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The formalism of the generalized quantum master equation (GQME) is an effective tool to simultaneously
increase the accuracy and the efficiency of quasiclassical trajectory methods in the simulation of nonadiabatic
quantum dynamics. The GQME expresses correlation functions in terms of a non-Markovian equation of
motion, involving memory kernels which are typically fast-decaying and can therefore be computed by short-
time quasiclassical trajectories. In this paper we study the approximate solution of the GQME, obtained
by calculating the kernels with two methods, namely Ehrenfest mean-field theory and spin mapping. We
test the approaches on a range of spin–boson models with increasing energy bias between the two electronic
levels and place a particular focus on the long-time limits of the populations. We find that the accuracy of
the predictions of the GQME depends strongly on the specific technique used to calculate the kernels. In
particular, spin mapping outperforms Ehrenfest for all systems studied. The problem of unphysical negative
electronic populations affecting spin mapping is resolved by coupling the method with the master equation.
Conversely, Ehrenfest in conjunction with the GQME can predict negative populations, despite the fact that
the populations calculated from direct dynamics are positive definite.

I. INTRODUCTION

The dynamical coupling between nuclear and elec-
tronic degrees of freedom in molecular systems is
a key feature of many important processes, from
photosynthesis1 and light harvesting2 to vision.3 For-
mally these can be described by nonadiabatic quantum
dynamics based on the explicit treatment of the couplings
beyond the Born–Oppenheimer approximation. There
has been considerable interest in the development of
quasiclassical techniques, aimed at approximating non-
adiabatic quantum correlation functions with classical
analogues.4

An important aspect of quasiclassical methods is that
they require low computational effort compared to exact
quantum dynamics; while the cost of exact quantum sim-
ulations scales exponentially with simulation time and/or
system size, quasiclassical dynamics scale polynomially
(or even linearly under favourable circumstances). As a
trade-off, an error is inevitably introduced by quasiclas-
sical methods, due to the fact that the true quantum
dynamics are approximated by classical trajectories.5,6

Given that such quasiclassical dynamics relax to the ther-
mal distributions of approximated Hamiltonians, time
correlation functions do not generally decay to the cor-
rect equilibrium values. This can lead to poor predic-
tions for the long-time limit of the electronic populations,
in particular in cases with a strong bias between the

a)Present address: Department of Chemistry, University of Michi-
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jeremy.richardson@phys.chem.ethz.ch

levels of the electronic subsystem. Furthermore, some
quasiclassical methods are even known to predict un-
physical negative values for the electronic populations
of high-lying states. This issue is well-known within
linearized semiclassical versions of Meyer–Miller–Stock–
Thoss (MMST) mapping.4,7–15 Although the recently de-
rived spin-mapping method16,17 often gives improved re-
sults over MMST, it has still not completely eliminated
this problem.18 In the case of Ehrenfest mean-field the-
ory, the electronic populations are positive definite, but
can still be captured poorly in asymmetric systems.19 It
becomes then a critical issue to increase the accuracy of
the predictions while minimizing the computational ef-
fort.

The formalism of the generalized quantum master
equation (GQME) has been employed to increase the
long-time accuracy of quasiclassical techniques.20–29 The
main idea of the approach is to make use of quasiclassical
dynamics not to directly calculate correlation functions,
but rather to obtain the kernels of the GQME. The solu-
tion of the GQME based on these kernels appears to give
far more accurate correlation functions. In addition, the
GQME procedure may be computationally more efficient
than direct approaches. This is because memory kernels
tend to decay on much faster timescales than the correla-
tions themselves (and even become delta functions in the
limit of Markovian dynamics).30 Thus, only short trajec-
tory simulations are needed to predict long-time dynam-
ics. For this reason, the GQME approach has also been
used to speed-up numerically exact quantum dynamics
calculations.31–33

Many examples have been published in which
the calculation of the kernels of the GQME with
Ehrenfest mean-field theory (which we refer to as
GQME/Ehrenfest) leads to excellent agreement with
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benchmark quantum-mechanical results, whereas the
Ehrenfest method itself is not sufficient.22–25,34,35 How-
ever, to the best of the authors’ knowledge, it is still an
open question to what extent the predictions of the qua-
siclassical approximation of the GQME can break down
and how they can be improved.

The accuracy of direct quasiclassical predictions of
correlation functions can vary greatly, depending on
the specific method.36 For example, spin mapping16,17

has been demonstrated to outperform a number of
other quasiclassical approaches (including the Ehren-
fest method) in many cases.18,37 This leads to the in-
teresting question as to whether solving the kernels
with accurate short-time trajectories from spin map-
ping (GQME/spin-mapping) can lead to more reliable
results than GQME/Ehrenfest. One could additionally
ask whether GQME/spin-mapping can solve the prob-
lem of negative populations observed in the direct appli-
cation of the quasiclassical method. A potential source
of concern is that solving the GQME using input data
which includes unphysical negative populations may lead
to unphysical output results. We might also worry that
the GQME procedure will have little or no effect on spin-
mapping results, because it appears that certain elements
of the correlation functions used to build the kernel are
identical to those of the trivial closure relation described
in Ref. 24.

In order to answer these questions, we study the
time evolution of the electronic population in spin–
boson models with increasing values of the energy bias
between electronic states. Interestingly, we find that
GQME/Ehrenfest fails to converge as a function of the
cutoff time of the memory kernels. This issue becomes
more problematic for increasing values of the energy bias
between the electronic states. Conversely, GQME/spin-
mapping yields stable and accurate long-time predictions
in many cases, except for those with strong system–
bath coupling. In particular, this approach consistently
outperforms direct spin-mapping calculations, which can
produce negative populations in strongly biased systems.
We investigate these results by comparing the accuracy
of the quasiclassical predictions of the kernels for the
two methods and identifying the critical correlation func-
tions. We conclude that the master equation is not guar-
anteed to correct the long-time dynamics of quasiclassi-
cal approaches, nor does the GQME formalism itself en-
sure the positive definiteness of the electronic populations
when using quasiclassical memory kernels. However, the
master equation can nonetheless still be a valuable tool
to improve the predictions of quasiclassical methods in
many important cases.

II. THEORY

We will study the dynamics of population transfer and
loss of coherence in quantum systems coupled to a clas-
sical bath. We will commonly refer to the quantum sub-

system as the electronic degrees of freedom and the clas-
sical bath as the nuclear degrees of freedom, although
any other quantum–classical problem could be treated
analogously. For simplicity of notation, we will consider
only two-level quantum systems, but the generalization
to an arbitrary number of states is straightforward. The
two-level subsystem is conveniently described in the ba-
sis of the Pauli matrices, as the electronic dynamics are
equivalent to the precession of a spin driven by an ef-
fective magnetic field, and it is thus natural to write a
representation of the GQME in this basis. The resulting
spin–spin correlation functions will then be approximated
by quasiclassical methods in later sections.

A. GQME in the basis of the Pauli matrices

Let us consider a two-level quantum nonadiabatic sys-
tem described by the Hamiltonian

Ĥ = Ĥs ⊗ Îb + Îs ⊗ Ĥb + Ĥsb, (1)

where Ĥs, Ĥb and Ĥsb denote the Hamiltonian of the
electronic subsystem, the nuclear bath, and an interac-
tion between the two respectively. Note that there is no
requirement that the bath be harmonic, nor any limita-
tion on the complexity on the system–bath interaction
for what follows. Îs and Îb are the identity operators
for the electronic and nuclear subsystems. Partial traces
with respect to the system and bath are defined by trs[⋅]
and trb{⋅}, while the total trace is tr[⋅] = trb{trs[⋅]}. We
denote the two states of the system in bra-ket notation,
∣+⟩ and ∣−⟩; their populations are measured by

P̂± = ∣±⟩ ⟨±∣ = 1
2
(Îs ± σ̂z). (2)

The electronic–nuclear coupling operator can be written
as a sum of the tensor products30

Ĥsb = σ̂k ⊗ V̂b,k. (3)

Here and in the following we use Einstein’s summation
convention; we reserve Latin indices for sums over the
three Pauli matrices, σ̂k ∈ {σ̂x, σ̂y, σ̂z}, whereas we use
Greek indices, σ̂µ ∈ {σ̂0, σ̂x, σ̂y, σ̂z}, to additionally in-

clude the electronic identity operator, σ̂0 = Îs. In this
paper we will refer to the index of the identity inter-
changeably with 0 and I.

