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State-average calculations based on mixture of states are increasingly being exploited across chem-
istry and physics as versatile procedures for addressing excitations of quantum many-body systems.
If not too many states should need to be addressed, calculations performed on individual states are
also a common option. Here we show how the two approaches can be merged into one method,
dealing with a generalized yet single pure state. Implications in electronic structure calculations are
discussed and for quantum computations are pointed out.

Determining properties of the excitations in quantum
many-body systems is a fundamental problem across al-
most all sciences. For instance, to explain the mechanism
of photosynthesis [1, 2], human vision [3], or photovol-
taics [4], one should take into account that they are main-
ly light-induced excited-state processes. The fluctuation
properties of quantum spectra play also a crucial role in
the characterization of quantum chaos [5, 6], new states
of matter [7], and more generally in the understanding of
the temporal evolution of isolated many-body quantum
systems [8]. Yet, while ground-state properties of a wide
range of systems can nowadays be determined by rather
accurate and computationally manageable methodologies
[9, 10], methodological developments to efficiently target
excited states are highly in demand [11–17].

When interested in studying the energy gaps between
the ground and low-lying excited states (the optical gap
and multiple neutral excitations being prominent exam-
ples thereof) we may focus on the first M eigenstates
{|ψ0〉, . . . , |ψM−1〉} of a Hamiltonian H and work with

ρ(w) =

M−1∑
j=0

wj |ψj〉〈ψj | . (1)

The real positive weights wj are nothing else but conve-
nient auxiliary quantities. By minimizing the average en-
ergy E(w) = Tr[Hρ(w)] we can determine the individual
states and compute all the relevant properties. The ad-
vantage of such a state-average calculation lies in the fact
that the orthogonality of the individual states can be ful-
filled automatically, but the individual states are optimal
only on the average. Similarly, by mixing states with dif-
ferent particle numbers, calculation of electron affinities,
ionization potentials, and fundamental gaps can be per-
formed. Such ensemble calculations are increasingly be-
ing used in traditional and emerging electronic structure

∗ carlosbe@pks.mpg.de

methods [18–23]. They are also at the center of (time-
independent) density functional [24–32] and density ma-
trix functional [33–37] approaches to excited states.

Alternatively, state-specific calculations are also a valid
option [38–41]. But addressing states one by one, re-
quires to satisfy extra orthogonality conditions against
previously determined states. If not particularly compu-
tationally demanding, these extra conditions can imply
a non-homogeneous degradation of accuracy. When this
happens, comparisons between different states get unbal-
anced.

Aiming at merging the advantages of state-average and
state-specific calculations in one approach, here we show
how a state-average calculation can be transmuted into
a generalized yet single state-specific calculation. The
enabling idea is to map the targeted mixed state, ρ(w),
into a pure state

ρ(w)→ |0(w)〉 =
∑
j

√
wj |ψj〉 ⊗ |ψ̃j〉 (2)

belonging to a “double” Hilbert space H ⊗ H̃ such that
E(w) = 〈0(w)|H|0(w)〉. When the statistical weights
are chosen as wj = e−βEj/

∑
j e
−βEj , the state in Eq. (2)

is the well-known thermo-field, introduced by Matsumoto
and Umezawa [42, 43]. Central to many modern deve-
lopments in quantum sciences, this purification of the
thermal state plays an important role in quantum gravi-
ty [44–47], non-equilibrium phenomena [48–53], quantum
information [54–56], and quantum chemistry [57, 58].

As the key result presented in this Letter, we construct
a w-field such that

E(w) = min
S
〈0|e−S(w)H(w)eS(w)|0〉 , (3)

where |0〉 stands for the vacuum (in the double Hilbert
space), S(w) is an anti-Hermitian “matrix” and H(w) is
a unitary transformation of the Hamiltonian H.

Crucially, we show that S(w) can be fully specified via
the unitary (U) coupled-cluster (CC) ansatz [59]. This
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CC approach is particularly appealing because it handles
the treatment of both finite (like molecules) and extended
(like solids) systems [60–63]. Its unitary flavor can also
help to solve the challenge of treating equally well dy-
namical and static correlations within a single approach
[64]. Yet the corresponding canonical transformation of
the Hamiltonian does not truncate which makes its vari-
ational implementation not efficient on conventional clas-
sical computers. Remarkably, it was recently shown that
the (Trotterized) UCC operator can be prepared at a
polynomial cost on a quantum computer [65–67].

