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Logic Artificial Intelligence (AI) is a sub-
field of AI where variables can take two
defined arguments, True or False, and are
arranged in clauses that follow the rules
of formal logic. Several problems that
span from physical systems to mathemat-
ical conjectures can be encoded into these
clauses and solved by checking their sat-
isfiability (SAT). In contrast to machine
learning approaches where the results can
be approximations or local minima, Logic
AI delivers formal and mathematically ex-
act solutions to those problems. In this
work, we propose the use of logic AI for the
design of optical quantum experiments.
We show how to map into a SAT problem
the experimental preparation of an arbi-
trary quantum state and propose a logic-
based algorithm, called Klaus, to find an
interpretable representation of the pho-
tonic setup that generates it. We com-
pare the performance of Klaus with the
state-of-the-art algorithm for this purpose
based on continuous optimization. We also
combine both logic and numeric strategies
to find that the use of logic AI improves
significantly the resolution of this prob-
lem, paving the path to developing more
formal-based approaches in the context of
quantum physics experiments.
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1 Introduction

The emergence of artificial intelligence (AI) has
led to the proposal of alternative ways to tackle
hard non-analytical problems. The AI canonical
approach comes in the form of inductive general-
izations through the use of big data, the well-
known and established machine learning (ML)
field. Although ML grounds rely on mathemati-
cal theorems related to continuous function rep-
resentation, its probabilistic nature usually does
not yield performance guarantees, even less un-
derstanding about why it works (or not) in a par-
ticular problem. Despite the progress in unrav-
eling the learning paths of ML algorithms, ML
sibling, logic AI [1, 2, 3], has the intrinsic poten-
tial of providing the validity and consistency of
the answers we seek.

Logic AI is a subfield of AI that uses sym-
bolic representation in the form of Boolean vari-
ables to extract formal deductions. In its basic
form, it consists of encoding a set of rules into
Boolean instances which validity can be checked
with, for instance, satisfiability (SAT) solvers.
The recent advances in SAT solvers have allowed
the automatic resolution of extremely complex
problems involving thousands of variables [4].
Long-standing conjectures such as the Boolean
Pythagorean triples problem [5], the Keller’s con-
jecture (unresolved for 90 years) [6], among others
[7, 8, 9] have been solved using logic AI provid-
ing, in some cases, intricate, long [10] but correct
deduction steps.

In a quantum mechanical context, the use of
logic AI has been slightly explored so far. A few
examples propose a logic encoding and a SAT
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solver as an equivalent quantum circuit checker
[11], to find the mapping between a quantum cir-
cuit and a particular chip topology [12] or to re-
duce the gate count [13]. There are also works
that find Boolean representations of quantum cir-
cuits [14]. These proposals use logic as a checker
or optimizer. Here, we exploit logic AI for the
design of quantum experiments.

In this work, we propose a logic-based algo-
rithm capable of designing a realistic quantum
experiment. To be precise, our goal is to find
a feasible photonic setup that generates an ar-
bitrary quantum state. We benchmark our ap-
proach by comparing its performance with the
best algorithm up to date, which is based on con-
tinuous numerical optimization, Theseus [15]. To
that aim, we will take advantage of the graph-
theoretical representation that these setups can
take, which can also be used for other quantum
experiments such as gate-based quantum circuits,
unitary operations generation or to design quan-
tum error corrected photonic circuits [16].

The structure of this paper is as follows. In
the next section, we summarize the graph rep-
resentation of optical setups and explain how to
formulate a state preparation problem. In section
3, we show how to map the design problem into a
set of propositional logic clauses. Section 4 intro-
duces the main algorithm, Klaus, that uses the
logical instances presented in the previous section
to find the minimal graph that corresponds to the
optimal setup. In 5, we benchmark Klaus and
compare it with both the state-of-the-art algo-
rithm Theseus and a hybrid algorithm proposal.
Finally, we conclude and point to numerous excit-
ing extensions of logical AI in quantum physics.

2 Graph-based representation for
quantum optics

A few years ago, a previously hidden bridge be-
tween quantum optical experiments and graph
theory was discovered [18, 19, 20] and has since
been generalized as a highly efficient automated
design algorithm for new quantum experiments
[21]. The underlying principle is that every quan-
tum experiment can be described by an edge-
colored weighted graph, and every graph stands
for a quantum optical setup. In particular, ev-
ery vertex of these graphs stands for a pho-
ton path (or a detector), every edge stands for

a correlated photon path, the color represents
the mode number and the complex edge weight
stands for the amplitude of the photon pair. Such
graphs can represent quantum states generated
and transformed using linear optics, non-linear
pair creation crystals, heralding and auxiliary
photons, single-photon sources, photon number
(non-)resolving detectors and others.

The quantum state emerging from the experi-
mental setup can directly be computed from the
properties of the graph. A very commonly used
technique in quantum optics conditions is the ex-
perimental result on the simultaneous detection
of exactly one photon in each of the detectors
[22]. In the graph, this situation corresponds to a
subset of edges that contain every vertex exactly
once. This property of a graph is called a perfect
matching (PM). The final quantum state under
this condition is then a coherent superposition of
all PMs in the graph. A more detailed analysis of
the equivalence between graph PMs and quantum
states is presented in App. B.

Given one of these graph representations, it will
contain one or more PMs, each of them composed
of different subsets of edges of different colors.
As stated above, each of these edges represents a
photon pair creation in the path (represented by
the vertices) that they join. Each of these pho-
tons will have a mode represented by the color of
the edge. This leads to the inherited vertex col-
oring of the PM, i.e. we assign a color to each
vertex corresponding to the color of the incident
edge. The vertex coloring determines the basis
element created in superposition with the other
PMs vertex colorings. The amplitude of the ba-
sis element is determined by the weight of the
PM, i.e. the product of the weights of the edges.
Different PMs can lead to the same vertex col-
oring but not necessarily the same PM weight.
Thus, to compute the total amplitude of the ba-
sis element generated, one needs to sum all PM
weights that generate that element, i.e. to com-
pute the weight of the vertex coloring. Since these
weights can take complex values, they can cancel
each other, thus having a set of PM with a given
vertex coloring does not directly imply that the
corresponding basis element is generated, as this
interference may occur.

Let’s illustrate how can we set the quantum
state preparation problem using an example of
these graph representations. The formal defini-
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a) Basis state generated: |000011〉, vertex coloring: ••••••
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b) Basis state generated: |000000〉, vertex coloring: ••••••
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c) Basis state generated: |001122〉, vertex coloring: ••••••
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d) Basis state generated: |001122〉, vertex coloring: ••••••
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Figure 1: PMs equations examples for the generation of the GHZ(6, 3) state. a) Two-colored PMs like the ones that
generate the basis state |000011〉 can be canceled with each other by adjusting the weights of the edges. There are
three PMs for each two-colored combination assuming monocolored edges. b) To generate the basis state |000000〉
one needs to obtain a non-zero solution of the equation that sums the 15 PMs that generate that basis element. c)
For monocolored edges, the three-colored PMs are unique, which imposes that they must be zero. This imposes a very
strong constraint that we will exploit later on for the logic encoding. d) However, if we assume bicolored edges, there
are 15 PMs for each color combination, including the three-colored ones. Thus it reduces the strength of the previous
constraint. From these graphs, we can construct the photonic experimental setup following the mapping proposed
in Ref.[17]. For instance, each edge corresponds to an SPDC that generates a photon pair with the corresponding
mode (color) in each path (letter).

tions of this problem are provided in App. C.
To generate a particular state, the weights of

each vertex coloring that correspond to the basis
states must match the state amplitudes, and the
rest of the vertex coloring weights must be zero.
Imagine that our goal is to generate the GHZ
state of n = 6 parties and d = 3 dimensions, i.e.,
there are three possible different colors available
(the 0, 1, and 2 modes). This state has three
basis elements, each with amplitude 1/

√
3:

|GHZ6,3〉 = 1√
3

(|000000〉+ |111111〉+ |222222〉) .

(1)
The general goal is the following: at least one
of the contributions for the three basis elements
must exist in the graph, while all other terms
should vanish. Fig.1a shows an example of a can-
cellation that must take place to cancel the gen-
eration of the basis state |000011〉, not present in
the GHZ state. Fig.1b, on the other hand, shows
that the combination of PM with a unique col-
oring (in the figure, red) must be different from
zero, in particular, it should be 1/

√
3. Notice that

if we only assume monochromatic edges, there is
only one PM for each tri-colored vertex coloring
and, thus, the only possible solution is forcing this
PM to be zero (Fig.1c). However, if we allow bi-
chromatic edges, there could be more tri-colored

PM, allowing cancellations as in the bi-colored
cases (Fig.1d).

