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EFFECTIVE BOUNDS ON DIFFERENCES OF SINGULAR MODULI THAT ARE
S-UNITS

FRANCESCO CAMPAGNA

ABSTRACT. Given a singular modulus j, and a set of rational primes S, we study the problem of
effectively determining the set of singular moduli j such that j — j; is an S-unit. For every jy # 0,
we provide an effective way of finding this set for infinitely many choices of S. The same is true
if jo = 0 and we assume the Generalized Riemann Hypothesis. Certain numerical experiments
will also lead to the formulation of a "uniformity conjecture" for singular S-units.

1. INTRODUCTION

The present manuscript is devoted to the study of some diophantine properties of j-invariants
of elliptic curves with complex multiplication defined over C. These numbers, which are clas-
sically known by the name of singular moduli, have been studied since the time of Kronecker
and Weber, who were interested in explicit generation of class fields relative to imaginary qua-
dratic fields [16]. In this respect, singular moduli prove to be a useful tool, since they are indeed
algebraic integers which can be used to generate ring class fields of imaginary quadratic fields
[11, Theorem 11.1].

During the last decade, there has been an increasing interest in understanding more diophan-
tine properties of these invariants. One of the questions that, for instance, has been addressed
is the following: given a set S of rational primes, is the set of singular moduli that are S-units
(singular S-units) finite? In case of an affirmative answer, is it possible to provide an effective
method to explicitly compute this set? This question, which has been originally motivated
by the proof of some effective results of André-Oort type (see [3] and [29]), does not have at
present a complete answer. Several partial results have nonetheless been achieved.

In [2] it is proved, building on the previous ineffective result of Habegger [23], that no sin-
gular modulus can be a unit in the ring of algebraic integers. This settles the case S = 0 of
the question. With different techniques, Li generalizes this theorem and proves in [34] that for
every pair ji, jo € Q of singular moduli, the algebraic integer ®n(j1, j2) can never be a unit.
Here ®x(X,Y) € Z[X, Y] denotes the classical modular polynomial of level N, so we recover
the main result of [2] by setting j, = 0 and N = 1. In a different direction, the fact that no
singular modulus is a unit has been used by the author of this manuscript to prove that, if Sy is
the infinite set of primes congruent to 1 mod 3, then the set of singular moduli that are Sy-units
is empty [8]. Moreover, very recently Herrero, Menares and Rivera-Letelier gave an ineffective
proof of the fact that for every fixed singular modulus j, € Q and for every finite set of primes
S, the set of singular moduli j such that j — jj is an S-unit is finite, see [25] [26] and [27].

In this paper we explore the possibility of providing, for a given singular modulus j; and for
specific sets of primes S, an effective procedure to determine the set of all singular moduli j such
that j — jy is an S-unit. In order to better state our main results, we introduce some notation.
First of all, we say that a singular modulus has discriminant A € Z if it is the j-invariant of an
elliptic curve E,c with complex multiplication by an order of discriminant A. Let j € Qbea
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singular modulus of discriminant A and let S C N be a finite set of prime numbers. We call the
pair (j,S) a nice A-pair if the following two conditions hold:
(1) every prime ¢ € S splits completely in Q(j);
(2) we have ¢ 1 Ng(j)/0(j)Na(j)o(j — 1728)A for all £ € S, where Ng(j)/o(+) denotes the
norm map from Q(j) to Q.

The first main result of the paper is the following.

Theorem 1.1. Let (jo,S) be a nice Ay-pair with Ay < —4 and #S < 2. Then there exists an
effectively computable bound B = B(jo, S) € Rso such that the discriminant A of every singular
modulus j € @for which j — jo is an S-unit satisfies |A| < B. Moreover, if the extension Q C Q(jj)
is not Galois, then the discriminant A of any singular modulus j such that j — jo is an S-unit is of
the form A = p*" A\, for some prime p € S and some non-negative integer n.

The bound B(jj, S) in the statement of Theorem 1.1 can be made explicit from its proof. To
give an idea of what kind of bounds one can get, we take j, = —3375, the j-invariant of any
elliptic curve with complex multiplication by Z[(1+ V—=7)/2], and choose S to be any subset of
at most two elements in {13, 17, 19}. We get the following result.

Theorem 1.2. Let j € Q be a singular modulus of discriminant A, and let S := {13,17}. If j+3375
is an S-unit, then |A| < 108!, The same holds with S’ = {13,19} and S” = {17,19}.

In general, in order to construct nice A-pairs it suffices to fix a singular modulus j of dis-
criminant A and to choose, among the set of primes splitting completely in Q € Q(}), a finite
subset S satisfying condition (2) above. Since the set of rational primes that are totally split
in Q(}) is infinite by the Chebotarév’s density theorem, this gives rise to infinitely many nice
A-pairs for a fixed discriminant A. We remark that if Q € Q() is not Galois, then every prime
splitting completely in this extension will be also totally split in Q(VA) (see the end of the
proof of Theorem 1.1). Hence, in some cases one could use [7, Theorem 2.2.1] to show that, for
appropriate nice Ag-pair (jo,S) with Q € Q(jj) non-Galois, the set of singular moduli j € Q
for which j — jj is an S-unit is in fact empty. We point out that the set of singular moduli j that
generate a Galois extension of Q is finite, see Proposition 4.2.

The reason why Theorem 1.1 only deals with sets S containing at most two primes will be
apparent from its proof, which we now sketch. Our strategy follows the same idea used in [2]:
given a singular modulus j € Q such that j — jp is an S-unit, we compute the (logarithmic) Weil
height h(j — jo). This is defined, for every x € Q, as

P

- [Ky : Qo] 10g+ |0
[K ° Q] UEMK
where K := Q(x) is the field generated by x over the rationals, Mk is the set of all places of K,
the integer [K, : Q,] is the local degree at the place v and log* |x|, := log max{1, |x|,}. Here,
for every non-archimedean place v corresponding to the prime ideal p, lying above the rational
prime p,, the absolute value | - |, is normalized in such a way that

h(x) =

—Upy (x) /ev

|x[o = po
where e, is the ramification index of p, over p, and v, (x) is the exponent with which p, appears
in the prime ideal factorization of the Og-fractional ideal generated by x. Hence the logarithmic
Weil height naturally decomposes into an "archimedean" and "non-archimedean" part.
Since j — jj is an algebraic integer, the non-archimedean part of its Weil height vanishes. In
order to exploit the fact that the above difference is an S-unit, we rather compute the height of
(j — jo) L. Using standard properties of the Weil height, we obtain

h(j - jo) = h((j — jo)™!) = (archimedean part) + (non-archimedean part)
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with
1

[Q(j - Jo) : Q] Zp:fp ~0p(J = Jo) log &

where the sum is taken over the prime ideals of Q(j — jy) lying above the rational primes
contained in S and, for every such prime p, we denote by f, and ¢, respectively the inertia
degree and the residue characteristic of p. Our goal is to effectively bound this height from
above and from below in such a way that the two bounds contradict each other when the
absolute value of the discriminant of the singular modulus j becomes large. This will give the
desired effective bound.

An upper bound for the archimedean part has been already studied in [2] and [6]. In order to
estimate from above the non-archimedean part, we have to understand the valuation of j — j,
at primes above S. This requires the use of some deformation-theoretic arguments involving
quaternion algebras, and constitutes the technical core of the paper. We detail this discussion in
Section 3, which culminates in the proof of Theorem 3.1, where we obtain the seeked estimates.
Concerning the lower bound for the Weil height, we compare it to the stable Faltings height
of the elliptic curve with complex multiplication having j as singular invariant. Using work
of Colmez [9] and Nakkajima-Taguchi [36] it is possible to relate this Faltings height to the
logarithmic derivative of the L-function corresponding to the CM field evaluated in 1. The
known lower bounds on this logarithmic derivative become strong enough for our purposes
only if we restrict to sets S containing no more than two primes.

When Ay € {-3,-4}, i.e. when j, € {0,1728}, the same techniques also lead to similar
finiteness results, but one has to be more careful in theses cases since the complex elliptic curves
having jj as singular invariant possess non-trivial automorphisms. This is indeed a problem,
and will force us to resort to the Generalized Riemann Hypothesis (GRH) in the case j, = 0.
Here are the results that we obtain in these two cases.

(non-archimedean part) =

Theorem 1.3. Let S, be the set of rational primes congruent to1 modulo4, let¢ > 5 be an arbitrary
prime and set Sy := Sy U {€}. Then there exists an effectively computable bound B = B(f) € Ry
such that the discriminant A of every singular modulus j € Q for which j — 1728 is an S;-unit
satisfies |A| < B.

Theorem 1.4. Let Sy be the set of rational primes congruent to 1 modulo 3, let £ > 5 be an
arbitrary prime and set S; := Sy U {¢}. If the Generalized Riemann Hypothesis holds for the
Dirichlet L-functions attached to imaginary quadratic number fields, then there exists an effectively
computable bound B = B(f) € Ry such that the discriminant A of every singular S;-unit j € Q
satisfies |A| < B.

The statement of Theorem 1.4 has been simplified for the sake of exposition in this intro-
duction. Indeed, one does not need the full strength of GRH to carry out the proof, but only
a weaker, more technical assumption on the logarithmic derivative at s = 1 of the Dirichlet
L-functions of imaginary quadratic fields. We refer the reader to Theorem 5.5 for the stronger
result that we are actually going to prove.

After performing some numerical computations, one soon realizes that, given a singular
modulus j; and a finite set of primes S, the upper bound for the number of singular moduli j
such that j— jj is an S-unit seems not to depend on the primes contained in S but only on the size
of the set S itself. Since being an S-unit is a Galois-invariant property, this would entail a bound,
depending only on #S, on the size of the Galois orbits of such j’s and, by the Brauer-Siegel
theorem [32, Chapter XIII, Theorem 4], an analogous bound on their discriminants. Choosing
Jjo = 0, this observation leads to the formulation of the following conjecture for singular S-units.

Conjecture 1.5. For every s € N, the number of singular moduli that are S-units for some set of
rational primes S with #S = s is finite.
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This conjecture, which we will call "uniformity conjecture for singular S-units", will be dis-
cussed in Section 7, where we also provide some numerical data to support it.

The manuscript is structured as follows. In Section 2 we recall known facts from the theory
of complex multiplication and quaternion algebras, and we fix the terminology which will be
used in the paper. In Section 3 we prove Theorem 3.1, which allows to bound the #-adic absolute
value of differences of singular moduli for certain primes ¢. In Section 4 we provide a proof of
Theorems 1.1 and 1.2 while in Section 5 we give a proof of Theorems 1.3 and 1.4. Section 6
discusses the optimality of the bounds found in Theorem 3.1 in the case j, = 0. Finally in Sec-
tion 7 we provide numerical evidence for some uniformity conjectures concerning differences
of singular moduli that are S-units.

2. PRELUDE: CM ELLIPTIC CURVES, QUATERNION ALGEBRAS AND OPTIMAL EMBEDDINGS

We recall in this section some of the main definitions and results that will be used in the rest
of the paper. We fix once and for all an algebraic closure Q 2 Q of the rationals.

