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ABSTRACT: While metal halide perovskites (MHPs) have shown
great potential for various optoelectronic applications, their
widespread adoption in commercial photovoltaic cells or photo-
sensors is currently restricted, given that MHPs such as CsPbI3 and
FAPbI3 spontaneously transition to an optically inactive non-
perovskite phase at ambient conditions. Herein, we put forward an
accurate first-principles procedure to obtain fundamental insight
into this phase stability conundrum. To this end, we computation-
ally predict the Helmholtz free energy, composed of the electronic
ground state energy and thermal corrections, as this is the
fundamental quantity describing the phase stability in polymorphic
materials. By adopting the random phase approximation method as
a wave function-based method that intrinsically accounts for many-
body electron correlation effects as a benchmark for the ground state energy, we validate the performance of different exchange-
correlation functionals and dispersion methods. The thermal corrections, accessed through the vibrational density of states, are
accessed through molecular dynamics simulations, using a phase-transferable machine learning potential to accurately account for
the MHPs’ anharmonicity and mitigate size effects. The here proposed procedure is critically validated on CsPbI3, which is a
challenging material as its phase stability changes slowly with varying temperature. We demonstrate that our procedure is essential to
reproduce the experimental transition temperature, as choosing an inadequate functional can easily miss the transition temperature
by more than 100 K. These results demonstrate that the here validated methodology is ideally suited to understand how factors such
as strain engineering, surface functionalization, or compositional engineering could help to phase-stabilize MHPs for targeted
applications.

1. INTRODUCTION
Metal halide perovskites (MHPs) hold great potential for
various optoelectronic applications, such as solar cells, LEDs,
and X-ray imaging,1−3 thanks to their excellent absorption
properties, long charge carrier diffusion lengths, tunable
properties, easy synthesis, and low cost.4−7 Initially, research
on MHPs focused on MAPbI3 (MA = methylammonium) and
FAPbI3 (FA = formamidinium).8−11 Later, a chemically more
diverse MHP space has been synthesized and investigated in
the continuous search to optimize their optoelectronic
properties,12,13 ranging from substituting MA+/FA+, Pb2+,
and I− with other ions or ionic complexes to even more
complex structures like double MHPs and 2D (Ruddlesden−
Popper) MHPs.14−18 However, despite this versatility in
available MHPs, their poor phase stability remains a major
hurdle for their widespread commercialization. While the black
phases or perovskite phases of these materials�referring

collectively to the α, β, and γ phases�attain very attractive
optoelectronic properties, they easily transform to the optically
inactive δ phase or yellow phase upon cooling to room
temperature, both under atmospheric conditions19−21 and in
vacuo,22−26 as visualized in Figure 1. For instance, the
perovskite phase of CsPbI3 is stable only at high temperatures;
cooling to room temperature renders the perovskite phase
metastable and induces a transformation to the nonperovskite
δCs phase. A similar phase transformation occurs in FAPbI3, for
which cooling leads to the δFA phase. The latter differs from
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the δCs phase by the connectivity of the PbI framework.
Therefore, extensive attention has been devoted in recent years
to find methods to lower the transition temperature from the
perovskite to the nonperovskite phase and stabilize the
perovskite phase at room temperature. This can be achieved
through, e.g., surface functionalization, crystal size control,
interface-induced strain engineering, and compositional
engineering.27−35 Given that it is challenging to experimentally
isolate these different stabilizing effects, computational
modeling has proven to be a necessary and complementary
tool to understand the phase stability in MHPs and other
materials.36−41 However, the accuracy of such an endeavor
strongly depends on the computational techniques adopted in
the procedure. In particular, an accurate prediction of the
transition temperature from the perovskite to the non-
perovskite phases and vice versa strongly depends on the
level of theory used to determine the ground state energies and
on the computational approach to determine the thermal
corrections. A methodology to accurately determine the
transition temperature in MHPs is highly desirable yet still
lacking at the moment. In this work, we aim to tackle this
challenge by establishing such a computational methodology
that can accurately describe the phase stability of a wide range
of MHPs, focusing on factors such as the applied level of
theory and the supercell size. By critically examining the phase
stability of CsPbI3, we demonstrate that these are crucial
elements to obtain an accurate prediction of both the ground
state energy and the thermal corrections to the free energy,
which dictate the phase stability in MHPs.

Density functional theory (DFT) has proven to be the first-
principles method of choice to computationally model realistic
materials, given its exceptional trade-off between computa-
tional efficiency and accuracy, especially when compared to
wave function-based Hartree−Fock (HF) calculations.46−50

Conceptually, DFT yields the exact ground state energy, if the
exact exchange correlation (XC) functional were known. In
practice, however, the choice of the XC functional introduces
errors which may substantially impact the results and thus the
prediction of the stability of the different phases for a given
material. To quantify these errors, several MHP benchmark
studies have been performed, indicating that expensive many-
body methods, such as the Green’s function many-body
perturbation approach (GW), are necessary to accurately
calculate the electronic density of states.51−55 Luckily,
predicting the ground state energy, which is needed to assess
the stability, is typically less demanding. Bokdam and co-
workers benchmarked the performance of different XC
functionals in predicting the ground state energy of the
MAPbI3 perovskite phases, applying the random-phase
approximation (RPA) to the correlation energy as in refs 56
and 57. While substantially more expensive than DFT, RPA is
in principle a fully ab initio method that can be regarded as the
golden standard to obtain accurate ground state energies. In
their work, Bokdam et al. revealed that SCAN, HSE, and HSE
+D3 are the best XC functionals that most closely approach
the RPA results when predicting the energy differences
between structures generated via MD simulations of the γ
phase of MAPbI3. However, to determine the phase transition
temperature, the difference in ground state energies between
the competing perovskite and nonperovskite phases is an even
more important property than the ground state energy
difference between states in the perovskite phase.58 To date,
it remains unclear which XC functional performs best in
accurately predicting ground state energy differences between
the perovskite and nonperovskite phases for MHPs. Therefore,
in our approach to determine accurate phase transition
temperatures, we will extensively benchmark how different
XC functionals and dispersion methods reproduce the ground
state energy differences among the γ, δCs, and δFA phases of
CsPbI3, compared to RPA+HF results which will be taken as
the golden standard. We explicitly consider the δFA phase,
observed experimentally only in FAPbI3 until now, as well for
CsPbI3 to highlight the transferability of the here proposed
procedure. Because CsPbI3 is a soft material,59 the phase space
will be explored beyond the expected ground state with
molecular dynamics (MD) simulations to find the global
minimum for which accurate ground state energies will be
calculated. Finally, the effect of spin−orbit coupling (SOC) on
the ground state energy will be accounted for.

