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A modification to the Heisenberg uncertainty principle is called the generalized uncer-

tainty principle (GUP), which emerged due to the introduction of a minimum measurable

length, common among phenomenological approaches to quantum gravity. An approach
to GUP called linear GUP (LGUP) has recently been developed that satisfies both the

minimum measurable length and the maximum measurable momentum, resulting to a

phase space volume proportional to the first-order momentum (1−αp)−4d3xd3p, where
α is the still-unestablished GUP parameter. In this study, we explore the mass-radius

relations of LGUP-modified white dwarfs, and provide them with radial perturbations

to investigate the dynamical instability arising from the oscillations. We find from the
mass-radius relations that LGUP results to a white dwarf with a lower maximum mass,

and this effect gets more apparent with larger the values of α. We also observe that the
mass of the white dwarf corresponding to the vanishing of the square of the fundamental
frequency ω0 is the maximum mass the white dwarf can have in the mass-radius relations.

The dynamical instability analysis also shows that instability sets in for all values of the
GUP parameters α, and at lower central densities ρc (corresponding to lower maximum

masses) for increasing α, which verifies the results obtained from the mass-radius rela-

tions plots. Finally, we note that the mass limit is preserved for LGUP-modified white
dwarfs, indicating that LGUP supports gravitational collapse of the compact object.
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1. Introduction

A modification to the fundamental commutation relation, which is predicted by sev-

eral quantum gravity phenomenology approaches leads to the generalization of the

Heisenberg’s uncertatinty principle (HUP). This modification to the HUP is called

the generalized uncertainty principle (GUP), which emerged due to the introduction

of a minimum measurable length.1,2 A specific approach to the generalized uncer-

tainty principle, which satisfies not only black hole physics but also string theory

and doubly special relativity (DSR), was developed and is called the “linear” GUP

(LGUP) approach.1–7 The LGUP approach satisfies both the minimum measurable

length and the maximum measurable momentum conditions and is when the phase

space volume is proportional to first-order momentum p, i.e. (1− αp)−4 d3x d3p,
where α is the quantum gravity parameter, which has no established values and

ranges from 1012 < α0 < 1024. LGUP has been studied and applied to numerous

systems, such as the structure of compact objects like white dwarfs and neutron

stars. Several studies which involve investigating the effects of LGUP on white

dwarfs show that LGUP resists collapse, by increasing or completely removing their

mass limit (Chandrasekhar mass), while other studies show LGUP supports collapse

by reducing the maximum mass limit and increasing the minimum radius limit.1–10

In the context of general relativity, which matters for the most massive white

dwarfs, and where GUP effects are known to be most prominent, the dynamical

instability of a white dwarf or a compact object can be investigated by studying

its behavior under radial oscillations. This was done before in the context of the

quadratic generalized uncertainty principle (QGUP) done by Ref. 11, where for the

most part, QGUP resists gravitational collapse by increasing the Chandrasekhar

mass limit. The GUP-modified equation of states prevents further gravitational

collapse and limits the formation of compact astrophysical objects to that of the

white dwarfs, which is in contrast with astrophysical observations, since heavier

compact objects such as neutron stars exist. However, they find that dynamical

instability can still set in on values of the β0 ≤ 5.38 × 1039,11–15 where β0 is the

dimensionless QGUP parameter. Since it was shown by Ref. 1, 9, 10, that LGUP

seems to supports to gravitational collapse, it is reasonable to explore dynamical

instability on linear-GUP-modified white dwarf stars,1,11–13 and to see whether this

effect is present for a large range of values of the LGUP parameter.

We then present the main problem and objectives of this work - investigating dy-

namical instability for LGUP-modified white dwarfs. We take the framework of gen-

eral relativity (GR) and calculate the stellar structure of the LGUP-modified white

dwarfs, where we will obtain the exact forms of the linear GUP modified number

density, energy density, and pressure of ideal Fermi gases at zero-temperature, and

from there, a modified Chandrasekhar equation of state (EoS) will be formulated.