A singular modulus is the j-invariant of an elliptic curve defined over Q with complex multi-
plication. For every imaginary quadratic order O of discriminant A € Z, there are exactly Ca
isomorphism classes of elliptic curves over Q with complex multiplication by O, where Cp € N
denotes the class number of the order O. Hence, there are Cp corresponding singular moduli,
which are all algebraic integers and form a full Galois orbit over Q (see [11, Corollary 10.20],
[11, Theorem 11.1] and [11, Proposition 13.2]). We call them singular moduli of discriminant A
or singular moduli relative to the order O. Reversing subject and complements, we will some-
times also speak of discriminant, CM order, CM field, etc... associated to a singular modulus
J

Recall that, given a number field K C @ and a set S C N of rational primes, an element
x € K is called an S-unit if for every prime p C K not lying above any prime p € S, we have
X € O;ép, where O, C K denotes the ring of integers in the completion K; of the number field

K at the prime p. Note that this definition does not depend on the particular number field K
containing x. Moreover, if x is actually an algebraic integer, then x is an S-unit if and only if
its absolute norm N /q(x) is divided only by primes in S. In this paper we are interested in the
study of S-units of the form j — j, with j, j, € Q singular moduli. If j, = 0 is the unique singular
modulus of discriminant Ay = —3, we speak of singular S-units. As we will see, the study of
these singular differences is intimately related to the theory of supersingular elliptic curves and
quaternion algebras. We summarize some relevant results from this theory.

Let k be a field of characteristic char(k) = ¢ > 0 with algebraic closure k 2 k and let E/k
be an elliptic curve. We say that E is supersingular if E[£](k) = {O} i.e. if the unique ¢-torsion
point of E defined over k is the identity O € E(k). If this is the case, then the endomorphism
ring Endg(E) is isomorphic to a maximal order in the unique (up to isomorphism) quaternion
algebra over Q ramified only at £ and oo (see [13] or [44, Proposition 42.1.7 and Theorem 42.1.9]
for a modern exposition). If k is a finite field, then by Deuring’s lifting theorem [31, Chapter 13,
Theorem 14] every supersingular elliptic curve over k arises as the reduction of some elliptic
curve with complex multiplication defined over a number field. Finding such a CM elliptic curve
is difficult in general. In contrast, it is very easy to see for which primes a CM elliptic curve
defined over a number field has good supersingular reduction. Namely, let F be a number field
with ring of integers Or and let E/r be an elliptic curve with CM by an order in an imaginary
quadratic field K. Fix a prime ideal p C O lying above a rational prime ¢ € Z that does not
split in K. Since CM elliptic curves have potential good reduction everywhere (see [43, VII,
Proposition 5.5]) we can assume, possibly after enlarging the field of definition F, that E has
good reduction at y and that all the geometric endomorphisms of E are defined over F. Then
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the reduced elliptic curve E := Emod y is supersingular by [31, Chapter 13, Theorem 12].
Moreover, the natural reduction map modulo y induces an injective ring homomorphism

¢ : Endp(E) — Endg (E)

between the corresponding endomorphism rings (see [42, II, Proposition 4.4]). As we will see
in Theorem 2.4, in many cases (depending on the prime ¢ and on the CM order of E) the above
embedding will be optimal, in the following sense.

Let B be a quaternion algebra over Q and let R C B be an order, i.e. a full Z-lattice which is
also a subring of B. Let Q C K be a quadratic field extension and let O C K also be an order.
Any ring homomorphism ¢ : O — R can be naturally extended, after tensoring with Q, to a
ring homomorphism K — B that we still denote by ¢, with abuse of notation. We say that an
injective ring homomorphism i : O < R is an optimal embedding if

(K) NR = 1(0)

where the above intersection takes place in B. There is a simple criterion which allows to
determine whether a given imaginary quadratic order optimally embeds into a quaternionic
order. In order to state it, let us denote by trd, nrd : B — Q respectively the reduced trace and
the reduced norm in the quaternion algebra B, see [44, Section 3.3]. This notation will be in
force for the rest of the paper.

Lemma 2.1. Let R be an order in a quaternion algebra B and O an order of discriminant A in an
imaginary quadratic field K. Let V. C B be the subspace of pure quaternions
V:={x € B:trd(x) = 0}.

Then O embeds (resp. optimally embeds) in R if and only if |A| is represented (resp. primitively
represented) by the ternary quadratic lattice

Ry =V N(Z+2R)
endowed with the natural scalar product induced by the reduced norm on B.
Remark 2.2. This lemma has been proved for non-optimal embeddings and for maximal orders
R in [19, Proposition 12.9]. Probably for this reason, the lattice Ry is sometimes called the Gross

lattice associated to R. The argument in loc. cit. easily generalizes to our situation. We provide
a full proof for completeness.

Proof. We first prove that O embeds in R if and only if |A| is represented by Ry, and we discuss
conditions on the optimality of this embedding at a second stage.
Write O = Z [AJ'Z—‘/Z] and suppose first that f : O < R is an embedding. Let b := f(VA) so
that trd(b) = 0 and nrd(b) = |A|. Since
A A A+b
f ( * \/_) -2 R

2 2

we see that b € R, so that |A| is represented by this lattice. Suppose conversely that there exists
b € R, such that nrd(b) = |A|. Since trd(b) = 0, we see that b*> = A. By writing b = a + 2r with
a € Zand r € R, one has

b= (a+2r) =a*+4r° + dar = A
and this immediately implies that a = A mod 2, so that A+b € 2R. Hence we have (A+b)/2 € R
and we obtain an embedding f : O — R by setting

M f(A+\/Z):A+b.

2 2
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We now discuss optimality. Fix {a1, a,, @3} to be a basis of Ry as a Z-module and let Q(X, Y, Z)
be the ternary quadratic form induced by the reduced norm with respect to this basis.

Assume that f : O < R is an optimal embedding. By the proof above, we know that
b= f(\/Z) € Ry is such that nrd(b) = |A|. Suppose by contradiction that b = a;a; + azay +asas
with ay, ay, as € Z not coprime, so that ¢ := ged(ay, az, as) > 1 (we adopt the convention that
the greatest common divisor is always positive). Then b=b /c € Ry satisfies

~ A 1 (A -~
bZZ—ZGZ and 5(—2+b)ER
C C
A, VA

in the same way as above. Thus % (C—Z + T) € K is an algebraic integer and the order O =

Z [% (L% + @)] , which strictly contains O, also embeds in R through the extension f : K <— B.

This contradicts the optimality of f : O < R.

Suppose now that |A| is primitively represented by Ry i.e. that there exist a;,az,a3 € Z
coprime such that nrd(a;o; + az; + asas) = |A|. We want to show that, setting b := ajoq +
aay + asas, the embedding f defined by (1) is optimal. We will equivalently prove that, if

¢ € Z+¢ is such that 0=7 [% (\/Z + C%)] is an order, then

2) f@nr=r(0)

implies O = O. Since b = F(VA), equality (2) entails 3 (% + %) € R so that b/c € Ry. But
now a a as
b/c=—o1+ —ay+ —a3z € Ry
c c c
and all the coefficients a;/c must be integral since {1, @, @3} is a basis of Ry as a Z-module. By
assumption, the a;’s are coprime, so we must have ¢ = 1. Hence O = O and this concludes the
proof. O

Remark 2.3. The proof of Lemma 2.1 actually establishes a bijection between the set of embed-
dings f : O < R and the set of elements b € Ry such that nrd(b) = |A|. Under this bijection,
the embedding f corresponds to the element f(VA) € Ry.

In order to carry out our study of singular differences that are S-units, it is fundamental to
understand what is the biggest exponent with which a prime ideal can appear in the factoriza-
tion of such a difference. Roughly speaking, saying that a difference of singular moduli j — jj
has a certain p-adic valuation n = v,(j — jo) for some prime ideal ; € Q(j — jo) is equivalent to
saying that the CM elliptic curve E; with j(E;) = j is isomorphic to the elliptic curve E;, with
J(Eo) = jo when reduced modulo p". Therefore, in order to understand the exponents appear-
ing in the prime ideal factorization of a singular difference, it is crucial to determine when such
isomorphisms can occur. With this goal in mind, we conclude this section by outlining some
aspects of the reduction theory of CM elliptic curves defined over number fields. We refer the
reader to [10], [20], [21] and [33] for further discussions on the topic.

Let O be an order of discriminant A in an imaginary quadratic field K and let £ ¥ A be a
prime inert in K. Consider an elliptic curve E’ with complex multiplication by the order O and
defined over the ring class field Hp = K(j(E’)). After completing with respect to any prime
above ¢, we can consider Hp as a subfield of the maximal unramified extension Q;™ of Q;. This
is because the extension Q C Hp is unramified at ¢ by the assumption ¢ 1 A, see [11, Chapter
9, Section A]. Let L := @;\nr be the completion of Q;" with ring of integers W and uniformizer
7. Then by [40, Theorems 8 and 9] and [31, Chapter 13, Theorem 12] there exists an elliptic
scheme & — Spec W such that:
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e the generic fiber E := & Xy SpecL is isomorphic to E’ over the algebraic closure of
L. Since the CM order O is contained in W, all the geometric endomorphisms of E are
defined over L, see [41, Chapter I, Proposition 30];

o the special fiber E := & Xy Spec W/ is a supersingular elliptic curve since, by assump-
tion, ¢ does not split in K. Note that W /z = E, the algebraic closure of the finite field
with ¢ elements.

For all n € N, set E, := & Xy Spec W/n"*1. We are interested in understanding the endomor-
phism rings Az, := Endy /1 (E,). When n = 0, we have already seen that the ring A is
isomorphic to a maximal order in By, the unique (up to isomorphism) definite quaternion al-
gebra over the rationals which ramifies only at £ and co. All the other rings A, can be recovered
from A, as explained in the following theorem.

Theorem 2.4. Let O be an order of discriminant A in an imaginary quadratic field K and let ¢ A
be a prime inert in K. Set L := /{’f?’ to be the completion of the maximal unramified extension of
Qy, with ring of integers W and uniformizer =. Let & — Spec(W) be an elliptic scheme whose
generic fiber E := & Xy Spec L has complex multiplication by O. For every n € N, denote by

E, = & Xy SpecW/x™  and A, = Endyy ne1 (Ep)
respectively the reduction of & modulo n™*' and its endomorphism ring. Then:

(a) for everyn € N we have
A[,n =0+ an[’(),
where the sum takes place in Az in which O is embedded via the reduction modulo 7;
(b) foreveryn € N the ring Endyy;n+1 (Ey) is isomorphic to a quaternion order in B, o, and the
natural reduction map

O = Endy (8) — El’ldw/”nﬂ (En)

1

induced by the reduction modulo 7™ is an optimal embedding.

The above theorem is a combination and a reformulation of various results already appearing
in the literature. We give a brief overview of the proof and point out the relevant references.

Proof of Theorem 2.4. Part (a) of the theorem is a special case of [33, Formula 6.6]. As for part
(b): the first statement follows from the fact that ¢ is a prime of supersingular reduction for E
and from part (a). For the second statement, note first of all that there is a natural isomorphism
between Endy (E) = O and Endy (&), since by assumption & is a Néron model for E over W (see
[5, Propositions 1.2/8 and 1.4/4]). Reductions modulo 7 and 7" give the following commutative
diagram

Pn-1

0O <—> EndW/ﬂ'" (En—l)

Rl

Endy . (Eo)

in which all the arrows are injective by [10, Theorem 2.1 (2)]. Since ¢ does not divide the
conductor of the order O, the embedding ¢, is optimal by [33, Proposition 2.2]. It follows
from the commutativity of the diagram above that also the embedding ¢,_; is optimal, and the
theorem is proved. O
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3. THE f-ADIC VALUATION OF DIFFERENCES OF SINGULAR MODULI

In order to bound from above the Weil height of a difference of singular moduli, it is of
crucial importance to understand the exponents appearing in the prime factorization of such
a difference. The goal of this section is to prove, under certain conditions, an upper bound
for these exponents. In what follows, we will always use [, to denote the finite field with ¢
elements, where ¢ € N is a prime number, and denote by F, an algebraic closure of this field.
Recall also that given an order O in an imaginary quadratic field K, the ring class field of K
relative to the order O is the field generated over K by any singular modulus relative to O.