Besides accurately predicting the ground state energy
difference, the envisaged computational methodology should
also incorporate thermal effects in order to understand the
phase behavior at operating temperatures. Therefore, a second
task in determining accurate phase transition temperatures is to
obtain the vibrational contributions to the free energy, going
beyond the harmonic oscillator approximation to account for
anharmonic effects present in these materials.60,61 The
common approach to predict the vibrational free energy is
by calculating the vibrational density of states (VDOS) from
small ionic displacements and subsequently applying the
harmonic approximation to obtain the free energy.62,63

However, this method does not include any anharmonic

Figure 1. At high temperatures, both CsPbI3 and FAPbI3 adopt their
perovskite (α, β, or γ) phase. Below 548 K (CsPbI3) or 433 K
(FAPbI3) and, hence, also at room temperature, a nonperovskite δ
phase is formed. Because the PbI frameworks of these δ phases differ,
the subscript “Cs’ or ‘FA” is added in this paper when referring to the
phase which has the PbI framework of the δ phase of CsPbI3 or
FAPbI3, respectively. Transition temperatures obtained from refs 24
and 42−45.
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effects, which are present for CsPbI3 given that the material
exhibits several low-frequency modes.41 To account for
temperature-dependent anharmonic effects, the frequencies
will here be determined by calculating the velocity
autocorrelation function from an MD run at a specific
temperature instead.64 The VDOS for different phases of
CsPbI3 has been calculated before, via static65,66 and recently
also via MD calculations.66,67 Kaiser and co-workers performed
MD calculations of the perovskite phase at 450 K and used
velocity autocorrelation functions to obtain the VDOS.
However, they performed their calculations on a relatively
small 320-atom supercell. Gu et al. calculated the VDOS of the
γ and δCs phases from 300 to 700 K via mode-projected
velocity-autocorrelation functions,66,68 which differ from
regular velocity autocorrelation functions as they require a
finite q-point grid.69 Moreover, they performed calculations on
supercells of 160 atoms, whereas we will show herein that
supercells containing more than 1000 atoms and simulation
times exceeding 10 ps are needed to ensure convergence of the
VDOS has been reached. Combining such length and time
scales is unfeasible at the DFT level.64,69−73 Therefore, to
calculate thermal effects in this work, a machine learning
potential (MLP) will be trained for the γ, δCs, and δFA phases of
CsPbI3 with SchNetPack74 to increase the accessible size and
length scale of our simulations. Afterward, this MLP will be
adopted to perform MD simulations at temperatures between
100 and 600 K, from which the velocity autocorrelation
functions and the temperature-dependent VDOS will be
extracted. From these VDOS, the vibrational free energy as a
function of temperature will be determined. Finally, we will
critically evaluate the sensitivity of the finally obtained free
energies on the MLP parameters, the supercell sizes, the
lengths of the MD trajectories, and the required training data.

Ultimately, by combining accurate electronic ground state
energies complemented with vibrational free energies, we will
predict the γ-to-δCs phase transition temperature. To
demonstrate the MLP’s reliability, the total free energy
obtained with the MLP will be compared with DFT results
obtained on a smaller unit cell. Finally, the validity of the here
proposed methodology will be critically assessed by comparing
with the experimentally found transition temperatures,
revealing a remarkably good correspondence and providing
confidence in the accuracy of the proposed approach to

untangle the different effects impacting the phase stability in
MHPs.

2. THEORETICAL FRAMEWORK
From a thermodynamic point of view, the most stable phase at
a given temperature is the one with the lowest Helmholtz free
energy. This free energy consists of the ground state energy on
the one hand and the vibrational free energy on the other
hand, as shown in Figure 2. Section 2.1 introduces both
contributions and explains the decomposition. The applied
methodologies to accurately calculate the ground state energy
and the vibrational free energy are discussed in Section 2.2 and
2.3, respectively.

Adding both contributions together results in the total
Helmholtz free energy, which is calculated at multiple
temperatures for each of the different phases. The transition
temperature then immediately follows as that temperature at
which the total free energy of the yellow phase and the total
free energy of the black phase coincide, as shown schematically
in Figure 2.

2.1. Decomposing the Free Energy at Finite Temper-
ature. The Helmholtz free energy F can be separated into
different contributions:

F E F F F E FGS trans vib elec GS vib= + + + + (2.1)

In this expression, EGS is the electronic ground state energy and
Ftrans is the free energy due to global translations, which is the
same for each phase. As we are only interested in the relative
energy difference between the different phases, Ftrans is omitted
here, which is enforced practically by removing the center-of-
mass velocity of the unit cell. Felec is the free energy
contribution due to the electrons, which can be neglected
because the band gap for all phases of CsPbI3 is substantially
higher than kBT, with kB being the Boltzmann constant and T
the temperature. At room temperature, kBT = 26 meV, and the
phase with the smallest band gap, the γ phase, has a band gap
of 1.56 eV.75 Therefore, Fvib, the free energy due to molecular
vibrations, is in good approximation the only temperature- and
phase-dependent component in the total Helmholtz free
energy.61

The first term in eq 2.1, the ground state energy,
corresponds with the electronic energy at 0 K, which is
found by solving the many-body Schrödinger equation for the

Figure 2. Schematic depiction of our approach to accurately determine the transition temperature in MHPs. The free energy is decomposed into
two parts that are calculated separately: (a) The ground state energy for which RPA+HF calculations were performed with VASP on structures of
20 atoms. These ground state structures were optimized starting from different snapshots of an MD simulation. (b) The vibrational free energy for
which the vibrational density of states was calculated from NVE MD simulations with a machine learning potential that was derived from CP2K
calculations on 320-atom supercells.
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atomic positions at 0 K.70 Within this work, the ground state
energy will be calculated with various DFT methods on the
one hand, as well as with RPA+HF as the benchmark
methodology on the other hand (see Section 2.2).

The second term in eq 2.1, the vibrational free energy, is
calculated based on the fundamental normal-mode frequencies
of the system at a given temperature, T, by assuming that the
vibrational modes of the system behave as noninteracting
harmonic oscillators. The total vibrational free energy can then
be calculated as the integral over the frequency, ν, of the
vibrational density of states (VDOS), D(ν), multiplied with the
vibrational free energy of a quantum harmonic oscillator with
frequency ν, Fvib(ν):64

F D Fd ( ) ( )vib
0

vib=
(2.2)

with
Ä

Ç

ÅÅÅÅÅÅÅÅÅÅ

É

Ö

ÑÑÑÑÑÑÑÑÑÑ( )
F

h E

E h

( ) ln

ln 1 exp( ) ( );

( )

h

hvib
1 1 exp( )

exp

1
ZPE

ZPE
1
2

1
2

=

= [ ] +
= (2.3)

In the formula above, h is Planck’s constant, k T( )B
1= , and

EZPE is the zero point energy. Zero frequency translational
modes are removed according to the procedure described in
Section 9 of the Supporting Information (SI). To account for
anharmonic effects, the VDOS in eq 2.2 can be calculated as
the mass-weighted Fourier transform of the nuclear velocity
autocorrelation function:

Ä
Ç
ÅÅÅÅÅÅÅÅ

É
Ö
ÑÑÑÑÑÑÑÑD m t t v t t v t i t( ) 2 d lim 1

2
d ( ) ( ) exp( 2 )

j

N

j j j
1

A

= + ·
=

(2.4)

with NA the number of atoms and mj and vj the mass and
velocity of atom j, respectively. Integration over the entire
VDOS yields the total degrees of freedom (Nf):

64,76

N N D3 3 d ( )f A
0

= =
(2.5)

The velocities in eq 2.4 can be calculated during an NVE
MD simulation for which the initial kinetic energy is chosen
such that it fluctuates around a specific temperature during the
simulation. Via this method, temperature-dependent anhar-
monic effects are inherently taken into account.