Once the minimization in Eq. (3) is performed, the re-
spective eigenstates |ψn〉 can be retrieved by projecting
|0(w)〉 on the non-interacting states to which |ψn〉 can

be connected and paired to; say, |ψ̃0
n〉. Thereafter, taking

the expectation values of the appropriate physical oper-
ators on the retrieved states, any property of individual
eigenstates can be accessed. When the focus is just on
energies, furthermore, we show below that extraction of
the eigenstates can be avoided altogether.

In this Letter, after deriving the outlined key results,
we validate the resulting approach on a model system,
and conclude touching on main perspectives.

Setting up the framework.— Let us restrict ourselves to
spinless fermions with non-degenerate spectrum, for sim-
plicity. Bosonic systems may be dealt with analogously.
We also assume that non-interacting states can be con-
nected to interacting states [68]. Inspired by the seminal
idea of thermo-fields [43], we invoke an auxiliary “tilde”

space H̃, i.e., a copy of the original Hilbert space H, such
that for every state |ϕ〉 ∈ H there is a copy |ϕ̃〉 ∈ H̃. For
any density matrix ρ(w) =

∑
j wj |ϕj〉〈ϕj |, with fixed

weights w = (w1, w2, ...), |ϕj〉 ∈ H and 〈ϕi|ϕj〉 = δij ,
there is a pure state |0(w)〉 =

∑
j

√
wj |ϕj〉 ⊗ |ϕ̃j〉.

Thus, the expectation value of any physical operator
A : H → H can be obtained as: 〈0(w)|A|0(w)〉 =∑
jk

√
wjwk〈ϕj |A|ϕk〉δjk = Tr[Aρ(w)], and one recov-

ers the original ensemble density by tracing out all the
fictitious states: ρ(w) = TrH̃[|0(w)〉〈0(w)|]. [69] The
field operators acting on the tilde space, i.e., the tilde
fermionic operators c̃m, c̃†m, obey the same anti-commu-
tation rules as their untilde counterparts [43] and satisfy
the anti-commutation rules {cm, c̃m} = {cm, c̃†m} = 0.
By definition, operators acting on the physical space H
do not act on states in the tilde space H̃, and viceversa.

The weighted sum of the spectrum of a Hamilto-
nian H = h + W , with h and W being the free (non-
interacting) and the interacting Hamiltonians respec-
tively, can be computed by resorting to the exponen-
tial parametrization of the configuration space [70]. To
perform such a parametrization let us express the corre-
sponding eigensystems as H|ψj〉 = Ej |ψj〉 and h|ψ0

j 〉 =

E0
j |ψ0

j 〉. It is well known that one may generate the
states {|ψj〉} by a unitary transformation of the set
{|ψ0

j 〉}, as they constitute another orthonormal basis of
the same Hilbert space [71]. Indeed, one can write |ψj〉 =∑
k |ψ0

k〉Ukj , where the coefficients are the elements of an
unitary matrix U . As a consequence, the eigenstates can

be represented in terms of an operator transformation:
|ψj〉 = eS |ψ0

j 〉, where S =
∑
jk Sjk|ψ0

j 〉〈ψ0
k| and Sjk is an

anti-Hermitian matrix. Using the freedom for the defini-
tion of the replica states in Eq. (2) we fix |ψ̃j〉 ≡ |ψ̃0

j 〉,
and obtain:

|0(w)〉 = eS |00(w)〉 , (4)

where |0(w)〉 =
∑
j

√
wj |ψj〉⊗|ψ̃0

j 〉 is the interacting and

|00(w)〉 =
∑
j

√
wj |ψ0

j 〉 ⊗ |ψ̃0
j 〉 (5)

is the free w-field double states. We will write this latter
state in terms of the single-particle states, as follows:

|00(w)〉 =

L⊗
m=1

(√
1− ws,m +

√
ws,m c

†
mc̃
†
m

)
|0〉 , (6)

where 1
2 ≥ ws,m > 0 is the weight assigned to the

single mode m, |0〉 is the vacuum of the double spa-
ce, and w denotes the many-mode weights wn1,··· ,nL

=∏L
m=1 w

nm
s,m(1 − ws,m)1−nm , with nm ∈ {0, 1}. A few

comments are in order here. First, the state |00(w)〉
resembles in form the superconducting state of Bardeen-
Cooper-Schrieffer theory [72] — but here the “double”
occupation is introduced for implementing the purifica-
tion of mixed states rather than for describing a new
phase of matter. Second, the distinctive state (6) can ef-
ficiently be prepared on a quantum computer [73], which
highlights the potential and broad scope of our proposed
method.