A mathematical conjecture has been proposed
that states physically that it is not possible to
generate a high-dimensional GHZ state with 6
or more photons with perfect quality and finite
count rates without additional resources (such
as auxiliary photons). Mathematically, this is
equivalent to the question of whether there ex-
ists a weighted graph with at least three differ-
ent vertex colorings of one color each [23, 24],
e.g. for n = 6 a graph with PMs with all paths
either blue, green or red and any other vertex
coloring canceled out. The special case for posi-
tive weights was solved in 2017 by Ilya Bogdanov
[25, 18], but the case for negative and complex
weights is open and contains the exciting possibil-
ity of using intricate quantum interference effects
as a resource in quantum state preparation and
transformation in quantum optics. The question
can be translated into a set of dn coupled non-
linear equations with n(n−1)

2 d2 complex variables
[26]. The algebraic question is whether there ex-
ist solutions to this equation system for n ≥ 6
and d ≥ 3 and complex finite weights. The con-
jecture reduces to the simple statement that the
equation system has no solution.

The emergence of obstructions such as the one
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shown in Fig.1c suggests that combinatorics may
play an important role in the generation of quan-
tum states using this methodology. It is precisely
the combinatorial nature of this problem that we
will exploit with the help of a logic-based algo-
rithm.

3 Logic and SAT

In a Boolean algebra, the variables, called liter-
als, can take two Boolean values: True-False or
0-1. The available operations on these literals are
disjunctions ∨ (OR), conjunctions ∧ (AND) and
negations x̄ (¬ or NOT). Given a Boolean for-
mula, the satisfiability (SAT) problem consist of
finding a literals assignment that satisfies it, i.e.
outputs True or 1.

In the following subsections, we will encode the
state preparation problem described in the pre-
vious section into a set of Boolean expressions
whose satisfiability will give us a solution to the
problem.

3.1 Logic encoding

We will explore the combinatorial nature of this
graph problem to construct a set of logical clauses
that can deliver a definite solution.

In this problem, the literals will be each of the
edges of the graph eαβij , where (i, j) are the ver-
tices joined by the edge (with i < j) and (α, β)
are the inherited modes of the vertices, respec-
tively. They will take the value True if they are
present and False if they do not. Notice that we
do not take into account that each edge can have
a complex weight and thus there can be cancella-
tions between PMs with the same vertex coloring.
Even though we do not encode the entire infor-
mation and possibilities of the graph, we still get
highly complex and powerful obstructions that we
can use constructively in conjunction with SAT
solvers. This is by no means a restriction of repre-
sentation. Negative and complex numbers can be
represented by boolean variables effortlessly. As
a simple example, we introduce another bit rep-
resenting the sign of the number s and the value
bit v, such that numbers −1, 0, 1 for 11b, 00b, 01.
All boolean operations can be adjusted accord-
ingly. Of course, in this way, we can also intro-
duce more complex number systems such as frac-
tions or complex numbers, but this is out of the

scope of the current manuscript.
The logic clause to define a graph PM consist of

replacing the PM weights by their corresponding
(Boolean) edges and the products of the weights
by ∧. If one of the edges is False (there is no
edge), the clause is False, and, therefore, we do
not have that PM. The formal derivation of these
clauses is presented in App.D. In the following
paragraphs, we will show how this logic works
using examples.

Let’s start with a four-vertex graph example
with six edges with the same color (mode 0)
{e00
ab, e

00
cd , e

00
ac, e

00
bd , e

00
ad, e

00
bc }. The logic clause that

states the existence of the three PM P1, P2 and
P3 is

bP1(0, 0, 0, 0) = e00
ab ∧ e00

cd ,

bP2(0, 0, 0, 0) = e00
ac ∧ e00

bd ,

bP3(0, 0, 0, 0) = e00
ad ∧ e00

bc , (2)

where (0, 0, 0, 0) represents the inherited vertex
coloring (all photons are in mode 0). If only one
of the edges in these PMs is False, that PM does
not exist.

We require that at least one PM exist for
each vertex coloring that appears in the target
state. Following the previous example, if the
state |0000〉 appears in the target state, then at
least one of the previous PMs must be True:

B(0, 0, 0, 0) = bP1(0, 0, 0, 0) ∨ bP2(0, 0, 0, 0)
∨ bP3(0, 0, 0, 0). (3)

The above clause evaluates to True if at least one
of the subclauses b is True.

If there are other basis elements in the tar-
get state, then all clauses of the form of B must
evaluate to True. An example is shown in the
top part of Fig.2. The target state is the GHZ
state of n = 4 and d = 2. There are two ver-
tex colorings in the target state, the one cor-
responding to the |0000〉 basis element and the
|1111〉 element, where the |0〉 and |1〉 states are
represented in red and blue colors, respectively.
Each PM is composed by two edges and, assum-
ing the full-connected graph, there are three pos-
sible combinations: {(a, b), (c, d)}, {(a, c), (b, d)}
and {(a, d), (b, c)}. Since we want to generate a
monocolored basis state, all edges have the same
color on both ends. To obtain the two basis el-
ements, at least one of the blue PMs and one of

Accepted in Quantum 2022-10-03, click title to verify. Published under CC-BY 4.0. 4









a b

cd



∨




a b

cd



∨




a b

cd






∧







a b

cd



∨




a b

cd



∨




a b

cd







((
e11ab ∧ e11cd

)
∨
(
e11ad ∧ e11bc

)
∨
(
e11ac ∧ e11bd

))
∧
((
e00ab ∧ e00cd

)
∨
(
e00ad ∧ e00bc

)
∨
(
e00ac ∧ e00bd

))







a b

cd



∨




a b

cd



∨




a b

cd







∧







a b

cd



∨




a b

cd




∨




a b

cd







∧







a b

cd




∨




a b

cd



∨




a b

cd







((
e00ab ∧ e11cd

)
∧
(
e01ad ∧ e01bd

)
∧ (e01ac ∧ e01bd)

)
∧
((

e00ab ∧ e11cd
)
∧ (e01ad ∧ e01bd) ∧

(
e01ac ∧ e01bd

))
∧
(
(e00ab ∧ e11cd) ∧

(
e01ad ∧ e01bd

)
∧
(
e01ac ∧ e01bd

))

Figure 2: Logic example for the GHZ state of n = 4 and d = 2. Assuming the edges can be bicolored, there are three
possible PMs for each basis element. The Boolean variables are the edges of the graph eαβij where i, j correspond to
the vertices and they are False if there is no edge and True otherwise. These weights also carry another degree of
freedom, the color, which has as many dimensions d as the state. The bar on top of a Boolean variable or expression
corresponds to the negation of its value. Each PM is composed by the conjunction (∧) of all edges that compose it,
so all edges must evaluate to True to have that PM. For those basis elements that appear in the target state, the
logic instance corresponds to the disjunction (∨) of all PMs; to evaluate to True, at least one of the PMs must exist,
i.e. evaluate to True. This logic is represented in the top part of the figure, where the total expression must evaluate
to True to obtain the superposition |0000〉 + |1111〉. For those basis elements that are not in the target state, we
can construct some obstructions. If all PMs except one evaluates to False, the remaining one has to be False as well.
Other cases, like only one of them being False, can allow interference between the True PMs, a property not encoded
in the logic. In the example (bottom part of the figure), the state |0011〉 must not appear, so the total expression
must evaluate to True, as its negation will be added to the total set of clauses to be evaluated by the SAT solver.

the red PMs have to evaluate to True. This is
represented with the clause

S = B(0, 0, 0, 0) ∧B(1, 1, 1, 1). (4)

The remaining vertex colorings that do not ap-
pear in the target state must be False. How-
ever, as we mentioned before, the existence of
more than one PM with a given coloring might
be possible since there could induce a cancella-
tion between the weighted PMs. The logic en-
coding that we propose cannot encode these can-
cellations, but we can include extreme cases in-
dependent of the weight values. We can have all
PMs of a particular coloring and still obtain a
cancellation between them, but if all PMs except
one do not exist (they are False), the remaining
one cannot exist either (should be False as well)
because it cannot be canceled with anyone else.

Figure 2 bottom shows the clause for those
PMs that generate the basis element |0011〉,
which does not appear in the GHZ state.

