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Abstract
This thesis aims to study a novel solution to the Strong CP Problem. As no experimental
signals of an axion have been found yet, the Nelson-Barr mechanism is gaining more and
more popularity. After a review of the Standard Model and the Strong CP Problem, a
model is introduced which combines the Nelson-Barr mechanism with a non-conventional
CP transformation of order 4. A slightly improved calculation of the 2-loop contribution
to θ is presented and the decoupling limits of the model are discussed. While the abso-
lute scales of the model evade prediction, a combination of the energy scales and Yukawa
couplings is found that can be constrained. Fitting the model via Markov Chain Monte
Carlo algorithm to experimental results supports these findings. For the fit, a focus on CP
violating observables in the quark and meson sector is chosen. While the solution to the
Strong CP problem might lie at energies far above the experimentally accessible scales,
our results show a novel way to still constrain at least specific combinations of these high-
energy scales. In the future, these results can work as a starting point to help constrain
new creative model building ideas.

Zusammenfassung
Diese Doktorarbeit zielt darauf ab, eine neuartige Lösung des Strong CP Problem zu
studieren. Während bisher noch keine experimentellen Signale der Axionen gefunden
wurden, gewinnt der Nelson-Barr-Mechanismus an Beliebtheit. Nach einem kurzen Rück-
blick auf das Standardmodell und das Strong CP Problem wird ein Modell eingeführt,
welches den Nelson-Barr-Mechanismus mit einer nicht-konventionellen CP-Transformation
der Ordnung 4 verbindet. Eine leicht verbesserte Berechung der 2-Loop-Beiträge zu θ

wird präsentiert und die Entkopplungsgrenzfälle werden diskutiert. Während die absoluten
Skalen des Modells sich einer Vorhersage entziehen, wird eine Kombination der Skalen
gefunden, welche sich einschränken lässt. Ein Fit des Modells mithilfe eines Markov-
Chain-Monte-Carlo-Algorithmus an experimentelle Ergebnisse unterstützt diese Befunde.
Für den Fit wird ein Fokus auf CP-verletzende Observablen im Quark- und Meson-Sektor
gelegt. Während die Lösung des Strong CP Problem bei Energien weit oberhalb der er-
reichbaren Skalen liegen kann, zeigen unsere Resultate einen neuartigen Weg, zumind-
est spezielle Kombinationen dieser Hochenergieskalen einzuschränken. Die Ergebnisse
können als Startpunkt für zukünftige Arbeiten dienen, um neue kreative Model-Building-
Ideen einschränken zu helfen.
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Chapter 1
Introduction

Symmetries have been one major guiding principle for theoretical particle physicists for
most of the 20th and the 21ts century. The importance of symmetries for the laws of Na-
ture is apparent since the days of Emmy Noether who famously found that the invariance
of the Lagrangian of a theory with respect to a transformation of its constituents leads
to a conserved quantity of that theory [1]. There are many different types of possible
symmetry transformations: internal or external symmetries, continuous or discrete, global
or gauged symmetries, "regular" or supersymmetry, to name some important classes [2–5].

An example for a success story of symmetry principles in particle physics is the explana-
tion of the low-mass meson spectrum by the "Eightfold Way" principle of Murray Gell-
Mann [6] and Yuval Ne’eman [7] in the 1960’s. This classification scheme based on what
is nowadays called SU(3) flavour symmetry, ultimately lead to the establishment of the
quark model, the description of mesons and nucleons not as elementary particles but com-
binations of more fundamental constituents, the quarks [8–10].

Next to these flavour symmetries as example for global symmetries [11], the principle of
gauge theories has been found to be a quite powerful tool in model building [12, 13].By
promoting a constant symmetry transformation with respect to the spacetime coordinates
to become a function of these coordinates, the principle of symmetries becomes capable of
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Chapter 1. Introduction

describing the fundamental interactions between our current set of fundamental particles
by means of gauge symmetries. The dynamics of three of the four fundamental inter-
actions in Nature can be described by invoking that Nature’s Lagrangian density at the
elementary particle level be invariant under a local SU(3)×SU(2)×U(1) transformation
of its fields [14]. Extensive theoretical and experimental efforts to study and explain the
phenomenology of these so called gauge interactions culminated in the formulation of the
Standard Model of Particle Physics (see e.g. [15, 16]).

The Standard Model of Particle Physics, or in short Standard Model (SM), has been one
of the most successful theories in the history of physics. Combining the the theory of
the SU(3) based Strong interaction [17] with the Glashow-Salam-Weinberg Theory of the
unified SU(2)×U(1) Electroweak Interaction [18–20] and the Higgs mechanism [21–23],
the Standard Model has been up to very recently able to withstand the most precise and
rigorous experimental tests [16]. The measurement of neutrino oscillations [24–27] and
therefore the conclusion that neutrinos can have some finite mass is one of the more robust
experimental evidences for the need of so-called physics "beyond the Standard Model"
(BSM) that need to explain these observations.

But one doesn’t need to look at the most recent past in order to find motivation for BSM
physics. There are some long-standing puzzles in the Standard Model that have as of yet
evaded any widely accepted explanation. One of these classes stem from the observation
that some experimental results imply very precise numerical coincidences in order to be
explained by the Standard Model [28–30]. Some very prominent representatives of this
class of problems are, for example, the hierarchy problem or the Cosmological Constant
problem. In this work, we will study the Strong CP problem, one such naturalness puzzle
concerning the Strong Interaction [31–33]. The gauge symmetry of the Strong Interaction
allows for a term in the Lagrangian which violates the so-called CP symmetry. But while
the Electroweak Interaction violates this symmetry, the Strong Interaction appears to re-
spect it or at most violate it by a very minuscule amount, quantified by the coefficient of
this term θ ≈ O(10−11) [34].
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It is this numerical coincidence which has been the source of much theoretical and exper-
imental effort since the 1970s. Some explanations are disfavoured by recent advances in
Lattice QCD calculations [35]. Others, such as the Peccei-Quinn mechanism[36], are be-
ing investigated by a plethora of experimental groups with just as many different detection
channels and mechanisms [37, 38]. The increasing number of null results and therefore
shrinking viable parameter space for these models however call for new ideas in order to
explain the smallness of θ . The Nelson-Barr mechanism[39–41] as an alternative expla-
nation for the Strong CP puzzle is gaining more and more traction in the model building
community. Instead of invoking a new symmetry, in Nelson-Barr-type explanations the
CP symmetry itself is seen as spontaneously broken by a new scalar particle, similar to
the Electroweak gauge symmetry, and the CP violation is then transmitted to the Standard
Model by way of new quarks mixing with their Standard Model counterparts.

The CP symmetry transformation combines Charge Conjugation and Parity Transforma-
tion into one single operation. Breaking this symmetry is part of one of the so-called
Sakharov conditions [42] which describe the necessary conditions for the observed baryon
asymmetry of our Universe. As the amount of CP violation present in the Electroweak
Interaction is not enough to explain the matter-antimatter asymmetry on cosmological
scales, additional sources of CP violation such as the θ -term could be helpful to reconcile
the theoretical predictions and experimental observations, however due to its smallness,
the Standard Model itself cannot explain the necessary amount of CP violation [43].

Recently, there are studies which are based on generalizing the CP symmetry. In the Stan-
dard Model, CP is usually described as a transformation of order two that flips all quantum
numbers of the particles and the signs of the spatial coordinates. This description, how-
ever, is not necessarily unique. Generalized CP (GCP) transformations do not necessarily
exchange particles with their anti-particles and can be higher-order symmetry transforma-
tions. In the context of CP4, a CP transformation of order four [44–46], there has been
one study focussed on applying the combination of CP4 and the Nelson-Barr mechanism
in order to explain the smallness of θ [47].
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Chapter 1. Introduction

Many of these models try to explain the Strong CP puzzle, but by doing that put the model
parameters in a regime far away from the current experimental accessibility [48]. One
challenge is then to find the most promising experimental detection channel. A feature of
Nelson-Barr-type models is the occurrence of Flavour Changing Neutral Current (FCNC)
interactions. These types of interactions are highly suppressed in the Standard Model via
the GIM mechanism [49] and therefore offer an intriguing way to look for BSM physics
which manifests itself in this way. FCNC interactions can e.g. be studied in the oscilla-
tions of neutral mesons and antimesons. Especially the neutral Kaon systems allows for
a precise probe of low-energy effective FCNC interactions and can therefore help to limit
the viable parameter space of BSM theories even if the scale of new physics is far higher
that the Kaon scale [50].

In this work, we study the model presented in [47] in further detail, both analytically and
numerically. We especially focus on improving the calculation of θ and discuss the decou-
pling limits of this theory. Our results show that there is a vast amount of viable parameter
space. We can, however, at least put some constrains on a combination of the scales of
the model. This work is based on work collaboration with Manfred Lindner and Andreas
Trautner which will be published soon.

This thesis is organized as follows: first, we briefly review the Standard Model and the
Strong CP Problem and discuss popular solutions. Next, we showcase the model under in-
vestigation and present our extended model analysis. To support our findings numerically,
we fit the model to important observables in the quark and meson sector. We finish this
thesis with a concluding chapter.

Throughout this work, we use natural units where the speed of light and the Planck con-
stant are both set to unity, c = h̄ = 1. We also make use of the Einstein sum convention
where we sum over repeated indices unless stated otherwise.
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Chapter 2
The Strong CP Problem

2.1 Standard Model of Particle Physics

2.1.1 Gauge Group and Particle Content

The Standard Model of Particle Physics (SM) is one of the most successful physical the-
ories up to date. It has withstood some the most precise testing over multiple decades
of experimental effort [16]. The Standard Model is formulated as a relativistic quantum
field theory that operates in 3+1 spacetime dimensions based on the principles of gauge
symmetry. The fundamental gauge symmetry group is

GSM = SU(3)C ×SU(2)L ×U(1)Y (2.1)

where the SU(3)C-factor describes the Strong Interaction, also called Quantum Chromo-
dynamics (QCD), and the SU(2)L ×U(1)Y corresponds to the unified Electroweak Inter-
action (EW), sometimes in analogy also called Quantum Flavourdynamics (QFD). Matter

in the Standard Model is given as spin-
1
2

fermionic fields and the gauge interactions be-
tween matter fields are mediated by spin-1 gauge fields. The matter fields themselves are
split into two groups: quarks (qL,uR and dR) and leptons (lL and eR). They differ by their
charges under the Standard Model gauge groups. The interactions are mediated by the so-
called gauge bosons: the gluons g mediate the Strong Interaction and the W and B bosons
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Chapter 2. The Strong CP Problem

qLi ūRi d̄Ri lLi ēRi φ g W B
SU(3)C 3 3 3 1 1 1 8 1 1
SU(2)L 2 1 1 2 1 2 1 3 1
U(1)Y 1/3 −4/3 2/3 −1 2 1 0 0 0

Table 2.1: Particle content of the Standard Model. The table shows the gauge groups and
the individual representations or charges, respectively, for each particle type.

the Electroweak Interaction. The full particle content of the Standard Model is shown in
Table 2.1.

However, this description would not be able to explain why the fundamental particles ex-
hibit mass as mass terms would violate the gauge invariance of the theory. In order to
accurately include masses for the elementary particles, the Standard Model also includes
a spin-0 scalar particle, the Higgs boson. The Higgs boson is necessary to realize Sponta-
neous Symmetry Breaking (SSB) of the Electroweak gauge symmetry and explains how,
as a result of the breaking of this gauge symmetry, residual mass terms for the weak gauge
bosons and most fermions arise. After SSB, the electroweak gauge group SU(2)L×U(1)Y
is broken down to the gauge group U(1)EM which describes the quantum theory of elec-
tromagnetism whose gauge boson, the photon, remains massless.

The Higgs boson was the last missing piece eluding experimental detection. Its discovery
[51, 52], marks the peak of the success story of the Standard Model. However, there is
experimental evidence that the Standard Model is not the end of the story. Neutrino oscilla-
tions (e.g. [26]) are not explainable by the classical Standard Model and need an extended
theory. And lastly, there is no candidate for dark matter that is the most popular explana-
tion for astrophysical observations of galaxy rotation curves and structure formation (see
e.g. [53] for a recent review).

2.1.2 Flavour and CKM mechanism

Another interesting feature of the Standard model is the fact that for every type of matter
field, there are three copies with identical quantum numbers under GSM. These so-called
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2.1. Standard Model of Particle Physics

"generations" or "families" are not necessary from a gauge theory point of vue, but are
needed in order to correctly explain the experimental results of the last decades. The
number of families or generations are especially important when it comes to CP violation
which we will discuss further on. As already mentioned, the gauge interactions do not
discriminate between the different flavours, the gauge couplings are the same for every
generation. In addition to the gauge couplings, the Standard Model includes the couplings
between the matter particles and the Higgs boson (excl. neutrinos). These couplings are of
the Yukawa type and they do depend on the flavour of the particle. The Yukawa interaction
Lagrangian is given by

−LSM,Yukawa = q̄LY uH̃uR + q̄LY dHdR + l̄LY eHeR +h.c. (2.2)

with H̃ ≡ εH∗. Here, Y u,d,e are generally complex 3× 3 coupling matrices and fL,R =

PL,R f = (1∓ γ5)/2 f the left- and right-handed component of the fermion f . However,
many of these couplings can be made to vanish by changing the field basis in flavour
space. Using a bi-unitary transformation, we can write the coupling matrices as

Y i =U i
LŶ i(U i

R)
† (2.3)

with UL,R a pair of unitary 3× 3 matrices, i = u,d,e indicating the type of particle and
Ŷ a diagonal coupling matrix. The diagonal entries of Ŷ i are real and positive singular
values of Y i. With the help of the unitary matrices UL,R, we can now perform a basis
transformation in flavour space to rotate the coupling matrices into this simplified form:
replacing the original unprimed fields with their primed versions,

qL =Uu
L q′L, lL =Ue

Ll′L, (2.4)

uR =Uu
Ru′R, eR =Ue

Re′R, (2.5)

dR =URd′
R, (2.6)

the Yukawa couplings then simplify to

−LSM,Yukawa = q̄′LŶ uH̃u′R + q̄′L(U
u†
L Ud

L )Ŷ
dHd′

R + l̄′LŶ eHeR +h.c. (2.7)

7



Chapter 2. The Strong CP Problem

where the couplings for the up-type quarks Y u and for the charged leptons Y e have already
become diagonal. In this form, the couplings of the down-type quark remain modified by
a rotation matrix which we can identify with the CKM matrix VCKM ≡ (Uu†

L Ud
L ) [54]. The

CKM matrix is an n× n unitary matrix where n is the number of quark generations. The
number of free parameters for a general unitary matrix is n2. In the case in discussion, we
can also use a rephasing of the quark fields q′L,u

′
R and d′

R to remove (2n− 1) additional
phases. For the Standard Model with n = 3 families, this results in 4 physical parame-
ters in the CKM matrix, three rotation angles and one complex phase. In the Standard
Parametrization [16], it is given by

VCKM =

 c12c13 s12c13 s13e−iδCKM

−s12c23 − c12s23s13eiδCKM c12c23 − s12s23s13eiδCKM s23c13

s12s23 − c12c23s13eiδCKM −c12s23 − s12c23s13eiδCKM c23c13


(2.8)

where si j = sin
(
θi j
)
,ci j = cos

(
θi j
)

and θi j the mixing angle between generation i and j.
One can choose θi j ∈ [0,π/2], thereby ensuring si j,ci j ≥ 0. The phase δCKM can take on
any value between 0 and 2π . This one remaining complex phase is the only source of
CP violation in the Standard Model that has been experimentally confirmed to exist. At
low energies, the Electroweak Gauge Symmetry is broken by the Higgs potential as the
Higgs boson develops a vacuum expectation value, or vev, of vH ≈ 246 GeV. In the broken
phase, the components of the former SU(2)L doublets can be rotated individually and the
couplings of Y d can be diagonalized by means of the CKM matrix. Writing

d′
L =VCKMdL (2.9)

and replacing the Higgs boson H with its vev vH/
√

2, we arrive at

−LSM,mass = ūLM̂uuR + d̄LM̂ddR + l̄LM̂eeR +h.c. (2.10)

where the diagonal mass terms are now visible and given by

M̂i =
vH√

2
Ŷ i (2.11)
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2.2. CP Symmetry and CP Violation

for each type of massive fermion (we dropped the primes of the other fermion fields for
convenience). Recall that the matrices Ŷ i, and therefore also the mass matrices M̂i, have
real and positive entries. The mass terms for the weak gauge bosons W± and Z also arise
after SSB by the Higgs vev as already mentioned.