Further information on the non-interacting case is pro-
vided in App. A where, through the operator G =∑
m θm(c†mc̃

†
m − c̃mcm), with cos(θm) =

√
1− ws,m, we

get |00(w)〉 = eG|0〉 (the dependence of G on the weights
being understood).

Going back to the interacting case, by multiplying (4)
on the left by eGe−G we get

|0(w)〉 = eGe−GeSeG|0〉 = eGeS(w)|0〉 . (7)

Here, the short-hand notation O(w) ≡ e−GOeG applies.
Thus, the state-average energy of the interacting system
can be expressed as a pure state expectation value

E(w) = 〈0(w)|H|0(w)〉 = 〈0|e−S(w)H(w)eS(w)|0〉 .

As such, this formula resembles a single-reference calcula-
tion (in the double space) in which CC theories naturally
arise [74]. This is the direction we take below.

Because the weights can be chosen in such a way that
a Ritz-like variational principle for the underlying mixed
states holds true [75–77], the state-average energy may
thus be found by optimizing the anti-Hermitian matrix
Sjk that minimizes 〈0|e−S(w)H(w)eS(w)|0〉, as antici-
pated in Eq. (3). Below, we give and validate an explicit
form for S — please bear with us till then.
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Thereafter, eigenstates can be obtained via straight-
forward projections: |ψj〉 ∼ 〈ψ̃0

j |0(w)〉. Unlike in ap-
proaches that use penalty terms to optimize the projec-
tion on previously determined states, in our approach
eigenstates can be obtained individually or, in parallel,
all at once. Given orthonormal single-particle orbitals to
start with, formally, an optimization of a single pure (as
opposed to a mixed) state is all what is required!

Eigenenergies and gaps without eigenstates.— Eigen-
energies can be determined without having to reconstruct
individual eigenstates. For this, let us express E(w)
as the weighted sum of the contributions from each N -
particle sector: E(w) =

∑
N EN (w). Correspondingly,

|0ϕ(w)〉 =
∑
N e

iNϕ|0N (w)〉, where

|0N (w)〉 =
1

2π

∫ 2π

0

dϕ e−iNϕ|0ϕ(w)〉 . (8)

Following Anderson [78], we project the BCS state
into its N -particle components via the “angle” ϕ (see
App. A).

It is convenient to “normalize” the w-field as fol-
lows: |0N (w)〉 → |0N (w)〉/

√
D(w), with D(w) = (1 −

ws,1) · · · (1 − ws,L). As a result, the weighted sum of all
the eigenenergies reads EN (w) =

∑
n wn1,··· ,nL

En1,...,nL
,

where wn1,··· ,nL
= µn1

1 · · ·µ
nL

L , with µm ≡ ws,m/(1 −
ws,m), nm ∈ {0, 1} and

∑
m nm = N . Next, w′i stands

for for the tuple w where only the weight ws,i → w′s,i
is changed. The energies of the N -particle sector can be
extracted by the following rather simple prescription:

Eni1
,...,niN

=
∆i1 · · ·∆iNEN (w)∏N
m=1(µim − µ′im)

, (9)

where ∆iEN (w) ≡ EN (w)−EN (w′i) [79]. In Eq. (9) only
variational energies E(w) should be considered whose
weight vectors ws, w′s give rise to the same ordering
of “collective” many-body indexes j(n), as explained in
App. B.

In the calculation of electron affinities g+, ionization
energies g−, and fundamental gaps g, the original ground
state is considered relative to the ground sates of the
system with one more and one less particle. For which,
we get

g± =

1∑
p=0

(−1)p
∆i1 · · ·∆iN±p

EN±p(w)∏N±p
m=1(µim − µ′im)

, (10)

and, thus, g = g− − g+.
Harnessing the framework.— Finally we exploit the

above formalism by specifying S(w) in terms of the UCC
ansatz: S = T − T †, where T is the excitation operator
defined according to T = T1 +T2 +T3 + · · · [59]. Namely,

T1 =
∑
mn

tmnc
†
mcn,

T2 =
∑
mnrs

tmnrsc
†
mc
†
ncrcs , (11)

and higher-order terms follow the same structure where
m,n, r, s index occupied or unoccupied orbitals. Thus,
S(w) = T (w)− T †(w).

