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Non-hermitian quantum systems can exhibit spectral degeneracies known as exceptional points,
where two or more eigenvectors coalesce, leading to a non-diagonalizable Jordan block. It is known
that symmetries can enhance the abundance of exceptional points in non-interacting systems. Here,
we investigate the fate of such symmetry protected exceptional points in the presence of a symmetry
preserving interaction between two fermions and find that, (i) exceptional points are stable in the
presence of the interaction. Their propagation through the parameter space leads to the formation
of characteristic exceptional “fans”. In addition, (ii) we identify a new source for exceptional points
which are only present due to the interaction. These points emerge from diagonalizable degeneracies
in the non-interacting case. Beyond their creation and stability, (iii) we also find that exceptional
points can annihilate each other if they meet in parameter space with compatible many-body states
forming a third order exceptional point at the endpoint. These phenomena are well captured by an
“exceptional perturbation theory” starting from a non-interacting Hamiltonian.

Dissipative phenomena in physics have been effec-
tively described by non-hermitian Hamiltonians [1–8] in
a wide range of settings, including photonic systems [9–
21] and correlated electron systems [22–39]. Several re-
cent studies have investigated properties of interacting
non-hermitian Hamiltonians [40–45], in particular criti-
cal fluctuations [46], coupled quantum dots [36–39], the
topology of many-body spectra [47] or non-hermitian
many-body localization [48–51] but also the appearance
of non-hermitian physics in phenomena such as magnon
decay [52].

There, exceptional points (EPs) [53–61], i.e. spec-
tral degeneracies at which also two (second order EPs)
or more (higher order EPs) eigenvectors coalesce so as
to render the Hamiltonian non-diagonalizable, represent
the generic counterpart of level crossings familiar from
hermitian systems. EPs are more abundant than diago-
nalizable degeneracies, and thus become the rule rather
than the exception as soon as dissipative sources of non-
hermiticity enter the stage. Specifically, two real param-
eters need to be tuned to find a second order EP (co-
dimension two), while three real parameters in hermi-
tian systems and even six in non-hermitian systems are
required to yield a diagonalizable degeneracy. Notably,
symmetries such as chiral and PT symmetry further re-
duce the co-dimension of EPs by a factor of two, render-
ing second order symmetry protected EPs topologically
stable in one-dimensional systems [60–62].

In this work, we analyze the fate of PT symmetry pro-
tected EPs in non-hermitian Bloch bands in the presence
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FIG. 1. a) Non-hermitian Hamiltonian with hopping t =

ei3/4π/
√

2 and interaction U ∈ R. The hopping j → j + 1
picks up a phase defined by the twist angle ϕ ∈ [0, 2π). b)
and c) Propagation of EPs of two interacting fermions (dark
lines) as a function of ϕ (∆ = 0.02) and U for sizes L = 6 (b))
and L = 18 (c)). EPs forming the “fan” feature (i) emanate
from the same same symmetry protected EP for m = 0.7
at ϕe (cf. Fig. 2). EPs can emerge from diagonalizable
degeneracies (ii), and annihilate each other (iii). The color
scale indicates the minimal angle αij = arccos(|〈ΨR

i |ΨR
j 〉|)

between two right eigenvectors.

of both repulsive and attractive two-body interactions
with strength U . To this end, the single particle lattice
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momentum, acting as the tuning parameter for EPs in
the non-interacting limit is generalized to a flux-variable
ϕ in the framework of twisted boundary conditions. In
the resulting ϕ-U parameter plane, beams of EPs are
emanating from their non-interacting origin (see point
(i) in Fig. 1b)), marking their stability under symmetry-
preserving correlations. Beyond this mere robustness, we
exemplify and explain theoretically how new EPs are in-
duced by interactions from accidental diagonalizable de-
generacies (see point (ii) in Fig. 1b)). Finally, we find
that pairs of EPs in the same total momentum sector
can undergo a pairwise annihilation process (see point
(iii) in Fig. 1b)). Our numerical results are well cap-
tured by a non-standard perturbative expansion around
the degeneracies [42, 63–70].

We expect these results to be of relevance for a broad
class of physical scenarios, where dissipative processes
such as single particle gain or loss give rise to an effective
non-hermitian band structure, while many-body scatter-
ing processes are well described by hermitian density-
density interactions.

Model. – As illustrated in Fig. 1a), we investigate a one
dimensional fermionic two-band model with sub lattices
a and b and a complex hopping amplitude. In the non-
interacting limit, U = 0, we can derive the non-hermitian
Bloch Hamiltonian

H0 =

L−1∑
k=0

(
a†k b†k

)( 0 mk

pk 0

)(
ak
bk

)
, (1)

where mk, pk ∈ R are defined with m ∈ R by

mk = m− cos

(
2π

L
k +

ϕ

L

)
− sin

(
2π

L
k +

ϕ

L

)
,

pk = m− cos

(
2π

L
k +

ϕ

L

)
+ sin

(
2π

L
k +

ϕ

L

)
.

Since a finite system only has a discrete set of k points,
we use twisted boundary conditions with twist angle
ϕ ∈ [0, 2π), which allows us to continuously tune the
momentum grid of k points, and defines a counterpart of
single particle momentum that generalizes to correlated
many-body systems. This model is time reversal and
lattice inversion symmetric (k → −k and a ↔ b), and
preserves the particle number n = na+nb, thus ensuring
the existence of EPs in k space by symmetry [60]. The
symmetry is given by H∗ = IqHq>I>, where q inverts
both orbitals and I inverts all sites in real space. The
Bloch matrix in Eq. (1) becomes non-diagonalizable if
either mke = 0 or pke = 0. This happens at four points
in the first Brillouin zone

2πke + ϕe

L
= 2 arctan

(
±
√

2−m2 ± 1

m+ 1

)
mod 2π,

(2)
yielding four solutions (the two sign choices are indepen-
dent) for EPs tunable by ϕe at a given momentum ke.
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FIG. 2. Complex eigenenergies E(k,±), Eq. (31), of the single
particle Bloch Hamiltonian in Eq. (1) for m = 0.7. For
simplicity, we show here continuous momenta of an infinite
chain, so that we do not need to rely on the twist angle ϕ here.
ke = 2 arctan((10+

√
151)/17) indicates the single particle EP

shown in Fig. 1.

For each (shifted) momentum (2πk + ϕ)/L, H0 has two
single particle eigenvalues

E(k,±) = ±√pk
√
mk ∈ C (3)

shown in Fig. 2. Since mk and pk switch signs at their
zeros, the eigenvalues of H0 are either real or imaginary
and the switch between these two cases occurs at the
EPs.

