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Abstract

We study the Masur-Veech volumes MV , of the princi-
pal stratum of the moduli space of quadratic differentials
of unit area on curves of genus ¢g with n punctures.
We show that the volumes MV, are the constant
terms of a family of polynomials in n variables gov-
erned by the topological recursion/Virasoro constraints.
This is equivalent to a formula giving these polyno-
mials as a sum over stable graphs, and retrieves a
result of [Delecroix, Goujard, Zograf, Zorich, Duke J.
Math 170 (2021), no. 12, math.GT/1908.08611] proved by
combinatorial arguments. Our method is different: it
relies on the geometric recursion and its application to
statistics of hyperbolic lengths of multicurves developed
in [Andersen, Borot, Orantin, Geometric recursion,
math.GT/1711.04729, 2017]. We also obtain an expression
of the area Siegel-Veech constants in terms of hyperbolic
geometry. The topological recursion allows numerical
computations of Masur-Veech volumes, and thus of area
Siegel-Veech constants, for low g and n, which leads us
to propose conjectural formulae for low g but all n. We
also relate our polynomials to the asymptotic counting
of square-tiled surfaces with large boundaries.
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256 | ANDERSEN ET AL.

1 | INTRODUCTION

We consider two facets of the geometry of surfaces. On the one hand, hyperbolic geometry with
associated Teichmdiller space and Weil-Petersson metric, and, on the other hand, flat geome-
try associated with quadratic differentials and the Masur-Veech measure. We will show that
invariants of flat geometry of surfaces, namely the Masur-Veech volumes and the area Siegel-
Veech constants, can be expressed as asymptotics of certain statistics of multicurves on hyperbolic
surfaces. Using the geometric recursion developed in [3] for these statistics, we prove that the
Masur-Veech volumes satisfy some form of topological recursion a la Eynard-Orantin [24].

1.1 | The Masur-Veech volumes

We will let £ denote a smooth, compact, oriented, not necessarily connected surface, which can
be closed, punctured or bordered. We consider those cases to be mutually exclusive and we shall
indicate which situation is considered when necessary. When X is not closed, the punctures or
boundary components are labelled 0, %, ..., 0,,X. We assume that X is stable, that is, the Euler char-
acteristic of each connected component is negative. We say that X has type (g, n) if it is connected
of genus ¢ with n boundary components. We use P (respectively, T') to refer to surfaces with the
topology of a pair of pants (respectively, of a torus with one boundary component).

The Teichmiiller space 75 of a bordered X is the set of hyperbolic metrics on X such that the
boundary components are geodesic, modulo diffeomorphisms of X that restrict to the identity on
0% and which are isotopic to Idy among such. The Teichmiiller space 7y fibres over R’} and we
denote the fibre over L = (Ly, ..., L,) € R’} by Tz(L). For a surface of type (g, n), 75(L) is a smooth
manifold of dimension 6g — 6 4+ 2n. Here R, is the positive real axis, excluding 0. In several places,
we will also consider L; = 0, which means that the ith boundary corresponds to a cusp for the
hyperbolic metric. The slice 75(0, ...,0) = L5 is the Teichmiiller space of complete hyperbolic
metrics of finite area on X — dX, which is then considered as a punctured surface. Ty can also be
seen as the space of Riemann structures on the punctured surface. The cotangent bundle to Ty is
isomorphic to the bundle Q5 of holomorphic integrable quadratic differentials on the punctured
surface. For any (o, q) € QZ5, the quadratic differential q has either a removable singularity or a
simple pole at each puncture of Z. These spaces also exist for closed surfaces.

The mapping class group Mods is the group of isotopy classes of orientation-preserving dif-
feomorphisms of Z. It admits as subgroup the pure mapping class group Mod?, consisting of the
isotopy classes of diffeomorphisms that restrict to the identity on 6X. The pure mapping class
group acts on the Teichmiiller spaces 75(L) and on ¥y, and on the space of quadratic differentials
Q2. This action is properly discontinuous and the quotient spaces Msx(L), M5 and QM5 are
smooth orbifolds, called, respectively, the moduli space of bordered surfaces, the moduli space
of punctured surfaces and the moduli space of quadratic differentials. The moduli spaces for all
surfaces of given type (g, n) are all canonically isomorphic and simply denoted by M, ,,(L), M, ,
and QM .

The spaces T5(L) for L € R and Ty are endowed with the Weil-Petersson measures uyp. These
measures are invariant under the action of the mapping class group and descend to the quotients
M, (L)and M, If Yy isa Modg-invariant function on T3, we denote by Y, , the function it

TTT'0T/I0P/L0Y 3| 1M ARR1q 1 [Bu1JUO"00SUReWPUO /Sy WO1) Papeojumoq ‘T €202 ‘0SLL697T

SYE IdIN Aq 9892T Swf

85UB017 SUOWWIOD aAERID) 3|dedl|dde ay) Aq pausenob ake sapilie O 8sN Jo SajnJ o) Aeq 1 auluo A3|1A\ UO (SLONIPUOI-PUB-SLUBYLID A8 | It Alelq 1 BUI|UO//:SANY) SUONIPUOD pue SWiIS 1 81 89S *[€202/T0/LT] U0 ArIqiauluO 8|1 ‘Sol



TOPOLOGICAL RECURSION FOR MASUR-VEECH VOLUMES 257

induces on M, , and we introduce

VY, (L) = / Y, () dityp(@) @
M )

g.n

if this integral makes sense.

Likewise, if X is a closed or punctured surface, Q95 is endowed with the Masur-Veech mea-
sure uyy coming from its piecewise linear integral structure. The function which associates to
a quadratic differential g on X its area /z |q| provides a natural way to define an induced mea-
sure on the space Q'IN g.n Of quadratic differentials of unit area (see Section 3.1). By a theorem of
Masur and Veech [36, 49] the total mass of this measure is finite. Its value is, by definition, the
Masur-Veech volume and it is denoted by MV, ,,. Its computation is relevant in the study of the
geometry of moduli spaces and the dynamics of measured foliations and has been the object of
numerous investigations [5, 15, 20, 30, 41].

1.2 | Topological recursion for Masur-Veech volumes: overview and
results

In Section 2, we review the definition and main properties of the geometric and topological
recursion, mainly taken from [3].

In Section 3, for each connected bordered surface X of genus g with n > 0 boundaries, we
construct a Modaz-invariant continuous function ng : Ty — R. It is such that the integral
VQl;’fX(L] ,...,L,)is a polynomial function in the variables L, ..., L,, and the Masur-Veech volume
M Vg,n of Q' , consisting of unit area quadratic differentials satisfies

24972 (4g — 4 + )

MV, =
on (6g — 7 + 2n)!

VQZ’{){(O, o, 0). 1.2)

The family of functions QM can be defined via the geometric recursion, with initial data found
in Proposition 3.7. The polynomials VQMV, which we call Masur-Veech polynomials, have five
different descriptions:

(1) they are sums over stable graphs (Section 3.3), which we reproduce in (1.4) below;

(2) they encode the asymptotic growth of the integral (against uyp) of statistics of the hyperbolic
lengths of multicurves on a surface of type (g, n) with large boundaries, see Section 3.2 for the
precise statement;

(3) they are obtained by integration of QMV, in coherence with the notation (1.1);

(4) they satisfy the topological recursion — which is equivalent to the Virasoro constraints stated
in Theorem 1.2 below — for the spectral curve

1dz,®dz, 1 n*dz, ®dz,

2(z, -2, 2 sin’(7(z, — z,))

2
zZ
X@==,  y@=-z o) (E7) =

(5) they govern the asymptotic counting of square-tiled surfaces with large boundaries, see
Section 6 for the precise statement.
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258 | ANDERSEN ET AL.

The identity between (1) and (2) is proved in Theorem 3.5, which is the crux of our argument. The
identity between (1), (3) and (4) is proved in Proposition 3.7 and follows from general properties of
the geometric and the topological recursion. In Corollary 3.6, we prove the relation (1.2) between
the constant term of these polynomials and the Masur-Veech volume. Lemma 3.4 implies that
the value of the Masur-Veech volumes for closed surfaces of genus g > 2 can be retrieved from
vary.

In Section 4, we extend these arguments to show in Corollary 4.5 that the area Siegel-Veech
constants can be expressed in terms of asymptotics of certain derivative statistics of hyperbolic
lengths of multicurves. Our current proof of Corollary 4.5 uses Goujard’s recursion [29] (here
quoted in Theorem 4.1) for the area Siegel-Veech constants of the principal stratum in Q' gn i1
terms of Masur-Veech volumes. It would be more satisfactory if one could obtain an independent
proof of the identity of Corollary 4.5, as our Section 4 would then give a new proof of Goujard’s
recursion for the principal stratum. Section 5 is devoted to explicit computation of Masur-Veech
volumes and conjectures that can be drawn from them.

In Section 6, we discuss the enumeration of square-tiled surfaces with boundaries, via gener-
ating series including a parameter q coupled to the number of tiles. We show in Proposition 6.7
that sending g — 1 while rescaling the boundary lengths by 1/ In(1/q) retrieves the Masur-Veech
polynomials, that is, give the identity between (1) and (5). In the absence of boundaries, a related
asymptotic enumeration of square-tiled surfaces with a number of tiles < N — oo was the crucial
ingredient in the proof of (1.2) given by [15]. We also prove in Proposition 6.11 that — before taking
any asymptotics — the g-series counting square-tiled surfaces are governed by Eynard-Orantin
topological recursion for the spectral curve

x(z)=z+ %, y(z) =z,
1dz; ®dz, du, @ du m2E,(q)
wg2(21,2,) = 5 (zl—z )j : > 2 <@(“1 — Uy Q) + Tz ,
1~ 22

where z; = e’ g is Weierstraf elliptic function and E, the second Eisenstein series. In the

q — 1 limit, we show that it retrieves the topological recursion for Masur-Veech polynomials
mentioned in (4), thus giving a second proof of the identity between (1) and (4).

Main results for the computation of Masur-Veech volumes and polynomials

Concretely, our results lead to two ways of computing Masur-Veech volumes. Firstly, the Masur-
Veech polynomials are expressed as a sum over the set G, , of stable graphs (see Definition 2.9).
Stable graphs encode topological types of primitive multicurves, which naturally appear via (2).
Let us introduce the polynomials

tL2
voX (Ly,...L,) = /ﬁ exp <Z jdn) 13)

g.n i=1

which from Kontsevich’s work [33] compute the volume of the combinatorial moduli spaces. The
application of Theorem 3.5 to the computation of Masur-Veech volumes can be summarised as
follows.
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TOPOLOGICAL RECURSION FOR MASUR-VEECH VOLUMES | 259

Theorem 1.1. For g,n > Osuchthat2g — 2 + n > 0, the Masur-Veech polynomials can be expressed
as

£,d¢
MV _ e e
Vg L L) = |AutF| / r H Vo) (Eeeror Edrenw) [ efe—1'

FeGg ecky

1.4)

where V- is the set of vertices of T and E(v) (respectively, A(v)) is the set of edges (respectively, leaves)
incident to v. In particular the Masur-Veech volumes can be computed as

24972 (49 — 4 + n)!

MV, =
on (6g — 7+ 2n)!

(1.5)
1 £,de,
2 |AutF| /rr H VQh(U) k(u)((fe)eeE(u):(O)AeA(v)) ole 1

reG,, e€Ep

Formula (1.5) was obtained prior to our work in [15] by combinatorial methods. It was presented
by V.D. in a reading group organised by A.G. and D.L. The discussions which followed led to the
present work where, in particular, we give a new proof of formula (1.5).

Secondly, the coefficients of the Masur-Veech polynomials satisfy Virasoro constraints,
expressed in terms of values of the Riemann zeta function at even integers. This is summarised
by the following theorem, which combines the results of Lemma 3.4, Corollary 3.6, Theorem 3.7
and Section 5.2 of this paper.

Theorem 1.2. Forany g > 0 and n > 0 such that 2g — 2 + n > 0, we have a decomposition

MV Lo
- i
voMY(Ly,...,L,) = dl,.§n>0 F,,ldy,....d,] ]1 RV
dy+--+d,<3g—3+n
Letus set Fy,[d;] = Fy,[d;,d,] = 0 forall dy,d, > 0. The base cases
(2 1

Fosldy,dy,ds] =64, 0,000 Frald] =040 == +641 5

determine uniquely all other coefficients via the following recursion on 2g —2+n 2> 2, for
di,..,d, =0:

n
d —_
Fg,}’l[dly-"’ = Z Bd:n,a Fg,}’l—l[a5d2"--’dm"--ydn]
m=2 a=0
1 /
+z C Fg 1n+1[a b dz,... d ]+ Z Fh,l+|]|[a’J]Fh/,l‘FlJ/l[b’J] >
a,b>0 h+h'=g
Ju'={d,,...d,}
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260 | ANDERSEN ET AL.

where
B;,k = (2] + 1) 5i+j,k+1 + 51"]',0 {(Zk + 2),

i (2j+2a+1)X(2j+2a+2) (2k+2a+1)X(2k+2a+2)
Cj,k - 51'J+k+2 + 2j+1)!2a)! Oivaks1 + (2k+1)!(2a)! 5i+a,j+1

+¢(2j +2)S(2k +2)6; .
For surfaces of genus g with n > 0 boundaries, the Masur-Veech volumes are identified as

_ 2497249 — 4 + )

MV, =
g:n (69 — 7 + 2n)!

F,,[0,...,0],

while for closed surfaces of genus g > 2 they are obtained through

24972(4g — 4)!
MYy =~ e For [1].

‘We use Theorem 1.2 to compute many Masur-Veech volumes and Masur-Veech polynomials
for low g and n (Section 5). Based on numerical evidence, we propose polynomiality conjectures
for MV , forall n and fixed g (Conjecture 5.4), with explicit coefficients up to g < 6. Conditionally
on this conjecture, we discuss the consequences for area Siegel-Veech constants in Corollary 5.5
and for the n — oo asymptotics in Section 5.6.

The paper is supplemented with three appendices. In Appendix A, we establish a closed formula
for all ¢ classes intersections in genus one, which we have not found in the literature and which we
use for computations of VQIIVIYY via stable graphs. In Appendix B, we illustrate the computation of
Masur-Veech polynomials and generating series of square-tiled surfaces from Propositions 3.8 and
6.11 using the original formulation of the topological recursion a la Eynard—Orantin, via residues
on the associated spectral curves. Appendix C contains tables of coefficients for the Masur-Veech
polynomials and area Siegel-Veech constants.

Remark 1.3. Since the first arXiv release of our work, our polynomiality Conjectures 5.4 and thus
5.5 have been proved via intersection-theoretic methods by Chen, Méller and Sauvaget [14]. This
proof opened up a parallelism between Masur-Veech volumes and the Euler characteristic of the
moduli space of smooth curves, discussed in [28].

2 | REVIEW OF GEOMETRIC AND TOPOLOGICAL RECURSION

We review some aspects of the formalism of geometric recursion developed in [3] and its relation
to topological recursion which are directly relevant for the analysis carried out in the present
paper, in Section 3 and onwards.

2.1 | Preliminaries

Let S3. be the set of isotopy classes of simple closed curves in the interior of Z, My the set of multic-
urves (i.e. isotopy classes of finite disjoint unions of simple closed curves which are not homotopic
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TOPOLOGICAL RECURSION FOR MASUR-VEECH VOLUMES | 261

to boundary components of ) and M é the subset of primitive multicurves (the components of
the multicurve must be pairwise non-homotopic). By convention My and M’Z contain the empty
multicurve, but Sg does not contain the empty closed curve. In particular

My = {(y,m) lyeM,, me ZT(”},

where Z__ is the set of positive integers (it does not include 0).

2.2 | Geometric recursion

In the present context, the geometric recursion (in brief, GR) is a recipe to construct Modg-
invariant functions Qs on 7 for bordered surfaces X of all topologies, by induction on the Euler
characteristic of . The initial data for GR is a quadruple (A, B, C, D) where A, B, C are functions
on the Teichmiiller space of a pair of pants, and D is a function on the Teichmiiller space of a
torus with one boundary component. Since 7, = R-’jr, the functions A, B and C are just functions
of three positive variables. We further require that A and C are invariant under exchange of their
two last variables. In the construction we need that initial data satisfy some decay conditions. Let
[x]; = max(x,0).

Definition 2.1. We say that an initial data (A, B, C, D) are admissible if

* Aisbounded on 7, and D is bounded on 77,
» For any s > 0 and some 7 € [0, 2),

sup (1+[¢ =Ly —Ly], ) IB(Ly, Ly, )] €7 < +0o,
Ly,Ly,£20

sup (L+[£+¢" —Ly],)" ICLy, 2, 6N (££") < +co.
L,,¢,¢'>0

Let us now briefly recall the recursion introduced in [3], which relies on successive excisions of
pairs of pants. Assume that X has genus g and n boundary components such that 2g — 2 +n > 2.
We consider the set of homotopy classes of embedded pairs of pants ¢ : P & X such that

* 0,P is mapped to 0,Z,
* 0,P is either mapped to a boundary component of X, or mapped to a curve that is not null-
homotopic neither homotopic to a boundary component of X.

Let Ps the set of homotopy classes of such embeddings. It is partitioned into the subsets Pg
and Pg' for m € {2, ..., n}, consisting respectively of those classes of embeddings such that 9,P
is mapped to the interior of %, respectively, mapped to J,,%. Given a hyperbolic metric o with
geodesic boundaries on X, each element of Py, has a representative P such that ¢(P) has geodesic
boundaries. We denote by Zg(ap) the ordered triple of lengths of ¢(P) for the metric o. Removing
this embedded pair of pants from X gives a bordered surface £ — P. Our assumptions imply that
2 — P is stable. It is also equipped with a hyperbolic metric o|s_p with geodesic boundaries. We
decide to label the boundary components of £ — P by putting first the boundary components that
came from those of P (respecting the order in which they appeared in P) and then the boundary
components that came from those of  (with the order in which they appeared in Z).
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The GR amplitudes Q5 are now defined as follows. For surfaces with Euler characteristic —1,
we declare

QP = A, QT = D.
For disconnected surfaces, we use the identification 75 » = 75 X T3 to set
1 2 1 2
QEluzz(Ul’ 0y) = Qy, (01)Q5(07),

and for connected surfaces with Euler characteristic < —2, we set

Q)= | B(7,(P)) Qz_p(l5_p) + : D C(Z,(0P) Qs _p(aly_p). (1)
m=2[PlePy! 2 [PleP?

The latter is a countable sum and its absolute convergence was addressed” in [3]. We recall the
main construction theorem of that paper here. Let F(Ty, C) be the set of complex valued functions
on 7s.

Theorem 2.2. If (A, B, C, D) isan admissible initial data, then X — Qs € F(T5, C)is a well-defined
assignment. More precisely:

* the series (2.1) is absolutely convergent for the supremum norm over any compact subset of T;
* Qy is invariant under all mapping classes in Mody, which preserve 9,%;
* if the initial data are continuous (or measurable), Qs is also continuous (or measurable).

2.3 | Two examples

We describe two examples of initial data which play a special role for us. The first one appears in
Mirzakhani’s generalisation [38] of McShane identity [37], which is a prototype of GR and which
we can formulate in GR terms as follows.

Theorem 2.3 (Mirzakhani and McShane). The initial data

AM(L,,L,, L) =1,

1 cosh (L_22> + cosh (Ll;"ﬂ)
BM(L,,L,,/)=1— —1n ,
L, cosh (L_22> + cosh (le_f)
2 by (2.2)
M " _ ez +e 2
Cht=g T )
e 2 +e 2
DY) = ), CM(#,(8T), £5(1), £:(1)),

YES]

The notion of admissibility adopted in the present paper is more restrictive than the one appearing in [3], but is sufficient
for our purposes.
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are admissible, and for any bordered X the corresponding GR amplitude Qg’l is the constant function
lonT7s.

The second example is obtained by rescaling all length variables in Mirzakhani initial data as
follows:

XXy, Ly, Ly) = ﬁli_)H;XM(ﬁLl,A@Lz,.BLQ, X € {A,B,C}. (23)

More explicitly
AK(L17L27L3) = 17
1
BX(L,,L,,¢) = i([Ll — L=l = [-Li+ L, = £], + [L + L, = £],),
1

2.4
(L, 2,¢") = Li L, —¢—¢"],, (24)
1

D) = Y, CX(£,0T). £,(). £5(1)).

YES]

It is easy to check that these initial data are admissible, and we call them the Kontsevich initial
data. Unlike the previous situation, the resulting GR amplitudes Qg are non-trivial functions on
Ts. Their geometric interpretation and basic properties are studied in [1].

2.4 | Hyperbolic length statistics and twisting of initial data

Let D C C be the open unit disk. Let f : R, — C and f:R + — D be two functions related by

&)=Y ey = L

—. (2.5)
1 1-f(©)

Definition 2.4. Wecall f : R, — C an admissible test function if f is Riemann-integrable on R
and for any s > 0

sup 1+ ) |f ()] < +co. (2.6)
>0

This condition is stronger than what is needed in [3], but is sufficient here.
Following [3], we consider multiplicative statistics of hyperbolic lengths of multicurves

Ny(f;o = [ feom=2 I Ffe.on. @7)

ceMy, yETH(c) ceMy yemy(c)

It can be written either as a sum over all multicurves or as a sum over primitive multicurves only,
the two expressions being related via the geometric series (2.5). According to our conventions, the
empty multicurve gives a term equal to 1 in this sum.