2.2. Ground State Energy Calculations. As shown in
Figure 2a, the ground state energy is the first contribution to
the total free energy. There are two main challenges to
determine the ground state energy with DFT. First, the
structure with the lowest energy should be found. Because
CsPbI3 is a relatively soft material, its energy surface is
characterized by multiple local minima in phase space,
corresponding with different energies. For MHPs with even
more mobile A-site cations, such as methylammonium (MA+)
and formamidinium (FA+), this is a fortiori the case due to the
rotational freedom of the organic cations.57 To ensure that our
procedure succeeds in finding all local minima, we first perform
an MD simulation for each optimized phase (the γ, δCs, and δFA
phases) that fully scans the phase space around the sought-
after minimum. From that trajectory, 101 relevant snapshots
are extracted, and their nuclear structure is optimized until

their energy has converged. Afterward, the structure with the
lowest energy for each phase is selected and used to determine
the ground state energy differences between the phases. We
furthermore show in Section 4.1 that, due to the softness of
CsPbI3, multiple inequivalent γ and δFA phases can be found in
the material and quantify their similarity.

A second challenge in determining the ground state energy
of MHPs relates to the accuracy of the used electronic
structure method. DFT is ubiquitously used because of its
computational efficiency compared to more expensive many-
body techniques. However, DFT is very sensitive to the
particular choice of the XC functional and dispersion
method.77 In contrast, RPA+HF is a fully first-principles
many-body electronic structure method56,78 which can account
for dynamic electronic screening and mid- to long-range
dispersion interactions.79 Therefore, RPA+HF is able to make
good predictions for various bond types: it has been
demonstrated to well reproduce energy differences of metallic,
covalent, ionic, and van der Waals bonds.56,77−87 As a result,
RPA+HF shows a remarkable improvement over DFT for the
prediction of the stability of polymorphs.88,89 Based on these
considerations, the RPA+HF energy is chosen as the reference
to assess the quality of the DFT results in this work.

Within the adiabatic connection fluctuation−dissipation
theorem with the RPA, the total energy of a system is
decomposed into two parts:88

E E Etotal HF RPA= + (2.6)

EHF is the Hartree−Fock total energy calculated non-self-
consistently using Kohn−Sham (KS) orbitals, which are
determined a priori from a DFT calculation. EHF can be
separated in four terms: the kinetic energy evaluated with the
KS orbitals (TKS), the interaction energy between the electrons
and the nuclei (Ee−n), the classical Coulomb repulsion between
the electrons (the Hartree energy, EH), and the exact exchange
energy (Ex):

88

E T E E EHF KS e n H x= + + + (2.7)

ERPA in eq 2.6 is the correlation energy (Ec):

E E i V i Vd
2

Tr ln 1 ( ) ( )RPA c
0

= = { [ ] + }

(2.8)

In this expression, χ(iω) is the independent particle polar-
izability,90V is the Coulomb kernel, and iω is the imaginary
frequency.56 RPA+HF is an accurate but also a very expensive
method. In view of the need for larger screening studies of
MHPs, it is essential to identify computationally less expensive
XC functionals, with or without dispersion corrections, that
can reproduce the RPA results to a satisfactory extent.

2.3. Vibrational Free Energy Calculations. The second
contribution to the total free energy is the vibrational free
energy, as depicted in Figure 2b. As demonstrated in eq 2.2,
determining the vibrational free energy requires knowledge of
the fundamental frequencies in the system. To accurately
obtain these frequencies, NVE simulations are the most
appropriate as they are not influenced by thermostats or
barostats present in other thermodynamic ensembles. For
MHPs that contain low-frequency vibrational modes that span
multiple unit cells, such as CsPbI3, the simulation time should
be long enough and the simulation cell should be large enough
to ensure sufficient sampling. This was already shown in
previous works64,69−73 and is confirmed in this work as well,
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more specifically in Section 4.2 of the main paper and Section
10.1 of the SI. These settings are practically unfeasible for DFT
calculations.

In principle, classical force fields, which fit an analytic
function to the potential energy surface, could be a viable
alternative for DFT calculations at finite temperatures.
However, while force fields for MHPs exist,91−93 they have
important drawbacks, for example, when describing the
rotational dynamics of the MA+ molecular ion in MAPbI3.

57

Because the goal of this paper is to propose a methodology
that is applicable for multiple phases and different MHPs, an
approach based on classical force fields is not preferred.
Instead, in this paper, machine learning potentials (MLPs) are
trained to perform NVE simulations and determine the
frequencies. Within the framework of MLPs, a numerical
potential is trained based on underlying quantum mechanical
data using a nonlinear regression method. It has been shown
that MLPs can accurately reproduce first-principles results at a
fraction of the cost, if enough training data is provided.94,95

Moreover, MLPs for MHPs have already been trained
successfully, although this field is still in full development.96−99

Since we aim to train one MLP that is transferable to
multiple phases and because the evaluation of a neural network
is independent of the size of the training data set, a neural
network is preferred over a kernel regression method.100 In this
paper, SchNetPack74 is used to train the MLP. SchNet is a
deep neural network based on continuous filter convolutions.
Training the network on the input data, it can be used to
predict energies and forces from the atomic coordinates. To
check the desired transferability, four different MLPs are
trained. MLPall is trained on the aggregated input data of the γ,
δCs, and δFA phases, whereas separate MLPγ, MLP

Cs
, and

MLP
FA

are trained on data only pertaining to that specific
phase. Given our goal to derive a phase-transferable MLP, we
will investigate the ability of MLPall to describe all phases
simultaneously with an accuracy similar to those of the MLPs
trained on the individual phases.

Given that the unit cell remains fixed during the NVE
simulations, it is important to select a proper initial structure.
To this end, and as explained in more detail in Section 3, an
NPT simulation is performed first to determine a physically
sensible unit cell, and this structure is then used as input for an
NVT simulation at the target temperature to obtain the initial
structure of the NVE simulations performed in this work.
Using the obtained NVE trajectory, the VDOS at the required
temperature is calculated using eq 2.4, which is then used to
determine the total vibrational free energy through eqs 2.2 and
2.3.

3. METHODS
Section 1 of the SI details the schematic flowchart that was applied to
determine the total Helmholtz free energy. The flowchart contains the
different computational steps, which are explained in more detail in
this section.

