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CrossMark
Abstract
Local foliations of area constrained Willmore surfaces on a 3-dimensional
Riemannian manifold were constructed by Lamm et al (2020 Ann. Inst. Fourier
70 1639-62) and Ikoma et al (2020 Int. Math. Res. Not. 70 6538-68), the leaves
of these foliations are in particular critical surfaces of the Hawking energy in
case they are contained in a totally geodesic spacelike hypersurface. We gen-
eralize these foliations to the general case of a non-totally geodesic spacelike
hypersurface, constructing an unique local foliation of area constrained crit-
ical surfaces of the Hawking energy. A discrepancy when evaluating the so
called small sphere limit of the Hawking energy was found by Friedrich (2020
arXiv:1909.02388v2 [math.DG]), he studied concentrations of area constrained
critical surfaces of the Hawking energy and obtained a result that apparently
differs from the well established small sphere limit of the Hawking energy of
Horowitz and Schmidt (1982 Proc. R. Soc. A 381 215-24), this small sphere
limit in principle must be satisfied by any quasi local energy. We independently
confirm the discrepancy and explain the reasons for it to happen. We also prove
that these surfaces are suitable to evaluate the Hawking energy in the sense of
Lamm et al (2011 Math. Ann. 350 1-78), and we find an indication that these
surfaces may induce an excess in the energy measured.

Keywords: quasi-local energy, small sphere limit, foliations,
Willmore surfaces, Hawking energy
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1. Introduction and results

The search for a quasi local energy is one of the most prominent problems in classical relativ-
ity, with many different candidates (for a detailed review of the topic see [26]). From these
candidates one of the most famous is the quasi local energy described by Hawking in 1968
[12], the so called Hawking energy, given by the expression

NIy .
E(X) = m70+8mé99cm> (1)

where ¥ is a closed surface in a 4 dimensional space time, |3| is the area of the surface, and
670~ is the product of the null expansions % and 6~. The Hawking energy is one of the
simplest quasi local energies that one can find and fulfills almost all the expected properties
of a quasi local energy, however it has the inconvenience that it is not necessarily positive,
there are well known examples in flat space of surfaces that give a negative Hawking energy
(Hayward defined a generalization of the Hawking energy in [13] to address this problem. Nev-
ertheless, we will consider Hawking’s definition). Therefore it is of high importance to know
which surfaces are appropriate to evaluate the Hawking energy, for instance, it was shown by
Christodoulou and Yau in [3] and by Miao et al in [23] that under some physically reasonable
conditions the Hawking energy (in the time symmetric case) is well behaved when evaluated
in constant mean curvature spheres.

This paper is divided into two parts, one devoted to studying foliations of area constrained
critical surfaces of the Hawking energy, and other devoted to studying an apparent discrepancy
of the small sphere limit when approaching a point in spacelike direction.

1.1. Foliations

We will work in the initial data set setting, this means that we consider a smooth 3-dimensional
Riemannian manifold (M, g), which will be equipped with a symmetric 2-tensor k, we denote
this manifold as a triple (M, g,k). The motivation for considering this setting comes again
from general relativity since (M,g,k) can be seen as a spacelike hypersurface with second
fundamental form & in a 4-dimensional spacetime. In this setting the Hawking energy can be
written for a surface ¥ C M as

_ B 2

where H is the mean curvature of the surface 3 and P = tr,, k is the trace of the tensor k with
respect to the metric induced in ¥, that is P = trg k = trk — k(v, v), where v is the outward
normal to 3 in M.

From a variational point of view studying (2) is equivalent to studying the Hawking func-
tional

mmziém—ﬂm. 3)

We are interested in studying area constrained critical surfaces of this functional, then consid-
ering a fixed area, we look for surfaces that maximize or minimize the functional. In particular,
these are then critical surfaces of the Hawking energy. In case k = 0, the so called time symmet-
ric case (or a totally geodesic hypersurface) the Hawking functional reduces to the Willmore
functional
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1
W(T) = 5 /E Hdu “4)

and the critical surfaces of this functional subject to the constraint that |X| be fixed are the
area constrained Willmore surfaces which we call here for simplicity just Willmore surfaces.
These surfaces are characterized by the following Euler Lagrange equation with Lagrange
parameter \.