Let’s analyze it piece by piece. The first part
of the clause reads

bP1(0, 0, 1, 1) ∨ bP2(0, 0, 1, 1) ∨ bP3(0, 0, 1, 1). (5)

If the three PMs exist (are True), this expres-
sion is True. If only two of them are True, the
expression is still True. These two cases illus-
trate the fact that there could be cancellations
between the PMs, so keeping them can be a so-
lution once we search for the weights. If the first
two PMs are False, the third one has to be False
as well in order to keep the expression True. We
must add the other two possibilities, i.e. that the
other pairs of PMs are False, so the remaining
one is forced to be False as well. This is why,
the total clause shown in Fig. 2 bottom contains
three subclauses, to account for the permutations
of PMs.

Altogether, the global set of clauses that en-
code the possible solutions for the generation of
a particular state using graph PMs is a conjunc-
tion of clauses of type S, the ones that guarantee
the existence of at least one PM for each target
state basis element, and clauses of type C, a set
of constraints on the PMs that should not appear
in the final graph:

K = S ∧ C. (6)

Given a set of edges, if K =False we can con-
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clude it is not possible to obtain the target state.
However, K =True does not guarantee the gener-
ation of this state due to the possible interference
between PMs is not encoded in the clauses. For
this reason, solutions such as the complete graph
(all possible edges are True) output K =True, al-
though heuristic optimization algorithms such as
Theseus [15] show that some states are not repre-
sentable by graphs. For this reason, we mix these
optimization strategies with Klaus to obtain and
guarantee physical and interpretable solutions.

3.2 Monochromatic edge obstructions

The logical clauses presented in the previous sec-
tion are general for both monochromatic and bi-
chromatic edges. However, for graphs with only
monochromatic edges, the problem simplifies sub-
stantially as the number of possible vertex color-
ing is much more constrained, therefore the log-
ical approach is more powerful. One example
is the one shown in Fig.1c, where for the case
of n = 6 vertices tricolored vertex colorings are
formed with unique PM. The same argument ex-
tends to more than three colors. In general, for
a graph of n vertices and monochromatic edges,
vertex colorings composed by d = n/2 colors are
unique. This fact implies that the condition of
these vertex colorings is composed of a single
clause: either that PM is True (if that coloring
appears in the target state) or is False (if it does
not). In the first case, it fixes the “trueness" of
all edges that form that PM. In the second case,
it imposes that at least one of the edges must
be zero. In either case, it could trigger a chain
reaction on the rest of the clauses.

We test this approach to check if there exists
a graph with monochromatic edges that generate
the GHZ state of n > 4 parties and d ≥ n/2 lo-
cal dimensions. We check if the set of clauses K
from Eq.(6) is satisfiable, i.e. if there exists a so-
lution for the literals that evaluates to True. We
use the SAT solver from Mathematica language
(which corresponds to MiniSAT in Mathematica
11). We obtained K =False for n up to 8 and
d = n/2 colors. For bigger systems, the amount
of RAM required was out of range for our current
computational capabilities. With these results we
formulate the following conjecture to be added to
other graph edge coloring conjectures such as the
ones presented in Ref. [24]:

Conjecture. It is not possible to generate a
graph G with n > 4 vertices and monochromatic
edges each with one of d ≥ n/2 possible colors,
such that it contains single-colored PMs for each
of these d colors while no PMs with other vertex
colorings are generated (or the amount of these
PMs does not allow cancellations).

In the language of quantum state generation
with photonic setups: it is not possible to gen-
erate exactly a GHZ state of n > 4 parties and
d ≥ n/2 dimensions (and n = 4 and d > 3) using
this graph approach without additional quantum
resources (such as auxiliary photons).

4 Klaus algorithm
SAT solvers look for a solution that is satisfiable
no matter the number of True literals that it in-
cludes (looking for a particular solution will take
exponential time), thus some of the solutions ob-
tained may be cumbersome to interpret by hu-
mans. For instance, high-dense graphs with many
True edges are allowed solutions of K making it
difficult to map them into a physical setup or to
interpret the result to gain some understanding of
how these states are physically generated. More-
over, the logic clauses do not provide the weights
of the graph that generate the correct state am-
plitudes, so we need at least one extra step in our
algorithm to compute these weights. We propose
a heuristic algorithm based on propositional logic
named Klaus that aims to find a simplification
of the satisfiable solutions of the logical clauses K
and to find the state amplitudes of the generated
state.

Figure 3 shows the schematic representation of
the Klaus algorithm. It starts with the fully
connected graph, randomly selects one edge, and
sets it to False. Then, it checks if K is satisfi-
able using a SAT solver. If K =True, it means
that edge was unnecessary to achieve the target
state, so it “deletes" it, i.e., sets it to False per-
manently. If K =False, it means the edge was
indispensable to generating the state, so it has
to be True. The process is repeated by select-
ing randomly another edge, assigning it to False,
and checking again if K is satisfiable. The loop
continues until all edges are checked and set to
False (deleted) or True (kept). We end up with a
much-reduced list of edges that, according to K,
can generate the target state. However, we still
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Full-connected graph

Pick one edge from

pull of edges

Add edge to

deleted edges

edge −→ False

deleted edges → False

rest of edges → True

SAT

True

False

While pull of edges 6= Null
Solution

deleted edges → False

rest of edges → True

Figure 3: Diagram of Klaus algorithm. It starts with the complete graph, i.e., all edges are True. It randomly picks
one of the edges, sets it to False, and checks if the set of clauses that encode the generation of the target state (see
Eq.(6)) is satisfiable using a SAT solver. If the SAT solver outputs True, the edge selected is apparently not required
to generate the target state, so we can delete it, i.e., set it to False permanently. On the other side, if SAT is False,
it means that an edge is required to generate the state, so it has to be True. The algorithm repeats the process of
picking the other edges until all of them are classified as False or True. As a result, we obtain a significantly sparsed
graph. The final step consists of obtaining the graph weights that generate the required amplitudes to obtain the
target state. This is done by numerically minimizing the infidelity of the graph obtained when replacing the edges
with their corresponding weights.

need to check if the final solution can generate
the state by finding the corresponding weights.
The last step of the Klaus algorithm consists of
minimizing the infidelity of the resulting graph to
find the weights of its edges.

Many possible solutions may satisfy the K
clauses. Moreover, the smallest the graph, the
faster the SAT solver, which accelerates the al-
gorithm as it evolves. We can completely trust
the logical clauses if they evaluate to False (im-
plying that it is impossible to generate the state
with that set of edges). However, the True solu-
tions must still pass the possible interference test
between the surviving PMs with the same vertex
coloring. It could be the case that a final solu-
tion output by Klaus cannot generate the target
state because the requiring cancellations cannot
occur. This is because all graph PMs constitute
a highly coupled system of equations. In some
cases, some edges turned out to be indispensable
once we minimize the infidelity, so if Klaus has
deleted them, then it is not possible to gener-
ate the state afterward. In our benchmarks (pre-

sented in the next section), we found these cases
to be unlikely but they open the path to better
understanding the combinatorial nature of this
problem and to finding new obstruction clauses
to include in our logic instances. We leave the
investigation of these constraints for future work.

5 Benchmarks

We test and compare the Klaus algorithm with
Theseus [15], a purely numerical strategy, to find
the minimal graphs that generate a given state.
Theseus starts with the fully connected graph and
minimizes the infidelity with respect to the target
state. In the original proposal, after this mini-
mization, it selects the smallest weight, deletes it
(i.e., sets it to zero), and repeats the minimiza-
tion process until no more weights can be deleted
without compromising the infidelity. We found
that this approach can be improved significantly
by deleting more than one edge at once. In partic-
ular, after each minimization, we delete all edges
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with weights smaller than a certain threshold.
Although this improved version of Theseus is

much faster than the original one, it is not sensi-
tive to those cases where only a subset of weights
with similar values can be deleted. Therefore,
there is no way to certify that more edges can be
removed than trying to delete them one by one,
as in the original proposal. Since the goal of these
algorithms is to provide a minimal solution, it is
necessary to include a final step in Theseus that
checks if there is an even smaller solution.

We try to certify the minimal solution of The-
seus following two strategies. Both strategies
check if it is possible to remove more edges by
proceeding one by one. The first strategy, which
we call Theseus optimization (TheseusOpt), is
performed by following the original Theseus ap-
proach, i.e., deleting one edge, minimizing the in-
fidelity, and keeping it if it gets compromised or
deleting it definitively otherwise. In the second
strategy, called Klaus optimization (KlausOpt),
we use Klaus instead, i.e., checking if K is still
satisfiable when we delete one by one the remain-
ing edges and minimizing the infidelity only at
the very end of the algorithm.

