1276321
https://doi.org/10.1088/1751-8121/aaea14
https://arxiv.org/abs/1808.00713
https://inspirehep.net/literature/1684808
https://arxiv.org/abs/1812.03018
https://inspirehep.net/literature/1707625
https://doi.org/10.1007/s00220-021-03969-4
https://arxiv.org/abs/1910.01107
https://inspirehep.net/literature/1757327
https://arxiv.org/abs/1110.6917
https://doi.org/10.24033/bsmf.2718
https://doi.org/10.24033/bsmf.2718
https://doi.org/10.1007/JHEP07(2015)112
https://arxiv.org/abs/1412.5535
https://inspirehep.net/literature/1334731
https://doi.org/10.1088/1751-8121/aac601
https://arxiv.org/abs/1704.03449
https://inspirehep.net/literature/1591181
https://doi.org/10.1103/PhysRevD.61.104011
https://arxiv.org/abs/hep-th/9910056
https://inspirehep.net/literature/508269
https://doi.org/10.1088/1126-6708/2008/02/020
https://arxiv.org/abs/0801.0322
https://inspirehep.net/literature/776673
https://doi.org/10.1007/JHEP08(2015)041
https://arxiv.org/abs/1502.06698
https://inspirehep.net/literature/1346285
https://doi.org/10.1007/JHEP01(2019)052
https://arxiv.org/abs/1811.02548
https://inspirehep.net/literature/1702326
https://doi.org/10.4310/CNTP.2017.v11.n1.a4
https://doi.org/10.4310/CNTP.2017.v11.n1.a4
https://arxiv.org/abs/1512.06779
https://inspirehep.net/literature/1410935
https://doi.org/10.1016/j.jnt.2017.11.015
https://doi.org/10.1016/j.jnt.2017.11.015
https://arxiv.org/abs/1603.00839
https://inspirehep.net/literature/1425711
https://doi.org/10.18452/21829
https://arxiv.org/abs/2011.08647
https://inspirehep.net/literature/1815303
https://arxiv.org/abs/2203.09099
https://inspirehep.net/literature/2054396
https://doi.org/10.1088/1751-8121/ac9263
https://doi.org/10.1088/1751-8121/ac9263
https://arxiv.org/abs/2203.13021
https://inspirehep.net/literature/2058003
https://arxiv.org/abs/2208.07242
https://inspirehep.net/literature/2136107
https://doi.org/10.1016/j.jnt.2017.07.022
https://arxiv.org/abs/1509.00363
https://inspirehep.net/literature/1391363

[26]

[27]

28]

[29]

[30]

[31]

[32]

E. D’Hoker and J. Kaidi, Hierarchy of Modular Graph Identities, JHEP 11 (2016) 051
[arXiv:1608.04393] [INSPIRE].

A. Basu, Proving relations between modular graph functions, Class. Quant. Grav. 33 (2016)
235011 [arXiv:1606.07084] [INSPIRE].

J.E. Gerken and J. Kaidi, Holomorphic subgraph reduction of higher-point modular graph
forms, JHEP 01 (2019) 131 [arXiv:1809.05122] [NSPIRE].

F. Zerbini, Single-valued multiple zeta values in genus 1 superstring amplitudes, Commun.
Num. Theor. Phys. 10 (2016) 703 [arXiv:1512.05689] [INSPIRE].

E. D’Hoker and W. Duke, Fourier series of modular graph functions, J. Number Theor. 192
(2018) 1 [arXiv:1708.07998] [INSPIRE].

E. Panzer, Modular graph functions as iterated Eisenstein integrals, talk given at the workshop
Elliptic Integrals in Mathematics and Physics, Ascona, Switzerland (2018) [https://indico.cern.
ch/event/700233/contributions/3112451 /attachments/1712442 /2761239 /elliptic.pdf].

E. D’Hoker and M.B. Green, Absence of irreducible multiple zeta-values in melon modular
graph functions, Commun. Num. Theor. Phys. 14 (2020) 315 [arXiv:1904.06603] INSPIRE].