SvE IdN AQ 9892T SWI[/ZTTT 0T/10p/W0d A3 |1 ARe.q)1 Ul |UO-00SUIRLUPUO /SRy Wio1} pepeojumoq ‘T ‘€202 ‘0GLL697T

85UB017 SUOWWIOD aAERID) 3|dedl|dde ay) Aq pausenob ake sapilie O 8sN Jo SajnJ o) Aeq 1 auluo A3|1A\ UO (SLONIPUOI-PUB-SLUBYLID A8 | It Alelq 1 BUI|UO//:SANY) SUONIPUOD pue SWiIS 1 81 89S *[€202/T0/LT] U0 ArIqiauluO 8|1 ‘Sol



264 | ANDERSEN ET AL.

In fact, these statistics satisfy the geometric recursion. If (A, B, C, D) are some initial data, we
define its twisting

A[fI(Ly, Ly, Ly) = A(Ly, Ly, Ly),
B[f1(L,,L,,¢) = B(Ly,L,,¢) + ALy, L,, ¢) f(£),
ClfIL,. ¢, ¢") = C(Ly, £, ") + B(Ly, £, ) f(€) + BILy, £, O)f (") + ALy, £, N FOf (),
D[f1r(0) = Dr(@) + Y, A5 ©OT), £,(1). £, f(£5()). 2.8)

YES]

Theorem 2.5 [3]. Ifwe choose (A, B, C, D) to be Mirzakhani initial data (2.2) and f is an admissible
test function, the twisted initial data (2.8) are admissible and the resulting GR amplitudes coincide
with the assignment = — Nx(f; -).

The idea of the proofis, for each ¢ € M/, to multiply the product in (2.7) by 1, seen as a function
on the Teichmiiller space of X — c. Then, one decomposes 1 using Mirzakhani’s identity on 75_,
and interchanges the summation over primitive multicurves with the summation over embedded
pairs of pants. As the curves do not intersect the pair of pants, the structure of the geometric
recursion (2.1) appears again, but the initial data are modified as in (2.8). It is important to consider
only simple closed curves, as otherwise X — ¢ would not be any more a bordered surface and the
recursive procedure could not be carried out in this way.

2.5 | Relation to the topological recursion

Being invariant under the pure mapping class group, the GR amplitudes Qs descend to functions
on the moduli space M, ,, and we denote them by Q, ,. The structure of the geometric recursion
is compatible with factorisations of the Weil-Petersson volume form pyp when excising pairs
of pants. This means that, if we integrate GR amplitude against pyp, the outcome will again be
governed by a recursion with respect to the Euler characteristic, which is called the topological
recursion (TR for short). The (countable) sum over homotopy classes of pairs of pants is replaced
with a sum over the (finitely many) diffeomorphism classes of embeddings of pair of pants.
Recall the notation

VQ, Ly, ..., L) =/ Q, (o) duyp(o),
My p(LyoeiLn)

whenever the integral on the right-hand side makes sense; by convention, we set VQ, , = 0 when
20—2+n<0.

Theorem 2.6 (From GR to TR, [3]). If (A, B,C, D) are admissible, VQ,, is well defined as the
integrand is Riemann-integrable, and it satisfies the topological recursion, that is, for any g > 0 and
n>1suchthat2g—2+n>2
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n
VQ, Ly, Loy s L) = Y / B(Ly, Ly, OV Qy (€, Ly, e, Ly L)E dE
m=27 Ry

1
+ 5 </[RZ C(Ll’ f’ f,) VQQ—l,ﬂ+1(l’ﬁ’ Lﬁ’, L2, ,Ln)

+

+ Y VGV Qg (T |6 dEde’ . (2.9)

h+h'=g
JuJ'={L,,....L,}
The base cases are
VQ3(Ly, Ly, Ly) = A(Ly, Ly, L), VQ (L) =VD(L,) = / D(o) dpyp(0).
My (Ly)

We call any sequence of functions VQ_ , satisfying a recursion of the form (2.9) TR amplitudes.
Let us come back to the two examples of Section 2.3.

According to Theorem 2.3, VQg/fn(Ll, ..., L) is the Weil-Petersson volume of M g’n(Ll, s L),
and the topological recursion (2.9) in this case is Mirzakhani’s recursion for these volumes [38].
To be complete, we should record the Weil-Petersson volume for M, ;(L;)

2 L2
vDM(IL,) =T + L,
(L) 6 = 48

which is also mentioned in [38]. Mirzakhani also expressed the Weil-Petersson volumes via
intersection theory on the Deligne-Mumford compactified moduli space of punctured surfaces
m

g’n.
Theorem 2.7 [39]. The Weil-Petersson volumes satisfy
noL?
vaM (Ly,...L,) = /ﬁ exp (2712K1 + Z 711,01-).
g.n i=1

Similar considerations apply to VQ¥. Actually, the topological recursion for V QK is equivalent
to the set of Virasoro constraints for the intersection of 1 classes on MM, ;.

Theorem 2.8 (Conjecture [52], theorem of [33] and [16]). The amplitudes V QX satisfy

noL2
vor (@,...L,) = /_ exp (Z 7‘¢i>.

g.n i=1

L2
In particular, VD¥(L,) = ﬁ‘
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266 | ANDERSEN ET AL.

This is also a corollary of Theorem 2.7, as can be seen if we multiply all length variables by § in
Mirzakhani initial data, let § — oo and recall definition (2.3). The main analysis carried out in this
paper consists in rescaling length variables by 8 — oo in the twisted GR amplitudes to understand
properties of the asymptotic number of multicurves.

There are several other ways to see that Theorem 2.7 implies or is implied by Theorem 2.8, see
[7, 17, 43]. They will be discussed in the broader context of the geometric recursion in [1].

Symmetry issues

The GR amplitudes Qy are a priori invariant under mapping classes that preserve 6, (see
Theorem 2.2). Therefore, after integration, the TR amplitudes VQ, ,(L;, ..., L,) are symmetric
functions of L,, ..., L,.. The topological recursion also gives a special role to the length L, of the
first boundary.

The framework of quantum Airy structures [34] provides sufficient conditions for the invari-
ance of TR amplitudes under all permutations of (L,,...,L,). These conditions are quadratic
constraints on (A, B, C, VD) which are explicitly written down in [2, Section 2.2]. They are satisfied
by the Mirzakhani and Kontsevich initial data obtained from spectral curves in the Eynard-
Orantin description (Section 2.7.3), and they are stable under the twisting operation [2]. Therefore,
all TR amplitudes that considered in this article have the full & ,-symmetry.

The situation is different at the level of GR amplitudes. For instance, one can prove that Qg is
not always invariant under mapping classes that do not respect 6, Z [1].

2.6 | Twisting and stable graphs

If (A,B,C,D) are admissible initial data, the upper bound on the number of multicurves of
bounded length directly implies that the twisted initial data (A[f], B[f],C[f],D[f]) remain
admissible when f is an admissible test function (2.6). Therefore, the integrals

VQ, (fiLyson L) = / Q, ,(:0) dtyn(0)
My (L)

of the GR amplitudes Q,, ,(f; -) satisfy TR (2.9) for the initial data (A[f], B[f], C[f]), completed
by

VD(f;L,) = VD(L,) + % / &) AL, ¢,¢) ¢de. (2.10)

Ry

The function VQ_ ,(f; -) can also be evaluated by direct integration, exploiting the factorisation of
the Weil-Petersson volume form when cutting along simple closed curves — which is clear from
its expression in Fenchel-Nielsen coordinates. The result is that, while Q ,(f; -) is a (count-
able) sum over primitive multicurves, its integral VQ_ ,(f; -) is a sum over the (finitely many)
topological types of such multicurves. The latter are described by stable graphs.
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Definition 2.9. A stable graph T of type (g, n) consists of the data
(Vi Hp, Ar, by v, i)

satisfying the following properties.

1. Vpis the set of vertices, equipped with a function h : Vi — N, called the genus.

2. Hy is the set of half-edges, v: H — V| associate to each half-edge the vertex it is incident to,
and i : Hp — Hry is the involution.

3. Er is the set of edges, consisting of the 2-cycles of i in Hy (loops at vertices are permitted).

4. Ar is the set of leaves, consisting of the fixed points of i, which are equipped with a labelling
from 1 to n.

5. The pair (V, Er) defines a connected graph.

6. Ifvis avertex, E(v) (respectively, E(v)) is the set of edges incident to v including (respectively,
excluding) the leaves and k(v) = |[E(v)| is the valency of v. We require that for each vertex v,
the stability condition 2h(v) — 2 + k(v) > 0 holds.

7. The genus condition

g= 2, h)+by(T)

vEVT

holds. Here b,(T') = |Ep| — |V| + 1 is the first Betti number of the graph I'.

An automorphism of I'" consists of bijections of the sets Vi and Hy which leave invariant the
structures h, v, and i (and hence respect E and Ar). We denote by AutI" the automorphism group
of I.

We denote by G, , the set of stable graphs of type (g, n). It parametrises the topological types
of primitive multicurves on a bordered surface Z of genus g with n labelled boundaries:

d
G,,, = M}, / Mod’.

The stable graph with a single vertex of genus g corresponds to the empty multicurve. The other
stable graphs are in bijective correspondence with the boundary strata of I ,; more precisely
I' € G, , refers to a boundary stratum of complex codimension |Ey| that contains the union over
v € V1 of smooth complex curves of genus h(v) with k(v) punctures, glued in a nodal way along
punctures that correspond to the two ends of the same edge.

By direct integration, we have that

Theorem 2.10 [3]. Assume thatVQ,, , is ©,-invariant forany g > 0and n > 1such that2g — 2 +
n > 0. Then, for any admissible test function f . R, — C we have

1
VQg,n(f;Ll’ ’Ln) = z m /REF H VQh(v),k(U)((”ﬁe)eeE(v)’ (L/l)/leA(v)) H fe f(fe)dfe'
n + UEVF

reG, ecEr

We record two useful combinatorial identities, valid for any I € G g
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Lemma 2.11.

xr= D, 2-2h)—k(@)=2-2g-n,

vEVT

dr= ) (3h(v) —3+k(v)) =39 —3+n—|Ep|.

VEV

Proof. The claim follows by combining edge counting with the definition of the first Betti number
b,(T"), namely

D k@) =2lEc|+n,  1—|Vp|+|Er|+ ) h(v)=g.

VEVT VEVT

2.7 | Equivalent forms of the topological recursion

In this section, we describe equivalent forms of the topological recursion (2.9), which can be con-
venient for either carrying out calculations or for exploiting properties proved in the context of
Eynard-Orantin topological recursion.

2.71 | Polynomial cases

Let¢, : R, - Rand ¢, : R, X R, — R be measurable functions. The operators

Bl (L1 Ly) = / B(L,,Ly.O)$y(0)£de,  ClgylLy) = / CLy. 2,6y, ) 6 £ de e’
2

R,

(2.11)
play an essential role in the topological recursion (2.9). It turns out that for Mirzakhani or Kont-
sevich initial data, these operators preserve the space of polynomials in one (for B) or two (for
C) variables that are even with respect of each variable (we call them even polynomials). Since in
both examples the base cases (g, n) = (0, 3) and (1, 1) are even polynomials in the length variables,
it implies that VQY and VQY  are even polynomials.

Definition 2.12. We say that an initial data (A, B, C, D) is polynomial if (B, C) are such that the
operators B and C defined in (2.11) preserve the spaces of even polynomials and A and VD are
themselves even polynomials.

For polynomial initial data, it is sometimes more efficient for computations to decompose
VQ gnOna basis of monomials and write the effect of B and C on these monomials. For instance,
let us decompose

f2d

n
VQ, Ly, L) = Y Fg,n[dl’---,dn]gedi(Li)’ ed(f)=(2d+1)!’
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and

A d A d
Bleg )Ly, L)= ) B ia, €0, Leg, (o), Cleg, ®eq )Ly) = Y.c o a, €0, L.
dy,d,>0 d;>0

The topological recursion (2.9) then takes the form, if2g + n —2 > 2

F,ldy, ., d,]
“ d
= Z Bd1 ’aFg,n—l[a’dZ’ sdms ’dn]
m=2a=0
(2.12)
1 d
+ 5 Ca,lb Fg_l’n+1[a,b,d2,...,dn] + Z Fh’1+|]|[a,]]Fh/’1+|];|[b,J'] .
a,b>0 h+h'=g

Jur'={d,,....d,}

For the sake of uniformity, we introduce a similar notation for the base cases of the recursion

dy

Fysld;,dy, ds] = Adz,ds’

Fy,ld,] = D4,

For the Kontsevich initial data, we have in the chosen basis

n n
d;
F,ldy,...d,] = [Jd; + Dt /_ p,
i=1 My =1
which vanishes unless d; + --- + d,, = 3g — 3 + n. Translating the Virasoro constraints of [52] —
or computing directly with (2.4) — we find

841
Fosldy, dy,ds] =64, g, 4500 Fld] = T, (2.13)
and
BY  =(2d,+1)8 ch =5 (2.14)
dydy — 2 dy+d,,ds» dy,dy — ~dpdytdi+2: :

A similar computation for Mirzakhani initial data can be found in [38] and is reviewed in [10]
with notations closer to ours.

Other bases of the space of even polynomials are sometimes useful to consider. For instance,
the linear isomorphism given by the Laplace transform

ClL?’] — C[p~2]dp

T — (hersorcar)i

makes the bridge towards the Eynard-Orantin form of the topological recursion (see Sec-
tion 2.7.3).
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270 | ANDERSEN ET AL.

2.7.2 | Twisting

The operation of twisting (2.8) preserves the polynomiality of initial data. Indeed, the condition
(2.6) guarantees that all moments of the test function f exist and if we set

22, +2d,+1
Sy = /R @d, + i, + o1 Y @215)
we obtain
AT, = AT s
[f]dz’d3 Z;Ck + ZA g
CUT 4, = Cana, * Z < Uo, + By ”a,d3> + Y AN (2.16)

a,b>0

D[f]% =D% + = Z Aabuab
ab>0

Let us denote by F_ ,[f; -] the coefficients of decomposition of the twisted TR amplitudes.
According to Theorem 2.10, it can be expressed as a sum over decorated stable graphs

1
Fg,l’l [f’ dl, ey dn] = Z m H h h H Fh(v) k(U) [(d )QEE(U)] (217)
reG, , eekl VEV]
d: Hpon e ) :

In this sum we impose that the decoration of the ith leaf is d;. Similar twisting operations appear
in the context of Givental group action on cohomological field theories, see [3] for the comparison.

2.7.3 | Eynard-Orantin form

Originally, the topological recursion was formulated by Eynard and Orantin as a residue compu-
tation on spectral curves [24]. We present it in a restricted setting adapted to our needs. A local
spectral curve is a triple (x, y, coo,z) where

* x and y are holomorphic functions on a smooth complex curve C;

* the set a of zeros of dx is finite; each zero a € a is simple and such that dy(a) # 0;

* @, is a meromorphic symmetric bidifferential on C? with a double pole on the diagonal with
biresidue 1. The latter means that for any choice of local coordinate p on C, the bidifferential
w,2(21,25) — —dp(zl)®dp(zzz)

’ (p(z1)—p(z2)

We consider x : C — Casadouble branched cover in a neighbourhood of ¢ € a;it admits (locally)

a non-trivial holomorphic automorphism 7, exchanging the two sheets, that is, 72 = id and

Xxot, = Xx, but 7, # id and 7, (a) = a. We introduce the recursion kernel

is holomorphic near the diagonal in C2.

ffi(z) wo,2(+>21)

_1
K, (z,2) = 2 (¥(z) — y(1,(2)))dx(z)’
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and proceed to define multidifferentials w, ,(z;,...,2,) for ¢ > 0 and n > 1 as follows. We set
wy, = ydx, further w, , is part of the data of the local spectral curve, and for 2g —2 +n > 0 we
define inductively

Wy (21,25, s 2) = 2 gnga(Zl’Z) @Wy_1,041(2,To(2), 255 -, 2,1)

aea
(2.18)
no (0,1)
+ Z @p 141712 T) @ @Wpr 147 (T (2), ) |,
h+h'=g

where Y"° ©) means that the sum excludes the cases where (h1+ )=, Dor(W, 1+ |J')) =
(0,1). For n = 0 and ¢ > 2, we also define the numbers

1 z
W, 6= Res dx Jw, (2). 2.19
0T 2-2g aca 7% </ot Y > (2 (219

As in the (A, B, C, D) formulation, there is an operation of twisting in the Eynard-Orantin
topological recursion, which consists in shifting wy, ,.

Theorem 2.13. Let (C, x,y,®,,) and (C, x,y, @ ,) be two local spectral curves, w,,and @, , the
respective outputs of the Eynard-Orantin topological recursion. We define two projectors & and P
acting on the space of meromorphic 1-forms on C, by the formulae

Z191(2) = Y, Res ( / wo,z(-,z>) #),

aca”

and likewise & with @ 5. We denote 77 := Im P. We assume that there exists a 2-cycle € C C* and
a germ Y of holomorphic function at € such that

@02(21,25) — wy5(21,2,) = / Y(z}, 2}) @y (21, 2wy 5(25, 25).
3

G

We define a linear form © on 7"®? by the formula
Olw] = /gY(zg, z)) w(z}, z)).

Then, we have

n
~ 1 ~
wg,}’l(zl’ ,Zn) = z |Aut1"| ( ‘9‘)2[ ® ® @zg,,z/_z) l® wh(v),k(v) ((Zé)eeé(v), (ZA)AEA(U)>] .

reG,, i=1 e€Ep VEVT

TTT'0T/I0P/L0Y 3| 1M ARR1q 1 [Bu1JUO"00SUReWPUO /Sy WO1) Papeojumoq ‘T €202 ‘0SLL697T

SYE IdIN Aq 9892T Swf

85UB017 SUOWWIOD aAERID) 3|dedl|dde ay) Aq pausenob ake sapilie O 8sN Jo SajnJ o) Aeq 1 auluo A3|1A\ UO (SLONIPUOI-PUB-SLUBYLID A8 | It Alelq 1 BUI|UO//:SANY) SUONIPUOD pue SWiIS 1 81 89S *[€202/T0/LT] U0 ArIqiauluO 8|1 ‘Sol



272 | ANDERSEN ET AL.

In this formula: E‘(U) is the set of oriented edges pointing to v; each oriented edge € carries a variable
zé; toeach e € Ey corresponds two oriented edges € and —e; we indicate in subscripts of the operators
which are the variables they act on.

Sketch of proof. When C is a compact Riemann surface and &, , = w, , + th where h is a fixed sym-
metric holomorphic bidifferential, [23, Theorem 6.1, proved in Appendix B] establishes a formula
for the first derivative of w , ,, with respect to ¢. Integrating this relation with respect to ¢ yields the
result — in that case % is an element of Sym?H'(C,C) and Y = (2izr)~2. The same proof in fact
works under the assumptions of the theorem. Notice that the order of integration of the variables
z; isirrelevant, by the assumptions on (¢, Y) and the fact that w, , only has poles on ak cck. O

2.7.4 | Equivalences

The correspondence with Section 2.7.1 appears if we decompose the @, ,, on a suitable basis of
1-forms. We explain it when dx has a single zero, which is the only case where we are going to use
this correspondence. Let us choose a coordinate p near a such that x = p?/2 + x(«). We introduce
the 1-form globally defined on C

£4(zp) = Res _dp@ (/Z C"0,2(‘:Zo)>- (2.20)

z=a p(z)2d+2
We also introduce

£%(2) = (2d + Dp(z)***!,

-2 p(z)*
0(z) = ~ 6 ,
(@) - y(@(@)dx(z) == k; “ dp(2)
e = lim < wo2(21,2;) B 1 )
%07 252, \dp(z))dp(z,)  (p(z)) — p(z,))? )’
Theorem 2.14 [2]. For2g — 2 + n > 0, we have
n
@, (21, e, 2) = > F,,ld,....d,] Q) &4 (2
dy,esdyy =0 i=1

dy+-+d,<3g—3+n
where the functions of F , are given by the recursion (2.12) with
dl — £ * *
Ay g, = Res&) (2)dE; (2)dE; (2)6(2),
d * *
B! 4, = Res&j (2)dE; (2)€4,(2)6(2),

Cyl 4, = Res & (2)64,(2)64,(2)6(2),

_ 60 + uo’oe_l 671

VDA +—165,.
d,0 24 d,1
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The functions of F,, , associated with Kontsevich or Mirzakhani initial data are described by
dzl ®dzz

Theorem 2.14 for the spectral curve C = C, x(z) = z2/2 and wy,(z,,2,) = PNER for which
7(z) = —z and
sin(2zwz
Y@=z  PMe=-TD, @2
V/d
In other words
1 27
6%(z) = —, oM(z) = ——————. 2.22
@ z2dz @) zsin(2zz)dz (222)

More generally, if we assume that polynomial GR initial data (A4, B, C, D) lead to TR amplitudes

described by Theorem 2.14 for a certain spectral curve, then w, ,(z1,...,2,) and VQ, ,(Ly, ..., L,)
are two equivalent ways of collecting the numbers F ,, which are related by the Laplace trans-
form. Indeed, we notice that £; = p~?4+2dp + O(dp) and p~4+2dp = L[e,]. Let us introduce

the projection operator

¢

PIgl(py) = Res ==,

which takes as input a meromorphic 1-form on C and outputs the element of C[p; 11dp, such that
#(zy) — Pl$](py) is holomorphic when z, — a. Hence P[£,] = L[e,] and

£®”[VQg,n](p1, s Pp) = P®”[wg,n](p1, s Pp)- (2.23)

Furthermore, twisting the GR initial data amounts to shifting [3]

@0 2(21,2,) — @ 5(21,2,) + LIf1(2p(21) £ p(2,)) dp(z,)dp(z,), (2.24)

where the two choice of signs + are independent and arbitrary — they do not affect the right-hand
side of (2.23).

