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Future gravitational wave detectors have been projected to be able to probe the nature of compact
objects in great detail. In this work, we study the potential observability of the small length scale
physics near black hole horizon with the tidal deformability of the compact objects in an inspiraling
binary. We find that it is possible to probe them with extreme mass ratio inspirals. We discuss how
the quantum effects can affect the gravitational wave observables. This as a consequence is bound
to shape our understanding of the quantum scale near the horizon.

I. INTRODUCTION

The discovery of gravitational waves(GWs) [1, 2] paved
the way towards probing fundamental physics. These
observations provided a fillip to tests of General Rela-
tivity (GR) in the strong-field regime [3, 4]; e.g., strin-
gent bounds on the mass of the graviton and violations
of Lorentz invariance have been placed [5–7]. As a re-
sult, GWs have become very important in the context
of fundamental physics. Various possible distinction be-
tween black holes (BHs) and other exotic compact objects
(ECOs) based on tidal deformability [8–11], tidal heat-
ing [10, 12–22], multipole moments [12, 23–27], echoes
in postmerger [28–36] and electromagnetic observations
[34, 37–40] has been proposed in the literature.

One of the very intriguing questions in fundamental
physics is how gravity behaves in the quantum regime.
Since GWs bring information from the very close vicinity
of BHs, it is expected that GWs may shed some light on
this mystery [15, 16, 18, 41–44]. The idea behind such
expectations follows from the fact that the Planck scale
physics may affect the tidal Love numbers (TLNs) of the
compact objects [10, 11, 45, 46]. As compact objects
coalesce, the information of the TLNs gets imprinted on
the emitted GWs.

We study the challenges in achieving this due to the
statistical error and the quantum noise. We will demon-
strate for the first time that despite the quantum noise,
it is possible to probe the near horizon quantum scale
physics with extreme mass ratio inspirals. As a result,
not only do the small quantum corrections to the values
of TLNs become measurable, but also inferring quantum
noise will be possible. This will inevitably bring informa-
tion from the quantum world near the horizon, shaping
our understanding of the quantum nature of gravity.

In Sec. II we will discuss the basics of tidal deformabil-
ity. Then in Sec. III the δ − k relation will be discussed.
In Sec. IV the impact of quantum noise will be investi-
gated. In V we will investigate the observability of small
Love numbers with LISA. In Sec. VI limitation of the
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δ − k relation will be discussed. Then in Sec. VII a for-
malism will be constructed that is applicable for comput-
ing quantum contribution to the Love numbers. Finally
in Sec. VIII we will conclude.

II. TIDAL DEFORMABILITY

Consider a binary with mass of the ith component to
be mi in the inspiral phase. We can model these systems
using the post-Newtonian (PN) theory, which is a weak-
field/slow-velocity expansion of the field equations. The
emitted GWs from such systems can be modeled in the
frequency domain as [10, 47],

h̃(f) = A(f)ei(ψPP (f)+ψTH(f)+ψTD(f)), (1)

where f is the GW frequency, A(f) is the amplitude in
the frequency domain. ψPP (f) is the contribution to the
GW Fourier phase while treating the objects as spinning
point particles, ψTH(f) is the contribution due to tidal
heating, and ψTD(f) is the contribution due to their tidal
deformability. In several works it has been argued that
ψTH(f) and ψTD(f) can be used to probe the nature of
the compact objects. As a result it can be used as a
distinguisher between black holes (BHs) and exotic com-
pact objects (ECOs). In this work we will focus only
on ψTD(f). To leading PN order, this contribution for
circular equatorial orbits is [48]

ψTD(f) = −117

8

(1 + q)2

q

Λ̃

m5
v5, (2)

where v = (πmf)1/3 is the velocity, with m = m1 + m2

the total mass, and

26Λ̃ = (1 + 12/q)λ1 + (1 + 12q)λ2, (3)

where, λi = 2
3kim

5
i with ki the (` = 2, electric-type)

TLNs and q = m1/m2 is the mass ratio.
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III. δ − k RELATION

