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ABSTRACT: We present the result of the spin-orbit interaction Hamiltonian for binary systems of
rotating compact objects with generic spins, up to N3LO corrections within the post-Newtonian ex-
pansion. The calculation is performed by employing the effective field theory diagrammatic approach,
and it involves Feynman integrals up to three loops, evaluated within the dimensional regularization
scheme. We apply canonical transformations to eliminate the non-physical divergences and spurious
logarithmic behaviours of the Hamiltonian, and use the latter to derive the gauge-invariant binding
energy and the scattering angle, in special kinematic regimes.
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1 Introduction

The first gravitational wave (GW), emerging from the collision of two black holes, which shook the
optical systems of the LIGO experiment [1] can be considered the trigger of a new era in precision
astronomy and cosmology. Since then the worldwide network of ground-based [2-7] as well as space
based GW detectors [8] continues to grow, granting access to an ever broader frequency band and

higher sensitivity.
The experimental advances have been boosting the theoretical investigation, by pushing the ap-
plication of canonical methods as well as the development of novel techniques aiming at providing the
most accurate description of the dynamics of coalescing binary systems. Earlier developments ded-
icated to the post-Newtonian (PN) [9-17], and the post-Minkowskian (PM) approximation [18-27],



the gravitational self-force formalism [28, 29], the effective—one-body formalism [30, 31], as well as the
effective field theory (EFT) approach for the PN formulation of general relativity [32-34], have been
flanked by modern Feynman diagrams- [35-45], and Scattering Amplitudes-based approaches [46-58],
which turned out to be particularly powerful for the determination of the perturbative corrections to
the classical potential within the EFT approach.

Several studies were also performed to include the spinning motion of the compact objects in
the analysis. Initial studies extending the classical techniques were done in [59, 60], which was later
extended by [61-71]. The spin effects were then also included in the PN formalism of GR in [72-87].
More recently, quantum scattering amplitudes involving massive particles of arbitrary spin were used
to obtain classical spin corrections to the two-body effective potential [88-96]. See [97-99] for recent
reviews and a more comprehensive reference to literature.

In particular, the PN analysis follows the system during the so-called inspiral phase, where the
components of the binary move at non-relativistic velocities and their orbital separation is slowly
decaying. At this stage, the non-relativistic regime of the motion allows for a perturbative treatment
of the problem, that can be studied by a series expansion in powers of v/c, where v is the orbital
velocity of the compact binary and c is the speed of light. For bound state systems like binaries of
compact objects, in this phase, the kinetic and potential energy must share the same order of magnitude
according to the virial theorem, namely v? = Gy M/r, where Gy is the Newton’s constant, M is the
typical mass of the system and r is the separation between the two bodies. From this perspective,
the PN approach is an expansion in two parameters v and G, whose n*" order is referred to as
nPN (or usually referred to as N"LO), has contributions from terms proportional to Gl (v?)"+1-1
where [ = 1,2, ...,n + 1. The analysis then is separated in two sectors, the conservative sector, where
the outgoing radiation is ignored and orbits don’t decay, and the radiation sector, where the emitted
radiation is analysed. In the radiative sector, the emitted radiation also carries energy and angular
momentum and, therefore, back-reacts on the orbital dynamics giving us the so-called tail effects.

The EFT approach is very well suited for this problem because it can be well separated into three
different length scales, namely, the length scale associated with the compact object R, (Schwarzschild
radius), the radius of the orbit r, and the wavelength of the emitted gravitational wave A. Then
an EFT at each scale exactly does the job of determining the essential degrees of freedom. In this
method, the determination of any observable quantity at a given PN is equivalent to the computation
of corresponding scattering amplitudes, which can be systematically computed through the evaluation
of corresponding Feynman diagrams. The leading contribution to scattering amplitudes is given by
tree diagrams, whereas higher order corrections are determined by diagrams with multiple loops. Tree
diagrams represent rational functions of the kinematic variables (energy, momenta, and masses of the
particles), therefore they are easy to compute. Loop diagrams, instead, represent very challenging
integrals. This means that computing a scattering amplitude for each new level of precision requires
drawing exponentially more Feynman diagrams and solving a vastly more complicated mathematical
formula.

In this article we focus on the EFT techniques developed in [32, 72] to carry the post-Newtonian
analysis in the conservative sector of the two body problem.

The analysis of compact objects without spin up to the 1PN correction in the conservative orbital
dynamics was reported in [32] for the first time using EFT techniques. Following this, the 2PN was
computed in [33, 34], the 3PN was computed in [35] and the 4PN was computed in [36-40]. The
current state of the art for the post-Newtonian calculation for the conservative potential is the 5PN
correction computed in [42, 43]. Several partial results of 6PN [44, 45] have been recently added to
the catalogue.



Compact objects are expected to be rotating rapidly and hence the analysis of the spin becomes
important for systems with such objects. The analysis of spin in the formalism of EFTs was initiated
in [72]. For systems with spinning compact objects, the post-Newtonian analysis is usually separated
into different sectors with different powers of the spin variable appearing in the effective Lagrangian.
The spin-orbit sector is analogous to the fine structure correction obtained to the hydrogen atom,
which describe the interaction between the orbital angular momentum of the binary and the spin
of one of its constituents. Whereas, the quadratic in spin are analogous to the hyperfine structure
corrections to the hydrogen atom and describe the interaction between each other/self of the spins of
the binary constituents.

