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Abstract
The ellipticity of high harmonics driven by bi-chromatic (e.g. ω− 2ω) co-propagating fields can be
fully tuned by varying the polarization of the pump components. In order to start revealing the
underlying mechanism of this control, we explore a relatively simple regime of this scheme that still
gives rise to full control over the harmonics ellipticities. In this regime, the pumps are only slightly
elliptical and the high harmonic radiation consists of two (different) interlocked attosecond pulse
trains (APTs). We formulate a semi-analytic model that maps the high harmonic ellipticity to
properties of the APTs harmonic decompositions. Utilizing this model, we reconstruct these APTs
variables from measurements of the high harmonics ellipticities. This ellipticity-resolved
spectroscopy of interlocked APTs may be useful for ultrafast probing of chiral degrees of freedom.

Several experimental techniques for generation of highly helically polarized high-order harmonics [1–10]
have been recently demonstrated to overcome the historical limitation to linearly polarized  high harmonic
generation (HHG) process. In the first demonstration, which followed a proposal in 1995 [11–13], circularly
polarized high harmonics were generated by co-propagating bi-chromatic (ω− 2ω) circularly-polarized
pumps (bi-circular pumps) that interacted with isotropic gas [1]. This generation technique gave rise to
various experimental applications, including investigation of spin mixing [1, 14, 15], spin-orbit interaction
[16] and conservation of Torus-knot angular momentum [17] in HHG, probing rotational symmetry in
aligned molecules [18], population of laser-driven Rydberg states [19], molecular chirality [20, 21], magnetic
circular dichroism [2, 5] and nanoscale magnetic imaging [22]. Generation of bright highly helically
polarized harmonics was reported using ω− 2ω pumps that are cross linearly polarized and interacted with
gas composed of atoms with p-shell valence states [6, 23, 24]. Interestingly, the half-wave dynamical
reflection symmetry in this scheme [25] (which is not broken by the fact that the valance electrons are
initially in p-states [26]) is expected to yield only linearly polarized high harmonics (the odd and even
harmonics are polarized along the polarization axes of the ω and 2ω drivers, respectively) [27, 28].

The polarization of high harmonics driven by bi-circular, bi-parallel and crossed-linear bi-chromatic
pumps in isotropic media are determined by the selection rules of these high symmetry systems [25]. In the
bi-circular case, the ellipticities of the 3n+ 1 (n= 1,2,3, . . .) and 3n− 1 harmonics are circular, with
helicities like the ω and 2ω pump components, respectively [12, 13, 29]. In the time domain, three
interlocked attosecond pulse trains (APTs) are emitted, where each APT is T/3 time shifted (T is the optical
cycle of the ω pump component) and 2π/3 polarization rotated with respect to the preceding APT [30, 31].
Other than these two changes, the APTs are identical (neglecting envelope effects). In the cross linear case,
the odd and even harmonics are polarized linearly along the polarization axes of the ω and 2ω drivers,
respectively [27, 28]. In the time-domain, two interlocked APTs are emitted with T/2 delay between them (a
π/2 relative phase between the pump components leads to re-collisions of only the short electronic
trajectories [32, 33]). The angle between the polarization axes of the APTs is chirped [34–36] and is
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determined by the intensity ratio between the chromatic components of the pump [28]. Previous work
assumed that these APT bursts are linearly polarized [27, 28], yet we will show that this assumption is
inaccurate.

Changing the polarization of one or both pump components from linear/circular to elliptic leads to so
called bi-elliptical pumps [1, 15, 21, 37], which generally gives rise to elliptically polarized harmonic
emission, with no particular symmetry constraints. Indeed, it was demonstrated that varying the ellipticities
of the pump components can be used for tuning the ellipticity of the high harmonics [1]. The APTs are also
modified in this scheme, but how? Specifically, what are the properties of the interlocked APTs that are
associated with this ellipticity control? Does a simple mapping between the harmonic ellipticities and APTs
properties exist?