TLNs are the response of a body to an external tidal
field. It explicitly depends on the details of the internal
structure of the compact object. It has been argued that
for the BHs of GR, the TLN vanishes [49–51]1. Other
compact objects unlike BHs, have a non-zero TLN. Ac-
cording to their equation of state, matter anisotropy, and
fluid nature, neutron stars can have TLNs of O(102) [54–
63] and similarly for the boson stars [8, 9]. TLNs of
some highly compact ECOs scales as ∼ 1/| log(ε)|, where
δ ≡ rs−rH ≡ εrH , where rs is the actual surface position
of the ECO, and rH is the surface position of the horizon
if it were a BH [8].

Motivated by this finding, it was argued in Ref. [10]
that this logarithmic behavior can be used to possibly
probe the Planck scale physics near the horizon (surface)
of a BH (ECO). This logarithmic behaviour translates to
the δ − k relation as follows (caveats are discussed later)
[10],

δ = rs − rH = rHe
−1/k (4)

Deviation of Planckian order (δ = `pl ∼
O(10−35)meters) corresponds to k ∼ 10−2 for masses of
the BH ranging in the range (105 − 107)M� [10, 64]. 2

From this it was proposed that by measuring small k,
Planck scale physics can be probed.

IV. MEASURING QUANTUM NOISE

In such case it would seem that the only limitation
disallowing us from such achievement is the sensitivity of
the detectors. However, in [64] it has been argued that
it is unlikely to be the case, as quantum noise of δ will
populate at that level. As a result, the error in δ will get
modified as [64],

σTot
δ

δ̄
=

√(
σStat
rH

r̄H

)2

+
1

k̄
2

(
σStatk

k̄

)2

+
a2`2pl
δ̄2

≡

√√√√(σStat
δ

δ̄

)2

+

(
σSys
δ

δ̄

)2
(5)

where, δ̄ and r̄H is the estimated value of δ and rH from

the observation, and σSys
δ = a2`2pl. Stat is the shorthand

for statistical error. The error induced by quantum noise
is a`pl. Where `pl is the Planck length and a is a number
∼ O(1).

1 It can be non-zero for non-axisymmetric perturbation of rotating
BHs [52]. Also check Ref. [53].

2 For an invariant definition of δ check [64].

Assuming this behavior of error, we can estimate a,
which will help us in measuring the quantum noise. It is
the first key observation of the current work. This will
be possible to do since other parameters can be measured
independently. From the observation we will have σStat

M ,
σStat
χ , M̄ , χ̄. This can be used to estimate σStat

rH , r̄H .

From the observation the inferred value of TLN k̄ will
also be available. Therefore, if we can have an estimation
of σStat

k then we can estimate the a2.
This can be done by performing simulations with in-

jected synthetic signal in detectors with k̄ and other ob-
served parameters. Running a Bayesian estimation on
that we can have an estimation of the statistical error,
which is an artifact of the observation. With sufficiently
sensitive detector σStat

k can be reduced to very small val-
ues. By estimating those values from simulations we can
estimate the systematic error, which is arising from the
quantum nature. Having an estimation of a2 can lead
us to understand the quantum states near horizon. For
this purpose, in next section we will investigate if it is
possible to reduce the statistical error sufficiently in the
future detectors.

V. OBSERVABILITY

The Einstein Telescope [65] and cosmic Explorer [66]
are third generation detectors with high sensitivity. We
did a Fisher matrix calculation to estimate the error (∆k)
in k, in these detectors, using gwbench [67]. We found
the percentage error in k(= .005) to be very high to be
well measured.

On the other hand, extreme mass ratio inspirals (EM-
RIs) are one of the promising sources of GW which will be
observed with the future space-based Laser Interferome-
ter Space Antenna (LISA) [68]. The emitted GW from
these systems can stay in the detector band from months
to year. As a result, despite being small, with LISA we
will be able to measure the TLNs of supermassive BHs
in EMRI, quite precisely.