For the spin-orbit sector, the leading order (LO) effective potential was first computed in [72]. The
next-to-leading order (NLO) potential in [73, 74], and N?LO in [100]. Partial results for the N3LO
correction were recently presented in [75]. Similarly, for the quadratic in spin sector, the LO effective
potential was also computed in [72]. The NLO in [76-79], N2LO in [80-82] and N3LO was computed
in [83, 84]. The computation for cubic and higher orders in the spin variables can be found in [85-87],
whereas the finite size effects are described in detail in [79, 86, 87]. The spin-orbit N3LO was then
completed in [101] using the techniques of first-order self-force.

In this article, we present the complete conservative N3LO spin-orbit interaction, using the
framework of EFT [32, 72] and an extension of the diagrammatic approach presented in [38]. In
particular, we begin with deriving the required Feynman rules and then the Feynman diagrams:
1(0PN) + 4 (1PN) + 21 (2PN) + 130 (3PN) = 156, for the non-spinning sector; 2 (LO) + 13 (NLO) +
100 (N2LO ) + 894 (N3LO ) = 1009, for the spinning sector, The corresponding tensor integrals are
decomposed in terms of scalar loop integrals, up to three loops, which are decomposed in terms of a
minimal basis of master integrals (MIs), by means of integration-by-parts (IBP) identities [102, 103].
The contribution of each diagram to the scattering amplitude is then obtained after substituting
the analytic expression of the MIs. Finally, the Fourier transform of the amplitude generates the
the effective Lagrangian, later converted into a Hamiltonian which is the main result of this arti-
cle. The computational setup has been fully automated within an in-house Mathematica routine
interfaced to QGRAF [104], used for the diagram generation, xTensor [105], for tensor algebra manip-
ulation, LiteRed [106], for the IBP decomposition, elaborating on some of the ideas implemented in
EFTofPNG [107].

The effective Lagrangian obtained in this way contain higher order derivatives of the position
and the spin, which are eliminated by employing suitable coordinate transformations. The EFT
Hamiltonian is then obtained by applying the Legendre transform, and it is found to contains poles in
e = d — 3 (d being the number of the continuous space dimensions), and logarithmic terms depending
on the size of the binary system, which are eliminated by suitable canonical transformations.

Our novel result for the spin-orbit interaction Hamiltonian are used to derive the binding energy
for circular orbits and the scattering angle, and we are glad to report that both expressions agree with
the results given in [101].

The paper is organised as follows. In section 2, we review the description of the spinning binaries
within the EFT formalism. In section 3, we present the computation for the N>LO spin-orbit potential
employing the Feynman diagrammatic approach within the EFT framework. Then, in section 4, we
describe the procedure of removing the residual divergences and logarithms to derive the EFT Hamil-
tonian. We provide our main result of the spin-orbit Hamiltonian up to N3LO in section 5. In section
6, we compute two observable from the EFT Hamiltonian, namely, the binding energy of the binary
system in circular orbits with aligned spin configuration and scattering angle for two spinning compact
objects with aligned spins. We summarize our main results in section 7. The article contain three



appendices: in appendix A, we describe the notations used in this article; in appendix B, we provide
the required master integrals and their expression; in appendix C, we provide the Hamiltonians till
3PN in the non-spinning sector and till NNLO in the spin-orbit sector.

We provide the required EFT Feynman rules in the ancillary file Feynman Rules.m and the analytic
results of the Hamiltonian till N3LO in the ancillary file Hamiltonian.m.

2 EFT of spinning objects

In this section, we describe the action for the degrees of freedom of the gravitational field and the
degrees of freedom of the compact objects, namely their center of mass and their spin. Then we
describe the techniques of the Post-Newtonian formulation of GR in detail and briefly outline the
procedure to compute the effective action.

2.1 Action
The dynamics of the gravitational field (g, ) is given by the Einstein-Hilbert action along with a gauge
fixing term,
ct 4 ct 4 v
SEn = 71671’GN /d .Z‘\/g R[glw] + 327G /d :E\/g g/WF“F , (2.1)

where, I'* = T'/_¢”? in the harmonic gauge, I'; is the Christoffel symbol, G'x is the Newton’s constant,
R is the Ricci scalar, and g is the determinant of the g,,, .

To model the dynamics of the compact object, we define tetrads Aé‘a) 4 Which connects the body
fixed frame (denoted by upper case Latin indices) of the a'" compact object and the general coordinate
frame (denoted by Greek indices). Then the angular velocity tensor of the spinning object can be
defined as

Av
e _ g ) (2.2)
(@ = Mwa gy

and the corresponding conjugate momenta to the Aé‘a) 4 is given by

0L,y
v
8Q(a)

S(a)m/ =-2 (23)
Then by demanding the reparameterization invariance of the point particle action, the dynamics for
the compact objects is governed by the worldline point particle action given by [86],

1 v St dutg
Sop =D C/dT <—m<a>\/ufa) ~ 5@y~ 2 g T Lwst | (24)

a=1,2 (a)

which, corresponds to Pryce, Newton, and Wigner gauge for spin supplementarity condition (SSC)
given by S(Q)W(u’(’a) + /u%a)é’jo) ~ 0. In the above action, the center of mass of the compact object

is modeled by the position of the point particle J;’(‘a) and the spin of the compact object is modeled
by S(ayuv- The Lg)sr is given by equation (4.16) of [86] which corresponds to the spin-induced
non minimal couplings that does not contribute up to the N3LO spin-obit sector at 4.5PN. Here

u‘(‘a) = dCU/(J’a)/dT is the four-velocity and u%a) = gwu’(‘a)u(a), whereas the proper time 7 is related to
the coordinate time ¢ by dr = ¢ dt.