This will then be used to obtain the analytical form of the LGUP-modified structure

equations for zero-temperature white dwarfs, and their solutions will be analyzed

along with those of the modified Tolman-Oppenheimer-Volkoff (TOV) structure
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equations in general relativity (GR). From the structure equations, we obtain the

modified mass-radius relation of the white dwarfs. We then carry out dynamical

instability analysis on the LGUP-modified white dwarfs so that the maximal stable

configuration of the system is identified. Finally, we present the conclusions and

recommendations for future work.

2. Linear GUP-modified White Dwarfs

In this section, we review the Linear Generalized Uncertainty Principle (LGUP), as

well as the statistical mechanics of Fermi gases modified by LGUP.

2.1. Generalized Uncertainty Principle

The generalized uncertainty principle (GUP) is a modification to the Heisenberg’s

uncertainty principle, which emerged due to the existence of a minimum measurable

length. The fundamental commutation relation that satisfies both black hole physics

and string theory is:1,18

[x, p] = i~(1 + βp2), (1)

which then results to the quadratic GUP given by:

∆x∆p ≥ ~
2

[1 + β(∆p)2 + 〈p〉2]. (2)

Another approach to the general uncertainty principle, which not only satisfies

black hole physics but also fits well with string theory, and doubly special relativity

(DSR), was developed and is called the “linear” GUP (LGUP) approach, where the

commutation relation is given by:

[xi, pj ] = i

[
δij − α

(
pδij +

pipj
p

)
+ α2

(
p2δij + 3pipj

)]
[xi, xj ] = [pi, pj ] = 0

(3)

and the generalized uncertainty principle in one dimension is given by:

∆x∆p ≥ ~
2

[1− 2α〈p〉+ 4α2〈p〉2], (4)

where α = α0

(Mpc)
= α0

(
lp
~

)
is the GUP parameter.1,8–10 It should be noted that

there are currently no established values for the GUP parameter α0. From Ref. 19,

the upper bound of α0 is suggested to be less than 1017 in order to be compatible

with the electroweak theory. On the other hand, Ref. 20 suggests an upper bound

for the GUP parameter of α0 < 1024, in order to address the concerns with regards

Landau energy shifts for particles that have a mass m and a charge e within a

constant magnetic field and cyclotron frequency. The effects of linear GUP on the

Lamb shift also suggest for a GUP parameter upper bound of α0 < 1012. From

Ref. 21, the gravitational wave event GW150914 suggests an upper bound of α0 <
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1.8 × 1020. Thus, in order to maximize the effects of linear GUP as used similarly

with Ref. 22, the GUP parameter values of 1017, 1019, 1020, and 7 × 1020 will be

used.

2.2. Statistical Mechanics of Fermionic Gases with LGUP

Modification

Statistical mechanics plays an important role to understanding the structure of stars

and compact objects since white dwarfs are generally composed of degenerate elec-

tron gases. With this, there is a need to derive the thermodynamic properties of the

degenerate Fermi gas at zero temperature obeying Pauli’s exclusion principle. We

start with the grand canonical ensemble formalism in statistical mechanics in order

to derive the relevant thermodynamic quantities, which are the number density n,

energy density e, and pressure P .1,9, 12,23,24 The partition function can be written

as:1,12,23,25

lnZ =
∑
j

ln[1 + e
(µ−Ej)
kBT ]. (5)

For large volumes, as modified by linear GUP, we then have:∫
d3xd3p

(2π~)3
→
∫

d3xd3p

(2π~)3(1− αp)4
. (6)

Thus, the grand canonical potential can then be rewritten as:

Φ = −gkBT
∫

d3xd3p

(2π~)3(1− αp)4
ln[1 + e

(µ−E)
(kBT ) ], (7)

where g refers to the multiplicity of states due to the spin of the particle, and (2π~)3

refers to the volume occupied by and energy state in phase-space. From this, we

then derive the expressions for the number density n, pressure P , electron energy

density εe, and total energy density ε. The expression for number density, pressure,

and electron energy density for degenerate ideal Fermi gases are given by:1

n =
8π

(2π~)3

∫ pF

0

p2dp

(1− αp)4
(8)

εe =
8π

(2π~)3

∫ pF

0

E
p2dp

(1− αp)4
(9)

P =
8π

(2π~)3

∫ pF

0

(EF − E)
p2dp

(1− αp)4
= EFn− εe, (10)

where pF is the Fermi momentum, which corresponds to the maximum possible

momentum, corresponding to the Fermi energy EF in the zero-temperature case.
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To optimize the numerical computation, we define a set of dimensionless quantities:

ξ ≡ pF
mec

p̃ ≡ p

mec

σ ≡ mecα

(11)

Thus, equations (8)-(10) can be rewritten as:

n =
πm3

ec
3

(2π~)3

∫ ξ

0

8
p̃2dp̃

(1− σp̃)4
= KÑ (12)

εe =
πm3

ec
3

(2π~)3

∫ ξ

0

8ẼF
p̃2dp̃

(1− σp̃)4
= Kε̃e (13)

P =
πm3

ec
3

(2π~)3

∫ ξ

0

8(ẼF − Ẽ)
p̃2dp̃

(1− σp̃)4
= KP̃ , (14)

where Ẽ =
√

1 + p̃2, ẼF =
√

1 + ξ2, and K =
πm3

ec
3

(2π~)3 . Ñ , ε̃e, and P̃ refers to

the dimensionless number density, dimensionless electron energy demsity, and di-

mensionless pressure respectively. Evaluating equations (12) and (14) yields the

dimensionless equations:

Ñ(ξ) =
8ξ3

3(1− ξσ)3
(15)

P̃ (ξ) =
1

3σ4
4

{
− 2
√

1 + ξ2σ − 2
√

1 + ξ2σ

(−1 + ξσ)
3 −

6
√

1 + ξ2σ

(−1 + ξσ)
2 −

6
√

1 + ξ2σ

−1 + ξσ

+
σ
(
6 + 11σ2 + 2σ4

)
(1 + σ2)

2

+

(√
1 + ξ2σ

(
6 + 11σ2 + 2σ4 − 3ξσ

(
5 + 9σ2 + 2σ4

)
+ ξ2σ2

(
11 + 20σ2 + 6σ4

)))(
(−1 + ξσ)

3
(1 + σ2)

2
)

− 6 sinh−1 [ξ]−
3
(
2 + 5σ2 + 4σ4

)
ln [1− ξσ]

(1 + σ2)
5
2

−
3
(
2 + 5σ2 + 4σ4

)
ln
[
σ +
√

1 + σ2
]

(1 + σ2)
5

2

+
3
(
2 + 5σ2 + 4σ4

)
ln
[
ξ + σ +

√
1 + ξ2

√
1 + σ2

]
(1 + σ2)

5
2

}
.

(16)

The total energy density ε is then obtained from the equation:

ε = ρc2 + εe (17)
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where the mass density ρ is equal to:

ρ(ξ) = muµen =
K

qc2
Ñ(ξ) (18)

The variable q here is equal to me
(µemu)

, where mu = 1.6605 × 10−24g, which is the

atomic mass, and µe = A
Z = 2, where A is the mass number and Z is the atomic

number. The total energy density is:

ε =
K

q
Ñ(ξ) +Kε̃e =

K

q
ε̃, (19)

where ε̃ is the dimensionless total energy density and is given by:

ε̃ = Ñ(ξ) + qε̃e (20)

It should be noted that the LGUP-modified equations (12), (13), and (14) are

Fig. 1. Equation of State of Linear GUP-modified White Dwarfs

singular at p̃ = 1
σ . This implies that there is a constraint with regards the momentum

values such that 0 < p̃ < 1
σ . This maximum p̃ is of the same order of magnitude

as ξ as shown in Ref. 1, 34. Since ξ is the Fermi momentum for a white dwarf, the

linear-GUP structure equation for the white dwarf can be safely calculated in the

range said range, which is sufficient in obtaining the mass-radius relation of white

dwarfs. Equations (16) and (20) will be used to generate the plot for the equation
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of state for the linear-GUP-modified white dwarfs. The equation of state for the

zero-temperature ideal electron gases for various values of the GUP parameter α0

is shown in Figure 1. From the plots of the equations of states, it can be seen that

the plot for α0 = 1017 and α0 = 0 are practically the same, which means that the

effect of linear GUP for a GUP parameter of 1017 is negligible. It can also be seen

from the plot that there is a slight increase in the slope for α0 = 1019, which can

be seen clearly for larger values of the pressure P̃ . A more notable increase of the

slope is visible for both α0 = 1020 and α0 = 7 × 1020 for large values of P̃ , which

means that the effect of linear GUP is significant for α0 = 1019 and α0 = 1020, and

is much greater for α0 = 7× 1020. From the plots, we can say that the EOS softens

with the presence of LGUP.