D. Zagier and F. Zerbini, Genus-zero and genus-one string amplitudes and special multiple zeta
values, Commun. Num. Theor. Phys. 14 (2020) 413 [arXiv:1906.12339] INSPIRE].

P. Vanhove and F. Zerbini, Building blocks of closed and open string amplitudes, PoS
MA2019 (2022) 022 [arXiv:2007.08981] [INSPIRE].

F. Brown, Multiple modular values and the relative completion of the fundamental group of
my,1, arXiv:1407.5167.

F. Brown, A class of non-holomorphic modular forms I, [arXiv:1707.01230] [INSPIRE].

F. Brown, A Class of Nonholomorphic Modular Forms II: Equivariant Iterated Fisenstein
integrals, Forum Math. Sigma 8 (2020) e31 [INSPIRE].

F.C.S. Brown, Polylogarithmes multiples uniformes en une variable, Compt. Rend. Math. 338
(2004) 527 [INSPIRE].

N. Diamantis and J. Drewitt, Period functions associated to real-analytic modular forms,
Research in the Mathematical Sciences 7 (2020) .

J. Drewitt, Laplace-eigenvalue equations for length three modular iterated integrals, Journal of
Number Theory 239 (2022) 78.

J.E. Gerken, A. Kleinschmidt and O. Schlotterer, All-order differential equations for one-loop
closed-string integrals and modular graph forms, JHEP 01 (2020) 064 [arXiv:1911.03476]
[INSPIRE].

J.E. Gerken, A. Kleinschmidt and O. Schlotterer, Generating series of all modular graph forms
from iterated Fisenstein integrals, JHEP 07 (2020) 190 [arXiv:2004.05156] [INSPIRE].

D. Dorigoni, A. Kleinschmidt and O. Schlotterer, Poincaré series for modular graph forms at
depth two. Part I. Seeds and Laplace systems, JHEP 01 (2022) 133 [arXiv:2109.05017]
[INSPIRE].

D. Dorigoni, A. Kleinschmidt and O. Schlotterer, Poincaré series for modular graph forms at
depth two. Part II. Iterated integrals of cusp forms, JHEP 01 (2022) 134 [arXiv:2109.05018]
[INSPIRE].

-39 —


https://doi.org/10.1007/JHEP11(2016)051
https://arxiv.org/abs/1608.04393
https://inspirehep.net/literature/1481412
https://doi.org/10.1088/0264-9381/33/23/235011
https://doi.org/10.1088/0264-9381/33/23/235011
https://arxiv.org/abs/1606.07084
https://inspirehep.net/literature/1471861
https://doi.org/10.1007/JHEP01(2019)131
https://arxiv.org/abs/1809.05122
https://inspirehep.net/literature/1694254
https://doi.org/10.4310/CNTP.2016.v10.n4.a2
https://doi.org/10.4310/CNTP.2016.v10.n4.a2
https://arxiv.org/abs/1512.05689
https://inspirehep.net/literature/1410139
https://doi.org/10.1016/j.jnt.2018.04.012
https://doi.org/10.1016/j.jnt.2018.04.012
https://arxiv.org/abs/1708.07998
https://inspirehep.net/literature/1620502
https://indico.cern.ch/event/700233/contributions/3112451/attachments/1712442/2761239/elliptic.pdf
https://indico.cern.ch/event/700233/contributions/3112451/attachments/1712442/2761239/elliptic.pdf
https://doi.org/10.4310/CNTP.2020.v14.n2.a2
https://arxiv.org/abs/1904.06603
https://inspirehep.net/literature/1729757
https://doi.org/10.4310/CNTP.2020.v14.n2.a4
https://arxiv.org/abs/1906.12339
https://inspirehep.net/literature/1742050
https://doi.org/10.22323/1.383.0022
https://doi.org/10.22323/1.383.0022
https://arxiv.org/abs/2007.08981
https://inspirehep.net/literature/1807755
https://arxiv.org/abs/1407.5167
https://arxiv.org/abs/1707.01230
https://inspirehep.net/literature/1608794
https://doi.org/10.1017/fms.2020.24
https://inspirehep.net/literature/1802172
https://doi.org/10.1016/j.crma.2004.02.001
https://doi.org/10.1016/j.crma.2004.02.001
https://inspirehep.net/literature/1599005
https://doi.org/10.1007/s40687-020-00221-8
https://doi.org/10.1016/j.jnt.2021.11.005
https://doi.org/10.1016/j.jnt.2021.11.005
https://doi.org/10.1007/JHEP01(2020)064
https://arxiv.org/abs/1911.03476
https://inspirehep.net/literature/1764082
https://doi.org/10.1007/JHEP07(2020)190
https://arxiv.org/abs/2004.05156
https://inspirehep.net/literature/1790852
https://doi.org/10.1007/JHEP01(2022)133
https://arxiv.org/abs/2109.05017
https://inspirehep.net/literature/1919783
https://doi.org/10.1007/JHEP01(2022)134
https://arxiv.org/abs/2109.05018
https://inspirehep.net/literature/1919785