We initialize our system according to the factorized
density

ρ̂0 = 1
2
Îs ⊗ ρ̂b, ρ̂b =

e−βĤb

trb{ e−βĤb}
, (4)

where ρ̂b denotes the initial density of the bath. The
density ρ̂0 describes an out-of-equilibrium state, in which
the two electronic levels are equally populated, while the
(uncoupled) bath is prepared in a thermal state at inverse
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temperature β. The results of the following sections are
based on the assumption that the condition

trb{ρ̂bV̂b,k} = 0, k = x, y, z, (5)

holds. This does not imply any loss of generality; by
defining

Hs,k = 1
2

trs[Ĥsσ̂k], (6)

such that Ĥs =Hs,kσ̂k, we can always shift

V̂b,k → V̂b,k − trb{ρ̂bV̂b,k}Îb, (7a)

Hs,k →Hs,k + trb{ρ̂bV̂b,k}, (7b)

such that Eq. (5) is fulfilled.31 Note that we can fix
Hs,0 ≡ 0, given that any contribution in the Hamiltonian

proportional to Îs can be included in the term Îs ⊗ Ĥb.
Let us now consider two projection superoperators P

and Q, which act on the Liouville space of the total (elec-
tronic and nuclear) system. We take the two projectors
to be complementary to each other, that is P + Q = 1,
where 1 denotes the identity superoperator. The dynam-
ics of the propagator can be decomposed as38–40

d

dt
eLt = eLtPL +Q eLQtL + ∫

t

0
dτ eL(t−τ)PLQ eLQτL,

(8)

where we define the Liouvillian L⋅ = i[Ĥ, ⋅] and take h̵ = 1
throughout. Spin–spin correlation functions can be writ-
ten in terms of the inner product in Liouville space41

Cµν(t) = tr[ρ̂0σ̂µσ̂ν(t)] = ⟪ρ̂0σ̂µ∣ eLt∣σ̂ν⟫. (9)

With the given definition of ρ̂0 in Eq. (4), this is normal-
ized such that Cµν(0) = δµν .

A non-Markovian equation of motion for Eq. (9) can
be derived from Eq. (8) with a Redfield-type projection
superoperator25

P = ∣σ̂λ⟫⟪ρ̂0σ̂λ∣. (10)

By using the above expression for P in Eq. (8) and mul-
tiplying from the left by ⟪ρ̂0σ̂µ∣ and from the right by
∣σ̂ν⟫, we obtain the GQME (in matrix notation)

d

dt
C(t) = C(t)X − ∫

t

0
dτ C(t − τ)K(τ), (11)

where we defined

Xµν = ⟪ρ̂0σ̂µ∣L∣σ̂ν⟫ = Ċµν(0), (12)

and the memory kernel is

Kµν(t) = −⟪ρ̂0σ̂µ∣LQ eLQtQL∣σ̂ν⟫. (13)

Given X and K(t), Eq. (11) is solved for C(t) using a
numerical integro–differential equation solver based on
the trapezoidal rule.42

X can be be evaluated exactly [Eq. (A2)] and can be
shown to be antisymmetric. Also, Xµ0 = 0, given that
L∣σ̂0⟫ = 0. The calculation of the kernel is more in-
volved. In particular, the projected propagator eLQt in
Eq. (13) generates non-Hamiltonian dynamics which can-
not be easily approximated by a quasiclassical scheme.
To circumvent this issue, we follow the seminal papers of
Shi and Geva20,31 and introduce the auxiliary memory
kernels involving only the full propagator eLt,

K(1)µν (t) = −⟪ρ̂0σ̂µ∣LQ eLtQL∣σ̂ν⟫, (14a)

K(3)µν (t) = −⟪ρ̂0σ̂µ∣LQ eLt∣σ̂ν⟫. (14b)

These can be conveniently rewritten as

K(1)(t) = −ĊL(t) +XĊ(t) + CL(t)X −XC(t)X , (15a)

K(3)(t) = −CL(t) +XC(t), (15b)

where

CLµν(t) = −⟪Lρ̂0σ̂µ∣ eLt∣σ̂ν⟫. (16)

Note that the two auxiliary kernels are related by the
identity25

K(1)(t) = K̇(3)(t) −K(3)(t)X . (17)

The full memory kernel, K(t), is obtained from24,25

K(t) = K(1)(t) + ∫
t

0
dτ K(3)(τ)K(t − τ), (18)

which is a Volterra equation of the second kind and can
be solved using numerical routines.42

We will use quasiclassical techniques to approximate
K(t) via C(t) and CL(t) as detailed in Appendix A and
Sec. II B. As shown in previous work,22 the solution of
the GQME may be significantly different from (and of-
ten more accurate than) the original correlation func-
tion C(t) when using approximated methods. However,

if CL(t) = Ċ(t), which is true if the correlation functions
are obtained with exact quantum dynamics, the solution
of the GQME is identical to the original correlation func-
tion, C(t).24

Note that our formulation of the GQME in terms of
Pauli matrices is simply a basis rotation of that used
in other works on the master equation,22,24,25,31,34 and
will thus lead to identical results if provided with kernels
based on the same approximations. Our choice of the ba-
sis, however, leads to slightly simpler expressions which
more straightforwardly lend themselves to the analysis
we present. Also, as the Pauli matrices are Hermitian,
all correlation functions and kernels are real valued. Let
us finally remark that this formalism for two-state elec-
tronic systems could be easily extended to more states
by expanding the projectors on generators of the SU(N)
algebra and the identity operator.17
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B. Quasiclassical trajectory methods

In the following section we will summarize the main
features of the two quasiclassical techniques used in this
work.

1. Spin mapping

Spin mapping16–18,43 is a linearized semiclassical ap-
proach which approximates the correlation function in
Eq. (9) with

C(W)µν (t) = 1

2
∫ dq dp ρb(q, p)∫ du σ(W)µ (u)σ(W)ν (ut).

(19)
Here, u is a vector on the Bloch sphere with ∣u∣ = 1
and du = 1

2π
dϕd(cos θ), where ϕ and θ are the angles

in spherical polar coordinates. The nuclear degrees of
freedom are replaced by their classical analogue (q̂α ↦ qα,
p̂α ↦ pα), and ρb(q, p) is a phase-space representation of
the bath distribution (e.g., a Wigner function or classical
distribution), normalized such that ∫ dq dp ρb(q, p) = 1.