Theorem 3.1. Let jy € Q be a singular modulus relative to an order Oj, of discriminant Ay and

let ¢ € Z be a prime not dividing A. For any singular modulus j € Q relative to an order O; of
discriminant A # Ay, denote by H the compositum of the ring class fields relative to O;, and O;.
Let p C H be a prime ideal lying above ¢ and assume that

(1) the prime u N Q(jo) has residue degree 1 over ¢;
(2) there exists an elliptic curve Eq g j,) with j(Eo) = jo and having good reduction at pNQ(jj).

Then, ifv,(-) denotes the normalized valuation associated to i, we have

1 AZ A .
LS00 44) et A and0, 2O,
) ife | A

where dy is the number of automorphisms of any elliptic curve Eg, with j(E) = jo mod p.

(3) 0u(j = Jo) < {

Remark 3.2. Note that we have d, = 2 in all cases except if jo = 0 or jo = 1728 mod p. In these
two cases, the value of dj also depends on ¢, see [43, IIl, Theorem 10.1].

The dichotomy in the conclusion of Theorem 3.1 is reflected by its proof, which we divide
according to the conditions displayed in (3). In all cases, everything boils down to the study of
optimal embeddings of the order O; in a family of nested orders contained in the endomorphism
ring of a certain supersingular elliptic curve defined over F;. One of the main issues is that for
a supersingular elliptic curve E iR explicitely computing its endomorphism ring is a difficult
problem in general. An explicit parametrization of the endomorphism rings of supersingular
elliptic curves over F, has been achieved by Lauter and Viray in [33, Section 6]. However, the
author found these parametrizations somehow difficult to use for explicit estimates. Therefore,
in order to achieve our results, we adopted a different strategy. The idea is that, since we are
only interested in providing estimates for the y-adic valuation of singular differences and not in
precisely determining their prime ideal factorization, we do not need the full knowledge of the
supersingular endomorphism rings of the elliptic curves involved. We instead "approximate",
when possible, the unknown quaternion orders with quaternion orders whose properties are
less mysterious. The next proposition is the cornerstone of this strategy.

Proposition 3.3. Let j € Q be a singular modulus of discriminant A and let Eq(j) be an elliptic
curve with j(E) = j. Choose a degree 1 prime p C Q(j) lying above a rational prime p € Z
not dividing A and suppose that E has good supersingular reduction E modulo p. Denote by ¢ €
End@p (E) the Frobenius endomorphism (x,y) +— (x?,yP), where the coordinates x,y come from

the choice of a Weierstrass model for E. Then there exists a morphism { € Endﬁp (E) such that

A? +|A| —

¢2+|A|¢+T:0 and Yop=¢oy
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where~ : EndFP (E) ®zQ — EndFP (E) ®z Q denotes the standard involution. In fact, the morphism
¥ can be taken inside the image of the reduction map End@(E) — EndFP (E) modulo any prime
in Q lying above p.

Remark 3.4. Recall that the standard involution on the quaternion algebra Endﬁp (E) ®z Q cor-

responds to taking the dual isogeny when restricted to Endﬂ—:p (E). This essentially follows from
the uniqueness of the standard involution on quaternion algebras, see [44, Corollary 3.4.4].

Proof. In this proof, we fix for convenience an embedding @ < C. Let O be the order of
discriminant A and K C Q be its field of fractions. For an element § € K, we denote by f its
conjugate through the unique non-trivial automorphism of K/Q. This will not cause confusion
with the standard involution on Endﬁp (E) ®z Q, as we explain below.

By assumption, there exists an elliptic scheme & over the localization at p of the ring of
integers in Q(j) such that the generic fiber of & is isomorphic to E while its special fiber is a
supersingular elliptic curve E defined over Fp. Set Hp := K(j), which is a degree 2 extension
of Q(j), and fix a prime P C Hp lying above p. Since E has supersingular reduction modulo p,
the latter has degree 1 and p is unramified in K, by [31, Chapter 13, Theorem 12] we must have
f(P/p) = 2, where f(P/p) denotes the inertia degree of P over p. In particular, we see that
the decomposition group of P over p is precisely Gal(Hp/Q(j)). We fix o € Gal(Hp/Q(j)) to
be the unique non-trivial element. Then o restricts to an automorphism of Rp, the localization
at P of the ring of integers of Hp, inducing the Frobenius endomorphism 7 : x + x” on the
residue field. _

With abuse of notation, we denote again by & the base-change &g, and by E the special
fiber of Eg, (which is isomorphic to the base-change of the special fiber of & to the residue
field of Rp). It follows from the Néron mapping property [5, Proposition 1.4/4] that every
endomorphism A € Endp, (E) induces an endomorphism Ag of &. Define A mod P to be the
restriction of Ag to E. The Galois group Gal(Hp/Q(j)) acts on Rp and this in turn induces a
Galois action on Endg,(&). In the same way, there is an action of Gal(Fp /Fp) on EndFP (E).

These two actions are compatible, in the sense that for every A € Endp,, (E) we have

(4) o(Ag) mod P = 7(A mod P),

as one can see using the various functorial properties of fibered products. In what follows, we
will often omit the subscript & when dealing with endomorphism of & induced by elements in
Endp, (E). This allows us to ease a bit the notation, since usually elements of Endg, (E) will

already come equipped with their own subscript.
We now fix a normalized isomorphism

following [42, II, Proposition 1.1]. Let « := % € O and note that [a]r € Endpy, (E) because,
by [41, Chapter II, Proposition 30], all the endomorphisms of E are defined over Hp. Since
o + |Ala + 28
(5) o([ale) = [o(a)]er = [@]e
where the first equality follows from [42, I, Theorem 2.2 (a)] and in the second equality we are
using the fact that E is defined over Q(j) and o is non-trivial.

Let now ¢ := ([a]g mod P) € Endﬁp (E). For B € O, the association [fB]g — [B]E de-
fines a standard involution on Endp, (E), in the sense of [44, Definition 3.2.4]. Since reduction
mod P defines an embedding of Endp, (E) — EndFP (E), by the uniqueness of the standard

= 0, also [a] satisfies the same relation. One also has
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involution on quadratic Q-algebras (see [44, Lemma 3.4.2]) we have [a]r mod P = J where
now the conjugation above i denotes the usual standard involution on the quaternion algebra
Endﬁp (E) ®z Q. We have

¥ = [@]g mod P = o([a]r) mod P = r([a]g mod P) = =(¥)
where we have applied equalities (4) and (5). This yields

poy=gor()=t(r(¥))co=yog
and here we have used the facts that for every A € Endﬂ—:p (E) one has ¢ o A = 7(1) o ¢, as can

be checked using local coordinates for E, and that 7(7(¥)) = ¢ because ¢ is defined over a
quadratic extension of F,. The proof is concluded. O

We are now ready to begin the proof of Theorem 3.1. Let us fix the notation that will be in

force during the entire argument. Given the orders O; = Z A+2\/Z and O, =Z [A‘)JrT‘/A_O] as in

the statement of Theorem 3.1, we denote by K; and K, the corresponding imaginary quadratic
fields containing them. We then set H; and Hj, to be the ring class fields of K; and K, relative to
the orders O; and O, respectively. Using this notation, the field H in the statement of Theorem

3.1 is the compositum in Q of H; and Hj,.

3.1. First case: ¢ does not divide A and Oj, £ O;. Assume that E, in the statement of the
theorem is given by an integral model over the ring of integers of Q(jjy) with good reduction at
pNQ(jo). Let (Eo),m be the base-change to H of the elliptic curve (Ey),q(j,), and let (E;),y be an
elliptic curve with j(E;) = j and with good reduction at all prime ideals above ¢. Such an elliptic
curve E; exists by [40, Theorems 8 and 9], which we can apply since ¢ 4 A by assumption. In
particular, E; will have good reduction at the prime p. We will always identify O; and O, with
the endomorphism rings of E; and E, respectively.

Let H,, be the completion of H at the prime . The extension Q C H is unramified at £ because

¢ 1 AA (see [11, Chapter 9, Section A]), hence H, is contained in @}Er, the completion of the

maximal unramified extension of Q,. Denote by W the ring of integers in QT}’?“ andlet r e W
be a uniformizer. By abuse of notation, we also use Ey, E; to denote the elliptic schemes over

W with generic fibers isomorphic to the base-changes of Ey, E; to @Eﬁ respectively. Note that,
by our choices, Ey mod 7 is defined over F,.

Lemma 3.5. In the notation above, we have
o do
0,(j = Jjo) £ > -max{n € Ny : Isoy . (Ej, Ep) # 0}

where, for everyn € Zs1, we denote byIsoy . (Ej, Eo) the set of isomorphisms between E; mod n"
and Eymod x".

Proof. Notice first of all that the normalized valuation on @‘;‘Hr, i.e the valuation v satisfying
o(m) = 1, extends the p-adic valuation v, on H because v,(£) = 1. Since W is a complete

discrete valuation ring whose quotient field has characteristic 0 and whose residue field F, is
algebraically closed of characteristic £ > 0, we can apply [21, Proposition 2.3] which gives

N R
0,(j = jo) = > ; #Isoy m(Ej, Eo).
Now, certainly Isoyy (Ej, Eo) # 0 implies Isoy /,n (Ej, Eg) # O for every n € N, since reduc-
tions of isomorphisms are isomorphisms. Moreover, whenever the set Isoy /. (E}, Eo) is non-
empty, its cardinality equals the order of the automorphism group Auty /. (Ey) of Ey mod 7"
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By [10, Theorem 2.1 (2)], we always have the inclusions
Endy (Eo) < Endy/z»(E¢) < Endy . (Eo)
induced respectively by the reduction modulo 7" and modulo 7. This means that
(6) # Auty (Eg) < # Autyy /. (Eo) < # Auty/,(Eo) = do
so, setting M := max{n € Ny : Isoy /. (E}, Eg) # 0}, we obtain

00 M
o1 1 do
Uﬂ(] — ]0) = 5 ; #ISOW/,Tn(Ej, Eo) = 5 ; #Autw/ﬂn(Eo) < ? -M
which proves the lemma.
O

By Lemma 3.5, in order to estimate the valuation at u of the difference j — jy, we need to
bound the biggest index n such that the reductions modulo 7" of the elliptic curves E; and E,
are isomorphic. If this maximum is 0, then the two elliptic curves are not even isomorphic over
F, = W/, so the prime y cannot divide j — j, and there is nothing to prove. Hence, from now
on we suppose that y divides j— j so that Eg mod & = E; mod 7 over F,. Since ¢ does not divide
the conductors of the orders O; and O;, by assumption, and the two orders are different, [31,
Chapter 13, Theorem 12] ensures that ¢ is a prime of supersingular reduction for both E; and
Ey. In particular, the ring R := Endy . (Ey) is isomorphic to a maximal order in B; ., = R ®z Q.