As we will be performing the computation using the techniques of multi-loop Feynman diagrams,
it is necessary to write the gravitational coupling constant in d dimensions as

d—3
Gq=GxN (V dmeE Ro) , (2.5)
where, Ry is an arbitrary length scale.

2.2 Post-Newtonian formulation of General Relativity

In the bound state of two compact objects, we have three length scales, namely the length scale
associated with the compact object R, (Schwarzschild radius), the radius of the orbit r, and the
wavelength of the emitted gravitational wave A\. We assume the velocities of the particles to be small
as compared to the velocity of light and the particles are far from each other, hence propagate on a
flat background (g, = Muw + huw), where the gravitational interaction between the two particles is
governed by the gravitons h,,. Then we have a hierarchy of length scales

A>r> R, (2.6)

As we are only interested in the long-distance physics at the scales of A\, we first decompose the
graviton fields in short distance modes - potential gravitons H,, with scaling (ko,k) ~ (v/r,1/r) and
long-distance modes - radiation gravitons h,, with scaling (ko,k) ~ (v/r,v/r) [32].

Now to compute the conservative binding potential of the two-body system, we ignore the radiation
modes and decompose the potential modes in the Kaluza-Klein (KK) parameterization [108, 109]. In
this, the different components of metric g, (= nu, + H,,) are encoded in three fields, a scalar ¢, a
3-dimensional vector A; and a 3-dimensional symmetric rank two tensor o;;. The decomposition is
given by,

e20/c” _e2/c ig
G = ; _ Y A
ny _e2e/c? % —e 2¢>/02%j + 6247/02%% ’

where, "ﬂj = (5ij —+ O'Z‘j/CZ.
The 2-body effective action is then given by integrating out the gravitational degrees of freedom
from the above derived actions as

exp [i / dt Leﬁ} - / D$DA;Doy; elSent5um) (2.7)
where, Log is the effective Lagrangian further decomposed as
Eeff = ’Ceﬂ - Veﬂ7 (28)

where, Cog is the kinetic term and Vg is the effective contribution due to gravitational interactions
between the two objects.

The effective potential can be represented in the form of connected, classical, 1 particle irreducible
(1PI) scattering amplitudes as

—((2)
Vo = il [ et ) , (2.9)
P —_— (1)

where p is the momentum transfer between the two particles and the box diagram in the above equation
refers to all possible Feynman diagrams with gravitons (¢, A;, and o;;) mediating the gravitational
interaction between the two point particle represented by the two solid black lines.



Our aim in this article is to compute the spin-orbit effective potential up to N3LO . For this, we
further decompose the kinetic and potential terms as Keg = Kpp + Kgpin and Veg = Vpp + Vepin Where
Kpp and V,, represent the kinetic and potential terms for center of mass degrees of freedom for the
point particle and Kqpin and Vipin represent the kinetic and potential terms for the spin degrees of
freedom. The expression for the kinetic terms are given by

1 1, (1 1 4 (1 5 ¢ (1 1
fon = 3o [ () + 57 (5) * o ()] 0 (5) e

1 3, (1 5 4 (1
7 TgVw\a2) T gY@ A
35 ¢ (1 1
+ HSV(Q) (66) + O (011> } s (211)

and the decomposition of the potential terms is defined as follows

Vpp_vN+(1)V1PN+<1>VQPN+<1>V3PN+O<CI), (2.12)
vspin—@) [vfg+( )vLO+( )VN2L0+< )VSLO]Ho(CL), (2.13)

where, Vy stands for the Newtonian potential and V; with j = {1PN, 2PN, 3PN} refers to the corre-
sponding PN correction for the non-spinning part of the potential. The VJSO with j = {LO, NLO, N2LO,
N3LO} refers to the corresponding correction to the spin-orbit coupling of the binary system. Then our
aim in this article would be to compute the V; and VJS ©
amplitude, as further described in the next sections.

using the techniques of multi-loop scattering

3 Computational Algorithm

To obtain the effective potential from the diagrammatic approach as shown in equation (2.9), we
begin by generating all the relevant generic topologies contributing at different orders of G. It could
be easily seen from the virial theorem that N"LO has contributions from terms proportional to Gl
where [ = 1,2,...,n 4+ 1, and we consider all the topologies at [ — 1 loops contributing to the specific
order I. So, for the computation of the N3LO spin-orbit potential, we generate all the topologies till
the order G* (3-loop) using QGRAF [104]. There is 1 topology at order Gy (tree-level), 2 topologies
at order G%; (one-loop), 9 topologies at G3; (two-loop), and 32 topologies at order G4, (three-loop).
Then we dress these topologies with the KK field and Feynman rules derived from the action of PN!
expansion of GR given in (2.1) and (2.4), to obtain all the Feynman diagrams that contribute to the
given order of Gy and v depending on the specific perturbation order. The number of diagrams that
contribute at particular order in 1/¢ and of particular loop topology are given in table 1a and 1bZ.

IThe Feynman rules obtained from the actions in equation (2.1) and (2.4) after the KK parameterization are provided
in an ancillary file Feynman Rules.m with this article.

2While considering the spin effects, we count only the representative Feynman diagrams, where the spin can contribute
from any of the world-line graviton interaction vertex present in the diagram. Additionally, the diagrams, which can be
obtained from the change in the label 1 <+ 2, are not counted as separate diagrams.