Here we identify a regime of HHG driven by bi-elliptical pumps that leads to semi-analytical mapping
between the ellipticities of the high harmonics and properties of the interlocked APTs. In this scheme, HHG
is driven by a two-color pulse, a fundamental frequency and its second harmonic, where the two colors are
slightly elliptically polarized with opposite helicity and perpendicular elliptical major axes. The ellipticities of
the harmonics vary all the way from linear to circular when even small ellipticity is added to the
crossed-polarized bi-chromatic field. In the time domain, the HHG radiation consists of two interlocked
APTs that are not identical. The properties of the harmonic decompositions of each APT are also different.
We show that the ellipticity of each harmonic order is determined by the following properties of the
interlocked APTs harmonics decomposition: relative emission directions, relative time delay, and their
ellipticities. We derive a semi-analytic formula that describes this mapping very accurately, allowing us to
resolve these APTs features by measuring the high harmonics ellipticities only. We implemented this
approach experimentally. This mapping between the harmonic’s polarization and properties of the APTs may
form a rich platform for polarization-resolved HHG spectroscopy, similarly to the highly successful delay
scan between ω− 2ω pumps [27, 28, 38].

We start by describing the scheme that gives rise to the semi-analytic mapping between the harmonics
ellipticities and APT properties. Here, the HHG process is driven by co-propagating bi-chromatic ω− 2ω
fields that are orthogonally polarized. The field’s polarizations may be linear or slightly elliptical, with equal
ellipticities, opposite helicities, and perpendicular major axes. The relative phase between the two chromatic
components is π/2. These slightly bi-elliptical pumps interact with an isotropic helium gas  (s-type ground
state).

We first present numerical results obtained using a quantum mechanical model (the HHG calculations
are detailed in the supplemental material S1 (available online at stacks.iop.org/JPPHOTON/2/034005/
mmedia)). The driving bi-elliptical orthogonal field, is given by:

E⃗(t) =

√
I0 (t)

1+ ε2
p

Re
{√

I1

[
eiωt

(
iεpx̂+ ŷ

)]
+
√
I2

[
e2iωt

(
ix̂+ εpŷ

)]}
(1)

where, I0 (t) is the normalized pulse envelope, I1,2 are the peak intensities of each component and
εp
(
−1 ≤ εp ≤ 1

)
is the ellipticity of the two components (with opposite helicities and perpendicular major

elliptical axes).
Figure 1 shows HHG spectra calculated with linear εp = 0 (figure 1(a)) and slightly elliptical εp = 0.019

(figure 1(b)) drivers with I1 = I2 = 1.8× 1018 W m−2 (see the supplemental material SM1 for numerical
simulation details). The inset in each of these plots displays the Lissajous curves of the fundamental (red
line), second harmonic (blue line) and joint (magenta) fields. In both cases, the HHG spectra consist of
bright even- and odd-order harmonics with comparable strengths. The striking difference between these
cases is in the ellipticity of the high harmonics. While the polarization of all the harmonics is linear when
εp = 0, they become highly helical with the introduction of a small ellipticity to the driving field. For
example, the ellipticities of the 34th and 35th harmonics are −0.77 and 0.31, respectively (the Lissajous
curves of the 34th and 35th harmonics are shown in the right insets in figures 1(a) and (b)). Figures 1(c) and
(d) show the emitted electric field, within one optical cycle, T, synthesized from harmonics 32–39 of the
spectra shown in figures 1(a) and (b), respectively. In both cases, two elliptically polarized attosecond bursts
with opposite helicities are emitted per optical cycle, forming interlocked APT pairs. Figures 1(e) and (f)
show, respectively, the peak intensities and ellipticities of several harmonics from the plateau and cutoff
regions (i.e. Iq

(
εp
)

and εq
(
εp
)
, where q is the harmonic order) [39]. Clearly, the polarization of the high

harmonics is extremely sensitive to minute changes in the pump’s ellipticity, much more than the emission
intensity (see the supplemental material SM2).