[45]

[46]

[47]

[48]

[49]

D. Dorigoni, M. Doroudiani, J. Drewitt, M. Hidding, A. Kleinschmidt, N. Matthes,
O. Schlotterer and B. Verbeek, More on modular graph forms as equivariant iterated
FEisenstein integrals, to appear.

Y. Thara, Braids, Galois groups and some arithmetic functions, in Proceedings of the
International Congress of Mathematicians. Vol. I, II, Kyoto Japan, August 21-29 1990,
[Mathematical Society of Japan, Tokyo (1991), pp. 99-120].

P. Deligne, Le groupe fondamental de la droite projective moins trois points, in Galois groups
over () Mathematical Sciences Research Institute Publications 16, Springer, New York (1989),
pp. 79-297 [DOI].

Y. Thara, Some arithmetic aspects of Galois actions in the pro-p fundamental group of

Pt —{0,1, 00}, in Arithmetic Fundamental Groups and Noncommutative Algebra (Berkeley,
CA, 1999), Proceedings of Symposia in Pure Mathematics 70, American Mathematical Society
(2002), pp. 247273 [DOI].

H. Tsunogai, On some derivations of lie algebras related to galois representations, Publ. Res.

Inst. Math. Sci. 31 (1995) 113.

A.B. Goncharov, Multiple (-Values, Galois Groups, and Geometry of Modular Varieties, in 3rd
European Congress of Mathematics: Shaping the 21st Century, Barcelona Spain, July 10-14
2000 [Progress in Mathematics 201, Birkh&user (2001), pp. 361-392, DOI] [inSPIRE].

M. Hirose, Colored double zeta values and modular forms of general level, arXiv:2205.08507.

L. Schneps, On the Poisson bracket on the free Lie algebra in two generators, J. Lie Theory 16
(2006) 19.

A. Pollack, Relations between derivations arising from modular forms, Undergraduate Thesis,
Duke University, U.S.A. (2009) [https://dukespace.lib.duke.edu/dspace/handle/10161/1281].

S. Baumard and L. Schneps, On the derivation representation of the fundamental lie algebra of
mized elliptic motives, Ann. Math. Qué. Annales 41 (2016) 43.

R. Hain and M. Matsumoto, Universal mized elliptic motives, J. Inst. Math. Jussieu 19 (2018)
663.

F. Brown, Anatomy of the motivic Lie algebra, talk given at the program
Grothendieck-Teichmiiller Groups, Deformation and Operads, Newton Institute, Cambridge,
U.K. (2013) [https://sms.cam.ac.uk/media/1459610].

F. Brown, Zeta Elements in Depth 3 and the Fundamental lie Algebra of The infinitesimal
Tate Curve, Forum Math. Sigma 5 (2017) el [INSPIRE].

J.E. Gerken, Basis Decompositions and a Mathematica Package for Modular Graph Forms, J.
Phys. A 54 (2021) 195401 [arXiv:2007.05476] [INSPIRE].