In addition to fully diagonalizing the mass terms, the last rotation of the down-type quarks
however changes the interaction mediated by the W bosons as now the fields have been
rotated individually. The interaction terms become

g√
2

W+
µ ūLγ

µd′
L +h.c.=

g√
2

W+
µ ūLγ

µVCKMdL +h.c., (2.12)

resulting in non-diagonal, i.e. flavour-changing, couplings between the quarks and charged
W bosons. The interactions with the neutral Z boson, however, remain unaffected.

Without the Yukawa interactions, the Standard Model would exhibit a large global sym-
metry in flavour space,

GF =U(3)q ×U(3)u ×U(3)l ×U(3)e, (2.13)

which is broken down to GF →U(1)B ×U(1)L once the Yukawa couplings are included.
Therefore, it is reasonable to expect small Yukawa couplings by virtue of technical natu-
ralness. The individual symmetries of baryon number U(1)B and lepton number U(1)L are
anomalous in the Standard Model. There is one combination of these global symmetries,
U(1)B−L, that remains anomaly-free.

2.2 CP Symmetry and CP Violation

Apart from gauge and flavour symmetry, there exists an important set of discrete symme-
tries. These are called Parity P, Charge Conjugation C and Time Reversal T . The latter
two symmetries act on the spacetime coordinates in the following way:

P : (t,−→x )→ (t,−−→x ), (2.14)

9



Chapter 2. The Strong CP Problem

C P T
ϕ (t,−→x ) ϕ (t,−→x ) ±ϕ (t,−−→x ) ±ϕ (−t,−→x )

φ (t,−→x ) ηCφ∗ (t,−→x ) ηPφ (t,−−→x ) ηT φ (−t,−→x )
Aµ (t,−→x ) −Aµ (t,−→x ) ηA(µ)Aµ (t,−−→x ) ηA(µ)Aµ (−t,−→x )
ψ (t,−→x ) ηCC βψ∗ (t,−→x ) ηPβψ (t,−−→x ) ηT γ5C ψ (t,−→x )

Table 2.2: The results of the discrete symmetry transformations acting on different types
of fields: a real (pseudo-)scalar field ϕ , a complex scalar field φ , a vector (gauge) field Aµ

and a spinor fields ψ . The phases ηC,P,T , the function ηA(µ) and the operators C ,β are
further explained in the text.

i.e. the parity transformation inverts the three spatial coordinates, and

T : (t,−→x )→ (−t,−→x ), (2.15)

i.e. a time reversal transformation inverts the time coordinate. Note that both of these
transformations are self-inverse.

The third discrete symmetry transformation is relevant for theories that contain particles
in complex representations of their symmetry group. The Charge Conjugation transfor-
mation does not act on the spacetime coordinates, but in general corresponds to a map
of representations onto their complex conjugate representations. In the simple case of an
Abelian symmetry, e.g. a global U(1)B−L symmetry in the Standard Model, Charge Con-
jugation usually corresponds to taking the complex conjugate of the field and flipping the
sign of all related charges.

The results of these discrete transformation on different types of fields is shown in Table
2.2. The phases ηC,P,T appear for the complex fields as there is usually a rephasing freedom
present. The function ηA(µ) is given by

ηA(µ)≡

+1, µ = 0

−1, µ 6= 0
(2.16)

10



2.2. CP Symmetry and CP Violation

and the operators C and β are given by

C = iγ0
γ

2, (2.17)

β = γ
0 (2.18)

where γµ are the Dirac matrices. Note that this only holds in the Weyl or Dirac represen-
tation of the gamma matrices.

One combination of particular interest for this work is the CP transformation, or CP. For a
Dirac spinor, the usual transformation behaviour under a CP transformation in the Standard
Model is given by

CP : ψ(t,−→x )→ ηCPC ψ
∗(t,−−→x ) (2.19)

which, in addition to flipping the charges, also reverses the handedness of the particle.
The CP transformation can also be interpreted as outer automorphism of the symmetry
groups[55, 56]. If there are multiple copies of a field in the same symmetry representation
present, as is e.g. the situation in the Standard Model with the three fermion families, one
can generalize the CP transformation by, for example, including a rotation in this field
space. These types of CP transformations are called Generalized CP transformations[57].
One such generalized CP transformation, CP4 [44–46], will be at the center of the model
discussed in this thesis.

The CP symmetry, while possible to be well-defined, is not a symmetry of the Standard
Model. The Electroweak Interaction by itself violates C and P individually, established
e.g. by Wu et al. [58] , but respects CP. CP is violated by the complex Yukawa couplings
between the fermions and the Higgs boson. In order to see this, let us have a closer look at
the CKM matrix. As there are three generations of massive quarks, the CKM matrix can
contain a complex phase. Therefore, having a look at the relevant operators in (2.12) and
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Chapter 2. The Strong CP Problem

performing a CP transformation of the fields, we see that

CP :
g√
2

W+
µ ūLγ

µVCKMdL +
g√
2

W−
µ d̄Lγ

µV ∗
CKMuL

→ g√
2

W+
µ ūLγ

µV ∗
CKMdL +

g√
2

W−
µ d̄Lγ

µVCKMuL

(2.20)

which is equal if and only if V ∗
CKM =VCKM, i.e. the CKM matrix is real. The presence of

a non-zero complex phase in the CKM matrix violates CP. While this discussion depends
on the specific choice of basis in (2.12), the CP violation, or CPV, in the quark sector can
be described in a basis-invariant way by means of the so-called Jarlskog invariant JCP [59].
The Jarlskog invariant is defined as

JCP =−idet
[
Y uY u,†,Y dY d†

]
(2.21)

and can, after rotating into the mass basis, be expressed as

JCP = 2c12c2
13c23s12s13s23 sin(δCKM)×

×
(
m2

t −m2
u
)(

m2
t −m2

c
)(

m2
c −m2

u
)(

m2
b −m2

d
)(

m2
b −m2

s
)(

m2
s −m2

d
)
.

(2.22)

Performing a CP transformation corresponds to the transformation δCKM → −δCKM, re-
sulting in an equivalent change of sign of the overall JCP. Therefore, a non-zero JCP is
clear evidence for CP violation in the quark sector. This expression also makes it evident
that, in order for CP to be conserved, at least one of these conditions has to be met:

• the CKM phase δCKM has to vanish

• the sine or cosine of any one of the quark mixing angles has to vanish

• Two up- or down-type quarks have to have the exact same mass.

Historically, evidence for CP violation in Kaon decays e.g. was measured by Cronin
and Fitch in 1963 [60]. Nowadays, experiments show a significant, non-zero value for
JCP ≈ (3.08±0.18)×10−5 [16], thereby further establishing CP violation in form of the
CKM mechanism in the Standard Model.
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2.3. Fujikawa Method and Relation to Quark Masses

The Strong Interaction could also potentially violate CP through the so-called Strong CP
angle, however no experimental evidence for this has been obtained yet [34]. How the
Strong CP angle arises as a result of the anomalous axial symmetry in QCD will be dis-
cussed in the following sections.

2.3 Fujikawa Method and Relation to Quark Masses

Anomalous symmetries are symmetries of the classical action which are not respected
by the full quantum theory, as already mentioned in the context of U(1)B ×U(1)L in the
Standard Model. They can, e.g., be generated by triangle diagrams. The Strong Interaction
individually also exhibits an anomalous symmetry, the axial symmetry. In order to show
how the axial symmetry in QCD is anomalous and affects the QCD θ term, we discuss
the method devised by Fujikawa [61–63]. We briefly switch the metric convention for
this section only to the "mostly plus" convention for the Minkowski metric tensor, ηµν =

(−1,+1,+1,+1) in order to facilitate following the reference material. As an example,
we examine the chiral anomaly in QED. Let Ψ be a Dirac fermion field. The path integral
is given by

Z(A) =
∫

DΨDΨ̄eiS(A) (2.23)

where
S(A) =

∫
d4x iΨ̄ /DΨ (2.24)

is the Dirac action,
Dµ = ∂µ − igAµ , /D = γµDµ (2.25)

the corresponding covariant derivative and DΨ,DΨ̄ the fermionic path integral measures.
We take the gauge field to be in a fixed background configuration and to be integrated later.
Now, let us apply an axial U(1) transformation U to the fermion fields as

Ψ → Ψ
′ =UΨ = e−iα(x)γ5Ψ (2.26)

13



Chapter 2. The Strong CP Problem

and
Ψ̄ → Ψ̄

′ =UΨ = Ψ
†U†

γ0 = Ψ
†e+iα(x)γ5γ0

= Ψ
†
γ0e−iα(x)γ5 = Ψ̄U

since γ
†
5 = γ5 and γ5γ0 = −γ0γ5. The action is effected by this transformation in the fol-

lowing way:

S′(A) =
∫

d4x iΨ̄′ /D′
Ψ

′

=
∫

d4x iΨ̄Uγ
µ [∂µ − igUAµU† − ig

i
g
(∂µU)U†]UΨ

=
∫

d4x iΨ̄Uγ
µ [U∂µ − igUAµ +2(∂µU)]Ψ

(2.27)

Writing the transformation U in its exponential form, the action now looks like∫
d4x iΨ̄e−iα(x)γ5γ

µ [e−iα(x)γ5∂µ − e−iα(x)γ5igAµ +2∂µ(e−iα(x)γ5)]Ψ

=
∫

d4x iΨ̄e−iα(x)γ5γ
µe−iα(x)γ5[∂µ − igAµ −2iγ5(∂µα(x))]Ψ

≡ S(A)+
∫

d4x jµ

5 ∂µα(x) = S(A)−
∫

d4x(∂µ jµ

5 )α(x)

(2.28)

where we defined the axial current

jµ

5 ≡ Ψ̄γ
µ

γ5Ψ (2.29)

and used partial integration in the last step. If we assume the path integral measure DΨDΨ̄

to be invariant under this transformation, the transformed path integral looks like

Z′(A) =
∫

DΨDΨ̄eiS(A)e−i
∫

d4x(∂µ jµ

5 )α(x). (2.30)

For this to be equal to (2.23), it has to hold that ∂µ jµ

5 = 0, i.e. the axial current needs to
be conserved. It remains to check the invariance of the measure explicitly. This can be
done by examining the Jacobian of the transformation. The functional Jacobi matrix for
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2.3. Fujikawa Method and Relation to Quark Masses

this axial transformation can be written as

J(x,y) = δ
4(x− y)e−iα(x)γ5 (2.31)

and there is a resulting Jacobian determinant factor detJ−1 from both DΨ and DΨ̄. The
Jacobian determinants appear as inverse determinants because the fields are fermionic and
therefore Grassmann fields. The transformation then changes the path integral measures
in the following way:

DΨDΨ̄ → DΨ
′DΨ̄

′ = (detJ)−2DΨDΨ̄. (2.32)

Using the identity detJ = expTr logJ, we can write the determinant as

(detJ)−2 = exp
(

2i
∫

d4xα(x)Trδ
4(x− x)γ5

)
. (2.33)

Since one can also write
Z(A) = det

(
i /D
)
, (2.34)

we need a regulator which can be used in both (2.34) and (2.33) in order to calculate the
path integral. One way to introduce a regulating function to the integral could be to replace
the delta function with

δ
4(x− y)→ exp

(
(i /Dx)

2/M2)
δ

4(x− y) =
∫ d4k

(2π)4 e(i /Dx)
2/M2

eik(x−y)

=
∫ d4k

(2π)4 eik(x−y)e(i /Dx−/k)2/M2
.

(2.35)

To further the calculations, we expand the exponent of the second exponential factor as

(i /D−/k)2 = /k2 − i{/k, /D}− /D2
=−k2 − i{γ

µ ,γν}kµDν − γ
µ

γ
νDµDν . (2.36)
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We can now use the identity γµγν = 1
2({γµ ,γν}+[γµ ,γν ]) = −gµν − 2iSµν with Sµν ≡

− i
4
[γµ ,γν ] and write

(i /D−/k)2 =−k2 +2ik ·D+D2 +2iSµνDµDν

=−k2 +2ik ·D+D2 +gSµνFµν (2.37)

where we used that Sµν is antisymmetric to replace DµDν with 1/2[Dµ ,Dν ] =−1/2igFµν .
Rescaling k → Mk and using the expansion of the exponent leads to

Trδ
4(x− x)γ5 → M4

∫ d4k
(2π)4 e−k2

Tr(e2ik·D/M+D2/M2+gSµν Fµν/M2
γ5). (2.38)

Expanding the exponential in inverse powers of M, in the limit M → ∞ only terms up to
M−4 will contribute to the integral. The trace contributes only if there are four Dirac ma-
trices multiplied with γ5. Therefore, the only contributing term will be 1

2(gSµνFµν)
2/M4.

With this, the expression becomes

Trδ
4(x− x)γ5 →

1
2

g2
∫ d4k

(2π)4 e−k2
Tr
(
FµνFρσ

)
Tr(SµνSρσ

γ5) (2.39)

where the first trace is over group indices and the second trace over spin indices. The spin
trace is given by

Tr(SµνSρσ
γ5) = Tr

(
(

i
2

γ
µ

γ
ν)(

i
2

γ
ρ

γ
σ )γ5

)
=−1

4
Tr(γµ

γ
ν
γ

ρ
γ

σ
γ5) = iεµνρσ . (2.40)

For the k integration, we analytically continue to Euclidean space, leading to an overall
factor of i. Each Gaussian integral gives a factor of π

1
2 , resulting in the expression

Trδ
4(x− x)γ5 →− g2

32π2 ε
µνρσ Tr(FµνFρσ ). (2.41)
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2.3. Fujikawa Method and Relation to Quark Masses

Finally, we can write out the Jacobian determinant as

(detJ)−2 = exp
(
− ig2

16π2

∫
d4xα(x)εµνρσ Tr(FµνFρσ )

)
(2.42)

and the fully transformed path integral as

Z(A)→
∫

DΨDΨ̄eiS(A)e−i
∫

d4xα(x)[(∂µ jµ

5 )+
g2

16π2 εµνρσ Tr(Fµν Fρσ )]. (2.43)

As we discussed this transformation as a symmetry of the classical theory, the transformed
action now needs to be equivalent to our original action. Therefore we need

∂µ jµ

5 =− g2

16π2 ε
µνρσ Tr(FµνFρσ ) (2.44)

and the axial current now has a non-vanishing, anomalous divergence!