We start our benchmarks by checking the per-
formance of these four algorithms (Klaus, The-
seus, TheseusOpt, and KlausOpt) with the gen-
eration of target states from which we know there
exists a graph [20]. We check the computational
time that they need and the number of edges
of the solution. Since all these algorithms have
a heuristic component (the selection of random
edges to delete), we run them 25 independent
times for each target state to obtain an average
performance.

The test states have different entanglement
properties quantified by the Schmidt Rank Vector
(SRV) [27], a different number of parties n, and a
different number of basis elements. In particular,
we look for the graphs for the GHZ(n,d) states
GHZ(4,3) and GHZ(6,2), and states with SRV
equal to (5, 4, 4), (6, 4, 4), (6, 5, 4) and (9, 5, 5).
The wave functions of these states are written ex-
plicitly in App. E. The SRV states are composed
of three parties. Thus, we will find the graphs
of the heralded state, in particular |ψ̃〉 = |ψ〉|0〉,
where |ψ〉 is the real target state.

Besides checking if Klaus and Theseus can
find states that can be generated from graphs,
we also test those states that cannot be exactly

constructed this way. These states will be the
GHZ(6, 3) and two states with SRV equal to
(5, 4, 4) and (6, 4, 4) different from the above ones.
For these states, however, we can obtain approx-
imate solutions by setting those forbidden ver-
tex colorings weights close to zero. Notice that
these solutions are forbidden by the logic clauses
in Klaus, so we expect that Klaus will have
more difficulties finding them.

Figure 4 shows the average performance and
its standard deviation over 25 independent runs
of the four algorithms for the aforementioned tar-
get states. The plots show the number of edges
of the minimal solution, the fidelity with respect
to the target state, and the total computational
time (on a 2.4 GHz CPU with 16 GB of RAM).
Besides the pure algorithmic optimization time,
the computational time for Klaus and KlausOpt
includes the generation of the logical clauses.

We can appreciate how Klaus is, on average,
faster than Theseus for those states with no ex-
act graph solution and comparable in general.
Klaus finds the minimal solution for those states
that can be represented with graphs. However,
for those without a graph representation, Klaus
obtains solutions with more edges and worse fi-
delities. We expect this behavior since the logical
instances may forbid the aforementioned approx-
imate solutions that Theseus can find. The some-
times big standard deviations are a consequence
of the heuristic nature of these algorithms, spe-
cially Theseus when it gets trapped in local min-
ima. In any case, KlausOpt is significantly better
than TheseusOpt in terms of the number of edges
of the final solution and especially the computa-
tional time required, establishing a clear advan-
tage of using the SAT solver instead of multiple
numerical minimizations.

6 Discussion and conclusions

We have shown how logic AI can contribute to
the discovery of novel quantum optical setups and
experiments. We introduce a Boolean encoding
of the graph representation of these setups and
present a mapping from the state preparation
problem to a k−SAT. With this approach, we
can check the conjecture that it is not possible to
generate a GHZ state of n parties and d ≥ n/2
dimensions using these experiments. Then, we
design a logic-heuristic algorithm, Klaus, which

Accepted in Quantum 2022-10-03, click title to verify. Published under CC-BY 4.0. 8



Figure 4: Comparison of the average performance of
Klaus, Theseus, TheseusOpt, and KlausOpt algo-
rithms. We take a set of target states that can be gener-
ated by graphs and some that cannot (indicated with a
* in the plot). We compare the number of edges of the
minimal graph solution, the fidelity with respect to the
target state, and the total computational time. Since all
these algorithms are heuristic, we run each of them 25
times and compute the average and standard deviation
of their results. On average, Klaus succeeds in both
finding the minimal solution and in spending less com-
putational time on average than the other algorithms.
However, it fails to find approximate solutions to those
states that cannot be generated by graphs. We expect
this result from a propositional logic algorithm, where
the clauses K will be False for those approximate so-
lutions. KlausOpt algorithm is significantly better than
TheseusOpt, showing the advantage of using a hybrid
numerical-logical approach in contrast to purely numeric
strategies.

starting from the complete graph, finds the mini-
mal representation that corresponds to the gener-

ation of the target state. We benchmark Klaus
with the state-of-the-art algorithm Theseus [15],
based on numerical optimization. Klaus is on
average comparable in execution time or faster
than Theseus and it finds the minimal graphs for
the different test states. We also show how The-
seus, a continuous optimization algorithm, can be
improved with the assistance of Klaus, a logic-
based algorithm.

At the very end, Klaus has to numerically
minimize a loss function consisting of the infi-
delity between the remaining graph and the tar-
get state. However, the process of deleting edges
from the fully connected graph simplifies that
minimization substantially. There are several po-
tential advantages of using Klaus in contrast
to fully-numerical approaches such as the The-
seus algorithm: i) if K =False we know for sure
that the graph cannot be exactly generated, while
a non-successful purely numerical minimization
may imply that we got trapped in local minima;
ii) the final minimization step involves a small
subset of weights, increasing the probability of a
successful optimization, in contrast with Theseus,
where a minimization involving all weights is per-
formed at the very beginning of algorithm; iii)
SAT solvers have improved in the last years, be-
coming a powerful tool in computation that can
solve huge problems involving thousands of lit-
erals. It makes them a very convenient tool for
problems that grow exponentially with the num-
ber of parties involved.

The experimental preparation of quantum
states is a key feature in the quantum technolo-
gies era. Quantum computing paradigms such
as measurement-based quantum computation [28]
rely on the initial optimal preparation of highly
entangled states. Some quantum machine learn-
ing algorithms require the encoding of arbitrary
data into the amplitudes of a general quantum
state [29], including those early proposals that
solve a system of linear equations [30]. Besides
these state preparation applications, the power
of the graph representation introduced in [15] can
also be extended to general quantum operations
and quantum circuit design that lead to novel
ways to construct, for instance, multilevel multi-
photonic experiments [31, 32], whether integrated
[33, 34] or in bulk optics [35, 33, 36]. Although a
fully-programmable quantum computer can theo-
retically prepare any state or perform any unitary
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operation, not all hardware implementations have
direct access to all of the required quantum gates.
In this context, providing alternative representa-
tions and algorithms based on them will prove
valuable in the coming years. Another impactful
application of SAT solvers in this context would
be the search for limits on success probabilities for
quantum state generation or quantum transfor-
mations, for instance, those resource states used
in quantum computing paradigms such as fusion-
based quantum computation [16]. This feat will
require handling probabilities (or fractions) suit-
ably as logical clauses.

Although current SAT solvers are extremely ef-
ficient and capable of dealing with thousands of
literals and clauses, it is worth noting the efforts
of quantum and quantum-inspired approaches to
solve classical satisfiability problems. In partic-
ular, a quantum computing paradigm such as
quantum annealing [37, 38] is especially suitable
to map classical logical clauses into a quantum
Hamiltonian and obtain the solution by adiabat-
ically preparing its ground state. Digital quan-
tum computations can also be programmed to
prepare these ground states, even in near-term
quantum devices [39, 40]. Moreover, quantum-
inspired classical techniques such as tensor net-
works can also be applied to solve SAT problems
[41].

Logic AI, a paradigm proposed in the 50s, is ex-
periencing its expansion in recent years, with the
improvements in SAT solvers. Traditionally, it
has been mainly used in circuit design, but its ap-
plications go beyond that. The increasing interest
in understanding concepts such as how a machine
learns or how to tackle hard mathematical con-
jectures has recently promoted this AI subfield.
The use of formal reasoning can form fascinating
synergies with other approaches. As an example,
one can introduce a logic-based piece in a stan-
dard ML loss function [42]. Within this work, we
present one of the aforementioned synergies by
entangling a purely numerical algorithm with a
logical one and extend the applicability of logic
AI to the design of quantum experiments.

Code availability

The Mathematica notebook with Klaus algo-
rithm can be found at https://github.com/
AlbaCL/Klaus.