3.1. Determining the Ground State Energy with VASP. All
calculations to determine the ground state energy are performed with
VASP,101,102 for which the Cs_sv (5s25p66s1), Pb_d (5d106s26p2), and
I (5s25p5) projected augmented wave functions (PAW) PBE
potentials are used.103 As confirmed in Section 2.5 of the SI, the
RPA+HF results obtained using PAW PBE potentials are comparable
to those obtained using PAW GW potentials, which differs from
earlier observations by Cui et al.88 The electronic convergence
threshold for the energy is set to 10−5 eV, and the projection
operators are evaluated in reciprocal space. For all calculations, the

precision mode is set to “normal”, unless mentioned otherwise in
Section 2 of the SI. Furthermore, for each calculation, Gaussian
smearing with SIGMA = 0.05 and nonspherical contributions related
to the gradient of the density in the PAW spheres are adopted. The
following XC functionals and dispersion methods are compared:
PBE,104 PBE+D2,105 PBE+D3(BJ),106,107 PBE+D3(BJ)ATM,108,109

PBE+TS,110 PBE+MBD,111−113 PBE+MBD/FI,114 PBEsol,115 vdW-
DF2,116−119 SCAN,120 SCAN+rVV10,121 M06-L,122 HSE06,123,124

HSE06+D3(BJ), HSE06+D3(BJ)ATM, and RPA+HF.77 The spin−
orbit coupling (SOC) effects are investigated for the PBE and HSE06
XC functionals.125 In general, the cutoff energy is set to 600 eV, and 4
× 4 × 3, 6× 4 × 2, and 4× 2 × 4 k-point grids are used for the γ, δCs,
and δFA phases, respectively. The PBE+MBD(/FI) and RPA+HF
calculations deviate from this, as discussed in Section 2 of the SI and
in the paragraph below. The following paragraphs discuss in more
detail the MD simulations, the geometric optimization, and the RPA
+HF single point calculations with VASP. Most settings mentioned
here are obtained after convergence tests. The results and the
discussion of these tests can be found in full in Section 2 of the SI.
The workflow and job management for the VASP calculations were
facilitated by an integrated development environment called pyiron,
which allowed for a consistent and automated calculation protocol
that proved to be easily extendable toward additional computational
settings.126

3.1.1. Finding Local Minima with NPT Molecular Dynamics and
Geometric Optimizations. First, for all three phases (γ, δCs, δFA),
separate NPT MD runs of 10 ps are performed at atmospheric
pressure (P = 1 bar) and at T = 600 K. The main goal of these MD
calculations is to sample a representative part of the phase space and
to identify any secondary minima around the three phases. These
calculations are run on low settings, i.e., using the PBE+D3(BJ) XC
functional, a cutoff energy of 400 eV and 3 × 3 × 2, 5× 3 × 2, and 3×
2 × 3 k-point grids for the γ, δCs, and δFA phases, respectively. These
settings are chosen because the accuracy of these MD calculations is
of lesser importance when exploring the phase space, in contrast to
the single point calculations performed afterward to accurately
determine the ground state energies. The MD calculations are
performed with a Verlet time step of 0.5 fs and using a Langevin
thermostat with a friction coefficient of 10 ps−1 for all atoms and
lattice parameters.127,128

From the obtained MD trajectories, one snapshot is taken every 0.1
ps yielding 101 snapshots for each phase (including the initial
structure) in total. Afterward, a geometric optimization is performed
on each snapshot, using a conjugate gradient algorithm to update the
positions, volume, and unit cell shape until the energy is converged
within 0.1 meV. The PBE+D3(BJ) XC functional is adopted to
calculate the energy and the forces, with a step width scaling of 0.5.
These calculations are computationally much more expensive than
single point energy calculations, as typically a few hundred steps are
necessary to reach convergence. This is unfeasible for the RPA+HF
calculations.88 Therefore, the optimization is only performed with the
PBE+D3(BJ) XC functional.

3.1.2. Performing High Level RPA+HF Calculations. The settings
of the RPA+HF calculations are carefully tested and discussed in
Section 2.5 of the SI. In contrast to the regular settings, the cutoff
energy is decreased to 400 eV, and the k-point grid for the δFA phase
is increased to 4 × 3 × 4. Decreasing the cutoff energy has almost no
effect on the ground state energy and makes the calculations
substantially less computationally expensive. The k-point grid of the
δFA phase is changed such that it has the same k-point density as the γ
and δCs phases; see also Figures S16 and S19. The correlation energy
is calculated with the cubic scaling space-time RPA algorithm
implemented in VASP,129,130 for which eight (imaginary) frequency
and imaginary time grid points are used. The correlation energy is
calculated through eq 2.8 using DFT orbitals obtained with the PBE
XC functional to determine the χ(iω) independent particle
polarizability. The correlation energy is extrapolated to the limit of
infinite cutoff energy by linearly regressing eight evaluated correlation
energies determined with eight different cutoff energies, which is the
traditional approach implemented in VASP to overcome the slow
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convergence of the correlation energy with respect to the cutoff
energy.131 The precision of the fast Fourier transform (FFT) grids
used in the cubic scaling space-time RPA routines is set to “Fast”. The
exact exchange part of eq 2.7 is evaluated in this paper using the DFT
orbitals obtained with the PBE XC functional and a “Normal”
precision of the FFT grids.

3.2. Determining the Vibrational Free Energy with CP2K
and Machine Learning Potentials. All calculations related to the
input data for the MLPs and their validity are performed with
CP2K.132,133 The energy and forces of the MD and single point
calculations are calculated with DFT using the PBE+D3(BJ) XC
functional unless mentioned otherwise. CP2K adopts a combined
Gaussian and plane wave basis set to determine the wave function,
using the GTH pseudopotentials and TZVP-MOLOPT-SR-GTH
basis sets.134−136 The cutoff energy and relative cutoff are set to 400
and 40 Ry, respectively. All calculations are performed on a 320-atom
supercell with a single k-point, the Γ-point. For the NVT and NPT
simulations, the temperature is controlled with a Nose−́Hoover
thermostat with a time constant of 100 fs and three thermostat
beads.137−139 For the NPT simulations, also an MTK barostat with a
time constant of 500 fs is adopted to control the pressure at 1 bar.140

Convergence tests for the input settings of these CP2K calculations
are reported and discussed in Section 3 of the SI.

3.2.1. Generating the Training Data for the Machine Learning
Potentials. The input DFT data to train the MLP, i.e., the energies
and atomic forces, are generated with CP2K. First, for each phase,
four different structures are constructed with an initial NPT (P = 1
bar and T = 600 K) simulation using a 320-atom supercell as the
initial structure. Second, each of these four structures is used as the
initial structure for 11 NPT simulations with P = 1 bar and T = 300,
350, 400, 450, 500, 550, 600, 650, 700, 750, or 800 K. Using different
temperatures ensures a more diverse sampling of the phase space and
an increased transferability in the temperature window from 100 to
600 K. It is necessary to augment the sampled phase space with NPT

structures generated at temperatures higher than 600 K as the NVE
simulations with the MLP at 600 K were unstable otherwise. Finally,
for every NPT simulation, one snapshot is extracted every 10 fs to
train the MLP. This is done to suppress correlations in the data. The
final training set consists of 189 268 snapshots in total.