We can represent the corresponding right eigenstates
|ER(k,±)〉 and left eigenstates 〈EL(k,±) | in the single particle
basis in momentum space spanned by 2L states:

|ER(k,±)〉 =
(
±
√
mka

†
k +
√
pkb
†
k

)
|0〉/

√
2E(k,+) (4)

〈EL(k,±)| = 〈 0 | (±
√
pkak +

√
mkbk) /

√
2E(k,+) (5)

Away from EPs, the left and right eigenvectors satisfy
the orthogonality relation 〈EL(k,ξk) |E

R
(q,ξq) 〉 = δkqδξkξq ,

ξk, ξq = ±. The model is defective if E(ke,±) = 0 where
both eigenvectors align. We drop the specific distinction
between left and right eigenvectors and absorb it in the
bra-ket notation.

In this paper, we are interested in the fate of the sym-
metry protected EPs defined by Eq. (2) in the presence
of both attractive (U < 0) and repulsive (U > 0) interac-
tions. We consider a simple density-density interaction,
which preserves the symmetries of the system and is her-
mitian:

Hint =

L−1∑
j=0

najn
b
j =

1

L

L−1∑
k,k′,q

a†kak+qb
†
k′bk′−q. (6)

We consider the Hamiltonian H = H0 + UHint in the
simplest non-trivial case of two interacting fermions with
a Hilbert space dimension D = L(2L− 1).
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Results. – We start by a numerical characterization
of EPs as a function of the twist angle ϕ and inter-
action strength U for two fermions in a finite system
of length L. For each parameter set (ϕ,U), we cal-
culate all right eigenstates of the two-particle Hamilto-
nian numerically. If we are close to an EP, two eigen-
vectors will align, enclosing a very small angle. We
have found that a robust quantifier for the identifica-
tion of EPs is therefore to consider the smallest angle
minij αij = minij arccos(|〈ΨR

i |ΨR
j 〉|) enclosed by any

pair of right eigenvectors |ΨR
i 〉 and |ΨR

j 〉.
Fig. 1 shows minij αij in the parameter plane, exhibit-

ing sharp lines of very small angles (dark lines), which we
identify as EPs. For U = 0 we recover the non-interacting
model with EPs at (2πke +ϕe)/L, where in a finite chain
the EP is located in the momentum sector ke and realized
at twist angle ϕe. At an EP, both aligned single particle
states can be combined with any non-exceptional state
|E(q,±)〉 forming two identical two-particle wavefunctions
yielding 2L − 2 two dimensional Jordan blocks in the
non-interacting case.

Fig. 1 displays a rich phenomenology of EPs: (i) The
EPs from the non-interacting case extend into exceptional
lines in the form of a “fan” for finite interaction strength;
(ii) At special points, where the non-interacting model
exhibits a diagonalizable degeneracy, EPs can emerge in
the presence of a hermitian interaction (U 6= 0), creating
very sharp “lines”; (iii) When two lines of EPs meet in
the parameter space, they can extinguish and form an
endpoint in the case of a hermitian interaction, U ∈ R.

In the following we will discuss these three phenom-
ena in detail using non-hermitian degenerate perturba-
tion theory for a small interaction strength U . Starting
from the non-interacting limit, we identify all eigenstates
which have degenerate eigenenergies for U = 0 and create
the effective Hamiltonian in the space spanned by the cor-
responding generalized right and left eigenvectors. Since
the total Hamiltonian is translational invariant, the effec-
tive Hamiltonian can be reduced to blocks with fixed to-
tal momentum. We then derive constrains for U(ϕ) such
that the effective Hamiltonian is non-diagonalizable.

(i) Robustness of EPs. Fig. 1 illustrates that the EP
stemming from a non-diagonalizable Bloch Hamiltonian
for momentum ke with twist angle ϕe at U = 0 is robust
if the interaction U is turned on. We will therefore fo-
cus on eigenstates corresponding to the defective blocks
of the two-particle Hamiltonian in the non-interacting
limit. The eigenenergies of the two-particle Hamilto-
nian are sums of one particle eigenenergies. The energy
at a single particle EP is zero, E(ke,±) = 0, and both

eigenvectors coalesce to |ake〉 = a†ke |0〉 (for pke = 0) and

|bke〉 = b†ke |0〉 (for mke = 0). The coalescing eigenvec-
tors can be combined with any non-exceptional state,
|E(q,±)〉, to form two identical two-body wavefunctions
exhibiting the same eigenvalue E(q,±) (since E(ke,±) = 0).

Since at the EP the Hamiltonian is defective and
the only eigenvector does not span the full space cor-
responding to the two fold degenerate eigenvalue, we
need to represent the effective Hamiltonian in the space
spanned by the two generalized eigenvectors with eigen-
value E(q,±), |ake ;E(q,±)〉 and |bke ;E(q,±)〉. The general-
ized eigenvectors span the space of the Jordan block and
satisfy (H − E(q,±))

2|ake ;E(q,±)〉 = 0 (and respectively
for |bke ;E(q,±)〉). Additional accidental degeneracies are
practically impossible in the same momentum sector for
a system of finite size.

Calculating matrix elements between left and right
generalized eigenvectors we obtain the effective Hamil-
tonian

H(i) =

(
E(q,±) mke

pke E(q,±)

)
+

U

2L

(
1 ∓

√
mq/pq

∓
√
pq/mq 1

)
.

(7)
We are now interested if and at which finite interaction
strength U and twist angle ϕ this matrix remains de-
fective. Since the diagonal entries of H(i) are equal this

happens if and only if H
(i)
01 = 0 or H

(i)
10 = 0 which yields

the conditions

Um(q,±) = ±2Lmke

√
pq

√
mq

and Up(q,±) = ±2Lpke

√
mq
√
pq

(8)

If the non-interacting Hamiltonian has an EP generated
from |E(q,±)〉 for mke = 0 (pke = 0) it propagates through
the parameter space according to Um(q,±) (Up(q,±)). The

EPs are only preserved for a hermitian interaction if
Um(q,±) (Up(q,±)) is real which is equivalent to E(q,±) being

real. For imaginary E(q,±), EPs instead survive only in
the presence of an anti-hermitian interaction, U ∈ iR (cf.
[71]). This explains why the number of exceptional lines
visible in Fig. 1 is not 2L−2 but only roughly ≈ L. Our
analytical prediction from Eq. (8) is shown in compari-
son with the numerical result in Fig. 3a) with excellent
agreement. Additionally, our perturbative treatment al-
lows us to determine the exceptional eigenvector which
remains in the state |ake ;E(q,±)〉 or |bke ;E(q,±)〉 for a fi-
nite interaction strength.