Suppose now that Isoy 1 (Ej, Eo) is non-empty. Our goal is to find a bound on the exponent
n+ 1. A choice of f € Isoy /1 (Ej, Eo) induces an isomorphism

f: Endy /1 (Ej) — Endyypen (Ep), a foa of!

which, precomposed with the reduction map O; < Endyy /. (E;), gives rise to an optimal
embedding

(7) ¢n+1 : O] —> Endw/ﬂn+1 (E())

by Theorem 2.4 (b). For growing n, Theorem 2.4 (a) shows that the endomorphism ring of
Ey mod 7! becomes more and more "f-adically close" to the order Oj,. Intuitively, this must
imply that having an embedding as in (7) should not be possible for n large enough, yielding
the desired bound on n + 1. This intuition is correct, as we show below. The main obstacle
to making this idea precise is that, as we already said, it is not easy to explicitly compute
the endomorphism rings Endyy .=+ (Ep) for a generic elliptic curve Egy. To circumvent this
problem, we "approximate" the rings Endyy =+ (Ep) with smaller orders where we are able to
perform the relevant computations. The hypotheses on the prime p and on the elliptic curve
E, will make this strategy successful.

Recall that O;, = Z [A”T\/A_O] and let ¥ € R be the image of A°+T\/A_° via the reduction map
modulo 7. Denote also by ¢ € Endy/,(E,) the Frobenius endomorphism (x,y) — (x',y"). By

Proposition 3.3 and using the fact that Ey mod 7 is a supersingular elliptic curve defined over
F,, we have

2 2 Ag"'|A0| -
®) Fre=0 PPrlholy+ =N =0 and yop=goy

where = denotes the standard involution on Endy /. (Ey) ®z Q. Hence, the ring R:= Z[y,p] €R
is a rank-4 order inside B, o, with basis B = {1, ¢, ¢, Y ¢} satisfying the relations (8). Notice that
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the reduction map O;, < R identifies O, with the subring Z[y] C Z[{, ¢]. The matrix of the
bilinear pairing (a, f) = trd(af) computed on the basis B is given by

2 Ay, 0 0
“lo 0 20 Ayt
2
0 0 Ay Sty

2

so the discriminant of the order R equals det A = A(z){’z (see [44, Definition 15.2.2 and Exercise
13 in Chapter 15]). Hence, by [44, Lemma 15.2.15, Lemma 15.4.7 and Theorem 15.5.5] R has
index |Ay| inside any maximal order containing it, so in particular |R : R| = |Ao|. Now, since
we are in the hypotheses of Theorem 2.4 (a), we have

Endyy /1 (Eo) = Z[Y] + €"R 2 Z[y] + £"R

and we shall show that the index of the latter inclusion is also bounded by |A].

Lemma 3.6. Foralln € N the index |(Z[y] + ¢"R) : (Z|y] + £"R)| divides |A|.

Proof. Since R C R, we have Z|Y|+"R=Z[y] + "R+ £"R. Hence
ZIY]+ 'R Z[y] + "R+ "R _ "R
Z[y] + "R Z[y]+ R (Z[y] +¢"R) N "R
as abelian groups. Now, the containment £"R C (Z[y/] + £"R) N £"R gives an epimorphism
"R "R
— > - )
"R (Z[y] +¢"R) N "R

and, since R is non-torsion, we have ¢"R/¢"R = R/R. Since the latter has cardinality |A¢|, the
lemma is proved.

O
Corollary 3.7. The embedding (7) induces an injection
AZA + \[AZA B
(9) Oj,|A0| =7 f — Z[w] +[nR.
Proof. By Lemma 3.6, for every x € Z[¢] + £"R we have |Ao|x € Z[y] + £"R. Since Ojny| =
Z + |Ao|Oj, the corollary follows. O

Combining Corollary 3.7 with Lemma 2.1, we see that | disc(O;a,|)| = AZ|A| must be rep-

resented by the Gross lattice A;, of the order Z[y/] + £"R. Note that this representation is not
necessarily primitive, because the embedding (9) is not necessarily optimal. A computation
shows that

Arn = (| Dol + 2, 2070, 20" )
ie. B = {|Ao| + 2y, 2", 2™} is a Z-basis for the Gross lattice of Z[y/] + £"R. The reduced
norm restricted to the lattice A,, induces the ternary quadratic form
(10) Qrn(X,Y,Z) = |Ag|X? + 4£™1Y2 + 2™ (A2 + | Ao|) Z% + 468%™ N Y Z

written with respect to the basis 8’.
After setting
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we get the diagonal quadratic form
Qen(X,Y,Z) = || X* + 42212 + £271 | A 22,

Suppose now that Q;,(X,Y,Z) = A%|A| has an integral solution (x,y,z) € Z° corresponding
to the embedding (9). We first claim that at least one among y and z is non-zero. This follows
from our assumptions on O; and from the following proposition.

Proposition 3.8. Ify =z =0 then O;, C O;.

Proof. Let x € Zq be such that Q;,(x,0,0) = A%|A|. By Remark 2.3, this equality corresponds
to the embedding

(11) Z [% (A3A+,/A3A)] — Z[y] + £"R, %(A3A+,/A3A) - % (AZA + x(|Ao] +2¢))

of the order Oj|a, € K := Q(VA) into Z[y] + £"R. The injection (11) is not optimal if x # +1.
Indeed, using the proof of Lemma 2.1 we get the optimal embedding

1(Ag AG s 1[AG AG 1(A7

determined by the equality Q;,(1,0,0) = (A2|A])/x%. Since Qr,(1,0,0) = |A¢|, we see that the
above injection is actually the same as

A() + VA() Ao + VA() o
2 2

(12) 0,=2Z

] — Z[y] + £"R, .

Recall that we also have embedding (7), which can be rewritten as

(13) 0,-z |2 +2‘/Z

— Z[y] + "R

We remind the reader that the above injection (13) is again optimal, and that (11) is originally
induced by (13). It is then clear that the injections (11), (12) and (13) are all compatible between
each other, meaning that, after tensoring with Q, one gets the same map 1 : K < B;. In
particular, O; and Oj, are contained inside the same imaginary quadratic field K = Q(VA) =

Q(VAy).
Consider now the order O := O; + Oj, C K. We have that 1(O) C Z[¢] + ¢"R, and from the
optimality of (13) it follows that O = O;. Hence O;, C Oj, and this concludes the proof. O

Since at least one among y and z is non-zero, we also have that at least one among y :=
y + (Apz)/2 and z = z is non-zero. Note that y € %Z and z € Z. Then we have

ASIA] = Qen(X.7.2) = |Aof2° + 422" 15 + 27 Ag[2° > max {46152, 627 | Ap[2°} > 2"
which implies
log(AZ|A
_ log(AFAD 1

14 1< — 2 42
(14) TS T loge 2

Combining now (14) with Lemma 3.5 concludes the first case of the proof of Theorem 3.1.
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3.2. Second case: ¢ divides A. For this part of the proof, we are going to heavily rely on [33],
of which we have kept the notation. We again assume that the elliptic curve E, is given by an
integral model over the ring of integers of Q(jy) that has good reduction at pz N Q(jj).
Suppose initially that ¢ divides the conductor of the order O;. Let H; C F be a minimal
extension of the ring class field H; such that there exists an elliptic curve (E;),r with j(E;) = j
and having good reduction at all primes of F lying above ¢. Fix such an elliptic curve E; and
base-change it to the compositum L = F - Hj,. Consider also a prime y; C L lying above y C H
and denote by A the ring of integers in the completion of the maximal unramified extension of
Ly, , with maximal ideal A C A. By abuse of notation, we denote by Ey, E; the elliptic schemes
over A with generic fibers isomorphic to the base-changes of Ey, E; to the completion of the
maximal unramified extension of L, . The elliptic schemes E; and E, have good reduction over
A and, since A is a complete discrete valuation ring of characteristic 0 with algebraically closed
residue field of characteristic £ > 0, we can use the same proof of Lemma 3.5 to see that

d
(15) 0,(J = jo) £ 0y (J— Jo) < ?0 -max{n € N5 : IsoA/ygA(Ej,Eo) #0}.

Since ¢ 1 Ay, we can now apply [33, Proposition 4.1] with E = Ey, Oy, = O, and Oy, = O,;.
This proposition, used together with the fact that ¢ divides the conductor of O;, implies that
IsoA/HzEA(Ej,Eo) = if n > 1. Combined with (15), this gives

i = jo) < 2
as desired. This yields the theorem in the case that ¢ divides the conductor of O;.

Assume now that ¢ divides A but does not divide the conductor of the order O;. Then, if again
E; is an elliptic curve with j(E;) = j, we can choose F = H; as a field where E; has a model
with good reduction at all primes dividing ¢. This follows from [40, Theorem 9]. If we complete
H at yu, and we take A to be the ring of integers in the completion of the maximal unramified
extension of H, and W to be the ring of integers in the completion of the maximal unramified
extension of Q, then Frac(W) C Frac(A) is a ramified degree 2 field extension because the
ramification index e(u/¢) = 2 by our assumptions. Again by [33, Proposition 4.1], since we are
assuming that ¢ does not divide the conductor of O}, for every n € N, we have

(16) #1s0a/ma(Eo, Ej) < C - #S5(Eo/A)
where C = C(j) < 6 is a positive constant depending on j and S-¢(E,/A) is the set of all endo-
morphisms ¢ € Endy,,na(Eo) satisfying the following three conditions (cfr. [33, pag. 9218]):
(1) 9> — Ap + 1(A%2 = A) = 0;
(2) The inclusion Z[¢] < Enda;,a(Eo) is optimal at all primes p # £. We recall that an
embedding of Z-modules O < R is optimal at a prime p if the equality

(1(0) ®z2 Qp) N (R®z Zp) = 1(0) ®z Zy

holds (note that the corresponding [33, Definition 2.1] contains a misprint);
(3) As endomorphism of Lie(Ey mod p"A) we have ¢ = § mod p", where § € A is a fixed
root of the polynomial x* — Ax + 3 (A% — A).

The set SL¢(E,y/A) can be partitioned as
Sy (Eo/A) = ] S (Eo/A)

meN

where S,L,’if,’l (E¢/A) consists of all the endomorphisms ¢ € SH€(E;/A) such that
disc (0}, [¢]) = m®.
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We first claim that, under our assumptions, the sets S,I;,ig (Eg/A) are empty for all n € Ny.

Indeed, let ¢ € S (Eo/A) so that disc (Oj,[¢]) = 0. Since a division quaternion algebra does
not contain suborders of rank 3, this in particular implies that O;, [¢] has rank 2 as Z-module, so
that Z[¢] is isomorphic to an order in K}, not necessarily contained in Oj,. By the definition of
Ski¢(Ey/A), the order Z[¢] has discriminant A, and we deduce that Z[¢] = O; C K;,. However,
by assumption ¢ divides A but does not divide the conductor of O;. Hence ¢ must divide the
discriminant of K, which in turn implies ¢ | A, contradicting our hypotheses. This proves the
claim.

On the other hand, in the second paragraph of [33, pag. 9247] it is proved that, when ¢ divides
A but does not divide the conductor of O;, and ¢ 1 A, then for every m > 0 and n > 1, the
set SLle e (E/A) is empty. We deduce that SH¢(E/A) = 0 for all n > 1, and combining this with
1nequahty (16) we obtain Isos/,ma(Eo, Ej) = 0 for all n > 1. Finally, using [21, Proposition 2.3]
we obtain

1 d
ou(j = Jo) = E#ISOA/,UA(EOa Ej) < ?0
and this concludes the proof of Theorem 3.1.