Order | Diagrams | Loops | Diagrams Order | Diagrams | Loops | Diagrams

0PN 1 0 1 LO 2 0 2
1 1 1 8

1PN 4 NL 1
0 3 © 3 0 5
2 5 2 56

2PN 21 1 10 N2LO 100 1 36
0 6 0 8
3 8 3 288
2 75 2 495

PN 1 N3L 4

3 30 1 38 0 89 1 100

0 9 0 11
(a) Non-spinning sector (b) Spin-orbit sector

Table 1: Number of Feynman diagrams contributing different sectors.

Multi-loop
Diagrams Diagrams

Gravity

Figure 1

Within the EFT framework, the sources remain static and as a result the generated Feynman
diagrams are mapped to two-point multi-loop Feynman diagrams with mass-less internal lines and
an external momentum (the momentum transferred between two sources) as shown in figure 1. We
translate these Feynman diagrams to their corresponding Feynman amplitudes after performing the
tensor algebra using xTensor [105]. The generic form of the effective potential corresponding to any
l-loop Feynman graph G can be expressed as

Vlsz k)
) B2, ipu(z(1)—@(2))" pTO1, 02, 0(17Oé2 ( g
Vo' = Ne [ZBZRE (x(a)’“' ’S(a)"“) € Np ENTPRE H H D ks) )
P UGG
Coefficient that depends Fourier integral Multi-loop integral
on orbital variables
(3.1)

where,

(i) Ng is a tensor polynomial depending on the world-line coordinates (z*' ', )) the spin tensor (S(q)u),
and their higher order time derivatives,

(ii) p is the momentum transfer between the sources (Fourier momentum),
(iii) Np is the tensor polynomial built out of momenta p,

(iv) k; are the loop momentums,



(v) D, denotes the set of denominators corresponding to the internal lines of G,
(vi) Ny stands for a tensor polynomial built out of external momenta p and loop momenta k;.

We perform the reduction of the multi-loop tensor integrals to scalar integrals by applying a set of
projectors exploiting the Lorentz invariance. We build the projectors depending on the Lorentz invari-
ant external momentum(p) and the background metric. After applying the projector the numerator
(Nyas) of the multi-loop integral is transformed as

NIl\I/}7V2,.H (pa k’L) — NM(pa ki)N;hW’m (p) ’ (32)

1,002, Qp,02,0

where, Ny is a polynomial depending on the scalar products between the external momentum (p)
and the loop momentums (k;). We use projectors up to rank 6 for the complete evaluation of the
N3LO Spin-Orbit effective potential. The generated scalar integrals are not all independent and
there exist linear relations between these integrals, which are envisaged via the Integration-By-Parts
(IBP) relations. We employ LiteRED [106] to generate these IBP relations to obtain a smaller set of
independent scalar integrals, known as Master integrals (MIs). For the specific computation of N3LO
Spin-Orbit effective potential, we obtain 1 MI at one-loop, 2 MlIs at two-loop, and 3 MIs at three-loop.
These MIs are well known and admit closed analytic expressions in d dimension. We provide the
explicit expressions in B.1 for convenience.

After the evaluation of the multi-loop integral, we perform the Fourier transform of the tensor
polynomials, which have the form

[t N DN ) S0), 83)
p

where, Ny and N are the tensor polynomial built out of Fourier momenta p and f(p) is a function of
the external momentum arising from the multi-loop integral. The Fourier integrals up to rank 8 are
required, which are obtained by iterative differentiation of the expression given in section B.2. Then,
we obtain the effective potential that only depends on the orbital variables x(,), S(4), and their higher
order time derivatives by expanding the complete scattering amplitude as Laurent series in ¢ around
d=3.

The computation of the effective potential starting from the generation of the required Feynman
diagrams, expressing them in multi-loop integrands, performing IBP reduction, and then applying
the Fourier transformations have been automated through an in-house code, elaborating on some of
the ideas implemented in EFTofPNG [107], and using xTensor [105] for tensor algebra manipulations
as well as successful interface to LiteRed [106], Reduze [110], KIRA [111] for the IBP reduction. A
flow chart for the complete computational algorithm for the effective potential as implemented in our
in-house code is shown in Fig. 2.

4 Processing the effective Lagrangian

The effective potential obtained in this way usually contains higher order time derivatives of the
position (a(,), &(a); &(a), - -) and the spin (S(a), S(a),- -+). In our computation of the N3LO spin-orbit
potential, we have 6th order time derivative of position and 3rd order of time derivative in spin. We
need to eliminate these higher order time derivatives from the potential to facilitate the computation of
the Hamiltonian, to obtain gauge-invariant quantities as well as to pave the way for the implementation
within the effective one-body formalism. Additionally, the potential in the non-spinning sector at 3PN
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Figure 2: Flowchart of the computational algorithm

and the N3LO spin-orbit potential contains poles in the dimensional regularization parameter ¢ and
logarithmic terms of the form log(z-). We need to remove the divergence further to derive the EFT
Hamiltonian. Moreover, as we do not observe any tail effect either at 3PN or at N3LO Spin-orbit
sector, all the logarithms are a remnant of a bad choice of coordinates and need to be removed by
finding a suitable coordinate transformation. First, we discuss the procedure to eliminate the higher
order time derivatives and then we show how we remove the divergent pieces and the logarithmic
terms to obtain the EFT Hamiltonian free of any divergences and logarithmic terms.