D. Zagier and H. Gangl, Classical and elliptic polylogarithms and special values of L-series, in
The arithmetic and geometry of algebraic cycles, Nato Science Series C 548, Springer
Dordrecht (2000), pp. 561-615 [DOI].

N. Matthes, On the algebraic structure of iterated integrals of quasimodular forms, Alg. Numb.
Theor. 11 (2017) 2113.

F. Brown, From the deligne-ihara conjecture to multiple modular values, arXiv:1904.00179.

J.-G. Luque, J.-C. Novelli and J.-Y. Thibon, Period polynomials and ihara brackets,
math/0606301.

40 —


https://doi.org/10.1007/978-1-4613-9649-9_3
https://doi.org/10.1090/pspum/070/1935408
https://doi.org/10.2977/prims/1195164794
https://doi.org/10.2977/prims/1195164794
https://doi.org/10.1007/978-3-0348-8268-2_21
https://inspirehep.net/literature/1620802
https://arxiv.org/abs/2205.08507
https://dukespace.lib.duke.edu/dspace/handle/10161/1281
https://doi.org/10.1007/s40316-015-0040-8
https://doi.org/10.1017/s1474748018000130
https://doi.org/10.1017/s1474748018000130
https://sms.cam.ac.uk/media/1459610
https://doi.org/10.1017/fms.2016.29
https://inspirehep.net/literature/1630059
https://doi.org/10.1088/1751-8121/abbdf2
https://doi.org/10.1088/1751-8121/abbdf2
https://arxiv.org/abs/2007.05476
https://inspirehep.net/literature/1806459
https://doi.org/10.1007/978-94-011-4098-0
https://doi.org/10.2140/ant.2017.11.2113
https://doi.org/10.2140/ant.2017.11.2113
https://arxiv.org/abs/1904.00179
https://arxiv.org/abs/math/0606301

[63]

[64]

[65]

[75]

[76]

[77]

(78]

O. Schnetz, Graphical functions and single-valued multiple polylogarithms, Commun. Num.
Theor. Phys. 08 (2014) 589 [arXiv:1302.6445] InSPIRE].

F. Brown, Single-valued Motivic Periods and Multiple Zeta Values, SIGMA 2 (2014) 25
[arXiv:1309.5309] [INSPIRE].

J. Broedel, O. Schlotterer and F. Zerbini, From elliptic multiple zeta values to modular graph
functions: open and closed strings at one loop, JHEP 01 (2019) 155 [arXiv:1803.00527]
[INSPIRE].

J. Broedel, N. Matthes and O. Schlotterer, Relations between elliptic multiple zeta values and
a special derivation algebra, J. Phys. A 49 (2016) 155203 [arXiv:1507.02254] INSPIRE].

J.E. Gerken, A. Kleinschmidt, C.R. Mafra, O. Schlotterer and B. Verbeek, Towards closed
strings as single-valued open strings at genus one, J. Phys. A 55 (2022) 025401
[arXiv:2010.10558] [iNSPIRE].

F. Brown, On the decomposition of motivic multiple zeta values, arXiv:1102.1310 [INSPIRE].

A .B. Goncharov, Galois symmetries of fundamental groupoids and noncommutative geometry,
Duke Math. J. 128 (2005) 209 [math/0208144] [InSPIRE].

F. Brown, Mized tate motives over z, Annals of Mathematics 175 (2012) 949.

J. Bliimlein, D.J. Broadhurst and J.A.M. Vermaseren, The Multiple Zeta Value Data Mine,
Comput. Phys. Commun. 181 (2010) 582 [arXiv:0907.2557] INSPIRE].

E. D’Hoker and J. Kaidi, Modular graph functions and odd cuspidal functions. Fourier and
Poincaré series, JHEP 04 (2019) 136 [arXiv:1902.04180] [INSPIRE].

A. Saad, Multiple zeta values and iterated eisenstein integrals, arXiv:2009.09885.

J. Broedel, M. Sprenger and A. Torres Orjuela, Towards single-valued polylogarithms in two
variables for the seven-point remainder function in multi- Regge-kinematics, Nucl. Phys. B 915
(2017) 394 [arXiv:1606.08411] [INSPIRE].