3.2.2. Training and Validating the Machine Learning Potentials.
The MLP is trained with SchNetPack.74 A SchNet model with 128
features, 6 interaction blocks, 50 Gaussians, and a cosine cutoff
function with a cutoff of 6 Å is used. The model is trained with a
batch size of 32. The model is trained on the energies and forces using
the Adam optimization algorithm with a dimensionless learning rate
of 5 × 10−5.141 The MLP did not learn the stresses because they
increased the mean absolute error of the forces. In addition,
reproducing the stresses is only vital when performing NPT
simulations, which is not necessary to derive the vibrational free
energy here. In the loss function, the energy loss is multiplied with 1 ×
10−4 and the loss of the forces with 1, to account for the different
scales of energy and forces. The model trained for approximately 9
days on 1 NVIDIA Volta V100 graphics processing unit. The MLP
parameters mentioned in this paragraph are chosen after scanning the
parameter space. The results of these tests can be found in Section 4.1
of the SI. The cutoff radius has the most significant effect on the mean
absolute error (MAE) of the forces. Therefore, the effect of the cutoff
radius on the VDOS is investigated in Section 10.3 of the SI.

The effect of training on all phases simultaneously or, conversely, of
training an MLP for each phase separately, on the VDOS and the
vibrational free energy will be discussed in Section 4.2. In Section 4.3
of the SI, the NVE MD simulations performed with the MLP are
validated by calculating the MAE of the forces and by comparing the
histograms of the Pb−I distances and the Pb−I−Pb angles to those
obtained with CP2K.

3.2.3. Initializing the NVE Molecular Dynamics Simulations.
Before the NVE simulations are performed, the unit cell and total

Figure 3. (a) Energy of all optimized structures for the three phases, calculated with DFT using the PBE+D3(BJ) XC functional. For the δCs phase,
all structures have approximately the same energy, while for the γ and δFA phases two separate groups of structures with similar energies are
identified by a different color. (b) Pb−I−Pb bond angle distribution for each structure of both groups for the γ phase. (c) Cs−Cs distance
distribution for each structure of both groups for the δFA phase.
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energy of the system need to be determined for each phase and at
each desired temperature. The temperatures of 100, 200, 300, 400,
500, and 600 K are chosen, as these encompass the expected
transition temperature, depicted in Figure 1.

First, the unit cell is determined for each phase by performing NPT
simulations with CP2K at the desired temperature and at P = 1 bar.
The first 3 ps are discarded as the equilibration time, whereas the
following 10 ps or more are used to determine the unit cell. This is
done by averaging each unit cell parameter and by globally rescaling
the cell lengths such that the new unit cell volume equals the average
unit cell volume during the NPT simulation.

Second, to ensure that the average temperature throughout the
NVE simulation approximately equals the desired temperature, the
initial velocities are rescaled to obtain the target average kinetic
energy at that temperature, E N k T

kin
3

2
A B= . In addition, to obtain an

equilibrated starting structure, the initial structure for the NVE
simulation is extracted from the final snapshot of a converged NVT
simulation (simulation time of approximately 14 ps) at the desired
temperature and with the cell parameters extracted from the NPT
simulation.

The effect of the length of the NVE MD runs is discussed in
Section 10.1 of the SI. The MD runs are 1 ns long for the MLP,
except for the 20 480-atom supercell, for which the simulation time is
reduced to 500 ps. For the CP2K MD simulations, the simulation
time is 24 ps per simulation. To reduce the noise in the spectra, the
average VDOS of eight such MD runs is calculated, as discussed in
Section 11 of the SI.

4. RESULTS
4.1. Ground State Energy. 4.1.1. Finding the Global

Minima. The first step to determine the ground state energy is
to find the structure with the lowest energy. To this end, we
follow the procedure outlined in Section 2.2 and calculate, for
each phase, the 0 K energy for 101 optimized snapshots
encountered during an NPT MD run. Figure 3a visualizes the
calculated energies of all optimized structures for the three
phases using the PBE+D3(BJ) XC functional. Only for the δCs
phase do all optimizations converge to approximately the same
energy. This contrasts with the γ and δFA phases, for which

different optimized energies can be found depending on the
initial structure. For both phases, we can identify two groups of
structures that have a similar energy, as indicated by the
different colors in Figure 3a.

To explain these energetic differences and to explore
whether structures with a similar energy are approximately
the same, Figure 3b shows two histograms, one for the low-
energy structures and one for the high-energy structures,
containing the Pb−I−Pb bond angles for each of the 101
optimized structures in the γ phase. Analogously, Figure 3c
reveals two histograms for the Cs−Cs distance of all 101
optimized structures in the δFA structures. In both cases, the
histograms of the high- and low-energy structures reveal clear
structural differences, which correlate well with the energy
differences between them. To investigate whether the
structures within a group are very similar, Figure S26 visualizes
the histograms of the Pb−I−Pb bond angle and Cs−Cs
distance for six low-energy structures of the γ and δFA phases,
respectively. These histograms differ only by approximately 1°
for the γ phase and 0.1 Å for the δFA phase, indicating that
these optimized structures have almost no structural differ-
ences. The same is true when considering different high-energy
structures, which only reveal slightly wider peaks due to the
slightly larger spread on the optimized energies and the larger
differences of the histograms of Figure S27.

To confirm that the occurrence of multiple inequivalent
ground states in Figure 3 is not an artifact of the PBE+D3(BJ)
level of theory adopted here, and more specifically, to confirm
that the distinction between the high-energy structures and the
low-energy structures also holds for other levels of theory, the
energy differences between 10 of the optimized structures of
the γ, δCs, and δFA phases shown in Figure 3 are recalculated
with different XC functionals and with RPA+HF, as reported
in Section 6 of the SI. Depending on the level of theory, both
the energy spread within a group as well as the energy gap
separating the two groups vary. However, besides one
exception, the low-energy structures remain more stable than

Figure 4. Ground state energy difference between either the δCs (purple, E
Cs

) or the δFA phase (green, E
FA

) and the γ phase as a function
of the used XC functional. The dotted lines indicate the results of the reference RPA+HF calculations (Δδ−γERPA+HF, purple for δCs and green for
δFA), while the bars quantify, for each XC functional, the difference with respect to this RPA+HF reference (ΔXC−(RPA+HF)Δδ−γE). Each bar starts at
RPA+HF results and ends at the calculated value for that XC functional. The orange bar reveals the extra correction to the ground state energy
differences for the PBE and HSE06 XC functionals due to the inclusion of spin−orbit coupling (SOC).
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the high-energy structures. Moreover, using different XC
functionals to perform the optimization leads to approximately
the same energy differences between the phases, as discussed
in Section 7 in the SI. Therefore, we can assume that the
structures with the lowest PBE+D3(BJ) energy for each phase
are adequate structures to calculate the ground state energy
differences between the phases also for all other levels of
theory. Furthermore, as discussed in Section 8 of the SI, similar
observations arise when generating initial configurations by
randomly displacing atoms in the structure rather than
extracting them from a prior MD run and subsequently
optimizing these resulting structures. These observations also
confirm the robustness of this unexpected observation with
respect to the chosen level of theory. As we will show later, the
here revealed energy difference between the high- and low-
energy structures has a profound effect on the predicted
transition temperature.