(ii) Emergence of EPs. We identify a new source of
EPs which is only present in the case of an interacting
many-body system. It has been shown [47] that EPs
can emerge from a non-hermitian interaction. Here, we
show that EPs can also emerge from a diagonalizable
degeneracy of our non-interacting model (U = 0) in the
presence of a hermitian interaction.

A common source for degeneracies in the case of two
fermions is induced by degeneracies in the single parti-
cle spectrum with different momenta (k 6= q), E(k,+) =
E(q,−ξ), ξ = ±, at ϕd for U = 0. Since each eigen-
value comes with either sign, this produces pairs of
two-particle states (|Ψ+〉 = |E(k,+);E(q,ξ)〉 and |Ψ−〉 =
|E(k,−);E(q,−ξ)〉) in the total momentum sector k+q with
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FIG. 3. Comparison of our analytic predictions (dashed lines)
of EPs to the numerical simulation for L = 6 and m = 0.7.
We identify three different twist angles where (i) EPs are in-
herited from the single particle spectrum at ϕe, (ii) emerge
from a diagonalizable degeneracy at ϕd and (iii) annihilate
each other at ϕa. Panel a) and b) show the analytical predic-
tions from Eq. (8) and (12) and identify the states forming
the exceptional lines.

eigenvalues

δ = E(k,+) + E(q,ξ) and − δ = E(k,−) + E(q,−ξ) (9)

which coalesce to zero at ϕd. A full perturbative de-
scription needs to include all states exhibiting the same
energy, here zero, at ϕd. Depending on the length L
and total momentum k + q, additional states |Φp〉 =
|E(p,+);E(p,−)〉 = a†pb

†
p|0〉 with eigenvalue zero exist,

which need to be included in the perturbative subspace.
Hence, we extend the effective Hamiltonian, H(ii), with
zero (even L, odd k + q), one (odd L) or two (even L,
even k+q) additional states. Similarly to the case of EPs
which are inherited from the single particle spectrum we
can derive conditions for a non-diagonalizable effective
Hamiltonian depending on the size of the subspace:

U±2×2 = ±iLδ
a2

(10)

U±,±3×3 = ±Lδ

√
ξ
a4 − ξ10a2 − 2± a

√
(a2 + 4ξ)3

2(2a2 − ξ)3
(11)

U±,±4×4 = ±Lδ

√
ξ
a4 − ξ20a2 − 8± a

√
(a2 + 8ξ)3

32(a2 − ξ)3
(12)

with a =

√
mkpq − ξ

√
pkmq

2
√
E(k,+)

√
E(q,+)

(13)

Again, we find an excellent agreement of our predic-
tion, here Eq. (12), with the numerical simulation in
Fig. 3b). The derived estimates can be used to eval-
uate the stability of EPs for a finite hermitian interac-
tion. Besides the prediction of a defective Hamiltonian

in the parameter space, we are able to assign states form-
ing the emergent EPs. The color code in the Fig. 3b)
of the predicted paths refers to states {Ψα,Ψβ} form-
ing the EPs that can be adiabatically connected to the
non-interacting limit. While |Ψa〉 refers to the additional
state (either pure or as a superposition of two), |Ψ+〉 and
|Ψ−〉 refer to |E(k,+);E(q,ξ)〉 and |E(k,−);E(q,−ξ)〉, respec-
tively. A detailed derivation and the effective Hamiltoni-
ans are given in the supplementary material [71].

(iii) Annihilation. A careful inspection of the evolu-
tion of EPs at finite interaction strength reveals that cer-
tain pairs of EPs are annihilated if two exceptional lines
meet in the parameter space (indicated by (iii) in Fig. 1).
A first indicator to identify these pairs is the conserved
total momentum which protects EPs by symmetry if they
are located in different momentum sectors. However, a
second mechanism allows some lines of EPs in the same
momentum sector to cross.

While both perturbative expansions, (i) and (ii), give
a precise estimate around the non-interacting limit, they
fail to resolve the annihilation process. Especially, EPs
inherited from (i) which are later annihilated deviate
from their analytic prediction suggesting that the per-
turbative subspace is insufficient. A complete descrip-
tion capturing all three phenomena has to include all
states forming the EPs emerging from (i) and (ii) which
can be extracted using the effective Hamiltonians H(i)

and H(ii). We observe that exceptional lines form an
endpoint if they are composed of the same single par-
ticle state |E(q,ξ)〉, ξ = ± (|E(5,−)〉 in Fig. 3). The
EP inherited from (i) is generated by |ake ;E(q,ξ)〉 and
|bke ;E(q,ξ)〉 and the EP emerging from (ii) is formed by
|Ψa〉 and |Ψ±〉 = |E(ke,±);E(q,±ξ)〉. However, |Ψ±〉 is a
linear combination of the two states included in (i) and
the full perturbative description can be reduced to a three
dimensional subspace. Hence, extending the effective de-
scription from (i) by the additional state |Ψa〉 from (ii)
is sufficient to capture all three phenomena: the heredity
of the EP (i), the emergence from a diagonalizable de-
generacy (ii) and their annihilation at (iii) (cf. [71]). At
the endpoint, both EPs of order two coalesce and form a
third order EP such that the full effective Hamiltonian,
H(iii), transforms into a Jordan block of size three.

Finally, even though the lines of EPs end in the case
of a hermitian interaction (U ∈ R) at the annihilation
point, we show in the supplementary materials [71] that
they survive for a non-hermitian interaction (U ∈ C).

Conclusion. – We have shown that (i) symmetry pro-
tected EPs of a non-hermitian single particle Hamilto-
nian can persist in the presence of hermitian interac-
tions between two fermions. Their precise location in
the parameter space depends on the momenta of the in-
volved particles. Furthermore, (ii) we identified a second
source of EPs emerging from diagonalizable degeneracies
in non-interacting limit. Besides the creation and stabil-
ity of EPs, we observe that exceptional lines can anni-
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hilate each other, forming an endpoint (in the case of a
hermitian interaction) if the involved many-body states
are compatible. This phenomenology is captured with
very high precision by non-hermitian perturbation the-
ory, which predicts the location of EPs in the parameter
space of two fermions. Additionally, the perturbative
treatment evaluates not only the stability of EPs in the
case of a hermitian interaction but also suggests that EPs
are restricted to their perturbative subspace. We have fo-
cused on the simplest case of two fermions here, but our
findings can be generalized to the many-fermion limit in
future studies.
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exceptional points out of Dirac cones,” Nature 525, 354–
358 (2015).