3 | ASYMPTOTIC GROWTH OF MULTICURVES
3.1 | Preliminaries

We review some aspects of the space of measured foliations which play a key role in this article.
For a more complete description we refer to [26].

Let X be a closed or punctured surface. A measured foliation is an ordered pair A = (F,v) where
F is a foliation of £ whose leaves are 1-dimensional submanifolds, except for the possible exis-
tence of isolated singular points of valency p > 3 away from the punctures and univalent at the
punctures; v is a transverse measure invariant along 7. Two measured foliations are Whitehead
equivalent if they are related by a sequence of isotopies (relatively to the punctures), and contrac-
tion or expansion of edges between two singularities (which should not be both punctures). We
denote by MF5, the set of Whitehead equivalence classes of measured foliations. For each o € Ty,
MFs; is equipped with a hyperbolic length function which we denote by 7, : MFy — R,.
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274 | ANDERSEN ET AL.

The space MFs is endowed with an integral piecewise linear structure, and the set of mul-
ticurves My is in (length-preserving) bijection with the set of integral points of MFy. One can
then define a measure upy, by lattice point counting, which is called the Thurston measure in this
context; we normalise up, such that My has covolume one in MFs. Let us emphasise that our
normalisation differs from the Thurston symplectic volume form by a constant factor, see [4, 42].

The space of quadratic differentials Q5 is intimately linked to MFs by considering the hor-
izontal and vertical foliations associated to a quadratic differential. More precisely we have a
homeomorphism

¢ — ([Vim@I] [vViRe@r]).

3.1)

where
AZ = {(AI’AZ) € MF% | 377 € MFE’ 1(77’/11) + ‘(77,/12) = O}a

and (: MFy X MFy — R, is the geometric intersection pairing, which extends continuously
the topological intersection of (formal Q, -linear combinations of) simple closed curves, see, for
example, [8].

The subset of QT made of quadratic differentials with only simple zeros, the so-called princi-
pal stratum, has an integral piecewise linear structure defined in terms of holonomy coordinates.
The Masur-Veech measure y is defined from this structure by lattice point counting [36, 49].
We define the Masur-Veech measure on the bundle Q! 75, of quadratic differentials of unit area as
follows. If Y C Q25 we put

ply (V) = (12g — 12+ dn)uyy (), T = {tq Ite (o, g) and q € Y}

when Y is measurable. This normalisation follows the one chosen in [5, 15, 29]. Then the Masur—
Veech volume is by definition the total mass MV, ,, = uy,,(Q'I, ) < co.

Finally, we need to discuss Teichmdiller spaces with zero boundary lengths. We introduce the
space

which is a stratified manifold. Its top-dimensional stratum is 75 and lower-dimensional strata
correspond to some of the boundary length L; equal to zero. The lowest-dimensional stratum T5 =
75(0, ..., 0) is identified with the Teichmiiller space of punctured Riemann surfaces on X. The
quotient of the action of Modg on 5\’2 obviously respects the stratification, and is denoted by M .
Inside this moduli space, the lowest-dimensional stratum I gn = M g,n(O, ..., 0) is identified with
the usual moduli space of complex curves with punctures.

R Following Thurston [47], we consider an asymmetric pseudo-distance on ?z defined for o, 0’ €
Ts as

[
dy(0,0") = sup In < g (Y)>.
YESS Lﬂa(}/)
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The fact that this quantity is finite follows from the compactness of the space of projective
measured foliations. We emphasise that S3 does not include boundary curves and hence dyy, is

constant equal to zero on the Teichmiiller space 7A}> of the pair of pants P. It is expected that,
on any other stable surface, dpy, is actually an asymmetric distance, but this is irrelevant for our
purposes. We will simply use the facts that dpy, is non-negative, continuous and vanishes on the
diagonal, that is, d,(o,0) = 0.

3.2 | Masur-Veech volumes

In this paragraph, g,n are non-negative integers and 29 —2+n > 0. Let ¢: R, — C be an
admissible test function and X a surface of type (g, n). We introduce the additive statistics for
ceTs

Ni(g:0) = Y, ().

CEMy

We are interested in some scaling limit of the additive statistics N; (¢; o). Namely, we define for
B > 0 the scaling operator

Pi$) = $(x/). (3:2)

and we want to understand the behaviour of N. ; (p;qb; o) and its integrals over the moduli spaces

with fixed boundary lengths.
The result (Lemma 3.2) will be governed by two ingredients. First, the dependence on the test
function will involve the following linear forms, for k > 0

k—1
aldl= | G eerae, (33)

Note that cy[¢] is not always well defined; we will assume that it is only when necessary. Second,
the dependence on the metric will be governed by the function

@_)R+

X5 .
o — (69— 6+20)! up ({1 € MFy | £,(A) < 1)

The function X5 is an important ingredient in [38], where most of its properties are proven. In
particular, its integral over moduli space is proportional to the Masur-Veech volumes.

Lemma 3.1. The function Xy descends to a function X, , on the moduli space M g.n- Further, the
following properties hold.
* The logarithm In(Xy) is Lipschitz with respect to dry,, namely

X2(0)  J6o-s+2min o)
X5(d’)
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276 | ANDERSEN ET AL.

* Theaverage VX, ,(Ly,...,L,) exists and is a continuous function of (L, ..., L,) € (Ry,)".
* We have that

24972 (49 — 4 + )

MV, =
gn (6g — 7+ 2n)!

VX, (0, ..., 0).

Lemma3.2. Leto € 7A’Z and ¢ : R, — C be an admissible test function. Then

lim =9~ N¥ (010 = ¢6y-6420[9] X5(0),

B—o0
and further, the following limit exists and it equals

lim B~ 2V YNY (0541 Ly, .. L) = Cog642n[$1 VX p(Ly, o, L),

B—oo
forall (Ly,...,L,) € IR;O.
Proof of Lemma 3.1. The first property follows from the inclusion of the unit #_-ball in a Z,-ball:
(1€ MFy | £,() <1} C {/1 € MFy | £,/ () < e¢m(@) }

The integrability of X5 is proven in Theorem 3.3 of [41, p. 106]. Namely, the function X5 is bounded
by the function

1
Ks(o)=x H
yes; Lol
to(y)<e

for appropriate constants x, € > 0 that depend only on ¢g and n. The function Ky is invariant under
the action of the mapping class group and we denote by K , , the function it induces on the moduli
space. Mirzakhani showed that K , is integrable with respect to pyp over M, (L) for any L €
RZO (see her proof of Theorem 3.3 in [41, pp. 111-112]).

We now prove that the integral VX ,(L) is a continuous function of L. Let us choose a
pair of pants decomposition of £ and consider the corresponding Fenchel-Nielsen coordinates
;, Ti)?jl_3+n realising 75 (L) ~ (R, x R)*973*", By continuity of X5(o), for any compact set Z C
(R, X R)3973+" the following function is continuous:

L— X5(0)duwp(0).
{L}xZ
In order to show the continuity of VXX ,, it remains to show that the contribution coming from
the set M;i: (L) € M, ,(L) of surfaces with a non-peripheral curve of length smaller than ¢ is

uniformly small in ¢’. We use again the function K, ,, for which

/ , Xg,n(a)d/«‘wp</ Ky n(0)dpsyp.
ML) M@

gn L)

SvE IdN AQ 9892T SWI[/ZTTT 0T/10p/W0d A3 |1 ARe.q)1 Ul |UO-00SUIRLUPUO /SRy Wio1} pepeojumoq ‘T ‘€202 ‘0GLL697T

85UB017 SUOWWIOD aAERID) 3|dedl|dde ay) Aq pausenob ake sapilie O 8sN Jo SajnJ o) Aeq 1 auluo A3|1A\ UO (SLONIPUOI-PUB-SLUBYLID A8 | It Alelq 1 BUI|UO//:SANY) SUONIPUOD pue SWiIS 1 81 89S *[€202/T0/LT] U0 ArIqiauluO 8|1 ‘Sol



TOPOLOGICAL RECURSION FOR MASUR-VEECH VOLUMES 277

The set an/ (L) is covered by the (3g — 3 + n)239~4+" sets

lo

YD) —7r<{L}>< {(51,1)3‘1 g <, £y <e Vi€, £;<by (L) Vi, 0< 7 < fl-}>,

where J is a subset of {1,2,...,3g — 3 + n}, i; an integer in the complement of J, 7 : 7y — My
is the projection map and b, ,(L) is the Bers constant of 75(L). It is shown in [6] that b, ,,(L) is
uniformly bounded for L in compact subsets of IRZO. Now, given a point in M;i, one can always
choose a hyperbolic structure in its 7z-preimage so that all curves shorter than ¢ are contained in
the pants decomposition. Hence

3g—3+n

/Mfr:( K, (o) duyp(o) <x Z/<E, H dz;dr;

A W jGJ

<x Z ¢ eVl (bg,n(L))z(Sg_“"_”')
i

<x(3g —3+m) 297 (b, (1)) e,

This concludes the proof of the continuity.

The proportionality with the Masur-Veech volume is derived in [40] for closed surfaces and
extended to punctured surfaces in [15]. We only sketch the idea. Associated to any maximal
measured foliation A, Thurston [47] and Bonahon [9] constructed an analytic embedding

Gy Ty — Hx(1),
where Hy (1) are the transverse Holder distributions on (the support of) A. The transverse Holder
distributions form a vector space of dimension 6g — 6 + 2n which plays the role of the tangent
space at 1 in MFy,, see [9]. Mirzakhani then proved that G, factors through the space of measured
foliations as G, = I;oF,, where
F;: ¥y — MFy(1) I, : MFy(1) — Hy(A)

are, respectively, the horocyclic foliation and shearing coordinates, and where

MFs(1) = {n € MFy | Vy €S, «4,7)+(n,y)>0}.
Itis shown in [9, 40] that these maps are symplectomorphisms with respect to the Weil-Petersson

symplectic form on Ty and the Thurston symplectic forms on Hy(4) and MFs. As a consequence,
on the subset MF** of maximal foliations — which has full measure in MFy, — we obtain a map

Ty X MED  —,  MFy X MF
(O', /1) — (/1’ F/l(a))a

which is again a symplectomorphism.
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278 | ANDERSEN ET AL.

On the other hand, the homeomorphism (3.1) QTx — MFs X MFs \ Ay maps uyy to pr, ®
U, up to a constant factor. In order to match our normalisation of u;y; one has to include the fac-
tor that corresponds to the ratio between the Thurston symplectic volume form and the measure
obtained via integral points in MFy;, see [4, 42]. O

Proof of Lemma 3.2. Since ¢ is Riemann integrable, we have

lim 552N (0 0) = /M  $ofo(D dumy (D) (3.4)

B—oo

Now, we can desintegrate the Thurston measure with respect to the function #_. We denote by u
the projectivised measure on PMFsy defined by

U(A) = urp(fA € MFy, | [A] € A and £,(A) < 1}),
where [1] denotes the projective class of 1. Then we have the ‘polar form’ of the Thurston measure
U = (69 — 6 +2n) t%97 72" dt du.

The right-hand side in (3.4) hence can be rewritten as

(69 — 6+ 2n)< / £0977H21 (1) dt) umn(fA € MFy, | £,(A) < 1)).
R,

The above is equivalent to the first part of the lemma.
To complete the proof, we should justify that the limit 5 — oo and the integral over the moduli
spaces can be exchanged. We will do so by dominated convergence. Let us denote

M5(R;0) ={c € My | £,(c) <R}
By [41, Proposition 3.6 and Theorem 3.3] we have
|#5(R; 0)| < Kg(0) RO9OF2",

Now we have

/3—(69—6+2n) N;(p;qb; U) — ‘8—(6g—6+2n) Z Z ¢ <fcr_(c)>

k=0 cEMy 5
k<t 5(c)<p(k+1)

us(a)<2(k+1)6g-6+2" sup |¢(f)|>

k>0 k<t<k+1

< KZ(U)<Z(k - 1)—2> sup (7 + 2" $(0)].

k>0

SvE IdN AQ 9892T SWI[/ZTTT 0T/10p/W0d A3 |1 ARe.q)1 Ul |UO-00SUIRLUPUO /SRy Wio1} pepeojumoq ‘T ‘€202 ‘0GLL697T

85UB017 SUOWWIOD aAERID) 3|dedl|dde ay) Aq pausenob ake sapilie O 8sN Jo SajnJ o) Aeq 1 auluo A3|1A\ UO (SLONIPUOI-PUB-SLUBYLID A8 | It Alelq 1 BUI|UO//:SANY) SUONIPUOD pue SWiIS 1 81 89S *[€202/T0/LT] U0 ArIqiauluO 8|1 ‘Sol



TOPOLOGICAL RECURSION FOR MASUR-VEECH VOLUMES | 279

The right-hand side is bounded by the decay assumption (2.6). By Lemma 3.1, for any L € R the
right-hand side is integrable against the Weil-Petersson measure over M, ,(L). It is independent
of 3, so the conclusion follows by dominated convergence. O

3.3 | Definition of the Masur-Veech polynomials

We introduce the Masur-Veech polynomials, for any g, n > Osuch that2g — 2 + n > 0, by setting

£,d¢
MV _ e e
VLo L) = |AutF| / B H VD (€eenvr Tadienw) ele—1"

FeGg eeFEr

(3.5)
These are polynomials in the variables (Ll.z)l?‘=1 of total degree 3g — 3 + n. Its terms of maximal total
degree come from the stable graph with a single vertex of genus ¢ with n leaves and therefore
coincide with the Kontsevich volumes of the combinatorial moduli space VQI;n(Ll, w,Ly). In

order to evaluate the sum over stable graphs, we need the following integral.

Lemma 3.3. The function fMV(¢) = —— is such that, for any k >
/ MV de = 2k + DIEQRK + 2).
R,

Proof. We compute

(2k + 1)'§(2k + 2) = 2 1 / e—[ t2k+l dt — Z/ e—nf f2k+1 dbp
n R,

2k+2
n>1 n>1 7Ry

1
— prk+1 de = / L f2k+1 dz.
/ 1—e r, e —1 O

For n=0and ¢ > 2, VQI;’[V is a number, which can also be extracted from VQMV(Ll) as a
particular case of the following formula.

Lemma 3.4. Forany g,n > 0such that2g — 2 + n > 0, we have the dilaton equation

L2
[ W] VQI;/I){H(Ll, wsLpy) =Qg—2+n) VQ (Ll, oLy,

2
where [%] extracts the coefficient of in the polynomial to its right. In particular, for g > 2 we have
that

MV MV
[ ] va, (@) =(Q2g - 2)VQg’0
Proof. We introduce

gn and v €V}

G, = {T,v)|TeG
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280 | ANDERSEN ET AL.

and the surjective map 7 : G, ,,; = G; , which erase the (n + 1)th leaf from the stable graph,
but records the information of the vertex v to which this leaf was incident. In general 7 is not
injective, but one can check that foranyI' € G, ,,, v € Vr and I' € 771(T, v), we have

|AutT| = |7~Y(T, v)| |Aut . (3.6)

The dilaton equation for the 9 classes intersections yields, for 22 — 2 + (k+1) > 0

fZ
[ ] Vggkﬂ(fl, ws i) = (2h—2+k) VQE,k(fl, wr 1),
and this expression vanishes when 2h — 2 + k = 0. Therefore

L MV
[TH] VOMY (Ly, s Loyy)

_ 2h(v) — 2 + k(v) Z,de,
- Z W rr H VQh(w) k(w) (fe)eeE(w)’(L/l)/leA(w)) H ole — 1’

(F,U)EG;%H e€Er

where T is any element of 77 1(T, v), E(w) and A(w) are the sets of edges and leaves incident to w
in the graph I (and not in I). Using (3.6) we deduce that

[LEITH] VQMZH(LI’ s Lpgn) = z < z 2h(v) -2+ k(v))

reG,, \vevr

¢, de,
|AutF| /Er H Qh(w) k(w) ("ﬂe)eeE(w)’(LA)AeA(u)) H ole — 1

ecEr

By Lemma 2.11, the sum of Euler characteristics at the vertices is 2g — 2 + n, hence the claim. []

3.4 | Main result

In [15], V.D., Goujard, Zograf and Zorich obtained by combinatorial methods a formula for the
Masur-Veech volumes as a sum over stable graphs, exploiting the relation between Masur-Veech
volumes and lattice point counting in the moduli space of quadratic differentials. Our proof is
different and relies on ideas of the geometric recursion reviewed in Section 2. Our method gives
access to more general quantities, which we introduced under the name of Masur-Veech poly-
nomials. We now prove that they record the asymptotic growth of the number of multicurves on
surfaces with large boundaries, after integration against the Weil-Petersson measure. As a conse-
quence of Lemma 3.2, we then show that the Masur-Veech volumes arise as the constant term of
the Masur-Veech polynomials, up to normalisation.

Let us denote ¢[¢] : C[t~'] — C the linear operator sending ¢t to ¢, [¢] for k > 0, and ¢° to
#(0) when it exists. Recall the definition (3.2) of the rescaling operator p;.
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Theorem 3.5. Let ¢ be an admissible test function admitting a Laplace representation

P(¢) = / O(t) e dt
R

+

for a measurable function ® such that t — |®(t)| is integrable on R,. In particular, ¢$(0) =
lim,_,, ¢(¢) exists. Then, for any g,n > 0 such that 2g — 2 + n > 0, we have that

lim g9~ yNT (p;,qs; Ly,.. ,L,,) = Cog—612n[$1 VO (0, ..., 0),

B—oo

lim g~Co- SR yN+ (p;qs; L, .. ,ﬁLn) = ¢[¢] (z—<69—6+2"> VoW (L, .., th)),

B—oo
and the convergence is uniform for L; in any compact of R,

Notice that the contribution of the test function factors out for finite boundary lengths. The
assumption that ¢ has a Laplace representation is not essential. It could be waived by an approx-
imation argument, if we had an integrable upper bound for the number of multicurves whose
lengths belong to a segment [SL;, BL,]. This is not currently available in the literature and we do
not address this question here.

In particular, comparing the last formula of Lemma 3.1 with the second formula in Lemma 3.2,
we obtain the following corollary.

Corollary 3.6. For any g,n >0 such that 29 —2+n>0, VX, ,(Ly,...,L,) = VQ?’{X(O, ..,0)is
independent of L, ..., L, € Ry, and the Masur-Veech volumes are

My = 2T Al onv oy
an (69 — 7 + 2n)! gn e

It would be interesting to provide an a priori explanation of why VX, is independent of the
boundary lengths L,, ..., L,;; for us it is merely the consequence of a computation.

Proof of Theorem 3.5. We fix once and for all g and n such that 2g — 2 + n > 0. In the admissibility
assumption, we will only use a weaker form of decay

sup (1 + £)0970F2M3 ()| < +o0, (3.7)
>0

with § = 1.

The Laplace representation of ¢ allows us to convert additive statistics into multiplica-
tive statistics. We are going to apply many times the Fubini-Tonelli and the dominated
convergence theorems.

Admissibility implies convergence of the series

M= ¥ o(52)= ¥ [ o0 [T eba

cEMy cEMy yemy(c)
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282 | ANDERSEN ET AL.

By Fubini-Tonelli theorem applied twice, we have

NG = [ 0oNPEa, (338)
VN, (03 BL1, . Ly) = / o) VN/E(BL,, ..., L, d1, (3.9)
’ R

"
where

N;(O’) = Z H e_tfa(y) Z H ) etfg(y) _ 1

CEMy y€emy(c) ceMy, yem(c

VNL(Ly,...,L,) = / N; (o) duyp(0),
gLyl ’

----- n

are now multiplicative statistics, to which we can apply the theory reviewed in Section 2.
Fort > 0 and n > 1, by Theorem 2.10 we have

VN/8(@BLy, ..., BL,)

_ / NY(6) dptyp(o)
Mg o (BLy,....BLy)

.....

£,d¢ (3.10)
_ H VOM | ((Codecsoy (BLY) Y
rec_g Rt / i oo ((Cerior rneno) I 2025
(ﬁ/t)zlErl / f@ dfe
P/ oM ﬁz,” /t) eE( ),(t 'ﬁLl/t)lEA( )) :
FEZG,,J, [AutT| R e H h(v).k(v) or ey ’ ele_E[r efe—1

This formula is also true for n = 0, as can be shown by returning to the computations proving
Theorem 2.10.

We remark that ﬁ_(69_6+2")VN;{ f (BL,, ..., BL,) is a polynomial in t~! and B! of bounded
degree. We observe that

/ (1) dt = $(0),
Ry

which here is assumed to exist, while for k > 1

1 _ A _
/R+ " CID(t)dt—/Rthb(t)/& Gy ¢ ara =gl

The assumptions on ¢ guarantee that c; [¢] are finite for all k > 0. Hence (3.9) is finite for a fixed
B> 0.