4.1.2. Effect of XC Functionals and Dispersion Method on
the Ground State Energy. The second step when determining
the ground state energy is to assess the accuracy of the XC
functionals on the ground state energy differences between the
phases. As mentioned before, the RPA+HF results are adopted
as the most accurate estimate and hence are the reference for
our comparison, given that a comparison of the calculated
results with experimental ones is necessarily postponed to
Section 4.3, as this also requires the vibrational free energy. To
guide the discussion, we introduce the following terminology
to compare energy differences between different phases and
levels of theory (LOT). First, the metric Ephase phase

LOT
1 2

denotes, for a fixed level of theory, the energy difference
between two phases. Subsequently, to compare how different
XC functionals are able to reproduce this energy difference
when calculated using RPA+HF, we will focus on the metric

ELOT LOT
phase phase

1 2

1 2
, which is the difference between

Ephase phase
LOT

1 2

1 and Ephase phase
LOT

1 2

2, calculated between
two different levels of theory, one of which will be RPA+HF.

Figure 4 summarizes, for each functional and dispersion
method, the ground state energy differences between the δCs
and the γ phase on the one hand (purple, E

Cs
) and the δFA

and the γ phase on the other hand (green, E
FA

). These
differences are visualized with respect to the RPA+HF results
(dotted lines, Δδ−γERPA+HF), which equals −12.7 kJ/mol for the
δCs phase and 0.35 kJ/mol for the δFA phase. The sizes of the
different bars indicate the metric ΔXC−(RPA+HF)Δδ−γE defined
above; the smaller this bar, the better the XC functional
reproduces the RPA+HF result. Figure 4 demonstrates that the
PBE+D3(BJ), PBE+MBD/FI, and SCAN+rVV10 functionals
show the best agreement with RPA+HF, because they lead to
the lowest absolute values for EXC (RPA HF)

Cs

+ and

EXC (RPA HF)
FA

+ .
When comparing the results for the XC functionals without

dispersion corrections, the PBE and HSE06 results are very
similar. However, they heavily overestimate E

Cs
. Those

results are improved when using the M06-L, PBEsol, or SCAN
functionals. However, the best results are obtained for the
vdW-DF2 functional, which is a nonlocal XC functional that
includes an approximation of the van der Waals interactions.117

For the investigated GGA, mGGA, and hybrid XC
functionals, the inclusion of an appropriate dispersion method

can almost completely correct the error of the energies
computed without a dispersion method. Not all dispersion
methods lead to satisfying results, however, and especially the
D2, Tkatchenko−Scheffler (TS), and many-body dispersion
(MBD) methods yield large deviations on the energy
differences. The MBD method is known to perform poorly
for ionic systems. The MBD/FI dispersion method of Gould et
al. corrects the MBD method by incorporating ionic effects to
describe the polarizability.114 For CsPbI3, which is an ionic
system, this is necessary as the MBD error is corrected almost
completely for the MBD/FI dispersion method. Inclusion of
the Axilrod−Teller−Muto (ATM) contributions to the
D3(BJ) dispersion barely changes the obtained results
(approximately 0.3 kJ/mol).

To determine the electronic structure of CsPbI3, it is
important to include spin−orbit coupling (SOC).52 However,
as demonstrated for the PBE and HSE06 XC functionals in
Figure 4, SOC has a small effect of about 0.4 kJ/mol on the
ground state energy differences between the phases, because
SOC mainly affects the neighborhood around the nuclei.125

Therefore, the SOC effects on the energy are very similar for
the three different phases and cancel out when calculating the
energy differences between the phases.

As visualized in Figure S28, most XC functionals and
dispersion methods predict energy differences between differ-
ent structures of the same phase that are roughly the same as
the RPA+HF results, with HSE06+D3(BJ), SCAN+rVV10,
and PBE+D3(BJ) performing the best.

4.2. Thermal Corrections: The Vibrational Free
Energy. 4.2.1. Validation of the Machine Learning
Potentials. Given our focus on determining a phase-trans-
ferable MLP, we first turn our attention to the MLP trained on
the three different phases, MLPall, when determining the
thermal corrections to the ground state energy. MLPall is
shown to exhibit a mean absolute error (MAE) of 0.7 kJ/mol
per formula unit on the energy and 29 meV/Å on the forces.
Especially the latter value should be as low as possible, as only
the forces are necessary to perform the MD calculations. The
MAE on the forces for MLPall is significantly lower than for the
MLPs trained on CsPbI3 by Jinnouchi et al., which obtained an
error of approximately 70 meV/Å. This is not unexpected,
given that our training set is approximately 100 times larger.
Also, the MLPs trained by Chen and co-workers for MAPbI3
have a significantly higher MAE on the forces.96,98 A possible
explanation is that their MLPs use the hyperbolic tangent as
the activation function, as mentioned in their work, while
SchNet uses the shifted softplus.142

While training the MLP on each phase individually reduces
the phase-transferability of the model, it can also reduce the
MAE on the forces for this specific phase. However, the MAE
on the forces for MLPγ, MLP

Cs
, and MLP

FA
are 29 meV/Å, 17

meV/Å, and 27 meV/Å, respectively, which are only slightly
smaller than or of the same magnitude as the errors obtained
when using MLPall. This indicates that it is possible to train
one phase-transferable MLP for multiple CsPbI3 phases
without a significant loss of accuracy. Moreover, Section 4.2
of the SI discusses the effect of the data set size on these errors.
When training an MLP on a specific phase, using all generated
ab initio data decreases the MAE on the forces. When training
on all phases simultaneously (i.e., MLPall) instead, the best
MAE is approximately achieved already when considering only
about a fourth of the total generated data for each phase. This
indicates that learning the interactions of one phase can help
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learning the interactions for another phase; i.e., there is a clear
transferability between the interactions of the different phases.

These are very promising results for further phase stability
and phase transition studies, as a proper description of a phase
transition requires a single MLP that can describe both phases
simultaneously. It remains to be investigated in future studies
how much additional training data would be necessary to also
simulate the phase transitions with an MLP, in addition to the
relative phase stabilities of interest here. This aspect is beyond
the scope of the current paper. In any case, the current results
suggest that it is possible to train an MLP to determine phase
stabilities if sufficient high-quality training data is provided.

Moreover, when only simulating distinct (meta)stable regions
of the phase space, the total number of MLPs that have to be
trained can be reduced while requiring significantly less input
data, and this is at the expense of only a small increase of the
MAE on the forces.