The spin-mapping representation of Pauli matrices in
Eq. (19) is given in terms of the Stratonovich–Weyl kernel
in the so-called W-representation44

ŵW(u) = 1
2
(σ̂0 + rWukσ̂k), (20)

such that

σ(W)µ (u) = trs[σ̂µŵW(u)] = {1, µ = 0

rWuµ, µ = x, y, z . (21)

In the spin-mapping formalism, the vector with compo-

nents σ
(W)
k (u), for k = x, y, z, is thus fixed to a sphere

with radius rW =
√

3 (i.e., larger than the Bloch sphere).
This specific choice of the radius guarantees that the ini-
tial value of Eq. (19) is equal to the correct quantum–
classical result:

1

2
∫ du σ(W)µ (u)σ(W)ν (u) = 1

2
trs[σ̂µσ̂ν] = δµν , (22)

where we used

∫ du = 2, ∫ du ui = 0, ∫ duuiuj = 2
3
δij . (23)

The time evolution in Eq. (19) is generated by the
coupled equations of motion

u̇i = 2εijkHjuk, (24a)

q̇α = ∂

∂pα
H(W), (24b)

ṗα = − ∂

∂qα
H(W), (24c)

where the quasiclassical Hamiltonian is given by

H(W)(q, p,u) =Hb(q, p) +Hk(q, p)σ(W)k (u). (25)

Here, Hb and Vb,k are the classical analogues of Ĥb and

V̂b,k and

Hk(q, p) =Hs,k + Vb,k(q, p) (26)

is the classical analogue of 1
2

trs[Ĥσ̂k]. Finally, εijk de-
notes the Levi–Civita tensor. The dynamics in Eq. (24)
conserve both the norm ∣u∣ and the energy according to

the Hamiltonian H(W). Although it may not be obvious
in this form, the dynamics are formally symplectic, which
is most easily seen by rewriting in a different coordinate
system.11,16,45,46

2. Ehrenfest

The Ehrenfest correlation functions can also be written
in terms of the propagation of electronic mapping vari-
ables on a sphere, the key difference being that the Pauli

matrices are represented by σ
(E)
k (u) with a radius rE = 1.

The dynamics are generated by the same equations of
motion as for spin mapping, Eq. (24), with a Hamiltonian

H(E) defined in an equivalent form to Eq. (25), except

that σ
(W)
k (u) is replaced by σ

(E)
k (u).

Given that within the Ehrenfest method, the equiva-
lent of Eq. (22) is no longer valid, a focusing procedure is
required in order to sample the initial state from points
on the Bloch sphere. The choice of the focusing method is
not unique, in the sense that a number of different proce-
dures recover the correct initial values.16,25,34,47 However,
in general, they may lead to different results for t > 0.

In the present work, we follow an approach based on
the focusing on opposite sides of the mapping sphere as
suggested in Ref. 16, that is we calculate for instance

C(E)xν (t) = 1

2
(⟨σ(E)ν (ut)⟩(1,0,0) − ⟨σ(E)ν (ut)⟩(−1,0,0)) , (27)

where

⟨A(ut)⟩u = ∫ dq dp ρb(q, p)A(ut) (28)

denotes a phase average over the initial nuclear distri-
bution, with u initialized by the value in the subscript.

C(E)yν (t) and C(E)zν (t) are defined in a way equivalent to
Eq. (27) except with the initial Bloch vector defined in
the y or z directions, while for the identity operator, we
use

C(E)
Iν (t) = 1

2
(⟨σ(E)ν (ut)⟩(0,0,1) + ⟨σ(E)ν (ut)⟩(0,0,−1)) . (29)

We compared our choice with a different approach
which involves uniform sampling on the equator of the
Bloch sphere in order to initialize the state in a coher-
ence (i.e., σx or σy).34 Although the two methods are not
formally identical, we could not identify any significant
difference between the two in the numerical results.
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III. RESULTS AND ANALYSIS

In this section we discuss our results obtained from
the combination of the GQME with either Ehrenfest or
spin mapping. After introducing the model system, we
investigate the extent to which the master equation im-
proves the long-time dynamics compared to the direct
propagation of correlation functions. Finally, we discuss
the reasons behind the improvements offered by this ap-
proach.

A. Model

We study the dynamics of the spin–boson model, given
by the Hamiltonian48

Ĥs = ∆σ̂x + εσ̂z, (30a)

Ĥb =
1

2

F

∑
α=1

( p̂
2
α

mα
+mαω

2
αq̂

2
α) , (30b)

Ĥsb = σ̂z ⊗
F

∑
α=1

cαq̂α. (30c)

The two electronic states, ∣±⟩, are separated by an energy
bias of 2ε, and ∆ denotes the coupling between those
states. The system–bath coupling constants cα, the fre-
quencies ωα, and the masses mα of F nuclear modes are
determined by the spectral density of Ohmic form

J(ω) = πξ
2
ω e−ω/ωc , (31)

where ξ and ωc denote the Kondo parameter and the
cutoff frequency respectively. Equation (31) is discretized
following Ref. 49, to give

JF (ω) = π
2

F

∑
α=1

c2α
mαωα

δ(ω − ωα). (32)

From a comparison between Eq. (3) and Eq. (30c), we

identify V̂b,z = ∑Fα=1 cαq̂α as the only non-zero system–
bath coupling function.

Unless otherwise stated, in all our simulations we fix
∆ = 1, ξ = 1, ωc = 1, β = 0.3 and h̵ = 1, and vary ε between
1 and 7. As discussed in Eq. (A8), the GQME kernel is
defined in terms of correlation functions involving both
nuclear and electronic operators. We found that these
tend to require more bath modes to converge than the
purely electronic correlation functions. Therefore, to cal-
culate the GQME we considered a bath of F = 400 modes,
while F = 100 sufficed to calculate the direct dynamics
of the spin–spin correlation functions. The masses of the
nuclear modes are arbitrary and were thus set to mα = 1
for numerical convenience. Here we restrict our analy-
sis to high temperature and small nuclear frequencies,
such that a classical treatment of the nuclear dynam-
ics is justified. Consistent with the assumption of clas-
sical nuclear dynamics inherent to both Ehrenfest and

spin mapping, we sample the initial bath modes from a
classical Boltzmann distribution, rather than from the
common choice of a Wigner distribution. This choice
simplifies our formal analysis of the long-time limits un-
der the ergodic hypothesis as we do not have to worry
about possible zero-point energy leakage in the case of
a Wigner distribution.50 The difference between the two
distributions can be quantified by the error

βωc

2
− tanh(βωc

2
) = 1

24
β3ω3

c ≃ 1.1 × 10−3 ≪ 1, (33)

which appears to be negligible in our parameter regime;
this implies that a classical treatment of the nuclei is a
valid approximation. We performed tests (not shown)
which confirm that the results throughout the paper are
very similar when initialized in a Wigner distribution and
would not affect any of the conclusions.

B. Long-time population

We study the long-time dynamics of the population
of the higher-energy electronic state, P̂+ = ∣+⟩ ⟨+∣, for
increasing values of the energy bias. In the two upper
panels of Fig. 1 we show numerical results for

⟨P+(t)⟩ = 1
2
[1 + CIz(t)] , (34)

obtained directly from trajectory simulations.
The quasiclassical Hamiltonian dynamics of both

Ehrenfest and spin mapping conserve the energy and the
norm of Bloch vector, ∣u∣ = 1. We thus define the elec-
tronic phase space by the surface of the Bloch sphere and
note that, in general (i.e., as long as the couplings ∆ and
ξ are non-zero), there are no other conserved quantities
within this space. We therefore expect the quasiclassical
dynamics of both methods to be ergodic51 on the sur-
face of the Bloch sphere. Within this assumption, the
quasiclassical average of the electronic population is ex-
pected to relax at long times to the canonical phase-space
average52,53

lim
t→∞

⟨P+(t)⟩ = ⟨P+⟩eq =
1

Z
∫ dq dp∫ du e−βH

(m)

P+,

(35a)

Z = ∫ dq dp∫ du e−βH
(m)

, m = E,W.