4.1 Elimination of higher order time derivatives

We briefly describe the procedure to remove all the higher order time derivatives, using coordinate
transformations 81, 112-115]. The Lagrangian under a coordinate transformation x(,) — X(4) +0X(q)
changes by

SL = (EOM for position)" 6Xfa) (4.1)

So, when the equation of motion (EOM) is linear in a,) at LO, we can construct the 6x(,) such
that all the term depending on a(,) drops out in £+ §£. Similarly, for terms involving higher order
time derivatives of a(,), we can use the modified equations by taking the total time derivative on the



EOM. Following the same approach, when we apply a small transformation to the rotation matrix
AEZI ) — AZI )+ 5AZI )» which relates the co-rotating frame and the local frame of the spinning object,
the local frame transforms as

g i ki

(5A€1) = Aéa)w(i) , (4.2)
where the wﬁf) is the generator of the rotation matrix. Due to such transformation, the Lagrangian
changes by

SL = (EOM for spin)® wzi) (4.3)

So, when the equation of motion is linear in S(a) at LO, we can construct the wEZL ) such that all the

terms depending on S(a) drops out in £ 4+ §L£. The higher order time derivatives of S(a) can also
be eliminated by using the modified equations obtained by taking the total time derivative on the
equation of motion.

As mnoted in [81], this procedure is equivalent to inserting the equation of motion of x(,) and
S(a) in the Lagrangian to eliminate the corresponding higher order time derivatives. We apply this
procedure iteratively to eliminate the higher order time derivatives from the N3LO spin-orbit potential.
Specifically, we perform 4 iterations, where

1. we remove the terms with a(,) and its higher order time derivatives from the LO and NLO
spin-orbit potentials,

2. we remove S(a) and its higher order time derivatives from the NLO spin-orbit potential,

3. we remove the a(,) and its higher order time derivatives from non-spinning 2PN and 3PN po-
tentials,

4. we remove the a(,), S(a) and their higher order time derivatives from the N2LO and N3LO
spin-orbit potentials.

After each iteration, we obtain a new Lagrangian and compute the EOM again to be used in the next
iteration. Following these steps, we obtain the effective Lagrangian, which depends on the position,
velocity, and spin only.

4.2 Computation of the EFT Hamiltonians

We apply the Legendre transformation on the effective Lagrangian obtained in the previous step to
derive the EFT Hamiltonian

H(x,p,S) = Y Plokly — L£(X,%,8), (4.4)

a=1,2
where the canonical momenta p’ is defined as

0L(x,%,8S)

5%5) | (4.5)
8X(a)

Péa) =

We invert this relation (order by order in 1/¢) to express )'c’('a) in terms of péa). We use this relation

between Xéa) and péa) in the equation (4.4) to obtain the required Hamiltonian H(x, p, S)

~10 -



4.3 Removal of the poles and logarithms

The Hamiltonian derived in the previous step, and the Lagrangian both contain divergent pieces and
logarithmic terms, which can be removed by finding suitable coordinate transformations. While using
the Lagrangian description, we can add total time derivative terms with arbitrary coefficients, and fix
these coefficients to a set of values such that the divergent piece drops out while removing the higher
order time derivatives as described in section 4.1.

On the other hand, in the Hamiltonian description, we can define a canonical transformation given
by 3

H =M+ {H.G}, (4.7)

where G is the infinitesimal generator of the canonical transformation. Usually, the ansatz for the
terms in the generic total time derivative to be added to the Lagrangian contains a large number of
terms.

Here, we remove the poles and the logarithms in the Hamiltonian description by defining a suit-
able canonical transformation. We put up an ansatz for the infinitesimal generator G with arbitrary
coefficients and build a system of linear equations in these coeflicients by demanding the cancellation
of the divergent pieces in H’. We use the solution to fix the arbitrary coefficients to a set of values,
thereby obtaining the final Hamiltonian H’ free of poles and logarithms. In the following sections, we
describe the procedures for the removal of the poles and logarithms from the 3PN non-spinning sector
and the Spin-orbit N3LO sector.

4.3.1 3PN non-spinning sector

The 3PN non-spinning Lagrangian has been studied extensively [35] and we follow the steps suggested
to remove the divergent pieces. Specifically, following [35] we add a total derivative term with the
complete 3PN Lagrangian

1\1d [G3
ero= () 13 | (0 v ) en (v m) )| (1.8
where,
1 1
c = 3 (4m?1)m(2) - m(l)m?2)> ) C2 = 3 ( :()’1)771(2) - 4m(1)mz(’,2)> . (4.9)

We follow the usual procedure of removing a’ and S” and their higher order time derivatives as
described in Sec. 4.1 including the total derivative term with the 3PN Lagrangian. It turns out that
the divergent pieces drop out and we obtain a finite Lagrangian till 3PN. Then we remove the terms
involving logarithms by finding a canonical transformation to the Hamiltonian obtained from the above
Lagrangian. For this purpose, we use the following ansatz for the infinitesimal generator,

1\ G3 1 1
_(L)En . : , 4.10
GspN <cﬁ) 2 <91m(1) (P(1) n) + g2 e (P(z) n)) (4.10)
3where the Poisson bracket is defined as
N

0A OB 0A OB
4,8} = Z (87" dp;  Op; 6r~) (46)

i=1 1 1 1 1
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where,

Gn = gL log (r) ,forn=1,2. (4.11)
Ry

We use this generator to build a canonical transformation following Eq. 4.7. By requiring the removal
of the logarithm terms in the new Hamiltonian, we build a system of equations and solving them we
obtain

g1 = m(l)m‘é) — 4m?1)m?2) , Jr2 = 4m?1)m:(32) — m‘(ll)m(g) . (4.12)

4.3.2 Spin-orbit NNNLO sector

For the Spin-orbit Hamiltonian at N3LO , we remove both the divergent terms as well as terms
involving logarithms by finding a suitable canonical transformation. Inspired by [81], we build the
following ansatz for the infinitesimal generator