[11] Jörg Doppler, Alexei A. Mailybaev, Julian Böhm, Ulrich
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Žnidarič, “Influence of dephasing on many-body local-
ization,” Physical Review B 93, 094205 (2016).

[49] Emanuele Levi, Markus Heyl, Igor Lesanovsky, and
Juan P. Garrahan, “Robustness of Many-Body Local-
ization in the Presence of Dissipation,” Physical Review
Letters 116, 237203 (2016).

[50] Ryusuke Hamazaki, Kohei Kawabata, and Masahito
Ueda, “Non-Hermitian Many-Body Localization,” Phys-
ical Review Letters 123, 090603 (2019).

[51] Liang-Jun Zhai, Shuai Yin, and Guang-Yao Huang,
“Many-body localization in a non-Hermitian quasiperi-
odic system,” Physical Review B 102, 064206 (2020).

[52] Paul A. McClarty and Jeffrey G. Rau, “Non-Hermitian
topology of spontaneous magnon decay,” Physical Re-
view B 100, 100405 (2019).

[53] W. D. Heiss, “Exceptional points of non-Hermitian oper-
ators,” Journal of Physics A: Mathematical and General
37, 2455–2464 (2004).

[54] Raam Uzdin, Alexei Mailybaev, and Nimrod Moiseyev,
“On the observability and asymmetry of adiabatic state
flips generated by exceptional points,” Journal of Physics
A: Mathematical and Theoretical 44, 435302 (2011).

[55] W. D. Heiss, “The physics of exceptional points,” Journal
of Physics A: Mathematical and Theoretical 45, 444016
(2012).

[56] Ryo Okugawa and Takehito Yokoyama, “Topological ex-
ceptional surfaces in non-Hermitian systems with parity-
time and parity-particle-hole symmetries,” Physical Re-
view B 99, 041202 (2019).

[57] Hengyun Zhou, Jong Yeon Lee, Shang Liu, and Bo Zhen,
“Exceptional surfaces in PT-symmetric non-Hermitian
photonic systems,” Optica 6, 190–193 (2019).
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Model

In the following, we are interested how the defective
structure of the non-interacting Hamitonian influences a
system with two fermions. We can extend the two-band
model to two non-interacting fermions which is decom-
posed into 4× 4 blocks referring to two momenta k 6= q.
These blocks inherit the defective structure occurring in
the Bloch Hamiltonian for ke and ϕe. Each 4 × 4 block
containing ke becomes non-diagonalizable for mke = 0 or
pke = 0 and can be transformed into two 2 × 2 Jordan
blocks with eigenvalue E(q,±). Hence, the single particle
EP induces 2(L − 1) Jordan blocks in the case of two
fermions.

H0 =

L−1∑
k=0

k−1∑
q=0

~Ψ†k,q


0 0 mq mk

0 0 pk pq
mq pk 0 0
mk pq 0 0

 ~Ψk,q (14)

+ 0

L−1∑
k=0

a†kb
†
kakbk

with ~Ψ†k,q =
(
a†ka
†
q b†kb

†
q a†kb

†
q b†ka

†
q

)
. Note that the

Hamiltonian naturally exhibits trivial eigenstates with
zero energy created by a single momentum. One cen-
tral question of our work is the stability and behavior of
the two-particle EPs in the 4× 4 block which are inher-
ited from the defective Bloch Hamiltonian in the case of
interacting fermions.

Effective Hamiltonian

The starting point of our perturbative ansatz are
eigenstates of the two-particle Hamiltonian in the non-
interacting limit, Eq. (14). Similar to perturbative
treatments in the hermitian case we generate an effec-
tive Hamiltonian based on states which have the same
eigenvalue for U = 0. The effective matrix is generated
from the corresponding right and left (generalized) eigen-
vectors. By assuming the effective Hamiltonian to be de-
fective, we can determine conditions for U predicting the
paths of EPs in the parameter space.

Heff =
∑
ij

hij |ΨR
i 〉〈ΨL

j | with hij = 〈ΨL
i |H |ΨR

j 〉 (15)

First, we can identify trivial eigenstates from Eq. (14)
which are defined for a single momentum in the sec-
ond term of the two-particle Hamiltonian exhibiting the
eigenvalue zero:

|Φk〉 =|E(k,+);E(k,−)〉 = a†kb
†
k|0〉 (16)

and 〈Φk | =〈E(k,+);E(k,−) | = 〈 0 |bkak

Second, away from an EP, the remaining states can be
derived from the 4×4 matrix and refer to the four possible

ϕa ϕe ϕd
−0.05

0.00

0.05

0.10

0.15

U

(iii)

A1
B1

(i)A0 (ii)B0

ϕa ϕe ϕd

P

(iii)

A1
B1

(i)A0 (ii)
B0

−π/2 0 π/2

θ

10−2

10−4

10−2

10−4

10−2

10−4

m
in
i
j
α
i
j

A1
B1

A0

B0

−π/2 0 π/2

θ

A1
B1

A0

B0

10−4 10−3 10−2 10−1 100

minijαij

a) b)

c) d)

FIG. 4. EPs generated by two interacting fermions in a system
of length L = 3 (left) and L = 6 (right). The color code in
panel a) and b) indicates the minimal angle enclosed by two
eigenvectors for each point in the parameter space spanned by
the interaction strength U and twist angle ϕ. Dark blue lines
indicate the path of EPs which are inherited from the single
particle spectrum (i), ϕe, or emerge from a diagonalizable
degeneracy at U = 0 (ii), ϕd, and form an endpoint at (iii),
ϕa and Ua 6= 0. We evaluate the minimal angle on the circles
(parameterized by θ) drawn in panel a) (b)) and show the
results on a semilogarithmic scale in panels c) (d)) for m =
0.7. The point P refers to Fig. 8.

eigenenergies E(k,ξk) + E(q,ξq) with ξk, ξq = ±. They are
constructed from Fourier -states which are contained in
~Ψ†k,q.

|E(k,ξk);E(q,ξq)〉 =

 ∏
d=k,q

(
ξd
√
mda

†
d +
√
pdb
†
d

)
√

2E(d,+)

 |0〉
(17)

〈E(k,ξk);E(q,ξq) | =〈 0 |

 ∏
d=q,k

(
ξd
√
pdad +

√
mdbd

)√
2E(d,+)


(18)