(35b)

The circles in Fig. 1, calculated from the theoretical
prediction of the long-time limit in Eq. (35), agree satis-
factorily with the final plateaus of the correlation func-
tions, implying that the ergodic assumption is valid. De-
spite such internal consistency, we notice that for both
quasiclassical methods the long-time limits deviate signif-
icantly from the correct quantum–classical thermal dis-
tribution (defined by a quantum trace over the electronic
states and a classical phase-space integral over the nu-
clear variables, following Eq. (7) from Ref. 53). These
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FIG. 1. Average population of state ∣+⟩ as a function of time, for four values of the energy bias: ε = 1 (blue), ε = 3 (turquoise),
ε = 5 (yellow) and ε = 7 (brown). The dashed lines in the four panels indicate the correct quantum–classical equilibrium values.
The two upper panels show the direct dynamics of Ehrenfest and spin mapping. The circles at the final time indicate the
predictions from the ergodic hypothesis in Eq. (35). The two lower panels show the solution of the GQME in conjunction with
the two quasiclassical techniques. The squares at the final time mark the solution of the long-time population of the GQME,
obtained from integrals over the memory kernels [Eq. (B7b)]. Finally, the diamonds in the lower-right panel correspond to the
QUAPI result for ε = 5 only.

benchmark results are shown in the picture as horizon-
tal dashed lines (and calculated with one-dimensional nu-
merical integration after rewriting the spin–boson Hamil-
tonian in the reaction coordinate picture54–56). Note
that these are approximately, but not exactly, equal to
1/(1 + e2βε).

We note that the Ehrenfest method overpredicts the
long-time population of state ∣+⟩ in all cases. Spin map-
ping is significantly more reliable for small biases, but
as we increase ε this method predicts unphysical nega-
tive values. This is a well-known limitation of the spin-
mapping approach,17 as well as of several other quasi-
classical techniques.14,18,57–59

The two lower panels of Fig. 1 show the results of
the dynamics obtained from the solution of the GQME
[Eq. (11)], using kernels calculated with either Ehren-
fest or spin-mapping trajectory simulations. For sys-
tems with a weak asymmetry, the GQME significantly
improves the Ehrenfest result (similarly to what has
been shown in previous work22,24,25,60), whereas the spin-
mapping result (which is already accurate from direct cal-
culations) is barely changed. However, for stronger asym-
metry, the solution of the GQME exhibits important dif-
ferences. The results are in both cases shifted in the right

direction, but even though the populations of Ehrenfest
are guaranteed to be positive if calculated directly, when
coupled to the GQME formalism this method predicts
negative populations. Conversely, the problematic nega-
tive populations of spin mapping appear to be resolved
by the GQME procedure.

The GQME/spin-mapping approach is also capable
of capturing the correct intermediate-time dynamics of
these systems. This can be seen by comparing the re-
sults in the lower-right panel of Fig. 1 for ε = 5 with the
numerically exact solution calculated with the quasiadi-
abatic propagator path integral technique (QUAPI),31,61

shown for this case only as yellow diamonds. We note
that QUAPI describes the quantum dynamics of both the
electronic and the nuclear subsystems. Thus, the agree-
ment between spin mapping and QUAPI further confirms
that the assumption of classical nuclei is valid for the pa-
rameter regime considered in this work.

As discussed in detail in Appendix B, it is possible to
predict the long-time limits of the GQME directly from
the time integral of the memory kernels. In Eq. (B7b) we
present a closed-form expression derived from a consid-
eration of the stationary state of the GQME. We include
the predictions from this formula as square markers on
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FIG. 2. Predictions for the equilibrium population of state ∣+⟩
from different methods. The dashed and dotted black lines de-
note the theoretical limits computed from the ergodic hypoth-
esis in Eq. (35), respectively in the case of Ehrenfest and spin
mapping. The solid line (“Benchmark”) denotes the correct
result expected in thermal equilibrium for a mixed quantum–
classical system.53,56 The colored markers correspond to the
solution of the GQME with the kernels calculated with Ehren-
fest (triangles) and spin mapping (stars). The color scheme
indicates increasing values of ε = 1,2, . . . ,7 from blue (ε = 1)
to brown (ε = 7). All the long-time limits from the GQME
have been calculated by fixing the cutoff time of the kernels to
tcut = 5. We refer to Sec. III C for a discussion on the issue of
determining a well-defined cutoff time for GQME/Ehrenfest.

the lower panels of Fig. 1. The results are virtually iden-
tical to the limits predicted by the time-dependent solu-
tion of the GQME, confirming the validity of this useful
analysis tool.

Our findings are summarized in Fig. 2, which shows the
thermal population of state ∣+⟩ as a function of the energy
bias. Here, we include the theoretical predictions from
Eq. (35) for spin mapping (black dotted line) and Ehren-
fest (black dashed line). The numerically exact quantum-
classical benchmark is shown here as a black solid line.
The limits calculated from the GQME are shown as stars
for spin mapping and as triangles for Ehrenfest, with
the same color code as in Fig. 1. The differences in
accuracy between GQME/Ehrenfest and GQME/spin-
mapping are evident, and GQME/spin-mapping appears
to be the most reliable method overall. Note that it is a
coincidence that the predictions of GQME/Ehrenfest lie
almost on top of the direct spin-mapping predictions. In
particular, we will show in Sec. III C that these Ehren-
fest results are somewhat arbitrary, as a plateau for the
cutoff time cannot be uniquely defined.

The fact that GQME/Ehrenfest can predict negative
populations demonstrates that the GQME formalism is
not guaranteed to be positive definite if coupled with
approximate quasiclassical methods. While it is known
that the Lindblad master equation is always positive

definite,30,62 in general even Markovian master equa-
tions may not be unless the kernels are obtained in a
very careful manner.63 Since the GQME is more gen-
eral than either of these special cases, our results are
in line with what is formally known about master equa-
tions. We could not identify any specific reason lead-
ing us to conclude that the populations calculated by
GQME/spin-mapping are always guaranteed to be posi-
tive; however we did not observe an example of negative
populations from this approach. It is possible that the
populations obtained from GQME/spin-mapping will be-
come negative for ε ≥ 8. Testing this hypothesis is not
trivial, since for such strong asymmetries the approxi-
mated memory kernels exhibit large oscillations which
do not decay within a short timescale. It is therefore not
straightforward to define a suitable cutoff time to solve
the GQME, as we will discuss further in Sec. III C.

C. Cutoff times

The choice of the cutoff time, tcut, for the memory ker-
nels can have a significant impact on the accuracy of the
results of the GQME.25,64,65 To examine the dependence
of the final electronic population on tcut, we can define

K̃cut = ∫
tcut

0
dτ K(τ). (36)

The limit of tcut →∞ in Eq. (36) corresponds to the zero-

frequency limit of the Fourier–Laplace transform K̃(0)
[Eq. (B2)]. The components of K̃cut can be inserted into
an identity [Eq. (B7)] which relates them to the final long-
time limits of the GQME. We can thus find the relation
between the population of the higher-energy state from
the GQME and the cutoff time, tcut, shown in Fig. 3
for increasing values of the energy bias. We notice that
for all considered systems the population calculated by
GQME/Ehrenfest does not plateau to any limit for the
considered range of cutoff times. In fact, we could not
identify a clear convergence even by increasing the cutoff
range up to tcut = 15 (not shown). This indicates that
a unique solution of the GQME from Ehrenfest is ill-
defined in these cases.

We note that we could in principle artificially extract
an optimal cutoff time for ε = 1, ε = 3 and ε = 5, such that
the long-time population of GQME/Ehrenfest would be
correct by construction. This is obviously only possi-
ble if the exact result is known, and even then the pro-
cedure would not be physically justified. However, in
the case of ε = 7 (brown line), all reasonable cutoffs for
GQME/Ehrenfest result in negative populations. More-
over, an optimal cutoff does not guarantee any improve-
ment in the accuracy of the dynamics at intermediate
times.