4.2.2. Determining the Vibrational Density of States.
Figure 5a compares the VDOS at 300 K obtained using the
different MLPs with the VDOS obtained using CP2K, for all
three phases. The similarity between the normalized VDOS

( )D
N
( )

f
and the corresponding normalized reference VDOS

Figure 5. Vibrational density of states at 300 K for the γ, δCs, and δFA phases. (a) Comparison of the VDOS obtained with the different MLPs with
the CP2K results. (b) Comparison of the VDOS for different supercell sizes. For all VDOS, the similarity (defined with eq 4.1) with the
corresponding reference VDOS is quantified.
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is defined here as the difference inthe total number of

modes that are found at a given frequency and is calculated
with the following formula:
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With this definition, the spectra are the same when the
similarity is 100% and have no overlap when the similarity is
0%. All MLPs resemble the CP2K results rather closely with a
similarity exceeding 95%. Moreover, the similarity between the
VDOS obtained with CP2K and that obtained with the MLPs
is of the same order of magnitude as the similarity between the
VDOS obtained with different CP2K MD runs, shown in
Figure S35. This slight dissimilarity between CP2K runs is the
result of noise on the spectra, stemming from the short length
of the CP2K MD runs of 24 ps. This issue does not occur for
the MLPs, because the computational efficiency of these MLPs
allows for substantially longer calculations (see also Section
10.1 in the SI).

The most remarkable difference between the VDOS
calculated with an MLP and the one calculated with CP2K
is found for the γ phase, for which the peak at 2.5 THz is
slightly shifted for both MLPγ and MLPall. Section 12 of the SI
visualizes the partial VDOS of the γ phase at 300 K for each
element, calculated with CP2K and with MLPall. It
demonstrates that the peak at 2.5 THz is constructed by
modes involving the Pb2+ and I− ions. The shift of the 2.5 THz
peak for MLPall mainly originates from the iodine VDOS which
we hypothesize to stem from a suboptimal MLP reproduci-
bility of the Pb−I−Pb bond angle movements, because SchNet
only uses distances to model interactions between atoms.142 It
might be interesting for future work to also investigate other
MLP frameworks which employ different atomic representa-
tions. Overall, however, the large similarity index validates the
application of the MLPs to calculate the VDOS for each of the
phases and to determine thermal corrections on the ground
state energy.

Comparing our results with previous works reveals that the
PBE VDOS for the γ phase of CsPbI3 reported by Kaiser et
al.67 is very similar to our calculated VDOS with CP2K at 400
and 500 K, which are reported in Section 10.2 of the SI.
Comparing the VDOS of Gu et al. with the VDOS of Figure 5
also shows an overall resemblance.66 However, on average
more peaks are present in their calculations, possibly due to the
smaller supercell sizes that they used.

When investigating the MLPs trained on each of the
different phases, MLPγ gives only a marginal improvement
compared to MLPall, in line with the similar errors found when
training the different MLPs. Also, the VDOS for the δCs and
δFA phases obtained with MLPall are practically the same as the
VDOS obtained with the MLP

Cs
and MLP

FA
, respectively.

This is an extra validation of our goal to train one MLP for all
phases. Given these results, MLPall is adopted to calculate the
thermal corrections in the rest of this work.

As visualized in Figure 5b, the effect of the supercell size on
the VDOS is of the same order of magnitude as the effect of
introducing an MLP for the γ and δCs phases compared to the
CP2K VDOS. The main difference is that the dissimilarity
between the VDOS using different supercells cannot be

ascribed to random noise because the MLP MD runs are fully
converged. As a result, these dissimilarities completely
originate from the different sizes of the supercell. The VDOS
obtained with 8640 atoms and 20 480 atoms are practically the
same (similarity index > 99%). Given that a 2560-atom
supercell almost completely corrects for the error made with
320 atoms (similarity index > 98%), supercells of 2560 atoms
are used for each phase to obtain the free energy as a function
of temperature, as reported in Section 4.3.

Besides retaining the small shift for the 2.5 THz peak of the
γ phase compared to the CP2K results, using bigger supercells
mainly smoothens most peaks of the smallest supercell cell,
sometimes removing the peak completely. For example, the
two peaks around 0.5 THz for the 320-atom supercell of the
δCs phase get flattened when using a supercell of at least 2560
atoms. This may result from modes that occur on length scales
that are too large to be described in the 320-atoms supercell
but which do fit in a 2560-atom supercell. Because of eq 2.5,
the absence of these modes in the 320-atom supercell will
artificially promote the modes that do fit in this small supercell,
which creates more distinct peaks.

Despite the differences in the VDOS for different sizes of the
supercell, these differences are of lesser importance for the
vibrational free energy, which averages over the whole
frequency range through eq 2.2. As a result, the differences
between the VDOS observed in Figure 5 lead to only small
changes in vibrational free energy (see Figure 6), as discussed
in more detail in Section 13 of the SI. Thus, if one is only
interested in obtaining thermal corrections to the free energy,
it might be sufficient to calculate the VDOS using CP2K on
smaller unit cells. However, care should be exerted how these
errors in the VDOS, introduced when using too small
supercells, may impact other properties or other materials.69

4.3. Helmholtz Free Energy and Final Phase
Transition Temperature. The calculations of Sections 4.1
and 4.2 are necessary to determine the total Helmholtz free
energy as a function of temperature and, hence, to predict the
temperature at which CsPbI3 transitions to its δCs phase.
Besides the VDOS at 300 K reported in Figure 5, the VDOS
for all phases are also calculated at all other temperatures
between 100 and 600 K, with steps of 100 K (see Section 10.2
in the SI). From the VDOS, the vibrational free energy is
calculated via eq 2.2, which is then added to the ground state
energy to obtain the total Helmholtz free energy at that
temperature. This yields Δδ−γF(T) = Δδ−γEGS

LOT1 +
Δδ−γFvib

LOT2(T). The different levels of theory considered for
the ground state energy are reported in Figure 4 with RPA+HF
as the reference method. For the vibrational free energy, the
different levels of theory are reported in Figure 5, using the
MLP on a 2560-atom unit cell as the reference.

Figure 6 visualizes the difference in total free energy as a
function of temperature, again using the γ phase as the
reference phase ( F T( )

Cs
in purple and F T( )

FA
in

green). The figure reveals that the δFA phase is never the most
stable phase for CsPbI3, as expected given the absence of any
experimental evidence for this phase in the material.
Furthermore, Figure 6 indicates that the γ phase is the most
stable phase at temperatures above 500 K, while it transitions
to the δCs phase for lower temperatures. This is in satisfactory
agreement with the experimental results depicted in Figure 1.
For instance, Dastidar et al. predicted the transition to occur at
slightly higher temperatures of 548 to 599 K.24 They also
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reported the change in enthalpy at the transition temperature
to be around 13.7 to 15.1 kJ/mol,24 which coincides well with
the results of Steele et al.28 The calculated ground state energy
difference between the γ and the δCs phases with RPA+HF,
12.7 kJ/mol, is in good agreement with the measured enthalpy
difference by Dastidar and co-workers.24 This experimental
validation of the RPA+HF results justifies its use as the
reference method for the XC functionals and dispersion
methods in this work.

As displayed in Figure 6a, the size of the supercell has a
negligible effect on the free energy differences. Applying the

MLP instead of CP2K calculations has a bigger effect, although
the effect remains small. Using CP2K slightly improves the
prediction of the transition temperature to approximately 550
K. In contrast, Figure 6b indicates that the choice of XC
functional to calculate the ground state energy substantially
affects the transition temperature prediction. Using the right
XC functional and dispersion method is hence of paramount
importance to get the transition temperature right. For
example, the SCAN functional predicts a transition temper-
ature around 320 K, while the M06-L functional does not
predict a transition below 600 K.