3. White Dwarf Structure

In this section, we use the results from Chapter 2 to modify the TOV equations

and obtain the mass-radius relations of white dwarfs with LGUP.

3.1. Tolman-Oppenheimer-Volkoff (TOV) Equations

The structure of white dwarfs can be approximated by the Newtonian equations of

stellar structure. However, for the most massive white dwarfs, which are affected

by GUP, general relativity (GR) has to be taken into account. From the Einstein

field equations, and using the metric ds2 = eνc2dt2 − eµdr2 − r2(dθ2 + sin2 θdφ2),

one can obtain the structure of GR known as the TOV given by:1,13,27,28

dP

dr
= − G

c2r
(ε+ P )

m+ 4πr3

c2

r − 2GM
c2

, P (r = 0) = Pc, P (r = R?) = 0, (21)

dm

dr
=

4π

c2
εr2, m(r = 0) = 0, m(r = R?) = M?, (22)

where (21) is the statement of hydrostatic equilibrium, while (22) is the mass con-

tinuity equation together with their boundary conditions. R? and the M? are the

star radius and star mass, respectively. From the boundary conditions, we can see

that the pressure is greatest Pc at the center of the star and gradually decreases

to zero at r = R?. On the other hand, the mass at the center of the star is zero,

and as we move away from the center of the star, the star accumulates mass until

it reaches a mass equal to M? at r = R?.

We can then re-express the TOV equations (21) and (22) in terms of dimension-

less quantities ξ,η, and v modified with LGUP. With this, we start with:

dP̃

dη
=
dP̃

dξ

dξ

dη
→ dξ

dη
=

1
dP̃
dξ

dP̃

dη
, (23)
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where dP̃
dξ and dP̃

dη are:

dP̃

dξ
=

ξ√
1 + ξ2

Ñ (ξ) (24)

and

dP̃

dη
=
−
(
ε̃+ qP̃

)
η

v + qP̃ η3

η − 2qv
(25)

respectively. We can then obtain the dimensionless equation for dξ
dη

dξ

dη
= −

√
1 + ξ2

ξ

1 + q
√

1 + ξ2

η

v + qP̃ η3

η − 2qv
, ξ(η = 0) = ξc, ξ(η = ηR) = 0. (26)

Equation (22) can then be rewritten in terms of dimensionless quantities and is

given by:

m0dv

r0dη
=

4π

c2
K

q
ε̃ (ηr0)

2
, (27)

which can be simplified into:

dv

dη
=

4π

c2
K

q m0
ε̃r0

3η2 =
4π

c2
K

q m0
ε̃η2

(
qc2√

4πG K

)3
q2c4

G
√
4πG K

, (28)

and we finally obtain:

dv

dη
= ε̃η2, v(η = 0) = 0, v(η = ηR) = vR (29)

where ξ is the dimensionless Fermi momentum (or momentum density) defined in

(11), v = m
m0

, η = r
r0

, m0 = q2c4

G
√
4πG K

, r0 = qc2√
4πG K

, and vR and ηR are the

dimensionless star mass and star radius, respectively. Notice that in this case, we

have redefined our TOV equations in terms of the Fermi momentum ξ instead of the

usual pressure p, for convenience in dealing with the dynamical instability analysis

later on. This is different from approach of Ref. 1, but should nevertheless yield the

same results.

3.2. Mass-Radius Relations

Figure 2 shows the Fermi momentum versus η plot for both the LGUP-modified

white dwarfs and the white dwarf with no linear GUP corrections. The figure shows

that the Fermi momentum of the star decreases from the center of the white dwarf

and vanishes at the radius of the white dwarf. We also see that the GUP parameter

of 1017 appears to have a negligible effect on the white dwarf. On the other hand,

the white dwarfs with α0 = 1019, 1020, and 7 × 1020 have variations to their plots

with respect to the ideal case, where they have smaller final star radius than the

white dwarfs with no linear GUP effects. This trend is more evident when looking
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Fig. 2. ξ vs η Plot

at the GUP parameter of 7 × 1020, where the plot is shown to have a value of ηR.