4. ProoF oF THEOREM 1.1

The main scope of this section is to present the proof of Theorem 1.1. At the end of this
proof, we will point at the precise estimates that can be used to prove Theorem 1.2 and similar
results, and we will provide a proof of the fact (stated in the introduction) that the extension
Q <€ Q(jio) can be Galois for at most a finite number of singular moduli jy. Before starting, let
us recall some notation already used in the introduction. For a number field K we denote by
M the set of all places of K and by M C Mk the subset of all the infinite ones. For every
w € Mg \ Mg we indicate by | - |,, the absolute value in the class of w normalized as follows:
if p,, denotes the prime ideal corresponding to w and p,, is the rational prime lying below p,,,
then
xly = p e
for all x € K \ {0}, where v, (x) is the exponent with which the prime p,, appears in the
factorization of x, and e,, is the ramification index of p,, over p,,.

Proof of Theorem 1.1. Let (jo,S) be a nice Ag-pair with Ay < —4 and #S < 2. We can assume
without loss of generality that #S = 2, since if S contains fewer than two elements the statement
of the theorem becomes weaker. Hence we can write S = {#;, £} with £, £, € N two distinct
primes.

In order to prove Theorem 1.1, we follow the strategy used in [2] to prove the emptiness
of the set of singular units. Let j be a singular modulus of discriminant A such that j — jj is
an S-unit, and let A(-) denote the logarithmic Weil height on algebraic numbers. By the usual
properties of height functions [4, Lemma 1.5.18], we have

h._.:h ._._1: 1 dvl+ ._._10:
a7 G =J) =k =) = 557G M%) og"|(i—jo) 'l = A+ N

where d, := [Q(j — jo)o : Qp] is the local degree of the field Q(j — jj) at the place v and

1
= d,1 Frs i1 .
[Q( = jo) : Q] EMZ og” |(j—Jjo) |

Q(j-jo)

N := [Qo—m 3 > dylog|( = jo) s

oltity
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are, respectively, the archimedean and non-archimedean components of the height. Notice that
the expression for N follows from our assumption on j — jy being an S-unit and from the fact
that j — jo is an algebraic integer. We study these two components separately, starting with the
archimedean one. From now on, we assume |A| > max{|Ao[, 10'°}.

Denote by Cy and Cx the class numbers of the orders associated to jy and to j respectively.
Then by [6, Corollary 4.2 (1)] we have

8Flog|A| - Cy Flog|A| - Cy - |A]Y?
(18) A< —— ( —— + 4log |Ao| +0.33
[QG - jo) : @ [QG— o) : @ oIt
where F := max{2°® : a < |A|'?} and w(n) denotes the number of prime divisors of an

integer n € N. Using [15, Theorem 4.1] we have
[Q3 = jo) : Q] = [Q(j. jo) : Q] 2 [Q(j) : Q] =
which, combined with (18), gives
8Flog|A| - C Flog|Al| - Cy - |A]V?
og |Al - Co +log( og | |C 0 A
A

As far as the non-archimedean part is concerned, we have

(19) A< ) +4log |Ag| + 0.33.

A

_ _ -1 _ 1 L pr
@0 N = o & eI 0= gy O U - e

oleyt ie{1,2} plt;

_ logl’l logfz .
= 00—y @ 22U R i gy iy 20 TR

pla ple

where f, denotes the residue degree of the prime p € Q(j — jo) lying over p N Q. For every
p | t1f;, we choose a prime ideal p C H that divides p, where H denotes the compositum
inside Q of the ring class fields relative to j and j,. Note that this makes sense, since we have
Q(j — jo) € Q(J,jo) C H (the first inclusion is actually an equality by [15, Theorem 4.1]). We
wish now to use Theorem 3.1 to bound v,,(j — jo) for all these primes p. Let’s check that the
hypotheses of the theorem are verified in our context:

e since we are assuming |Ag| < |A|, certainly we have A # Ay;

e since (jo,S) is a nice Ag-pair, for i € {1,2} the prime ¢ splits completely in Q(jy). In
particular, u N Q(jo) has residue degree 1, as required;

e since (jo,S) is a nice Ag-pair, for i € {1,2} the prime ¢ does not divide either A, or
No(jy)/o(Uo(jo — 1728)). In particular, this last condition implies that the elliptic curve

36 1

E Syt xy=x° - X —
0/QUn) =Y XY Jo— 1728~ jo — 1728

with j(Ey) = jo, has good reduction at p.

This discussion shows that we can apply Theorem 3.1 to bound v, (j — jo). Notice that under
our assumptions we have, in the notation of the theorem, that dy = 2 since ¢ 1 Ngj,)/a(jo(jo —
1728)) for i € {1,2}. Moreover, the imaginary quadratic order associated to j cannot contain
the order associated to j, because |A| > |Ag|. Thus we obtain

log(A2|A 1
og (A |)+5’1}

op(J = jo) £ 0u(j—jo) < max{ 21og 4,
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for all primes p | £;. Combining this with (20) and setting L := max{#;, ,} we obtain
(21)
log £ {log(AélAl) 1 } log £, {1og(Ag|A|) 1 }
N < — max{ ———+ —, 1 + — max|{ ————+ —, 1
Q0 @ 2" 2ioge 2P @G- 2 gl 2P

1 log(AglAD) 1
< (log ¢ —_—+ 1 log ¢ —_— 4+, 1
< (log 1)max{ 2Tog +2, }+(og z)max{ 2Tog b +2,

log(AZ|A log ¢ log(AZ|A log ¢
:max{ 0g(AlAD + °8 l,logfl} +max{ og(AolAD) + °8 2,10gf2}
2 2 2 2
log(AZ|A
< 2max{ og( Ol D + log L
2 2
where in the second inequality we have used the fact that, for every number field K and any
prime g € N, we always have },q, fo < [K : Q] (here the sum is taken over the prime ideals of
K lying above q). Using now together (17), (19) and (21) we obtain the following upper bound
8Flog|A| - C Flog|A| - Cp - |A|Y/?
og |A| 0+10g og |Al- G - |A]
C Ca
+ max{log(A3|A|) +logL,2log L}
for the Weil height of j — j,. We now look into lower bounds.

In order to find a lower bound for h(j — ji), we first reduce to the problem of finding a lower
bound for h(j) by means of the elementary inequality

(23) h(j = jo) = h(j) — h(jo) —log2
see [4, Proposition 1.5.15]. As for bounding h(j), we use the lower bound [2, Proposition 4.3]

log(AglAl)

,log L} = max{log(AZ|A|) +log L, 2log L}

(22) h(j = Jjo) <

+4log |Ao| +0.33

3
(24) h(j) = —=log|A| - 9.79
V5
together with [2, Proposition 4.1]
7|A|M? - 0.01
25 h(j) > —
(25) )z =&

which generally holds for |A| > 16. Combining (23) with (24) and (25), and adding 1 on both
sides, we obtain

3 | A2 o .
(26) Y(A) := max % log |A| - 8.79, < h(j— jo)+h(jo) +log2+1.
Concatenating now (26) with (22), and dividing both sides by Y(A), yields the inequality
(27) 1 < A(A) + B(A) +C(A) + D(A)
where
8Flog |A| - Co
AA) = ————,
(%) Y(A)Ca
log (Flog |A|) +1log Cy + 4log | Ag| + h(jo) + 1.33 + log 2
B(A) = :
Y(A)
1 |A]'/2
C(A) = I
W= y®) Og( Ca

1
D(A) = m . max{log(A(z)|A|) +logL,2logL}.
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We want to show that (27) cannot hold if |A| is sufficiently large. As far as estimating the first
three terms of (27) is concerned, we find ourselves in the same situation as Cai in [6, Sections
6.1-6.4], and we can directly use the bounds therein obtained. More precisely from [6, Section
6.2] we have, since |A| > 10%°, that

BFI0gIAI -Co _ 8Co o

A(A) <
(&) 7| A|1/2 T

so for every €4 > 0,
8C,
(28) A(A) < A0 < ¢y
T

holds for |A| sufficiently large. Moreover, using

g2 log |A

log(F1 |A|)<1°
CBLTIOB IR = T oglog [A] — 1 — log 2

+loglog |A|

which is [2, Inequality (5.8)] (here ¢; € R is an effectively computable absolute constant
defined in [2, Section 5.2]), we have that, for every eg > 0, the inequality

< 1 log 2 log |A|
~ (3/V5)log|A|-8.79\ 2 loglog|A| —c; —log2

where K :=log Cy+4log |Ao| +h(jo) +1.33 +1og 2, holds for |A| sufficiently large. Finally, using
the fact that x — log(x)/x is a decreasing function when x > 4, for every ¢c > 0 one has

(29) B(A) +loglog |A| +K) < ep

(30) C(A) <

L (e 1 SYEI
Yy log (77'Y(A)) < (3/75) Iog [A] — 8.79 log(n (\/gloglAl 8.79)) < &

for |A| sufficiently large. We are then left with bounding D(A) from above. For |A| > L/|Aq|?
we have

1
D(A) = ——- max{log(Ag|A|) +logL,2logL}

T Y (D)
log A2
<3 ! -(log|A|+logL(Og 0+1))
2 log|A] - 8.79 log L

5 1 5 log A2
:£+ (£-8.79+logL(og °+1))

3 Zloglal-879 |3 logL

so for every ep > 0 we obtain

5
(31) D(A) < g +ep <0.75+¢p

for |A| sufficiently large (depending on A, and ¢, £,). We can now combine (28), (29), (30), (31)
with (27) to obtain

(32) 1< eps+eg+ec+ep+0.75

which holds for |A| > s, Aveqepecep 0- Choosing ea, €p, ec, ep small enough, the inequality
cannot be verified for sufficiently large |A|. This proves that there are at most finitely many
singular moduli j such that j — j, is an S-unit, and concludes the proof of the first part of
Theorem 1.1.

We now begin the proof of the second part of Theorem 1.1. Suppose Q € Q(jy) is not Galois.
We first claim that every prime in S must be split in Q(v/A). Indeed, assume by contradiction
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that a prime ¢ € S is inert in Q(v/A¢) (it cannot ramify by definition of a nice Aj-pair). Let
Hp = Q(jo, VAo) which is a semidihedral Galois extension of Q, and let

H := Gal(Ho/Q(jo)) < Gal(Ho/Q) =: G

with generator ¢ € H. Since ¢ splits completely in Q(jy) and is inert in Q(v/Ao), the de-
composition group of any prime of Hp above ¢ has order 2 and certainly contains H, since all
the primes in Q(jp) lying above ¢ are inert in Q(jo) € Hp. Hence, every such decomposition
group must be equal to H and this means in particular that tHr™! = H for all 7 € G. We de-
duce that o commutes with every element of G, so G must be abelian and we reach the desired
contradiction.