The same issue in the definition of the cutoff does not
occur in the case of spin mapping, shown in the lower
panel of Fig. 3. In that case, a plateau for all systems
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FIG. 3. Equilibrium population of state ∣+⟩ obtained by solv-
ing the GQME for increasing values of the cutoff time, tcut,
with either Ehrenfest (upper panel) or spin mapping (lower
panel). Results are shown for increasing values of the energy
bias: ε = 1 (blue), ε = 3 (turquoise), ε = 5 (yellow) and ε = 7
(brown). The quantum–classical benchmarks are included in
both panels as dashed horizontal lines. The inset in the lower
panel shows the result of GQME/spin-mapping for the system
with ε = 8; the axes correspond to the same scale as the main
figure. Results for this system (and higher values of ε) are not
included in the present analysis because of strong oscillations
in the memory kernel.

considered allows us to clearly identify the long-time pop-
ulation as determined by the GQME, even without know-
ing the correct result beforehand. In all our simulations
summarized in Fig. 2 we fixed a cutoff time tcut = 5 (cor-
responding to the last point of Fig. 3). This is somewhat
arbitrary for Ehrenfest but well justified for spin map-
ping.

In the inset of the lower panel of Fig. 3 we show the so-
lution of the population of GQME/spin-mapping for the
system with ε = 8. In this case the population clearly fails
to converge as a function of the cutoff time for any value
tcut ≤ 5. The issue is due to strong nonvanishing oscilla-
tions in some of the components of the memory kernel.
Here GQME/spin-mapping is therefore not uniquely de-
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FIG. 4. Equilibrium population of state ∣+⟩ obtained by solv-
ing the GQME for increasing values of the cutoff time, tcut,
with either Ehrenfest (upper panel) or spin mapping (lower
panel). The different colors correspond to different values of
the coupling constant ξ, as specified in the legend. The other
parameters are fixed to β = 0.3, ε = 5, ωc = 1 and F = 400.
The black dashed line indicates the exact quantum–classical
value of the thermal population, which is virtually identical
for all the considered values of ξ. Results for ξ < 0.6 become
increasingly oscillatory for large values of tcut.

fined. Because of this reason, this and any other system
with ε ≥ 8 are not included in the present analysis.

In addition, we examine how the accuracy of the so-
lution of GQME/Ehrenfest and GQME/spin-mapping is
affected by varying the system–bath coupling strength, ξ,
while keeping ε = 5 fixed. The results from our numerical
analysis are shown in Fig. 4. For this range of values of ξ,
the solution of the thermal populations appears to be vir-
tually constant, and equal to the black dashed line shown
on both plots. Similarly to what was observed in Fig. 3,
the populations predicted by GQME/Ehrenfest assume
unphysical negative values, and do not plateau with in-
creasing tcut. This problem is worsened as the system–
bath coupling is increased. Although the GQME/spin-
mapping method is able to accurately predict the equilib-
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rium electronic population for small-to-intermediate val-
ues of the coupling (0.6 ≲ ξ ≲ 1), for larger values of ξ, the
solution does not plateau by increasing the cutoff (even
until tcut = 15; not shown). Even though this is a clear
breakdown of GQME/spin-mapping, this method does
not appear to be worse than GQME/Ehrenfest and in-
terestingly, no negative populations are observed in the
GQME/spin-mapping case for any choice of tcut. Let
us remark that in no case do we see an example where
the populations plateau with the cutoff time to a wrong
result. The result is either correct or clearly does not
converge. This may thus be a useful diagnostic to assess
whether the predictions of the GQME should be trusted
or not in cases where the exact value of the population
is not known.

In order to capture the correct dynamics in these sys-
tems with strong asymmetry or strong system–bath cou-
pling, it may be necessary to go beyond linearized semi-
classical dynamics and couple the GQME with more ac-
curate but expensive partially linearized density-matrix
(PLDM) methods, such as spin-PLDM.66 By introduc-
ing quantum jumps,67 the dynamics could in principle be
systematically converged to the quantum–classical Liou-
ville equation (QCLE) result.68 By combining this with
GQME, similarly to Ref. 21, it should be possible to sig-
nificantly reduce the number of jumps necessary for con-
vergence. In the following, we will focus our analysis
on a case for which GQME/spin-mapping shows a clear
plateau in tcut (namely ξ = 1, ε = 5) in order to better un-
derstand what makes GQME/spin-mapping work where
GQME/Ehrenfest fails.

D. Approximation of time derivatives

We now discuss the reasons why the GQME procedure
can improve the predictions of thermal population from
quasiclassical approaches. It has been shown in Ref. 24
that if one constructs the memory kernels with Ċ(t) in-
stead of CL(t), the solution of the master equation will
be identical to the direct correlation function C(t). Also,
if the correlation functions were evaluated with a time-
translationally invariant dynamics, Ċ(t) and CL(t) would
be identical. We will however show that within both spin
mapping and Ehrenfest the two are different.

In spin mapping, the correlation function defined in
Eq. (16) is approximated by

CLµν(t) = −
1

2
∫ dq dp∫ du {trs[(Lρ̂bσ̂µ)ŵW(u)]} (q, p)

× σ(W)ν (ut). (37)

We have introduced the notation, {Â}(q, p), to indicate
an operator in the electronic space and a phase-space
function of the nuclear variables. This is formally ob-
tained by first taking the partial Wigner transform with
respect to the nuclear degrees of freedom of the oper-
ator Â, and then by taking the limit of classical nu-
clei, according to the prescription derived in Ref. 69.

Roughly speaking, one simply replaces commutators by
Poisson brackets and anticommutators by products of
phase-space functions.

We compare Eq. (37) with the “direct” time derivatives

Ċµν(t) =
1

2
∫ dq dp∫ du ρb(q, p)σ(W)µ (u)LW (σ(W)ν (ut))

(38a)

= −1

2
∫ dq dp∫ du LW (ρb(q, p)σ(W)µ (u))σ(W)ν (ut),

(38b)

where LW denotes the Liouvillian which generates the
quasiclassical dynamics in Eq. (24) and we have used the
property of the Liouvillian to transfer the time derivative
from one part of the integrand to the other,70 similar to
integration by parts. In general, Ċ(t) ≠ CL(t) because

{trs[(Lρ̂bσ̂µ)ŵW(u)]} (q, p) ≠ LW (ρb(q, p)σ(W)µ (u)) .
(39)

To prove Eq. (39), we start by expanding the left-hand
side using Eq. (A1):

{trs[(Lρ̂bσ̂µ)ŵW(u)]} (q, p)
= 2ρb(Hs,k + Vb,k)εµklσ(W)l (u)
− 1

2
trs [[σ̂k, σ̂µ]+ŵW(u)] {Vb,k, ρb}Pb. (40)

The generalization of the Levi–Civita symbol in Eq. (40)
allows one or more indices to be zero, with ε0µν = 0.
Additionally, we use {Hb, ρb}Pb = 0, where a Poisson
bracket for two (classical) nuclear dynamical variables is
defined as

{f, g}Pb =
F

∑
α=1

( ∂f
∂qα

∂g

∂pα
− ∂f

∂pα

∂g

∂qα
) . (41)

We can now expand the right-hand side of Eq. (39) as

LW (ρbσ(W)µ (u)) = 2ρb (Hs,k + Vb,k) εµklσ(W)l (u)

− σ(W)k (u)σ(W)µ (u){Vb,k, ρb}Pb, (42)

While the first terms of Eq. (40) and Eq. (42) are equiva-
lent, the same does not necessarily hold for the remaining
contributions; in particular

1
2

trs [[σ̂k, σ̂µ]+ŵW(u)] = trs [(δµ0σ̂k + δkµ)ŵW(u)]
= δµ0σ(W )k (u) + δkµ, (43)

which is clearly not in general equal to σ
(W)
k (u)σ(W)µ (u).

However, the two expressions are equal for µ = 0, as

σ
(W)
0 (u) = 1, and hence ĊIν(t) = CLIν(t) within spin

mapping. Note that this is also the case when using the
identity-corrected MMST14,36,58 but not for the standard
linearized semiclassical MMST12,20,26,71 (unless focused
initial conditions57,72 are used). Likewise, the arguments
used to derive this result do not apply for Ehrenfest, as
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in this case one needs to account for the different initial
distribution while deriving the expressions analogous to
Eq. (40) and Eq. (42).