Figure 3 shows the v versus η plot for varying values of the GUP parameter α0.

The plot shows similar results as the previous figure in the sense that the plot with

α0 = 1017 shows negligible effects as it shows a similar trend to the plot for α0 = 0.

On the other hand, α0 = 1019, and α0 = 1020 show significant linear GUP effects

on the white dwarfs, where linear GUP appears to decrease the final mass of the

white dwarf, which is notable at larger values of η. The plot also shows that for

α0 = 7 × 1020, vR is much smaller compared to those with smaller α0. The star

radius ηR versus central Fermi momentum plot ξc (shown in Figure 4) indicates

that various values of ξc correspond to different star radius values. Larger values of

ξc corresponds to a smaller star radius, while smaller values of ξc corresponds to a

more prominent star radius. This checks out with the fact that a larger ξc indicates

a more compact object, thus, a smaller radius. It should be noted that for a GUP

parameter of 7×1020, ηR decreases faster at low values of ξc compared with smaller

α0. However, ηR reaches a minimum at some ξc before increasing for larger values

of ξc, while for the other α0, ηR just decreases in value in this range of central fermi

momentum ξc ∈ [0, 25]. Note that the range of the central Fermi momenta that
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Fig. 3. v vs η Plot

we used is well within the constraints we placed for the Fermi momentum. This is

sufficient to describe the trend of the mass radius relation, as well as the dynamical

instability analysis for LGUP-modified white dwarfs. Figure 5 corresponds to the

star mass versus the central Fermi momentum plot, which shows the noticeable

effects of GUP on the star mass. The plot shows that the effect of GUP is to decrease

the maximumam star mass, that is the Chandrasekhar limit. The GUP parameter

α0 = 1017 exhibits negligible effects to the maximum star mass, while α0 = 1019

shows a noticeable decrease and a drastic decrease of the maximum star mass for

α0 = 1020. For α0 = 7×1020, vR drastically decreases smaller values of ξc, however,

for larger values of Fermi momentum ξc, vR is shown to increase. The mass-radius

relations can be seen in Figure 6, together with observational data taken from Ref.

34 which contains the parametric plots between star radius and star mass. The

plots show that as the star radius decreases, the star mass increases, which means

that the white dwarf is heavier when it’s dimensionally smaller, demonstrating its

compact nature. Examining the plot from the largest star radius decreasing towards

zero (right to left), we see that the star mass eventually reaches a maximum value,

before decreasing towards zero radius. The plots also show that for larger values of

the GUP parameter α0, the maximum mass is smaller, while α0 = 1017 shows that

the effects of the GUP parameter are negligible. There is also a larger limiting radius,

which is the radius by which the star reaches its maximum mass, for the larger GUP
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Fig. 4. ηR vs ξ

parameters. In addition, for a GUP parameter of 7× 1020, as the final radius of the

white dwarf becomes smaller, the mass increases but eventually decreases after

reaching the maximum mass of the white dwarf. However, at the lower values of

the final radius, the plot starts to spiral, where both the final mass and final radius

increases. The table shows the value of maximum mass and minimum radius of

α0 vR (M�) ηR(km)

0 1.411 1077.129

1017 1.411 1077.129

1019 1.393 1269.338

1020 1.289 2033.731

7× 1020 0.984 3409.005

the white dwarf for every α0. We see that for α0 = 1017 are similar with α0 = 0,

which means that the effect of LGUP is negligible. In addition, we can see that

the maximum value of vR decreases with increasing value of the GUP parameter.

On the other hand, the corresponding ηR increases when α0 is larger. This means

that for larger values of the GUP parameter α0, LGUP-modified white dwarfs have

a lower mass limit. The behaviours observed in the structure equations and mass
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Fig. 5. vR vs ξ

radius relations are similar to those obtained from Ref. 1, albeit using a different

approach. We will see in the next section that white dwarfs beyond the maximum

mass limit are unstable configurations.

4. Dynamical Instability Analysis

In Subsection 4.1, we review some general results in analyzing the dynamical in-

stability of white dwarfs, following the procedures laid out by Ref. 11–15,29–32. In

Subsection 4.2, we present our own derived expressions for the dynamical instability

analysis containing LGUP modifications.