We conclude this section with a short summary. We looked at symmetries of the classical
action. When transforming the fields, one also needs to consider possible transformations
of the measure of the path integral. If the measure transforms non-trivially, this leads to
an anomalous divergence of the classically conserved current. Since there is no equivalent
to the path integral measure in the classical case, anomalies are pure quantum phenomena.
And since we nowhere used expansion in the coupling g, the calculations in this sections
are non-perturbative and hold exactly. Identifying anomalous symmetries and the corre-
sponding currents has been carried out with Fujikawa’s method. For that, we looked at
the symmetry transformation as a change of variables in the path integral and calculated
the Jacobian. We identified a suitable regulator for the calculation of both the path inte-
gral and the integral inside the Jacobian and calculated the change in the action due to the
transformations both in the fields and in the measure. The requirement of invariance of the
action led us to identify the anomalous divergence.
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Chapter 2. The Strong CP Problem

2.4 The Strong CP Angle

In this section, we will illustrate how the Strong CP Problem arises in QCD. We follow
loosely the corresponding chapter in [13]. The QCD Lagrangian (without the θ -term) is
given by [16]

LQCD = ∑
f

q̄ f ,c

(
iγµ

∂µδcd −gγ
µTC

cdAC
µ −m f δcd

)
q f ,d −

1
4

GA
µνGA,µν , (2.45)

where q f is a quark of flavour f with mass m f , AC
µ is one of C = 1, ...,8 gluon fields, TC

the generator matrices of SU(3) and c,d are colour indices. The gluon field strength tensor
is defined as

GA
µν = ∂µAC

ν −∂νAC
µ −g fABCAB

µAC
ν (2.46)

with the SU(3)structure constants fABC given by the commutator of the generator matrices,[
T A,T B

]
= i fABCTC. (2.47)

Note that here and in the following, we suppress the colour indices.

First, let us start with the pure gauge field equations of motion:

DµGµν
a = 0 (2.48)

with the covariant derivative
Dµ = ∂µ + igT aAa

µ (2.49)

and the QCD dual gauge field strength tensor given by

G̃µν
a =

1
2

ε
µνρσ Gρσ

a (2.50)

. With these expressions, we can write down the Euclidean action of the pure gauge field
configuration:

SE =
∫

d4x
1
4

Gµν
a Gµν

a =
∫

d4x
1
4

G̃µν
a G̃µν

a . (2.51)
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2.4. The Strong CP Angle

Using this equality, one can therefore write

SE =
1
8

∫
d4x
(
Gµν

a ± G̃µν
a
)2 ∓ 1

4

∫
d4xGµν

a G̃µν
a

≥ 1
4

∣∣∣∣∫ d4xGµν
a G̃µν

a

∣∣∣∣ (2.52)

with equality for self-dual or anti-self-dual gauge configurations:

Gµν
a =±G̃µν

a . (2.53)

For the action to be finite, the gauge field configurations have to vanish fast enough asymp-
totically, Gµν

a → 0 fast enough for r = |x| → ∞. Therefore, the vector potential must ap-
proach a pure gauge (vacuum) transformation of the following form:

Aµ = Aµ
a Ta →− i

g
U(x)∂ µU−1(x) for r → ∞ (2.54)

where U(x) is a finite gauge transformation,

U(x) = exp(−igTaΛa(x)). (2.55)

Coming back to the second term in the action, one can write

1
2

Gµν
a G̃µν

a = Tr
(
GµνG̃µν

)
≡ ∂µKµ , (2.56)

i.e. it can be written as a total derivative with

Kµ = ε
µνρσ Tr

[
Aν

(
Gρσ − 2

3
igAρAσ

)]
. (2.57)

Then, using (2.54), one can show that∫
V

d4xTr
(
GµνG̃µν

)
=−16π

2 q
g2 (2.58)
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where V is a finite spacetime volume and

q =− 1
24π2

∫
d3Sε

i jk Tr
[
U(∂ iU−1)U(∂ jU−1)U(∂ kU−1)

]
(2.59)

is the Pontryagin index (winding number) of the map

U : S3 → G (2.60)

with S3 the unit 3-sphere in spacetime and the gauge group G. For G = SU(2), there is
only one winding number, q= 1. For G= SU(3), there are infinitely many possibilities for
q, so there are (countably) infinitely many distinct vacua |q〉 and the transition amplitude
between these is of order e−SE . For configurations satisfying (2.53), the transition between
the different vacua is mediated by instantons and the action for these instantons by

SE = 8π
2 |q|

g2 . (2.61)

For a gauge transformation U with unit winding number, it holds that

U |q〉= |q+1〉 (2.62)

and gauge invariance then implies
[U,H] = 0. (2.63)

where H is the Hamiltonian of the pure gauge configuration. Therefore, the true vacuum
|θ〉 must be an eigenstate of U with eigenvalue eiθ given by the linear combination

|θ〉= ∑
q

e−iqθ |q〉 . (2.64)

This is the situation where only gauge fields are present. Let is now have a look at the
situation when sources are present. The transition amplitude between different vacua in
presence of a source J is given by

〈
θ
′∣∣θ〉= δ (θ −θ

′)IJ(θ) (2.65)
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2.4. The Strong CP Angle

with

IJ(θ) = ∑
n

e−inθ

∫
(DAµ)n exp

(
i
∫

d4x(L + JµAµ)

)
= ∑

n

∫
(DAµ)n exp

(
i
∫

d4x(L +
θg2

32π2 Tr
(
GµνG̃µν

)
+ JµAµ)

)
= ∑

n

∫
(DAµ)n exp

(
i
∫

d4x(Leff + JµAµ)

)
(2.66)

where we define

Leff = L +
θg2

32π2 Tr
(
GµνG̃µν

)
(2.67)

where (2.58) is used to replace e−inθ . Here, we see that the θ -term has appeared in the
Lagrangian. For θ 6= 0, this term violates parity, but not charge conjugation, and therefore
violates CP.
Now let us have a look at the anomalous axial symmetry U(1)A in QCD. Axial transfor-
mations of the quark fields are given by

U(1)A : qi → e−iαγ5qi , qLi → e+iαqLi , qRi → e−iαqRi (2.68)

where qi is the i-th flavour the quark field, qL/Ri is its left-/right-handed component and
γ5 is the fifth Dirac matrix. This transformation is a symmetry of the classical theory, it is
however broken by quantum corrections in the full quantum theory. This can be expressed
as a non-vanishing divergence,

∂µ jµ5 =
Ng2

16π2 Tr
(
GµνG̃µν

)
, (2.69)

of the axial current

j5
µ ≡

N

∑
i=1

q̄iγµγ5qi, (2.70)

where N is the number of flavours. How this divergence arises was shown in the pre-
vious section with the Fujikawa method. Axial transformations induce a change in the
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Lagrangian of the form

δL = α
Ng2

16π2 Tr
(
GµνG̃µν

)
(2.71)

and choosing α =−θN/2 allows us to remove the θ term. But for massive quarks, the ax-
ial transformations induce an additional change in the quark mass terms of the Lagrangian,

Lm =−q̄LiMi jqR j +h.c., (2.72)

where the mass matrix M after axial rephasing becomes

M → e−2iαM (2.73)

and therefore
argdetM → argdetM−2αN. (2.74)

Looking at the combination
θ̄ = θ + argdetM, (2.75)

one can see that this is invariant under axial transformations,

θ̄ → θ̄
′ = θ +2αN + argdetM−2αN = θ + argdetM = θ̄ (2.76)

and cannot be made to vanish by rephasing! The value of θ̄ is not predicted by theory and
can be arbitrary between 0 and 2π , but it is experimentally constrained to θ̄ < 10−10 by
measurements of the neutron electric dipole moment [34]. Explaining why the phase θ̄ is
so small while e.g. there is a large phase in the CKM matrix is the essence of the Strong
CP Problem. It is interesting to note that renormalization effects in the Standard Model do
not effect the smallness of θ above the order of 10−16 [64].

2.5 Proposed Solutions to the Strong CP Problem

Having now discussed the origin of the Strong CP Problem, in this section, we discuss
proposed solutions to why θ̄ is experimentally found to be so small.
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2.5.1 Massless lightest quark

One proposed solution is based on the assumption of the lightest quark being massless.
Then, the quark mass matrix would have an eigenvalue of 0 and the determinant would
vanish. If detM = 0, argdetM would not be a physical parameter anymore and we could
choose it to cancel any arbitrary θ . For two flavours, the CP-violating part of the mass
Lagrangian can be written as (for α,θ infinitesimal):

Lθ =−iθ
mumd

mu +md
(ūγ5u+ d̄γ5d) (2.77)

which vanishes for mu = 0. Lattice QCD calculations however, as mentioned, provide a
non-vanishing current mass of the up-quark of about 2-3 MeV which strongly disfavour
this solution [35]. However, there are some efforts to generate this mass through strong
dynamics and instantons [65].

2.5.2 Peccei-Quinn symmetry and the axion

Another approach was put forward by Peccei and Quinn in 1977. In their paper [36], they
assume the mass of at least one fermion ψ to be generated by a Yukawa coupling to a
complex scalar ϕ ,

−LY = ψ̄ [GϕPR +G∗
ϕ
∗PL]ψ (2.78)

with PL/R = (1∓ γ5)/2 the chiral projection operators. They note that the full Lagrangian
is formally invariant under chiral rotations of the form

ψ → exp(+iσγ5)ψ , ϕ → exp(−2iσ)ϕ (2.79)

which however leads to an anomalous chiral current and a change in the θ parameter of

θ → θ −2σ . (2.80)
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For CP conservation, they argue that the quantity

α = arg(eiθ G〈ϕ〉)≡ θ + argdetM̃ = θ̄ (2.81)

has to vanish. Observe that for one single fermion, the mass matrix is a single complex
number so detM̃ = M̃ = G〈ϕ〉. What Peccei and Quinn now go on and prove is that one
can achieve α = 0 while simultaneously having real fermion masses, so argdetM̃ = 0. It
follows immediately then that θ = 0. In a first step, they redefine the scalar field φ in terms
of its complex vev 〈ϕ〉= λeiβ and two real scalar fields ρ,σ :

ϕ = (λ +ρ + iσ)eiβ (2.82)

then, plugging this expansion into the full Lagrangian, they arrive at equations for the vevs
of ρ and σ which, by definition, must vanish:

〈ρ〉=
∫

dρ

∫
dσρ

(
A0 +∑

n
Fn cos(nα)

)
= 0 (2.83)

and
〈σ〉=

∫
dρ

∫
dσσ

2
(

∑
n

Gn sin(nα)

)
= 0 (2.84)

While the first condition for ρ can be fulfilled for every α by an appropriate choice of
λ = λ (α), the second equation for σ can only be satisfied in general for α = 0 or π .
They argue that there is always a parameter range where the minimum of the potential is
at α = 0, leading to a CP conserving theory. The new fermion mass term now looks like

−Lm = λψ̄

[
Geiβ PR +G∗e−iβ PL

]
ψ

= λψ̄

[
|G|e−iθ PR + |G|eiθ PL

]
ψ (2.85)
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where the last equality follows from α = θ +β + argG = 0. The mass terms can now be
made real by a chiral rotation of the fermions of the form

ψ → exp
(

iγ5
θ

2

)
ψ (2.86)

with the transformation of θ leading finally to

θ → θ
′ = θ −θ = 0. (2.87)

Therefore, the authors propose an additional global chiral symmetry U(1)PQ which is
broken. The Goldstone boson asscociated to this broken symmetry is called the axion. It
corresponds to the phase of the scalar field ϕ . The minimum of the axion potential then
can be chosen to make θ̄ = 0 regardless of its initial value. The Lagrangian including the
axion field a(x) is given by

L = LSM +
θ̄g2

32π2 Tr
(
Fµν F̃µν

)
− 1

2
∂µa(x)∂ µa(x)

+ξ
a(x)

fa

g2

32π2 Tr
(
Fµν F̃µν

)
+Lint

[
∂ µa(x)

fa
;ψ

] (2.88)

and the minimum of the effective axion potential occurs at

〈a〉=−θ̄
fa

ξ
(2.89)

where fa is the breaking scale of U(1)PQ and ξ the anomaly coefficient. Expanding now
in terms of the physical axion field,

aphys = a−〈a〉, (2.90)

leads to a cancellation of the θ̄ -term. This solves the CP problem.

Common benchmark models for the realization of the Peccei-Quinn mechanism include
the KVSZ model [66, 67]which postulates new heavy fermions in addition to the axion,
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and the DFSZ model [68, 69] which postulates an additional Higgs doublet.

The experimental effort in searching for axions has increased dramatically in the recent
past. There are many different types of experiments, from resonant production in cavities
over so-called "light shining through a wall" experiments using the Primakoff effect to
observation of solar and astrophysical photon or particle fluxes in general [70–74]. While
these experiments can search for many different axion-like particles (ALP), the axion nec-
essary for solving the Strong CP problem is distinguished by the special relation between
its mass and decay constant (see e.g. [75] for a recent review). However, there has been
no detection of an axion of any kind yet [16].

2.5.3 Nelson-Barr mechanism

One other possible solution has been brought forth by Nelson in 1984 [39] and further
justified by Barr [40]. They assume CP to be a symmetry of the Lagrangian but spon-
taneously broken at some scale. Therefore, before symmetry breaking, θ ≡ θQCD = 0 is
satisfied automatically. It now remains to explain why argdetM ≡ θQFD is also vanishing.
They propose the addition of new vector-like fermions in a real representation R or, if
complex, with equal number of conjugate representations. Barr states that this addition to
the Standard Model fermions in a representation F can ensure θQFD = 0 at tree-level under
two conditions:

• The SU(2)L ⊗U(1)Y symmetry breaking occurs only in the SM sector, i.e. through
F −F Yukawa couplings

• The CP violation occurs only in F −R Yukawa or mass terms, not in F −F or R−R

terms.

As an example, Barr first looks at down-type quarks with the quantum numbers (I3,Y/2)=
(−1/2,+1/6) where I3 denotes the third component of weak isospin and Y/2 the hyper-
charge. The relation to the electric charge Q is given by

Q = I3 +
1
2

Y. (2.91)
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In order to fulfil the first condition, the new fermions R that mix with the Standard model
representations F can either belong to an SU(2) doublet representation with quantum num-
bers (−1/2,+1/6) or a singlet representation with (0,−1/3). The mass terms can be
expressed as

q−M(0)
− qc

− =
(

(−1/2,1/6)(F)
i (−1/2,1/6)(R)j (0,−1/3)(R)k

)
×

×

 〈(1/2,−1/2)〉ii′ 〈(0,0)〉i j′ 0
0 〈(0,0)〉 j j′ 0

〈(0,0)〉ki′ 0 〈(0,0)〉kk′

×


(0,1/3)(F)

i′

(1/2,−1/6)(R)j′

(0,1/3)(R)k′

 (2.92)

where i, i′ = 1...n f run over the number of flavours in the Standard model, j, j′ run over the
number of R fermions with (−1/2,1/6) and (1/2,−1/6) respectively. Since R is a real set
of reps, both j and j′ run over the same numbers and the same holds for k,k′. This implies
that 〈(1/2,−1/2)〉ii′ and 〈(0,0)〉kk′ are square matrices. The zeros are to ensure that the vev
with non-trivial SU(2)⊗U(1) quantum numbers only appears in F −F terms. This con-
tains the symmetry breaking of SU(2)⊗U(1) in the Standard Model sector as required by
the first condition. This is because terms of the form e.g. (−1/2,1/6)(F)〈(0,0)〉(0,1/3)(R)

do not form gauge singlets and therefore break gauge invariance explicitly. Introducing a
new vev of the form (−1/2,1/6)(F)〈(1/2,−1/2)〉(0,1/3)(R) would be in contradiction to
the first condition. The second condition requires the CP violating parts only to appear
in the vevs 〈(0,0)〉i j′ and 〈(0,0)〉ki′ , since they mediate the F −R couplings. Now it re-
mains to show that the determinant of M(0)

− is independent of these vevs and therefore
argdetM(0)

− = 0.