0= AH+ A™H + H|B|* + HRic(v,v), )

where B is the traceless part of the second fundamental form B of ¥ in M, that is B=B-— %ng)

o

with norm |B|2 = Bu gi’;: g’z" B4, Ric is the Ricci curvature of M, v is the outward normal to 3
and A¥ is the Laplace—Beltrami operator on Y.

The Willmore surfaces have been extensively studied and in the context of general relativity
they were first introduced by Lamm et al in [18], where they showed that there exist a unique
foliation of Willmore spheres for asymptotically flat manifolds, this is a foliation that covers the
whole manifold except a compact region, what we call a foliation at infinity. In their work they
claimed that these surfaces are the optimal surfaces for evaluating the Hawking energy, this
since if the manifold has nonnegative scalar curvature (that means that the dominant energy
condition holds) the Hawking energy is positive on these surfaces and it is monotonically
increasing along the foliation. It was also shown in [16] by Koerber that the leaves of the
foliation are strict local area preserving maximizers of the Hawking energy.

This foliation by Willmore spheres at infinity has been improved by Eichmair and Koer-
ber in [6] where they used a Lyapunov—Schmidt reduction procedure (a technique that will be
also applied in our construction) to obtain the foliation, furthermore, in [7] they studied the
center of mass of this foliation. The non-totally geodesic case was also considered by Frid-
rich in his thesis [10], where he generalized the foliation of [18] for critical surfaces of the
Hawking functional and showed that the Hawking energy is monotonically increasing along
the foliation. We will see in theorem 2.2 that under even more general conditions, if the dom-
inant energy condition holds then, the Hawking energy is positive on these surfaces for a large
enough radius.

Theorem. Assuming that on an asymptotically flat initial data set (M,g,k) the dominant
energy conditions holds. There exist an ro > 0 such that for r > ry, if ¥, is a critical surface of
the Hawking energy with area radius r ( |3,| = 4wr?), it is almost centered, the Lagrange para-
meter \ is positive with \ = O(r~3) and also the mean curvature is positive with H = O(r™1)
then the Hawking energy on %, is positive.

This shows that the Hawking functional critical surfaces in the asymptotically flat case
have the same desirable properties as the Willmore surfaces and are “optimal” (in the sense of
Lamm, Metzger and Schulze) to evaluate the Hawking energy on a spacelike hypersurface.

Here we are more interested in the local behavior of the surfaces; in this direction, it was
shown by Lamm and Metzger in [17] and later by Laurain and Mondino in [20] that Willmore
surfaces concentrated around points which are critical points of the scalar curvature Rs (also
called Ricci scalar), that is points p € M such that VRs, = 0. Furthermore in Lamm et al [19]
and in Ikoma er al [15], showed by a means of a Lyapunov—Schmidt reduction procedure that
if at a point p € M, VRs, =0 and V?Rs, is not degenerated then around p there is a local
foliation of area constrained Willmore surfaces around that point.

The first part of this paper will be devoted to generalizing these local foliations to the general
case when k # 0, obtaining the following results.

3
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Theorem. Let p € M be such that at p, V(Rs + 2 (trk)? + £ [k|?) = 0 and V*(Rs + 2 (trk)* +
L|k|?) is nondegenerate. Then there exist 6, €q, C > 0 such that if at p,

3 1 - ,
C| (v2 <Rs + g(trk)2 + 5|k|2>> |- k| [VK| (Jk|* 4 |Ric]) < 1
then there exist a smooth foliation F = {S, : r € (0,6)} around p of area constrained critical
spheres of the Hawking functional, that is surfaces satisfying equation (8), for some A € R.
Furthermore these surfaces can be express as normal graphs over geodesic spheres of radius
1, and they satisfy H(S,) < 4w + € and |S,| < €}, for r € (0,0).

We also obtained a uniqueness result.

Theorem. (i) Assume that at p, V(Rs+ 2 (trk)> + L[k|?) =0, V2(Rs+ 3 (trk)* + 1|k|?) is
nondegenerate and that the foliation F of the previous theorem exists satisfying H(2) <
41 + 6% and |2| < 6% for any 3 € F and the € of the theorem. If F, is a foliation around p
of area constrained critical spheres of the Hawking functional, which satisfy H(X) < 47 + €
and |Z| < €? for any ¥ € F, and some € < €, then either F is a restriction of J, or F, is a
restriction of F.

(ii) Claim (i) also holds, if instead of foliations, we consider a concentration of surfaces
around p that satisfy H(X) < 47 + €* and || < €* for any ¥ € F, and € < «.