V. Del Duca et al., Multi-Regge kinematics and the moduli space of Riemann spheres with
marked points, JHEP 08 (2016) 152 [arXiv:1606.08807| [INSPIRE].

M. Eichler, Fine verallgemeinerung der abelschen integrale, Mathematische Zeitschrift 67
(1957) 267.

P.G. Shimura, Sur les intégrales attachées aux formes automorphes, J. Math. Soc. Jap. 11
(1959) .

N. Diamantis, Modular iterated integrals associated with cusp forms, Forum Mathematicum 34
(2021) 157.

E. D’Hoker, M.B. Green and B. Pioline, Asymptotics of the D8 R* genus-two string invariant,
Commun. Num. Theor. Phys. 13 (2019) 351 [arXiv:1806.02691] [INSPIRE].

E. D’Hoker, A. Kleinschmidt and O. Schlotterer, Elliptic modular graph forms. Part I.
Identities and generating series, JHEP 03 (2021) 151 [arXiv:2012.09198] [INnSPIRE].

D. Zagier, The bloch-wigner-ramakrishnan polylogarithm function, Mathematische Annalen
286 (1990) 613.

M. Hidding, O. Schlotterer and B. Verbeek, FElliptic modular graph forms II: Iterated integrals,
arXiv:2208.11116 [INSPIRE].

— 41 —


https://doi.org/10.4310/CNTP.2014.v8.n4.a1
https://doi.org/10.4310/CNTP.2014.v8.n4.a1
https://arxiv.org/abs/1302.6445
https://inspirehep.net/literature/1221279
https://doi.org/10.1017/fms.2014.18
https://arxiv.org/abs/1309.5309
https://inspirehep.net/literature/1254870
https://doi.org/10.1007/JHEP01(2019)155
https://arxiv.org/abs/1803.00527
https://inspirehep.net/literature/1658100
https://doi.org/10.1088/1751-8113/49/15/155203
https://arxiv.org/abs/1507.02254
https://inspirehep.net/literature/1381959
https://doi.org/10.1088/1751-8121/abe58b
https://arxiv.org/abs/2010.10558
https://inspirehep.net/literature/1824314
https://arxiv.org/abs/1102.1310
https://inspirehep.net/literature/888979
https://doi.org/10.1215/S0012-7094-04-12822-2
https://arxiv.org/abs/math/0208144
https://inspirehep.net/literature/1236032
https://doi.org/10.4007/annals.2012.175.2.10
https://doi.org/10.1016/j.cpc.2009.11.007
https://arxiv.org/abs/0907.2557
https://inspirehep.net/literature/826490
https://doi.org/10.1007/JHEP04(2019)136
https://arxiv.org/abs/1902.04180
https://inspirehep.net/literature/1719985
https://arxiv.org/abs/2009.09885
https://doi.org/10.1016/j.nuclphysb.2016.12.016
https://doi.org/10.1016/j.nuclphysb.2016.12.016
https://arxiv.org/abs/1606.08411
https://inspirehep.net/literature/1472366
https://doi.org/10.1007/JHEP08(2016)152
https://arxiv.org/abs/1606.08807
https://inspirehep.net/literature/1472852
https://doi.org/10.1007/bf01258863
https://doi.org/10.1007/bf01258863
https://doi.org/10.2969/jmsj/01140291
https://doi.org/10.2969/jmsj/01140291
https://doi.org/10.1515/forum-2021-0224
https://doi.org/10.1515/forum-2021-0224
https://doi.org/10.4310/CNTP.2019.v13.n2.a3
https://arxiv.org/abs/1806.02691
https://inspirehep.net/literature/1676854
https://doi.org/10.1007/JHEP03(2021)151
https://arxiv.org/abs/2012.09198
https://inspirehep.net/literature/1837094
https://doi.org/10.1007/bf01453591
https://doi.org/10.1007/bf01453591
https://arxiv.org/abs/2208.11116
https://inspirehep.net/literature/2140450

[83]

[84]

[85]

[36]

[87]

F. Brown and C. Dupont, Single-valued integration and double copy, J. Reine Angew. Math.
2021 (2021) 145 [arXiv:1810.07682] [INSPIRE].