Due to its high accuracy for ground-state calcula-
tions, the CC ansatz is sometimes referred to as the
“gold standard of quantum chemistry” [59]. Although
its “unitary” flavor is impractical on classical com-
puters, it recently became clear that UCC wavefunc-
tion can efficiently be handled on hybrid quantum-
classical hardware like the variational eigensolvers [65,
66]. One of the key ingredients of such an implemen-
tation is the exact identity for each of the different
UCC factors appearing in the usual Trotter formula,
i.e., exp

[
ϑa1···ani1···in (Aa1···ani1···in − (Aa1···ani1···in )†)

]
, where ϑa1···ani1···in

are variational parameters and Aa1···ani1···in are the excita-

tion operators c†a1 · · · c
†
anci1 · · · cin [67, 80–82]. We just

need to operate the replacements Aa1···ani1···in → Aa1···ani1···in (w).
Validation.— Let us consider a 1D lattice model of

spinless interacting fermions with Hamiltonian: [83–85]

H = −
L∑

m=1

(
c†mcm+1 + c†m+1cm − Unmnm+1

)
. (12)

Here the operator c†m (cm) creates (annihilates) a fermion
on lattice site m, and U is the strength of the nearest-
neighbor repulsion. For L sites, the Fock space can be
decomposed in L+ 1 sectors: F = H0 ⊕ · · · ⊕ HL. Only
L weights ws,m are needed in our prescription (one for
each mode).

We implemented the factorized form of UCC with sin-
gles and doubles (UCCSD). For the minimization of E(w)
we have used the Nelder–Mead method with tolerance
10−5 [86]. Increasing the number of Trotter steps beyond
4 does not substantially improve our results presented be-
low. Further details are reported in App. D.

Let us compute the individual energies by extracting
the states via the projection |ψj〉 ∼ 〈ψ̃0

j |0(w)〉 and com-
pare them with the exact diagonalization results. In
Fig. 3 we report the energies for L ∈ {5, 8}. For L = 5
our approach is near to be exact, due to reduced dimen-
sionality of the corresponding Hilbert space. For L = 8,
in the weakly correlation regime, the predicted energies
are also in excellent agreement with the exact ones. Dis-
crepancies become noticeable for U & 6. The source of
which are mainly: (a) UCCSD cannot handle strongly
interacting states, most of all; (b) the increasing num-
ber of variational parameters for large L in the UCCSD
ansatz (i.e., ϑa1a2i1i2

) that must be determined in the min-
imization; and (c) the need of tighter tolerances in the
minimization algorithm as a consequence of the increase
of the Hilbert space’s dimension. Moreover, because the
weights are not variational, but fixed, auxiliary param-
eters, the results within a given approximations may be
thus conditional on those values. Analytically, we find
that E(w) can be written as (1−ws,m)A+ws,mB. This
linearity, however, is observed as long as the ordering of
the vector of many-body weights does not change. Inter-
estingly, deviation from (exact) linearity may thus pro-
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N = 2 N = 3

FIG. 1. The spectrum of the model (12) as a function of U
for N = 2, 3 and L = 5, 8 sites. The red lines correspond
to the exact energies. Single-particle weights ws,m were cho-
sen decreasing from 0.5 with spacing −0.5/L. For easy of
comparison, for L = 8 we have plotted only the lowest 25
eigenenergies.

N = 2 N = 3

FIG. 2. Neutral gaps of the model (12) as a function of
U for N = 2, 3 and L = 5, 8 sites. The solid and dashed
lines correspond to the exact analytical gaps, while the red
and black dots correspond to the energies computed with the
energy-extraction method (9). We have employed weights as
in Fig. 3 and w′s,m = ws,m + 0.005.

vides us with a way to sense the quality and stability of
the results.