To understand the underlying mechanism for the large sensitivity of the harmonics ellipticity to the
pump ellipticity, we numerically explore the time-frequency aspect of this scheme using Gabor transforms
[40] of the emitted harmonic field (see the supplemental material SM1). We first present schematically in
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Figure 1. Calculated ellipticities and spectrum of high harmonics driven by slightly bi-elliptical orthogonal fields from helium
(see the supplemental material SM1 for numerical simulation details). (a) and (b) HHG power spectra when the pump
ellipticities are εp = 0 and εp = 0.019, respectively. The Lissajous curves of the corresponding separate fields (in red and blue)
and the bi-elliptical field (magenta) are plotted/displayed below the spectrum. The Lissajous curves of the 34th and 35th
harmonics are shown in the top right corners. Vectorial time-dependent field of harmonics 32–39 for (c) εp = 0 and (d)
εp = 0.019. The emission consists of two attosecond bursts per optical cycle, each burst represents one APT of the interlocked
APT pair. Intensities (e) and ellipticities (f) of harmonics 32–39 as a function of pump ellipticities −0.035 ≤ εp ≤ 0.035. The
dashed black line in plot (e) corresponds to the averaged harmonic intensity. As shown, small modification in the pump leads to a
significant variation in the polarization of the harmonics, while the change in the power spectra is moderate.

figure 2(a) the APT features that, as will be shown below, determine the ellipticity of the high harmonics and
its dependence on the pump ellipticity. Each APT consists of elliptically polarized harmonics with ellipticities
ε1,q and ε2,q (q is the harmonic order and 1, 2 denotes the APT order). Note that these APT harmonic
ellipticities are different from the ellipticities of the full high harmonic radiation. For example, the high
harmonics are linear for εp = 0 while the APTs and, as will be shown below, also the harmonics of each APT
are elliptical. The angle between the major polarization axes of the burst harmonics is αq. The delay between
q-order harmonic compositions of the APTs are T/2+ δq. Next we explore the dependence of these
parameters (ε1,q, ε2,q, αq and δq) on the pump ellipticity, εp (see supplemental material SM1 for the
calculation description of these parameters). Figure 2(b) displays the dependence of the relative angle,
showing that it is q-dependent [27, 35], but approximately independent of the pump ellipticity, within the
explored range. Figure 2(c) displays the q-order harmonic ellipticities of each of the two APTs, i.e. ε1,q (solid
line) and ε2,q (dashed lines present −ε2,q), as a function of the pump ellipticity. The ellipticity of each burst
is relatively small and approximately independent of the pump ellipticity, exhibiting very different behavior
from the ellipticities of the full high harmonic radiation in figure 1(f). Figure 2(d) shows the phases between
the consecutive bursts harmonics components versus harmonic order, termed ϕq. At εp = 0, the time delay
between two consecutive bursts is T/2, which results in a phase of 0 and π for the even and odd harmonics,
respectively (corresponding to exp(iqωT/2) factor in the Fourier transform). However, in contrast to the
burst ellipticities and emission angles, the phase shifts exhibit significant dependence on the pump’s
ellipticity. It indicates (and will be confirmed below) that these shifts are the dominant source for the large
sensitivity of the harmonics ellipticity to the pump ellipticity, as shown in figure 1(d).

We now analyze these phase shifts in greater detail. For each q-order harmonic component, we can
intuitively formulate a phase in terms of attosecond-scale shifts, δq

(
εp
)
, between the interlocked APTs as

follows:

ϕq

(
εp
)
= πq+ 2πq

δq
(
εp
)

T
. (2)

Interestingly, the temporal shifts are nearly uniform and linear with the pump ellipticity, across the
harmonic’s spectrum (figure 2(e)) and thus can be very well approximated by third-order Taylor expansion:

δq
(
εp
)
= β1,qεp +β3,qε

3
p (3)

where β1,q and β3,q are the first- and third-order Taylor expansion coefficients per harmonic order q. The
second-order coefficient is removed because δq

(
εp
)

is an odd function that must change sign if the pump’s
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Figure 2. Time-frequency perspective. (a) Schematic illustration of the 32nd, 33rd and 34th harmonic fields. (b) Angle between the
polarization axes of harmonic components of the two bursts, (c) ellipticities of several harmonic components of each of the two
bursts, (d) relative phases of several harmonic components between the two bursts and (e) relative time shifts of several harmonic
components between the two bursts as a function of pump ellipticity for harmonics 32nd (blue), 33th (brown), 34th (yellow), 35th

(purple), 36th (green), 37nd (cyan), 38th (cherry) and 39results suggest that the polarizationth (violet) harmonics. (f) Calculated β1,q and
β3,q variables according to equation (3) as a function of harmonic order.

helicity is inverted. Figure 2(f) shows the dependence of β1,q and β3,q on the harmonic order. The coefficients
are largely independent of harmonic order in the plateau region (up to harmonic 37).