1 G5 1
Gso-N3LO = (Cg> {T:];V [93(5(1) (P ¥ P(2))) + 94

M (1)M(2)

(S(z) : (p(1) X P(2)))]

m(1)M(2)

ml(l)(s(l) : (P(1) X n)) (gsml(l) (P(1) 'n) +96ml(2) (P(z) n))
+ ml(2)<s(1) ’ (p(z) X n)) (97m1(1) (p(l) 'n) + g8 ml(Q) (p(z) n))

+ ml(l) (S(2) (P X n)) (ggml(l) (p(l) -n) + 910 ml(z) (p(g) n))

Gx
+’]"73

r— (S (P Xn))(g ! (p n)+g ! (p n))
me) 2) (2) 11 ma) (1) 12 me) ) )
(4.13)
where the arbitrary coefficients g,, are defined as
1 r
In = gen— + grnlog | =— | , forn=3,4,---12. (4.14)
€ RO

Following Eqn. 4.7, we define a canonical transformation using the above ansatz for the infinitesimal
generator and build a system of linear equations by requiring the removal of the divergent as well as
the logarithmic terms. We solve these set of equations and find the arbitrary coefficients as

7 (51mEymee) — 25m) ) - 7(25mdy) = 51meymd,))
963 - 30 9 964 - 30 )
63m%1)m(2) 20mf’2) — 47m?1)m(2)
ges = T 10 g6 = — 5 )
_ 122m%1)m(2) — 75m?2) _ 1Om%1)m(2) — 77m:(32)
et 10 ) ge8 10 )
. 1Om(1)m%2) — 77m?1) o 122m(1)m(22) — 75m:(31)
Je9 = 10 ) Je10 = 10 )
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20m?1) — 47m(1)m%2) 63m(1)m%2)

Je11 = — D) ) Ge12 = T
1
913 = 35 (525m( 2 — 1126m§1)m(2)) : 9ra = 35 (1126m<1>m<2> 525m<1>> ;
122 2 3
9L5 = = M1)M) gre = —2 (38m(1)m(2) - 15m(2)) ’
_ 3 3 _ 3 2 3
917 = 1o (122m( 1HM(2) — 75m(2)) ) 9L8 = 1o (10m(1)m(2) - 77m(2)) ’
1 1
gro = 1—0(—3) (77m:(31) — 10m(1)m?2)) ) grio = ﬁ( 3) (75m( )~ 122m(1)m(2))
122
gri1 =2 (15m?1) — 38m(1)m%2)) ) griz = ?m(l)m%z) . (4.15)

Following these steps, we ultimately obtain the full effective Hamiltonian free of divergences and
logarithms for the non-spinning sector till 3PN and for the spin-orbit sector till N>LO .

5 Results

To begin, we first define a set of dimensionless variables to express the Hamiltonian in a compact
form. We introduce the total mass M = my;) + m2), the reduced mass of the two body system
p = m(ymyay/M, the mass ratio ¢ = m(y)/m(z), and the symmetric mass ratio v = /M. These are
related as follows

_mame _p g

M2 M (1+¢)?

(5.1)

Additionally, we express the results in the center of mass (COM) frame of reference and define the
momentum in COM frame as p = p(;) = —P()- In the COM, the orbital angular momentum is
defined as L = (r x p). So, we can write p?> = p2 + L?/r?, where p, = p-n, p = |p| and L = |L|. All
the variables are rescaled to write the expressions in the form of dimensionless parameters

2
f):% . F= G‘"NCM . L= Glt]\i[,u . S = GS;‘]‘\);M , ﬁ:%. (5.2)
The total EFT Hamiltonian can be written as
H = Hpp + Hso (5.3)
where,
7'~lpHOPN+<1>H1PN+<1>H2PN+(1)’H3PN+O(1>, (5.4)

ﬁsoz(1)HL0+<1)HNL0+<1)HN2L0+<1)HN3L0+0( : ) (5.5)

In the non-spinning part, the Hamiltonian till 3PN is known in the literature [35] and in the spinning
sector the Hamiltonian is known till NNLO [100]. The novel result of the #ys1,o in the EFT approach
in the COM frame is presented here

~ (S<1> ' L) (10864 + 202572) 3 (17702 + 28957%) v? 181w
Hysro =

q 80070 * 96070 gt
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| o (531534 4050n%) " (60989 +225n%) v* 10w
br 1007 48075 w

L 130 420t T4V 223 dbv
br 32r4 3 4 3273 G473 | G473 12879

—412+6757%) v3 (59116 — 2257%) 2 85v

2630% 2913 74102 13
< v v v l/) L
_|_

80077 192077 T
L (1wt 42578 N 22532 13v
Pr\™@s ~ e T T3 20

3275 645 T 64 128
i 2004 78917 N 1630  13v  , (153v%  10531° N 52502 135y
3278 6478 | 1678 478 3277 6477 6477 12877

Lo (291/4 298 1512 sy ) }

i (3391/ 14798 59702 135w ) >

3279 6479 6479 1287

S i (10864 + 202572) 13 N (—85957 + 84007%) 12 34v
( @) ) 80070 36007° =

N 81 (1451 4 10072) v® (52076 + 517572) v2 37w
P 8007 12007 &

Lo (203t 5990 561 3v\ g (202504 32500 15317
Pri\™ 527 " 160t T 327t ¢ 1287 32/ | 12873
_|_

+ (5461 — 20257%) v® (490976 + 51757%) v*  11v

80077 480077 T’
171/4 267713 n 211512 2v o, (1671 4713 n 37502
Pri " g 3276 3276 7 1287 3270 1287
L7 200 32T T AN vt 3873 n 47102
3278 1678 3278 ' 78 12877 3277 12877
151v 1013 1091/
L° -
i (128~9 3279 1281" > }
+(162). (5.6)

Here, (1 +» 2) implies changing the label 1 and 2 on the spin variables along with ¢ <> 1/q.