Acknowledgements
A.C.-L. and M.K. acknowledge the insightful dis-
cussions with Kevin Mantey, Xuemei Gu, Alex
Ravsky and Jakob S. Kottmann. A.C.-L. and
M.K. are thankful for the cozy and friendly
environment created (when possible) by Daryl
“Santa" the barman during the hard COVID
months in Toronto that contributed substantially
to the development of this and other projects.
A.A.-G. acknowledges the generous support from
Google, Inc. in the form of a Google Fo-
cused Award. This work was supported by the
U.S. Department of Energy under Award No.
DESC0019374 and the U.S. Office of Naval Re-
search (ONS506661). A.A.-G. also acknowledges
support from the Canada Industrial Research
Chairs Program and the Canada 150 Research
Chairs Program. M.K. acknowledges support
from the FWF (Austrian Science Fund) via the
Erwin Schrödinger fellowship No. J4309.

References
[1] John McCarthy et al. “Programs with com-

mon sense”. RLE and MIT computation cen-
ter. (1960).

[2] Nils J Nilsson. “Probabilistic logic revisited”.
Artificial intelligence 59, 39–42 (1994).

[3] Adnan Darwiche. “Three modern roles
for logic in ai”. Proceedings of the
39th ACM SIGMOD-SIGACT-SIGAI Sym-
posium on Principles of Database Sys-
temsPage 229–243 (2020).

[4] Johannes K Fichte, Markus Hecher, and Ste-
fan Szeider. “A time leap challenge for sat-
solving”. International Conference on Prin-
ciples and Practice of Constraint Program-
mingPages 267–285 (2020).

[5] Marijn JH Heule, Oliver Kullmann, and
Victor W Marek. “Solving and verifying
the boolean pythagorean triples problem via
cube-and-conquer”. International Confer-
ence on Theory and Applications of Satis-
fiability TestingPages 228–245 (2016).

[6] Joshua Brakensiek, Marijn Heule, John
Mackey, and David Narváez. “The resolution
of keller’s conjecture”. International Joint
Conference on Automated ReasoningPages
48–65 (2020).

Accepted in Quantum 2022-10-03, click title to verify. Published under CC-BY 4.0. 10

https://github.com/AlbaCL/Klaus
https://github.com/AlbaCL/Klaus
https://dx.doi.org/10.1016/0004-3702(93)90167-A
https://dx.doi.org/10.1145/3375395.3389131
https://dx.doi.org/10.1145/3375395.3389131
https://dx.doi.org/10.1145/3375395.3389131
https://dx.doi.org/10.1145/3375395.3389131
https://dx.doi.org/10.1007/978-3-030-58475-7_16
https://dx.doi.org/10.1007/978-3-030-58475-7_16
https://dx.doi.org/10.1007/978-3-030-58475-7_16
https://dx.doi.org/10.1007/978-3-319-40970-2_15
https://dx.doi.org/10.1007/978-3-319-40970-2_15
https://dx.doi.org/10.1007/978-3-319-40970-2_15
https://dx.doi.org/10.1007/978-3-030-51074-9_4
https://dx.doi.org/10.1007/978-3-030-51074-9_4
https://dx.doi.org/10.1007/978-3-030-51074-9_4


[7] Aubrey DNJ de Grey. “The chromatic
number of the plane is at least 5” (2018).
arXiv:1804.02385.

[8] Craig S Kaplan. “Heesch num-
bers of unmarked polyforms” (2021).
arXiv:2105.09438.

[9] Emre Yolcu, Scott Aaronson, and Marijn JH
Heule. “An automated approach to the col-
latz conjecture” (2021). arXiv:2105.14697.

[10] Evelyn Lamb. “Two-hundred-terabyte maths
proof is largest ever”. Nature News 534,
17 (2016).

[11] Robert Wille, Nils Przigoda, and Rolf Drech-
sler. “A compact and efficient sat encoding
for quantum circuits”. 2013 AfriconPages 1–
6 (2013).

[12] Robert Wille, Lukas Burgholzer, and Al-
win Zulehner. “Mapping quantum circuits
to ibm qx architectures using the minimal
number of swap and h operations”. 2019 56th
ACM/IEEE Design Automation Conference
(DAC)Pages 1–6 (2019). arXiv:1907.02026.

[13] Giulia Meuli, Mathias Soeken, and Giovanni
De Micheli. “Sat-based {CNOT, T} quan-
tum circuit synthesis”. International Confer-
ence on Reversible ComputationPages 175–
188 (2018).

[14] Mingsheng Ying and Zhengfeng Ji.
“Symbolic verification of quantum cir-
cuits” (2020). arXiv:2010.03032.

[15] Mario Krenn, Jakob Kottmann, Nora Tis-
chler, and Alan Aspuru-Guzik. “Conceptual
understanding through efficient automated
design of quantum optical experiments”.
Physical Review X 11, 031044 (2021).

[16] Sara Bartolucci, Patrick Birchall, Hector
Bombin, Hugo Cable, Chris Dawson, Mer-
cedes Gimeno-Segovia, Eric Johnston, Kon-
rad Kieling, Naomi Nickerson, Mihir Pant,
et al. “Fusion-based quantum computa-
tion” (2021). arXiv:2101.09310.

[17] Mario Krenn, Armin Hochrainer, Mayukh
Lahiri, and Anton Zeilinger. “Entanglement
by path identity”. Phys. Rev. Lett. 118,
080401 (2017).

[18] Mario Krenn, Xuemei Gu, and Anton
Zeilinger. “Quantum experiments and

graphs: Multiparty states as coherent super-
positions of perfect matchings”. Phys. Rev.
Lett. 119, 240403 (2017).

[19] Xuemei Gu, Manuel Erhard, Anton
Zeilinger, and Mario Krenn. “Quantum
experiments and graphs ii: Quantum inter-
ference, computation, and state generation”.
Proceedings of the National Academy of
Sciences 116, 4147–4155 (2019).

[20] Xuemei Gu, Lijun Chen, Anton Zeilinger,
and Mario Krenn. “Quantum experiments
and graphs. iii. high-dimensional and mul-
tiparticle entanglement”. Phys. Rev. A 99,
032338 (2019).

[21] Mario Krenn, Manuel Erhard, and Anton
Zeilinger. “Computer-inspired quantum ex-
periments”. Nature Reviews Physics 2, 649–
661 (2020).

[22] Jian-Wei Pan, Zeng-Bing Chen, Chao-Yang
Lu, Harald Weinfurter, Anton Zeilinger, and
Marek Żukowski. “Multiphoton entangle-
ment and interferometry”. Rev. Mod. Phys.
84, 777–838 (2012).

[23] Dustin Mixon. “A graph coloring prob-
lem from quantum physics (with prizes!)”.
https://bit.ly/3fPFK1U. Accessed: 2021-
08-09.

[24] Mario Krenn, Xuemei Gu, and Daniel
Soltész. “Questions on the structure of
perfect matchings inspired by quantum
physics”. Proceedings of the 2nd Croatian
Combinatorial Days (2019).

[25] Ilya Bogdanov. “Solution to graphs with only
disjoint perfect matchings”. https://bit.
ly/3iAu6K1. Accessed: 2021-08-09.

[26] Mario Krenn. “Combinatorial equation sys-
tem with exponentially many equations in
quadratic many variables”. https://bit.
ly/3lOUMJ9. Accessed: 2021-08-09.

[27] Marcus Huber and Julio I. de Vicente.
“Structure of multidimensional entanglement
in multipartite systems”. Phys. Rev. Lett.
110, 030501 (2013).

[28] Robert Raussendorf, Daniel E. Browne, and
Hans J. Briegel. “Measurement-based quan-
tum computation on cluster states”. Phys.
Rev. A 68, 022312 (2003).