We now study the § — oo limit. For § > 1, we can bound the aforementioned polynomial by
a B-independent polynomial in t~! and integrating the latter against ®(¢)dt gives a finite result.
Therefore, by dominated convergence, we have

lim g~ (69g—6+2n) VN;:,I(PEQS;ﬁLla s BL,) = / (1) < lim 8~ (6g—6+2n) VNt/'g(ﬁLl, ’ﬁLn)> dt

B—oo R,
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Comparing Theorems 2.7 and 2.8 yields

lim B2Ch=3+R oM (B2, /t, ..., B¢, /1) = 1723V QX (2., 20,

B—o0

and the limit is uniform for (#,,...,¢,t"!) in any compact of IRI‘Jrl Thus, uniformly for

n+l1

o we have that

(Ly, .., Ly, t71) in any compact of R

s ps

lim g9~y N'/B(gL,, .., BL,)

B—oo
¢.de, (3.11)

ele —1°

t6g —6+2n Z / H VQh(u) k(v) (f e)eEE(v)’(tL/I)/leA(v)) H

+ vEV eEEp

where we recognise the Masur-Veech polynomials introduced in Section 3.3. We arrive at

ﬁhm pes=srm YNt 2 (P53 BLy, s BL,) = / @(t) =902y MV (¢ | L) dt
— 00

e (3.12)
= ¢[¢] (t—<69—6+2"> VoML, ..., th)).

Using finite boundary lengths L; instead of rescaling them by § amounts to replacing L; by L, /8
in (3.10), and by the aforementioned uniformity we then have

Jim g YN (o551, L) = gl eI VAN o,...,0))

(.13)
= C6g—6+2n [¢] VQZ’{X(O, ey 0)

This concludes the proof of the theorem. O

Proof of Theorem 1.1. The expression of the Masur-Veech polynomials in terms of stable graphs
is actually our Definition 3.5. Note that this is not a circular argument: in the beginning of the
paper we stated that Masur—-Veech polynomials have four different equivalent formulations, we
then chose the formulation in terms of stable graphs to be their definition, and we show in the
rest of the paper that the same polynomials are expressed in the remaining three formulations.
Therefore, the only non-trivial statement left to prove is the second part of the theorem, that is,
formula (1.5), which follows immediately from Corollary 3.6. 1

3.5 | Expression via geometric and topological recursion

By comparison with Theorem 2.10, the structure of this formula implies that the Masur-Veech
polynomials satisfy the topological recursion.

Proposition 3.7 (Geometric recursion for Masur-Veech volumes). Let QMY be the GR amplitudes
produced by the initial data
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284 | ANDERSEN ET AL.

AMV(LlﬁLZ’L?)) = 1’

1 1

1 1 '
——— + = [, - ¢
(ef —1)(e’' —1) L1[1 L

B™(L,,L,,?) =

CMV(L17 Lﬂ, Lﬂ,) =

+L< 1 ([Ll_bﬂ_f,]+_[_L1+f_f,]++[L1+f_f’]+)

1
+m ([Ly—¢=¢", = [-Li—¢+¢", +[L ¢+ f’]+)),
MV K
DMV(c) = D¥(0) + ye% —e e (3.14)

Then, for any g > 0 and n > 1 such that 2g — 2 + n > 0, the Masur-Veech polynomials satisfy
Vol (L, .., L,) = / QMY dup.
Il n(Ll '

In particular, they are computed by the topological recursion (2.9).

Notice that the notation VQMV is consistent with its use in (1.1). The above initial data are
obtained by twisting the Kontsevich initial data (2.4) by the function fMV(¢) = e/ - —itis
admissible according to Definition 2.1 with # = 1. The function QMV is a non-trivial function
on 7y, which is not equal to the function X ,, from Lemma 3.1. For 1nstance we saw in Corol-
lary 3.6 that VX ,(Ly, ..., L,) does not depend onL,,..,L,,while VQ?’{X(LD ..., L) are non-trivial
polynomials whose constant term is VX ,

Recall the decomposition

2d

voM(L,,..,L,) = D FVd,,...,d, H
dy+--+d,<3g—3+n o (Zd +1)'

By Section 2.7 we can give two equivalent forms of Proposition 3.7, in terms of the functions of
F, . The first one is the recursion of Theorem 1.2, of which we give a proof in the following. This
recursion is spelled out explicitly in Section 5.2.

Proof of Theorem 1.2. From the topological recursion in Proposition 3.7, it follows that the
functions of F ,, are computed by the recursion (2.12), by twisting the Kontsevich initial data

(2.13)-(2.14) W1th M@ = — -, that is, by

£2d1+2dy+1 dz (2d; +2d, + 1)!
dydy = / = L= ¢(2d; +2d, + 2)

R, 2d; +DIQ2d, + Dl e/ =1 (2d, + D!(2d, + 1)!

according to Lemma 3.3. O
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The second equivalent form is the topological recursion a la Eynard-Orantin. Let us introduce
the even part of the Hurwitz zeta function, for k > 1

1 1
¢q(k;z) = — + 5 meZZA —(Z T+ m) )

and define the multidifferentials
n
wg/y(zl, s Zp) = Z F,aldy, ... d,] ®§’H(2di +2;z;)dz;.
di+--+d,<3g—3+n i=1

Proposition 3.8. For g,n > 0 such that 2g —2+n > 0, the wlg’lr\l’(zl, .»Z,) are computed by
Eynard-Orantin topological recursion (2.18) for the spectral curve

Z2
C=¢C, x(z) = ER y(z) = —z,

2 d d
Wy (2,2,) = 1 S+ — il 5 ®dz;
(zy —2)*  sin’7(z; —z,) 2

Proof. Recall the spectral curve (2.21) associated with the Kontsevich initial data. The effect of

twisting amounts to shifting « 2(21, Z,) = Zl@ i; according to (2.24). We compute, for Rez > 0

—fz —f(z+m)
£de = £de = e 3.15
/R+€f—1 Z/R+ z“(Z+m)2 1

m>1 m>1

As the choice of signs in (2.24) is arbitrary, we can also take

@g5' (21, 25) ((21 —z)2 2 2 (z1—z+m)?  (2—2,— m)2> ne

m>1

1 2 dz; ® dz,
= + .
(z1 —2)*  sin’7(z, — z,) 2

The sector of convergence for the integral (3.15) is irrelevant, as we only need the (well-defined)
Taylor expansion when z; — 0 to compute the @, ,. Finally, we compute the differential forms &
defined in (2.20) and which are used in Theorem 2.14 to decompose the w '

§a(20) _ oo 2 1.1 1,1
dz, z022d+2 Zo—z 2 Zg—z—m zyg—z+m

m>1

— 1 Z n 1
2d+2 m>1 (ZO + m)2d+2 (ZO — m)2d+2

¢u2d + 2; ).
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286 | ANDERSEN ET AL.

Forn = 0and ¢ > 2, Lemma 3.4 gives

mv _ 1 Fyal1]
90 29—-2 3

This agrees with the definition (2.19) of col;/l(‘)’ by the following computation:

z 3
MV 1 1 APRYAY
—— Res dx |, ,(2) = Res — w z
“o0 2—2gz=o</0y ) @ =3B T e @

1
2g—2

D (12126:05 Z; ¢u(2d +2;2) dz> F,,ld]

d=0

1 Fg,l[l]
20—2 3

k]

where we used that ¢;(2d + 2;z) = z~4*2dz + O(1) when z — 0, which implies that only the

d = 1 term contributes to the residue. O
3.6 | Equivalent expression in intersection theory

We can express Masur-Veech polynomials as a single integral over moduli space of curves of a
certain class, which involves boundary divisors. This is just another way of expressing the sum
over stable graphs (i.e. boundary strata of 9 ).

We first introduce some notations. Consider the set G, , of stable graphs of type (g, n). For every

I' € G, ,, we have the moduli space ﬁr and the maps & and p,:

g.n>

My = H EI)’ih(v),k(v)’ &rt My — mg,n’ py: My — EI')’Zh(v)sk(l))'

VEV

The image of & is the boundary stratum associated to the graph I, while p,, is the projection on
the moduli space attached to the vertex v. We also define the map

§F*
1= 2 |AutT|’
I G;n

where G’; , is the set of stable graphs of type (g, n) with k edges. In other words, j is a sum over
boundary divisors of ﬁg’n. Further, denote by ¢, and ¢, the cotangent classes at the nodes, so

that it makes sense to consider the push-forward by j of any monomial in ¢, and .
Recall that the even zeta values are related to Bernoulli numbers by

B2m+2(271')2m+2

@m+2) = (1" 202m + 2)!

El

. 1 1
with B, = =, By = —-, and so on.
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.- ; MV ¢qti
Proposition 3.9. For2g — 2 + n > 0, the Masur-Veech polynomials VQg’n satisfy

~ L?
VO (Ly,.. ’Ln)=/_ Z |Au—1tl“|§r* H 5(—¢h—¢h')exp< Z ?l%) (3.16)

MynreG, , ecEr AEAL
e=(h,h’)
for
g(u) 2(27T2)D+1 2D+2 U,D,
£ 2D +2
or equivalently
i
VoM (L,,..,L,) = /_ exp <Eg’n +) = z,bl-> (3.17)
2
My n i=1
for
Eon =) E(=p, —9,) € H' (M, ), Ew)=u""In <1 + 2(2n2)’< Bak k)
k>1

Once the spectral curve for a certain enumerative geometric problem satisfying topological
recursion is known (here Proposition 3.8), one could apply Eynard’s formula [22, Theorem 3.1]
to obtain such a representation for wZ’fZ(zl, .., Z,), and thus the Masur-Veech polynomials. To be
self-contained, we prove the result by direct computation.

It would be interesting to obtain this formula by algebro-geometric methods. A first hint in this
direction would be to express £, in a more intrinsic way, as a characteristic class of a bundle

over ﬁg’n maybe obtained by push-forward from the moduli space of quadratic differentials.

Proof. We shall examine the contribution in Equation (3.5) of a given I' € G, , before integration
over the product of moduli spaces at the vertices. Given a decoration d : Hr — N, an edge e =
(h, 1) receives a weight (2d), + 2d), + 1)/¢(2d, + 2d;, + 2). We remark that it only depends on
the total degree D, = d;, + d;, associated to this edge. On the other hand, the contribution of the
1 classes at the ends of the edge is

¢dh(¢/)dh/
2D€ dh' th! '

Therefore, we can replace the sum over decorations of half-edges d : Hr — N by the sum over
decorations of edges D : Er — N, and attach to each edge a contribution of

B2D,+2

@+ )™ = M o= (= = ).

(2D, + 1)1¢(2D, + 2)
2P D!

In other words,

~ L?
vOMY(L,, ..., L,) = /_ > msm 11 8(—¢»h—zphoexp<2 ;m)

My n reG, , e€Er AEAD
e=(h1")
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288 | ANDERSEN ET AL.

for

&) = 272 D+1 2D+2 D
= Fampn 2

This proves Equation (3.16). The equivalence between Equation (3.16) and Equation (3.17) is
shown via the following lemma. [l

Lemma 3.10. Consider two formal power series € € C[x,y]®> and T € Clu], T(u) = Dm0 L™
and define the cohomology class

©,, = exp(1,E@..9.)) exp(T() []#!"

i=1

(3.18)

on M, ,, where T(x) = Ym0 tm¥m- Then

g,n

1 = d
Oun= D, mfn I1 €@wvw) I exo(tjn) T 3 (3.19)
reG,, e€Ep vEVT AEAL
e=(h,n")

for€ e C[[x,y]}@’Z defined by

~ 1 — e~ (x+¥)E(x.Y)
Elx,y) = iy (3.20)

Conversely, consider a class ©, , given by Equation (3.19) for certain formal power series e
Clx,y]®* and T € C[u]. Then ©, , can be expressed by Equation (3.18), for € defined as

g(x’y) = -

1 5 In (1 - (x+»EX,y)). (3.21)

Proof. Firstly, notice that (3.20) and (3.21) make sense because (x + y) formally divide 1 —
e~ (XtMECY) and In (1 — (x +y)E(x, y)), respectively. Further, the contribution at the vertices
follows from the projection formula and the relation

= Pk

VEV

while the legs contribution follows from the correspondence between legs of I' and markings.
Computing the edge contribution amounts to understand how to intersect push-forwards of
classes via boundary maps. Let (T', A) be a stable graph in G ,, together with a decoration of each
edge e of the form

ACe; P, i) € Clpp, Y112, e=(hn).

The associated classon I , is

f. [ A vn).

e€Ep
e=(h,n")
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TOPOLOGICAL RECURSION FOR MASUR-VEECH VOLUMES | 289

In general, for two decorated stable graphs (I'y,A4) and (I'g,Ag) in G, the intersection of
the corresponding classes is determined as follows: enumerate all decorated stable graphs (T, A)
whose edges are marked by A, B or both, in such a way that contracting all edges outside A yields
(T4, A,) and contracting all edges outside B yields (I'g, Ag). Notice that each edge e = (h, h’) that
is marked by both A and B corresponds to a boundary divisor in the Poincaré dual of both I'
and I'y. To such an edge is therefore assigned a factor that is corresponding to its self-intersection,
namely the first Chern class of the normal bundle N, (of the gluing morphism) associated to the
edge e:

¢1(Ne) = =Py — Pp-

Summing up the push-forwards over these decorated graphs of the product over edges of the
associated decorations represents the intersection of the classes associated to (I'y,A,) and
(Tp, Ap).

Let us apply this general argument to our case, that is, to the class exp(j,.£(¥., ¥,)). Notice that
J+€@.,9,) is a sum over stable graphs with a single edge, decorated by a factor of £. In the kth
term of the exponential expansion, we have to consider the sum over stable graphs whose global
decoration involves exactly k factors of &€, distributed in all possible ways on k edges counted with
multiplicity (m,),, taking into account the self-intersection of the edges with multiplicity m, > 1.
This results for each edge e = (h, h’) into the factor

- — NEW;,, Uy —
3 L= ) @ e = L EPEOREIEG I _ gy (3

mg;l m€! lph + .(lbh’

Therefore we obtain

eXp(J*g(lp.,d’o)) = Z |A§1;:F| HE g(‘()bh’ zph/).
n ecLr

rec

[
e=(h,h’)

Notice that the relation (3.22) can be inverted as (3.21). This concludes the proof of the lemma. []
4 | STATISTICS OF HYPERBOLIC LENGTHS FOR SIEGEL-VEECH
CONSTANTS

4.1 | Preliminaries

The area Siegel-Veech constant SV, , of QI ,, is a positive real number related to the asymptotic
number of flat cylinders of a generic quadratic differential. Given a quadratic differential q €

QEUZM, we define
1
Nyprea(q, L) = Area(c),
area Area(q) Cczq
w(c)<L

where the sum is over flat cylinders ¢ of g whose width w(c) (or circumference) is less or equal to
L and Area refers to the total mass of the measure induced by the flat metric of q. By a theorem of
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290 | ANDERSEN ET AL.

Veech [50] and Vorobets [51], the number

1 1

N/ —_—
g,n MVg,n L2

Nrea(@ L) Aty 1y (@)

exists and is independent of L > 0. It is called the (area) Siegel-Veech constant of QM ,

4.2 | Goujard’s formula

Goujard showed in [29, Section 4.2, Corollary 1] how to compute SV, ,, in terms of the Masur-
Veech volumes. Her result is in fact more general, as it deals with all strata of the moduli space of
quadratic differentials, while the present article is only concerned with the principal stratum.

Theorem 4.1 [29]. For g,n > 0 such that2g + n — 2 > 2, we have
1 (4g—4+n)dg—5+n)

sv, ., - MV =
. 9T 4 (6g—7+2n)(6g —8 +2n) 92
! 49— 4+ n)!
+ 1 Z 7'7' ' (49 )
oo, miny! (49, — 3+ n)l(4g, — 3+ ny)!

ny+n,=n

y (69, — 5+ 2n,)1(6g, — 5 + 2n,)!
(69 — 7 + 2n)!

MV, 140 MV (4.1)

g9p,1+n;,°

In [29] the contribution of MV, ;- MV, ,_; was written separately, but this term can be
included in the sum if we remark that MV, ; = 4 (see Section 5.3) and

(2n —5)! .. T@2n-4) 1

(n=3)"Ih=2" n>2T(n-2) 2
The structure of this formula becomes more transparent if we rewrite it in terms of the rescaled
Masur-Veech volumes that are sums over stable graphs
249724149 — 4 4 n)!

MV = “voMV(o,...,0).
gn (69 — 7 + 2n)! on )

Corollary 4.2. For g,n > O such that2g +n — 2 > 2, we have

MV MV n! MV
SV, - VAW (0) = 1| va 1n+2(0)+2 > eval, oval, o] @
gtg=g 17727
ny+n,=n

We can give an even more compact form to this relation, in terms of generating series. If we
introduce

VoMY (o)
_ g-1 Xt gn 7
Fp(x) = exp Zoh E>1 syl (4.3)
> nz
I 29-2+n>0

then Corollary (4.2) is equivalent to
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TOPOLOGICAL RECURSION FOR MASUR-VEECH VOLUMES 291

Corollary 4.3. We have that

o x SVgn VON(0) 1 h?02/Z,(x)
z. 2 R =3 NEAE) ) (4.4)

920 n=0
2g—2+n>2

Proof. Let us write Zj(x) = exp(}] 450 ho1 F,(x)). For a € C, we compute

hzaizg(x)
Z )
= Zhg<a62 () +a? Z 0 Fy (x) - 0, F gz(x)>
>0 at+9=g (4.5)

¢ MV 2 n!
_zh] Z _aVQg 1n+2(0)+a Z g1+}’l()V g1+l’l (O)a

In,!
920 nz0 atgm=g M2
2g+n>0 n+n,=n

where we noticed that the restriction 2g 2+ n > 01in (4.3) implies that there are no terms for
2g+n<0in (4 5). The relative factor of between the two types of terrns in (4.2) is reproduced by
choosing o = 2 L and we need to multiply (4.5) by an overall factor of a - > Lto reproduce the prefactor

% in (4.2). The factors of 7= also match since
6(g—1)—6+2(2+n)=6g, —6+2(1+n)+6¢9,—6+2(1+n,) =6g9g—4+2n. (4.6)

They have been included so that the coefficients of 79x" in the generating series are rational
numbers. L]

The contributions in (4.2) correspond to the topology of surfaces obtained from X of genus ¢
with n boundaries after cutting along a simple closed curve. It is important to note that the (some-
what unusual) feature that separating curves receive an extra factor of a %, which is reflected
in the square root in the right-hand side of (4.4). Such sums (without this relative factor of a
%) can be obtained by differentiating a sum over stable graphs with respect to the edge weight.
Therefore, they also arise by integrating over the moduli space derivatives of the statistics of
hyperbolic lengths of multicurves with respect to the test function. We make this precise in the
next paragraphs.

4.3 | Derivatives of hyperbolic length statistics

We define two natural derivative statistics for which we are going to study the scaling limit. Firstly,
ify, € S;, we denote

1 ify,isseparating,
( =
Jro) 0 otherwise.

Let ¢, ¢ be admissible test functions, and consider
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292 ANDERSEN ET AL.
N0 = D) D 27009 () - (£ (0)), 4.7)

CEMy y€emy(c)
N0 =Y D 27009, (o)) - $(Zs(c = o)) (48)

CEMy yyemy(c)

Theorem 4.4. Assume that ¢ is bounded, £ — ¢~'9)(¢) is integrable over R, and recall that
Y] = fR+ % »(&). Assume that ¢ has a Laplace representation

#(2) = / d(t)e " dt
R

+

for some measurable function ® such that t — |®(t)]| is integrable over R. For g,n > 0 such that
2g+n—2322andfixed L,,...,L, > 0, we have

lim =9~ VNE (02 s 9 BLy, .., BL,)

B—o0

1

= S colylelg]

—(6g—6+2n) MV 1 MV
(000 YOI (0,0, Ly, L) + 3 ; vairy Va0
N*t=9g

T ={Ly L}

and

lim g—(69-6+2n) VN;(p;qb; ¥;Ly,..., L)

B0

1 MV 1 n! M
= 5 col$] Cogmsranl $1| VLT 5, (0) + 2 > — = VO, VeI, 0]
gitg=g 172
n1+n2:n

In particular, this last expression is independent of L, ..., L,,. Furthermore, replacing N with N gives
the same limits.

By comparison with Goujard’s formula (Corollary 4.2), we deduce the following corollary.

Corollary 4.5. Under the assumptions of Theorem 4.4, for any fixed Ly, ..., L, € R'}, we have

VN’r (p;qﬁ;z/);Ll, wesLy)

2¢0[9] SV, , = lim .
ol¥ p=oo VNg (03¢5 Ly s L)

The same equality holds if N in the numerator is replaced with N.

The corollary gives a hyperbolic geometric interpretation of the area Siegel-Veech constant.
However, our proof is done by comparison of values from Goujard’s formula. It would be desirable
to find a direct and geometric proof of this identity, which would give a new proof of Goujard’s
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TOPOLOGICAL RECURSION FOR MASUR-VEECH VOLUMES | 293

formula. The derivative statistics of hyperbolic lengths N ;n (¢;9;Ly,...,L,) isindeed reminiscent
of the Siegel-Veech transform. Via the Hubbard-Masur correspondence [32], the multicurve ¢ €
M is associated to a holomorphic quadratic differential g and the component y,, is the core curve
of a cylinder of q. The difficulty, however, lies in comparing hyperbolic and flat lengths.