The computation of the previously known Hamiltonians, together with the novel computation of
the HysLo, allows us to obtain the complete expression for the spin-orbit N3LO Hamiltonian within
the EFT framework. We provide the known Hamiltonians in appendix C. The Hamiltonian in the
generic frame is also provided in the ancillary file Hamiltonian.m with this article.

6 Computation of observables with spin

The obtained Hamiltonian is still gauge dependent as it depends on the radial coordinate, we compute
gauge invariant observable to compare with the literature [101]. In this section, we describe the
procedure for the computation of two gauge invariant observable: the binding energy for circular orbit
with aligned spin configuration and the scattering angle with aligned spin configuration.
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For this, we work in the COM defined by p(;) + p(s) = 0 as given in section 5. With this, we
assume that the spins are aligned to the direction of the orbital angular momentum of the binary
system. Such aligned spin configuration is given by

S(a)-I‘:S(a)~p=0 — S(a) -(I‘Xp)ZS(a)L, (6.1)
where, L = |L| and S,) = [S(q)|-

6.1 Binding energy for circular orbits with aligned spins

We compute the gauge invariant relation between the binding energy and the orbital frequency for
circular orbits by removing the dependence on the radial coordinate. For circular orbits, we know

dpr
r = 0 d = 07 6.2
» md P (62)
which implies L
6}[(?7[47 S(a))
—F——=0. 6.3
or (6:3)

We invert the above relation to express 7 as a function of L and we define the orbital frequency as

OH(L, S
5= L S@) (6.4)
oL
We invert the above relation again to express L as a function of &. Additionally, we define a gauge
invariant PN parameter z = @?/% . Using the above two equations, we express L as a function of

x, and substituting this in the Hamiltonian, we obtain the gauge invariant binding energy of the
circular orbits in the aligned spin configuration E(x,S(4)). Following the above procedure with the
Hamiltonian given in section 5 we obtain

E(xvg(a)) = Epp(‘r) +ESO(x7§(a))7 (65)
where,
1 3 v 27 19 1
E iy 2)2 Y 3fjaf 9 1 oo
pp(2) = a5+ {8+24}+w {16 16" " "
675 34445 20572 155 35
4 ) Y'Y e e SYY 2 vy 3
e {128 +< 1152 102 >”+ 1927 * 10368” } ’ (6.6)
and

~ 4
Eso(#,§) = W{S* (~v)+5 (—3> }
3 5 31
7/2 * [ 2 Y2 _ 22

+z {S < 2V+3V>+S< 41/+181/>}
2 2 211

+x9/2{5* <—;V—i— %VQ — 21/3> + S <—27V—|- ?V2 - 172V3> }

HM/Q{S* (_135 L 565 5 1109 5 25 4>

— v — v
16 8 24 324
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19679 2972 1979 , 265
4 19679 29T\ o 1979 5 400 4 '
+S< 5”+(144 + 24)” 36 7 3888”)}’ (6.7)

S = g(l) + 5(2), and S* = 5(1)/(] + g(g)q. Our result given in equation (6.7) agrees with the result

given in equation (10) of [101].

6.2 Scattering angle with aligned spins

In this section, we study the scattering angle considering an aligned spin binary system following
[89]. First, we re-scale the spin variables as a(,) = S(q)/(m(a)c). In the COM, the Hamiltonian H is
expressed as a function of p,., L, r, and S(a) and inverting that we obtain

pr=pr(H, L, S(a)) . (6.8)

Then the scattering angle y is given by

Opr(H, L, 7, 5@
X(H,L,S(a)):—/dr P BLT @) _ . (6.9)

Now, the total center of mass energy (F) and the total energy per total rest mass (I') is given by
H=FE=Mc*/1+2v(y-1), (6.10)
H

where 7 is the Lorentz factor. We invert the above relation to express the Lorentz factor v in terms
of I", and we obtain

IR DR L
T VI—v2/2 v

where, v = |r| is the relative velocity of the compact objects. Moreover, the total angular momentum

(6.12)

L can be expressed in terms of the impact parameter b and the aligned spin configurations a4y and

~ pyvb r-1 0
L= T +Mc<2 ><a+ T ) (6.13)

where, 0 = (m) — m))/M, a1y = a@) + a2y and a(—) = a(1) — a(z). We use equation (6.10) and
(6.12) to trade H for v and using equation (6.13) we trade L for b. This allows us to express the

a(_) as

scattering angle as

a T 7b7 7Sa
(0,6, Say) = = 5 2P0l S@w)

e o (6.14)

Now, applying the above procedure with the Hamiltonian given in section 5, we obtain the scattering
angle computed in the COM for aligned spins, which can be expressed as

x(v, b, S(a)) = pr(’l), b) + xso (v, b, S(a)) , (6.15)

where,

- () {ee(5) o (3))
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(%) (1(5)+5(5) o (2)]
() [t (1) 5 () 25 (2) o)
() (B @)
80— o - ( (SR {[3] o (%))
= (S) -l (5) o
() {2 -= [ (%)
E ( %

%l %

)
o )

il V() o (E);
() (10 g ) [ ()

w1 () - (5))

+O(GY). (6.17)

Our result given in equation (6.17) agrees with the result given in equation (7) of [101].