Let now j € Q be a singular modulus of discriminant A such that j — jj is an S-unit. Since
J — Jo cannot be a unit by [34, Corollary 1.3], there exists a prime ¢ € S dividing the norm of
Jj — Jo- This implies that there exists a number field K, a prime p C K lying above ¢ and two
elliptic curves Ey, E; defined over K with good reduction at 1 such that j(E;) = j, j(Ey) = jo and
Ey mod pi =5 E;j mod p. Moreover, since ¢ splits in Q(+V/Ay) by the discussion above, both E,
and E; have ordinary reduction modulo y by [31, Chapter 13, Theorem 12]. From the reduction
theory of CM orders (see again [31, Chapter 13, Theorem 12]) and the fact that £ ¥ A, we
deduce that A = ¢£2"A, for some non-negative integer n, as wanted. O

Remark 4.1. The proof of Theorem 1.1 can now be specialized to different situations to obtain
explicit results on singular differences that are S-units. Indeed, for a given nice Ay-pair (jo, S), it
suffices to find a discriminant A whose absolute value is sufficiently large to violate inequality
(32), which in turn is a combination of the explicit inequalities (28), (29), (30) and (31). For
instance, in the case of Theorem 1.2, with the choice of the nice (—7)-pair (—-3375, {13, 17}) and
|A| > 108! one gets
ea+eg+ec+ep <0.2485
and similarly with the other choices of primes in the theorem.

We conclude this section by proving that the hypothesis on the extension Q € Q(jy) being
Galois, which appears in the statement of Theorem 1.1, is verified only for finitely many singular
moduli jj.

Proposition 4.2. There are at most finitely many singular moduli j € Q such that the extension
Q € Q(j) is Galois.

Proof. Let O be the imaginary quadratic order relative to j, and denote by K its fraction field,
with ring of integers Ok and discriminant Ag. By [1, Corollary 3.3] the extension Q C Q(})
is Galois if and only if the class group Pic(O) of the order O is elementary 2-abelian. Since
the natural homomorphism Pic(O) — Pic(Ok) is surjective (see [37, Proposition 1.12.9]), we
deduce that also the class group of Ok has exponent 2. Hence, by [45, Theorem 1], there exists
a negative fundamental discriminant D such that either |Ag| < 5460 or Ax = D. In particular,
we have only a finite number of possibilities for the imaginary quadratic field K.

In order to show that there is also a finite number of possibilities for the order O, we need
to bound the possible conductors f := |Og : O|. To do so, consider the genus field Gy rela-
tive to the order O: it is the maximal subextension of the ring class field Hp that contains K
and is abelian over Q. It can also be described as the fixed field by Pic(Q)? under the Artin
isomorphism Gal(Hp/K) = Pic(O), see [24] and [30, Section 2.2] (note also that the first part
of the proof of [11, Theorem 6.1] carries over to non-maximal orders after making appropriate
modifications). Since Pic(O) is elementary 2-abelian by hypothesis, we deduce that Gp = Hp
and then [30, Equation (2.3)] implies that

(33) #Pic(0) < 20U A1
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where w(f2Ak) denotes the number of distinct prime divisors of f?Ag. On the other hand, by
[11, Theorem 7.24] we can write

Ax\ 1) 105:0%
34 1-|—|—-|=—=——>—#P .
o 4l [1-(5)3) - o e
Combining (33) with (34), and using the fact that K ranges among a finite set of imaginary
quadratic fields, it is not difficult to see that f must be in fact bounded. This concludes the
proof. O

5. THEOREMS 1.3 AND 1.4

The proofs of Theorems 1.3 and 1.4, after a preliminary reduction step, become analogous to
the proof of Theorem 1.1. The reader may then wonder why we decided to not write one single
argument for all these results. The reason is double: first, for clarity of exposition, since already
the proof of Theorem 1.1 contains quite involved computations. Second, because differences
of the form j — j, with j, € {0,1728} require some extra attention due to the fact that the
corresponding elliptic curves (Ey),q with j(Ey) = jo have more geometric automorphisms than
in the other cases. After pondering all these aspects, we chose to only sketch the proofs of the
two aforementioned theorems, outlining with all the details only the parts in which they differ
from the proof of Theorem 1.1. We begin with Theorem 1.3.

Proof of Theorem 1.3. First of all, we show that it is sufficient to prove that, under the assump-
tions of the theorem, the set of singular moduli j such that j — 1728 is an {¢}-unit is finite and
the discriminants of its elements can be effectively bounded. Indeed, suppose that j — 1728 is a
singular Sy-unit and assume that p € Sy is a prime dividing its norm Ngj);o(j — 1728). Then

for every prime p C Q lying above p we have j = 1728 mod p and p is a prime of ordinary
reduction for every elliptic curve over Q with j-invariant 1728 or j. In particular, 1728 and j
must be associated with the same imaginary quadratic field Q(v-1). It has then been proved
in [8, Claim 6.1] that in this case, there are at least other 3 primes not congruent to 1 modulo
4 dividing this norm. In particular, j — 1728 cannot be a singular S,-unit (the existence of this
argument is also remarked in [27, Section 1.1]).
Hence we are reduced to bounding the discriminants of the singular moduli j such that
Jj — 1728 is an {¢}-unit for £ > 5 a prime congruent to 3 modulo 4. Let then j € Qbea singular
modulus such that j — 1728 is an {f}-unit. In the same way as in the previous section, we
compute the Weil height
1

35)  h(j—1728) = h((j - 1728)7})) = ——— dylog™|(j—1728) 7!, = A+ N
()  h(=1728) = h(( = 1728) ) = 5o ; g"1(j —1728)"
vEMa())
where, again, d, := [Q(j), : Q,] is the local degree at the place v and
1 1
A= ——— d,log" |(j-1728)"', and N:=——— > d,log"|(j—1728)""],
Qo Qg w1 Q0 2 log 107

20)
are, respectively, the archimedean and non-archimedean components of the height. For |A| big
enough, we can bound the archimedean component using another time the work of Cai [6].
More precisely, [6, Corollary 4.2] gives for |A| > 10

4F log |A F|A|Y?1og |A
p< APIBIAL o PIA log A _

A Ca

(36) 2.68
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where Cj is the class number of the order of discriminant A and F = max{2°® : a < |A|'/?}
as in the previous section. The non-archimedean component can be rewritten as

S S - - logl -
(37) N=o5g pzv;vp(] 1728) log £h = = pzlf;vp(] 1728)f,
where the sum runs over primes p of Q(j) lying above ¢, and f, denotes the residue degree
of p over ¢. To estimate the valuation from above, we can apply Theorem 3.1 since all the
hypotheses are met also in this case: ¢ has certainly degree 1 in Q(1728) = Q and is coprime
with —4 = disc Q(i). Moreover, the elliptic curve Ej723q : y? = x% + x has j(E;733) = 1728 and
good reduction at all primes ¢ # 2. We deduce that for all p | £ we have

log(16|A|) 1 2}

op(j—1728) < max{ log !

where in the application of Theorem 3.1 one has dy = 4 since £ > 5 (see [43, IIl, Theorem 10.1]).
Combining the above estimate with (37) we obtain

(38) N < max{log(16|Al) +log¢,2logt}
so putting together (35), (36) and (38) we get
4F log |A F|A[Y21log |A
OgIAL , 10, FINT log A
Ca

for |A| > 10'*. Now the lower bound (26) allows to conclude exactly in the same way as in the
proof of Theorem 1.1. O

(39) h(j—1728) < lo — 2.68 + max{log(16|A|) + log ¢, 2log £}

As the reader may have noticed, the intimate reason why the proofs of Theorems 1.1 and
1.3 work out is that the lower bound (26) is sufficiently good to prevail on the estimates (21)
and (38) for the non-archimedean parts of the relevant Weil heights. This will not be the case
for jo = 0, since in this case one has to take d;, > 6 in the inequalities of Theorem 3.1. This
is the reason why the proof of Theorem 1.4 is conditional under GRH. However, as already
mentioned in the introduction, Theorem 1.4 does not need the full strength of the Generalized
Riemann Hypothesis to be proved, but only that a weaker condition on the Dirichlet L-functions
associated to imaginary quadratic fields holds. The goal of the subsequent discussion is to
introduce this condition, and to deduce from its assumption a lower bound for the Weil height
of a singular modulus that is sharp enough to prove Theorem 1.4 with our methods.

Recall that non-principal real primitive Dirichlet characters are precisely the Kronecker sym-
bols attached to quadratic field extensions of Q. We say that such a Dirichlet character has
discriminant D € Z if it is the Kronecker symbol attached to a quadratic field of discriminant
D.

Definition 5.1. Let k € R be a non-negative real number. A non-principal real primitive
Dirichlet character y of discriminant D is said to satisfy property P(k) if

L'(x1
el —0.2485log |D| — k
Ly 1)
where the left-hand side of the inequality is the logarithmic derivative of the Dirichlet L-
function L(y, s) associated to y.

Remark 5.2. The inequality appearing in Definition 5.1 may seem a bit arbitrary, and indeed it
is. Actually for our purposes, we could take any inequality of the form

(1
QD 5 log D]~k
L(x.1)
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with ¢ < 0.25 as a definition for the property P(k), and all the following proofs would work in
the same way.

Remark 5.3. It is proved in [35] that the logarithmic derivative of Dirichlet L-functions attached
to Kronecker symbols of imaginary quadratic fields is actually positive for infinitely many neg-
ative fundamental discriminants. In particular, property P(0) holds for infinitely many real
primitive Dirichlet characters of negative discriminant.

Let now j € Q be a singular modulus relative to an order in the imaginary quadratic field
K. Under the assumption that the Kronecker symbol associated to K satisfies property P(k)
for some non-negative k € R, we are able to provide a lower bound for the Weil height of j in
terms of its discriminant A. In order to make this assertion precise, we introduce some notation.
For an elliptic curve E defined over a number field L, denote by hr(E) its stable Faltings height
[14, pag. 354] with Deligne’s normalization [12]. We continue writing h : Q — R for the
logarithmic Weil height of an algebraic number.

Proposition 5.4. Let j be a singular modulus of discriminant A = f*Ag, where Ag is the dis-
criminant of the imaginary quadratic field K relative to j. If for some k € R, property P(k) holds
for the non-principal real primitive Dirichlet character y of discriminant Ak, then

h(j) = 1.5091og |A| +C
for some effective constant C = C(k) € R.

Proof. Let E/Q(j) be an elliptic curve with j(E) = j. Using [17, Lemma 7.9], the logarithmic
Weil height of j can be bounded from below by the stable Faltings height of E as follows

(40) h(j) > 12hp(E) + 8.64.

We can explicitly compute the stable Faltings height of E using the well-known results of
Colmez [9] and Nakkajima-Taguchi [36], as done for instance in [22, Lemma 4.1]. One has

L' (y,
he(E) = log(Ial) + 3= 20 - >ereloes |- 2y + log(2m)

where y is the Euler-Mascheroni constant, f is the conductor of the CM order and for a prime
p we define

_1-x(p1-p=V
p—xp 1-p!

er(p)
Using property P(k) we then get

1 1 1 1
hp(E) > —log(|A]) + = (—0.2485log |Ak| — k) — = E er(p)logp |- = (y +log(2m))
4 2 2 rT 2

1 1 1 1
=1 log(|A]) + 5(—0.2485 log |A] —0.2485log % — k) — 2 Z er(p)logp |- E(Y + log(2m))
plf

1 1
= 0.12575 log |A| +0.2485 log f — D er(p)logp |- 5 (y +log(2m) + k).
plf
We want to bound from below the quantity

A(f) :=0.2485log f — % Z er(p)logp|.
plf
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To do this, one can proceed exactly as in [2, Section 4]. First, one notices that
2 1-p o)
p+1  1-p
by considering all the possible values of the Dirichlet character y(p). Setting now foralln € N,

er(p) <

logp 1-p o
p+1  1—-p7!