Note that the positions of k and q are swapped
for the left and right eigenvector. The eigen-
states fulfill the orthogonality relation such that
〈E(k,ξ̃k);E(q,ξ̃q) |E(k,ξk);E(q,ξq) 〉 = δξ̃kξkδξ̃qξq . Two

states exhibiting two different momenta are orthogonal
due to the block structure of the Hamiltonian.
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(i) Inherited EPs

As a first source of EPs in the many-body case, we find
that the defective structure is inherited from the single
particle spectrum which is located at ke and ϕe. The
two-band Bloch Hamiltonian becomes defective at ϕe if
mke = 0 or pke = 0 and transforms into a 2 × 2 Jordan
block. Since the Jordan block is non-diagonalizable we
generate the effective Hamiltonian from the generalized
eigenvectors a†ke |0〉 and b†ke |0〉 and an additional single
particle state |E(q,±)〉:

|cke ;E(q,±)〉 =

(
±√mqc

†
ke
a†q +

√
pqc
†
ke
b†q√

2E(q,+)

)
|0〉 (19)

〈 cke ;E(q,±) | = 〈 0 |

(
±√pqaqcke +

√
mqbqcke√

2E(q,+)

)
(20)

This choice of generalized left and right eigenvectors
obeys 〈 cke ;E(q,±) | c̃ke ;E(q,±) 〉 = δc,c̃. The matrix ele-
ments are given by

〈 cke ;E(q,±) |Hint | c̃ke ;E(q,±) 〉 =
1

2L
δcc̃ (21)

〈 ake ;E(q,±) |Hint | bke ;E(q,±) 〉 = ∓ 1

2L

√
mq
√
pq

(22)

〈 bke ;E(q,±) |Hint | ake ;E(q,±) 〉 = ∓ 1

2L

√
pq

√
mq

(23)

The full effective Hamiltonian of size 2 × 2 which is
spanned by |ake ;E(q,±)〉 and |bke ;E(q,±)〉 is:

H(i) =

(
E(q,±) mke

pke E(q,±)

)
+

U

2L

(
1 ∓

√
mq/pq

∓
√
pq/mq 1

)
(24)

Tuning the effective Hamiltonian to ϕ = ϕe and U = 0
reveals the defective structure since mke = 0 or pke = 0.
Now we can derive conditions for U(ϕ) which preserves
the Jordan block of the effective matrix for ϕ 6= ϕe. The
diagonal elements remain equal for finite U such that the

matrix is defective if and only if H
(i)
01 = 0 or H

(i)
10 = 0

which induces

Um(q,±) = ±2Lmke

√
pq

√
mq

and Up(q,±) = ±2Lpke

√
mq
√
pq

(25)

The derived formulas predict the paths U(ϕ) of EPs
emerging from the Jordan block at ϕ = ϕe and U = 0.
It can be used to evaluate the existence of the EPs for
a finite interaction strength. As long as the system does
not undergo an other transition via an EP in the single
particle spectrum the solutions for U are either real or
imaginary. If the energy E(q,±) is real (imaginary), the
prediction of U is real (imaginary). Therefore, the EP

ϕe −∆ ϕe ϕe + ∆

ϕ

−0.2

−0.1

0.0

0.1

0.2

U

a)

Um(2,+)

Um(2,−)

Um(3,+)

Um(3,−)

Um(4,+)

Um(4,−)

ke = 6ke = 6

ϕe −∆ ϕe ϕe + ∆

ϕ

b)b)

Um(0,+)

Um(0,−)

Um(1,+)

Um(1,−)

Um(5,+)

Um(5,−)

ke = 6ke = 6

FIG. 5. Spreading of exceptional lines for L = 7 and m = 0.6
with a hermitian interaction (U ∈ R) in panel a) and an
anti-hermitian interaction (U ∈ iR) in the panel b). The EP
located in the single particle spectrum is obtained for ke = 6
and ϕe = 2(π + arctan((5 −

√
41)/8))L − 2πke, ∆ = 0.05.

The predicted trajectories of EPs are plotted as dashed lines
according to the interaction strength in Eq. (25).

which is formed in the non-interacting limit will be ei-
ther present for a hermitian interaction, U ∈ R, or an
anti-hermitian interaction, U ∈ iR. Fig. 5 shows the
characteristic ”fan” emerging from the same EP for a
hermitian (panel a)) and anti-hermitian (panel b)) in-
teraction and compares it to the prediction via Eq. (25).
Furthermore, the effective Hamiltonian allows us to iden-
tify the eigenstate which forms the EP. Starting from the
non-interacting limit and ϕ = ϕe the exceptional state
will remain in |ake , E(q,±)〉 or |bke , E(q,±)〉 and is stable
as long as the perturbative approach is valid.

(ii) Emergent EPs

While EPs are induced from a non-diagonalizable ma-
trix in the single particle spectrum in the previous sec-
tion, we find a second source which is limited to the case
of interacting particles, U 6= 0. The model is purely
diagonalizable in the non-interacting limit (for ϕ 6= ϕe).
However, we demonstrate how EPs can emerge from a di-
agonalizable degeneracy for a finite interaction strength.
Two particle eigenstates are generated from two sin-
gle particle states with energy E(k,ξk) and E(q,ξq) where
ξk, ξq = ±. Combining two different momenta (k 6= q)
yields four different two-particle states exhibiting the en-
ergies E(k,±) + E(q,±). The corresponding left and right
eigenstates are defined in Eq. (17) and Eq. (18). We need
to evaluate the matrix elements of the density-density in-
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teraction to generate the effective Hamiltonian:

〈E(k0,ξ0);E(k1,ξ1) |Hint |E(k2,ξ2);E(k3,ξ3) 〉 (26)

=δk0+k1,k2+k3

1

4L
√
E(k0,+)E(k1,+)E(k2,+)E(k3,+)(

ξ1ξ3
√
mk0pk1pk2mk3 − ξ1ξ2

√
mk0pk1mk2pk3

ξ0ξ2
√
pk0mk1mk2pk3 − ξ0ξ3

√
pk0mk1pk2mk3

)
The most common source for degeneracies in the two-
particle spectrum are induced from degeneracies in the
single particle spectrum for different momenta, E(k,+) =
E(q,−ξ), (k 6= q and ξ = ±) at ϕ = ϕd. Two eigenenergies
of the two-body Hamiltonian

±δ = E(k,±) + E(q,±ξ) (27)

coalesce with ±δ = 0 at ϕ = ϕd. Even though the system
has degenerated eigenvalues it exhibits distinct eigenvec-
tors as defined in Eq. (17) and (18). We define the states
referring to the energy +δ with |Ψ+〉 and −δ with |Ψ−〉.