Consider the jth row of M(0)
− . The only non-vanishing entries come from 〈(0,0)〉 j j′ . The

determinant can be calculated with Laplace’s formula for fixed j:

detM = ∑
j′
(−1) j+ j′m j j′M̃ j j′ (2.93)

where M̃ j j′ is the determinant of the residual matrix after deleting the jth row and j′th

column from M. Since there are just as many rows j as columns j′, the only factors from
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the j′th columns that will contribute to the full determinant will come from 〈(0,0)〉 j j′ be-
cause after deleting the jth row and j′th column, one can repeat the same process for the
minor M̃ j j′ . Therefore, the only contributing terms from the columns j′ must also be in
the rows j. The same argument can be made for the square matrix 〈(0,0)〉kk′ . This proves
that detM(0)

− is independent of the CP violating vevs 〈(0,0)〉i j′ and 〈(0,0)〉ki′ . The proof
is completely analogous for up-type quarks after putting in the corresponding quantum
numbers. In the end, it follows that θQFD = 0 at tree-level. Corrections may arise at 1-
ot higher loop levels, but they are assumed to be small enough to be consistent with the
neutron EDM. This solves the strong CP problem, at least at tree-level.

While this solution works at tree-level, it is necessary to protect ¯theta from higher-order
loop corrections, especially if there are additional dimension-5 operators present from e.g.
a different UV completion [48]. Additionally, the necessity of both a new scalar and at
least one new vector-like quark extends the number of parameters in the model futher than
the axion solution, for example. The increased dimensionality of the parameter space,
even in minimal models [76], increases the difficulty of constraining the new BSM scales.
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Chapter 3
Model Analysis

3.1 Setting up the Model

In this section, we will set up the model under investigation in this paper. We closely fol-
low [47] for this part. In terms of gauge groups, the model consists of the usual Standard
Model gauge group SU(3)C × SU(2)L ×U(1)Y before spontaneous symmetry breaking.
In addition to the gauge symmetries, we require a discrete CP symmetry be respected at
high energies. In particular, we specify a so-called non-conventional CP transformation of
order 4, instead of the common CP transformation of order 2, which will be broken at low
energies. We describe this CP transformation in more detail after these general remarks.

The matter particle content of this model is given by the Standard Model complemented
by one complex scalar singlet S and two additional heavy down-type quarks D. Table 3.1
shows the respective quantum numbers and transformation properties under the CP sym-
metry.

While the CP symmetry is obeyed exactly at high energies, the new scalar will at some
new energy scale acquire a vev vS and break the CP symmetry spontaneously. This will be
the source for all CP violating phenomena in the Standard model. The second scalar will
act as the Standard model Higgs and be responsible for breaking the electroweak symme-
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qLi ūRi d̄Ri lLi ēRi φ DL j DR j S
SU(3)C 3 3 3 1 1 1 3 3 1
SU(2)L 2 1 1 2 1 2 1 1 1
U(1)Y 1/3 −4/3 2/3 −1 2 1 −2/3 2/3 0
CP4 2 2 2 2 2 2 4 4 4

Table 3.1: Particle content of the examined model. In addition to the Standard Model par-
ticle content (three light families of quarks and leptons, i = 1,2,3), the model introduces
two copies of a heavy vector-like down-type quark D j ( j = 1,2) and a complex singlet
scalar S. The last row indicates how often the CP4 transformation has to be applied to
return to the initial state.

try through vH < vS.

Differing from their Standard Model counterparts, the new heavy down-type quarks are
vector-like singlets under SU(2)L. This allows for a mass term in the Lagrangian and
introduces another energy scale µD. We will see that the interplay between the two new
scales µD and vS will be very important for reproducing the observed CP violation. The
new quarks carry the same quantum numbers as the right-handed light down-type quarks
and are therefore expected to mix with these. This will be the primary way to transmit the
CP violation to the Standard Model sector.

This sections is organized as follows: first, we will briefly review CP transformations of
order 4. Next, we will discuss the scalar potential and the Yukawa interactions between the
scalar and quark sector and conclude this section by elaborating on the quark mass matrix
and mixing.

3.1.1 Short Review of CP4

Here, we will briefly review the mechanics of a CP transformation of order 4, dubbed CP4
in the following, in comparison to the usual case of a transformation of order 2, named
CP2. The usual CP2 transformation allows for two types of eigenstates: CP-even and CP-
odd. CP4 introduces the additional possibilities of so-called "half-even" and "half-odd"
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3.1. Setting up the Model

states where the CP4 transformation needs to be applied 4 times in order to arrive back at
the initial state. Let us briefly recall the action of the CP2 transformation on scalar and
fermionic fields. A complex scalar field ϕ can be written in terms of its real and imaginary
parts,

ϕ(x) = ϕ1(x)+ iϕ2(x) (3.1)

and transforms under CP2 in the following way:

CP2: ϕ(x)→ ϕ
cp(x̃) = ϕ

∗(t,−−→x ) = ϕ1(t,−−→x )− iϕ2(t,−−→x ) (3.2)

where we made the effect on the coordinates explicit. Applying the transformation twice
results in the original fields,

ϕ
cp(x̃) = ϕ1(t,−−→x )− iϕ2(t,−−→x )

CP2→ ϕ1(t,−(−−→x ))+ iϕ2(t,−(−−→x )) = ϕ(x). (3.3)

The situation for spinor fields is slightly different. The spinor ψ transforms under the
action of CP2 as

CP2: ψ(x)→ ψ
cp(x̃) =−iCψ

∗(x̃) (3.4)

with C = iγ0γ2 in the Dirac or Weyl representation. Applying this transformation twice
yields

ψ
cp(x̃) CP2→ γ

0
γ

2(γ0
γ

2)∗ψ( ˜̃x) =−γ
0
γ

2
γ

0
γ

2
ψ(x) =−ψ(x), (3.5)

which differs from the initial field by a minus sign.

The action of CP4 is best visualised on a pair of fields. Let S = S1 + iS2 be a singlet,
complex scalar transforming faithfully under CP4. The CP4 transformation acts on this
scalar as

S(t,~x) CP4→ −iS(t,−~x) (3.6)

or, in terms of the pair of real scalars S1,2,

S1(t,~x)
CP4→ S2(t,−~x), S2(t,~x)

CP4→ −S1(t,−~x) (3.7)
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On a pair of spinors, CP4 acts in the following way: let D1,2 be a pair of fermions trans-
forming faithfully under CP4. The CP4 transformation acts on this pair of fermions as

D1(t,~x)
CP4→ iDcp

2 (t,−~x), D2(t,~x)
CP4→ −iDcp

1 (t,−~x) (3.8)

where for a fermion D,
Dcp ≡ iγ0Dc =−iCD∗ (3.9)

with C = iγ0γ2.
The CP4 symmetry shown here is different from a CP2 symmetry and an extra Z2 symme-
try and cannot be decomposed as such. An interesting subtlety of this CP transformation is
that, in contrast to the standard model, complex Yukawa couplings do not in general break
the CP symmetry. There are operators consisting of faithfully transforming fields that can
respect the CP4 symmetry even with complex couplings. In the model in discussion, the
only quantity that breaks CP4 will be the vev vS of the new scalar S.

3.1.2 Scalar Sector

Now to the scalar sector. As described above, the model contains two scalar particles: a
Standard Model Higgs doublet φ and a new complex singlet scalar S. The new scalar trans-
forms faithfully under CP4 while the Higgs transforms as per usual CP2 transformation.
The scalar potential is given by the following part of the model Lagrangian [47]:

Lscalar = µ
2
φ (φ

†
φ)+µ

2
S (S

∗S)2− λH

2
(φ †

φ)2−λφS(φ
†
φ)(S∗S)+

λ1

4
(S∗S)4+

λ2

4
S4+

λ ∗
2

4
S∗4

(3.10)
which is the most general potential respecting CP4 with terms up to dimension d = 4.
The quartic coupling λ2 can, in general, be complex, but its phase can be absorbed into
S. Therefore, all scalar couplings can be taken as real and nonzero. The new scalar S

and the Higgs doublet φ interact through a portal term with coupling λφS. The only terms
sensitive to the phase of S are proportional to λ2 and the potential is minimized by a real
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and positive S. We can define

< S >=
vS√

2
, < φ0 >=

vH√
2
, (3.11)

which results in the following minimization conditions:

−µ
2
φ +

1
2

λHv2
H +

1
2

λφSv2
S = 0 (3.12)

−µ
2
S +

1
2
(λ1 −λ2)v2

S +
1
2

λφSv2
H = 0. (3.13)

These equations allow us to trade the parameters µφ ,S for vH,S after spontaneous symmetry
breaking has occured. In order to further analyse the physical scalars, we shift the fields
by their respective vevs and define (S0,S1,S2)≡

√
2(Reφ 0,ReS, ImS). We can then write

the mass matrix of the scalars in terms of this basis as λHv2
H λφSvHvS 0

λφSvHvS λ12v2
S 0

0 0 2λ2v2
S

 (3.14)

and notice the block structure. This block structure shows that even though the full CP4
symmetry is broken, the scalar sector still respects CP2 at tree-level as there are no cross
terms between the CP-even scalars S0,1 and the CP-odd scalar S2. Such terms will first be
generated at 1-loop level and are crucial for the generation of θ̄ . Therefore, we can already
identify the CP-odd mass eigenstate A ≡ S2 with a mass of

m2
A = 2λ2v2

S. (3.15)

The other two scalars mix already at tree-level and we can relate the interaction eigenstates
S0,1 with the mass eigenstates as(

S0

S1

)
=

(
cosα −sinα

sinα cosα

)(
h

s

)
(3.16)
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where h is the CP-even light mass eigenstate and s is the CP-even heavy mass eigenstate.
Their masses are given by

m2
h,s =

1
2
[λ12v2

S +λHv2]∓
√

λ 2
φSv2v2

S +
1
4
(λ12v2

S −λHv2)2 (3.17)

For vS � vH , the masses can be approximated as

m2
h ≈ v2

H

λH −
λ 2

φS

λ12 −λH

(
vH
vS

)2

 (3.18)

m2
s ≈ λ12v2

S (3.19)

and the mixing angle α by

tan2α =−
λφS

vH
vS

λ12 −λH

(
vH
vS

)2 (3.20)

where λ12 ≡ λ1 −λ2 > 0. The lighter mass eigenstate will be identified with the 125 GeV
scalar found at the LHC. As already mentioned, the mixing between CP-even and -odd
mass states occurs only at higher loop order. Contributions to θ̄ will then arise with higher
suppression compared to other related models, e.g. [76] .

3.1.3 Yukawa Sector

Apart from the scalar sector, Yukawa interactions are necessary to transmit the CP vio-
lation into the SM sector. In addition, the Yukawa interactions will be implemented in
a specific way that will satisfy the Nelson-Barr criteria and therefore guarantee θ̄ = 0 at
tree-level after spontaneous breaking of CP.
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The Yukawa potential in the symmetry basis before SSB is given by

−LYukawa = q̄LYuφ̃uR+ q̄LYdφdR+D̄L(F+F̄)
S1√

2
dR+D̄Li(F−F̄)

S2√
2

dR+µDD̄RDL+h.c.

(3.21)
with φ̃ = εφ∗ = iσ2φ∗ and F̄ = εF∗ = iσ2F∗. We work in a basis where the up-type
Yukawa couplings Yu are diagonal. Due to CP symmetry, the Standard Model Yukawa
couplings Yu,d are real. A priori, the coupling matrix F is a general complex 2×3 matrix
that couples the right-handed Standard Model down quarks with the new heavy vector-like
quarks, but we will be able to reduce the number of free parameters to some extent.

By performing an orthogonal rotation of the right-handed SM down-type quarks, we can
go into a basis where two basis vectors lie in the plane that is spanned by the real and
imaginary part of the first row in F , therefore setting one entry in the first row in F to 0
[77]. This eliminates one modulus and one complex phase. By explicitly choosing one
of these basis vectors along, e.g., the real part of the first row, we can set one entry onto
the real axis, thereby eliminating another complex phase. The last remaining phase is then
given by the angle between the real and imaginary parts of the first row. Due to the struc-
ture of CP4, we cannot use rephasing of the quark fields to eliminate additional complex
phases. Therefore, the coupling matrix F consists of 5 real moduli and 4 complex phases.

After symmetry breaking, both types of Yukawa couplings generate mass terms for the
quarks. While the mass structure for the up-sector is quite simple, the mass matrix of the
down-type quarks can be split into three components. The mass matrix of the down-type
quarks is given by

MD =

(
µd 0

MDS µD

)
(3.22)

with

µd =
vH√

2
Y d (3.23)

MDS =
vS√

2
(F + F̄) (3.24)
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after both scalars acquire their respective vevs. The upper-left block contains the real con-
tributions from the Higgs couplings, the lower-left block contains the complex Yukawa
couplings responsible for all CP violating observations and the lower-right block is given
by the vector-like mass of the heavy quarks. This special setup will realize δ θ̄ = 0 at tree
level through the Nelson-Barr mechanism [39, 40].

Using a bi-unitary transformation, we can diagonalize the mass matrix with two, in general
different, unitary matrices UL,UR:

U†
LMDUR = diag(md, ms, mb, mD1, mD2)≡ M̂D. (3.25)

To get a better understanding of how the complex phases affect the quark mixing and ulti-
mately lead to the complex phases in the CKM matrix, we first diagonalize the mass matrix
partially with the help of approximate mixing matrices Uhelp. These unitary matrices can
be parametrized by n× k matrices θL,R, where n is the number of SM down-type flavours
and k the number of BSM down-type flavours, in the following way:

Uhel p
i =

 √
1−θiθ

†
i θi

−θ
†
i

√
1−θ

†
i θi

≈

(
1n θi

−θ
†
i 1k

)
(3.26)

for small mixing parameters θi. Demanding now that the approximate matrices achieve
block-diagonalization, e.g.

Uhelp,†
L MDM †

DUhel p
L

!
≈

(
MdM†

d 0
0 MDM†

D,

)
(3.27)

with in general non-diagonal mass matrices Md and MD, one can calculate to first order

θL ≈ µdM†
DS(µ

2
D +MDSM†

DS)
−1 ≡ µdM†

DSH−1
D . (3.28)

where we defined HD ≡ µ2
D +MDSM†

DS.
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The matrix which fully diagonalizes the left-handed down-type quark masses, UL, is then
given by

UL ≈

(
13 θL

−θ
†
L 12

)(
VCKM 0

0 VD

)
(3.29)

where VCKM is the usual CKM matrix which diagonalizes the SM down quark masses Md ,

V †
CKMMdM†

dVCKM = diag(m2
d,m

2
s ,m

2
b) (3.30)

for
MdM†

d ≈ µd(13 −M†
DSH−1

D MDS)µ
†
d (3.31)

and VD does the same for the vector quarks,

V †
DMDM†

DVD = diag(m2
D1m

,m2
D2m

) (3.32)

where
MDM†

D ≈ HD (3.33)

. This block diagonalization corresponds to integrating out the heavy quarks. The non-
diagonal mass terms in the Lagrangian after integrating out the heavy quarks look like

Lmass ≈−d̄LµddR − d̄R(13 −M†
DS(µ

2
D +MDSM†

DS)
−1MDS)(µd)

T dL

=−d̄LµddR − d̄R(13 −M†
DSH−1

D MDS)(µd)
T dL

(3.34)

where the similarity between the approaches becomes apparent in the mass matrices in eqs.
(3.31) and (3.34) . We see that these mass terms violate CP symmetry through nonzero
and complex MDS. In order to successfully introduce CP violation into the SM sector,
we note that three ingredients are necessary in this model: a non-zero vev vS to break the
CP4 symmetry, a non-trivial structure of the complex Yukawa couplings F and F̄ as well
as a nonzero vectorlike mass µD. While the latter is not needed for solving the strong
CP problem, a vanishing µD would lead to massless down-type quarks which is opposed
to current observations and lattice calculations that the lightest down-type quark has a
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nonzero current mass [78]. For nonzero µD, the relationship between the two scales vS and
µD is vital for generating the right amount of CP violation. For a small ratio vS/µD, the
amount of CP violation decreases at fixed scale of Yukawa couplings and all CP violating
effects decouple for vS/µD → 0 (short of driving up the Yukawa couplings). For very large
ratios of scales vS � µD (and as long as µD is not too light), the CP violating contributions
to the SM Yukawa couplings become approximately independent from both vS and µD,
since

M†
DSH−1

D MDS
vS�µD≈ M†

DS(MDSM†
DS)

−1MDS = (F + F̄)†((F + F̄)(F + F̄)†)−1(F + F̄).