4.1. Radial Oscillations and Dynamical Instability of White

Dwarfs

For the dynamical stability analysis, we start with the metric interior of the star,

which can be expressed as:13,29–31

ds2 = eν+δνc2dt2 − eµ+δµdr2 − r2(dθ2 + sin2 θdφ2). (30)

From the equation, ν (r) and µ (r) here refers to the equilibrium metric potentials,

while δν (r, t) and δµ (r, t) refers to the perturbations due to small radial Lagrangian

displacements ζ (r, t) given by ζ (r, t) = r−2e
ν
2ψ(r)e

iωt

which induces perturbations
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Fig. 6. ηR vs vR

δP (r, t) and δε (r, t). The radial oscillation equation can then be obtained in the

Sturm-Liouville form and is given by:13,32

d

dr

(
U
dψ

dr

)
+ (V +

ω2

c2
W )φ = 0, (31)

With the boundary conditions ψ = 0 at r = 0, and δP = −e ν2
(
γP
r2

)
dψ
dr = 0 at r =

R, the terms in equation (3.2) are:

U(r) = e
(µ+3ν)

2
γP

r2
, (32)

V (r) = −4
e
µ+3ν

2

r3
dP

dr
− 8πG

c4
e3

µ+ν
2

r2
P (P + ε) +

e
µ+3ν

2

r2
1

P + ε

(
dP

dr

)2

, (33)

W (r) =
e

3µ+ν
2

r2
(P + ε) , (34)

where γ is the adiabatic index equal to:

γ =
ε+ P

P

(
dP

dε

)
. (35)
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Distributing ψ to equation (31) and then integrating, where we let ψ′ = dψ
dr , we

obtain:

J [ψ] =

∫ R

0

Uψ′2 − V ψ2 − ω2

c2
Wψ2dr. (36)

Minimizing equation (40) with respect to ψ, we can then obtain the Sturm-Liouville

equation in equation (31), which means we have a variational basis for determining

the lowest characteristic eigenfrequency and is expressed as:

ω2
0

c2
= min

ψ(r)

∫ R
0

(Uψ′2 − V ψ2)dr∫ R
0
Wψ2dr

(37)

From equation (43), we will then obtain a set of ω2
0 values corresponding to a

range of central Fermi momentum ξ. A star with an ω2
0 that is greater than zero

means that the star is stable, while a star that has a negative ω2
0 value means that

dynamical instability is present for that certain central Fermi momentum value.

The trial function ψ of the fundamental mode can be approximated in the form

ψ(r) = c0r
313,29,30,33 The equation for the central mass density can be found in

equation (18). With this, the mass density at which the white dwarf shows gravi-

tational collapse will be the critical density ρc* and can be identified with the zero

eigenfrequency solution of the equation.

The interior Schwarzschild metric potentials, which satisfy Einstein’s field equa-

tions, are given by13,27,28

e−µ(r) = 1− 2GM

c2r
, (38)

and

eν =

(
1− 2GM

c2R

)(
exp

[
−2

∫ P (r)

0

dP

ε+ P

])
. (39)

4.2. Dynamical Instability Analysis for LGUP-modified White

Dwarfs

We then rewrite the expressions in Section 4.1, this time taking into account the

dimensionless quantities we defined in Chapter 2 together with LGUP modification.

The dimensionless adiabatic index γ̃ can be obtained using the definition of dPdε̃ given

by:

dP

dε̃
=

 ξ2 (1− ξσ)

3
√

1− ξ2
(

1 + q
√

1 + ξ2
)
 , (40)

where γ̃ will be:

γ̃ =

K
q ε̃+KP̃

KP̃

(
dP̃

dε̃

)
=
ε̃+ qP̃

P̃

 ξ2 (1− ξσ)

3
√

1− ξ2
(

1 + q
√

1 + ξ2
)
 , (41)
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and can be simplified to:

γ̃ = Nξ2
(1− σ ξ)

3P̃
√

1 + ξ2
(42)

Equation (37) can then be rewritten in terms of dimensionless quantities given

by:13

ω2
0 =

(
qc2

r20

)
I + J

K
, (43)

where the equations for I, J , and K, are given by:

I =

∫ ηR

0

e(µ+3ν)/2 γP̃

η2
ψ′2dη, (44)

J =

∫ ηR

0

e(µ+3ν)/2

η2

4

η

dP̃

dη
+ 2qeµP̃

(
ε̃+ qP̃

)
− q

ε̃+ qP̃

(
dP̃

dη

)2
ψ2dη, (45)

K =

∫ ηR

0

e(3µ+ν)/2
ε̃+ qP̃

η2
ψ2dη, (46)

respectively. The interior Schwarzschild metric potential from Equations (38) and

(39) can also be re-expressed in terms of dimensional quantities given by:

e−µ = 1− 2Gvm0

c2ηr0
= 1−

2Gv
(qc2)

2

(G3/2
√
4πK)

c2η qc2√
4πG K

= 1− 2q
v

η
(47)

and

eν =

(
1− 2q

vR
ηR

)(
exp

[
−2

∫ P (r)

0

qKdP̃

K(ε̃+ qP̃ )

])
, (48)

which can be simplified into

eν(η) =

(
1− 2q

vR
ηR

) (1 + q)
2(

1 + q
√

1 + ξ2
)2
 . (49)

Plotting the numerical integrations from the equations above gives us the eigenfre-

quency ω2
0 versus central density ρc plot for varying values of the GUP parameter

α0 shown in Figure 7. From the plot, we can see that white dwarfs with central

densities ρc . 107 g cm−3 have overlapping plots, which means that the effect of

the GUP parameter does not have a notable impact on the white dwarfs in the

indicated range of central densities. This also means that all the values of the GUP

parameter in the range of 0 ≤ α0 ≤ 1017 will yield similar results, which are over-

lapping plots with the ideal case (α0 = 0) and have approximately the same value
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Fig. 7. Eigenfrequency of the fundamental mode ω2
0 versus central mass density ρc for different

values of α0

of the central density by which gravitational collapse begins. This is also appar-

ent in the mass radius relation where low mass white dwarfs are not significantly

affected by GUP. The plots of the different GUP parameters start to deviate in

the higher density regime, where a larger GUP parameter such as for α0 = 1020,

α0 = 1019, and α0 = 7× 1020 deviates at a lower ρc than the other values of α0.

The GUP parameter 7× 1020 also shows that the maximum value of ω2
0 ≈ 1 and is

shown to decrease immediately from there at smaller values of the central density.

On the other hand, a GUP parameter equal to 1017 has negligible effects on the

white dwarfs. A larger GUP parameter shows that the white dwarf has a smaller

central density by which its eigenfrequency reaches a maximum value. This is true

for GUP parameters 1019, 1020, and 7× 1020, while the plot of α0 = 1017 has a

large ω2
0 value, and corresponding ρc* value. However, it should be noted that all

values of the GUP parameter yield similar behaviors, which show a descending value

for eigenfrequency in higher central densities. This means that there exists a zero

eigenfrequency solution at critical central densities ρc* for different values of the

GUP parameter, beyond which, at ω2
0 ≤ 0 the white dwarfs will undergo gravita-

tional collapse. Table 2 shows the values of the critical mass density ρc*, star mass,



October 20, 2022 1:22 WSPC/INSTRUCTION FILE Bernaldez˙WDGUP

Radial Oscillations and Dynamical Instability Analysis for Linear GUP-modified White Dwarfs 17

α0 ρc* vR (M�) ηR(km)

0 1.036 ×1011 1.415 1025.493

1017 1.036 ×1011 1.415 1033.486

1019 1.009 ×1011 1.396 1243.393

1020 9.332 ×1010 1.291 2031.892

7× 1020 8.433 ×1010 0.985 3407.039

star radius for various values of α0. The table shows that the critical mass density

values, star radius, and star mass are similar for α0 = 0 and α0 = 1017. However,

for GUP parameter α0 = 1019, α0 = 1020, and α0 = 7 × 1020, the critical mass

density and final mass are shown to decrease with increasing values of the GUP

parameter. This means that larger values of the GUP parameter reduces the final

mass before it undergoes gravitational collapses. On the other hand, the larger the

GUP parameter, the larger the final radius of the white dwarf before it collapses.