The above-presented numerical results suggest that the polarization of each harmonic order in figure
1(d) depends mainly on the (i) time shift between the two bursts (as described by equation (3)), (ii) the angle
between consecutive bursts and (iii) the ellipticities of the bursts, where the last two variables are
(approximately) independent of the pump ellipticity. If this is indeed the case, then all the ellipticity curves in
figure 1(d) should be approximated by a general function of only four variables: β1,q, β3,q, α0

q = αq

(
εp = 0

)
and ε0

b,q = ε1,q

(
εp = 0

)
. To verify this suggestion, we model the emitted q-order harmonic field to consist of

harmonic components of two interlocked bursts (that are the unit cells of the interlocked APTs) by:

E⃗q (t) = E0,qRe
{
eiqωt

[⃗
d
(
ε0
b,q,−α0

q/2
)
+ eiϕq(εp,β1,q,β3,q)d⃗

(
−ε0

b,q,α
0
q/2

)]}
, (4)

where

d⃗(ε,θ) =
1√

1+ ε2
[cosθ (x̂− iεŷ)+ sinθ (iεx̂+ ŷ)] (5)

is the general expression for polarization state, ε is ellipticity and θ the angle between the polarization ellipse
major axis and x direction. The ellipticity of the total harmonic-order field in equation (4) is given by (see
derivation in the supplemental material SM3):

εq = tan

[
1

2
arcsin

[
−2

Im
(
χq

)
1+

∣∣χq

∣∣2

]]
, (6)

where

χq = i tan

[
1

2
ϕq

(
εp,β1,q,β3,q

)] sin
(
α0
q/2

)
+ iε0

b,q cos
(
α0
q/2

)
cos

(
α0
q/2

)
− iε0

b,q sin
(
α0
q/2

) . (7)

Investigation of the role of the four variables in the analytic model is presented in the section SM5 in the
supplemental material, showing that increasing the angle leads to increase (decrease) of the slope of the curve,
i.e. the maximum ellipticity is obtained at smaller (larger) pump ellipticity, for even (odd) harmonic orders.
The maximum ellipticity reaches ±1, i.e. circular polarization, only when the burst’s harmonic components
are linearly polarized, and it decreases with increasing burst ellipticity. The slope of the curves increases with
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Figure 3. Calculated ellipticities of several harmonics as a function of pump ellipticity using TDSE (solid line) and semi-analytical
model (dashed line) according to equation (6). The nearly perfect matching shows that the model captures the physics of HHG
driven by slightly bi-elliptical pumps.

increase of the temporal shift δq, which is controlled by the pump ellipticity according to equation (3).
According to the model, tuning the ellipticity of the pump beams induces attosesond-scale shifts between the
emitted APTs, which gives rise to full control over the harmonics’ polarization, from linear to circular.

Figure 3 shows a nearly perfect agreement between the curves calculated from equation (6) and
time-dependent Schrödinger equation (TDSE). The variables for the analytical calculation are extracted
directly from the TDSE calculation. The numerical and analytical curves coincide very well for harmonics in
the plateau region and slightly deviate for cutoff harmonics. Clearly, the model captures the underlying
mechanism for the HHG ellipticity in this geometry. We repeated this procedure for many harmonics order
in different driving pulse parameters (including the variation of the pulse duration, envelope shape, laser
intensity, and wavelength) and found a consistent match between the model and a full numerical calculation
(see additional example in the supplemental material SM2). This universality indicates that it is possible to
obtain the four variables of each harmonic order, β1,q, β3,q, α0

q = αq

(
εp = 0

)
and ε0

b,q = ε1,q

(
εp = 0

)
, by

measuring its ellipticity as a function of the pump ellipticity. For longer driving wavelength (see the
supplemental material SM4), the variable β3,q can be neglected.