We can study the error of the first derivatives of C(t)
calculated from the two different quasiclassical methods
by defining

δĊµν(t) = Ċµν(t) − ĊQUAPI
µν (t), (44a)

δCLµν(t) = CLµν(t) − ĊQUAPI
µν (t), (44b)

where Ċ(t) and CL(t) are calculated with Ehrenfest or

spin mapping, while ĊQUAPI(t) denotes the numerically
exact time derivative calculated from QUAPI. In Fig. 5,
we show the errors in Eq. (44) for all the non-zero com-
ponents of the correlation functions, calculated for a rep-
resentative strongly-biased system (ε = 5).

To avoid numerical errors in finite-difference schemes,
the direct time derivatives Ċµν(t) are calculated from the
expansion of the Liouvillian on the time-evolved opera-
tor, according to the exact quantum-mechanical expan-
sion

Ċµν(t) = ⟪ρ̂0σ̂µ∣ eLtL∣σ̂ν⟫
= ⟪ρ̂0σ̂µ∣ eLt∣i[Ĥs, σ̂ν] + i[Ĥsb, σ̂ν]⟫
= Cµλ(t)Xλν + CVb,k

µλ (t)Y(k)λν , (45a)

CVb,k
µν (t) = ⟪ρ̂0σ̂µ∣ eLt∣V̂b,kσ̂ν⟫, (45b)

where the matrices X and Y(k) are defined in Eq. (A2)
and Eq. (A3a), respectively. The identity Eq. (45a) is
preserved by both quasiclassical methods. This follows
from the fact that the expression for Lσ̂ν is correctly
mapped onto Lmσ

(m)(u) for m = W,E.
By comparing the results from the two derivatives in

Fig. 5 we note important differences. For instance, in the
first row, the error of ĊIν(t) within Ehrenfest is much
larger than CLIν(t). One way to understand this is be-

cause XµI = 0 and thus, unlike for ĊIν(t), no elements
of CL(t) depend directly on CIν(t) [see Eq. (A4)]. We
have found in previous work that the correlation func-
tions CIν(t) tend to be more inaccurate than those ini-
tialized by a Pauli matrix.14,16 In fact it is errors in CIz(t)
which lead to the incorrect population prediction of the
direct methods, as shown by Eq. (34). One reason why
CIk(t) is particularly difficult to get right is because it re-
laxes to a non-trivial value in the long-time limit whereas
any correlation function initialized by a Pauli matrix is
guaranteed by symmetry to relax to zero.

As we discussed above, we expect no difference between
ĊIν(t) and CLIν(t) calculated by spin mapping. This is
consistent with our simulations, within statistical fluctu-
ations and other numerical errors. We have therefore lost
some flexibility in being able to replace ĊIν(t) by more
accurate values when building the kernel. Thankfully, the
accuracy of these components is already high and this is
therefore not a limitation. Looked at another way, this
important relation ensures that ĊIν(t) is as accurate as

CLIν(t), which is one reason why the direct spin-mapping
predictions are more reliable than Ehrenfest, even with-
out using the GQME. Note, however, that if it were
true that all components of Ċ(t) were equal to CL(t),
the GQME procedure would simply return the original
spin-mapping correlation functions24 and we would not
be able to use the GQME to improve the result.

Overall, we find that the accuracy of the different com-
ponents of the derivatives is either comparable or in-
creased by replacing Ċkν(t) with CLkν(t) within spin map-
ping and the most dramatic improvement occurs in the
(z, z) element. This trend is consistent with the clear
improvements obtained by calculating the dynamics of
GQME/spin-mapping rather than direct spin mapping.
Interestingly, however, we notice that the error in the
Ehrenfest prediction of CLyz(t) is larger than the error in

Ċyz(t). This indicates that CL(t) is not guaranteed to

be more accurate than Ċ(t) (at least within Ehrenfest
theory) and that therefore the GQME procedure may
not actually improve the results of the direct simulation.
It is because of this that it is possible to observe un-
physical negative populations in the GQME/Ehrenfest
predictions. If this behaviour can be shown to be uni-
versal, one might try to improve the reliability of the
GQME/Ehrenfest approach by replacing CLyz(t) by Ċyz(t)
(and maybe other selected elements as well) in the con-
struction of the kernel. However, we do not expect that
this would outperform GQME/spin-mapping in general.

E. Accuracy of memory kernels

In this subsection we discuss how the predictions of
the long-time dynamics from Sec. III B depend on the ac-
curacy of the memory kernels from quasiclassical meth-
ods. In Fig. 6 we show the components of the kernel,
obtained from Ehrenfest and spin-mapping simulations.
We include the numerically exact results calculated with
QUAPI. It is clear that spin mapping predicts the ker-
nels to a higher accuracy than Ehrenfest; this ultimately
leads to significant improvements in the predictions of the
GQME. We note that in the case of Ehrenfest, the com-
ponent Kzx(t) is particularly inaccurate at short times.
Also, Kzy(t) does not decay to zero within the range
plotted, as would be expected from the QUAPI bench-
mark. As discussed in detail in Appendix B, the long-
time populations from the GQME can be expressed as
a function of the components of the integrals of the ker-
nel K̃cut, according to Eq. (B7b) and the long-time limit
of the relationship Eq. (34). The lack of relaxation of
Kzy(t) is the reason why the populations predicted by
GQME/Ehrenfest in Fig. 3 do not converge as a function
of tcut.

73

Finally, by replacing Kzx(t) and Kzy(t) calculated
with Ehrenfest with the corresponding terms from spin
mapping, we are able to reproduce an accurate value for
the thermal population. However, although this worked
well in this specific case with ε = 5, when we tested this
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FIG. 5. Error in the first derivatives of the correlation functions according to Ehrenfest (green lines) and spin mapping (red
lines), as defined in Eq. (44). We consider here the strongly asymmetric system ε = 5. The solid and dashed-marked lines refer

respectively to the errors of Ċ(t) and CL(t). The indices (µ, ν) of the components of the correlation functions are shown in the
lower left corner of each panel. We do not include the terms with ν = 0, as these are identically zero.

on different systems, other components also seemed to
matter. In general it does not appear possible to isolate
the inaccuracy due to Ehrenfest to a specific subset of
the components of the full memory kernel. The reason
for this lies in the relation between the components of the
input correlation functions [Eqs. (9), (A5) and (A7)] and
the full memory kernel K(t), which appears to be quite
involved. Thankfully, the problem can be simplified as
shown in Sec. III F.

F. Analysis of the auxiliary kernels

In this section we delve deeper into the reasons why
GQME/spin-mapping results in higher accuracy than
GQME/Ehrenfest and where in particular the errors of
the latter lie. In order to achieve this, we will first identify
the most relevant correlation functions needed to obtain

the kernels.

We show in Eq. (A8b) that the auxiliary memory ker-

nel K(3)(t) can be written purely as a combination of
correlation functions involving bath operators, CVb,k±

µν (t)
[Eq. (A5)]. Remarkably, it does not involve any elements
of the direct correlation function C(t) at all. Further-
more, Eq. (17) indicates that the full kernel K(t) is in

principle defined only in terms of K(3)(t) and its time
derivative. It then follows that we only need to study
the bath correlation functions CVb,k±

µν (t) in order to un-
derstand the accuracy of the GQME solution.