Since the final mass of the white dwarf decreases with increasing values of the GUP

parameter, the Chandrasekhar mass limit of 1.42M� remains unaltered. In addition,

the maximum value of the critical central density from the table is much smaller

than the nuclear matter density of around 1014 g cm−3, thus the assumption of a

free fermionic equation of state holds true to the stable regime of the white dwarfs.

Comparing the table above to Table 1, we can see that the corresponding vR and

ηR values of the peaks from the mass-radius relation plot in Figure 6 are practically

similar to Table 2 for the same values of α0. This means that from the mass-radis

relation plots, we can identify that instability occurs for larger α0 values at larger

star radius and smaller star mass. With this, we know that dynamical instability

happens after reaching the maximum mass of the star, when examining the plots

from the largest star radius decreasing towards zero. When the radius of the star

is smaller than the corresponding radius of the star after reaching its maximum

mass, dynamical instability occurs. Figure 8 shows the complete plot of ω2
0 versus

central mass density ρc for α0 = 7 × 1020, which shows all the values of ω2
0 below

zero. From this plot, we can see that ω2
0 decreases from zero, until it reaches the

minimum value of ω2
0 , where it increases again from there. This behavior confirms

the spiraling that occurs in the mass-radius plot.

5. Conclusions and Recommendations

The mass-radius relations plots from Ref. 1 are successfully replicated in this study.

The results of the mass-radius relations and dynamical instability analysis show that

dynamical instability sets in at different values of ηR and vR for various values of

the GUP parameter α0. The mass-radius relations plot shows us that after reaching

a certain maximum mass, the white dwarfs will become unstable and will continu-

ously decrease its mass and radius due to instability. On the other hand, based on

the results from dynamical instability analysis, we find that the dynamical instabil-

ity sets in for all values of the GUP parameters α0, albeit at different mass limits.
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Fig. 8. Eigenfrequency of the fundamental mode ω2
0 versus central mass density ρc for different

values of α0

This verifies the results obtained from the mass-radius relations plots. In addition,

we find that the Chandrasekhar mass limit is preserved for LGUP-modified white

dwarfs as seen from the onset of gravitational collapse, where as we increase the

value of α0, the mass limit will tend to decrease. The results show that when the

eigenfrequency of the fundamental mode ω2
0 is plotted against the central density ρc

for various values of the GUP parameter α0, the eigenfrequencies ω2
0 continuously

decrease up to the critical central density ρc* indicating gravitational collapse.

It can be observed that the eigenfrequency for a GUP parameter α0 = 1017

coincides with the plot for the ideal case, which has no GUP correction. With this,

for GUP parameters within the range of α0 = 0 and α0 = 1017, the critical cen-

tral density ρc∗ for the onset of gravitational collapse will be approximately the

same. For values of the GUP parameter in the range 0 ≤ α0 ≤ 1017, their cor-

responding mass-radius relation plot shows maximal points corresponding to the

Chandrasekhar mass limit at around 1.42M�. This accurate for numerous astro-

nomical observations in the case of white dwarfs and other compact objects. On

the other hand, larger values of α0 is shown to have a lower maximum value when

compared to α0 values less than 1017, which implies that the mass limit by which

instability sets in is lower. It is given that upon reaching a mass beyond the Chan-

drasekhar mass limit, the star would collapse and will form a more compact object.
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With this, the LGUP-modification supports gravitational collapse by decreasing

the Chandrasekhar mass limit of the white dwarf. This is opposite to the results

obtained when using QGUP, where at some values of the GUP parameter β0, the

white dwarf will remain stable at masses beyond the Chandrasekhar mass limit.

The works of Ref. 13 suggested that the GUP parameter β can be negative. This

means that future studies can explore the effects of a negative LGUP parameter

α0. In addition, dynamical instability analysis can be used for other astronomical

systems such as neutron stars. Dynamical instability analysis can be used to analyze

the radial oscillations of neutron stars and compare its behavior to other compact

objects when modified by LGUP. Lastly, future studies can explore using other

numerical methods for solving the equations above to improve the accuracy and

efficiency of the calculations. With this, using larger values of α0 would be possible,

which will be helpful in identifying the upper bound of the LGUP parameter to be

used for white dwarfs.
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