Accepted in Quantum 2022-10-03, click title to verify. Published under CC-BY 4.0. 11

http://arxiv.org/abs/1804.02385
http://arxiv.org/abs/2105.09438
http://arxiv.org/abs/2105.14697
https://dx.doi.org/10.1038/nature.2016.19990
https://dx.doi.org/10.1038/nature.2016.19990
https://dx.doi.org/10.1109/AFRCON.2013.6757630
https://dx.doi.org/10.1109/AFRCON.2013.6757630
https://dx.doi.org/10.48550/arXiv.1907.02026
https://dx.doi.org/10.48550/arXiv.1907.02026
https://dx.doi.org/10.48550/arXiv.1907.02026
http://arxiv.org/abs/1907.02026
https://dx.doi.org/10.1007/978-3-319-99498-7_12
https://dx.doi.org/10.1007/978-3-319-99498-7_12
https://dx.doi.org/10.1007/978-3-319-99498-7_12
http://arxiv.org/abs/2010.03032
https://dx.doi.org/10.1103/PhysRevX.11.031044
http://arxiv.org/abs/2101.09310
https://dx.doi.org/10.1103/PhysRevLett.118.080401
https://dx.doi.org/10.1103/PhysRevLett.118.080401
https://dx.doi.org/10.1103/PhysRevLett.119.240403
https://dx.doi.org/10.1103/PhysRevLett.119.240403
https://dx.doi.org/10.1073/pnas.1815884116
https://dx.doi.org/10.1073/pnas.1815884116
https://dx.doi.org/10.1103/PhysRevA.99.032338
https://dx.doi.org/10.1103/PhysRevA.99.032338
https://dx.doi.org/10.1038/s42254-020-0230-4
https://dx.doi.org/10.1038/s42254-020-0230-4
https://dx.doi.org/10.1103/RevModPhys.84.777
https://dx.doi.org/10.1103/RevModPhys.84.777
https://bit.ly/3fPFK1U
https://dx.doi.org/10.5592/CO/CCD.2018.05
https://dx.doi.org/10.5592/CO/CCD.2018.05
https://bit.ly/3iAu6K1
https://bit.ly/3iAu6K1
https://bit.ly/3lOUMJ9
https://bit.ly/3lOUMJ9
https://dx.doi.org/10.1103/PhysRevLett.110.030501
https://dx.doi.org/10.1103/PhysRevLett.110.030501
https://dx.doi.org/10.1103/PhysRevA.68.022312
https://dx.doi.org/10.1103/PhysRevA.68.022312


[29] Maria Schuld, Ilya Sinayskiy, and Francesco
Petruccione. “Prediction by linear regression
on a quantum computer”. Phys. Rev. A 94,
022342 (2016).

[30] Aram W. Harrow, Avinatan Hassidim, and
Seth Lloyd. “Quantum algorithm for linear
systems of equations”. Phys. Rev. Lett. 103,
150502 (2009).

[31] Jianwei Wang, Stefano Paesani, Yunhong
Ding, Raffaele Santagati, Paul Skrzypczyk,
Alexia Salavrakos, Jordi Tura, Remigiusz
Augusiak, Laura Mančinska, Davide Bacco,
et al. “Multidimensional quantum entangle-
ment with large-scale integrated optics”. Sci-
ence 360, 285–291 (2018).

[32] Stefano Paesani, Jacob F. F. Bulmer,
Alex E. Jones, Raffaele Santagati, and
Anthony Laing. “Scheme for univer-
sal high-dimensional quantum computation
with linear optics”. Phys. Rev. Lett. 126,
230504 (2021).

[33] Hui Wang, Jian Qin, Xing Ding, Ming-
Cheng Chen, Si Chen, Xiang You, Yu-Ming
He, Xiao Jiang, L. You, Z. Wang, C. Schnei-
der, Jelmer J. Renema, Sven Höfling, Chao-
Yang Lu, and Jian-Wei Pan. “Boson sam-
pling with 20 input photons and a 60-mode
interferometer in a 1014-dimensional hilbert
space”. Phys. Rev. Lett. 123, 250503 (2019).

[34] Jianwei Wang, Fabio Sciarrino, Anthony
Laing, and Mark G Thompson. “Integrated
photonic quantum technologies”. Nature
Photonics 14, 273–284 (2020).

[35] Max Tillmann, Si-Hui Tan, Sarah E. Stoeckl,
Barry C. Sanders, Hubert de Guise, René
Heilmann, Stefan Nolte, Alexander Szameit,
and Philip Walther. “Generalized multipho-
ton quantum interference”. Phys. Rev. X 5,
041015 (2015).

[36] Han-Sen Zhong, Hui Wang, Yu-Hao Deng,
Ming-Cheng Chen, Li-Chao Peng, Yi-Han
Luo, Jian Qin, Dian Wu, Xing Ding, Yi Hu,
et al. “Quantum computational advan-

tage using photons”. Science 370, 1460–
1463 (2020).

[37] Demian A. Battaglia, Giuseppe E. Santoro,
and Erio Tosatti. “Optimization by quantum
annealing: Lessons from hard satisfiability
problems”. Phys. Rev. E 71, 066707 (2005).

[38] Juexiao Su, Tianheng Tu, and Lei He.
“A quantum annealing approach for
boolean satisfiability problem”. 2016 53nd
ACM/EDAC/IEEE Design Automation
Conference (DAC)Pages 1–6 (2016).

[39] Alberto Leporati and Sara Felloni. “Three
“quantum” algorithms to solve 3-sat”.
Theoretical Computer Science 372, 218–
241 (2007).

[40] Edward Farhi, Jeffrey Goldstone, and
Sam Gutmann. “A quantum approx-
imate optimization algorithm” (2014).
arXiv:1411.4028.

[41] Artur García-Sáez and José I Latorre. “An
exact tensor network for the 3sat problem”.
Quantum Information & Computation 12,
283–292 (2012).

[42] Jingyi Xu, Zilu Zhang, Tal Friedman, Yi-
tao Liang, and Guy Broeck. “A semantic
loss function for deep learning with sym-
bolic knowledge”. International conference
on machine learningPages 5502–5511 (2018).
url: proceedings.mlr.press/v80/xu18h.

[43] Grigori S Tseitin. “On the complexity of
derivation in propositional calculus”. Au-
tomation of reasoningPages 466–483 (1983).

[44] Martin Davis, George Logemann, and Don-
ald Loveland. “A machine program for
theorem-proving”. Communications of the
ACM 5, 394–397 (1962).

[45] Niklas Eén and Niklas Sörensson. “An exten-
sible SAT-solver”. International conference
on theory and applications of satisfiability
testingPages 502–518 (2003).

[46] Niklas Eén and Niklas Sörensson. “The
MiniSAT page”. http://minisat.se/Main.
html (2021). Accessed: 2021-08-05.

Accepted in Quantum 2022-10-03, click title to verify. Published under CC-BY 4.0. 12

https://dx.doi.org/10.1103/PhysRevA.94.022342
https://dx.doi.org/10.1103/PhysRevA.94.022342
https://dx.doi.org/10.1103/PhysRevLett.103.150502
https://dx.doi.org/10.1103/PhysRevLett.103.150502
https://dx.doi.org/10.1126/science.aar7053
https://dx.doi.org/10.1126/science.aar7053
https://dx.doi.org/10.1103/PhysRevLett.126.230504
https://dx.doi.org/10.1103/PhysRevLett.126.230504
https://dx.doi.org/10.1103/PhysRevLett.123.250503
https://dx.doi.org/10.1038/s41566-019-0532-1
https://dx.doi.org/10.1038/s41566-019-0532-1
https://dx.doi.org/10.1103/PhysRevX.5.041015
https://dx.doi.org/10.1103/PhysRevX.5.041015
https://dx.doi.org/10.1126/science.abe8770
https://dx.doi.org/10.1126/science.abe8770
https://dx.doi.org/10.1103/PhysRevE.71.066707
https://dx.doi.org/10.1145/2897937.2897973
https://dx.doi.org/10.1145/2897937.2897973
https://dx.doi.org/10.1145/2897937.2897973
https://dx.doi.org/10.1016/j.tcs.2006.11.026
https://dx.doi.org/10.1016/j.tcs.2006.11.026
http://arxiv.org/abs/1411.4028
https://dx.doi.org/10.5555/2230976.2230984
https://dx.doi.org/10.5555/2230976.2230984
https://proceedings.mlr.press/v80/xu18h
https://dx.doi.org/10.1007/978-3-642-81955-1_28
https://dx.doi.org/10.1007/978-3-642-81955-1_28
https://dx.doi.org/10.1145/368273.368557
https://dx.doi.org/10.1145/368273.368557
https://dx.doi.org/10.1007/978-3-540-24605-3_37
https://dx.doi.org/10.1007/978-3-540-24605-3_37
https://dx.doi.org/10.1007/978-3-540-24605-3_37
http://minisat.se/Main.html
http://minisat.se/Main.html


Boolean Operations

Conjunction

x y x ∧ y

0 0 0

0 1 0

1 0 0

1 1 1

Disjuntion

x y x ∨ y

0 0 0

0 1 1

1 0 1

1 1 1

Negation

x x̄

0 1

1 0

Boolean Logic Formula

Conjunctive Normal Form (CNF). Conjunc-
tion of clauses formed by disjunction of literals.

x1 ∧ (x2 ∨ x3) ∧ (x2 ∨ x4)

Disjunctive Normal Form (DNF). Disjunction
of clauses formed by conjunction of literals.