The sensitivity of the transition temperature on the ground
state energy results from the slow and approximately linear
decrease of F T( )

Cs
as a function of temperature. The free

energy difference decreases on average by 2.5 kJ/mol per
increase in temperature of 100 K. Therefore, the prior
optimization of the ground state structure is important, as
discussed in Section 4.1, as it is possible to get stuck in a local
minimum which is almost 4 kJ/mol higher than the global
minima. This would shift the transition temperature circa 160
K. The primary importance of the electronic structure method
on the free energy was also observed for phase stabilities in
metal−organic frameworks by Wieme et al.58

While spin−orbit coupling is not included in the RPA+HF
calculations, it only changes the ground state energy
differences with 0.7 kJ/mol or less. This would correspond
with an estimated change in transition temperature of only 30
K, which is substantially smaller than the other potential
origins of inaccuracy discussed here.

5. CONCLUSIONS
In this work, we have proposed and validated a computational
methodology to accurately determine the Helmholtz free
energy as a function of temperature for the γ, δCs, and δFA
phases of CsPbI3. These calculations are performed with the
goal to retrieve the experimentally measured transition
temperature of the γ-to-δCs phase transition of CsPbI3,
which, if successful, would validate the applicability of this
methodology to predict the phase transition temperature in
similar materials and understand different phase-stabilizing
effects. The calculation of the Helmholtz free energy consists
of two parts, the ground state energy at 0 K and the vibrational
free energy at a range of temperatures encompassing the
expected phase transition temperature.

To obtain reference results for the ground state energy,
highly accurate but computationally expensive RPA+HF
calculations were performed, yielding an energy difference of
12.7 kJ/mol per formula unit between the γ and the δCs phases.
This result was used to benchmark the accuracy of several
computationally less expensive XC functionals and dispersion
methods. We observed that including a suitable dispersion
method was necessary to reproduce the RPA+HF results. The
best results were obtained with the PBE+D3(BJ), PBE+MBD/
FI, and SCAN+rVV10 XC functionals, with a clear sensitivity
of the transition temperature on the chosen XC functional.
Depending on the specific choice of dispersion method or XC
functional, the transition temperature was found to easily
deviate from the reference value by several hundreds of Kelvin.
In addition, we observed that these results were also very
sensitive to the optimized structure chosen to calculate the
ground state energy. We demonstrated that the optimization
algorithm for the γ phase of CsPbI3 could get stuck in a local

Figure 6. Total free energy difference of the δCs (purple, F T( )
Cs

)
and δFA (green, F T( )

FA
) phases with respect to the γ phase as a

function of temperature. In both panels, the reference values are
displayed with top-down triangles. (a) Comparison of the effect of
using CP2K or an MLP (on either a 320-atom or a 2560-atom
supercell) to calculate Δδ−γFvib(T), in all cases obtained starting from
Δδ−γEGS

RPA+HF. For the CP2K calculations, a small standard deviation is
visible, which stems from the noise on the VDOS because the MD
trajectories are only 24 ps long. The MLP trajectories are 40 times
longer and, therefore, the error bar is not visible. (b) Comparison of
the impact of different XC functionals to calculate Δδ−γEGS, using in
all cases Δδ−γFvib

MLP,2560(T) to account for thermal corrections. The
shaded area shows the complete range of results using the XC
functionals of Figure 4, excluding the PBE, PBE+D2, PBE+MBD,
PBE+TS, and HSE06 XC functionals, which were identified before as
clear outliers.
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minimum, with an energy of 4 kJ/mol per formula unit higher
than the energy of the global minimum. This would artificially
increase the transition temperature by approximately 160 K.
Finally, the effect of the spin−orbit coupling interaction on the
transition temperature was estimated to be smaller than 30 K.

To incorporate anharmonic effects in the vibrational free
energy, the vibrational density of states was determined, which
required long MD trajectories for large supercells to ensure
convergence. To perform these long MD simulations, an MLP
was trained. With the MLP, we could converge the VDOS for
the length of the MD simulation and the supercell size. An
8640-atom supercell was necessary to converge the VDOS,
although a 2560-atom supercell almost completely corrected
the error made with the 320-atom supercell. For the 320-atom
supercell, the error introduced due to the MLP with respect to
the ab initio VDOS was similar to the error due to the smaller
supercell size.

The total free energy differences between the CsPbI3 phases
change slowly as a function of temperature, making this the
ideal benchmark system for our methodology and stipulating
the need for highly accurate calculations to determine the
transition temperature. By combining our ground state
energies calculated at the highly accurate RPA+HF level with
the vibrational free energy obtained with the phase-transferable
MLP on a 2560-atom supercell, our approach predicted the
transition temperature to be 500 K, which is only 50 to 100 K
lower than measured experimentally. In contrast with the
results for the VDOS, we demonstrated that the supercell size
has a negligible effect on the vibrational free energy and
transition temperature for CsPbI3, while the MLP did cause a
noticeable downward shift of roughly 50 K in the transition
temperature. Because the error introduced when reducing the
supercell size to 320 atoms or when shortening the MD
simulations is small, the transition temperature predicted using
ab initio calculations agrees unexpectedly well with experiment.
One could conclude that it is therefore not necessarily
important to train an MLP for performing long length and
time scale simulations for predicting the transition temper-
ature. However, given that our methodology already improved
on the ab initio ground state energy differences between the
various phases, one can expect an even more substantial
improvement when considering larger spatiotemporal win-
dows, for instance, when investigating the exact phase
transition mechanism or when elucidating the effect of
nanosizing on the phase stability of these materials.

The methodology established in this paper, which was
critically validated for CsPbI3, shows great potential to obtain
insight in the phase stability and transition temperatures of
other more complicated organic−inorganic MHPs such as
MAPbI3 and FAPbI3, of course taking into account the
intricacies introduced when simulating organic cations.
Controlling the phase stability of MHPs remains a major
challenge, and the opportunity to accurately calculate the
Helmholtz free energy is therefore a very useful tool to gain
insight in this challenge. Specifically, the here validated
methodology can be adopted to evaluate the effect of different
stabilizing factors put forward in literature, such as surface
functionalization, doping, and strain engineering, on the phase
stability of these materials without the need to account for
possible confounding effects occurring during an experimental
measurement. Therefore, the here proposed accurate yet
computationally feasible procedure may prove to be a valuable
tool to predict, understand, and design polymorphic behavior

in MHPs with the goal to eventually bring these promising
materials to practical and large-scale applications.
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Dobson, J. F. Cohesive Properties and Asymptotics of the Dispersion
Interaction in Graphite by the Random Phase Approximation. Phys.
Rev. Lett. 2010, 105, 196401.
(82) Schimka, L.; Harl, J.; Stroppa, A.; Grüneis, A.; Marsman, M.;
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