8(n) = 0.2485logn — Z
pln
one notices that §(n) is an additive function and satisfies 5(p"*!) > §(p”) for all primes p € N

and integers r > 0. Since one has §(2),(3) < 0 and §(p) > 0 for all primes p > 5, we deduce
that 6(n) > 6(2) + 6(3) for all n € N.,. We then have

5

log2 log3
o§+og

A(f) > 8(f) = 5(2) +6(3) = 0.2485(log 2 + log 3) — ( ) > —0.0605.

In conclusion, we obtain
(41) hr(E) > 0.12575log |A] — Co
where we set .

Co = E(y +log(27) + k) + 0.0605.

Combining now (40) with (41) we obtain
h(j) > 1.509log |A| — 12C, + 8.64
and this concludes the proof. O

We now state and prove a stronger version of Theorem 1.4, whose proof relies on the use of
property P(k) rather than on the use of GRH. We then show how Theorem 1.4 follows from
this stronger statement.

Theorem 5.5. Let S, be the set of rational primes congruent to1 modulo3, let¢ > 5 be an arbitrary
prime and set Sp = Sy U {¢}. Assume that all the Kronecker symbols attached to imaginary
quadratic fields satisfy property P(k) for some fixed k € Rso. Then there exists an effectively
computable bound B = B(f,k) € Ry such that the discriminant A; of every singular Se-unit

j € Q satisfies |Aj| < B. In particular, the set of singular moduli that are S;-units is finite and its
cardinality can be effectively bounded.

Proof. The proof is essentially identical to the proof of Theorem 1.3, and we only sketch the
argument. First of all, it is again sufficient to prove that, under the assumptions of the theorem,
the set of singular {¢}-units is finite and the discriminants of its elements can be effectively
bounded. This follows in the same way as done at the beginning of the proof of Theorem 1.3,
but this time appealing to the proofs of [8, Theorem 1.2 and Claim 3.1]. Hence we are reduced
to bounding the discriminants of singular {#}-units for £ > 5 a prime congruent to 2 modulo 3.
Let j be a singular {¢}-unit relative to the order O of discriminant A. Again, one decomposes its
logarithmic Weil height h(j) into a sum h(j) = A+N of an archimedean and a non-archimedean
component.

The archimedean component A has been studied in [2, Corollary 3.2]. Here it is proved that,
for |A| > 10, we have

12F log |A F|A|Y21og |A
< og | |+3log |Al""log |A]

(42) A
A Ca

3.77

where C, is the usual class number of the order of discriminant A and F = max{2°@ : q <
|A|'/?}. Note that, although [2, Corollary 3.2] is only formulated for singular units, it also
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holds for general singular moduli (with the same proof) if one restricts to considering the
archimedean component of their height. The non-archimedean part can be written as

3 log ¢ )
4 V=0 @ 2P

where f;, denotes the residue degree of the prime p € Q(j) lying above ¢. Using Theorem 3.1
with the elliptic curve Eg q : y? = x* + 1 with j(Ey) = 0 and noticing that dy = 6 because £ > 5

we have | A
9 1
0p(j) < max {3 (M + —),3}
2logt = 2

and, combining this estimate with equality (43), we get
3
(44) N < max{g(log(9|A|) +log{’),310g{’}.

A lower bound for the height h(j) can be obtained by combining the conditional Proposition
5.4 with (25). The conclusion of the proof can be then carried out in the same way as the proof
of Theorem 1.1. O

Proof of Theorem 1.4. The fact that the Dirichlet L-functions attached to imaginary quadratic
fields satisfy GRH implies in particular that for every non-principal real primitive Dirichlet
character y of negative discriminant D we have

L 1
FOD _ b 1oglog D).

Ly 1)
where the implied constant is absolute, see for instance [18, Section 3.1] or [28, Theorems 1
and 3] for the explicitness of the implied constant in the case |D| > 8 (in the remaining cases,
one can find an explicit bound for the absolute value of the logarithmic derivative for instance
by first relating it to the Faltings height as done in [22, Lemma 4.1] and then by using some
bounds on the difference between the Faltings height and the j-height [38, Lemmas 2.6 and
3.2]). In particular, there exists k € R such that property P(k) holds for all Kronecker symbols
attached to imaginary quadratic fields. Now one concludes by applying Theorem 5.5. O

6. AN UNSUCCESSFUL ATTEMPT AT MAKING THEOREM 1.4 UNCONDITIONAL

The goal of this section is to show that the naive attempt at making Theorem 1.4 uncondi-
tional by improving the bounds obtained in Theorem 3.1 is fruitless. Namely, we will prove
that the order of magnitude of the bounds appearing in Theorem 3.1 cannot be improved in
general, at least in the case j, = 0. Under the condition that the considered prime ¢ divides
the discriminant of the order O; corresponding to the singular modulus j, it is easy to provide
examples in which the second upper-bound of (3) is reached. For instance, each of the singular
moduli j of discriminant A = -7 - 5% is divided by the unique prime ps; € Q(j) above 5 and

we have vy, (j) = 3 (note that dy = 6 in this case). On the other hand, if ¢ does not divide the
discriminant of O; the claimed optimality follows from the following theorem.

Theorem 6.1. Let ¢ > 5 be a prime with £ = 2 mod 3. There exists an infinite family of singular
moduli j whose corresponding discriminant A; is coprime with £ and which satisfy

log(|Aj|=3) 1 log2

N 1
oulj) 23 2log? i log ¢

for some prime ideal p C Hp lying above £. Here Hyp denotes the ring class field relative to the
order O associated to j.

To prove the theorem, we need two preliminary results.
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Proposition 6.2. Let £ > 5 be a prime with £ = 2 mod 3 and consider the elliptic curve Ey : y? =
x> + 1 defined over F,. Then we have that

El’ldﬁ( (Eo) =Z+ Zévg + Zé: + ZI]

is isomorphic to a maximal order in the quaternion algebra B, ... Here, if { € F, denotes a fixed
primitive 3-rd root of unity, the endomorphisms {3, ¢, &, € Endg (Eo) are such that {5 : (x,y) —

((x,y), 0: (xy) > (xy"),36 =2+ G +20+ G and3n = -1+ — ¢ — 2030.

Proof. This proposition is certainly well known, but the author has not been able to find a
suitable reference. One could directly verify that the given order is a maximal order in B/
whose elements represent endomorphisms of the elliptic curve Ej,. We outline a possible strat-
egy leading to the computation of this endomorphism ring, kindly suggested to the author by
John Voight.

Since ¢ = 2 mod 3, the elliptic curve E is supersingular and O, := Endg (Eo) is a maximal
order in the quaternion algebra B, ... Throughout this proof, we will always identify Of, with its
image in By, under some fixed embedding. Notice that Of, contains the subring O := Z[3, ¢].
As we have ¢? = —¢, the ring O is actually a rank 4 suborder of Of, having Z-basis {1, {3, ¢, (3¢},
and a discriminant computation shows that |Og, : O| = 3. Hence, Og, contains an element of

the form ALB c D
+ B+ Co +
o= & 3“’ $5?  ABCDeZ

with 3 { ged(A, B, C, D). Since « is an element of a quaternion order, it is in particular integral.
This implies that its reduced trace and norm must both be integers. One has
2A - B
3
—{CD — AB + A? + B2 + ¢(C? + D?)
nrd(a) = 5 ,
where trd(-) and nrd(-) denote respectively the reduced trace and the reduced norm in the
quaternion algebra B, . Note now that, since O C O, the integers A, B,C, D can be chosen
to lie in {0, 1, 2}. Hence there is just a finite number of possibilities to check. A computation
shows that the possible options for the tuple (A, B, C, D) are the following four:

(1,2,1,2) (1,2,2,1) (2,1,1,2) (2,1,2,1).
By adding the corresponding a’s to the order O we get the following possibilities:
1 1 1 1

2 2 1 2
Ll -+ = /A ey A
3 3§3 3¢ 3§3(P (3 3§3 3¢ 3§3(P)

trd(a) =

(1,2,1,2), O1:Z+ZG+Z

2 1 1 2

1 2 1
-SG50+ he|+2 (—— G- 30550

1,2,2,1), Oy :Z+7ZL+7Z
( ) 2 & 32237 T3 3 3 37 3

(2,1,1,2), O3IZ+Z§3+Z

(2,1,2,1), O4!Z+Z§3+Z

1

3

2 1 1 2 1 1 2 1
—+=-0(+=-¢p+= +Z|-=+=—=p— =

3 3§3 3<P 35340 (3 3§3 3<P 3§3‘P)
2

3 .

1 2 1 1 1 1 2
+-G+-p+ - +Z|—=+=-03—=¢p— =
353 3<P 3§3<P ( 3 3§3 3(1’ 3§3<P

Looking at the generators of these orders, we see that O; = O, and O, = Os, so we discard
the first two and we only consider O3 and O4. We need to decide which of these two rings is
the "correct one". Indeed, the desired order must be identified with the endomorphism ring of
the elliptic curve Ey. An element of the form 1§, with f € Endg (E), is an endomorphism of
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E, if and only if the endomorphism f factors through the multiplication-by-3 morphism. This
happens if and only if the 3-torsion points of E; are in the kernel of . The idea is then to
compute the generators of the group of 3-torsion points of E and to test which order contains
the "right" elements. The 3-division polynomial of Ey is

®3(x) = 3x(x° +4),
so we can choose as generators of the full 3-torsion subgroup Eo[3] (F,) the points
pP= (0’ 1)’ Q = (_%1 V_3)

for fixed choices of V4, V=3 € F, as follows. Observe that for a prime £ > 5and £ = 2 mod 3,
all elements in F, are cubes and —3 is not a square modulo ¢. In view of this remark, we choose
Q in such a way that the first coordinate lies in F,. The second coordinate of Q defines in any
case a quadratic extension of [Fy, so that

(V=-3)" = —V-3.
We are ready to verify that Oy is the correct order. Let
O=2++2¢0+ o € O,
V=-1+0—¢—20¢ € O,
Then, using the fact that 2P = —P and 2Q = —Q we get that ® = ¥ on the 3-torsion points, so
®(P) =[2](0,1) +(0,1) + [2](0,1) + (0,1) =0
®(Q) = (—V4,—V=3) + (-{V4,V=3) + [2](-V4)", (V=3)) + (L (-V&)’, (V-3)") = 0
which shows that E;[3] € ker ® and E([3] C ker V. One can also verify that

(2+8+9+250)(Q) # 0.
This proves the proposition. O

Proposition 6.3. Let O be an order in an imaginary quadratic field K and ¢ € N be a prime
inert in K that does not divide the conductor of O. Let W be the ring of integers in the completion

;" of the maximal unramified extension of Qg, with uniformizer 1 € W. Fixn € Zs, and let

Ey — Spec(W/x™) be an elliptic scheme such that the reduction modulo r is supersingular. If
f: O = Endyn(Ey) is an optimal embedding, then there exists an elliptic curve Ey such that
e E mod " = Ey;
e Endy (E) = O.

Proof. This is an application of Gross and Zagier’s generalization [21, Proposition 2.7] of the
Deuring lifting Theorem [31, Theorem 13.14]. Note that the proof of Gross and Zagier’s result
in the supersingular case does not require, in their notation, the ring Z[a] to be integrally
closed but only ¢ not dividing its conductor.