(3.35)
In this limit, the size of CP violating effects is determined by the internal hierarchy of the
complex Yukawa couplings F alone. The absolute size of the couplings would not play
much of a role since, having a closer look at this term, we see that an overall scale in the
Yukawa couplings would cancel out.
Naively, one could expect there to be a maximal contribution for a maximal hierarchy that
cannot be changed in further in magnitude since raising the absolute scale of the couplings
would reduce the scale of the inverse couplings and vice versa. It needs to be checked if
this magnitude is enough to reproduce the observed CP violation, i.e. if this limit is part
of the viable parameter space, or if there is a upper bound on the ratio vS/µD above which
the model cannot transmit enough CP violation into the Standard Model sector based on
the Yukawa couplings alone.

Apart from the limiting cases, the interference between the two scales vS and µD is im-
portant for the appropriate amount of CP violation. In the region where the scales are
comparable to each other, we expect the model to exhibit more freedom in the choice of
couplings and therefore less fine-tuning necessary. One should, however, keep in mind
that too much of a coincidence of scales can be a problem of fine-tuning itself.

In order to capture the effect of these three sources, we define the dimensionless ratio

r ≡ MDS

µD
=

vS

µD
(F + F̄) (3.36)
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and note that ||r|| → 0 corresponds to the CP conserving limit for some matrix norm. In
this work, we will employ the Frobenius norm

||M|| ≡ ||M||F =
√

Tr[MM†] =
√

∑
i

∑
j
|mi j|2 (3.37)

if not specified differently. Examining the model in terms of this ratio should help treat
the correlations between the scales and Yukawa couplings correctly and lower the effect
of degeneracies.
The right-handed rotation matrix is formally given by

UR = (MD)
−1ULM̂D. (3.38)

and is the matrix that diagonalizes M†
DMD. This matrix does not exhibit similar hierarchies

as MDM†
D which is diagonalized by the left-handed rotations UL. Therefore, we do not

expect the seesaw approximation to hold, if at all, in the same parameter range as with UL.
For notation purposes, we write the rotation matrices as

UL,R =

(
Ud

L,R

UD
L,R

)
, (3.39)

i.e. the submatrix Ud
L describes the composition of the 3 Standard Model quarks in the

interaction basis in terms of the 5 down-type quarks in the mass basis. Similar relations
hold for the other blocks. With these matrices, we can transform the Yukawa couplings
from the electroweak eigenstates to the mass eigenstates. The Lagrangian after symmetry
breaking then looks like (we suppress matrix indices)

LY =− ¯̂dm(Ud
L )

†Y dUd
R

cosα√
2

PRd̂mh+ ¯̂dm(Ud
L )

†Y dUd
R

sinα√
2

PRd̂ms

− ¯̂dm(UD
L )†(

F + F̄
2

)
sinα√

2
Ud

R PRd̂mh− ¯̂dm(UD
L )†(

F + F̄
2

)
cosα√

2
Ud

R PRd̂ms

− ¯̂dm(UD
L )†(

F − F̄
2

)
1√
2

Ud
R PRd̂mA+h.c.

(3.40)
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which allows us to read off the interactions and calculate the rates of FCNC mediated by
the neutral scalars h,s and A. The field d̂m includes all down-type quark fields in their mass
eigenstates, i.e.

d̂T
m = (dm, sm, bm, D1m, D2m)

T. (3.41)

Defining the following abbreviations,

Ch
SM,Y = (Ud

L )
†Y dUd

R
cosα√

2
(3.42)

Cs
SM,Y = (Ud

L )
†Y dUd

R
−sinα√

2
(3.43)

Ch
mix = (UD

L )†(
F + F̄

2
)
sinα√

2
Ud

R (3.44)

Cs
mix = (UD

L )†(
F + F̄

2
)
cosα√

2
Ud

R (3.45)

CA
mix = (UD

L )†(
F − F̄

2
)

1√
2

Ud
R , (3.46)

we can clean this expression up and bring the interactions into the following form:

LY ⊃− ¯̂dm(Ch
SM,Y +Ch

mix)PRd̂mh− ¯̂dm(Cs
SM,Y +Cs

mix)PRd̂ms− ¯̂dmCA
mixPRd̂mA+h.c.. (3.47)

In addition to the Yukawa couplings, the W and Z vertices become sensitive to the rotation
of the down-type quarks. The interaction between the W boson and the quarks is given by

LCC ⊃ gW√
2

uLγµW−µdL =
gW√

2
um,LγµW−µUd

L dm,L (3.48)

with gW the weak coupling constant. Ud
L is a 3× 5 matrix that contains the CKM matrix

and new couplings to the heavy quarks. The CKM matrix of this model would not be
unitary as it is a submatrix of the full, unitary 5× 5 mixing matrix UL. Recently, there
are some experimental results that hint to deviations from unitarity of the measured CKM
matrix [79, 80]. Apart from the CKM elements, the W couplings contain BSM entries
that would e.g. allow decays of the form D → uW and could in principle be measured in
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particle colliders.

The neutral current interactions of the down type quarks are given by

LNC ⊃ d̂LCZ,LγµZµ d̂L + d̂RCZ,RγµZµ d̂R

= d̂m,LU†
LCZ,LULγµZµ d̂m,L + d̂m,RU†

RCZ,RURγµZµ d̂m,R

(3.49)

with the total coupling strength to the Z is determined as

CZ,L/R =
gW

2cos(θW )
×diag(gZ

L,R(d),g
Z
L,R(s),g

Z
L,R(b),g

Z
L,R(D1),gZ

L,R(D2)) (3.50)

where θW is the Weinberg angle. The specific left- and right-handed parts of the couplings
can be expressed as

gZ
L,R(q) = T3,L/R(q)−Qq sin2(θW ). (3.51)

Here, T3 is the third component of the weak isospin and Q the electrical charge of the
fermion q. For the chiral Standard Model quarks, it holds that

gZ
L(qSM) =−1

2
+

1
3

sin2(θW ) (3.52)

gZ
R(qSM) = +

1
3

sin2(θW ). (3.53)

For the new vector-like heavy quarks, the left- and right-handed couplings are identical
and similar to the right-handed down-type quarks,

gZ
L(D1,2) = gZ

R(D1,2) = +
1
3

sin2(θW ). (3.54)

This means that the right-handed coupling matrix CZ,R is proportional to the unit matrix
even after adding the two new quarks, therefore the right-handed vertex stays diagonal in
the mass basis. The left-handed couplings, however, become non-diagonal due to different
coupling strengths of the left-handed light and heavy quarks. The non-diagonal product
U†

LCZ,LUL therefore leads to Z-mediated FCNC interactions. In order to estmiate the size
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of these interactions, we split up the couplings into a part that is proportional to the unit
matrix and a part that causes FCNC interactions,

CZ,L = gZ
L(qSM)15 +∆CZ,L. (3.55)

Within the seesaw approximation, we can then write the non-diagonal part of the Z cou-
plings in the following way:

CFCNC
Z,L =U†

L ∆CZ,LUL

=

(
V †

CKM −V †
CKMθL

V †
Dθ

†
L V †

D

)


0
0

0
+1

2

+1
2


(

VCKM θLVD

−θ
†
LVCKM VD

)

=

(
1
2V †

CKMθLθ
†
LVCKM −1

2V †
CKMθLVD

−1
2V †

Dθ
†
LVCKM

1
212

)
(3.56)

In this approximation, we see that the couplings responsible for FCNCs between Standard
Model quarks only are doubly suppressed by the mixing angle between the light and heavy
quark sector in form of the product θLθ

†
L . The BSM contributions should most likely be

able to evade current experimental bounds even for not extremely small mixing angles.

The scalar FCNC couplings also include contributions from the right-handed rotations of
the down-type quarks. As already mentioned, the hierarchy in M†

DMD is in general not
as pronounced as in its counterpart. We want to briefly discuss the limit vS � µD in
which a large enough hierarchy can be present and we can employ an analogous Seesaw
approximation for UR. The first part of the right-handed rotation is written as

UR,block =

(
1 θR

−θ
†
R 1

)
(3.57)

and requiring that this matrix performs a block diagonalization of M†
DMD, we can infer the
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following condition:

(µT
d µd +M†

DSMDS)θR +µDM†
DS −θR(µDMDSθR +µ

2
D)≈ M†

DSMDSθR +µDM†
DS

!
= 0
(3.58)

where we discarded terms quadratic in Standard Model Yukawa couplings µd , vector-like
mass µD and mixing angle θR. This allows us to extract the mixing angle in terms of the
model parameters as

θR =−(M†
DSMDS)

−1
µDM†

DS ∝
µD

vS
. (3.59)

However, we emphasize that this approximation is only valid for vS � µD so that terms
of order θRµ2

D can be neglected. In general, there is no mechanism that enforces µD � vS

which would be necessary for making µD/vS an acceptable expansion parameter.

3.2 Calculating θ̄

In this section, we calculate the 1- and 2-Loop contributions to θ̄ . Since we employ the
Nelson-Barr mechanism, θQCD = 0 to all orders since CP is only spontaneously broken
and θQFD = 0 at tree-level. Therefore, the first contribution to θ̄ comes from 1-loop cor-
rections to the quark mass matrix. We first calculate the 1-loop contributions and show
that they vanish if one employs CP4 as the fundamental CP transformation. So θ̄ will only
arise at 2-loop, needing only mild suppression compared to other NB models.

To start, we show the vanishing of θ̄ at 1-loop. We write

δ θ̄ = arg(det(mR −δmR))− arg(det(mR))

≈− Im(Tr
(
m−1

R δmR
)
)

(3.60)

We are interested in the 1-loop corrections to the down-quark self energy.There are tadpole
diagrams and contributions through gauge boson exchange, but those will not affect δ θ̄ .
What is left are the corrections through scalar exchange, i.e. diagrams like Fig. 3.1. In the
scalar and fermion mass basis, the amputated diagram containing an internal fermion fk
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p

k

fk

k− p

ϕ
p

fi f j

Figure 3.1: Corrections to the quark self-energy δmR relevant for δ θ̄ . The CP odd scalar
A coupling eventually will be the only ones able to generate δ θ̄ and require an additional
fermion loop because of missing tree-level mixing between h,s and A.

with momentum k and mass mk, can be written as

iΣi j(/p) = ∑
ϕ

∫ d4k
(2π)4

Y ϕ

ik (/k+mk)Y
ϕ

k j

(k2 −m2
k)[(k− p)2 −M2

ϕ ]
. (3.61)

which, after performing some integral manipulation common to these calculations, results
in

iΣi j(/p) = ∑
ϕ

i
16π2Y ϕ

ik ×

×
1∫

0

dx(/p(1− x)+mk)

{
2
ε
+ ln[

µ̃2

xm2
k +(1− x)M2

ϕ − x(1− x)p2 ]+O(ε)

}
Y ϕ

k j

(3.62)
with

µ̃
2 = 4πe−γE µ

2 (3.63)

and µ2 a renormalization enegy scale. γE ≈ 0.5772 is the Euler-Mascheroni constant.

Taking the scalars in the mass basis, the 1-loop corrections to θ̄ can be written as

δ θ̄ =+
1

16π2 ∑
ϕ=h,s,A

Im(Tr
[
m−1

R Y ϕ

R m†
RIϕ

L Y ϕ

R

]
) (3.64)

where mR,Y
ϕ

R are the right-handed projections of the quark mass matrix and Yukawa cou-
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plings in a general basis and Iϕ

L is the following loop integral:

Iϕ

L =

1∫
0

dx log[
x2mRm†

R +(1− x)m2
ϕ

µ2 ]. (3.65)

Since this result is valid for a general quark basis, we can take the basis in which mR =MD.
Using the cyclic properties of the trace, we can move the loop integral to the right and
perform a basis change into the quark mass basis:

Im(Tr
[
M−1

D Y ϕ

R m†
RIϕ

L Y ϕ

R

]
) = Im(Tr

[
U†

LY ϕ

R M−1
D Y ϕ

R M †
DULU†

L Iϕ

L UL

]
). (3.66)

Writing the trace in terms of the matrix components, the expression reduces to

δ θ̄ =
1

16π2 ∑
ϕ, f

Im[U†
LCϕϕUL] f f

1∫
0

dx log[
x2m2

f +(1− x)m2
ϕ

µ2 ] (3.67)

with m f the quark eigenmasses and

Cϕϕ = Y ϕ

R M−1
D Y ϕ

R M †
D. (3.68)

The Yukawa matrices are more easily accessible in the symmetry basis, which is related
to the mass basis throug an orthogonal rotation matrix R. In the symmetry basis, the
couplings are given by

∑Y ρ

R ρ =

(
1
vh

µdS0 0
1
vS
(MDSS1 +MFS2) 0

)
(3.69)

so Y ρ

R can be expressed as

Y ρ

R =

(
Aρ 0
Bρ 0

)
(3.70)
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where Aρ is nonzero only for ρ = S0. Writing the symmetry basis scalars ρ as

ρ = ∑
ϕ

Rρϕϕ (3.71)

and the relevant coupling products as

Cϕϕ = ∑
ρ,ρ ′

Cρρ ′
RρϕRρ ′ϕ , (3.72)

δ θ̄ can then be expressed as

δ θ̄ =
1

16π2 ∑
ϕ,ρ,ρ ′, f

Im[U†
LCρρ ′

UL] f f RρϕRρ ′ϕ

1∫
0

dx log[
x2m2

f +(1− x)m2
ϕ

µ2 ] (3.73)

Explicit calculation gives CS2S0 as only possible source for complex diagonal elements
since

CS0S0 =
1
v2

h

(
µdµ

†
d µdM†

DS

0 0

)
=

1
v2

h

(
13 0
0 02

)
MDM †

D (3.74)

CS1S0 =
1

vhvS

(
0 0

MDSµ
†
d HD −µ2

D12

)
=

1
vhvS

(
03 0
0 12

)
(MDM †

D −µ
2
D15) (3.75)

CS2S0 =
1

vhvS

(
0 0

MF µ
†
d MFM†

DS

)
. (3.76)

with
MF =

vS√
2

i(F − F̄) (3.77)

Therefore, the only contribution to δ θ̄ will come from

δ θ̄ =
1

16π2 ∑
ϕ, f

Im[U†
LCS2S0UL] f f RS2ϕRS0ϕ

1∫
0

dx log[
x2m2

f +(1− x)m2
ϕ

µ2 ] (3.78)

and since RS2ϕRS0ϕ = 0 for all ϕ at tree-level due to the scalar potential respecting CP4,
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this expression vanishes at 1-loop level. Let us have a closer look at U†
LCS2S0UL which is

the contribution from the quark side of the theory. We write the matrix UL as

UL =

(
Ud

L UdD
L

UDd
L UD

L

)
, U†

L =

(
Ud†

L UDd†
L

UdD†
L UD†

L

)
(3.79)

and see that

U†
LCS2S0UL =

=
1

vhvS

(
UDd†

L MF µ
†
dUd

L +UDd†
L MFM†

DSUDd
L UDd†

L MF µ
†
dUdD

L +UDd†
L MFM†

DSUD
L

UD†
L MF µ

†
dUd

L +UD†
L MFM†

DSUDd
L UD†

L MF µ
†
dUdD

L +UD†
L MFM†

DSUD
L

)
(3.80)

We are interested in the trace of this matrix, so

vhvs Im(Tr
[
U†

LCS2S0UL

]
) = Im(Tr

[
UDd†

L MF µ
†
dUd

L

]
)+ Im(Tr

[
UDd†

L MFM†
DSUDd

L

]
)

+ Im(Tr
[
UD†

L MF µ
†
dUdD

L

]
)+ Im(Tr

[
UD†

L MFM†
DSUD

L

]
)

.