In particular, for a system with only Vb,z system–bath
coupling (such as the spin–boson model), the auxiliary
kernel is given by

K(3)
Iν (t) = 2CVb,z−

zν (t) K(3)xν (t) = −2CVb,z+
yν (t)

K(3)yν (t) = 2CVb,z+
xν (t) K(3)zν (t) = 2CVb,z−

Iν (t).
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FIG. 6. Non-zero components of the memory kernel Kµν(t) as a function of time, calculated for a representative system
with ε = 5, from spin mapping (red solid lines) and Ehrenfest (green dashed lines). The black dots denote numerically exact
benchmark results calculated with QUAPI. The indices (µ, ν) of the components of the kernels are shown in the upper right
corner of each panel.

In Fig. 7 we show the predictions of K(3)(t) from
Ehrenfest, spin mapping and QUAPI for the same system
with ε = 5 studied in Fig. 6. Interestingly, we notice that
the largest relative errors occur in the three components
of the last row. These elements of the kernel correspond

to correlation functions CVb,z−
Ik (t) involving an electronic

identity operator and a bath operator with a linear de-
pendence on the momentum, as defined by Eqs. (A5b)
and (A10c). Except for the appearance of the momen-
tum term, these are the usual correlation functions which
cause the main problems in direct simulations of Ehren-
fest and are improved by spin mapping, whereas it is
commonly observed that correlation functions initialized
by a Pauli matrix are well described by both methods.16

This rule appears to continue to hold even when the mo-
mentum term is added.

By replacing the components of the last line of K(3)(t)
[i.e., CVb,z−

Iν (t)] from an Ehrenfest calculation with their
equivalent from spin mapping, GQME/Ehrenfest no
longer predicts negative populations. This confirms that
these three components are the key source of error in this
method. The fact that spin mapping is able to provide
significantly more accuracy than Ehrenfest theory for

these correlation functions in particular is therefore the
ultimate reason for the success of GQME/spin-mapping.

IV. CONCLUSIONS

In this paper we analyzed the accuracy of the GQME,
obtained by solving the memory kernels with two approx-
imate quasiclassical methods, namely Ehrenfest mean-
field theory and spin mapping. We compared the pre-
diction of the equilibrium populations for asymmetric
spin–boson models. We found that the GQME/spin-
mapping method consistently yields more accurate re-
sults for the long-time dynamics of the electronic pop-
ulations than GQME/Ehrenfest or either of the direct
quasiclassical methods. Although for weak asymmetry
GQME/Ehrenfest can give a significant improvement in
accuracy compared to direct Ehrenfest predictions, it
may lead to spurious results in systems of strong asym-
metry. In particular, coupling Ehrenfest with the mas-
ter equation can lead to negative electronic populations,
despite the fact that populations from the direct Ehren-
fest method are guaranteed to be positive. On the other
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FIG. 7. Comparison between the predictions of Ehrenfest and spin mapping for the non-zero components of the auxiliary kernel

K(3)µν (t) for the system with ε = 5. Benchmark results are calculated from QUAPI. In each panel we include the expression of
the auxiliary correlation functions needed to calculate each component.

hand, there appears to be no problem with using the
GQME/spin-mapping approach even in cases where di-
rect spin mapping predicts negative populations. This
can be easily understood as the offending correlation
function, CIz(t), is not used to construct the kernels.
The GQME procedure thus goes a long way towards fix-
ing the negative population problem of mapping meth-
ods, although there is no guarantee that it will do so in
all cases.

In addition, we confirmed that the classical ergodic hy-
pothesis holds for these quasiclassical nonintegrable dy-
namical systems, and that this assumption can be used
to predict the long-time limits of correlation functions.
We derived a useful closed relation between the integral
of the memory kernel and the long-time solution of the
GQME. In particular, this allowed us to investigate the
effect of the cutoff time and to determine whether a sen-
sible cutoff can be defined at all. We analyzed the accu-
racy of different representations of the time derivative of

the correlation function (i.e., Ċ(t) and CL(t)), which are
known to lead to a trivial and nontrivial solution of the
master equation, respectively. Although ĊIν(t) = CLIν(t)
within spin mapping, other elements of these correla-
tion functions are not identical, which means that the
GQME procedure is able to change (and typically im-
prove) the spin-mapping predictions. However, we no-

ticed that CL(t) is not systematically better than Ċ(t);
this can lead to poor and even unphysical predictions for
the solution of the master equation, as observed in the
case of GQME/Ehrenfest.

Finally, by working in the basis of the Pauli spin matri-
ces, we identified a small subset of auxiliary correlation
functions which represent the minimal input needed to
solve the GQME, all of which include a bath operator.
Among these terms, three correlation functions involving
the electronic identity operator appear to be responsi-
ble for the main error of GQME/Ehrenfest. Given that
spin mapping is much more accurate in the predictions
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of these terms, the GQME/spin-mapping procedure re-
mains reliable up to large values of ε.

Nonetheless, GQME/spin-mapping is not guaranteed
to return accurate results in every case. In particular,
we observed a breakdown of the method in the regime
of strong electronic–nuclear coupling. Importantly, how-
ever, it was clear in these cases that the method could
not be trusted in the first place, as the long-time popula-
tion failed to converge with tcut. To resolve the issue, we
note that other nonadiabatic trajectory methods, such
as symmetric quasiclassical windowing (SQC)74 or the
mapping approach to surface hopping (MASH)75 may be
better suited to these regimes and could be combined
with the GQME in a similar way.

The formalism discussed in this work can be straight-
forwardly extended to more electronic states. This can
be accomplished by replacing the Pauli basis with a
set of generators of SU(N), the algebra of the total
Hilbert space for a system of N electronic levels.17 The
method is therefore applicable to relevant systems in
chemical physics involving more than two levels, such
as the Fenna–Matthew–Olsen complex (with N = 7 or
8).34,35,37,58,76

The GQME/spin-mapping approach could be applied
to calculate nonadiabatic rate constants, which can be re-
lated to the integrals of memory kernels.77 The method
could also be a valid tool to study a large class of prob-
lems from nonadiabatic linear78 and nonlinear79 spec-
troscopy. However, in order to calculate the multi-time
correlation functions required to predict nonlinear spec-
tra, one needs to rely on partially linearized quasiclas-
sical methods, which are more computationally expen-
sive than linearized approaches.80 Given that the master
equation requires only short-time input to solve long-time
dynamics, it may be possible to extend the present ap-
proach to become a valid tool in that framework.81

A limiting factor in the implementation of the GQME
discussed in this work comes from the fact that, in or-
der to simulate the explicit Hamiltonian dynamics of the
bath, a finite number of nuclear frequencies must be de-
termined from the discretization of a continuous spectral
density. This can lead to strong oscillations in time, es-
pecially in those correlations involving the explicit time
evolution of the coordinates of the bath. These oscil-
lations do not allow to fix a well defined cutoff time
for the memory kernel. For this reason, a higher num-
ber of nuclear modes was required in the simulations for
building the kernels than for the direct calculation of the
correlation functions. A possible source of improvement
for future work could then be to explore how different
choices of the nuclear spectral density affect the relax-
ation of the kernels, or even to implement an implicit
bath using non-Markovian friction kernels. In particu-
lar, the reaction coordinate formulation of the spin–boson
Hamiltonian54,82 is based on the identification of a single
global nuclear coordinate directly coupled to the system,
while the rest of the nuclear degrees of freedoms can be
identified as a secondary bath. It could be computation-

ally efficient to solve the memory kernels with a stochas-
tic integration scheme for the dynamics of the secondary
bath, as commonly used in the case of Brownian spectral
densities.59,83,84

Finally, it would be interesting to compare the ac-
curacy of the present approach with different formula-
tions of the GQME27, including the Tokuyama—Mori
time-convolutionless (TCL) GQME,85–87 and to assess
whether a nonadiabatic ring-polymer formulation88,89 of
the master equation could be an effective generalization
of the method to account for nuclear quantum effects.
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Appendix A: Calculation of the memory kernel in terms of
auxiliary correlation functions