Finally, through Eq. (9) — i.e., without using any of
the previously extracted eigenstates — we determine the
energy gaps between the ground state and the lowest ex-
cited state of our model system for the same sectors of
Fig. 3. The results shown in Fig. 2 with the exact result
are, again, impressive.

Conclusions.— We have proposed a variational frame-
work for determining the eigensystem of quantum many-
body systems via the optimization of a single pure state.
Such a pure state has the form of a generalized auxiliary
thermo-field, encoding excitations rather than thermo-
dynamics. Which, we have shown, can be determined

via the unitary couple cluster (UCC) approach. Because
UCC is suitable for an efficient implementation on quan-
tum computers, our proposal may soon enable unprece-
dented calculations of excitations. But the framework
we have built is general and, thus, it may be exploited to
gain not only formal but also analytical and numerical
advantages — in any type of variational methodology for
excited states based on ensemble — yet to be explored.
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Appendix A: Definition and workings of the
non-interacting w-fields

Let us consider a free fermionic spinless Hamiltonian
h defined over L single modes, say,

h =

L∑
m=1

Ωmc
†
mcm , (A1)

Its Fock spectrum is defined by

h|n1, ..., nL〉 = En1,...,nL
|n1, ..., nL〉 , (A2)

with En1,...,nL
=
∑
m Ωmnm and nm ∈ {0, 1}, denot-

ing the fermionic occupancies (constrained by the Pauli
principle).

Following our motivation, we are then interested in the
state-averaged energy

E(w) =
∑
n

wn1,··· ,nL
En1,...,nL

=
∑
n

wn1,··· ,nL
〈n1, ..., nL|h|n1, ..., nL〉 , (A3)

where wn1,··· ,nL
must be regarded as some auxiliary pa-

rameters. It may be useful to recall how E(w) could
be determined through a variational principle. Since the
modes m are decoupled this is straightforward, though:
The targeted ensemble quantum state ρ does not contain
any correlation between different modes, ρ ≡ ρ1 ⊗ ρ2 ⊗
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. . . ⊗ ρL. This observation directly yields the following
variant of the variational principle:

E(w) =
∑
n

wn1,··· ,nL
En1,...,nL

=

L∑
m=1

min
ρm∈S1(ws,m)

Tr[Ωmc
†
mcmρm] , (A4)

where S1(ws,m) denotes the space of density operators
on the (2-dimensional) Fock space of the single mode m
with spectrum (ws,m, 1− ws,m).

The discussion above also clarify that

wn1,··· ,nL
(ws) =

L∏
m=1

wnm
s,m(1− ws,m)1−nm , (A5)

where ws,m are single-mode weights (thus s stands for
“single”). We chose these weights such that 1

2 ≥ ws,m ≥
0, and denote ws = (ws,0, ws,1, ..., ws,L). In our numer-
ical experiments, in particular, we set ws,0 = 0.5, ws,1 =
0.5−0.5/L, ws,2 = 0.5−1/L, ws,3 = 0.5−1.5/L, .... > 0.

As a demonstration of the fact that E(w) is indeed a
useful quantity, we note that we may directly extract the
energy of specific eigenstates from E(w) as follows:

En1,...,nL
= ∂wn1

s,1,...,w
nL
s,L
E(w(ws)) , (A6)

where ∂wn1
s,1,...,w

nL
s,L
≡ ∂n1/∂wn1

s,1 + · · ·+ ∂nL/∂wnL

s,L.

We next explain how we can express E(w) in Eq. (A3)
via an expectation values taken over a single (yet ex-
tended) pure state. For this goal, we introduce a w-field
by mimicking what is done in thermo-fields (but change
the meaning and scope of the weights) [43]. For non-
interacting modes, we set:

|00
ϕ(w)〉 =

L⊗
m=1

(√
1− ws,m + eiϕ

√
ws,mc

†
mc̃
†
m

)
|0〉 ,

(A7)

where |0〉 = |0, 0, ...0〉 ⊗ |0, 0, ...0〉 is the vacuum of the
doubled Hilbert space.

Via Eq. (A5), the state in Eq. (A7) can also be written
as follows

|00(w)〉 =
∑

n1,...,nL

√
wn1,...,nL

(c†1c̃
†
1)n1 · · · (c†Lc̃

†
L)nL |0〉 .