Again, we construct an effective model including all
states with the same eigenvalue, here zero, and the same
total momentum for U = 0. The non-interacting model
naturally exhibits states with eigenvalue zero: |Φp〉 =
|E(p,+);E(p,−)〉 = a†pb

†
p|0〉. Therefore, we need to in-

clude the additional states (or their superposition) in
our effective description if the total momentum agrees:
k+q = 2p. Whether or not such a state exists in the cor-
rect momentum sector depends on the system size and
total momentum. We obtain an effective Hamiltonian of
size 2 × 2 (even L, odd k + q), 3 × 3 (odd L) or 4 × 4
(even L, even k + q). The 3 × 3 matrix is extended by
a single state |Φp〉 and the 4 × 4 matrix is extended by
|Φ±〉 = |Φp〉/

√
2± |Φp′〉/

√
2 with 2p = 2p′ = k+ q (|Φ−〉

is the first state in the 4× 4 matrix):

H
(ii)
2×2 =

(
δ 0
0 −δ

)
+
U

L

(
−ξa2 ξa2

ξa2 −ξa2

)
(28)

H
(ii)
3×3 =

0 0 0
0 δ 0
0 0 −δ

+
U

L

 1 ξa −ξa
−a −ξa2 ξa2

a ξa2 −ξa2



H
(ii)
4×4 =


0 0 0 0
0 0 0 0
0 0 δ 0
0 0 0 −δ

+
U

L


0 0 0 0

0 2 ξ
√

2a −ξ
√

2a

0 −
√

2a −ξa2 ξa2

0
√

2a ξa2 −ξa2


with a =

√
mkpq − ξ

√
pkmq

2
√
E(k,+)

√
E(q,+)

(29)

Until the system undergoes a transition via an EP in
the single particle spectrum, both included single particle
energies (E(k,+) and E(q,+)) are either real or imaginary.
This induces δ to be purely real or imaginary. Also, a
is either real or imaginary yielding a2 ∈ R. We derive
constraints for U such that the effective Hamiltonian is

ϕe ϕdϕp
−0.1

0.0

0.1

0.2

U

P0

P1

a) U{Ψa,Ψ+}

U{Ψa,Ψ−}

δ = E(0,+) + E(2,+)

ϕe ϕdϕp

P0

P1b)

U{Ψa,Ψ+}

U{Ψa,Ψ−}

δ = E(1,+) + E(5,+)

−0.03 0.00 0.03

Re(λn)

−0.01

0.00

0.01

Im
(λ
n

)

c)

λa

λ+

λ−

0

δ

−δ

full H
(ii)
3×3full H
(ii)
3×3

−0.02 0.00 0.02

Re(λn)

d)

λa

λ+

λ−

0

δ

−δ

full H
(ii)
4×4full H
(ii)
4×4

10−4 10−3 10−2 10−1 100

minijαij

FIG. 6. We are analyzing the non-trivial eigenvalues of the

effective Hamiltonian H
(ii)
3×3 (left panels) and H

(ii)
4×4 (right pan-

els). The lines of emergent EPs (dashed blue/red) are pre-
dicted via Eq. (33) and Eq. (34). The left (right) panels are
showing a system with L = 3 (L = 6) sites for m = 0.7 and
are modeled by an effective Hamiltonian of size 3× 3 (4× 4).
We can identify the analytical eigenvalues (Eq. (31)) with
λa = 0, λ+ = δ and λ− = −δ and the corresponding eigen-
states |Ψa〉, |Ψ+〉 and |Ψ−〉. Starting from U = 0, we can
track the eigenvalues continuously using Riemann surfaces as
shown in the lower panels. We track the eigenvalues from P0

at ϕp and U = 0 to a finite U at P1. The initial eigenvalues
are marked by crosses and the color shading from light to dark
indicates the transition from P0 → P1 in panels c) and d). We
find that the EP (red dashed line) is formed by states which
are initially associated with λa = 0 and λ− = −δ. While
the left panel reveals only one intersection of the eigenvalues,
the right panel shows two intersections. The second solution
of Eq. (33) is imaginary and therefore, only one is present
in the case of a hermitian interaction. The gray dots in the
lower panels are showing the eigenvalues of the full Hamilto-
nian evaluated from P0 → P1 which agrees remarkable well
with the effective description.

defective. The case of the 2 × 2 matrix is particularly
simple and yields

U±2×2 = ±iLδ
a2
. (30)

The EP is only present in the U–ϕ plane for a her-
mitian interaction if δ ∈ iR and only exists for an anti-
hermitian interaction if δ ∈ R.

The 3 × 3 and 4 × 4 is hermitian for a ∈ iR, ξ = 1
and a ∈ R, ξ = −1. Therefore, the effective Hamiltonian
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does not exhibit EPs for U ∈ R in these cases. However,
apart from these cases, we can derive constraints for U
such that the effective matrix becomes defective. The
eigenvalues are given by

λn =− e−i2πn/3

3

x

3

√
2

√
y2
m×m − x3

m×m + ym×m

(31)

− ei2πn/3

3
3

√
2

√
y2
m×m − x3

m×m + ym×m + cm×m

for n = 0, 1, 2 and m = 3, 4. The forth eigenvalue λ3 = 0

of H
(ii)
4×4 is trivial and does not form an EP. A hermitian

interaction, U ∈ R, induces cm×m, xm×m and ym×m to
be real numbers.

x3×3 =3δ2 +
U2(2a2 − ξ)2

L2
(32)

x4×4 =3δ2 +
U2(2a2 − 2ξ)2

L2

y3×3 =ξ
9δ2U(a2 + ξ)

L
+ ξ

U3(2a2 − ξ)3

L3

y4×4 =ξ
9δ2U(a2 + 2ξ)

L
+ ξ

U3(2a2 − ξ2)3

L3

c3×3 =ξU
2ξ − 2a2

3L
, c4×4 = ξU

2ξ − 2a2

3L

EPs are formed if two eigenvalues coincide. Setting the
difference of any two eigenvalues in Eq. (31) to zero yields
x3
m×m = y2

m×m and induces four independent solutions
for U .