1.2. Small sphere limit

For the second part of this paper, we will focus on studying the small sphere limit of the
Hawking energy. In general, any quasi local energy must have the right asymptotics when
evaluated on large and small spheres. In particular it must satisfy the small sphere limit.

Here we consider a 4-dimensional spacetime M* and will denote the geometric quantities
on this manifold by an index (-)*. Before introducing the small sphere limit we need to define
what a light cut is.

Let p € M* and let C, be the future null cone of p, that is, the null hypersurface generated
by future null geodesics starting at p. Pick any future directed timelike unit vector ej at p. We
normalize a null vector L at p by (L,ep) = —1. We consider the null geodesics of the vector L
and let / be the affine parameter of these null geodesics. We define the light cuts ¥; to be the
family of surfaces on C, determined by the level sets of the affine parameter /.

The small sphere limit tells us that when evaluating the quasi local energy on surfaces
approaching a point p, in a spacetime along the light cuts of the null cone of p, the leading term
of the quasi local energy should recover the stress energy tensor in spacetimes with matter
fields, i.e. lim,_, @ = %’TT(eo,eo). If the point is contained in a spacelike hypersurface
M C M* then by using the Gauss—Codazzi equations we obtain

M(¥,) 4n

. 1 2 e
lim —== = —~T(eo,e0) = 15 (Rs + (trk)” — |&[),

where everything is evaluated at p, and the right hand side is the energy density of the Einstein
constrained equations on M ( here Rs and k are the scalar curvature and second fundamental
form of M). The small sphere limit was first introduced by Horowitz and Schmidt for the
Hawking energy [14], it must be satisfy by any reasonable notion of quasi local energy as it
was shown for the Brown—York energy [1] the Kijowski-Epp-Liu—Yau energy [30], the Wang—
Yau [2] and for their higher dimensional versions [28] among others. In particular, when the
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Spacelike hypersurface

Figure 1. Comparison between approaching a point along cuts on a null cone and along
critical surfaces on a spacelike hypersurface.

point p is contained in a spacelike hypersurface M C M*, we have the following expansion for
the Hawking energy for cuts on the light cut §;

1
E(%) = 15 R+ (k) — (k)17 + O(F) (6)
at p. Having this expansion in mind when studying area constrained critical surfaces of the
Hawking functional (3) in a spacelike hypersurface (initial data set), it would be natural to
think that such surfaces concentrate around points satisfying that

V(Rs + (trk)* — |k]*) =0 (7

at p. However, in [9] Friedrich found that this is not the case. In fact a point having a concen-
tration of these surfaces must satisfy

v (Rs + g(trk)z + é|k2> —0

at p, this was an unexpected result that we managed to confirm with our results as well (in
theorem 2.7) and we also obtained in the equivalent theorem 2.10. This result gives the impres-
sion that the local expansion of the Hawking energy depends on how you approach the point.
Figure 1 illustrates the situation.

In section 3, we will study this discrepancy found by Friedrich and see that it comes from
purely geometric reasons, in particular, that even if a priori the two ways to approach the point
may look similar, the surfaces used are quite different. Finally, in remark 3.2 we will see that
these results suggest that the critical surfaces of the Hawking functional induce an excess in
the measure of the Hawking energy.

2. Foliations

2.1. Preliminaries and setting

In this section, we work with data (M, g, k) where (M, g) is a smooth 3-dimensional Riemannian
manifold which is equipped with a symmetric 2-tensor k. In General relativity, the data (M, g, k)
represents a spacelike hypersurface (or an initial data set) with second fundamental form k& in
a 4-dimensional spacetime. In this setting we do not need any mention for the spacetime. We
introduce the following notation: the covariant derivatives will be denoted by; and the partial

derivatives 6‘1,- by a comma or by 0;.
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Now we derive the equation that characterizes the area constrained surfaces of the Hawking
functional.

Lemma 2.1 (First variation). The area constrained Euler Lagrange equation for the Hawking
functional (3) is

0= AH+ A*H + H|B|* + HRic(v,v) 4+ P(V, trk — V k(v,v))

8
—2Pdivs (k(-,v)) + %HPz —2k(V=P,v). ®

Here H is the mean curvature of 32, Bis the traceless part of the second fundamental form B of
Y inM, thatis B =B — %ng where gx. is the induced metric on 3, Ric is the Ricci curvature of
M, V=, divs; and A¥ are the covariant derivate, tangential divergence and Laplace Beltrami
operator on X. Finally \ € R plays the role of a Lagrange parameter.