Proof of Theorem 4.4. The assumption 2¢g + n — 2 > 2 is made so that M5 does not only consist
of the empty multicurve. If we encode multicurves as a pair consisting of a primitive multicurve
and integers k remembering the multiplicity for each of its component, we have that

Ni@igspio= D Y 27me) oGB! Y, mnLmf 49
ceMy  ¥oEm(c) yE€my(c)
m: my(c)>N*

since y, in (4.7) can be any of the m(y,) component of the multicurve.
As in the proof of Theorem 3.5, we rely on the Laplace representation for ¢

P(?) = / O(t) e dt (4.10)
R

+

to convert additive statistics into multiplicative statistics. As their application is similar to the
proof of Theorem 3.5, we will silently use the Fubini-Tonelli and dominated convergence theo-
rems at many places — the estimates necessary for their application use that ¢ is bounded and
colt] exists.

The Laplace representation allows us to convert (4.9) into derivatives (with respect to the test
function) of multiplicative statistics, namely

N3 (0 9;0) = /R o Y Y ¥ (1)) H —14o©)/f

oty vty 2TV — et G0 | S 1 — et/

_ /[R RCL (NP> @00 )ae

(4.11)

where

. zP(Z5()
Ny ($;0) = Z H ello (y)_1 <1+m>

ceM’ yemy(c)

is a polynomial of degree (3g — 3 + n) in the variable z. Integrating over the moduli space, we
obtain a sum over the topological types of primitive multicurves, that is, over stable graphs:

Ntz(z,b Ll,---, )— |AutI‘| /EFH VQh(U) k(v) (fe)eeE(v)’(L/l)/leA(v))
FEGg
zy(Z,) )
X Z,de,, 4.12
ele_E[ etfe — 1< Ye(l—etle)) © ¢ @12
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294 | ANDERSEN ET AL.

where j, = 1if e is separating and j, = 0 otherwise. The coefficient of z in this sum reads
8.-o(VNUEWs Ly L) )

—tt
Y(Le)e o £, de,
|AutF| /EF H VQh(U) k(v) (fe)eEE(U)’(Ll)AEA(U)) 2160(1 _ e‘”ﬂo)Z I’ﬂeodfeo H etfe _ 1

e eEF

(4.13)

Let G; , be the set of ordered pairs (T', e;) where I € G, , and ¢, € Er. We introduce the map

. /
glu . Gg—l,l’l+2 U |_| Gg1,1+n1 X G92a1+”2 Gg n’

{(g171):(92.02)}
ant+t9=9g

which consists in adding an edge between the two special leaves — the two first leaves in the
connected situation and the first leaf of each graph in the disconnected situation. This map is
surjective, but not necessarily injective. More precisely, if (T', ¢,) € G’g o letus cut e, to create the
stable graph I with n labelled leaves and 2 unlabelled leaves. Let aps be equal to 2 if T” is invariant
under the permutation of the two unlabelled leaves, and ar» = 1 otherwise. If I is disconnected,
we must have ap» = 1 because the two connected components can be distinguished by the subsets
J, and J, of leaves of the initial graph that they contain. Furthermore, the number of automor-
phisms of T is the product of the number of automorphism of its connected components. If I is
connected, it must have genus g — 1. If ay = 1, there are two distinct graphs in G,_; ,,,,, which
differ by the labels of the two first leaves, which lead to (T, ;) after application of glu. If ap» = 2,
these two graphs are actually isomorphic. So, when I is connected, we always have

_ 2
|glu Lr, ey)| = —.

ars
Finally, we notice that for (T', ¢,) € G’g n andT e glu_l(l“, ey), we always have
|AutT| = ap |Aut[.

Partitioning the sum (4.13) according to the fibres of glu we obtain

8o (VNI WL, L) )

() et py
r, (1—e%0)? 0+"0

1
12
FGG g—12+n

¢, d7,
| AutF| / Er H Qh(v) k(v) (f e)eeE(v)’(Lfl)/leA(v)) H etfe —1

e€Ep
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1 2 ¢,d¢
e e
+ 2 | Aut[‘ .| / H VQh(v) k(v)<(l'ﬂ e)eeEi(v)’ (L/l)/leAi(v)>H ette — 1|17
{(g1.71):(92.02)} 1=1 eGEri
g1+9=9 EG(;, 1+|Jl\
Jul,={1,...,n}

where E;(v) and A;(v) are the set of edges and leaves of I';, and if A is a special leaf, we set L; = £,
We stress that % in the last line comes from j, = 1. We recognise the sums over stable graphs

~ ~ ~ £,de
t — e e
VN, Ly, L) = |AutF| /EF H VO ko (Cecrwy Trenw) [ AL

FEG_@ e€Ep

which already appeared in the proof of Theorem 3.5. We can replace the last sum over pairs with
a sum over ordered pairs up to multiplication by an extra factor of % All in all,

. ! P(@&)e '’ ;
8umo (VN Wi Ly s L) ) = 5/R+ o7y | Nimtn @ oL L)

(4.14)

t
3 2 VN (GTOVNG L (D) [ede.

f11+(]2 g
T\Wy={Ly,....Ly}

We multiply the boundary lengths by § and divide ¢ by § in order to insert this formula in
(4.12). Notice that the quantity in parenthesis in (4.14) now contributes to an even polynomial in
¢, such that the monomial #2™ is a polynomial in (8/t), of top degree 6g — 6 + 2n — (2m + 2). We
recall that the 8 — oo leading behaviour of VN, / # from (3.11) is expressed via the Masur-Veech

polynomials QY. Since

£ e /B
lim 2 / PO pamirgy o L / o it (4.15)
foca’ o, (1—e17/B)? 2 Ja,

is finite for any m > 0, only the m = 0 terms will contribute in the leading 8 — oo behaviour of
(4.12), in which case (4.15) is equal to =2 ¢,[1] which exist since £ — £~19(¢) is integrable. We
arrive at the formula

lim g—(09~ 6+2”)VNJr (pZ,¢;tp;[3L1,...,,8Ln)

B—-0

= 2 c[1¢lg]

x[Comom | yaMY L 0,0,6Ly, . L)+ 5 Y Va0 nvet,  o.n)|
2 nt+t9=9g
T\Wy={Ly,.ms Ly}
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296 | ANDERSEN ET AL.

which is the first desired formula. To obtain the second formula, we remark that all § — oo limits
used in the previous arguments are uniform for L, ..., L, in any compact of R.,. Hence

lim B~(09~ 6+2”)VN+ (quﬁ;z,b;Ll,...,Ln)

p—oo

1 A (69— 1
= S colplele]| 7O VOl (0)+

MV MV
2 Z [4Y g1+, |(0)V 2 1+1J; |(O)

ant9=9g
T ={Ly,..Lp}

The effect of ¢[¢] factors out to give cq,_g45,[¢] and the sum over the partition J, UJ, =
{Ly, ..., L,} yields binomial coefficients, hence the formula we sought for.

The statistics N are perhaps more natural. Their expression slightly differs from (4.11) by one
factor e~!“/F less in front of 1) — this factor was previously due to the contribution of y, to the
total length that was included before evaluating ¢. Namely, we have

Ra(psdiio) = [ 00,0 N{P i) a

+

with

e 2Y(¢ () e’
NZ ®;0) = Z H ) elts (y) -1 <1 + 201 - e—zfg(}')) )

ceM’ yemy(c

All the previous argument can be carried over, except that we use instead of (4.15) the limit

4
lim B / ¥ Fmrlde = P& de,
ﬁ—»oo (1 — e—tf/ﬁ)2 l' R,
which yields the same result. O

5 | COMPUTING MASUR-VEECH POLYNOMIALS

The Masur-Veech polynomial VQI;’IX has degree 6g — 6 + 2n. As explained in Section 2.7.1, we
decompose it as follows

MV _ J
VQ (Ll’ seey n) - Z Fg,n[dl’ eeey dn] ]U (2d T 1)' . (51)
di+-+d,<39-3+n
In this section we drop the superscript MV on the functions of F g.n a8 it will always refer to the
coefficients of (5.1). By symmetry, F, , can be considered as a function on the set of partitions of

size less or equal to 3g — 3 + n. It is convenient to give a name to the value of ' , on partitions
with a single row

H,,ld]=F,,[d,0,..,0] and  H,[d] = H,,[d].

By convention, if some d; is negative or if 29 — 2 + n < 0, we declare F ,[d;, ..., d,] = 0. We are
particularly interested in the Masur-Veech volumes which — up to normalisation — are the

SvE IdN AQ 9892T SWI[/ZTTT 0T/10p/W0d A3 |1 ARe.q)1 Ul |UO-00SUIRLUPUO /SRy Wio1} pepeojumoq ‘T ‘€202 ‘0GLL697T

85UB017 SUOWWIOD aAERID) 3|dedl|dde ay) Aq pausenob ake sapilie O 8sN Jo SajnJ o) Aeq 1 auluo A3|1A\ UO (SLONIPUOI-PUB-SLUBYLID A8 | It Alelq 1 BUI|UO//:SANY) SUONIPUOD pue SWiIS 1 81 89S *[€202/T0/LT] U0 ArIqiauluO 8|1 ‘Sol



TOPOLOGICAL RECURSION FOR MASUR-VEECH VOLUMES 297

values of this function on the empty partition:

24972 (49 — 4 + n)!

MV, , =
o (6g — 7+ 2n)!

H, ,[0]. (5.2)

In this section, we are going to illustrate some computations of H , that can be done with stable
graphs (Section 5.1), give explicitly the Virasoro constraints for the F , (Theorem 1.2, detailed
in Section 5.2) and the recursion it implies for H,_, , (Section 5.3). We provide in Tables C.3-
C.4 values of H, ,[d] = F, ,[d, .0,...,0] for low g,n,d for g =0,1,2,3 and low n that we have
computed us1ng ‘the Vlrasoro constramts of Section 5.2 (data up to g < 6 and higher n are
available on demand). These computations lead us to conjecture some structural formulae for
Masur-Veech volumes for fixed g but any n (Section 5.4). We study their consequence for area
Siegel-Veech constants in light of Goujard’s recursion (Section 5.5) and their behaviour when
n — oo (Section 5.6).

5.1 | Leading coefficients via stable graphs

We denote H} raldl=H, ,[3g —3+n—d] and consider low values of d. In other words, these
are the coefflclents appearlng in front of the terms of high(est) degrees in the Masur-Veech poly-
nomial VQMV(L 0,...,0). They can be computed efficiently with the stable graph formula, or
equlvalently ‘with Equatlon (3.16). We give a few examples of such computations, starting from
the expression

H* [d] _ (69 -5 + 2”1 —_ Zd)' 2—(3g—3+1’l)+d
gon Gg—3+n—d)

XZ Z |AutF|/ e&E (2(27[2)D+1 2D2D_:—22( v, —l,bh,)D> fg—3+n—d

oréak, b0
2(d—k)
_ (69 —5+2n—2d)! 2-(3g=3+m)+2d ;2d
Bg—3+n—-a)

|Bop.io | Cane
xy Yy |AutF| . I1 (2 o Wt %)) Sgdn—d,

k>0 re Gk r| eekp D>0
e=(h,h") 2(d—k)

where [ - ], extracts the component of cohomological degree 2k and we recall that G’; , is the set
of stable graphs with k edges. '

5.1.1 | Genus zero

To compute the vertex weights, we will use the formula [52]

/ _s (n=23)!
W, , ¥, Zimi’n_?’dl!...dn!,

which is a consequence of the string equation for 1 classes.
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298 ANDERSEN ET AL.

FIGURE 1 Stable graph contributing to H[1].

n—3
i M(nfl) (n—4) 1, (&)2( n—1 )
n-s z \2 15 2°\72) Lon-s
1 i
P

n—4 n—4

R TES . ’m\ | Cemned

FIGURE 2 Stable graphs contributing to H[2].

o

* d = 0. The computation of the integral is trivial and we have

— (2n —5)! (2n —5)!
Hy 107 = 2n- 3(n —3)! / ¥ ~ o 3(n —3)

* d = 1. The only contribution comes from the stable graph with one edge joining two genus zero
vertices (Figure 1). As the 1,[)"‘4 carried by the first leaf saturates the dimension of the moduli
space at its incident vertex v;, this edge must have degree 0 and receives a welght . Then, the
contribution from each vertex after integration is equal to 1. It remains to dlstrlbute the leaves
labelled 2, ..., n between a first group of n — 3 which will be incident to v;, and a second group
of 2 which will be incident to the second vertex. Hence

@n=-7)! n-1)n-2) 2
2n-2(n — 4)! 3 '

Hy[1] =

* d = 2. We have to consider stable graphs with vertices of genus zero with 1 or 2 edges (for coho-
mological degree reasons the graph with no edges does not contribute). There are four cases
(Figure 2).
la- Two vertices are connected by an edge, the extra i class lies on the same vertex as z,bf‘s

There are (";1) ways to pick two leaves carried by the second vertex. The contribution
of the first vertex is fﬁ zp;‘_sl,b = n — 4, and the contribution of the second vertex is

1=1.Theed tbt [Bal
/m03 € ¢ ge contribution IS

1b- Two vertices are connected by an edge, the first vertex carries zp’f_s and the extra ¥ class
lies on the second vertex. There are ("_1) ways to pick three leaves to the second vertex.

Both vertex contributions are equal to 1, and the edge contribution is —+ 1By,
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2a- A central vertex carrying zpf—S is connected to two other vertices carrying no i class. There
n—1

2,2,n—5

bution of each vertex is 1, each edge contributes to a factor % and we get an extra factor

are ( ) ways to pick two leaves for each of the two non-central vertices. The contri-

ofa % from the automorphism of the graph (exchange of the two non-central vertices).
2b- There are three vertices connected by two edges and z,b;“s is carried by an extremal ver-

tex. There are n — 1 choices for the leaf on the central vertex, and (”;2) ways to pick the

two leaves for the second extremal vertex. The contribution of each vertex is 1, each edge
. B, .

contributes to a factor of = and there are no automorphisms.

Summing up all contributions we obtain:

)= GO By (nmT) y (n
Hn[Z]_Z”_7(n—5)!n4{ 2 ((l’l 4)( 2 >+< 3 ))
) )
2 ) \2\2,2,n->5 2

_ (@n=9)! (n—1(n-2)(5n%+17n—120) ,
~2n7(n = 5)! 5760 T

5.1.2 | Genusone

Here we will need the classical formula

n_ 1
/ﬁm Py = TR (5.3)

which is sufficient to compute H} , [d] for d = 0, 1. More general 1 classes intersections in genus
one would be necessary to push the stable graphs computations further. For instance, we will
compute below Hy  [2] using

1 (5.4)

n-1 _h-

ﬁlyn ¢1 ¢2 24

We present in Appendix A a closed formula for arbitrary genus one ¥ classes intersections (includ-

ing (5.3) and (5.4)), which we prove in an elementary way using well-known facts, but for which
we could not find a reference.

* d = 0. The only stable graph contributing has a single vertex, and with (5.3) we obtain

e g 1 @n+1)
Hl00 = 52 o
* d = 1. We have to consider the stable graphs with a single edge, which is either separating or
non-separating (Figure 3). This edge cannot carry ¥ classes and its contribution is %. In the
separating case, there is a vertex of genus one which carries the z,bf‘l, which is connected to

a second vertex of genus zero. There are (";1) ways to distribute the two leaves on the genus
zero vertex. The contribution of the genus zero vertex is 1 and the contribution of the genus one
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n—1 n—3
=~ 1 E =~ E(n_l>i
w{lfl 2 9 11){171 m .< 2 2 24

FIGURE 3  Stable graphs contributing to Hy  [1]. The black vertices have genus zero and the green ones
have genus one.

. _ 1 . . . .
vertex is fﬁ P! 1= 710 the non-separating case, there is a single vertex, which has genus
1,n—1

zero; its contribution is 1, and we have an automorphism factor of % (exchange of the two ends

of the edge). Hence
. 2n-2)! B (1 1 (n-1
H [1]=——"—22 72224~
1al1] 2'1—2(n—1)!7r AV

_ @2n—=2)! (n*—-3n+26) 22
2n=2(n —1)! 576

* d = 2. We have to consider stable graphs with one or two edges (Figure 4). When there is a
single edge, its contribution is % as we have an extra ¢ class to distribute at one of its ends.
Four cases appear.

la- There is one non-separating edge on a single vertex of genus zero. The extra ) class is car-
ried by one extremity of the edge, forbidding non-trivial automorphisms. The contribution
of the vertex is /ﬁo o 1p;’_21/) = (n — 1), and the contribution of the edge is %.

1b- The vertex carrying gb;“_z has genus one and also carries the extra 3 class. It is connected
to a genus zero vertex, which has two leaves and there are (" ;1) ways to choose them. The
contribution of the genus one vertex is /ﬁ l,b;l_zl,b = ”2—_42 using (5.4), the contribution

1,n—-1

of the genus zero vertex is 1.
lc- The vertex carrying z,b’f‘2 has genus one and is connected to a genus zero vertex carrying

the extra ¢ class. We can pick the 3 leaves incident to the genus zero vertex in (";1) ways.

The contribution of the genus one vertex is /ﬁ] o ’11_2 = i while the contribution of
the genus zero vertex is 1. ’

1d - The vertex carrying z,bf‘2 has genus zero and is connected to a genus one vertex carrying
the extra 9 class. The contributlion of the genus zero vertex is 1 and the contribution of the

genus one vertex is /ﬁu =5

When there are two edges, each of them contributes by a factor of % and there is no extra ¥

class.

2a- The vertex carrying 1/)?‘2 has genus zero, is incident to a non-separating edge forming a
loop and the second edge connects it to another vertex of genus zero. There are (";1) ways
to choose the two leaves on the second vertex. The loop is responsible for a symmetry factor
ofa % and the contribution of both vertices is 1.

2b- The vertex carrying z,bf‘2 has genus zero and is connected to another vertex of genus zero
which carries a loop. The latter yields a symmetry factor of a % and the contribution of
both vertices is 1.

TTT'0T/I0P/L0Y 3| 1M ARR1q 1 [Bu1JUO"00SUReWPUO /Sy WO1) Papeojumoq ‘T €202 ‘0SLL697T

SYE IdIN Aq 9892T Swf

85UB017 SUOWWIOD aAERID) 3|dedl|dde ay) Aq pausenob ake sapilie O 8sN Jo SajnJ o) Aeq 1 auluo A3|1A\ UO (SLONIPUOI-PUB-SLUBYLID A8 | It Alelq 1 BUI|UO//:SANY) SUONIPUOD pue SWiIS 1 81 89S *[€202/T0/LT] U0 ArIqiauluO 8|1 ‘Sol



TOPOLOGICAL RECURSION FOR MASUR-VEECH VOLUMES 301
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FIGURE 4 Stable graphs contributing to Hy ,[2]. The black vertices have genus zero and the green ones

By 1 e B, \2 n—2\ 1
" T2 ot w L (F) m=-1(") %
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ML?’
SN—
N
e
i
a3
S
| =
[¢]
N
N
Rl=

have genus one.

2c- The vertex carrying gbf‘z has genus zero and is connected to another vertex of genus zero
by two edges. To the second vertex should be assigned a leaf and this can be done in (n —
1) ways. There is a symmetry factor of a % for the exchange of the two edges, and the
contribution of both vertices is 1.