U±,±3×3 = ±Lδ

√
ξ
a4 − ξ10a2 − 2± a

√
(a2 + 4ξ)3

2(2a2 − ξ)3
(33)

U±,±4×4 = ±Lδ

√
ξ
a4 − ξ20a2 − 8± a

√
(a2 + 8ξ)3

32(a2 − ξ)3
(34)

Again, we can use the derived constrains for U in Eq.
(33) and Eq. (34) to evaluate the stability for a finite
hermitian interaction. If any solution of U is purely real,
it will spread within for U–ϕ plane starting from ϕd.
While earlier solutions for U are either real or imagi-
nary, U can be a complex number and is not restricted
to propagate within the purely hermitian or purely anti-
hermitian case.

Furthermore, the analytic approach allows us to assign
the corresponding eigenstates to the eigenvalues which
form the EP. Starting from the non-interacting limit,
we can associate the eigenvalues λ0 = 0, λ1 = δ and
λ2 = −δ to |Ψa〉, |Ψ+〉 = |E(k,+);E(q,ξ)〉 and |Ψ−〉 =

|E(k,−);E(q,−ξ)〉 respectively. Here, |Ψa〉 refers to a†pb
†
p|0〉

in the case of the 3×3 matrix and
(
a†pb
†
p + a†p′b

†
p′

)
/
√

2|0〉

ϕa ϕe ϕd

ϕ

−0.1

0.0

0.1

0.2

U

a) Um(1,+)

Um(1,−)

Um(2,+)

Um(2,−)

ke = 0ke = 0

ϕa ϕe ϕd

ϕ

b) U{Ψa,Ψ+}

U{Ψa,Ψ−}

δ = E(0,+) + E(2,+)

10−4 10−3 10−2 10−1 100

minijαij

FIG. 7. Comparison of our analytic predictions (dashed lines)
of EPs to the numerical simulation for L = 3 and m = 0.7.
We identify three different twist angles where (i) EPs are in-
herited from the single particle spectrum at ϕe, (ii) emerge
from a diagonalizable degeneracy at ϕd and (iii) annihilate
each other at ϕa. Panel a) and b) show the analytical predic-
tions from Eq. (25) and (33) and identify the states forming
the exceptional lines.

in the case of the 4×4 matrix. First, we identify the cor-
rect eigenvalues away from the degeneracy in the non-
interacting limit at U = 0 and ϕp 6= ϕd. Second, we adi-
abatically track the eigenvalues from the non-interacting
limit to the EP, (ϕp, 0) →

(
ϕp, U

±,±
m×m

)
, using Riemann

surfaces which is necessary since the roots appearing
in the expressions for the eigenvalues are not defined
uniquely. The procedure is illustrated in Fig. 6. The
different colors indicate the two states which form the
EP in panel a) and b).

More generally, non-zero degeneracies can occur in the
case of two fermions. Two states given by |Ψ0,+〉 =
|E(k,ξk);E(q,ξq)〉 and |Ψ1,+〉 = |E(p,ξp);E(n,ξn)〉 can have
the same energy δ = E(k,ξk) + E(q,ξq) = E(p,ξp) + E(n,ξn)

for ϕ = ϕd and form an EP in the interacting case if
k + q = p + n. This induces that the states |Ψ0,−〉 =
|E(k,−ξk);E(q,−ξq)〉 and |Ψ1,−〉 = |E(p,−ξp);E(n,−ξn)〉 are
degenerated with the energy −δ. Again, we can con-
struct an effective Hamiltonian of size 2 × 2 and derive
constraints for U . Also it should be mentioned that the
system incorporates high symmetry points at ϕ = 0, π
where degeneracies occur naturally and EPs are emerg-
ing.

Fig. 7 compares the prediction of our perturbative
treatment for a system of L = 3 sites with numerical
simulations and finds an excellent agreement.

(iii) Annihilation

Besides the emergence of exceptional lines we also find
their annihilation at finite interaction strength. Some
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FIG. 8. Robustness of the eigenvector associated with the
lines of EPs for a system of L = 6 sites and m = 0.7 (cf. Fig.
4). Each reference point (P , A0, A1 and B0) refers to an EP
which can be found in Fig. 4. We determine the eigenvector
|ΨR

EP〉 for the reference point and calculate the minimal angle
between all eigenstates for each point in the parameter space
spanned by the twist angle ϕ and interaction strength U . The
quantifier is given by miniβi = mini arccos

(
|〈ΨR

i |ΨR
EP 〉|

)
.

lines of EPs are forming an endpoint while others simply
cross in the parameter space. A first indicator is the
conserved total momentum which protects exceptional
lines emerging in different momentum sectors. However,
a second mechanism must be present to allow some EPs
in the same momentum sector to interact and essentially
form an endpoint while others do not.

To better understand this phenomenon we can evalu-
ate the aligned eigenvector forming the characteristic ex-
ceptional “fans”. The excellent agreement of our pertur-
bative treatment with the numerical simulation suggests
that our approach describes not only the paths but also
the corresponding eigenvectors. EPs inherited from the
single particle spectrum (i) are described by the effective
Hamiltonian in Eq. (24). The defective structure of the
matrix is realized if one off-diagonal element is zero yield-
ing to Eq. (25). Starting from the non-interacting limit
and keeping the corresponding off-diagonal matrix zero
yields the same eigenvector |ake , E(q,±)〉 or |bke , E(q,±)〉
for different twist angles ϕ and interaction strengths
U 6= 0 away from the critical point (i).

Fig. 8 is evaluating the robustness of the eigenvector
forming the lines of EPs starting from a reference point

L = 3, Fig. 7 L = 6, Fig. 3

(i) line A |a0, E(2,−)〉 |a1, E(5,−)〉
(ii) line B |E(0,−), E(2,−)〉 |E(1,−), E(5,−)〉

TABLE I. The table lists the involved two-body states form-
ing the lines of EPs (A and B) in Fig. 4 for a system of L = 3
and L = 6 sites which form an endpoint (iii). The involved
states can be extracted from Fig. 3 (main text) and Fig. 7.

(P , A0, A1 and B0 in Fig. 4b)). While EPs emerging
from diagonalizable degeneracies (ii) are robust and the
eigenvector remains in the same state (as long as it is not
annihilated, cf. panel d)), EPs inherited from the single
particle spectrum (i) exhibit two scenarios. First, eigen-
vectors which are not annihilated remain in the same
state (cf. panel a)) throughout the parameter space. Sec-
ond, exceptional states which form an endpoint with an-
other EP continuously transforms themselves into their
annihilation partner (cf. panel b)). Initially, the state
emerging from the single particle spectrum (i) is given
by |akeE(q,±)〉 (or |bkeE(q,±)〉). However, as indicted in
panel c) the exceptional state at A1 (which is connected
to (i), cf. Fig. 4b)) is given by the exceptional state
emerging from (ii).