Proof. Let> C Mbeasurface andletf: ¥ x (—¢,e) — Mbe a variation of X with f(3,s) = X

and lapse % 50 = V- In [18, section 3], it was shown that the first variation of the Willmore

functional (4) is given by

1d 2 _ ) B2 ~
4‘15/sz dﬂ\x:o—/ ( A*H— H|B| HRIC(MV)) adp, )

now let us compute the variation of % fz P%dyp. In [21], it was shown that the variation of P is
given by
dpP
Tt (Vytrk—V, k(v,v))a+2k(Va,v), (10)
S |s=0
using this relation and integration by parts we have

1d 1
2 Pdu_n= —P’H+P(V, trk—V, k
v [ Panca [ (5P P70k k)

s

—2Pdivy, (k(-,v)) — 2k(V*P, V))Ozdu. (11

We are considering area constrained surfaces, which means surfaces whose variation of area
is zero. This traduces to the area constraint fz Hadp = 0. Then our surfaces must satisfy the
area constraint and

1/d d
0==|(— | Hldu,9—— | P?du,_
) (ds /EA. /~L\s—0 ds /ZS ,u|x—0>

:/ (—AEH—H|109|2—HRic(1/,1/) - éPZH—P(V,,tI'k—VVk(V,V))
PN

+2Pdivs; (k(-,v)) + 2k(V=P, 1/)) ady.

Then combining this expression and the area constraint give us the Euler Lagrange
equation (8). O

Note that this result is equivalent to [9, lemma 2.8], and it reduces to the Willmore
equation (5) in case k =0.

Friedrich proved in [10] the existence of a foliation of critical surfaces of the Hawking
functional in asymptotically Schwarschild manifolds, and also proved that the Hawking energy
is monotonically increasing along the foliation. Now we will show that if the dominant energy

6
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condition holds, the Hawking energy is positive on these surfaces. This holds in more general
conditions that the ones considered by Friedrich (it holds when assuming general asymptotic
flatness). First, recall that the dominant energy condition is given by

w= || (12
where
Rs+ (trk)?> — k> =2p and div(k— (trk)g) =J (13)

are the energy density and the momentum density of the Einstein constraint equations. In
particular, the dominant energy condition implies s« > 0 which also implies Rs + 3 (trk)* > 0.

Theorem 2.2. Assuming that on an asymptotically flat initial data set (M, g, k), where k decays
like |k| + |Vk||x| < Clx|~27¢ for some constant C >0 and € € (0, 1) and the dominant energy
conditions holds. There exist an ry > 0 such that for r > ry, if 2, is a critical surface of the
Hawking energy with area radius r ( |X,| = 4nr?), it is almost centered (|x| the distance to
the origin of any point in %, is comparable to r), the Lagrange parameter \ is positive with
A\ = O(r~3) and also the mean curvature is positive with H = O(r~") then the Hawking energy
on X, is positive.

Proof. According to (2), it is enough to see that fz H? — P*dy < 16m. We proceed similarly
as in [18, theorem 4]. We consider equation (8), divided by H, integrate by parts the term ATH
and use the Gauss equation 2Ric(v,v) = Rs — Rs™ 4 H? — |B|? obtaining

1. 1 P
O:/ )\+\VlogH\z—F§|B|2+5(RS—RSZ’)+E(Vl,trk—vl,k(y,y))

=
1 1 P 2
+ ZH2 + EP2 =2 divs(k(-v)) - Hk(VEP, v)d.

We can estimate for some constant C

/ A+ [ViogHP + S |B + 2 H + 5P — —|k|| Vkldp < —/ 5 (Rs —Rs™)dp.
" b))

r r

Now using Gauss—Bonnet theorem to replace Rs> and subtracting %(tr k)? on both sides we
have

1 3 1 1. C
2, Y2 p2 op2 1 24 B2 = \V4
/ A+ |ViogH| +4(H P)+4P 3(t1’k) +2\B| |k||Vk|dp

>

1 2
<4m— / - (Rs + (trk)2> dp.
5, 2 3

Now thanks to the dominant energy condition, we have Rs — %(trk)z > 0 and by the decay
conditions of the assumptions, it is direct to see that for r large enough

3 1 C
0< [ A+>P*— —(trk)? — = |k||VKk|d,
L 3G Sk Gk

then it follows directly that [, H> — P*dy < 16. O

Remark 2.3. Note that the foliation constructed in [10] satisfies the conditions of the previous
result. This shows that these surfaces have the same desired properties as the Willmore surfaces
in the totally geodesic case (k =0) when evaluating the Hawking energy.