To estimate the effect of the TLN of these supermas-
sive bodies in EMRI, we calculate dephasing as a function
of k. We ignore the contribution of the secondary body.
The primary body’s mass is considered to be m1 = M
and the dimensionless spin is χ. A useful estimator to
describe the effects of k in the phase is the total number
of GW cycles (≡ N) that accumulates within a given fre-
quency band of the detectors. In terms of the frequency-
domain phase ψTD(f) it is expressed as,

δφ = 2πN ≡
∫ fISCO(M,χ)

.4mHz

fdf
d2ψTD(f)

df2
. (6)

In Fig. 1 and Fig. 2 we show the magnitude of the de-
phasing (δφ) in radian, as a function of k. The results are
consistent with the expectations discussed in Ref. [69].
The black dashed horizontal line represents δφ = 1 ra-
dian. Dephasing δφ > 1 represents a strong effect [70–75]
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FIG. 1. We show the magnitude of dephasing (δφ) in radian,
as a function of k. We varied M and q while keeping χ = .8.

(also check appendix A). The result implies that the EM-
RIs can be the potential sources that will be sensitive to
the small scale physics. However, considering δφ > 1
as a observational threshold has limitations. Although
for very high signal to noise ratio (SNR), this threshold
can act as sufficient condition to be detectable, it might
not be good enough for low SNR sources. In such case
the statistical uncertainty on the phase could eventually
overreach δφ, if k values are very small.

To be sensitive to the Planck scale physics it is atleast
necessary that σStatδ < δ̄, where σStatδ is the statistical
error of δ. In EMRIs the statistical error in δ will be
dominated by the statistical error in k, since fractional
error on mass and spin will be very less in LISA [76, 77].
Hence,

σStatδ

δ̄
∼ σStatk

k̄
2 . (7)

Assuming Eq. (4) to be valid, for k̄ ∼ .005 (.01) to
probe subPlanckian effects it is required that σStatk <
2.5 × 10−5 (10−4). From Fig. 1 and Fig. 2 it can be
observed that such sensitivity can be reached with EM-
RIs. Hence, statistical error is low enough in EMRIs.
This does not mean that the Planck scale physics can be
probed with this accuracy. It means that the dominating
error will be just the quantum noise described in Eq.(5).
As discussed before it can be used to estimate the quan-
tum error itself, assuming δ − k relation to be true. But
in later sections we will discuss why it is not just to as-
sume the δ − k relation apriori. Rather we should use
this opportunity to do accurate measurement of the k to
probe quantum correction or alternate theories of grav-
ity. As well as we should try to investigate if there is any
quantum error associated with k. The measurement of
quantum error in k does not require δ − k relation to be
valid apriori as it can arise from near horizon quantum
effects. Note, the primary difference between the current
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FIG. 2. We show the magnitude of the dephasing (δφ) in
radian, as a function of k. We varied χ while keeping primary
and secondary mass fixed at 107M� and 2M� respectively.

work and Ref. [64] is that the considered sources are dif-
ferent. In the present work the considered sources are
EMRIs whereas, the sources considered in Ref. [64] and
Ref. [10] is supermassive binaries.

VI. INVALIDITY OF δ − k RELATION

In this section, we will argue that Eq. (4) is unlikely to
hold in the context of GW observation. It is not justified
to assume that k → 1/| log(ε)| scaling will be valid in
the very small scale where quantum effects become im-
portant. This result has been derived assuming classical
gravity. To probe small scale physics, it is necessary for
ε to be of that order. The conventional matter should
collapse if it is distributed in such close proximity. The
origin of such values of ε must be therefore exotic matter
or quantum effects.

Hence, these systems are not “classical” systems to
begin with. Consequently, it will become necessary to
take into account of the quantum properties of the states
of the system to find the sub-leading contribution to
the leading order classical results. These sub-leading
“quantum-corrections” most likely will be the interac-
tion between the quantum observables at the quantum
scale and the classical fields (discussed later). In such
a case, the δ − k relationship is likely to get modified
by k ∼ 1/| log(ε)|n + kq(ε), with n being a real number
[11]. Therefore even though the first term starts to go
to zero for very small ε, the second term survives and
captures the details of the quantum nature. For BH as
k = 0 classically, quantum effects can introduce nonzero
kq, resulting in k = kq(ε).