Furthermore, our perturbative treatment allows us to
identify the single particle states which are forming the
EPs using Eq. (25) and Eq. (30, 33, 34). We observe
that two lines form an endpoint if they are initially gen-
erated from the same single particle states. Fig. 4 marks
two lines (A0 → A1 and B0 → B1) which form an end-
point for a system of L = 3 and L = 6 sites. While the
exceptional line A is inherited from the single particle
spectrum (i), line B emerges from diagonalizable degen-
eracy (ii). The involved states are listed in Tab. I. Both
lines include the single particle states |E(2,−)〉 and |a0〉
(|E(5,−)〉 and |a1〉) in the case of L = 3 (L = 6) sites.

Our perturbative prediction from H(i), Eq. (24), is
more robust for the inherited EPs that are not anni-
hilated. This suggests that the perturbative subspace
is insufficient in this case and needs to be extended to
capture the whole phenomenology including the annihi-
lation process. A complete perturbative description re-
quires the two generalized eigenvectors forming the ef-
fective 2 × 2 Hamiltonian H(i) at ke and both states
which we identified in the EP emerging from (ii). Both
EPs include the same diagonalizable single particle state
|E(q,ξ)〉, ξ = ±, which is combined with the single particle
EP located at ke to form two-particle states |ake ;E(q,ξ)〉
and |bke ;E(q,ξ)〉. Next to the additional state |Ψa〉, the
second two-particle state necessary for the emergence of
the EP in (ii) is |Ψ±〉 = |E(ke,±);E(q,±ξ)〉. However, we
can omit |Ψ±〉 in our perturbative subspace as it includes
the single particle states |E(q,±)〉 and |E(ke,±)〉 (due to
the conservation of the total momentum) and is linearly
depending on |ake ;E(q,±)〉 and |bke ;E(q,±)〉. Therefore,
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FIG. 9. Numerical evaluation of the effective Hamiltonian
H

(iii)
even in Eq. (36) where we determine the minimal angle be-

tween its eigenstates. The perturbative description captures
all phenomena including the heredity (i), emergence (ii) and
annihilation (iii) of EPs in a system with L = 6 sites and
m = 0.7. The corresponding analytical predictions Um(q,±) in

Eq. (25) derived from H(i) and U{Ψa,Ψ−} in Eq. (34) derived

from H
(ii)
4×4 agrees with the numerical calculation.

a complete perturbative description can be obtained by
extending the 2 × 2 effective Hamiltonian H(i) by the
additional state |Ψa〉. Depending on the additional state
which is given by a single trivial state (odd L) or a super-
position of two trivial states (even L and even ke + q) we
obtain two different effective Hamiltonians of size 3 × 3
labeled by H

(iii)
odd and H

(iii)
even:

H
(iii)
odd =

0 0 0

0 E(q,±) mke

0 pke E(q,±)

 (35)

+
U

2L

 2 4
√

4pq/mq ∓ 4
√

4mq/pq
4
√

4mq/pq 1 ∓
√
mq/pq

∓ 4
√

4pq/mq ∓
√
pq/mq 1


H(iii)

even =

0 0 0

0 E(q,±) mke

0 pke E(q,±)

 (36)

+
U

2L

 4 4
√

16pq/mq ∓ 4
√

16mq/pq
4
√

16mq/pq 1 ∓
√
mq/pq

∓ 4
√

16pq/mq ∓
√
pq/mq 1
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FIG. 10. Panel a) (L = 3) and b) (L = 6) are show-
ing the minimal angle enclosed by all eigenvectors of a sys-
tem parameterized on a sphere around the endpoints (iii)
in Fig. 4 which is extended to a non-hermitian interac-
tion, U ∈ C. The three-dimensional sphere is described us-
ing spherical coordinates (ν and η) via (ϕ, Re(U), Im(U)) =
(rϕ cos(ν) sin(η) + ϕa, rU sin(ν) sin(η) + Ua, rU cos(η)) where
the endpoint (iii) is located at ϕa and Ua. We highlighted the
incoming EPs in black which correspond to A1 and B1 in Fig.
4 and the outgoing points in red. We used a different radius
compared to Fig. 4. η = π/2 corresponds to the hermitian in-
teraction U ∈ R. We illustrated the two incoming (black) and
the two outgoing (red) EPs on the three-dimensional sphere
in panel c) (L = 3) and d) (L = 6).

The matrices are derived from the left and right eigen-
vectors associated to the states |Ψa〉, |ake ;E(q,±)〉 and
|bke ;E(q,±)〉. Fig. 9 evaluates minimal angles between the
three eigenvectors of the effective Hamiltonian for given
ϕ and U and finds an excellent agreement between the
effective and full Hamiltonian. The extended description
captures all phenomena including the heredity (i), emer-
gence (ii) and annihilation (iii) of EPs. We carefully ex-
amined the annihilation point (iii) numerically and find
a third order EP matching with the three dimensional
perturbative subspace.

Finally, we find that exceptional lines survive for a non-
hermitian interaction (U ∈ C) after they are annihilated
in the case of a hermitian interaction (U ∈ R). Fig. 10
evaluates the minimal angle between all eigenvectors on a
sphere which is parameterized using spherical coordinate
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(ν and η) around the endpoints (iii) in Fig. 4. We extent
the parameter space to three dimensions by including a
non-hermitian density-density interaction, U ∈ C:

(ϕ, Re(U), Im(U)) (37)

=(rϕ cos(ν) sin(η) + ϕa, rU sin(ν) sin(η) + Ua, rU cos(η))

The endpoints (iii) in Fig. 4 are located at ϕa and Ua.
Panel a) and b) in Fig. 10 are showing the minimal angle
in the ν–η plane for the system of L = 3 and L = 6 sites.
The two incoming EPs (A1 and B1) are highlighted in
black and are located at η = π/2 which corresponds to
U ∈ R. However, the two outgoing EPs which are marked
in red have a finite imaginary part, U ∈ C. Hence, they
are not longer present in the case of a hermitian inter-
action as used in Fig. 4. Note that the incoming and
outgoing points are roughly separated by ∆ν = π which
means they propagate on a similar trajectory but with
a finite imaginary part. Also, it is worth to point out
that the outgoing EPs only differ by the imaginary part
of U , the twist angle ϕ and the real part of U are iden-
tical. The dotted lines in the sphere are guiding the eye
and do not represent the real paths of the EPs in the
three-dimensional parameter space (ϕ, Re(U), Im(U)).
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