(x1 ∧ x2) ∨ (x1 ∧ x3 ∧ x4)

Boolean Algebra

Conditioning. Set x =True: remove x̄ literals and clauses with x.

e.g. x1 =True, (x1 ∨ x2 ∨ x3) ∧ (x1 ∨ x2 ∨ x3) = (x2 ∨ x3)

Resolution. Combine clauses with x and x̄ to remove x.

e.g. resolve x2, (x1 ∨ x2 ∨ x3) ∧ (x2 ∨ x4) = (x1∨ x3 ∨ x4)

Unit resolution (UR). Unit clauses simplify the expression.

e.g. (x1 ∨ x2∨ x3) ∧ x3 = (x1 ∨ x2)

Unit propagation (UP). UR until a literal is removed from all
clauses.

Boolean Satisfiability Problem

k-clause. Clause (CNF or DNF) formed by k literals.

k-SAT. Is there an assignment of values to the literals such that a
Boolean formula composed by k-clauses evaluates to True?

SAT solvers
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Binary Tree Efficient Binary Tree Davis–Putnam– Conflict Driven
Logemann-Loveland Clause Learning

Inefficient Avoid exploring UNSAT UP to simplify the tree DPLL with causal graphs
(O(2n) with n literals) branches to find conflicts

1Figure 5: Opening the logic black box. SAT solvers are extremely sophisticated algorithms capable of dealing with
thousands of variables and clauses. They are based on Boolean algebra which variables (called literals) can take two
definite values, True-False or 0-1. SAT solvers find the values of these literals that satisfy a Boolean formula (normally
written in CNF). If it does not exist a solution, we say the clauses are unsatisfiable (UNSAT). SAT problems are
NP-complete, which means it does not exist efficient algorithm that solves them but once the solution is provided,
it can be easily verified. However, it is possible to design highly efficient algorithms that go much beyond the naive
binary-tree search.

A Boolean algebra and satisfiability

In a Boolean algebra, the variables, called literals, can take two Boolean values: True-False or 0-
1. The available operations on these literals are disjunctions ∨ (OR), conjunctions ∧ (AND) and
negations x̄ (¬ or NOT). A Boolean formula includes its literals and the operations between them. It
is usually more practical to translate a Boolean formula into one of its canonical forms: conjunctive
normal form (CNF) or disjunctive normal form (DNF). A CNF expression is a conjunction of clauses,
each composed of a disjunction of literals. Similarly, a DNF expression is the opposite of a CNF, a
disjunction of clauses, where each of them is composed by the conjunction of its literals.

Given a Boolean formula, the satisfiability (SAT) problem consist of finding a literals assignment
that satisfies it, i.e. outputs True or 1. The complexity of a SAT problem depends on the structure of
its canonical forms, CNF or DNF. This is why the first step toward solving a SAT consists of rewriting
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the Boolean expression into CNF or DNF. In both cases, we can use logical equivalence rules to find
these forms, although this translation can be very costly. In the case of CNF there exist the Tseitin
transformation [43] which is, in general, more efficient. This is the reason why big SAT problems are
normally translated into CNF instead of DNF.

A CNF clause with k literals is called a k−clause. A k−SAT problem consists of finding if there is
any assignment of literals such that a CNF expression composed by k−clauses is True. For k = 2, 2-
SAT, the problem is in the P complexity class, meaning it can be solved in polynomial time. For k > 2,
the SAT is an NP-complete problem. This means it can be verified in polynomial time, but whether it
can be solved in such time depends on a solution of a famous complexity theory open problem whether
P=NP. On top of that, any other NP problem can be reduced in polynomial time to k−SAT, thus
any advances in solving k−SAT will impact the whole NP family. As a final remark, although NP
is usually used as a synonym of hardness, not all NP problems (or, equivalently, k−SAT problems)
are hard: the solution of the hardest instance is unknown to be available in polynomial time, but not
all problems have them. As a matter of fact, on average, a k−SAT problem can be solved relatively
quickly and it is actually difficult to find these hard instances to benchmark the SAT solvers. This is
why using logic AI and these solvers is a valid strategy even though they are tackling NP problems.

The science of SAT solvers is extremely complex and requires the knowledge and manipulation of
logical instances. Once we have our expression in CNF, the SAT solver manipulates it using Boolean
algebra trying to find contradictions (such as x ∧ x̄), simplifications, and structures that prevent it to
perform a brute-force search. Precisely, a complete SAT solver can use a binary tree approach to check
all branches until it finds one that is satisfiable, but it will be highly inefficient. Instead, as it explores
the binary tree, it checks if the expression can be simplified and what are the implication relations
between the clauses that will trigger a chain reaction depending on the value of one of them. Figure
5 shows some SAT solvers examples and some Boolean algebra manipulations that they use. One of
the most famous approaches is the Davis–Putnam–Logemann-Loveland (DPLL) algorithm [44] and the
Conflict Driven Clause Learning (CDCL), from which the algorithms used in this work, the MiniSAT,
is based [45, 46].

B From states to graphs
In this appendix, we provide the explicit equivalence between the graph-theoretical representation of
photonic experiments and the quantum states generated by them.

The main component of the photonic graph-theoretical representation is the photonic sources, i.e.
the SPDC. Each SPDC creates a photon pair at two paths, each with a particular mode. Each SPDC
is represented with an edge between two nodes (the paths where the photons are created) and the color
of that edge indicates the modes of the photons created.

Mathematically speaking, each SPDC corresponds to the following operation:

SPDCk(g) = ega
†
k
b†

k
+g∗akbk ' 1 + ga†kb

†
k + g∗akbk + · · · , (7)

where a and b are the labels of the two paths where the photons are created, k is the mode of the
photons and g � 1.

When the setup starts, the first SPDC act on the vacuum state, thus(
1 + ga†kb

†
k + g∗akbk

)
|∅∅〉 = |∅∅〉+ g|1ak

1bk
〉, (8)

i.e. one photon with mode k is created at path a and one photon with mode k is created at path b.
Imagine that we apply another SPDC on the same paths but with a different mode l:(

1 + ga†l b
†
l + g∗albl

)
(|∅∅〉+ g|1ak

1bk
〉) = |∅∅〉+ g (|1ak

1bk
〉+ |1al

1bl
〉) +O

(
g2
)
, (9)

thus we have now a superposition of two photons with mode k and two with mode l at paths a and b.
If the SPDC creates photons with the same mode as before, k, the result will become(

1 + ga†kb
†
k + g∗akbk

)
(|∅∅〉+ g|1ak

1bk
〉) = (1 + g∗)|∅∅〉+ 2g|1ak

1bk
〉+ g2|2ak

2bk
〉. (10)
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In any case, we can discard those states containing zero or more than 2 photons since we condition the
state on the simultaneous photon detection events in all detectors

Let’s see how these manipulations can be analyzed using the graph PMs instead of a four-path
photonic example.

Take the left graph from Fig.6. It corresponds with two SPDC that create photons in the |0〉 mode
in paths a, b, c and d. The state that arrives at the photon detectors is(

1 + ga†0b
†
0

) (
1 + gc†0d

†
0

)
|∅∅∅∅〉 =

(
1 + ga†0b

†
0 + gc†0d

†
0 + g2a†0b

†
0c
†
0d
†
0

)
|∅∅∅∅〉

= |∅∅∅∅〉+ g (|00∅∅〉+ |∅∅00〉) + g2|0000〉, (11)

where we avoided the annihilation operators since they are discarded when acting on the vacuum state.
Since we are interested in those photonic states that involve one photon per path, the surviving term
is the |0000〉 state with amplitude g2.

Now, let’s take the center graph from Fig.6. After the 0-mode SPDC, we apply 1-mode SPDC on
the same pairs of paths. As a result:(

1 + ga†1b
†
1

) (
1 + gc†1d

†
1

) (
|∅∅∅∅〉+ g2|0000〉g (|00∅∅〉+ |∅∅00〉)

)
= |∅∅∅∅〉+ g (|00∅∅〉+ |∅∅00〉) + g2|0000〉

+g (|11∅∅〉+ |∅∅11〉) + g2|1111〉
+g2 (|0011〉+ |1100〉) + · · · . (12)

Thus, in those states that contain one photon each, the state generated becomes

g2 (|0000〉+ |0011〉+ |1100〉+ |1111〉) . (13)

Finally, let’s consider the right graph from Fig.6. The second row of SPDC is applied on different
pairs of paths than the first one. Thus:(

1 + ga†1c
†
1

) (
1 + gb†1d

†
1

) (
|∅∅∅∅〉+ g2|0000〉+ g (|00∅∅〉+ |∅∅00〉)

)
= |∅∅∅∅〉+ g (|00∅∅〉+ |∅∅00〉) + g2|0000〉

+g (|1∅1∅〉+ |∅1∅1〉) + g2|1111〉+ · · · . (14)

This time, the surviving terms are two. g2 (|0000〉+ |1111〉).
So, we can draw three conclusions from this analysis:

1. Each graph PM generates a basis element corresponding to the modes (colors) incident to the
paths (vertices).

2. The final superposition state corresponds to adding all graph PMs.

3. The edge weight corresponds to some power of the SPDC coupling g. The exponent corresponds
to n/2 where n are the total paths.