Next, we employ the derived model (equation (6)) to explore experimentally polarization-resolved high
harmonic spectroscopy of the interlocked bursts. The experimental setup for measuring the high harmonics
degree of circularity via the x-ray magnetic circular dichroism effect (XMCD) (for fully polarized light, the
degree of circular polarization (DCP) corresponds to ellipticity as DCP = 2εq/

(
1+ ε2

q

)
), is described in the

section SM6 in the supplemental material.
Figure 4(a) presents the measured DCP for harmonic orders in the region of the Cobalt M-edge. We

optimally-fitted equation (6) to the measured data (using weighted nonlinear-least square fit) for harmonics
34–37 for which Co is magneto-optically active, extracting the values of the four free variables, β1,q, β3,q, α0

q

for each harmonic, and ε0
b,q for the even-order harmonics. The resulted curves are shown in figure 4(a) and

the obtained values of the free variables are presented in table 1. We could not extract ε0
b,q of the odd

harmonics because the ellipticity curves of such harmonics, i.e. odd harmonics with α0
q ≈ 180◦, are too

weakly influenced by these variables. Figure 4(b) presents the attosecond delays for the measured harmonics
using the extracted β1,q, and β3,q. The shaded regions represent the error in the fitting procedure.

Figure 4(a) shows that the model captures well the main features of the experimental curves, hence
equation (6) can be used to extract data on the emission process—in the form of the four measured variables
for each harmonic order. Still, the deviations between the measured and model curves are larger than
expected according to figure 3, especially for the odd harmonics. We associate these deviations to the possible
effects of the interaction length, compared with a single atom effect, and the experimental error in phase
delay of π/2 when sampling of the relative phase (2◦ rotation steps of the borosilicate slab).

The correspondence can be improved by refining the control over the phase between the pump
components, measuring harmonic ellipticity in the plateau region rather than the cutoff region, and having
the nonlinear medium in a gas jet instead of a gas cell (to avoid propagation effects).

To conclude, we identified an HHG scheme driven by cross-polarized ω− 2ω slightly bi-elliptical pumps,
in which the ellipticities of the high harmonics can be tuned from linear to circular. In the time domain, the
HHG radiation consists of a pair of interlocked APTs. We mapped semi-analytically the ellipticity of a high
harmonic to features of the APTs harmonic constituents: ellipticities, relative time delay and relative angle.
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Figure 4. Experimental polarization-resolved spectroscopy of interlocked attosecond bursts. (a) Degree of circular polarization
(normalized stokes parameter S3/S0) as a function of quarter-wave plate (QWP) angle for harmonics 34–37. Solid curves
calculated according to equation (6) and variables from table 1 (ε0

b,q with q=35 and 37 that could not be extracted from the data

were assumed to be equal to ε0
b,q with q= 34 and 36, respectively). (b) Extracted attosecond-scale shifts from the fitting

procedure for measured harmonics (the shaded regions represent the error in the fitting procedure).

Table 1. Table of extracted interlocked APT variables. The angle between the polarization axes of the consecutive radiation bursts α, the
ellipticity of the radiation burst ε0

b, the 1st β1 and 3rd β3 coefficients of the Taylor expansion of the attosecond-scale delays between the
two consecutive radiation bursts. The errors correspond to confidence of 68%.

Harmonic H34 H35 H36 H37

α0 (deg.) 150.6± 8.7 167.6± 6.8 136.3± 9.2 158.1± 12.7
ε0
b 0.32± 0.07 0.41± 0.04
β1 × 102 (as) 4.2 6.3 5.1 5.9
β3 × 105 (as) 3.4 −1.5 5.3 −1.4
R2 0.88 0.46 0.95 0.43

We then demonstrated reconstruction of the properties of the interlocked APT pair from measurements of
the harmonics’ ellipticities. The high sensitivity of the HHG polarization to the ellipticity of a
crossed-polarized bi-chromatic pump laser, as shown here, requires a careful look at past and future
experiments that use such drivers. On one hand, careful analysis of the pump polarization should be made to
avoid ellipticity artifacts, and on the other hand, mapping the harmonic’s polarization onto the properties of
the APTs opens a route for attosecond-resolved spectroscopy.
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[19] Jiménez-Gaĺan Á, Zhavoronkov N, Schloz M, Morales F and Ivanov M 2017 Opt. Express 25 22880
[20] Harada Y, Haraguchi E, Kaneshima K and Sekikawa T 2018 Phys. Rev. A 98 021401
[21] Baykusheva D and Wörner H J 2018 Phys. Rev. X 8 031060
[22] Kfir O et al 2017 Sci. Adv. 3 eaao4641
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