In this appendix we discuss the technical details on
how to construct an approximate solution of the GQME,
by making use of quasiclassical approaches to calcu-
late the auxiliary kernels K(1)(t) and K(3)(t) [defined
in Eq. (14)], which determine the full kernel K(t).
Our methodology in this section closely follows previ-
ous work22,25,34 except that we specifically employ the
Pauli basis. To calculate the expressions in Eq. (15), we
need a quasiclassical representation of CL(t) [defined in
Eq. (16)] and its time derivative.
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First, we can evaluate

Lρ̂0σ̂µ = i
2
[Ĥs, σ̂µ]⊗ ρ̂b + i

4
([σ̂k, σ̂µ]⊗ [V̂b,k, ρ̂b]+

+ [σ̂k, σ̂µ]+ ⊗ [V̂b,k, ρ̂b]), (A1)

where we used [Ĥb, ρ̂b] = 0. Next, the matrix X , defined
in Eq. (12), can be written as

Xµν = 1
2

tr [ρ̂bσ̂µ(i[Ĥs, σ̂ν] + i[σ̂k, σ̂ν]⊗ V̂b,k)]
= 1

2
trs[σ̂µi[Ĥs, σ̂ν]] = 2εµνlHs,l, (A2)

where we made use of the condition Eq. (5). Finally, by

defining the matrices Y(k) and Z(k), with components

Y(k)µν = 1
2

trs[σ̂µi[σ̂k, σ̂ν]] = 2εkµν , (A3a)

Z(k)µν = 1
2

trs[σ̂µ[σ̂k, σ̂ν]+] = 2(δµ0δνk + δν0δµk), (A3b)

we can rewrite Eq. (A1) as

Lρ̂0σ̂µ = 1
2
σ̂λXλµ ⊗ ρ̂b + 1

4
σ̂λ ⊗ (Y(k)λµ [V̂b,k, ρ̂b]+

+Z(k)λµ i[V̂b,k, ρ̂b]), (A3c)

and hence

CL(t) = XC(t) +Y(k)CVb,k+(t) −Z(k)CVb,k−(t), (A4)

where

CVb,k+
µν (t) = 1

2
⟪σ̂µ[V̂b,k, ρ̂0]+∣ eLt∣σ̂ν⟫, (A5a)

CVb,k−
µν (t) = 1

2
⟪σ̂νi[V̂b,k, ρ̂0]∣ eLt∣σ̂ν⟫. (A5b)

Likewise, we determine the expansion of the time deriva-
tive of Eq. (A4)

ĊL(t) = XĊ(t) +Y(k) (CVb,k+(t)X + CVb,k+,Vb,l(t)Y(l))
−Z(k) (CVb,k−(t)X + CVb,k−,Vb,l(t)Y(l)) ,

(A6)

where

CVb,k+,Vb,l
µν (t) = 1

2
⟪σ̂µ[V̂b,k, ρ̂b]+∣ eLt∣σ̂ν V̂b,l⟫, (A7a)

CVb,k−,Vb,l
µν (t) = 1

2
⟪σ̂µi[V̂b,k, ρ̂b]∣ eLt∣σ̂ν V̂b,l⟫. (A7b)

One may wonder whether further improvements in ac-
curacy could be obtained by replacing Ċ(t) with CL(t)
in the second term of the right-hand side of Eq. (15a)
and in Eq. (A6). However, these terms cancel each other

when constructing K(1)(t) and so it has no effect on the
results. Further improvement in accuracy may, however,
be possible by calculating an expression for the second

derivative CL2(t) to replace ĊL(t).
Together with C(t), we propagate the electronic–

nuclear correlation functions in Eqs. (A5) and (A7) with
quasiclassical methods, to construct the auxiliary kernels

via Eqs. (15), (A4) and (A6). Note that we can rewrite
Eq. (15) as

K(1)(t) = Z(k)CVb,k−,Vb,l(t)Y(l) −Y(k)CVb,k+,Vb,l(t)Y(k),
(A8a)

K(3)(t) = Z(k)CVb,k−(t) −Y(k)CVb,k+(t), (A8b)

which does not depend on C(t) at all. The explicit ex-
pressions for the matrices in Eqs. (A2), (A3a) and (A3b)
for the spin–boson model introduced in Sec. III A are

X =
⎛
⎜⎜⎜
⎝

0 0 0 0
0 0 2ε 0
0 −2ε 0 2∆
0 0 −2∆ 0

⎞
⎟⎟⎟
⎠
, (A9a)

Y(z) =
⎛
⎜⎜⎜
⎝

0 0 0 0
0 0 2 0
0 −2 0 0
0 0 0 0

⎞
⎟⎟⎟
⎠
, Z(z) =

⎛
⎜⎜⎜
⎝

0 0 0 2
0 0 0 0
0 0 0 0
2 0 0 0

⎞
⎟⎟⎟
⎠
, (A9b)

while Y(k) and Z(k) for k = x, y are not required in this
case. Finally, the classical limits of the nuclear operators
appearing in the auxiliary correlation functions for the
spin–boson model are

Vb,k(q, p) = δkz
F

∑
α=1

cαqα, (A10a)

{[V̂b,k, ρ̂b]+}(q, p) = 2ρbδkz
F

∑
α=1

cαqα, (A10b)

{i[V̂b,k, ρ̂b]}(q, p) = βρbδkz
F

∑
α=1

pαcα
mα

. (A10c)

Appendix B: Relation between long-time limits and
integrals over the memory kernel

In this appendix we derive a relation between the in-
tegrals of the memory kernels and the long-time popula-
tion obtained as a stationary solution of the GQME.90 In
Sec. III C we make use of this identity to define a suitable
cutoff time, tcut, for the memory kernels.

Following Ref. 24, we take the Fourier–Laplace trans-
form of the GQME [Eq. (11)] as

˜̇C(ω) = −iωC̃(ω) − C(0) = C̃(ω) (X − K̃(ω)) , (B1)

where

f̃(ω) = lim
η→0+

∫
∞

0
dt ei(ω+iη)tf(t). (B2)

We multiply Eq. (B1) by a factor −iω and take the ω → 0
limit of the expression, to find

Ċ(∞) = 0 = C(∞) (X − K̃(0)) , (B3)
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where we used the final-value theorem91

lim
ω→0

−iωf̃(ω) = f(∞). (B4)

We can rewrite Eq. (B3) in terms of an inhomogeneous
linear system, which can be solved analytically for C(∞).
In particular, from

CIµ(∞) (Xµν − K̃µν(0)) = 0 (B5)

we can remove the ν = I component, as XµI = K̃µI(0) = 0

(given that L∣Î⟫ = 0). We are then left with the set of
equations

CIj(∞) (Xjk − K̃jk(0)) = K̃Ik(0), (B6)

where we used CII(t) = 1 and XIk = 0. These simulta-
neous equations can be solved for CIj(∞) with standard
linear-algebra routines.

The solution in the case of the spin–boson model is

CIx(∞) =
K̃Iy(0)K̃zx(0) − K̃Ix(0) [2∆ + K̃zy(0)]

[2ε − K̃xy(0)] K̃zx(0) + K̃xx(0) [2∆ + K̃zy(0)]
,

(B7a)

CIz(∞) =
−K̃Iy(0)K̃xx(0) + K̃Ix(0) [−2ε + K̃xy(0)]

[2ε − K̃xy(0)] K̃zx(0) + K̃xx(0) [2∆ + K̃zy(0)]
,

(B7b)

and CIy(∞) = 0. Note that CIz(∞) determines the long-
time populations [Eq. (34)]. We observe that most of
the non-zero elements of the kernel enter into the above
expressions and, in general, they all affect the accuracy
of the long-time predictions.

Finally, we note that Eq. (B6) can be immediately gen-
eralized to an arbitrary number of electronic states.
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