C Formal definitions of graph representation of optical experiments
Let us formulate the graph-based representation of optical experiments in a more formal way (for a
more detailed mathematical description, check Ref.[24]).

Given a graph with n vertices and a set of undirected edges E, a perfect matching (PM, in plural
PMs) corresponds to a set of edges e ∈ E such that each vertex is matched with exactly one edge. For
weighted graphs, i.e., for graphs where each edge has an associated weight w ∈ C, the total weight of a
PM corresponds to the product of the weights that forms it. We can add more degrees of freedom by
associating another property to the edges: color. We assume that each edge of G contains up to two
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|0000〉 |0000〉 + |0011〉 |0000〉 + |1111〉
+|1100〉 + |1111〉

Figure 6: Some examples of four-vertex graphs and the one-photon states that they generate.

colors (bi-chromatic graphs). A bi-chromatic edge with a color pair (α, β) will join two vertices (i, j),
giving color α to vertex i and color β to vertex j. Then, each edge contains five properties: the two
vertices it joins, the corresponding colors that deliver to each vertex, and its complex weight.

We label each edge with eαβij , where (i, j) with i < j are the vertex pair and (α, β) are the corre-
sponding colors. Similarly, the weights of each edge will be labelled as wαβij ∈ C. Thus, a PM P and
its associated weight wP are defined as

P (c) = {eαβij } for i, j ∈ V i 6= j, (15)

wP (c) :=
∏

(i,j)∈V
wαβij , (16)

where c is the color combination inherited by the vertices. For an example, take the first graph from
1a. The n = 6 graph with edges E = {e00

ab, e
00
cd , e

11
ef} form one PM P with weight wP (c) = w00

abw
00
cdw

11
ef

and c = (0, 0, 0, 0, 1, 1).
A general graph may contain several PMs. In particular, a complete graph with n vertices contains

(2n − 1)!! = (2n − 1)!/(2n−1(n − 1)!) PMs. If each edge of the graph has the extra color degrees
of freedom, the number of PMs increases to dn(2n − 1)!!, where d is the number of different colors.
Therefore, there could be more than one PM with the same inherited vertex coloring, i.e. the same
color combination inherited by the vertices from the bi-colored edges that touch them. As explained
before, each color vertex combination corresponds to the generation of a basis state. Thus, to obtain
the total basis state amplitude, we need to sum up the weights of all PMs that generate it. The weight
of a vertex coloring c of a graph is

W (c) :=
∑
P∈M

∏
p∈P

wp(c), (17)

whereM is the set of perfect matching of G with the same coloring c and wp are the corresponding PM
weights of each P ∈M. Coming back to the previous example, if we add to the list of edges the edges
e00
ac and e00

bd , the resultant graph contains E = {e00
ab, e

00
cd , e

11
ef , e

00
ac, e

00
bd} and thus it generates a second

PM, the second one shown in Fig.1a. That PM has the same vertex coloring as the previous one, c =
(0, 0, 0, 0, 1, 1). Thus, the weight of that vertex coloring is W (c) = wP (c) = w00

abw
00
cdw

11
ef + w00

acw
00
bdw

11
ef .

D Logic clauses construction

For a given PM P , its Boolean expression becomes

bP (c) =
∧

{i,j}∈P
eαβij , (18)

where eαβij are the graph edges (and the Boolean literals), i < j are the graph vertices and c coloring
will be defined by the particular colors α and β associated with each edge in canonical order.
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We require that at least one PM exist for each vertex coloring that appears in the target state. Thus,
the collection of clauses that encode this logical statement becomes

B(c) =
∨

P∈M

∧
{i,j}∈P

eαβij , (19)

whereM is the set of PMs with c vertex coloring and Bc is False only if all PMs are False, and True
otherwise. As required, we need at least one PM with vertex coloring c to generate the state with that
coloring. In total, we need that this property is fulfilled for each of the vertex colorings that appear in
the target state that we want to generate. Thus, the total logical clause for the target state elements
becomes

S =
∧
c∈C

B(c) =
∧
c∈C

∨
P∈Mc

∧
{i,j}∈P

eαβij , (20)

where C is the set of vertex coloring that appear in the target state and Mc are the set of PMs for
each of these colorings.

To encode the obstructions to those basis elements that do not appear in the target state, we use the
following logic: if all PMs except one that generates those basis elements are False, the remaining one
has to be False as well. However, other possibilities, e.g. two or more are True, are allowed since there
can be cancellations between the weights of these PMs. For each of these forbidden basis elements, we
encode this logical statement in the following way:

C(c) =
∧
k∈M

bk(c) ∨
∧

P∈M
P 6=k

bP (c), (21)

where M are the set of PMs with vertex coloring c. Take a subset of all PMs with the same vertex
coloring consisting of all PMs except one. If all PMs of this subset is False, its conjunction will be False.
Therefore, to C(c) =True, the remaining PM must evaluate to False as well. For example, imagine
we have three PMs with a vertex coloring c that must not appear in the target state, namely PM1,
PM2 and PM3. If PM2 = PM3 =False, then PM2 ∨ PM3 =False. As a consequence, PM1 =False,
so PM1 =True in order to obtain C(c) =True.

Considering all basis elements that do not appear in the target state, the obstruction clause becomes

C =
(∧
o∈O

C(o)
)
, (22)

where O is the set of vertex colorings that do not appear in the state. This clause evaluates to True
only when all subclauses are fulfilled, i.e. each C(c) =True.

E Benchmark states
The states used in the benchmarks are the GHZ states

|GHZn,d〉 = 1√
d

d−1∑
k=0
|k〉⊗n, (23)

in particular the GHZ states for n = 4, 6, 8 and local dimension 2 or 3:

|GHZ4,3〉 = 1√
3

(|0000〉+ |1111〉+ |2222〉) , (24)

|GHZ6,2〉 = 1√
2

(|000000〉+ |111111〉) , (25)

|GHZ8,2〉 = 1√
2

(|00000000〉+ |11111111〉) . (26)
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(a) (b) (c)

Figure 7: Explicit data states from which there does not exist a graph

Besides these states, we also consider highly entangled states with different Schmidt Rank Vector
(SRV) [27]. This figure of merit is well-defined for states consisting of 3 parties. That is why to generate
these states we introduce a fourth party in the |0〉 state, i.e. we look for the graph that generates the
state |ψ〉|0〉, where |ψ〉 is the true target state. The explicit wave functions of these states are

|Ψ544〉 = 1√
5

(|000〉+ |111〉+ |222〉+ |330〉+ |413〉) , (27)

|Ψ644〉 = 1√
6

(|000〉+ |111〉+ |222〉+ |330〉+ |413〉+ |512〉) , (28)

|Ψ654〉 = 1√
6

(|000〉+ |111〉+ |222〉+ |330〉+ |440〉+ |513〉) , (29)

|Ψ955〉 = 1√
9

(|000〉+ |111〉+ |222〉+ |303〉+ |404〉+ |505〉+ |631〉+ |741〉+ |841〉) . (30)

The subindex of the |ψ〉 states indicates their SRV.
We also use two states with SRV= (5, 4, 4), (6, 4, 4) for which it does not exist exact graph that

generates them. These states are

|Ψ∗544〉 = 1√
5

(|000〉+ |111〉+ |222〉+ |333〉+ |401〉) , (31)

|Ψ∗644〉 = 1√
6

(|000〉+ |111〉+ |222〉+ |310〉+ |420〉+ |533〉) . (32)

We also try to generate the GHZ(6,3), which we know is not representable by an exact graph,

|GHZ6,3〉 = 1√
3

(|000000〉+ |111111〉+ |222222〉) . (33)

We run the algorithms benchmarks 25 times for each target state and present the average performance
in the main article. Figures 7 and 8 show the results of each of these runs.
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Figure 8: Explicit data states from which there exists a graph
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