(3.81)
Remembering the approximated form of UL,

UL =

(
VCKM θLVDL

−θ
†
LVCKM VDL

)
, (3.82)

we can identify the relevant submatrices and write

vhvs Im(Tr
[
U†

LCS2S0UL

]
)≈ Im(Tr

[
V †

CKMθLMF µ
†
dVCKM

]
)+ Im(Tr

[
V †

CKMθLMFM†
DSθ

†
LVCKM

]
)

+ Im(Tr
[
V D†

L MF µ
†
d θLVDL

]
)+ Im(Tr

[
V D†

L MFM†
DSV D

L

]
)

(3.83)
so in the seesaw-approximation, the dominant contribution will come from the last term
which is not suppressed by θL or the SM Yukawas µd:

Im(Tr
[
V D†

L MFM†
DSV D

L

]
) =−

v2
S

2
Re(Tr

[
V D†

L (F − F̄)(F + F̄)V D
L

]
) (3.84)
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Putting all together, we arrive at

δ θ̄ =− 1
16π2

vS

2vh
∑

ϕ=h,A;a=1,2
Re(Tr

[
V D†

L (F − F̄)(F + F̄)V D
L

]
)aaRS2ϕRS0ϕ×

×
1∫

0

dx log[
x2m2

Da
+(1− x)m2

ϕ

µ2 ]

(3.85)

From Fig.3.2, we can estimate one contribution to the h−A mixing at one loop as

|RS0A,1| ≈ |RS2h,1|= δαhA,1 ≈
λφSvSvh

16π2λ12v2
S
(F + F̄)(F − F̄)≈ vh

λ12vS

λφSF2

16π2 (3.86)

with F2 a generic combination of F and F̄ . The second contribution coming from the
diagram in Fig.3.3 gives a similar contribution that we estimate as

|RS0A,2| ≈ |RS2h,2|= δαhA,2 ≈
vh

2λ2vS

λφSF2

16π2 , (3.87)

i.e. with the internal scalar propagator of S2 instead of S1. The total contribution is given
as the sum of both diagrams and reads

RS0A ≈ RS2h ≈ ∑
i

δαhA,i ≈
λ12 +2λ2

λ122λ2

vh

vS

λφSF2

16π2 . (3.88)

Since RS0h ≈ 1 ≈ RS2A, taking the loop function Iφ ≈ 1 and the matrix V D
L ≈ O(1), we can

summarize

δ θ̄ ≈ 1
16π2

vS

vh
F2 vh

vS

λφSF2

16π2 =
λφSF4

(16π2)2 ≈ 4×10−5
λφSF4. (3.89)

Interestingly, δ θ̄ depends only on the left-handed mixing matrix UL , not on the right-
handed matrix UR. On the other hand, neutral meson mass differences and εK depend also
on UR.

In order to calculate the 2-loop contributions more accurately, we write the scalar La-
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S0

vS vH

S1

f̄ ′

f

S2

Figure 3.2: First diagram contributing to 1-loop contribution to h−A mixing, responsible
for δ θ̄ at 2-loop.

vH

S2

vS

S0 S2

f̄ ′f

Figure 3.3: Second diagram contributing to 1-loop contribution to h−A mixing, responsi-
ble for δ θ̄ at 2-loop.
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grangian VφS in the symmetry basis:

(
φ

†
φ

)
= φ

−
φ
++

(
vh√

2
+φ

0∗
)(

vh√
2
+φ

0
)
=

v2
S

2
+ vSS1 +

1
2
(
S2

1 +S2
2
)

(3.90)

The imaginary part of φ 0 will become the longitudinal part of the Z and the charged scalars
φ± the longitudinal part of the W bosons through the Higgs mechanism. The scalar portal
part is then given by

VφS = λφS

(
φ
−

φ
++

v2
h

2
+ vhS0 +

1
2

(
S2

0 + Im
(
φ

0)2
))(v2

S
2
+ vSS1 +

1
2
(
S2

1 +S2
2
))
(3.91)

where we see that the vertices linear in S0 are of the form S0, S0S1, S0S2
1 and S0S2

2. The
absence of vertices S0S2 shows that there is no mixing between S0 and S2 at tree-level.
In addition, there are no vertices of the form S1S2 either, so the lowest order contribution
comes from the one-fermion-loop diagrams. Other contributions different from Fig. 3.2 to
RS0A or RS2h come from the triplet vertices, but need at least one additional loop, making
them even higher-order corrections suppressed by the portal coupling λφS and the heavy
scalar masses.
Now let us calculate the contribution of Fig. 3.2 a bit more in detail. Taking vS >> vh,
we take S0,1 to be approximately the mass eigenstates of the CP even scalars. Then the
amputated diagram gives rise to mixings of the form

iΣS0S2 = ∑
f , f ′

λφSvhvS
−i

p2 −m2
S1

(U†
L (F + F̄)UR) f f ′×

×
∫ d4k

(2π)4 Tr

[
(/k+m f )(/k− /p+m f ′)

(k2 −m2
f )((k− p)2 −m2

f ′)

]
(U†

L (F − F̄)UR) f ′ f

(3.92)
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Further calculation of this integral using common methods approximately results in

ΣS0S2 ≈ ∑
f , f ′

−i
2π2 λφSvhvS

1
p2 −m2

S1

(U†
L (F + F̄)UR) f f ′(U

†
L (F − F̄)UR) f ′ f×

1∫
0

dx[∆′+
1
2
(∆′+ x(1− x)p2 −m f m f ′) ln[

µ̃2

xm2
f +(1− x)m2

f ′ − x(1− x)p2 ]]

(3.93)

. The scalar mixing contribution from this diagram can be approximated as

δα1 ≈ |RSOA| ≈ |RS2h| ≈
1

2π2
λφS

λ12

vh

vS
Tr
[
(U†

L (F + F̄)UR)(U
†
L (F − F̄)UR)

]
(3.94)

and from the second diagram as

δα2 ≈ |RSOA| ≈ |RS2h| ≈
1

4π2
λφS

λ2

vh

vS
Tr
[
(U†

L (F + F̄)UR)(U
†
L (F − F̄)UR)

]
(3.95)

since they only differ in the internal scalar propagator. This is a comparable result to the
estimate from [47],

RS0A ≈ RS2h ≈
vh

vS

λφSF2

16π2 , (3.96)

after approximating the trace with a generic, quadratic combination of the complex Yukawa
couplings F2. Therefore, we can slightly improve on the results from [47] by including
the effects of both diagrams as

δ θ̄ ≈ 1
16π2

vS

vh
F2 λ12 +2λ2

λ12λ2

vh

vS

λφSF2

4π2 =
4λ12 +8λ2

λ12λ2

λφSF4

(16π2)2 ≈ 4×10−5 4λ12 +8λ2

λ12λ2
λφSF4.

(3.97)
This result now also depends on the scalar quartic couplings and therefore to the corre-
sponding scalar masses.
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3.3 Heavy Quark mass difference

In the high energy limit, the heavy quark mass is entirely given by µD and both vectorlike
quarks are degenerate in mass due to CP4 conservation. At lower energies, once CP4 is
spontaneously broken, the Yukawa interactions give rise to additional mass terms leading,
in general, to a mass splitting between these heavy quarks. Let us have a closer look at
this mass splitting. We work again in the Seesaw approximation to get a better analytical
traction. After the block diagonalization, the relevant part of the approximated mass matrix
is comprised of

MD,heavyM†
D,heavy ≈ µ

2
D12 +MDSM†

DS (3.98)

where we dropped all terms of higher-order in the Standard Model Yukawa couplings µd

and terms suppressed by µD or vS. For simplifying the notation, let us write the hermitian
matrix MDSM†

DS ≡ v2
SF̃2 and

MD,heavyM†
D,heavy ≈

(
µ2

D + v2
SF̃211 v2

SF̃212eiξ12

v2
SF̃212e−iξ12 µ2

D + v2
SF̃222

)
. (3.99)

Next, we can compute the heavy quark masses. The squared masses are given by the
eigenvalues of this matrix:

m2
D1,2 = µ

2
D + v2

S
F̃211 + F̃222

2
± v2

S

√
4(F̃212)2 +(F̃211 − F̃222)2

2
≡ µ̃

2
D ± v2

S∆F̃2
D
. (3.100)

where µ̃D = µ2
D + v2

S
F̃211+F̃222

2 is the part common to both VLQ.

We see that the additional contributions to the squared heavy quark mass are proportional
to v2

S and vanish in the CP conserving limit vS → 0. This approximation also shows that
for Yukawa couplings of similar size, i.e. if F̃2

12 ∼ F̃2
11, F̃

2
22 or rather

F̃211 + F̃222

2
∼

√
4(F̃212)2 +(F̃211 − F̃222)2

2
, (3.101)

52



3.4. Integrating out the heavy particles

the mass difference can become quite dramatic where the lighter VLQ receives almost no
contribution proportional to v2

S and the heavier VLQ gets very sizeable contributions from
the v2

S terms.

We can see that for a small mass splitting v2
S∆F̃2

D
µ2

D
� 1, the heavy quark masses are given by

mD1,2 =
√

µ̃2
D ± v2

S∆F̃2
D ≈

√
µ̃2

D ± 1
2

v2
S∆F̃2

D√
µ̃2

D

(3.102)

and therefore, in a very crude approximation, the heavy quark mass difference scales as

∆mD ≈
v2

S∆F̃2
D√

µ̃2
D

∝ vSF̃ , (3.103)

so it scales linearly with the CP violating vev vS and linearly with the modulus of F̃ , which

stands for some intricate combinaton of the moduli of 1
vS

√
MDSM†

DS =
√

(F + F̄)(F + F̄)†.

There is no constrain on the VLQ mass difference as they are not part of an electroweak
multiplet but singlets under SU(1) (cf. paper on S,T parameters).

3.4 Integrating out the heavy particles

The CP violation is mediated through the mixing between heavy and light quarks when
S gets its vev. There are hints that, if µD becomes large, the level of CP violation in the
CKM matrix goes down. In this section we investigate what happens if we integrate out
the heavy quarks. For that, we have a look at the Lagrangian after spontaneous symmetry
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breaking. The lagrangian is given by

Llight = id̄Rγ
µDµdR + id̄Lγ

µDµdL − d̄LµddR − d̄R(µd)
T dL (3.104)

Lheavy = iD̄Rγ
µDµDR + iD̄Lγ

µDµDL −µDD̄LDR −µDD̄RDL (3.105)

LdD,mix =−D̄LMDSdR − d̄RM†
DSDL (3.106)

The heavy equations of motion are obtained by varying the lagrangian with respect to e.g.
¯DL,R:

iγµDµDL −µDDR −MDSdR = 0

→ DR =−µ
−1
D MDSdR +µ

−1
D iγµDµDL

(3.107)

and
iγµDµDR −µDDL = 0

→ DL = µ
−1
D iγµDµDR

= µ
−1
D iγµDµ(−µ

−1
D MDSdR +µ

−1
D iγµDµDL)

=−µ
−2
D MDSiγµDµdR −µ

−2
D γ

µDµγ
νDνDL)

≈−µ
−2
D MDSiγµDµdR

(3.108)

where we solved the coupled equations of motion iteratively up to order µ
−2
D . Next, we

can use the equations of motion for the light quarks to obtain

iγµDµdR = (µd)
T dL +M†

DSDL. (3.109)

Therefore, the heavy fields DL can be expressed as

DL ≈−µ
−2
D MDS((µd)

T dL +M†
DSDL)

⇔ (1+µ
−2
D MDSM†

DS)DL ≈−µ
−2
D MDS(µd)

T dL

⇔ (µ2
D +MDSM†

DS)DL ≈−MDS(µd)
T dL

⇔ DL ≈−(µ2
D +MDSM†

DS)
−1MDS(µd)

T dL

(3.110)

and it follows that
D̄L =−d̄LµdM†

DS(µ
2
D +MDSM†

DS)
−1 (3.111)
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since (µ2
D +MDSM†

DS)
−1 is hermitian. So up to order µ

−2
D , the Lagrangians then look like

Llight = id̄Rγ
µDµdR + id̄Lγ

µDµdL − d̄LµddR − d̄R(µd)
T dL (3.112)

for the light quark terms,

Lheavy = iD̄Rγ
µDµDR + iD̄Lγ

µDµDL −µDD̄LDR −µDD̄RDL

= D̄LMDSdR =−d̄LµdM†
DS(µ

2
D +MDSM†

DS)
−1MDSdR

(3.113)

for the heavy quark terms (using the equations of motion) and

LdD,mix = d̄LµdM†
DS(µ

2
D +MDSM†

DS)
−1MDSdR + d̄RM†

DS(µ
2
D +MDSM†

DS)
−1MDS(µd)

T dL

(3.114)
for the mixing terms. So in total, the remaining kinetic and mass terms after integrating
out the heavy quarks look like

Ltotal = id̄Rγ
µDµdR+id̄Lγ

µDµdL− d̄LµddR− d̄R(1−M†
DS(µ

2
D+MDSM†

DS)
−1MDS)(µd)

T dL.

(3.115)
We can directly see that this Lagrangian violates CP and the violation arises through MDS.
The formerly purely real Standard Model Yukawa couplings have been amended by an ad-
ditional, complex term. These findings reproduce the structure of the block-diagonalized
quark mass matrix in [47].