7 Conclusion

In this work, we presented the complete evaluation of N3LO Post-Newtonian (PN) correction to
the the spin-orbit Hamiltonian for rapidly rotating compact objects, within the effective field theory
diagrammatic approach of General Relativity.

The required Feynman diagrams in momentum space were automatically generated using EFT
Feynman rules for the interaction of spinning compact objects. They were algebraically decomposed
in terms of master integrals, by means of integration by parts identities for dimensionally regulated
integrals, whose expressions were available in the literature. The contribution of each diagram to the
Lagrangian, namely to the effective potential, was found after taking the Fourier transform to position
space, and series expanding around d = 3 + € space dimension. The Hamiltonian is finally found by
means of Legendre transform, followed by suitable canonical transformations, required for eliminating
residual non-physical divergences and spurious logarithmic behaviours.

We computed the gauge invariant relation between binding energy and the orbital frequency in
the circular orbit with aligned spins as well as the the scattering angle with aligned spins and they
were found in agreement with the results available in the literature, previously obtained using the
self-force formalism.
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Our results complete the description of coalescing rapidly rotating binary systems up to 4.5 PN
order within the spin-orbit sector.

The techniques and the in-house code developed for the current project are very flexible, and can
be applied to other interesting problems, at higher order in the PN expansion, for both non-spinning
and spinning compact objects.

Note added During the completion of this work, a similar study has appeared in [116].
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A Notation and convention

Spacetime metric N = (1,-1,-1,-1) (A.1la)

4 dimensional indices L,V (A.1b)

3 dimensional indices i,7 (A.1lc)

Compact object label (a) Where a = {1,2} (A.1d)

Time derivative ' (A.le)

Position of a' object X(a) (A.1f)

Velocity of '™ object V(a) = X(a) (A.1g)
Acceleration of a' object () = X(a) (A.1h)
Separation vector for binary I = X(q) — X(a) (A.1i)
Separation distance for binary r=|r| (A.1j)
Separation unit vector for binary n= ; (A.1k)
Angular momentum of the binary L=(rxp) (A.11)
Spin vector of a™ object Sla) = eiij{ff) (A.1m)

/p / (;il)@ (A.In)
/p / (;lj;l))?) (A.lo

Center of mass coordinates
Circular orbits

Aligned spins
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B Relevant Integrals

In this appendix, we present all the integrals used in the computation of results given in section 5.
We first give the master integrals at different loops that are used in the multi-loop methods. Then we
give the Fourier integral used to obtain the effective potential as described computational algorithm

described in figure 2.

B.1 Master Integrals

O

(a) M1,

Figure 3: One loop master integrals

1 1
My = / - B.1
YT KR (k- p)? (B-1)
re-4r(E-u’
—9d —4,d—4 2 2 B.2
T 2p Td—2) (B.2)
M.
(a) M2, (b) Mas
Figure 4: Two loop master integrals
1 1 1 1
My = — B.3
= P s R T T (3
2 4
— 2272dﬂ_7d 2d—8 ]‘ F (3 — g) F (% B 1) (B 4)
(d—4)%(d — 3)? I'(d— 3)? '
11 1
My o = — B.5
22 /kl,kz k3 k3 (k1 + ko — p)? (B:5)
d 3
= 922d;—d,2d—6 1 I'(5—dr (5 — 1) (B.6)

(d—4)(d—3)(3d—10)(3d—8) T (3¢ —5)
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b) M3
M31 MSS

Figure 5: Three loop master integrals

111 1
Mz = 57575 B.7
. /kl,k2,k3 k% k% k% (kl +k2+k3 - ) ( )
ra-r-1)’
— 9—3d_—% 3d—8 2 B.
TP T(2d - 4) (B.8)
11 1 1 1
M. :/ [ B.9
> ko ko ks K5 K3 (k1 — k3)? (k1 + ko — p)? (k1 — ks — p)? (B.9)
3—d)l'(2—35 £ _1
—9—3d —%p3d 10L( ( g ( ) (B.10)
I'(d—2)T (3¢ -3)
111 1 1
Moo — 111 B.11
3.3 /kl,kQ,ks ]f% k% kg (/ﬁ +/€2+/€3)2 (/ﬁ + k3 —p)2 ( )
f r(5-3)r(2-9)°r(¢-1)°1 (3 4
_9—3d_ 7ﬁp3d 10 ( 2) ( 2) (2 ) (2 ) (B.12)

I'(4—d)T'(d—2)2T(2d — 5)
B.2 Fourier Integrals

The expression for the scalar Fourier integral is given by

2720751 (4 — a) (x“xu)a_%

ikFa, (1.u —a
/ke (k"k,) e . (B.13)

The required tensor Fourier integrals are then obtained by taking derivatives on both sides with respect
to at.

C Lower-order Hamiltonians
In this appendix we give the results for all the Hamiltonians given in eq.(5.4) and eq.(5.5).

C.1 Non-spinning sector up to 3PN

~ 1 1 ~ 1
HopN = = + 513% +L? (2’7‘,2) (C.1)

— 90—



~ 3v 1
4 (Vv 1
L (8?4 8F4> (C.2)
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(269 —727%)v 11, ( 52 (6368 +20777) 3 475y 383y 25
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C.2 Spin-orbit sector up to N2LO

ﬁLozM{%}Jr(é(l).i){;”}ﬂlﬁz) (C.5)

q
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