7
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To produce our foliations, we will use the fact that geodesics spheres of small radius around a
point p € M form a foliation, and this foliation can be perturbed in a suitable way. The perturb-
ation procedure consists of a normal perturbation to the geodesics spheres and a perturbation
of their center. For this procedure, we will consider the setup considered in [25], which is like
the one considered in [15, 19, 29] when k= 0.

Denote by R, the injectivity radius of p and define r, := %Rp. we will also denote B, :=

{xeR?:||x|| < r} and S2 := {x € R"*! : ||x|| = r} where || - || is the Euclidean norm.
For 7 € R? with ||7|| < r, we define F : B,, — M by
Fr(x) = exp,(, (x'el), (14)

where ¢(7) = exp,(7'¢;), ¢; are an orthonormal basis of 7,M and e] their parallel transport to
c(r) along the geodesic ¢(#7)o<;<i1. Consider also the dilation a,(x) = rx for r > 0. For each
7 and 0 < r < rp, the map F o a, gives rise to some rescaled normal coordinates centered at
¢(7), in particular, the metric g in these coordinates satisfies that

gij(rx) = (8 + oy (xr))
where § denotes the Euclidean metric and o satisfies |o;(x)| < [x|?, we denote this by g;;(rx) =
r?(d; + O(|x*r?)).
Asin[19],1et Q; = {p € C+2(S?) | HL‘OHC4’%(SZ) < 0o} with 89 > 0sosmall that S, := {x +

@(x)v(x) : x € S?} is an embedded C* surface in R3, and where v is the unit normal to S".
Define the map @ : (0,7,) x By, x 2 x R — C1(S?) given by

®(r,7,0,\) = AH+ A¥H + H|B|*> + HRic(v, ) + %HPZ +P(V, trk—V k(v,v))
—2Pdivg (k(-,v)) — 2k(V=P,v), (15)

where the expression of the right is evaluated for ¥ = F-(,(S},)) at F(r(x+ ¢(x)v)) with
respect to g. Note that this is the equation that characterizes the area constrained critical
surfaces of the Hawking functional. To find a foliation, we look for some functions 7(r),
©(r) and A(r) such that ®(r,7(r),o(r),A(r)) = 0 for some r e (0,ry), then our surfaces
3, = Fr(n(a,(S},(r))) are parameterized by r and with some extra work one can see that they
form a foliation.

In order to find these functions, we will use the implicit function theorem, but in an auxiliary
manifold (By,, 8-, =r 2a;(Fi(g)), kr, = r~'a;(Fi(k))) this manifold is useful since its
metric is conformal to g in the F- o o, coordinates and when r =0, g, ¢ is just the Euclidean
metric and k; o = 0, allowing us to work with an r arbitrarily small. Furthermore, we define
the operator

<I>(r, T, )\) = rz)\Hr,‘r + AETHV,T + Hr,‘rlér,‘r|2 +Hr,TRiCr,T(Vr,T7 Vr,'r)

1
+ EHr,TP,Z«’T +Pr,-r(vu,.,.,. trkr,r - Vu,,rkr,r(yr,-r; Vr,'r))

- 2'pr,‘r diVE (kr,T ('7 Vr,T)) - 2kr,7- (VEPr,Tv Vr,T) (16)

where the right hand side is evaluated on X = S, at x + ¢(x)v(x) with respect to g, , on B, (we
denote this by the subindex r, 7). The convenience of this operator on the auxiliary manifold
is that the metric g, , is conformal to g in the coordinates F, o o, with conformal factor 2,
k: - s also conformal to k and then using how the different terms on (16) transform under this
conformal transformation (for instance, H, » = rH, v, » = rv, P, » = rP etc) one obtains the
following relation
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O(r,7,0,\) =r"®(r,7,0,) (17)

and therefore, if we manage to find a surface satisfying ®(r,7,, A) = 0 we then have an area
constrained critical surfaces of the Hawking functional in our original manifold.