As a consistency check, we can perform the same exercise before spontaneous symmetry
breaking. In this case, the Lagrangians are given by

Llight = id̄Rγ
µDµdR + id̄Lγ

µDµdL − q̄L

√
2µd

vh
φdR − d̄R

(
√

2µd)
T

vh
φ

†qL (3.116)

Lheavy = iD̄Rγ
µDµDR + iD̄Lγ

µDµDL −µDD̄LDR −µDD̄RDL (3.117)

LdD,mix =−D̄L
MDS

vS
S1dR − d̄R

M†
DS

vS
S1DL (3.118)
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and the equations of motion for the heavy quarks read:

iγµDµDL −µDDR −
MDS

vS
S1dR = 0

→ DR =−µ
−1
D

MDS

vS
S1dR + iµ−1

D γ
µDµDL

(3.119)

and

iγµDµDR −µDDL = 0

→ DL = iµ−1
D γ

µDµDR

= iµ−1
D γ

µDµ(−µ
−1
D

MDS

vS
S1dR + iµ−1

D γ
µDµDL)

=−µ
−2
D

MDS

vS
iγµDµ(S1dR)−µ

−2
D γ

µDµγ
νDνDL)

≈−µ
−2
D

MDS

vS
S1iγµDµdR

(3.120)

where we again solved the equation of motion iteratively to order µ
−2
D and neglected terms

proportional to DµS1 since they will not contribute any mass terms after symmetry break-
ing. The equations of motion for the light quarks are given by

iγµDµdR =

√
2(µd)

T

vh
φ

†qL +
M†

DS
vS

S1DL. (3.121)

Therefore, we can again express the heavy fields as

DL ≈−µ
−2
D

MDS

vS
S1(

√
2(µd)

T

vh
φ

†qL +
M†

DS
vS

S1DL)

⇔ µ
−2
D (µ2

D +
MDSM†

DS

v2
S

S2
1)DL ≈−µ

−2
D

MDS

vS
S1

√
2(µd)

T

vh
φ

†qL

⇔ DL ≈−(µ2
D +

MDSM†
DS

v2
S

S2
1)

−1 MDS

vS
S1

√
2(µd)

T

vh
φ

†qL

(3.122)
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and then it follows that

D̄L =−q̄Lφ

√
2µd

vh

M†
DS

vS
S1(µ

2
D +

MDSM†
DS

v2
S

S2
1)

−1 (3.123)

since, again, (µ2
D+

MDSM†
DS

v2
S

S2
1)

−1 is an hermitian operator, which can be seen by expanding
this term for large µD. Plugging this into the Lagrangian brings us to the final result of

L ≈id̄Rγ
µDµdR + iq̄Lγ

µDµqL − q̄L

√
2µd

vh
φdR

− d̄R(1−
M†

DS
vS

S1(µ
2
D +

MDSM†
DS

v2
S

S2
1)

−1 MDS

vS
S1)

(
√

2µd)
T

vh
φ

†qL

(3.124)

and therefore we directly see the corrections to the SM Yukawas caused by the CP violating
couplings between the light and heavy quarks:

µ
T
d,vlq = (1−

M†
DS

vS
S1(µ

2
D +

MDSM†
DS

v2
S

S2
1)

−1 MDS

vS
)µT

d . (3.125)

57



This page intentionally left blank.



Chapter 4
Numerical Analysis

4.1 Fit Algorithm and Observables

In this section, we present the results of our fit to the experimental observables we de-
scribed in the previous section. We employ a Markov Chain Monte Carlo (MCMC) fit
procedure [81] for our numerical results to cope with the large number of model parame-
ters. In order to find a good starting point for the algorithm, we first perform χ2-fits to find
acceptable parameter points and take their output as an input for the MCMC fit routine.

Starting from these input points, the MCMC fit varies all model parameters and accepts,
and therefore moves to, the new parameter space point with a certain rate. The initial range
of parameters is set to ±0.2% of the initial parameter value. We perform the fits with the
complete model and do not employ the seesaw approximation for the numerical results.
The number of model parameters is therefore 24. We constrain some of these parame-
ters beforehand, e.g. λ12 to positive values to keep the appropriate symmetry breaking
structure and the Yukawa couplings to values lower than ∼ 4π on grounds of perturba-
tivity. However, we do not assume specific structures in the coupling matrices other than
the parametrization resulting from our special basis choice. Couplings between all gen-
erations of SM quarks and the new vectorlike quarks are allowed. As for the probability
distributions, we employ Gaussian distributions for all observables exept δ θ̄ for which we
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Observable Value Unc.
mu [MeV] 2.16 0.55
mc [GeV] 1.27 0.02
mt [GeV] 172.76 0.30
md [MeV] 4.67 0.51
ms [MeV] 93 12
mb [GeV] 4.18 0.04

Table 4.1: Lattice values for the Standard Model quark masses. The values are taken from
[78].

employ a survival function distribution, as only upper limits exist from experiments.

4.1.1 Observables from the Quark Sector

To identify the viable parameter space, we fit the model parameters to a number of exper-
imentally measured observables. We list and briefly describe them in the following

Quark masses and mixing

In the fit, we include the newest lattice results for the down-type quark masses taken from
[78]. In our model, these values can be extracted as eigenvalues of the full down-type mass
matrix. The experimental values and uncertainties are shown in Table 4.1.

Since we work in a basis where the up-type Yukawa couplings are diagonal and the up
quarks do not receive new physics contributions to their mass, we can identify

Yu ≡
mu

vH
(4.1)

for all three up-type quarks and reproduce their masses to arbitrary precision.

In addition to the quark masses, we use the magnitudes of the 9 elements of the CKM quark
mixing matrix taken from [78]. In the fit, we do not assume unitarity for our numerically
determined CKM matrix and fit directly to the experimentally determined central values.
The experimental values can be found in Table 4.2.
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The standard definitions for the phases of the CKM matrix are given by

αCKM = Arg
(
−

VtdV ∗
tb

VudV ∗
ub

)
(4.2)

βd = Arg
(
−

VcdV ∗
cb

VtdV ∗
tb

)
(4.3)

γCKM = Arg
(
−

VudV ∗
ub

VcdV ∗
cb

)
(4.4)

βs =−Arg
(
−

VcsV ∗
cb

VtsV ∗
tb

)
(4.5)

and the latest experimental limits on these phases are also shown in Table 4.2. Recently,
the measurements of the first row of the CKM matrix have shown possible deviations
from unitarity. There is a tension of about 2σ , maybe leaving some room for mixing with
new unknown quark flavours. Taking the most recent experimental data, the PDG reports
possible mixings of the size [78]

|VuD1|
2 + |VuD2|

2 ≤ 0.0025 (4.6)

for a one-sided 95% CL where we take the mixing with the two new vector-like quarks
into account.

Neutral Meson Systems

As the model exhibits tree-level FCNC interactions mediated by the scalars h,s and A,
there will be contributions to neutral meson mixing observables. We study the effects in
the neutral K − K̄, Bd − B̄d and Bs − B̄s systems.

Quite generally, one can formulate a model-independent effective hamiltonian for ∆Q = 2
transitions, where Q = S,C,B are flavour quantum numbers. We will limit ourselves to
the exchange of a neutral, colourless scalar as new physics contribution. The effective
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Observable Exp. Value Exp. Unc.
|Vud| 0.97370 0.00014
|Vus| 0.2245 0.0008
|Vub| 0.00382 0.00024
|Vcd| 0.221 0.004
|Vcs| 0.987 0.011
|Vcb| 0.0410 0.0014
|Vtd| 0.0080 0.0003
|Vts| 0.0388 0.0011
|Vtb| 1.013 0.030

αCKM [rad] 1.482 0.089
sin(2βd) 0.699 0.017

γCKM [rad] 1.258 0.079
2βs [rad] 0.050 0.019

Table 4.2: Experimental values of CKM magnitudes and phases. The values are taken
from the Particle Data Group [78]

hamiltonian is then given by [50, 82]

He f f (∆Q = 2) =−
(∆

qq′
L (H))2

2M2
H

(CSLL
1 QSLL

1 +CSLL
2 QSLL

2 )

−
(∆

qq′
R (H))2

2M2
H

(CSRR
1 QSRR

1 +CSRR
2 QSRR

2 )

−
(∆

qq′
R (H)∆

qq′
L (H))

M2
H

(CLR
1 QLR

1 +CLR
2 QLR

2 )

(4.7)

where MH is the mass of the scalar, Q1,2 are the effective operators and C1,2 are the cor-
responding Wilson coefficients, normalized such that C1,2(µin) = 1 at some high energy
scale µin.
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H

jβ

iα

iδαβ
[
∆ij

L (H)PL +∆ij
R (H)PR

]

Figure 4.1: The general vertex function for a colourless scalar coupling to quarks [82].

The effective operators for the scalar exchange look like

QSLL
1 = (q̄αPLq′α)(q̄β PLq′β ), QSLL

2 = (q̄α
σµνPLq′α)(q̄β

σ
µνPLq′β ) (4.8)

QLR
1 = (q̄α

γµPLq′α)(q̄β
γ

µPRq′β ), QLR
2 = (q̄αPLq′α)(q̄β PRq′β ) (4.9)

and the rest follows by exchanging L and R where needed. Note that the operators QSLL
2 ,

their helicity-exchanged counterparts and QLR
1 are generated by QCD corrections. The

couplings ∆L,R are determined by the matching conditions for the vertex functions shown
in Fig. 4.1.
Here, the particles are in their respective mass eigenstates. In the mass basis, there is only
one contributing vertex at our disposal, one of the form d̄m(∆L(ϕ)PL+∆R(ϕ)PR)ϕdm with
ϕ,dm the scalar and quark fields in the mass basis. Each of the three scalars h,s and A will
contribute to the effective Hamiltonian. We can identify

∆
qq′
R (h) =Ch

SM,Y +Ch
mix, ∆

qq′
R (s) =Cs

SM,Y +Cs
mix, ∆

qq′
R (A) =CA

mix (4.10)

as well as
∆L = ∆

†
R (4.11)

for each of the three scalars.

The dependence on specific models is now mostly manifest in the three coefficients ∆
qq′

L/R

and MH . If the model contains new physics which influence e.g. the running of αs, then
the total model dependence might become more involved.

63



Chapter 4. Numerical Analysis

Having obtained the effective Hamiltonian, the contribution to the meson mass difference
is now determined by the formula

2mMM∗
12 =

〈
M0
∣∣∣He f f (∆Q = 2)

∣∣M0〉 . (4.12)

Using the ansatz for the effective Hamiltonian, we then arrive at the final result for M∗
12:

M∗
12 =−

(∆
qq′
L )2

2M2
H

(CSLL
1 (µH)P̄SLL

1 (µL)+CSLL
2 (µH)P̄SLL

2 (µL))

−
(∆

qq′
R )2

2M2
H

(CSRR
1 (µH)P̄SRR

1 (µL)+CSRR
2 (µH)P̄SRR

2 (µL))

−
(∆

qq′
R ∆

qq′
L )

M2
H

(CLR
1 (µH)P̄LR

1 (µL)+CLR
2 (µH)P̄LR

2 (µL))

(4.13)

where µH is the scale of the scalar particle, the P̄1,2 factors parametrize the hadronic ma-
trix elements including all effects of RG running, operator mixing and normalization up
to O(αs), and µL is an appropriate scale of the meson system. The full calculations of the
P̄ factors can be found in [50, 82, 83]. In particular, as already hinted, C1,2 and P̄ can be
calculated once and used universally for a large variety of models. For the Kaon system,
we use µL = 2GeV [83] and for the B systems we use µL = 4.4GeV [83]. The calculation
of C and P̄ parameters closely follows [83].In a first step, we calculate the strong cou-
pling αS as a function of the energy scale with the help of the beta functions β0,1(n f l) and
the anomalous dimension matrices γ0,1(n f l) up to NLO terms. Here, n f l corresponds to
the number of active flavours at that scale, i.e. all quarks with a mass lighter than that scale.

In order to keep the numerical effort manageable, we choose some representative scales
for the new physics so that we can calculate these parameters once and use them in our
fit. Since the dependence of C and P̄ on the new high energy scales is not too strong,
this does not increase the uncertainty significantly. We set the high new physics scale at
µH = µNP = 500 TeV, which is a typical value for the heavy scalar vev vS in example fit
results. The new quarks are integrated out at the scales µV 2 = 100 TeV and µV 1 = 10
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4.1. Fit Algorithm and Observables

TeV, which are typical scales for the new quark masses that arise in our calculations. In
a next step, we determine the Wilson coefficients normalized to 1 at µNP (without QCD
corrections) for the relevant operators. We include QCD corrections up to O(αs), leading
to small deviations from typical normalizations to 1 (or 0) even at µNP. Now, for the
Kaon system, we solve the Renormalization Group (RG) Equation and evolve the non-
perturbative, effective parameters Ba

i,e f f taken from lattice down to µL = 2 GeV [83] .
This leaves us with the final values for the P̄ parameters

P̄SLL
1 = P̄SRR

1 =−26.33, P̄SLL
2 = P̄SRR

2 =−47.30, (4.14)

P̄LR
1 =−72.03, P̄LR

2 = 114.24 (4.15)

for the Kaon system.

Since the effects for the Bq systems are much smaller, we do not include the full RG
evolution and evolve only from the top mass at mt=166 GeV down to mb = 4.4 GeV. The
results from [83] give then

P̄SLL
B,1 = P̄SRR

B,1 =−1.47, P̄SLL
B,2 = P̄SRR

B,2 =−2.98, (4.16)

P̄LR
B,1 =−1.62, P̄LR

B,2 = 2.46. (4.17)

Now that we have all necessary ingredients to calculate the meson mass differences in our
model, let us have a look at our expectations. The Standard Model prediction for neutral
Kaon mixing is dominated by box diagrams as seen in Fig. 4.2 and 4.3. At 1-loop level,
the matrix element M12 is given by

MSM
12,K =

G2
F

12π2 F2
K B̂KmKM2

W [λ ∗2
c η1S0(xc)+λ

∗2
t η2S0(xt)+2λ

∗
c λ

∗
t η3S0(xc,xt)] (4.18)

where FK is the kaon decay constant, B̂K parametrizes nonperturbative QCD effects in a
renormalization group invariant manner to order O(αs), η1−3 capture short-distance QCD
effects, λi =V ∗

isVid are the relevant CKM matrix elements and S0 are the Inami-Lim func-
tions.
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d
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d

qu

q′u

W W

Figure 4.2: Box diagram giving the leading order contribution to neutral kaon mixing in
the Standard model. The diagrams with internal up- and charm-quarks almost cancel each
other, resulting in a very small amplitude mostly given by the top-loop (GIM mechanism).

d

s

s

d

qu q′u

W

W

Figure 4.3: Second box diagram with crossed internal lines.

The CP violating mass differences for the K- and B-systems are given by

∆MK = 2Re(M12,K) (4.19)

and are included as such in our fit. We take the experimental values as goals from the most
recent PDG review [78]. Interestingly, the contribution from the box diagrams contributes
about 70% of the experimental value, hinting at possible BSM contributions. Tree-level
contributions expected in the model in discussion are shown in Fig. 4.4.

Apart from the mass difference, another interesting observable is the indirect CP violation
parameter εK .It can be calculated from the mass difference ∆MK and the matrix element
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h, s, A

dm

s̄m

sm

d̄m

Figure 4.4: Tree-level contribution to neutral kaon mixing mediated by the scalar bosons.
These interactions are possible if the coupling matrices CSM,Y and Cmix contain off-
diagonal elements.

M12 in the following way:

εK =
kε exp(iφε)√

2∆MK,exp
ImM12. (4.20)

where kε incorporates long distance effects and corrections due to φε 6= π/4 [84]. As
external input values, we use

kε = 0.94±0.02, φε = (43.51±0.05)◦ (4.21)

taken from [84]. For a real CKM matrix, the Standard model predicts no indirect CP
violation in neutral meson mixing and εK = 0. As for the mass difference, every scalar
contributes to εK and we can write

εK,scalar = εK,h + εK,s + εK,A (4.22)

in our model. Contributions from Z mediation are also possible, but highly suppressed as
already shown in (3.56) in the previous section. In addition to meson mixing, one can also
have a look at rare kaon decays such as

KL → µµ (4.23)

which, in the Standard model, proceed through box diagrams and are therefore highly
suppressed. The BSM contribution from our model will come through Z and scalar me-
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diation at tree level through the couplings above and the muon-Higgs coupling. Due to
the small mixing in the scalar sector and the suppressed off-diagonal Z couplings, these
contributions however are not expected to cause much deviation from the Standard Model
prediction and are not included in our fit.