(A8)

We will come to the phase factor eiϕ below in detail, let
us ignored it for the time being. Finally, we can verify
that

E(w) = 〈00(w)|h|00(w)〉 (A9)

=
∑
n

wn1,··· ,nL
〈n1, ..., nL|h|n1, ..., nL〉 .

Next, we notice that the w-field in Eq. (A7) can also
be written as follows:

|00
ϕ(w)〉 = eG|0〉 , (A10)

where G =
∑
m θm(eiϕc†mc̃

†
m − e−iϕc̃mcm) is an anti-

Hermitian operator and cos(θm) =
√

1− ws,m (depen-
dence on the weights is understood for keeping the nota-
tion simple). Introducing the transformed Hamiltonian
h(w) ≡ e−GheG, we obtain:

E(w) = 〈0|h(w)|0〉 , (A11)

where the expectation values is taken over the vacuum of
the double space.

Finally, let us discuss the use of the angle ϕ ∈ R in
Eq. (A7). This is the handle through which we grab
terms with the same number N of particles [78]:

|00
N (w)〉 =

1

2π

∫ 2π

0

dϕ e−iNϕ|00
ϕ(w)〉 . (A12)

Thus, consistently with the workings of a Fourier trans-
form,

|00
ϕ(w)〉 =

∑
N

eiNϕ|00
N (w)〉 . (A13)

Appendix B: Note on the Extraction of the energies
of specific states

The extraction of selected excitation energies from
E(w) through variation of the single-mode weights ws

may requires more detailed explanation. Let us choose
some single-mode weights ws and determine the respec-
tive global weights w according to (A5). As long as
the weights wn1,...nL

are all different, the single-mode
weight and many-mode weights are in one-to-one corre-
spondence. Thus the various n ≡ (n1, . . . , nL) ∈ {0, 1}L
can be mapped to “collective” labels j ∈ {1, 2, . . . , 2L},
which result ordered as follows

j(n) < j(m) ⇔ wn > wm . (B1)

In order to extract eigen-energies, the variational ener-
gies E(w(ws)) must be compared to each other only for
those weight vectors ws, w′s that give rise to the same
ordering for j(n) and j(n′). In turn, this will then allow
one to use the compact formula (9) in the Letter — or
Eq. (A6) above also in the interacting case — to extract
the energy of the j(n)-th state. In particular within an N
particle sector — we have observed in our numerical ex-
periments that — at convergence of our UCC procedure,
eigen-states are weighted with non-increasing weights for
non-decreasing eigen-energies.

Appendix C: Fully-polarized Fermi-Hubbard model

To test the excited-state formulation introduced in
the Letter we consider a 1D lattice of interacting fully-
polarized (or spinless) fermions. The system is driven by
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the following Hamiltonian:

H = −
L∑

m=1

(
c†mcm+1 + c†m+1cm − Unmnm+1

)
. (C1)

In the Bloch basis ck =
∑
m e

imk2π/Lcm/
√
L the Hamil-

tonian reads:

H =

L−1∑
k=0

εkc
†
kck

+ UL
∑

k1,k2,k3,k4

δLnk1−k2+k3−k4e
i(k3−k4)2π/Lc†k1ck2c

†
k3
ck4 ,

with εk = −2 cos(2πk/L), UL = U/L and n being any in-
teger. For L = 5 this system can be exactly diagonalized
as follows:

• The sectors N = 0, 1 are diagonal (in the Bloch
basis) because the interaction term plays no role.

• For the same reason, the sectors N = 4 (1 hole)
and N = 5 (0 holes) are trivially diagonal.

• The sectors N = 2 and N = 3 (two holes) behave
similarly (see below).

To diagonalize the sector N = 2 let us make use of the
notation

|a, b〉 ≡ c†kac
†
kb
|0〉 , (C2)

and fab ≡ ei(a−b)2π/5: We get (recall that a 6= b):

〈a, b|H|a, b〉 = εab +
U

5

[
4 +

∑
c6={a,b}

(fca + fcb)

]
. (C3)

To evaluate the remaining non-diagonal terms, we note
that for any pair (a, b) there is only one pair (c, d) for
which δ5nka+kb−kc−kd is non-zero: for (0, 1) the other pair
is (2, 4); for (0, 2) is (3, 4); for (0, 3) is (1, 2); for (0, 4) is
(1, 3), and for (1, 4) is (2, 3). Save a sign, the result is the
same for all these pairs of pairs, namely:

〈a, b|H|c, d〉 = δ5nka+kb−kc−kdU
(fac + fbd − fbc − fad)

5

= ±δ5nka+kb−kc−kdUR , (C4)

where R = 2[cos(2π/5) − cos(4π/5)]/5 ≈ 0.4472. The
global sign in Eq. (C4) depends on the order of the num-
bers a, b, c, d.