2d- The vertex carrying z,b{“z has genus one, it is connected to a vertex of genus zero with
one leaf, which itself is connected to another vertex of genus zero with 2 leaves. There
are (n — 1)(”;2) ways to assign the leaves. The contribution from the genus one vertex is

fﬁ ;b;"z = i and the contribution of the genus zero vertices is 1.
1,n-2

2e- There are three vertices, the central one has genus one and carries zpi’_z, the extremal
n—1
2,n—
leaves but there is a symmetry factor of a % for the exchange of the two extremal vertices.

ones have genus zero and carry two leaves each. There are ( 5 5) ways to assign the

The contribution of the genus one vertex is fﬁ ;1—2 = 2—14 and the contribution of the
1,n—-2

genus zero vertices is 1.
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Summing all contributions, we obtain

, 2n — 3)! B,\? - _ - _

Hj )= 2= g (Ba) (Lfn—1) 1 n-1,n-1(n-2

" 2n=4(n — 2)! 2 2\ 2 2 2 24 2
LL1( n-t Gl n=2(n=1) 1 (n-1) 1
242\2,2,n-5 4 24\ 2 24\ 3 24

_ 5n* +2n° + 12702 + 1162n — 768 "
138240 ’

5.2 | Virasoro constraints

In this paragraph, we write down explicitly the recursion of Theorem 1.2 for the coefficients of the
Masur-Veech polynomials. It is obtained by inserting the Kontsevich initial data (2.13)-(2.14) and
the twist u,, , given by Theorem 1.2 into the general formula (2.16) and recursion (2.12). It is equiv-
alent to Virasoro constraints, obtained (see, e.g. [10]) by conjugation of the Virasoro constraints
for 9 classes intersections, with the operator

h (2Qa+2b+1)¢(2a +2b+2)
V' =exp ( 2 5 ab axaaxb), Yab = T Gar bl
a,b>0 : :

BASE CASES — When 2g — 2 + n = 1 we have
Fosldy, dy,ds] =64, 4,4, 00 Fialdl =640 ==+ 84, 3-

We assume 2¢g + n — 2 > 2 in what follows.
STRING EQUATION —

n
F,o[0,d,,....d,] =) <Fg,n_1[d2, wndi—1,..,d,]
i=2

+04,0 ), $Qa+2)F, ,_i(a,d,,....d;,..., dn)>

a0

1 (2a + 2b + 4)!
%

3 Qa+2)12b + 2)!

5 §(2a+2b+4)+§(2a+2)§(2b+2)>

a,b>0

X|Fyoipsilab,dy,sd ]+ Y Fygynla, J)Fp g [0, 71
h+h'=g
Jul'={d,,...,d,}
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TOPOLOGICAL RECURSION FOR MASUR-VEECH VOLUMES 303

DILATON EQUATION —

(2a +2b +2)!¢(2a + 2b + 2)
(2a+1)!(2b +1)!

n
1
F,,l1,d,,....d,] = <2(2di + 1)>Fg’n_1[d2,...,dn] =

i=2

\S]
R
B‘M
WV
o

X|Fyorpsilasb,dysesdg ]+ Y Frygyla, T1Fy g (5,71

Ford, > 2

~

n
F,,ld,...d,) = Y.(2d; + DF,,_ld; +d; = 1,d,,..., d;, .., d,,]

i=2

1 Qa+2b+3—-2d)¢(2a+2b+4-2d,)
P2 <55‘1+b’d1—2 * Oaa-1 (2b+ Di(2a +2— 2d,)!

a,b>0

X Fg_1’n+1[a, b’dZ""’d}’l] + Z Fh’1+|J|[a,J]Fh/’1+|Jl|[b,J,] .
h+h'=g
T ={dy,d,}

In genus zero, the string equation (i.e. the first member of the Virasoro constraints) gives a
recursion which uniquely determines all F ,[d;, ..., d, |. Indeed, this number could be non-zero
only when d; + --- +d,, < n — 3, which implies that at least 3 of the functions of d; are zero. By
symmetry we can take one of these zeroes to be d;, and apply the string equation.

5.3 | Recursion for genus zero, one row

If we specialise the Virasoro constraints to ¢ = 0 and d, = --- = d,, = 0, we obtain a recursion for
the H,[d] = F,,[d,0,...,0].

Corollary 5.1. We have that

1 (n=1)
H,[0]=6,;+(n—1) ) {2a+2)H,_[a]+ = _
" " g:‘) " 22<%_3]!(n—1—1)!
a,b>0

<(2a +2b+4)!¢(2a+2b+4)

Gari@bra  Tsat2Cbt 2)>H1+J‘["]Hn—j[b]’

1 Z (n—=1) QRa+2b+2)(2a+2b+2)

H,[1] =(n-1H, 4[0] + = jlin—=1-=j) (a+ 1)!2b + 1)!

) H1+j[a]Hn—j[b]

2gj<n-3
a,b>0
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304 | ANDERSEN ET AL.

and ford > 2

(n—1)
H,[d]=(—-1H,_[d-1]+ _—
! ol 2<%_3]!(n_1_‘])!
a,b>0
(Qa+2b+3-2d)¢(2a +2b+4—2d)
@b+ 1)!(2a+2—24d)!

1
X <§5a+b,d—z +0a5d-1 >H1+j[a]Hn—j[b]-

The last equation could also be written so as to give symmetric roles to a and b in the last term,
and it is then easy to see that it is also valid for d = 1. This recursion determines uniquely the
H,[d], and a fortiori the genus zero Masur-Veech volumes

2""2(n — 4)!
MVon = 2n—"7)!

H,[0].
We have not been able — even using generating series — to solve this recursion. It can, however,
be used to generate efficiently the numbers H, [d].

From intersection theory on the moduli space of quadratic differentials, a closed formula is
known for area Siegel-Veech constants in genus zero [19] and then the Masur-Veech volumes in
genus zero [5].

Theorem 5.2. We have that

MV, =725 Sy, = ”6—;25.

In fact, using Goujard’s formula’ (Theorem 4.1), it is easy to see that the formula for SV, , and
the formula for MV, , are equivalent. If one could guess a closed formula for the H,[d], it should
be possible to check that it satisfies the recursion of Corollary 5.1, and by uniqueness deduce a
new proof of Theorem 5.2.

Based on numerical data, we can guess the shape of a formula for fixed d but all n.

Conjecture 5.3. Foreach d > 0, there exists a polynomial P; of degree d with rational coefficients
such that

_@d+1) Py(m) 2n-3-4d) 2(n-3-d).

T @d - 2n-3-d)  (n—3—d)! (5.5)

Hyld]

The formula for d = 0 uses the convention (—1)!! = 1. Equivalently, there exists P; € Q[x] such that

Hn[d] xn1
72n=3—d) (n—1

¥ (x;d) = Z

nzd+3

= [Paoa =]

>d+2

where [ - |, 4., means that we only keep monomials of degree greater than d + 2.

T The reader looking at Theorem 4.1 may think that to derive a formula for MV, , from the knowledge of SV, one also
needs the data of MV ;. Actually, in the literature MV, ; is ill-defined, while for us, in the context of statistics of length
of multicurves, it makes perfect sense and is equal to 4. In the formulation of her result [29], Goujard wrote separately the
terms that we included as contributions of (0, 3) in Theorem 4.1. Therefore the extra value of MV, ; = 4 can be seen as a
convention and the two formulae for SV, , and MV, , are indeed equivalent.
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TOPOLOGICAL RECURSION FOR MASUR-VEECH VOLUMES 305

The formula is true for d = 0 with Py(n) = 1 according to Theorem 5.2.

5.4 | Conjectures for Masur-Veech volumes with fixed g

For fixed g, the number of a priori non-zero coefficients F ,[d,, ..., d,] grows faster than any
polynomial in n, and the Virasoro constraint determines them by induction on 2g — 2 + n. If
one is interested primarily in obtaining F, ,[0,...,0], there is a more efficient way to use the
Virasoro constraints.

In genus zero, we already saw that it implies recursion for the values of F, ,, on partitions with
one row. More generally, if kK > 0 and we specialise d;,; = -+ = d,, = 0, we also get a recursion
expressing the values of F, , on partitions with at most k rows, in terms of the values of F ,» for
n' < n on partitions with at most k rows. The same specialisation in genus g > 0 expresses the
values of F, , on partitions with at most k rows in terms of the values of F, ,,» on partitions with
at most k rows for 2¢’ — 2 + n’ < 2g — 2 + n,and the values of F,_ ,,,; on partitions with at most
k + 1 rows. In this way, reaching F [0, ..., 0] only requires the computation of a number of values
of the functions of F, , which grows polynomially with n.

Based on numerical data, we could guess general formulae for MV, for low values of g but
all n. We start by defining the generating series

H,,[0] yn
z g,n X
%g(x) = m F + 5!],0 .SZ{(X), (56)

n>1

where we allow for a conventional choice of a quadratic polynomial &/(x). Theorem 5.2 implies
that we can take
8 5/2 8 4 2
%’x:——l—x/, dx)=——=x+x°,
o) =~ (1) (0=12-3

where the role of &/(x) is to cancel the coefficients of x°, x!, x? in the expansion of %#,(x), since
they do not correspond to Masur-Veech volumes. The MAPLE command guessgf recognises that
the values of Hl,n[O] that we have computed for n = 1, ..., 20 match with the expansion of

ln\/l—x_ \/1—x+l
12 12 '

H(x) =— B

It suggests that, for g > 2, #,(x) could be a polynomial of degree 5(g — 1) in the variable (1 —
x)~'/2 with rational coefficients. Although the command guessgf fails for g > 2, we are on good
tracks. If we attempt to match this ansatz for g = 2 and 3 with the data computed from the Virasoro
constraints, we discover that this polynomial has valuation 4(¢g — 1). This leads us to guess that
the generating series we look for may have the form

In .
#,(x) = _1_2y 8,1t y31-9) Q,(») with y=V1-x, (5.7)

where Q, is a polynomial of degree g with rational coefficients. We then determine the polynomi-
als Q, such that (5.7) reproduces correctly the values H , ,[0] for n < g + 1, and checked that they
predict the correct values H,, ,[0] for higher n that we computed from the Virasoro constraints of
Section 5.2.
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306 | ANDERSEN ET AL.

Returning to the coefficients of the generating series and then to the Masur-Veech volumes
(5.2), Equation (5.7) is equivalent to the following structure for the Masur-Veech volumes. Let us

first define
_ 1 (2
Yk - 4k k .
Conjecture 5.4. Forany g > 0, there exist polynomials p ;, q, € Q[n] of degrees

[(g-1)/2] ifg>0
degp, = {_oo ifg=0 and  degq, = [g/2]

such that, forany n > 0

MV, ., _on (29 =34 n)l(4g — 4+ n)!
og—6+2n (69 — 7+ 2n)!

(Py(M) +V2y—34n q,(0)). (5.8)

For g = 0, formula (5.8) agrees with Theorem 5.2 if we choose py(n) = 0 and q,(n) = 3—‘. Up to
genus 5, the conjecture is numerically true in the range of Table C.1 for the choice of polynomials
given in Table C.2.

5.5 | Conjectures for area Siegel-Veech with fixed g

Area Siegel-Veech constants SV, can be computed from Masur-Veech volumes thanks to
Goujard’s formula, see Section 4.2. The correspondence between the notations of Section 4.2
and the present one is F (x) = #,(x) — &, (&/(x). If we insert the conjectural formulae for the
Masur-Veech volumes, we can obtaln conjectural formulae for the area Siegel-Veech constants
(Table C.2).

Corollary 5.5. Assuming Conjecture 5.4, for any g > 0, there exist polynomials p q € Q[n] with
degrees

and deng =1+ |g/2]

g

. {L(g+3)/2j if g>0
degp, = .
—00 if g=0

such that, forany n > O such that2g —2+n > 2

SVon MV, Jn 29 =3+ ml4g —4+n) p,(n) .
2 —3+n + 729340 9,(1) |,

769—8+2n (6g — 7+ 2n)!
or equivalently
p,(n)
1 2gg3+n +729-34n 4, (1)
SVyn==

72 p,(n) + V2340 q,(M)

The expression of the polynomials is displayed in Table 2: it is deduced, after computation of

the sums (4.1), from Table 1. For g = 0 the conjecture matches with Theorem 5.2 with pé =0and
A (]

1 24 °
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TABLE 1 Polynomials conjecturally appearing in the Masur-Veech volumes

g p,(m) q,(n)
1
0 0 1
4
1 1
1 - g
6 6
5 28 7
2 =2 28 L
36 135 n+ 18
3 245 643 1784 6523
3888 1944 8505 8505
4 1757 95413 1186528 nz + 40882696 5951381
23328 194400 23455575 54729675 2296350
38213 o 4218671 63657059 83632064 _ 2 50144427856 63849553
5 3359232" + 16796160” + 48988800 1196234325n + 41868201375” + 12629925
6 59406613 _ 2 11411443987 61888029881 2562397434368 _ 3 185272285982144 _ 2 9008283258227896 1636294928657
3325639680 27713664000 26453952000 352859220016875 640374140030625 2470014540118125 110827591875

TABLE 2 Polynomials conjecturally appearing in the numerator of SV, ,

£3 ok
g p,n) q,(m)
5
0 o0 [}
24
1.9 1 1
1 —n‘— —n —n+1
36 36 36 +
5 5,20 811 14 5 35 329
2 = = Ll Lp2 22 222
216n + 27n + 1080 405 324 540
245 3 143 o 355 11861 892 5 , 52907 69617
3 23328 7776n + 1458n + 9720 25515” + 51030” + 18255
4 1757 3 1428289 = o 514241 4368611 593264 3 _ 322892 2 480686827 14820167
139968 3499200 129600 388800 70366725 164189025 1970268300 4592700
5 38213 4 867413 3 353997223 _ 2 41816032 3 48489191848 _ 2 1269997838947 957632944
20155392 50388480 3527193600 3588702975 125604604125 251209208250 44778825
124054303 128194553
+ 55112400 -k 10497600
6 59406613 4 63937638461 _ 3 8797861897271 _ 2 1281198717184 4 931707432208544 3 6702081021375716 _ 2
19953838080 498845952000 3491921664000 1058577660050625 51870305342480625 51870305342480625
7511464839971 10221213098113 302389725584289713 1719710639461433
317447424000 123451776000 103740610684961250 79130900598750

Proof. We already mentioned that an equivalent form of Conjecture 5.4 is

n H,,[0] 1
%q(x)= = - =2

_— — 5(1-9) _ _
n! gbg—6+2n 12 5!1,1 +y I Qg(y)’ y=v1—-x.
¢ n!

n>

The first polynomials are given by Q,(y) = —% and Q;(y) = 11;2y Therefore

07,0 =y Q000 BH,) =Y Q00 OA()IH,(X) = Y Q,urs (),
(5.9)

where Q.; are polynomials of degree g with rational coefficients:

16 . _

E if g = 0

1 .
Qg;l(y) = ;‘y if g= 1

29—, —-3Q ()  if g2

85U8017 SUOLULLIOD 3AIE8ID 3|qedl|dde au) Aq peusnob e 9 ILe YO ‘88N J0 S9N 10} Akeiq1T8UIIUO 8|1 L (SUORIPUOD-PUR-SWSY WO A 1M Aed Ul Uo//SdIY) SUORIPUOD PUe SWB | 8U)88S *[£202/T0/LT] U0 ARiqIT8uljuo A8|IM 'SOeWBYR N SKE IdIN AQ 9892T SWII/ZTTT 0T/I0p/LI0D" A3| 1M Aleiq1 Ul |U0"d0SLIRWUO /Sty Woi) pepeojumod ‘T ‘€202 ‘052L697T



308 ANDERSEN ET AL.
16 : _
o if g=0
Y LV _—
Qg;Z(y) - 48 lf g = 1

2(9 = D9 = 3Q, + ;9= 109)Q, ) + 73*QU(y)  if g>2

Qg+2;3(J’) = 2(% —y2> Qg;](y)'

With #(x) = # ,(x) — &, (& (x), we recall from the proof of Corollary 4.3 that

SV, .- H, 0] xn

$ (x)= —on on X

o(X) ; 69—4+2n n!
2g+n>0

1 1
:L_t<a)2;/rg_1(x)+5 > ax&‘gl(x).axygz(x))

91t92=9

From (5.9) we deduce for any g >0 the existence of R, 3 € Q,/[y] such that &, (x)=
y3-39 R, ;3(»), thatis,

+3
S,(x) = QZ LT (5.10)
= (1 _ x)Zg—3+ /2

for some rational numbers r ; € Q. For g > 2, (5.10) contains only negative powers of y =
4/1 — x. From the expansions

1 _ (b+n)! xn
=2 bl nl’

(1 — x)b+1 =0
L___yn (2b +2n)! (x/4)"
(1—x)p+1/2 - &2bt (b+n)!  nl

it easily follows that

(49 — 6+ 2n)! ()

— _ K
SVynHyul0l=Q2g—4+m!p (n)+ P3n(ag =3+l 1

for some polynomials p} and g with rational coefficients and degrees as announced. Multiplying
by the prefactor of Equation (5.2) yields the claim, with polynomials p? and g} differing from p?
and q; by prefactors that only depend on g. The cases g = 0 and g = 1 can be treated separately,
with the same conclusion. O

5.6 | Conjectural asymptotics for fixed g and large n

Let us examine the asymptotics when n — oo assuming the conjectural formulae for Masur-Veech
volumes and area Siegel-Veech constants. Since y; ~ (k)~'/> when k — oo, we obtain when
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TOPOLOGICAL RECURSION FOR MASUR-VEECH VOLUMES 309

TABLE 3 Constants in the conjectural asymptotics of MV

n

and SV, ,
9 m, Sg
0 32 0
1
1 = 6
3
7 225
2 7 225
1080 56
3 245 171264
7962624 8575
4 37079 24227775
96074035200 2712064
5 38213 85639233536
28179280429056 2322395075
6 5004682489 19363429564990875
369999709488414720000 1311947486396416

0 if ¢ is even
MVg,n ~ N 7.[.6g—6+2n+€(g)/2 ng/2 m,, €(g) — : g . ’ (511)
1 if ¢ is odd

where 269" "m , € Qis the top coefficient of g, if g is even and the top coefficient of p,, if g is odd,
see Table 3. For the area Siegel-Veech constants, we find when n — o
n+5-— Sg Sg

— -1
SVyn= = + el +0(n™), (5.12)

where s, € Q are given in Table 3 for g < 5.
By [19, Theorem 2] we have that
2 n+5-—>5g

sy, =224 AY

TV 5 - (513)

where A;n are the sum of the ¢ Lyapunov exponents of the Hodge bundle along the Teichmiiller
flow on the moduli space of area one quadratic differentials Q!9 g.n- 10 particular A;’n € [0, g]
and we can observe the coincidence of the main term in (5.12) and (5.13). Based on extensive
numerical experiments, Fougeron [27] conjectured that for each g we have A;r’n =0(n1/2) as
n — 0. The conjectural asymptotics (5.12) provides a refined version of Fougeron’s conjecture.

We notice that the power of 7 appearing in the asymptotics depends on the parity of g. Both
for MV , and SV, ,,, we have an all-order asymptotic expansion in powers of n~1/2 beyond the
leading terms (5.11)—(5.12).

6 | TOPOLOGICAL RECURSION FOR COUNTING OF
SQUARE-TILED SURFACES

In [15], Formula (1.5) in Theorem 1.1 for Masur-Veech volumes was derived using the asymp-
totics of the count of square-tiled surfaces. In this section, we introduce square-tiled surfaces with
boundary and their associated generating series. We firstly show that Masur-Veech polynomi-
als can be seen as certain asymptotics of square-tiled surface counting. Next, we show that the
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310 | ANDERSEN ET AL.

generating series of square-tiled surfaces satisfy a topological recursion, and that the topological
recursion for the Masur-Veech polynomials derives from it by taking limits.

6.1 | Reminder on the number of ribbon graphs

For g,n > 0 such that 2¢g—24+n>0and L,...,L, € Z,, let Pg,n(Ll, ..., L) be the number of
integral points in the combinatorial moduli space Mf]‘,’;"b(Ll, «sL,). The numbers P, ,,(Ly, ..., L,)
have been extensively studied [11-13, 45] and admits several equivalent definitions: it is the num-
ber of ribbon graphs of genus ¢ with n labelled faces of perimeter L,, ..., L,; it is the number of
maps without internal faces and n labelled (unrooted) boundaries; it is the coefficient of N>~29~"
in the cumulant (Tr M1 ... Tr M%» ), where M is drawn from the Gaussian Unitary Ensemble
of Hermitian matrices of size N. The function P_ ,(L,, ..., L,) is a quasi-polynomial of L, ..., L,,.
More precisely, it vanishes if the sum of the L; is odd and for each fixed even integer k the function
P, o(Ly, ..., L,) restricted to the set of integral (L4, ..., L,,) with exactly k odd terms coincide with a
polynomial. It can be obtained by topological recursion in the following way, either directly with
respect to the lengths in the style of (2.9), or via generating series in the style of Eynard-Orantin.
For a function f : R’jr — R, we denote

fx) ifxy,...,x, €Z, and x; + -+ + x) € 27,

fZ(xl’ ceey xk) = { (61)

0 otherwise.

Theorem 6.1[44]. ForX € {A,B,C}wesetX* = Xg in terms of the Kontsevich initial data of (2.4),
and

2

VDP(L,) = =——
(Ly) yrS

The topological recursion formula (2.9), with initial data (A¥, B®, C?, VDY) and integrals replaced
by sums over positive integers, computes VQF(L,,...,L,) = P a(Ly, e L)

In other words, we can use the functions (A¥, BX, C¥) in the recursion, but replace the integrals
over R, by summations over integers satisfying the parity condition coming from (6.1).

P . . .
Theorem 6.2 [45]. Let o be the output of Eynard-Orantin topological recursion for the spectral
curve

1 dz, ® dz,
C=P, x@)=z+-=, y@=-z  w,(2,2)=——" (6.2)
z 02 (z) — 2)?
For2g — 2+ n > 0, we have W, p € 7 ®" and for anyL,..,L, >0
n Z_Li
— n P i
P, (Ly,....L,) = (1) lezzeoso ango cuy’n(zl, s Zy) 117 (6.3)

IfP, (L, ..., L,) are interpreted in terms of coefficient of expansion of cumulants in the GUE,
this result dates back to [21].
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The asymptotics of P, ,(L) for large boundary lengths can be identified with the Kontsevich
polynomial appearing in Theorem 2.8, up to a normalisation constant. To be precise, if k €
{0, ..., n}is even, we let ng,i (Ly, ..., L,) be the polynomial function coinciding with PM(Ll, s Ly)
when L, ...,L; areodd and L4, ..., L, are even.

Theorem 6.3 [44]. For2g —2+n > 0and k € {0, ..., n} an even integer, we have for T a positive
even integer

()
P{O(TLy,...,TL,)
T69—6+2n

_ 2—(29—3+”)VQ§]<,)1(L1, .,L,)+0Q1/T),

where the O(1/T) is a polynomial in the L;s.