Next, we discuss the observables in the B meson system. CP violation in the B-system has
been established by B factories such as BaBar and Belle as well as LHCb (see e.g. [85]).
The neutral B meson system also exhibits oscillations mediated by similar mechanisms
as the K system. The Standard Model prediction for the off-diagonal entry of the meson
mixing mass matrix in the B-system is given by

MSM
12,Bq

=
G2

F
12π2 F2

Bq
B̂BqmBqM2

W

(
λ

Bq
t

)2
ηBS0(xt) (4.24)

with q = d,s respectively. The parameters FBq , B̂Bq and ηB are analogous to the K-system.
For both Bd and Bs, it is sufficient to take the top loop into account and contributions
from the lighter quarks can be neglected. Since B mesons are quite heavy, one can further
approximate the mass differences

∆MBq = 2|M12,Bq|, q = d,s (4.25)

instead of taking the real part of M12. The BSM contributions can be calculated identically
to the Kaon system. The couplings ∆sd need to be replaced with the respective couplings
∆bq. Again, all scalars (and Z) can contribute, but as taking the absolute value is not a
linear operation, the contributions are split as:

∆MBSM
Bq

= 2|Mh
12,Bq

+Ms
12,Bq

+MA
12,Bq

+MBox
12,Bq

| (4.26)

and the discussion of these mirrors the Kaon sector.

In addition, we include the phases of the off-diagonal matrix elements for the B-system.

68



4.1. Fit Algorithm and Observables

The corresponding observables are defined as

SψKS = sin
(
Arg(M12,Bd)

)
(4.27)

for the Bd-system and
Sψφ =−sin(Arg(M12,Bs)) (4.28)

for the Bs-system. In the Standard model, these observables can be directly related to the
CKM phases βd and βs, respectively. BSM contributions can, however, lift this degeneracy
and we include both sets in our fit.

Lastly, there is another neutral meson system which can exhibit CP violation and whose
observables would be impacted by the additional particles in this model, the D-system.
Direct CP violation has been established by LHCb in the decays of neutral D mesons by
taking the difference of the CP asymmetries of two different decay channels [86]. Re-
cently, a mass difference between the neutral D mesons has been measured by LHCb [87],
but CP violation in mixing has not been established yet.

The neutral D oscillations would not be affected by new tree-level processes since the new
scalars only couple to the up-type sector through mixing with the Higgs, so the up-quark
sector stays diagonal even after spontaneous breaking of CP4. However, the 1-loop con-
tribution would be affected by the new couplings between the W boson and the down-type
VLQ since the new quarks could run inside the loop. Due to the large mass of the new
quarks and the suppressed coupling, we expect the impact to be small compared to the
large theoretical uncertainties in this meson system. We therefore do not include this sys-
tem in our fit.

What we find is that the region of preferred parameter space is quite large, the overall
suppression of BSM contributions is rather effective.

In summary, we list the experimental values and uncertainties of the included meson ob-
servables in Table 4.3.
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Observable Exp. Value Unc.
∆MK [ps−1] 0.005293 0.0022 (theor.)
|εK|×103 2.228 0.21(theor.)

∆Md [ps−1] 0.5065 0.081 (theor.)
SψKS 0.699 0.017

∆Ms [ps−1] 17.757 1.0 (theor.) [88]
Sψφ 0.021 0.031

Table 4.3: Meson mixing observables for the K,Bd and Bs systems. The experimental
values are taken from the PDG [78] if not specified.

Strong CP angle

The goal of this work is to explore a solution to the Strong CP problem. It is therefore vital
to include the invariant combination θ̄ in our numerical analysis. In the investigated model,
θ̄ only arises with double loop suppresion, but in general still non-zero. Experimentally, it
is quite hard to measure θ̄ since there are almost no accessible processes which are affected
by a non-zero θ̄ . For the fit, we employ upper bounds on |θ̄ | achieved from measurements
of the neutron electric dipole moment to further constrain the model parameter space. The
current experimental bounds on θ̄ come from [34] and give rise to the impressive upper
limit of

|θ̄ |. O(1)×10−10. (4.29)

Historically, the limits on θ̄ roughly improved by one order of magnitude per decade of
experimental effort [89].

Collider bounds on new particles

In addition to the previously discussed observables, there are bounds on new scalar and
vector-like quark masses from direct detection measurements at collider experiments. The
newest LHC data from the CMS collaboration set a lower limit for vector-like down-type
quark masses at mvlq & O(1.5) TeV at 95% C.L. [90]. This result is an improvement on
previous ATLAS results which gave limits at around mvlq & O(1) TeV [91]. These bounds
are usually extracted under specific assumptions on the interactions, such as couplings
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4.2. Fit results

Figure 4.5: Correlation between εK and the ratio ||r||= vS||F + F̄ ||/µD for a Markov chain
Monte Carlo fit run starting from a viable parameter space point. The colour coding indi-
cates the overall quality of the individual fit points as χ2/nobs. The dashed lines indicate
1σ ,2σ , and 3σ confidence intervals.

only to the third generation and rather narrow widths. Additionally, these bounds assume
decay channels to be restricted to D → bW,bH. In our case, as long as the new scalar is
heavier than the lighter vector-like quark, these comprise the most relevant decay channels.
In the case that the new scalar is lighter, there is an additional channel D → bS, where
the new scalar would then decay into further SM quarks due to the suppressed couplings
inherited by mixing with the Higgs. It is difficult to extract completely model-independent
bounds on these quark masses. As we expect the masses of the new particles to be much
larger than SM scales, these bounds are not expected to put stringent constraints on the
viable parameter space, but we still include them as one-sided limits in our analysis of the
possible vector-like quark masses.
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4.2 Fit results

After performing the fits, we analyze the results by comparing observables calculated with
the model to their experimental values. For simplicity, we choose εK , ∆mK and JCP to dis-
cuss in further detail as represenative quantities for FCNC interactions and CP violation.

Fig. 4.5 shows the results of one such MCMC run. In this plot, the correlation between
εK and the model ratio ||r|| is shown. We can see that the model is able to fit εK in the
parameter range 10 . ||r|| . 40 within theoretical uncertainties. The colour coding indi-
cates the overall χ2 value of the parameter space point. While the blob structure in this
plot is an artefact of the fit routine and should not be given a physical meaning, we will
later see more clearly that there is a numerically preferred range of values for ||r||. The
systematic underestimation results from the low spread of the calculated kaon mass dif-
ference for which the Standard Model value, which we can fit easily, is about 70% of the
experimental value.

Fig. 4.6 shows the results of the same fit run for the Jarlskog invariant JCP. Our algorithm
does not directly fit the model to JCP but to the CKM parameters described in the previ-
ous section. However, as JCP is fully determined by the CKM moduli and angles, we can
use it as a proxy to discuss all CKM parameters. JCP by itself is an important measure
for CP violation in the Standard Model and the model necessarily needs to reproduce JCP

within experimental uncertainties. The plot indeed shows that the model can reproduce
JCP for a large range of parameters. The points are relatively evenly spread out over the
shown parameter space and there seems to be a slight preference for lower values of JCP.
Indeed, while for εK the fit points below and above the respective 2σ lines are roughly
symmetrical, the fit produces far more points with JCP below the 2σ line than above. The
deviations are not significant, but show that the constraints for these two parameters have
some impact on the fit results.

In Fig. 4.7 we show the correlation between εK and JCP. Both observables can easily be
reproduced at the same time. In the Standard Model, both of these observables originate
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Figure 4.6: Correlation between the Jarlskog invariant JCP and the ratio ||r|| = vS||F +
F̄ ||/µD for a Markov chain Monte Carlo fit run starting from a viable parameter space
point. The colour coding is identical to Fig. 4.5.The dashed lines again indicate the exper-
imental 2σ confidence interval.

Figure 4.7: Correlations between the Jarlskog invariant JCP and εK , a measure of CP
violation in the K − K̄ system. The colour coding indicates the overall quality of the fit
points. The grey lines show the experimental 1σ , 2σ and 3σ confidence intervals.
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Figure 4.8: Correlation between ∆mK and the ratio ||r||= vS||F ||/µD for a Markov chain
Monte Carlo fit run starting from a viable parameter space point. The colour coding is
identical to Fig. 4.5. The model easily satisfies the theoretical constraints.

from the CKM mechanism and one would expect a clear correlation as a reduced (van-
ishing of JCP would lead to less CP violation (conservation) and therefore also reduced
(vanishing) εK . We do not expect the BSM contributions to spoil this correlation, as they
propagate the CP violation into the Standard Model by sourcing the CKM mechanism.

The picture for the kaon mass difference ∆mK is shown in Fig. 4.8. The model repro-
duces the Standard Model contribution to ∆mK of ∆mK,SM ≈ 0.0045ps−1 which accounts
for about 70% of the experimentally determined value. Due to the rather large theoretical
uncertainties inherited from meson parameters, the deviation can still be seen as insignif-
icant. It is interesting to note that the model values are very close to the Standard Model
prediction given by the two box diagrams in Fig. 4.2 and 4.3. In addition, the relative
spread of values for ∆mK is much smaller than for e.g. εK . The BSM contribution, al-
though already coming in at tree level, seems to be rather insignificant for this observable
such that ∆mK stays dominated by the box diagrams. Therefore, the tight experimental
constraints on the CKM parameters translate into the relatively precise fit result of ∆mK
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Figure 4.9: Viable points in the vS/µD − ”||F + F̄ ||” plane of the model parameter space
zoomed out. Several lines of constant ||r|| are shown. Taking the large amount of fit points
into consideration, we see a preference for model realizations with ||r|| ≈ O(1−10). This
can be understood by analyzing the limiting cases (cf. full text).

compared to the other two discussed observables.

Next, we discuss our results in the parameter space. When we discussed the model, we
pointed out that both small and large values of r can lead to a decoupling of CP violating
effects and we expect therefore to be a preferred region of r where the model can explain
the experimental results. In Fig. 4.9, we show the results of several combined fit runs in
the plane of ||F + F̄ || over vS/µD. We also show lines of constant ||r|| for illustration.
They are represented by straight lines when choosing a logarithmic scale for both coor-
dinate axes. The plot shows indeed a correlation between the scale ratio and the Yukawa
couplings as expected. For low couplings, a large vev is needed compared to the VLQ
scale in order to transmit enough CP violation to the Standard Model. For large couplings,
the numerical results suggest the opposite in order to not overproduce CP violation. There-
fore, already with this limited number of points, we can state the model prefers regions of
O(1). ||r||. O(10).

While this is no proof of our expectation, the numerical analysis delivers some evidence
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that the model behaves as such. The preferred region in this plot is, of course, no sharp
constraint on the model space, especially when considering the number of model parame-
ters included in r. However, it gives rise to the possibility that with e.g. further constraints
on one of the scales, the viable model parameter space could be significantly reduced and
a more precise prediction for the remaining scale could be given. Constraining the scalar
vev from above in order to avoid a hierarchy problem, for example, combined with the per-
turbativity limit of the Yukawas could directly lead to an upper limit on µD and therefore
indicate a second scale of new physics which might be experimentally more accessible.

4.3 Discussion

We have shown numerically that there is viable parameter space left for this model to
reproduce many the low-energy experimental results within uncertainties. We have also
shown tentative numerical evidence for our proposed preferred region of O(1) . ||r|| .
O(10) by constraining the fit to specific regions of different ||r|| and comparing the best
χ2 values achieved in comparable computation time.

Similar constrains for Nelson-Barr models, but for the conventional CP transformation,
have been presented by [92] and [93]. Together with our findings, this could hint at a gen-
eral result for models employing the Nelson-Barr mechanism independent of the order of
CP transformation. A proof for such a general statement would be very desirable but lies
outside of the scope of this work.

To improve our results, the inclusion of additional observables in the fit could help in con-
straining the parameter space further and provide more exact fit results. Vector-like quarks
can have, e.g., effects on the oblique S and T parameters [94] which are very tightly con-
strained by experiments. We expect the effect in this model to be rather small, though,
since the vector-like quarks can have quite large masses. Due to the large dimensionality
of the parameter space, there is a significant need for runtime in order for the fit routine to
cover large regions of the parameter space.
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4.3. Discussion

In our discussion of Fig.4.9, we noted that only viable parameter space points are shown.
A more detailed analysis of the quality of fit points shows that there is a tendency for an
even smaller preferred region compared to the shown lines of constant ||r||. As this region
is one of the main results of this thesis, it would be desirable to constrain it as much as
possible. A result that shows the gradient of the χ2 distribution for the fit result points is
being prepared and will be included in future work in relation to this thesis.

Instead of using a χ2 analysis, one could also try to use Bayesian statistics to find a best
fit region and quantify the model uncertainties, similar to cosmological fits of density pa-
rameters in ΛCDM models (see e.g. [95]).

The scale of Yukawa couplings can be individually, albeit loosely, constrained on grounds
of perturbativity up to a maximum of about roughly 4π . Unfortunately, the absolute energy
scales of both the CP violation and the new vector-like quarks are very poorly constrained.
The masses for the BSM particles range from O(1) TeV to O(100) TeV easily while still
fitting the observables accurately. Therefore, it is possible that even if this mechanism is
realized, the necessary experimental equipment to produce these new particles in colliders
may be decades away, if not even further. One might hope to find remnants of these
particles in astrophysical events. We leave the calculation of the signal strengths and
fluxes for future work.
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Chapter 5
Conclusion

In this thesis, we analysed an alternative solution to the Strong CP problem in which CP
is assumed to be a high energy symmetry of the model. The Standard Model particle con-
tent is extended by a gauge singlet complex scalar and a pair of vector-like quarks which
transform in a non-standard way under CP, dubbed CP4. The scalar acquires a vev at
low energies and thereby breaks CP spontaneously. The Yukawa couplings between the
scalars and quarks are tailored to realize the Nelson-Barr mechanism and ensure θ̄ = 0 at
tree-level. The non-standard CP transformation of order 4 stabilizes θ̄ = 0 at the 1-loop
level. The first contributions to θ̄ are suppressed by two loop-factors of in total (1/16π2)2,
and therefore allow for less fine-tuning of the couplings in order to keep θ̄ below the ex-
perimental limit.

We improved the calculation of θ̄ from [47] by including the contribution of an addi-
tional diagram and keeping the quartic scalar couplings. We showed explicitly how the
low-energy, complex contributions to the a priori real Standard Model Yukawa couplings
arise by integrating out the heavy quarks. We also showed explicitly the dependence of
the mass difference of the new heavy vector-like quarks on the scale of CP violation vS

in the seesaw approximation. For specific structures of Yukawa couplings, cancellations
between the mass contributions can occur and the mass splitting can become quite large.
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Chapter 5. Conclusion

We discussed the decoupling of CP violation in specific parameter limits and motivated
semi-analytically that there is a preferred region in parameter space where the model can
transmit the right amount of CP violation from the high energy BSM sector to the low-
energy Standard Model.

We performed a Markov Chain Monte Carlo fit of the model to a wide range of observ-
ables, focussing mostly on CP violating ones in the quark and meson sectors, and found
that the model can reproduce current experimental results within the appropriate uncer-
tainties over a large region of the parameter space. We also found numerical evidence for
the previously discussed favoured region. We find that while it is difficult to constrain the
absolute size of the parameters, we can put some constraints on a specific combination of
the new scales of the model.

Future work could improve on the numerical accuracy by including more observables into
the fit or by scanning a wider region of the parameter space. One could also focus on
trying to find the lowest possible energy scales for which the model remains viable. It
would also be interesting to study how the new scale of CP violation new scalar affects the
Hierarchy Problem.

With the increasing experimental effort in searching for axions and the consistent null
results up to now, alternative solutions to the Strong CP Problem gain more and more
attention. In the coming decades, it will be exciting to see the new and creative ways of
solving the outstanding issues in particle physics, both from experimental and theoretical
points of vue.
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