Note that operator the (16) can be decomposed into two parts, one that does not depend on
k that we denote by W, and another that depends on k which we denote by W,. Then we have
O(r,7,0,A) = (W) + Wa)(r,7,,\) where

Wi(r,m,0,\) == r*AH, ; + AL H, ; + H, ;|B, ;|* + H, Ric, ; (Vy,r,vr.+), (18)

1
Wa(r, 7,0, A) i= SHy PP 4 Prie (Vo ke = Vo, i (V7 027))

- 2Pr;r diVZ (kl‘,T ('; Vr,T)) - 2kr,7' (VEPr,Ta Vr,T)- (19)
Note that W (r,7,¢, \) corresponds to the Willmore operator whose local behavior has been
studied in many different papers like in [15, 17, 19] among others.
From now on, we will denote by A™(x) a tensor evaluated at F.-(x) and then A7(0) is the
tensor evaluated at the point ¢(7). Also if 7 =0, we omit the superscript i.e. A = A.
Now let us see the operator (16) when one considers a geodesic sphere, that is, when ¢ is
equal to zero.

Lemma 2.4. Considering the setting of above one has
2 .
Wi(r,7,0,X) =r* <2/\ —3Rs7(0) + 4Rlcpq(0)x"x">

+ 7 (5Ric], (0)xPx%x" — Rs ,x) + O(r*), (20)

Pq,s

Wa(r,7,0,0) =12 (= (trk™ ) + (6 trk™ kj, + 4kJ; k) x'x — 9k] ke x'x/xP x4 )

i) ij “pq

) T\2 R
oy (<8<tk> _wsarkfk;))xw<as<trk7k;->

2 21

v rq,s

+20,(kf k7)) x'x/x* — 3k k], xixjxpqu‘) +0(r*),

where k™ = k™ (rx). In particular, ®(r,7,0,\) = (W) + W,)(r, 7,0, ).

Proof. In [19, proposition 2.3] it was shown that

pq,s

2 . . ‘
Wi (r,7,0,\) = r? <2>\ — gRsT(O) + 4R1c;q(0)xpx‘1) +r*(5Ric], (0)x"x9x* — Rs,(0)x")
+ 0.

In the rest of the proof we omit the superindex 7 for simplicity. Now considering the rescaling,
we have

2
Wa(r,7,0,A) =1 <H§ + P(V, trk — VYV, k(v,v)) — 2Pdivs (k(-,v)) — 2k(V=P, y)> , (22)

where the right hand side is evaluated on the geodesic sphere F («,(S")) := ¥ using the metric
g. Consider alocal frame e; € TM i = 1,2,3 such that e3 = v is the normal to 3 and e; € T3 for
i = 1,2 are two parallel tangent vectors i.e. Vi eg =0 for o, B = 1,2. We use Latin letters as
indices to denote the whole frame i,j,r,s,z... and Greek letters a, 3 just to denote the vectors
tangent to .. We use the Einstein summation convention.

9
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First, let us expand the last two terms of (22)
divs: (k(-,v)) = eq (k(ea,v)) = Ve k(ejv) — Vok(v,v) + k(V,, ea,v) + g (k,B), (23)
where g=(k,B) = g2*7g* %k, 3B,
VI P=en(ttk—k(v,v)) = Ve k(ei,e;) — Ve k(v,v) +2k(Ve, e5,e5), (24)

where all the terms are evaluated at the point ¢(7). Now introducing these terms in (22) we
have
HP? .
Wo(r, 7,0, A) = P — +P(V, trk—V k(v,v)) — 2P(Ve,.k(e,-, v)— V., k(v,v)+ g~ (k,B)
+k(Ve, eq,v)) — 2k’ (Ve k(e ei) — Ve k(v,v) +2k(V,, eﬂ,eg))> .
(25)
Using that for a geodesic sphere, one has H(r,7,0,\) =2 — éRicijxixj - gRicij}lx"xfx’ +
O(r*) (this expression can be found in [29]) where Ric is evaluated at ¢(7), B(r,7,0,))
=r1g¥+0(r?) and V,_ es = —B(e,,es), we obtain after some calculations expres-
sion (21).
O
We have an analogous result to [19, lemma 3.2].
Lemma 2.5. For every T € R3 and every \ € R we have that
®,,.(0,7,0,A) =0,
where we denote @, (r,7,0,\) ¢’ = L&, (r,7,50 + tp’, \)|1=0.