6.2 | Square-tiled surfaces with boundaries and Masur-Veech
polynomials

Let us fix ¢ and n so that 2g —2+n > 0 and a tuple (L, ..., L,,) of positive real numbers. We
consider the moduli space Qg,n(Ll, ...,L,) of tuples (X, py, ..., p,,» q) Where

* X is a compact Riemann surface of genus g,

* Pi»-..-, P, are distinct points on X,

* gisameromorphic quadratic differential on X, holomorphicon X \ {p;, ..., p,} and with double
poles at p; with residues

1 L
- qQ=*——",
21 Vi 2im

J

where y; is aloop around p;. The residue is only defined up to sign corresponding to the choice
of a square root of g.

The quadratic differential g induces a flat metric on X \ {p;, ..., p,} with conical singularities
at the zeros of q. The geometry of the flat metric in a neighbourhood of each pole is a semi-
infinite cylinder with periodic horizontal trajectories (the point p; itself is at infinite distance
from the rest of the surface). For each pole, there is a maximal such semi-infinite cylinder that
avoids the zeros of g. We call the convex-core of (X, p;, ..., p,,q) the surface obtained by remov-
ing the union of the maximal open semi-infinite cylinders around each pole. The convex core
with the metric induced from q is still a flat metric and has n horizontal boundaries of lengths,
respectively, L, ..., L, which is the union of saddle connections (i.e. straight line segments join-
ing zeros of q) bounding the maximal half-infinite cylinder around, respectively, p;, ..., p,. The
core area of (X, py, ..., Py, q) denoted as CoreArea(X, p;, ..., Py, q) is the area of the convex core
of (X, py, .-, P> @)- It is @ non-negative real number, which is in particular finite contrarily to the
area of X \ {py, ..., p.}-

The space Q, ,,(Ly, ..., L,,) admits a stratification with respect to the degree of the zeros. On each
stratum, the relative periods of q with respect to its zeros provide coordinates. When all the L; are
integral and all periods are Gauss integers, that is, in Z @ iZ, we say that the surface is square-
tiled. Indeed, such surface can be obtained by gluing side by side as many squares as the core
area (which is integral) and leaving open some of the horizontal sides forming » circles of lengths
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312 | ANDERSEN ET AL.

Ly,...,L,. Forintegral L, ..., L, we define the generating function of square-tiled surfaces with
boundary lengths L,, ..., L, as follows:

O.q . 1 CoreArea(S)
P Li,..,L,) := E _— s 6.4
g,n ( 1 n) - |AutS| q ( )

where the sum is taken over square-tiled surfaces S in Q  ,(Ly, ..., Ly).

Proposition 6.4. Let g, n be non-negative integers such that 2g — 2+ n > 0 and let (L1, ..., L,) be
a tuple of positive integers. We have

¢
. 1 14 q’e
Po(Ly Ly, L) = ) TAULT] Y Prwree (Eecswy Trenw) [ ===
IeG, , ¢ BEr—Z, VeV ceip 1— Q¢
(6.5)

where Py, (£, ..., €)) is the Norbury quasi-polynomial as in Section 6.1.

Remark 6.5. The terms in the right-hand side of (6.5) are similar to [15, Equation 1.12] describing
polynomials associated to a stable graph T'.

Remark 6.6. Surfaces with vanishing core area are exactly the Strebel differentials [46], that is, dif-
ferentials all of whose relative periods are purely real. Hence, one can already identify the constant
coefficient of PE,;q (Ly, ..., Ly,) (seen as a g-series) as the Norbury quasi-polynomials of Section 6.1.
This constant coefficient is also equal to the term associated to the stable graph with a single vertex
of genus ¢g and no edge in Formula 6.5.

Proof. Each square-tiled surface admits a decomposition into horizontal cylinders and saddle con-
nections between the zeros of the differential q. The union of all saddle connections forms a union
of ribbon graphs that we call the singular layer of the square-tiled surface. To such decomposition,
we associate a stable graph I by the following rule.

* A vertex in I' corresponds to a connected component of the singular layer, where the genus
and number of half edges are, respectively, the genus and the number of faces of the associated
ribbon graph.

* An edge of T between two vertices corresponds to a cylinder, whose extremities belong to the
components of the singular layer corresponding to the two vertices. Note that each of these
extremities is a face of the corresponding ribbon graph.

Let us now fix a stable graph I in G, ,,. We claim that the term

1 4,q
|Aut1"| Z H Ph(v),k(u) ((fe)eeE(U)a(L/l)/leA(u)) H 1 i

¢: Ep—7, VEVT e€Er

appearing in the right-hand side of (6.5) is the generating series of square-tiled surfaces, whose
associated stable graph is I'. Indeed, to reconstruct the singular layer one needs to choose a ribbon
graph for each vertex v of V- and fix the lengths of each edge. This count corresponds to the term
Py k) (€ edecEw) Li)renw))- Next, one needs to reconstruct the cylinders. The cylinders are
glued on faces of ribbon graphs and have a height parameter H (which is a positive integer) and a
twist parameter ¢ (an non-negative integer strictly smaller than #;). The generating series for this
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TOPOLOGICAL RECURSION FOR MASUR-VEECH VOLUMES 313

cylinder is just

£,q°

Z Z q"! = 1—qe

H>10<t<t,

This concludes the proof. O

We now show how to retrieve the Masur-Veech polynomials VQI;AX(LI, ...,L,) by consid-
ering certain limits of square-tiled surface counting that are encoded in the generating series
g
Po(Ly, ..., Ly).

Proposition 6.7. Let L, ..., L, be positive integers with even sum. We have
—o—1T
o PUe(TL,, ., TL)
lim —=

T o0 T6g—6+2n
Te27,

=272y QMV(L,, ..., L), (6.6)

Remark 6.8. In absence of boundaries, the asymptotics of the number of square-tiled surfaces is
related to the Masur-Veech volume in [15, Theorem 1.6]. The proof there is slightly different as it
considers the T — oo asymptotics of the number of square-tiled surface of core area < T, when
T — oo, while here we analyse directly the g-series when q — 1. It is possible to adapt the proof
of [15, Theorem 1.6] in presence of boundaries, that is, study the asymptotics of the number of
square-tiled surfaces of core area < T with boundaries of length TL,, ..., TL,. The result is then
similar to the right-hand side of (6.6) except that VQMV is replaced with I ,[VQ"V], where I,

is the linear map multiplying the monomial Lfdl Lfld" by the factor 1/(6g — 6 +2n — Y, 2d,)!.
The latter factor is essentially the volume of a simplex and comes from the core area truncation.

Remark 6.9. The scaling TL; of the boundary term L; is of strange nature. As g’ is of order 1, sug-
gesting that the typical contribution in PE,’f comes from surfaces with core area O(T), but scaling

the area with T usually rescaled the boundary by ﬁ So the limit in Proposition 6.7 somehow
reflects a blowup of the contribution coming from the boundaries of the square-tiled surface, that
is necessary in order to obtain the Masur-Veech polynomials.

—1/T

Proof. Let T be an even integer and set q = e . Fix a stable graph T of type (g, n). We want to

compute the large T behaviour of

£,q'e
> 1 Prwrkeo (Codeeswy TLidzeaw) [T = -
¢: Ep—Z, vEVY e€Er 1—q’
A (6.7)
N T?
= Z H Py i) (T e)ecrw)» (TL)renw)) H > .
¢ Ep—T-17, VEVT eckp €e — 1

Recall that Py, ;(xy, ..., X;) vanishes when x; + -+ + x; is odd. Let L. C Z"r be the sublattice
defined by the congruences

Yo € Vr, ( D fe> €27.

e€E(v)
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314 | ANDERSEN ET AL.

By [15, Corollary 2.2], L has index 2/VrI=1 in ZPr. In the first line of (6.7) we are summing over
feL, = ZEF NL. ForZ e T"L +» we use Theorem 6.3 to make the substitution at each vertex
veVr

Py k) (T Decrw) TLDrenw))

— T6h(U)=6+2k(v) y—(2h(L)=3+k(v)) VQE(u),k(u) ((fe)eeE(u)’ (L/l)/leA(U))’

up to an error that will produce subleading terms when T — co. We are left with analysing for
large T

TZ,

2 H T6h(V)~6+2k(v) 5 ~(2h(v)~3+k(v)) VQE(U) . (U)((fe)eeE(uy(La)m A(U)) H (6.8)

fer-1L, VEVT ceip €7¢e — 1

Now, since VQI; k(xl, ..., Xj.) are polynomial in X, ..., X, the function of ¢ appearing in the sum-

mands is a continuous function of 7 € REF, which is Riemann-integrable due to the exponential
decay in the edge weights. Taking into account the fact that L has index 2!"r|=1, (6.8) is therefore
asymptotically equivalent to

21—|Vr| 2—(2h(v)—3+k(v)) T(6h(v)—6+2k(v)) VQK (Zé (L ) T? fe dz’ﬁe
o H H h(v),k(v)( e€E(v)> \M1 AeA(v)) 7/

T
+ (’,’GEF UEVF ele—1

when T is large. The overall powers of 2 and T can be computed with Lemma 2.11, and we,
respectively, find

1= Ve = ) k() = 3+ k() = —(2g — 3 +n),
vEVT

(6.9)
2|Er| + )} (6h(v) — 6 + 2k(v)) = 69 — 6 + 2n,

vEVT

which are independent of I'. Performing the (finite) sum over all stable graphs of type (g, n)
weighted by automorphisms, and dividing the result by T=(69=6+2%) one finds exactly the sum
over stable graphs defining the Masur-Veech polynomials in (3.5). O

6.3 | Topological recursion for PE;?(LD s L)

The expression for the g-enumeration of square-tiled surfaces in Proposition 6.4 is another
example of the twisting procedure presented in Section 2.6, with the function

7
fq&) = e (6.10)
except that we allow only integer lengths. In fact, the discrete analogue of Theorem 2.10 continues
to hold, that is, knowing that the weight of the vertices satisfies the topological recursion (The-
orem 6.1) automatically implies that the sum over stable graphs in (6.5) is also computed by the
topological recursion with twisted initial data — see formula (2.8) for the twisting of A, B, C and

formula (2.10) for the twisting of V'D. This is summarised in the following corollary.
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Corollary 6.10. The topological recursion formula (2.9), for the initial data of Theorem 6.1 twisted
by f o from (6.10), computes

VQE,n[fq](Lla 7Ln) = PD q(Ll, ey VL)

This result can also be brought in the form of Eynard-Orantin topological recursion. Twist-
ing is implemented by a shift of @, ,, but as the lengths are not continuous variables, we cannot
use (2.24). Instead we will resort to Theorem 2.13.

Proposition 6.11. Let cul;ﬂ be the output of Eynard-Orantin topological recursion for the spectral
curve differing from (6.2) only by the choice of

1 dz; ® dz2

(Z1’Zz) = 5 W

’E
L <@(u1 Uy; q) + AN ;(q)>du1 ® du,,

where z; = exp(2im u;), go(u; q) is the Weierstraf3 function for the elliptic curve C/(Z @ tZ) where
q = e?77, and E,(q) is the second Eisenstein series

E)(@)=1-
f>0 q

Then, we have for Ly, ... ,L, > 0

-1.L
Z.
P,
PD q(Ll’”_’Ln) — (_1)}’[ Zlfzeoso ..-ZR_eEO w_q,gl(zly--. n)H <1 + 2(1 )) L;.
n— - l i

Proof. We first make some preliminary computations. Let us introduce the vector space 7° of
meromorphic 1-forms ¢ on P! whose poles are located at +1 and such that ¢(z) + $(1/z) = 0. Let
us consider the linear map 7"®? — C[q] defined by

O[w] = Z

£>0 1-q”

¢ z¢ Zg
Res Res T w(2,,2,). (6.11)

=00 2Z,=

Since elements of 7" are odd under the involution z — 1/z, we can write

21=00 z,=0

Olw] = ;(Res Res O < >w(zl,zz)+ Res Res 0} < >w(zl,zz)>
2y 4

£ 0
where O4(2) = Y s Lﬂ?l—_zqf) € C[z][q]. Recall the expansion of the Weierstra function when
u—0

1
PQ) = — + D 202k + 1)Gopn(@uit, (6.12)
k>0

where for m > 0, G,,,,(q) is the (2m)th Eisenstein series

(Ziﬂ)zm me—l qf

Gom(q) :=¢{C2m) + am -1 & 1=q
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316 | ANDERSEN ET AL.

From the identity

2 ¢ (2k)u?k = _u cotan(7ru),
k=0 2

we deduce that

1

Y 2(2k +1)¢(2k + 2)u** =
>0 sinru

Adding/subtracting the k = 0 term in (6.12), and computing separately the contribution of the
Riemann zeta values, yields

2(2i 2k+2£2k+1
o) 26,0+ Y ) @) u

sin® ru = 5 (2k)!
(6.13)
£q°(z +z77)
= —2G,(q) + 2in)* )’ —
sin” Tu £>0 I—-q
where we have set z = e, Since E,(q) = %Gz(q), setting z; = e?j yields
2
go(u; —uy;9) + ?Ez(q) du; @ du,
¢q ((z,/2,) +(z,/z,)
_ 12+12q(1/2f2/1)dzl®d22
(z1 -2 2122 £ 1-q
04(z}/25) dz] ® dz) 04(2}/2})dz] ® dz]
(1 __ Res Res — Res Res 2 dz; ® dz,.
(21— 22)*  Zj=c0zl=0 (2, — 2 )2(22 —Zz )2 71=0z)=c0 (2z; — 2 ) (zy—z )2
Hence
1 z)
wp (21, 2,) — > Res Res 0, } wp,(21,2) @ wh ,(25,2})
g Z1=00Zy= 2 > s
Z/
+ Re(s) Res O, 2 ol (21,2) ® W} ,(2,.2)
2 z ’ ’
1
_1dz® dz2 1 72E,(q)
1= s+ ———— )d du,,
=30 _22)2 g(u; —uy;q) 3 u; ® du,
which we took as definition for w We then apply Theorem 2.13, which expresses w,, P.a , asasum

over stable graphs, with vertex welghts given by w® | the operator O acting on each edge, and the

operator

h,k’

ﬁ[qb](zo) Z Res </ wo,z(',Zo)>¢(Z), pe7

aef{—1 1}

acting on each leaf. This expression should be considered an equality of g-series. By construction
of the operator O in (6.11), its action on the (products of) w’s realises the summation over integral
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TOPOLOGICAL RECURSION FOR MASUR-VEECH VOLUMES 317

lengths in the (products of) P in (6.5). It remains to compute the expansion of co I near z; - o
— more precisely, one should expand as a g-series, and then expand each term when z; — oo. For
¢ € 7', we find

~ Res zk P$1(z)

w05 zo)> $(2)

Il
|
i
%
97
8w
N
ot~
—
\

- 2 Res ¢(z) Res zé(
z=q Zy=00

aef{—1,1}

qL
2 Res ¢(Z)ZL<1 T qL))

ae{-1,1}

L q"
--nesee (e )

< 20— 1Zf+zfz—(f+1)>>

t’>0

In the second line we chose a certain primitive of wg’g(-, z,). The final result does not depend on
this choice, since it is not changing the residue. Recalling (6.3), we deduce that

n L: -1 L

q zm

—1)" Res - Res @’ Z1y s 2 1+ — —
( ) 21200 Zy=c0 g,n( 1 n)lll< 2(1 —qLi) Li

coincides with the right-hand side of (6.5) and this concludes the proof. O

6.4 | Second proof of topological recursion for Masur-Veech
polynomials

‘We observe that
m2E,(q)
B(uy,uy) = <@(u1 —uyq) + Tzq)du1 ® du,

is the unique fundamental bidifferential of the second kind on the elliptic curve C/(Z & tZ) with
biresidue 1 on the diagonal and such that it has zero period on the cycle u € [0, 1]. In a sense, coP g
is the elliptic analogue of co from Proposition 3.8.

Yet, it is not so easy to derlve the Eynard-Orantin form of the topological recursion for the
Masur-Veech polynomials (Proposition 3.8) by taking the ¢ — 1 limit in Proposition 6.11, due to
the complicated (g-dependent) way the functions of PD 9 are defined. Instead, we can take limit
q — 1in Corollary 6.10 to give a second proof of the topologlcal recursion with respect to lengths
for Masur-Veech polynomials (the last statement in Proposition 3.7), namely the topological
recursion for Masur-Veech polynomials with respect to lengths.

Proposition 6.12. Corollary 6.10 and Proposition 6.7 imply topological recursion for the Masur-
Veech polynomials (see Proposition 3.7).
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318 | ANDERSEN ET AL.

Proof. The only stable graph of type (g, n) = (0, 3) has one vertex with three leaves and no edge
POS(L), Ly, Ly) = Py5(Ly, Ly, Ly) = AP(Ly, Ly, Ly) = 1.

Rescaling L; by a positive even integer T and sending T to infinity is transparent here, and
2~(29=3+1) — 1. Comparing with Proposition 6.7, we get the claim for (0,3).
In type (1,1), (6.5) yields for any positive even integer L,

fq L2 —4 1 qu
P?Q(Ll) =P L)+ Z = 148 + 5 Z - (6.14)
f>0 >0+ 4

where the 1/2 comes from the automorphisms of the stable graph with a single vertex and one
loop. Setting q = e/, replacing L, with TL, and dividing by T2, we get

L? 5 L?
TZPDq(L)_—1+O(1/T2)+— ! e, o(1)
! 2T 48 ' 2
‘eriz, el —1 R, e/ —1

by construction of the Riemann integral. The first term is indeed VQIfl(Ll), and the second term
exactly matches the contribution of the stable graph with one vertex and one loop in (3.5) for

QMV(LI) This in fact is a check of Proposition 6.7 for (g, n) = (1,1) as again 2-29=3+") = 1 but
also coincides with VDMV(L,) obtained by integrating DMV from (3.14) on M, ;(L,), so proves
the claim.

For 2g — 2 + n > 0, we reach PE;lq by applying 2¢g — 3 + n times the recursion formula from
Corollary 6.10. One step of this formula is, for L, ..., L,, positive integers such that L; + --- + L, is
even,

PO, Ly, ... L)

Z > ¢ BX[f )Ly, Ly, f)P (G Ly Ly, Ly)
>0
L1+L +£=0 mod 2

1
+3 > ¢ CRf 1Ly, ¢, ") PD
2,0'>0
Li+£+¢'=0 mod 2

«,¢,L,,...,L,)

—1,n+1

[J.q Y
+ Z Pyvan @9 Ph’ 1 I
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TOPOLOGICAL RECURSION FOR MASUR-VEECH VOLUMES 319

If T is a positive even integer, this implies

0.
P NTLy,TL,,...,TL,)
T69—6+2n

P29 (TZ,TL,,...,TL,,

gn—1 ms e

,TL,)

=Z% Y. ZBN[fI(TLy, TL,, T?)

A T69—6+2(n—1)
m=2" Jexr-lz,

P2 (14, T TL,,..,TL,) (6.15)

g—1,n+1
T6(9—1)—6+2(n+1)

1 PN PN
+— Y L CHfJTL, T, TE)
£l er 1z,
(+f'e2r 1z,

pUa rZ, Tr) PH |(T;f’,TJ’)

" 2 h,1+|J| ' 1+|J’
T6h—6+2(1+|J|) T6h' —6+2(1+|J'])
h+h'=g
JW'={Ly,....L,}

We observe that for X € {B,C} and since q = e~ YT we have the exact relation

1
el —

X®[foI(TLy, TL,, TLy) = X*[fyry I(L1, Ly, Ls),  with fyy(2) = (6.16)

We observe that Z in the first line (respectively, (7, 2') in the second line) is restricted to a sublattice
of 7 (respectively, Z?) of index 2. If we could replace the PE,’(q directly by their limit provided by
Proposition 6.7 for 2h — 2 + k < 29 — 2 + n, the approximation of Riemann integrals by Riemann
sums would imply Proposition 3.7 for (g, n), and we could conclude by induction.

Instead of justifying that such a replacement is allowed, we can proceed in a simpler way. Let us
unfold allthei = 1,...,2¢g — 3 + n steps of the recursion. The result is a formula expressing the left-
hand side of (6.15) as a finite sum of terms of different topological origin and countable sums over
discretised variables Z; (or Z;, fl.’ ) each belonging to a sublattice of index 2. Taking into account

(6.16), the summands are finite products, B[ fyr 1, CX¥[fyv ] P(%’q =1and PEl’q. The latter can
be replaced by its expression (6.14). The outcome of this unfolding is a big sum over a finite set of
discretised variables of specialisations of continuous functions and Riemann integrable functions
on some R’jr at those discretised variables. To this, we can apply the principle of approximation of
Riemann integrals by Riemann sums, and there will be exactly 2g — 3 + n factors of (1/2) coming
from the index 2 sublattices over which the discretised sums range. The factors of T, as already
exhibited for the one step recursion, disappear in the T — oo limit. We therefore obtain that

O.g=e" /T
229—3+1’l hm Pg,n (TLla ey TLVl)

T T69—6+2n

(6.17)

exists and is computed by the unfolded topological recursion, with initial data already identified
with

AMV, BMV oMV 'y pMV) (6.18)
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320 | ANDERSEN ET AL.

thanks to (6.16) and the cases of (0,3) and (1,1) treated at the beginning of the proof. By recom-
bination, this automatically implies the one-step recursion formula (2.9) with this initial data for
(6.18). As Proposition 6.7 equates (6.17) with VQI;’[X(Ll, ..., L), this implies Proposition 3.7. [

APPENDIX A: CLOSED FORMULAE FOR THE INTERSECTION OF 3 CLASSES IN
GENUS ONE

The following lemma has been discovered several years ago (see [35, Proposition 4.6.11]). We prefer
nevertheless to derive again it here.
Lemma A.1. For a fixed integer n > 1, we have

a a, 1 n I’l—(b1+---+bn)>
= — — b;+:-+b,-2)|, (Al
/ﬁm g g 24 <a1, ’an> blZ <a1 —by,..,a, =D b =2 (A1

,,,,, by n
and the sum of all such integrals is

S S nn_nil nk (n-1)! (A2)
m,, [To, (=) 24 “kk+1) (n—k-11 ) :

We use the convention that summands involving negative factorials are excluded from the
summation. In particular we retrieve (5.3) and (5.4) used in the text.