It is important to ask, that from which value of ε = εq
this behavior becomes important. If the compact objects
are not sufficiently compact i.e. εECO � εq, then these
quantum corrections (kq) will not be important. How-
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ever if εECO . εq, they can be used to probe quantum
scale near horizon that is larger than Planck scale. An-
other key issue is, if any kind of δ − k relation seize to
exist then relations like Eq.(5) becomes invalid, making
δ immeasurable from the measurement of k. But there
will exist kq and non-zero systematic quantum noise in
k, which will be discussed in the next section. Therefore,
precise measurement of k and its error can help us probe
quantum nature near horizon scale. As has already been
demonstrated, EMRIs have such potential.

VII. LOVE IN THE QUANTUM WORLD

Due to the presence of an external tidal field, a nonzero
quadrupole moment Q (multipole moment) gets induced
on the bodies. In linear regime it is proportional to the
external tidal field E , where the proportionality constant
is the TLN (λ). In the δ � `pl limit, a semiclassical
quantum gravity approach can be applied to find the cor-
rections to the classical contribution to the k.

Throughout our calculations, we will suppress the in-
dices and any non-scalar tensor will be represented by
boldface. Therefore the tidal deformability can be de-
fined as,

Q = −λE (8)

where, λ = 2
3km

5, with k and m being the TLN and
the mass of the body (note m is not the total mass of a
binary as was assumed before).

To find the contribution of the quantum effects we will
consider quantum operators for all physical observables.
We will assume none of the operators have zero eigen-
value, hence they are invertible 3. We will separate the
classical contribution and quantum fluctuation as,

λ→λ̂+ λcÎ

Q→Q̂ +QcÎ

E →Ê + EcÎ

(9)

where λc, Qc, Ec are the classical contribution to the ob-
servables, and Î (Î) is the tensor (scalar) identity oper-
ator. We will also assume that Eq. (8) is valid in this
regime, but in the sense of quantum operators4. Hence,
it can be expressed as,

Q̂ +QcÎ = −λcEcÎ− Êλc − λ̂Ec − λ̂Ê . (10)

3 In reality this stringent condition may not be required as all the
required operators are scaled by a classical value.

4 It is likely that there will be some modification due to quantum
effects. But for the current work we will ignore such contribu-
tions.

Using this relation it is possible to identify the expres-
sions of the classical contributions as well as the quantum
contributions as,

λc = −Qc
Ec
, λ̂ = −

(
Êλc + Q̂

Ec + Ê

)
≈ − Q̂

Ec
+O(Ê). (11)

Note, Ê represents quantum corrections to the classical
value of the external tidal field. Hence, this quantum
correction represents quantum correction of the external
body’s mass and the separation. In the right most equa-
tion contribution of Ê have been ignored.

This result is equivalent to the expressions used in Ref.
[11, 45] (Check [46, 78]). We will assume that the state
of the system is |Ψ〉 and we will suppress the Ψ while
writing the expectation value with respect to |Ψ〉. As a
result, deformability gets modified as,

λ = λc + 〈λ̂〉 ≡ λc + λq, (12)

where 〈〉 represents expectation value, and,

λq = −

〈
Êλc + Q̂

Ec + Ê

〉
≈ −〈Q̂〉

Ec
. (13)

Using this expression the systematic error in λ arising
from the quantum nature can be expressed as,

σSys
λ =

√√√√〈( Êλc + Q̂

Ec + Ê
+ λq

)2〉
(14)

As the statistical error in k for EMRIs will be lower,
observability of quantum noise solely will depend on the

value of the standard deviation of the fluctuation of k̂.
To find corresponding result in k, we separate out each
observables in to its classical and quantum parts as,

k→k̂ + Îkc, m→ m̂+ Îmc (15)

Using λ = 2
3km

5 we find,

λc =
2

3
m5
ckc,

k̂ =

(
3λ̂

2m5
c

− 5kcm̂

mc
− 15λ̂m̂

2m6
c

)
+O(m̂2)