Proof. First, we consider the terms depending on k, that is, expression (25).
In [29, lemma 1.3] it was shown that H,.(0,7,0,A)=0 and B, (0,7,0,\)
= 0, then we have that the terms of the linearization that do not depend on B, have order at
least O(r?) and therefore

W2<pr(077'707 /\) = 2W2¢(r, 7',0, /\)|r:0 =0.

or
Finally in [19, lemma 3.2] it was shown that W,,.(0,7,0,A) =0 and as ®.,.(0,7,0,))
= Wir(0,7,0,A) + Wa, (0, 7,0,)) we have the result. O

In [19, section 3], it was shown that when r — O the linearization of W reduces to
Wi (0,7,0,)) = —AF (—ASZ - 2) , (26)

which is the linearization of the Willmore operator in Euclidean space. The kernel of this
operator is generated by the constant functions and the first spherical harmonics, that is
K = Span{1,x',x*,x*} where x' are coordinate components of a point x € S?>. Now notice that
by our scaling (as seen in lemma 2.5) the operator Wy, (r, 7,0, A) has order O(r?). Therefore,
we have

$,(0,7,0,)) = —AF (—ASZ — 2) . 7
Now we define precisely what a concentration of surfaces is.

10
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Definition 2.6. We say that a family of closed compact embedded surfaces {S,: r € I}, where
[ is an interval satisfying 0 € I, is a concentration of surfaces around p if

limsupdiamS, =0 and ﬂ U S, ={p}.
r—0 ro€(0,00) reIn(0,ry)

Note that a foliation is a concentration of surfaces where the surfaces can be continuously
parameterized by r (that is Vr € [ there is a surface S,) and where the surfaces do not intersect
with each other.

2.2. Foliation construction

As mentioned before, if a surface satisfies ®,,(r,7,,A) =0 then we have an area con-
strained critical surface of the Hawking functional, then the idea to construct the foliation
is to find by means of the implicit function theorem some 7(r), ¢(r) and A(r) such that
O(r,7(r),(r),A(r)) =0 for all » € (0,ry). To achieve this, we use that we can decompose
C*2(S?) as K ® K+ where K is the kernel of —A% (fASZ —2) on Euclidean space and K its
L? orthogonal complement. Then if one manages to show that ®(r, 7(r),(r), A(r)) = 0 holds
on K and on K+ the equation holds on ch2 (S?), and this is precisely what we are going to
show using the implicit function theorem in each of the cases.

Theorem 2.7. Let p €M be such that at p, V(Rs+ 3 (trk)* + Lk?) =0 and V*(Rs+
2(trk)? + L |k[?) is nondegenerate. Then there exist §,€9,C > 0 such that if at p,

3 1 !
C| (V2 (Rs+ g(trk)2+ 5|k|2>> |- |k| [VK| (Jk|* 4 |Ric]) < 1, (28)

then there exist a smooth foliation F = {S, : r € (0,8)} around p of area constrained critical
spheres of the Hawking functional, that is surfaces satisfying equation (8), for some A € R.
Furthermore, these surfaces can be express as normal graphs over geodesic spheres of radius
1, and they satisfy H(S,) < 47 + €3 and |S,| < €3, for r € (0,0).

Proof. We split the kernel K in two parts Ko = Span{1} and K; = Span{x',x*> x’}. Let 7
for i =0, 1 denote the orthogonal projection from Co2 (S") onto K;, let T : K1 — R? be the
isomorphism sending x‘ISZ to the ith coordinate basis e;, and let Ty : Ky — R be the identity
map. Define 7; := T; o m; for i = 1,2. We consider the expansion

O(r,T, rzgo, A) =@(r,7,0,\) + 2,(0, 7,0, )\)gorz +®,,(0,7,0, /\)cpr3

s
+ 7 / / 19, (57,7, str%p, ) ppdsdt
0 Jo

1ol gl (29)
+ r4/ / / 5@, (usr, T,ustr*o, \) pdudsdt
0o Jo Jo

1 plopl
+rj/ / / St® ., (usr, T, ustr* o, \) ppdudsdt.
0o Jo Jo

Note that @.,,(0,7,0,\)¢ = 0 by lemma 2.5. We will study the projection of this expansion to
the kernel. We have for the first term that ®(r,7,0,A) = W, (r,7,0,A) + W,(r,7,0,\) and in
[19, lemma 3.1] it was shown that

1
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7o (Wi(r,7,0,0)) = 8t (/\ + leT(O)) + O(r4)
) 3 (30)
71 (Wi (r,7,0,\)) = gﬁve,RsT(O)e,- +O(P).