Write O = Z[7] for some imaginary quadratic 7 € K and let & := f(7). The endomorphism
@ induces on the tangent space Lie(E;) the multiplication by an element wy € W /x" which
is a root of the minimal polynomial g(x) = x* + Ax + B € Z[x] of 7 over Q. In order to
apply [21, Proposition 2.7], we need to show that there exists w € W such that g(w) = 0 and
wmod 7" = wo. Let f := woymod 7 € F,. Then f is a root of g(x) mod r lying in F,. If
g’ () = 0, then f would actually lie in F,. However, since ¢ is inert in K and does not divide the
conductor of O, the polynomial g(x) is irreducible over F, by the Kummer-Dedekind Theorem
[37, Proposition 1.8.3], and this implies that the derivative of g(x) does not vanish on f (an
irreducible polynomial over a finite field has never a common zero with its derivative). Then
by Hensel’s lemma there exists a unique w € W lifting . This w satisfies g(w) = 0 and
w mod 7" = wy by construction.



EFFECTIVE BOUNDS ON DIFFERENCES OF SINGULAR MODULI THAT ARE S-UNITS 27

We now apply [21, Proposition 2.7] to deduce that there exists an elliptic curve E; and an
endomorphism « € Endy (E) such that E mod 7" = Ej and @ mod 7" = ap. In principle, the
ring Endw (E) could strictly contain the order Z[«a]|. However, the reduction map identifies
Z|a] with O, and the latter optimally embeds in Endy . (Eo). Since the reduction map also
embeds Endy (E) < Endy . (Ey), we deduce that Endy (E) = Z[«] = O, as wanted. O

Proof of Theorem 6.1. Let W be the ring of integers in the completion @{‘T‘r of the maximal un-
ramified extension of Q,, with uniformizer 7 € W. For every n € N let R, := Endyy,n (Eo) be
the endomorphism ring of the reduction of Ey : y* = x> + 1 modulo 7#"*'. By Theorem 2.4 (a) we
know that R, = Z[{3] + "Ry, where Ry is the order appearing in the statement of Proposition
6.2. A computation similar to the one carried out during the proof of Theorem 3.1 shows that
the ternary quadratic form induced by the reduced norm on the Gross lattice of R, with basis
{142,728 - 1),20" (¢ + (3¢) } is given by

(45)  Qpn(X,Y,Z) =3X*+ [2”$Yz + 405" 72 L 20" XY + 40P"YZ € Z[X, Y, Z]

for all n € N. Proposition 6.3 combined with Lemma 2.1 implies in particular that, for any
primitive triple of integers (x,y, z) € Z* such that —D := Q,,(x, y, z) is not divisible by ¢, there
exists an elliptic curve E;iy with complex multiplication by the order of discriminant D and
which is isomorphic to Ey : y*> = x> + 1 modulo 7™*!. The primitive triple (1,0, 1) gives

Q[,H(L 0, 1) =3+ 4{;2n+1

which is not divisible by ¢. The j-invariant of the corresponding elliptic curve E with CM by
the order of discriminant D will satisfy, by [21, Proposition 2.3], the inequality
log(|D| - 3) N 1 log 2
2log¢ 2 logt
for some prime u € Hp lying above ¢. This concludes the proof of the theorem. O

0,(j) 23(n+1)=3

7. A UNIFORMITY CONJECTURE FOR SINGULAR MODULI

In this final section we make some speculations, based on computer-assisted numerical cal-
culations, concerning differences of singular moduli that are S-units. The starting point of our
discussion is the following observation, which was already made in a previous version of this
manuscript (compare also with [27, Question 1.2]): numerical computations seem to show that
j_11 = —2'°, which is the unique singular modulus relative to the order of discriminant A = —11,
may also be the only singular modulus that is an {¢}-unit for some prime ¢. In other words, it
seems that the set J; of singular moduli that are S-units for some set of primes S of cardinality
1 contains only one element, namely j_;;. It appears then natural to ask what happens if we
increase the cardinality of the set S. Motivated by this question, we have performed some com-
putations, whose results are displayed in Table 1. Let us describe the notation and the content
of this table.

If a singular modulus of discriminant A is an S-unit for some set S of rational primes, then
actually all singular moduli of discriminant A are singular S-units since, as we discussed in
Section 2, the set of singular moduli relative to the same discriminant form a full Galois orbit
over Q. For every s, A € N denote then by J; the set of Galois orbits of singular moduli that
are S-units for some set S of rational primes satisfying #S = s and by J;(A) the subset of J;
consisting of those orbits whose corresponding singular moduli have discriminant A satisfying
|A| < A. Similarly, denote by Apaxs (resp. Amaxs(A)) the biggest (in absolute value) imaginary
quadratic discriminant such that there exists a singular modulus of discriminant A,y s whose



28 FRANCESCO CAMPAGNA

Galois orbit belongs to J; (resp. to J5(A)). If J; is an infinite set, we put Apaxs = —o0. Clearly,
for every pair of natural numbers A; < A, we have

|Amax,s(A1)| < |Amax,s(A2)| < |Amax,s|-

In Table 1 we have computed, with the help of SAGE [39], the cardinality of J5(50000) for
s € {1,..,7}, and the corresponding Ay s(50000). Moreover, in the last column we have
collected all the primes appearing in the norm factorizations of j € J;(50000).

The results displayed in Table 1 show, for small values of s € N, that Ap,xs(50000) is much
smaller compared to the bound |A| < 50000 up to which we have performed our computations.
For instance, we see that among all the Galois orbits of singular moduli with discriminant
|A| < 50000, only 9 orbits contain singular S-units for some set S with #S < 2. Moreover,
the biggest discriminant associated to a singular modulus belonging to one of these 9 orbits is
A = —83. All this seems to suggest that A,y s(A) will remain constant for all A > 50000 i.e. that
Amaxs(50000) = Apaxs for s € {1,..., 7}, which would mean that the number of primes dividing
the norm of a singular modulus must increase as the absolute value of its discriminant gets
bigger. If this were actually true, then the last column of Table 1 would show which primes a
set S of cardinality s must contain in order for the set of singular S-units whose norm has exactly
s prime factors to be non-empty (but for some of the resulting s-tuples the corresponding set
of singular S-units is empty). For example, it seems from these computations that the set of
singular {17, 23}-units does not contain any singular modulus. All this discussion leads to the
formulation of the following conjecture.

Conjecture 7.1 (Uniformity conjecture for singular S-units). Foreverys € N, the set J; is finite.

s #95(50000) Apaxs(50000) primes appearing in the factorizations

1 1 -11 2

2 9 -83 2,3,5,11

3 28 =227 2,3,5,11,17, 23,29, 41

4 67 —523 2,3,5,11,17, 23, 29, 41, 47, 53, 59, 71, 83, 89
5 119 —987 2,3,5,7,11,17, 23, 29,41, 47, 53,59, 71, 83, 89,

101,107, 113,131,137, 149, 167,173,179, 281, 317

2,3,5,7,11,13,17, 23, 29, 41, 47, 53, 59, 71, 83, 89,
101,107,113, 131,137,149, 167, 173,179, 191, 197,
227,233, 239, 251, 257, 263, 269, 281, 293,
311,317,353,383

2,3,5,7,11,13,17, 23, 29, 41, 47, 53, 59, 71, 83, 89,
101,107,113, 131,137,149, 167,173,179, 191, 197,
7 291 —2587 227,233,239, 251, 257, 263, 269, 281, 293, 311, 317,
347,353,359, 383,389, 419, 431, 449, 467, 491,
509, 521, 557, 569, 617, 641, 653, 677

6 195 —2043

TaBLE 1. The table displays for s € {1, ..., 7} the number of imaginary quadratic
discriminants up to —5 - 10* for which the corresponding singular moduli are S-
units with #S = s (second column). The third column shows the biggest among
the found discriminants and the fourth column shows all the primes appearing
in the factorizations of the norms of the corresponding singular moduli.
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We could have equivalently formulated the above conjecture by saying that for every finite
set S of rational primes, the set of singular S-units is finite and its cardinality can be bounded
only in terms of the cardinality of S, regardless from the primes contained in the latter set. The
fact that this statement is equivalent to Conjecture 7.1 can be seen as follows: suppose that for
every s € N there exists a constant C(s) > 0 such that the set of singular S-units has cardinality
bounded by C(s) whenever S is a set of rational primes satisfying #S = s. Since being an S-unit
is Galois invariant, this implies that C(s) also bounds the size of the Galois orbit of any such
singular S-unit, hence the class number of the corresponding imaginary quadratic order. By the
Brauer-Siegel Theorem [32, Chapter XIII, Theorem 4] this entails a bound on the discriminant
of any singular S-unit with #S = s. Hence any such singular modulus must lie in a finite set
that depends only on s, but not on S and Conjecture 7.1 follows.

Inspecting the computations displayed in Table 1, one could also try to be more precise on
the cardinality of the sets ;. For instance, we may ask the following

Question 7.2. Is it true that there exists only 1 singular modulus which is an S-unit for #S = 1,
and 9 Galois orbits of singular moduli that are S-units for #S = 2?

The author finds it more difficult to formulate precise conjectures on how the number of
primes dividing the norm of a singular modulus increases with respect to its discriminant.

Of course, there is no reason to restrict our attention to singular S-units. One can make sim-
ilar conjectures for differences of the form j — j, with jj a fixed singular modulus. For instance,
Table 2 shows how the above considerations seem to hold true also for differences of the form
Jj — 1728. The notation is the same used for Table 1, but with the necessary modifications: J;
is the set of Galois orbits of singular moduli j such that j — 1728 is an S-unit for some set S of
rational primes satisfying #S = s, etc. Further computations with other differences j — j, would
probably shed more light on whether it is possible that for every s € N, there is only a finite
number of singular differences j; — j, that are S-units for some sets S of cardinality s. But we
do not want to enter this territory here.



30 FRANCESCO CAMPAGNA

s #95(50000) Amaxs(50000)  primes appearing in the factorizations

1 0 / /

2 3 -8 2,3,7

3 14 —52 2,3,7,11,19, 23, 31, 43
2,3,7,11,19, 23, 31, 43, 47, 59, 67, 79, 83,

4 31 —139 103, 127, 139

; 54 959 2,3,7,11,19, 23, 31, 43, 47, 59, 67, 71, 79, 83,

103,107,127,139, 151, 163, 211, 223

2,3,5,7,11,19, 23,31, 43,47,59, 67,71, 79, 83,
6 93 =571 103, 107,127,131, 139,151, 163, 167, 179, 191,
199, 211, 223, 271, 283,307, 331, 571

2,3,5,7,11,19, 23,31, 43,47,59, 67,71, 79, 83,
103, 107,127,131, 139,151, 163, 167, 179, 191,
7 145 —835 199, 211, 223, 227, 239, 251, 271, 283, 307, 311,
331,367,379, 383,439, 463, 487, 499, 523, 547,
571,631, 691

TaBLE 2. The table displays for s € {1, ..., 7} the number of imaginary quadratic
discriminants up to —5 - 10* for which the corresponding singular moduli j are
such that j —1728 is an S-unit for some S with #S = s (second column). The third
column shows the biggest among the found discriminants and the fourth column
shows all the primes appearing in the factorizations of the corresponding norms
of j — 1728.
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