F. Brown, Notes on motivic periods, Communications in Number Theory and Physics 11
(2017) 557.

E. D’Hoker, M.B. Green and B. Pioline, Higher genus modular graph functions, string
invariants, and their exact asymptotics, Commun. Math. Phys. 366 (2019) 927
[arXiv:1712.06135] [iNSPIRE].

E. D’Hoker and O. Schlotterer, Identities among higher genus modular graph tensors,
Commun. Num. Theor. Phys. 16 (2022) 35 [arXiv:2010.00924] [INSPIRE].

E. D’Hoker, C.R. Mafra, B. Pioline and O. Schlotterer, Two-loop superstring five-point
amplitudes. Part II. Low energy expansion and S-duality, JHEP 02 (2021) 139
[arXiv:2008.08687] [INSPIRE].

E. D’Hoker, M.B. Green, B. Pioline and R. Russo, Matching the DSR* interaction at
two-loops, JHEP 01 (2015) 031 [arXiv:1405.6226] [INSPIRE].

A. Basu, Eigenvalue equation for genus two modular graphs, JHEP 02 (2019) 046
[arXiv:1812.00389] [iNSPIRE].

A. Basu, Poisson equation for genus two string invariants: a conjecture, JHEP 04 (2021) 050
[arXiv:2101.04597] [INSPIRE].

_ 492 —


https://doi.org/10.1515/crelle-2020-0042
https://doi.org/10.1515/crelle-2020-0042
https://arxiv.org/abs/1810.07682
https://inspirehep.net/literature/1699058
https://doi.org/10.4310/cntp.2017.v11.n3.a2
https://doi.org/10.4310/cntp.2017.v11.n3.a2
https://doi.org/10.1007/s00220-018-3244-3
https://arxiv.org/abs/1712.06135
https://inspirehep.net/literature/1643885
https://doi.org/10.4310/CNTP.2022.v16.n1.a2
https://arxiv.org/abs/2010.00924
https://inspirehep.net/literature/1821248
https://doi.org/10.1007/JHEP02(2021)139
https://arxiv.org/abs/2008.08687
https://inspirehep.net/literature/1812562
https://doi.org/10.1007/JHEP01(2015)031
https://arxiv.org/abs/1405.6226
https://inspirehep.net/literature/1298056
https://doi.org/10.1007/JHEP02(2019)046
https://arxiv.org/abs/1812.00389
https://inspirehep.net/literature/1706216
https://doi.org/10.1007/JHEP04(2021)050
https://arxiv.org/abs/2101.04597
https://inspirehep.net/literature/1840393

	Introduction
	Basics
	Modular graph forms
	Real-analytic iterated Eisenstein integrals
	Higher-depth generalization
	Generating series of modular graph forms
	Examples

	Modular forms from beta**(sv)
	Construction and properties of beta**(eqv)
	Modular graph forms and beyond in terms of beta**(eqv)
	From Tsunogai's derivation algebra to overline(alpha)
	Projecting out cusp forms

	Connection with equivariant iterated Eisenstein integrals
	Matching beta**(eqv) with Brown's construction
	The generating series B**(sv) in single-valued MZVs
	The change of alphabet
	Extracting components
	c**(sv) in the f-alphabet

	Comparison with the construction via beta**(sv)
	Depth two
	Depth three
	Comparison with Brown's single-valued iterated Eisenstein integrals

	Relation to Brown's equivariant double iterated integrals
	The non-modular primitives at depth two
	The modular completion at depth two
	On uniqueness of M(k(1),k(2)) and choices in J**(eqv)
	Examples


	Conclusions and further directions
	Explicit formula for overline(alpha(hard)) at depth two
	Antiholomorphic T-invariants overline(alpha) at depth three
	overline(alpha(easy) at depth three
	overline(alpha(hard)) at depth three
	E(0) at depth two from iterated integrals