Proof. Let us recall the following result.

Theorem A.2 (Conjecture of Goulden-Jackson-Vainshtein [31], theorem of Vakil [48]). Let u be
a partition of d of length n = £(u). The simple connected Hurwitz numbers h of genus one and
ramification profile u over zero are given by

h -1 1 n ,u{li n
g=le _ 2 ;<d" —d" = Y (k=201 Fsy (g ,Mn)>, (A3)

g=L.u

(n+d)! 2411 ! ~
where s, is the kth elementary symmetric polynomial.

On the other hand, the ELSV formula [18] in genus one gives

q 1,u 1- Al
—_—. A4
(n + d)' H ml n Hl 1(1 :uiwi) ( )

Combining the two we obtain

1 - ﬂ'l 1 — “ _—
— = —(d"—d" = Y (k=2 s (g 1) ) (A.5)
ﬁ1,n H?:l(l - /"izpi) 24< kgz ! !

The left-hand side is a polynomial in (1;)!__, . Indeed, we write = Yaso M9 and observing

1
_ I—p3;
that 9 € H 24(M, ,,) only finitely many terms contribute to the integral for degree reasons. As

dim Mm =nandl, € H 2(ﬁl,n), this polynomial only has terms of homogeneous degree n and
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TOPOLOGICAL RECURSION FOR MASUR-VEECH VOLUMES | 321

n — 1. The right-hand side is also a polynomial, asd = p; + --- + u,, = $;(14y, .-, 4,,)- Selecting on
both sides the terms of degree n leads to the following expression:

! ! n S n—k
ﬁl,n Hi:1(1 - ,Uil,bi) 24< kgz( Sk(lul M )

To prove (A.2) substitute y; = 1 for each i and observe that s;(1,...,1) = (Z) To prove (A.1),

collect the coefficient of /ffl #Z" in the right-hand side after the substitution d = u; + -+ + u,,.
This concludes the proof of the lemma. O

A longer but more detailed way to remove the contribution of 4, to prove (A.2) can be obtained
from the 4,-theorem.

Theorem A.3 (1 ,-theorem [25]).

2g—3+n 292
[P =< )/_ P, (A7)
/Smg,n 1 n g a,..,a, W, 1 g

Its specialisation in genus one reads

n-1 n-1 \1
[ d)al "“L,ba"/l = ( > /_ A = < >_ (AS)
A/EZRLn ! d ! ala ves y al’l y‘nl,l 1 al, ceey an 24

This can also be seen, for instance, using that 4, is represented by the Poincaré dual of the divisor of
curves with at least one non-separating node times 21—4, then pulling-back the class via the attaching

map and integrating over ﬁo,n 42 gives the same result. In any case, summing over all n-tuples of
non-negative integers qg; such that a; + --- + a,, = d — 1 gives, using the multinomial theorem,

A

[ g T e w
ml!" H?:l(]‘ - lpl) ay e an>0 Wzl,d
al+--~+an:n_1
= l Z ( n—1 > = lnn—l’ (AlO)
24 ay, a0 ap, .., qy, 24

which equals the second summand in Equation (A.5) after the substitution u; = 1 for all i, and
therefore n = d. Removing it from (A.5) and simplifying the expression proves again (A.2).

APPENDIX B: COMPUTING MASUR-VEECH POLYNOMIALS AND SQUARE-TILED
SURFACES WITH EYNARD-ORANTIN TOPOLOGICAL RECURSION

For readers who are unfamiliar with the topological recursion a la Eynard-Orantin, we compute
a few Masur-Veech polynomials and square-tiled surfaces generating series via colﬁl and ngg
(respectively, Propositions 3.8 and 6.11).
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322 | ANDERSEN ET AL.

B.1 | Masur-Veech polynomials via Eynard-Orantin topological recursion
Let us apply the residue formula (2.18) to the spectral curve given by C = C and

d d d d
VAR zz+12 z; ® dz,

= —_— B1
(z1-2)* 2, &.(zy -z, +m)? (51
me

2
zZ
x(Z) = ?’ y(z) = -z, w(l;/,lzv(zl’zz) =

In this section we drop the superscript MV on the functions of w g.n 38 it will always refer to the
Masur-Veech topological recursion amplitudes. Let us first compute the recursion kernel

l ./—Zz CUO,Z("ZI)
2 (y(2) — y(—2))dx(z)

dz, /z dz’ 1 dz’'
4z2dz J ,\(z; =2/ 2, &, (z; -2 +m)?

dz 1 1 1
= T2t 5 Z (7 xm)2_2 |
2zdz zl-z 2 &, (z;+m)?—z

It is handy, in order to compute residues at z = 0, to write down the expansion in power series
near z = 0 of the recursion kernel:

1 1 1 2d
_t = _— = _— - z
Z% —z2 2 Z +m)2 —z2 Z < 2d+2 2 (z + m)2d+2>

K(Zl’z) =

mez* (Zl d>0 meZ*

=) ¢ud +2;2))2%.

d>0
In the same way we have that

2z —2z) = Z(Zd +1)¢d + 2;zl-)22d + odd partin z,
d=0

N 2k—1+2d 2d
§H(2k,z)—22k+dz>‘6< 2d >§(2k+zd)z.

The topological recursion formula, specialised to our case and expressed in terms of

Wy n(21552p)

dz, ® - ®dz,’

W on(Z1s s 2,) =

reads

W, n(21,22, 0, 2,) = z%] Z ¢y2d + 2;z,) 2% W 10412, =2, 25, .0, 2,)

d=0

no (0,1)

+ Z Wh,1+|J|(Z’J) Wh’,1+|J'|(—Z,J’)
h+h/:g
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* (g:n)=(0,3)

W 3(21, 22, 23)

—[zo] Z{H(zd +2;2)z°¢ (Woa(2, 2)W5(—2, 23) + W 5(2,23)W 5 (—2, 2,))
d>0

0] Z ¢q2d +2;2) 2% - Wo2(2,2,)Wi5(2, 23)
d=0

= {u(2; 218025 281 (2; 23).

The inverse Laplace transform of the principal part near z; = z, = z; = 0 then reads
VO (L1, Ly, Ly) = 1.

249—2+n g4l

Multiplying by the combinatorial factor (6g—712n)!

4, we get MV 3 = 4.
* (gn)=(0,4)

Wo4(21, 25,23, 24)

1) ¢u@d +252)) 22 - (W (2, 2) W0 5(2, 23, 24)
d=0

+ Wo2(2,2)W 3(2, 25, 24) + W (2, )W 5(2, 25, 23))

1) $u2d +2;2) 22 - €252 — 2,)60(2 2)n(2 23X (25 24)

d=0

+ 81252 — 23)8 (25 2) 1 (2; 2,)8 1 (25 24) + $u(25 2 — 2 u(2: 2)$ (25 22) u(2; 23))

3
=33 uz) [ Cu@z)+38@0%n(2 2802 200502 25) (2 24).

i=0 Jje{1,2,3,40\{i}

The inverse Laplace transform of the principal part near z; = z, = z; = z, = 0 then reads

VO (L), Ly, Ly, Ly) = (7‘[ +ZL2>

from which we deduce MV, 4 = 272
* &gn) =11

Wi.(z,) = —[zO] D ¢u2d +2;2,) 22 W 5(z,—2)
d=0

2/
-1 ZgH(2d+2 z,)z% <4 S+ Y Y @d + 1)(2;),+Z>

d>0 m=1d'>0

whose value for g =0and n — 3is
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324 ANDERSEN ET AL.

= Lotz + Teu@i)
8 12
The inverse Laplace transform of the principal part near z; = 0 then reads

2
volV,) = —2 + L—
48"

249241 (4 g—44-n)!

Gomrezl = 8 we deduce

Multiplying the constant term by the combinatorial factor

_2n?
MVl’l _— T-
* (gn)=(1,2)

Wi2(21,25)

S 1
d=0

2 ¢u(2d +2;2)) 22 - $(22)%¢1 (2 2,)

d=0

1) ¢u@d +252)) 22 - {252 — 2% 2)

d=0
o) 2 ¢u2d + 2;20) 2% - $4(252 — 2,)¢u(2:2)¢ (2)
d=0
Q'H(2 ), 2
$u(6;21) + 281 (4521)$(2) + 6¢1(2521)S(4) + $1(2520)$(2)

+ %(gH(Z; z1)8u(2;2,)$(4) + {65211 (25 22) + 381 (4 21)S (4 2,) + 5$(2; Zl)gH(6;ZZ)>

+ % <§H(2; 2)¢(252,) $(2)7 + $u(4520 )¢ (25 2,) $(2) + 3¢ (25 20 (45 2,) §(2)>-
Re-arranging the terms, we obtain
Wia(21,2,) = g(gH(@ 21 )¢u(2;2,) + §|H(2§Z1)§H(6§ Zz)) + %gH(“'; z1)¢u(4;z,)

+ —@H(4 21 ¢u(2;2) + §1(2521)¢ (45 2,)) + §H(2 21)¢u(2; 2,).

The inverse Laplace transform of the principal part near z; = z, = 0 then reads
2
VO (Ly,Ly) = —= (L4 + L) + —L2L2+ T (12 + 1D + T
(L1, L) 192( ) 96 127" 4(1 2) 16

249=24N(45—44n)! _ 16

Multiplying the constant term by the combinatorial factor GoTi = 3 We obtain

4
_ T
MVLZ = ?
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B.2 | Square-tiled surfaces via Eynard-Orantin topological recursion
Let us apply the residue formula (2.18) to the spectral curve given by C = C and

x(z)=z+ i, y(z) = -2z,
P, 1dz,®dz, 1 7%E,(q)
“)o,;(zl’zz) =3 #ZZ); +3 (@(ul —uyq) + Tz du; ® du,, (B.2)

where z; = exp(2i7 u;). In this section, we drop the superscript .4 on the functions of w gn a8t

will always refer to the square-tiled surfaces topological recursion amplitudes. We can rewrite wy, ,
as

wo(21,2,) =

o iy () 2))

(z7 — 2)? 221z, S51-9"\\% Z,
Let us first compute the recursion kernel

1 /12/2 @ 5(»21)
2(y(2) = y(1/2)) dx(z)

d z ) ’ I/ﬂf N4 I\ =
(s () (2
2z—z71)dz Jiz\ (21 =2 222 Z1-q \\z z,

z%dz, 1 1 9 ., ¢ = 2i
= — + — — (z' + z- z i—7+1 ,
2(z2 - 1)dz<(z1 —z)(z,—z71) 2z 2 1— qf( 1+20) ;

K(z,,2z) =

£>0
X 2 N

and define K(z,, z) via the formula K(z;,z) = —ﬁl((z1 , z). Moreover, let us set

@, 1 (2155 2y)

W, (2)y.,2,) = —— 227
g,n( 1 n) dz, ® - ®dz,
* (g.n)=(0,3)
Wi 3(21,22,23)
K(Zlaz)

Wo.(z, zz)WO,Z(z_l,z3)dz +(2 < 3)

Res ———
= 2
oce{—l,l}z “ Z(Z 1)

K(zy,2) _
2 2(2—-11-)W0’2(Z’ z2)Wia(2 1,23)|Z_a +(2 < 3)
ae{-1,1} @ -

1 1 1 q <

£ - 2i—F+1
= + — +
Z 2(z+oc)l< Zzlzl—qf(zl %1 );Z )

ae{-1,1} (21 —2)(z —z7) £>0

£ _
(e S (2 +(2))

£20
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2af —1\7¢ -1\ -7
[ —L 4+ 2 qf<(z_) +(Z) ) r2o3)
(z7' -z 2z3 5{1—q Z3 Z3

Z=a

- %(Xq(zl)Xq(Zz)Xq(%) = Xo(=2D)X((=2)X((~23)),
where we have set

1 1 L
X,(2)=———4+— Y ——(z/ +z7%).
o (1-2z2)? ZZfzol—qf( )

2
It can be rewritten in terms of the Weierstraf3 function, as X, (z)dz = (go(u; q) + %Z(q))du. We
can then compute the generating series of square-tiled surfaces of type (0, 3) with boundaries

as

L:

3 L: -1 i
qu — P’q —q ' ; .
Pk = - Res Res Res Witz [T (145550 ) oo
1+ (_1)L1+L2+L3
B 2

This coincides with Py 3(L;, Ly, Ls).
* (gm) =11
K(z;,2)

Wi .(zy) = Res ——"" W, .(z,z )dz
11(z1) {2“} 2 =1y 0@z )

Z K(zy,2) 1 £q” (sz+z—2f)] " Z ld_z[zzﬁ(zpz)]

2 : 3
ae{-1,1} Az+a)2 £ 1-q B 2dz2| 2(z+a) .
X (2) —X(-2)q 2a’

=3 g q 1

_ 5 3 ;) o+ 5 (Y@~ Yo(oD) ~ X2+ X(-2),

where X q is defined as before, and

2z 1w?e2-1¢9 ,, ., 1({ d _d
Y,(z2)= —2_— + — V=2 z—z— —1)X,(2).
o2 a_2 + 22;) R (20 +2z77) \25%5; (2

We can then compute the generating series of square-tiled surfaces of type (1,1) with boundaries
as

L IZ 1
Oagr y_ _ Pq q" i
P L) = ZII{EEO Wi (zl)<1 + 2= qu)> I, dz,

14 (=1t ¢ Li—4
_1+(Dn Ly fa o _
2 2 1-q° 48

£20
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Sil’lce Pl,l(Ll) = 1+(

_nl L2-4 o
——— ——_Wwe can write it as

2

48

£q’

, 1
PO = Py, (Ly) + 5 > PosLy. £ 6)——

>0

1—-q7’

which coincides with the sum over stable graphs of type (1,1) of Proposition 6.4.

APPENDIX C: NUMERICAL DATA

TABLE C.1

computed from the recursion, in bold the values used to determine the polynomials appearing in Conjecture 5.4,

Masur-Veech volumes 77~©9-6+2m pf V, - We display in black the values that were honestly

and in grey the values that the conjecture predicts. The first column reproduces Theorem 5.2. The first row is

: 249-2(49—4)! :
computed by the relation MV, = P G )Ly 3 1[1] proved in Lemma 3.4.
9 (6g—g)t 9
n\g 0 1 3 4 5 6
0 _ _ 1 115 2106241 7607231 51582017261473
15 33264 11548293120 790778419200 101735601235107840000
1 - 2 Z S T1T 5505 T B 516152570 78 725192578 15815 S .
3 840 2223936 592220160 6782087854080000 6307607276576686080000
2 _ 1 ﬂ 77633 160909109 27431847097 M
3 18144 77837760 3038089420800 9796349122560000 1601932006749634560000
3 4 1 29 _207719 14674841399 5703709895459 __37679857842043
60 2880 384943104 512424415641600 3767985230929920000 471817281090355200000
4 2 1 919 16011391 9016171639 143368101519407 __13237209152580169
10 168480 54854392320 582300472320000 175211313238241280000 306665505466027868160000
5 1 163 653 6208093 442442475179 1 6359219722433607397
3024 221760 39382640640 52900285261824000 587375069141532672000 272686967460391980367872000
6 l i 88663 5757089 1537940628689 229686916047007 43310941179948284069
2 1008 56010240 67781007360 340912949465088000 962777317187911680000 3440050974115714213871616000
7 1 1255 295133 2598992519 643391778377 11267167909498433 74408487930504838727
4 82368 348281856 56936046182400 264869710110720000 87618715847436533760000 1095’
8 1 2477 1835863 1769539 127802659622551 2762333771707 76034947449385560773
308880 4063288320 720943441920 97895844856922112000 39907473380632166400 20780895411963382160424960000
9 L 39203 12653167 6756335603 76170641989903 46331482996262911
16 9335040 52718561280 516534771916800 108773160952135680000 1245354014578231266508800
10 l 1363 5219989 2863703603 364975959330977
32 622336 41079398400 410578921267200 973541287193739264000
1 1 308333 644710519 28221517763
64 270885888 9612579225600 7606514751897600

Theorem 4.1. Theorem 5.2 gives the first column.

TABLE C.2
n\g 0
0 -
1 -
2 —
3 _
.
s

1

[N EN]

47
22

21

2075
978

Area Siegel-Veech constants nZSVg,n. They are computed from Table C.1 thanks to

2 3 4 5 6
19 24199 283794163 180693680 806379495590975
6 8625 105312050 68465079 309492103568838
230 529239 14053063 533759417507 4346055982466800
87 205550 5518645 210967972242 1725192578138153
8131 2843354 11842209371 606925117339 122318875814791931
3370 1164495 4827273270 246886623873 49704331575032610
11041 73870699 35221419482 82681229028041 5057811587495459887
4785 31157850 14674841399 34222259372754 2085014933689449405
688823 187549387 1414826039249 1031120131654286 1339844245835171101
303270 80056955 595067328174 430104304558221 555962784408367098
96716 87365995 15788133716389 1245335246460801 321899861240823487478
42445 37248558 6636637127685 519291721160462 133543614171105755337

(Continues)
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328 ANDERSEN ET AL.
TABLE C.2 (Continued)
n\g 0 1 2 3 4 5 6
6 1 697 8622217 1433623484 7380284015613 18305424406953487 3150765025310943712637
6 319 3723846 604494345 3075881257378 7579668229551231 1299328235398448522070
7 2 17101 10506949 12557689333 32906433038620 165332043184123111
7530 4426995 5197985038 13511227345917 67603007456990598
8 13 17630 44927707 3273823127 1905176709014543
6 7431 18358630 1322965425 766815957735306
9 7 194829 480821458 515867741141
3 78406 189797505 202690068090
10 5 202415 905804827
2 77691 344519274
1 8 5054467
3 1849998
TABLE C.3 Values of 7~ 239=3tmt2dit-2d | [d,, .. d,,0,...,0] for k > 1, computed from the Virasoro
constraints.
(g,m) (dy, ..., dy) * (9,m) (dy, -, dy) * (g,m) (dy, -, dy) *
(0,4) o 3 @ (1) : @,5) ® 2
,5) (1) 3 (1,2) ) i @) &
5 1127
) 15 @) N 3 =
1,1) 18 () 2 ) =
(0,6) o Z 1,3) (1) 2 ®) ==
65 99
©)] 25 @) Vi @1 =
3) 105 €) 3 @1 +
1) 27 ((3)) 2 G =
@0 135 @ " 1 =
(BRY 162 L1D) 3 .2 =
45 33 3675
0,7 (€] > 1,4 ® > (3,2) =
305 305 81
@) o 2 i 1,1,1) 5
525 175 585
3) = (3) T 2,1,1) o
() 945 4) L 3,1,1) =
1,1 81 1,1 % 2,2,1) 450
2,1 300 (2,1) = 1,1,1,1) 162
[€3)) 1260 (3,1) 2 (2,1,1,1) 405
(2,2) 1350 (2,2) z 1,1,1,1,1) 243
27
1,1,1) 324 1,1,1) z
2,1,1) 1620 2,1,1) 2
1,1,1,1) 1944 1,111 g
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TABLE C.4 Values of 7—2Go—3tm+2di -+ p  [d), .. d},0,...,0] for k > 1 (continued).
(g:n)  (dy,....dy) * (g.n)  (dy,...dy) x (g.n)  (dy,...dy) *
@1 o)) 5 2,3) 1,1,1) = 2,4) 1,11 =
) == 2,11 = 211 =
3) 2 (3,11 = (3,11 =
@) = 4,1,1) 2 4,1,1) =
22 o)) = 22,1 = 5,1,1) e
) = (3.2,1) = 2,2,1) s
3) = (2,2,2) 22 (3,2,1) e
@ 5z @9 M e 3,3, =
®) = @) = 222 =
9y = ® = 3,22 ==
21 = () = 11,11 =
(3.1) = () B (2,1,1,1) 22
4,1 = (6) B (G.L,1,1) =
2,2) = @) 22 (4,1,1,1) =
3.,2) =2 ,1) = (2,2,1,1) B
@3) @ & 21 £ (3,2,1,1) =
@ = 3.1 B (2,2,2,1) 2
©) = D = 6D (1) T
Q) = G e @ T
®) % 6. 1) % ®) 158647:290
© 3 COE @ o
(9 = €)) = ® .
@D = 4.2 = ©®) 0
(€3Y = 5.2) = ) =
(CHY) =2 3.3 =
5.1 E 4.3) =
2.2 o
(3.2) o
*2) =
3,3 =
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