λq =
2

3
m5
c

(
kq + 5kc

〈m̂〉
mc

+ 5
〈k̂m̂〉
mc

)
,

(16)

where, kq ≡ 〈k̂〉.
If we separate out the mean value from k̂ as

k̂ = x̂+ Îkq then the error takes the simplified following
form,
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σSys
k

k̄
=

√
〈x̂2〉
k̄

, (17)

Note, a knowledge of the quantum state of the body will

not only allow to estimate kq but also σSys
k . Therefore if

the systems do have quantum corrections, to measure its
effect we have two observables to measure, namely the kq
and σSys

k . Since in EMRIs statistical error will be low, it
can help us infer the systematic error.

It is important to point that Eq.(4) is a model-
dependent result found in Ref. [8]. However, other mod-
els have found different scaling relations, such as Ref.
[11] found k ∼ 1/| ln ε|2. Therefore, approaching the
problem of probing quantum scales assuming a partic-
ular δ − k relation is not just. Rather, measuring kq
and its quantum systematic error can shed some light on
the near-horizon quantum nature in a model independent
manner. It means that with EMRIs we can probe near
horizon quantum scale larger than Planck scale, making
EMRIs the true GW microscopes.

Note, there is a degenaracy in the defintion of k
[8, 49, 54]. Therefore depending on the definition of k,
λ ∝ kCFMPRm

5 [8] or λ ∝ kHBPR
5 [49, 54]. In our

work we considered the defintion in Ref. [8], as connec-
tion with Planck scale physics is evident in this definition.
However, most of the discussions in this work does not
depend on one of the definitions. Therefore, while defin-

ing k̂ this issue needs to be resolved. If the definition in
Ref. [49, 54] is considered then m̂ will be replaced by R̂
in the equations.

Using the prescription in this section we connect them
with the observables. We have already argued that rather
than focusing on any model dependent δ − k relation it
is better to approach it in a model agnostic manner. For

that purpose one should focus on measuring kq and σSys
k .

During parameter estimation, the measurement of k in
this prescription will have both statistical and systematic
error in the similar fashion as Eq. (5). Hence we can
express it as follows:

σTot
k

k̄
=

√√√√(σStat
k

k̄

)2

+

(
σSys
k

k̄

)2

(18)

where, k̄ is the estimated value of k from the observation.
Stat is the shorthand for statistical error just like before.

As with EMRIs the first term will become very small

the error will be dominated by σSys
k if σStat

k � σSys
k . In

the context of δ−k relation this was precisely the case as

a2 & 1. Hence this can be used to infer σSys
k or at least

can be used to put some constraint on it.
This can be done by performing simulations with in-

jected synthetic signal in detectors with k̄. Running a
Bayesian estimation on that we can have an estimation
of σStat

k , which is an artifact of the observation. By esti-
mating this value from simulations we can estimate the

σSys
k , which is arising from the quantum nature. As there

will be other sources of systematic error also, i.e. incom-
plete noise realization, post-Newtonian truncation error
to mention a few, we will only be able to put some up-
perbound on the quantum noise. This can lead us to
understand the quantum states near horizon.

VIII. DISCUSSION

We have explored the resolving power of the EMRIs as
gravitational microscope which can be used to probe near
horizon physics with TLN k. The presence of the environ-
mental effects could impact the GW signal [79–82] and
exclusion of them may lead to erroneous measurements
of TLNs [83]. Similarly, other competing effects can also
mimic the effect of tidal deformability [13, 14, 20, 28, 29].
These should be taken into account to properly assess
the potential of LISA. It is also required to study in de-
tail from the theoretical standpoint the possible origin of
these systems and their stability [84].