As a consequence of this calculation, it is clear that the
Hamiltonian is block diagonal with five 2×2 matrices on
the diagonal. The relevant matrices are always of the
form:

Hab,cd =

(
εab 0
0 εcd

)
+ U

(
D ±R
±R 1−D

)
, (C5)

FIG. 3. The function E(w) for the Fermi-Hubbard model
(C1) with L = 5 is plotted as a function of U and the number
of Trotter steps (we use ws = (0.5, 0.4, 0.3, 0.2, 0.1)). Right
panel: the exact values (red solid line) are compared with the
variational computation using UCCSD. Left panel: deviation
of the predicted weighted energies E(w) w.r.t. the exact values
for different Trotter step n.

where D = 2[2 + cos(2π/5) + 2 cos(4π/5)]/5 ≈ 0.2763.
Thus, all eigenvalues read:

E±ab,cd(U) =
τabcd ±

√
τ2abcd − 4∆ab,cd

2
, (C6)

where τabcd = εa + εb + εc + εd + U and ∆ab,cd = (εab +
DU)(εcd + (1−D)U)−R2U2. For instance, the ground

state energy is: Egs(U) = (τ −
√
τ2 − 4∆)/2, with: τ =

ε01+ε24+U and ∆ = (ε01+DU)(ε24+(1−D)U)−R2U2.
This calculation gives the exact eigenenergies for the sec-
tor N = 2 that we use to benchmark our calculations in
the paper. The eigenstates are straightforward to com-
pute.

For N = 3 the reasoning is essentially the same and
we refrain to reproduce it here. The spectrum of these
two sectors are plotted Fig. 1 of the Letter.

Appendix D: UCCSD calculations

The cluster operator with singles and doubles we im-
plemented in our calculations is the following:

U(ϑ) =

 ∏
ij 6=kl

eϑijkl(c
†
i c
†
jckcl−c

†
l c
†
kcjci)

∏
i6=j

eϑij(c
†
i cj−c

†
jci)

n .
In this formula n denotes the number of Trotter steps.
We use generalized indices, i.e., i, j, k, l denote occupied
and unoccupied orbitals. Each term can be easily imple-
mented as follows [81]:

eϑmnrs(c
†
mc
†
ncrcs−c

†
sc
†
rcncm)

= 1 + sin(ϑmnrs)[c
†
mc
†
ncrcs − c†sc†rcncm]

+ [cos(ϑmnrs)− 1](c†mc
†
ncrcs − c†sc†rcncm)2 , (D1)

and similarly for other excitations.
The function to be minimized is thus

E(w,ϑ) = 〈0|U(ϑ,w)H(w)U(ϑ,w)|0〉 , (D2)
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with U(ϑ,w) = e−GU(ϑ)eG. To perform the minimiza-
tion we employ the Nelder–Mead algorithm with toler-
ance 10−5 [86]. Notice that treating large systems has as
a consequence the increase of the number of parameters
that should be found in the minimization process of the
loss function (D2). To give an idea of this point, consider
the following: while for L = 5 there are 15 parameters
for the double excitations and 10 parameters for the sin-
gle excitations, for L = 8 these numbers jump to 210
and 28, respectively. However, it is important to note
that dealing with an increasing number of parameters in
a fully unitary scheme is one of the tasks that quantum

computation aims at solving by mapping those unitaries
to quantum logic gates.

We compute the individual energies by extracting the
states via the projection |ψj〉 ∼ 〈ψ̃0

j |0(w)〉. We explored
cases from L = 5 up 8 and N = 2 and N = 3 particles.
In the Letter we presented the results for L = 5, 8.

For completeness, in Fig. 3 we present the errors of the
calculation of E(w) for L = 5. It shows the differences
between the predicted values of the function E(w) and
the exact values. It also confirms that few Trotter steps
lead to larger deviations and. Yet, we note that n = 4 is
an excellent approximation in the cases we discuss.
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