We have explicitly shown for the first time that very
small values of k can add large dephasing in EMRIs. Our
result suggests that it is possible for EMRIs to bring in-
formation regarding quantum nature near horizon scale.
In this paper, we have also discussed the limitations of
using the ECO relation between k and δ. We have also
constructed a semi-classical formalism to take into ac-
count of the quantum effects. From the constructed for-
malism, it is evident that even if Eq. (4) is not valid,
there will be quantum signatures on the observables, at
least in principle. We discussed how it should be esti-
mated. To achieve our conclusions we have assumed the
binary to be in an equatorial circular orbit, which is un-
likely to be true for EMRIs. This should be investigated
in the future.

Quantum effects for large astrophysical BHs are usu-
ally considered to be negligibly small. This conclusion
arises from the expectation that the strength of quan-
tum effects is governed by the ratio `2pl/r

2
s . However it

was argued in Ref. [11] that the strength of quantum
effects can be much larger, because they can be governed
by the ratio of `pl to the length scale of the fundamental
theory of quantum gravity. In string theory, this is the
string scale ls. As a result the quantum effects are gov-
erned by the ratio g2s = `2pl/l

2
s . Since g2s can be ∼ 0.1, it

can have larger contribution to the quantum effects [11].
This definitely requires further exploration.

Therefore it is high time to explore these avenues from
the quantum gravity side. Finding possible effects of
quantum gravity, as well as detailed numerical studies
of coalescence of compact objects that has quantum con-
tributions near their surfaces. This as a result will lead to
proper quantification of quantum gravity effects on the
GW observables.
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Appendix A: Dephasing-Mismatch

To assess the strength of an effect to be measurable in
a GW detector with noise power spectral density Sn(f),
the overlap O between two waveforms h1(t) and h2(t) are
usually computed:

O(h1|h2) =
〈h1|h2〉√

〈h1|h1〉 〈h2|h2〉
, (A1)

where, the inner product 〈h1|h2〉 is defined as,

〈h1|h2〉 = 4<
∫ ∞
0

h̃1h̃
∗
2

Sn(f)
df . (A2)

The quantities with tilde stand for the Fourier transform
and the star for complex conjugation. As the waveforms
are defined up to an arbitrary time and phase shift, it is
required to maximize the overlap (A1) over these quan-
tities. This can be done by computing [85]

O(h1|h2) =
4√

〈h1|h1〉 〈h2|h2〉
max
t0

∣∣∣∣∣F−1
[
h̃1h̃

∗
2

Sn(f)

]
(t0)

∣∣∣∣∣ ,
(A3)

where F−1[g(f)](t) =
∫ +∞
−∞ g(f)e−2πiftdf is the inverse

Fourier transform. The overlap is defined in such a man-
ner that O = 1 indicates a perfect agreement between the
two waveforms. The mismatch (M) is defined as follows:

M ≡ 1−O (A4)

Two waveforms are considered to be indistinguishable
for parameter estimation purposes if mismatch M .
1/(2ρ2) [70, 71], where ρ is the SNR of the true signal.
For an EMRI with an SNR ρ ≈ 20 (resp., ρ ≈ 100) one
has M . 10−3 (resp., M . 5×10−5). For a large number
of parameters, say D, this relation gets slightly modified
as M . D/(2ρ2)[86].

Dephasing contribution (δφ) of an effect is indistin-
guishable from the absence of the effect in the con-
text of scientific measurement, if δφ2 . 1/ρ2 ∼ M.
This condition is usually considered optimal in the sense
that smaller dephasing than this is not measurable but
not considering dephasing larger than this has distin-
guishable consequence [71]. The strongest LISA EM-
RIs may have SNR of up to ρ ∼ 100 after matched fil-
tering [71–73], so phase differences on the order of 1/ρ
radians should be just detectable in matched filtering
[71, 74, 75]. Keeping this in mind templates are con-
structed with δφ ≤ 1/ρ. Therefore for SNR ρ ≈ 20(100)
M ∼ 10−3 (resp., ∼ 5× 10−5) gets translated to dephas-
ing δφ ≈ .05(.01). This implies that for any reasonable
SNR, dephasing δφ > 1 would eventually be detectable.
In light of this, usually it is a conventional wisdom to
consider δφ ∼ 1 radian as detection threshold.
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