Now using equation (21) and the fact that sz xdp = sz xXxxPdp = sz X xixdp = 0 we
have

~ WZ(raT7O7)‘)
) 7}’2

) = /S2 ((6trk™ (rx) k; (rx) + 4k, (rx) kj;(rx) ) x'x
r=0
| — (trk™) (rx)* — 9k (rx) k7, (rx) x5/ X x? )y o 31)
=87 (;(trkT)z + 115|kf|2>
where lemma A.7 was used and the quantities are evaluated at the point ¢(7).
Note that for any @y € K- one has 7;(®,(0,7,0,\)p) = 0, then taking some arbitrary

o € K+ which will be fixed later, and Ao = —3Rs — {5|k|* — 1 (trk)? where the geometric
quantities are evaluated at p, we find using the expansion (29) that

(0] 200 1 1 1
. <(”“f’)> — 87 <A0+Rs+k2+(trk)2> —0.
[r=0,7=0,A=MX0,0=¢0 15 5

r? 3
(32
Using again the expansion (29) and (30) we have
P 200, A 4 Oi(trk™)? ;
= (20 A) =Rt (2o ki) )
r r=0,r=0,A=A 3 2
r=0,7=0,A=MX\¢
+(Os(trk™ k) 420, (k) x'w/x* — 3k] ;%sx"xfx"quY)
[r=0,7=0,A=X¢
1 i~ T 1,T T LT \1i+d T T LT id P
—|—;7r1 ((6trk ki + Ak kg )x'x — (trk N Ok kX' X' X! x?) 10,720, A= Ao (33)

Let’s see in detail the last two terms of this expression, we have that the second term is equal
to

ai(trkT)z T T il TIT TLT ij sl
T—&?S(trk k7;) SZxxd,u—&—(@s(trk ki) +20:(kjikig)) Sz)cxxfxd,u

—3klk, / XX/ quvxldu) e
SZ

iy pq,s
927 2 64 647 127 2
= —0t — ——0,(t — k — ——O0lk|e;. 4
105 81( I'k) e 35 (95( rkksl)€1+ 105 8,(1% st)€[ 105 (3'1| | e (34)

For the last term of the expression note that 7| ((6trk” kJ, + 4k k7 )x'x/ — (trk™)?

si )

— 9k7; k;qxixjxpxq)‘rzo =0 and that %".:Ok,j(rx) = k;j,(0)x', then by performing a Taylor

expansion around r =0 we find
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1~ T LT T LT\ ] T T LT
(1 (6™ kG + 4k k) — (trk")? 9kl]kpqxxfx‘”xq)>‘rzoﬁzo)\:)\o

- / (60, (trk, ki) + 40, (ki kg) )x'Xx” — 0; (trk) 2x' — 90 (ki Kpg ) ¥ ¥ xPx7x" ) X' d ey
s?

T 64 64
~Tos (ke + == ~ 105

Then putting everything back into (33), we obtain

O(r, 7,100, A 4 3 1
(20 A) = T (Rs+ 2 (trk)> + —k* ) er=0.  (35)
|r=0,7=0,A=X 3 5 >

r=u,7 0

3S(t1‘kksz) — 0 (kls kst)el + 7(91“(‘261

73

To apply the implicit function theorem for the system of equations (32) and (35), we need
the corresponding operator to be invertible. Let us find the operator. We compute the following
derivatives

9 d 20\ d O(r,m,rip,\
9. (W) _gr, D (W) o,
OA r [r=0,7=0,A=MXo 2 " [r=0,7=0,A=MXo

o . <<I>(r,7',r2<p,/\)> 877( )
—7 | ————T 03Rs + 8 |k|” + 8 (trk)* ) ) =0,
o7 r? [r=0,7=0,A=Xo 3 g ’ ’

0 ) 2o\ 4 3 1
925 <M> LLPW (Rs+ 3 ek + |k|z) ’
973 r r=0r=0A=A 3 5 S

Then we need the operator

8T 0
e (36)
( 0 AIV2(Rs+3(trk)’+ ;|k|2)>

to be invertible at point p and this is equivalent to have V?(Rs + 2 (trk) + 1 |k|?) invertible.
Then there exist functions 7 = 7(r,) and A = A(r,) such that 7(0,) =0, A(0,p9) =
Ao = —3Rs — £ |k]> = 1 (trk)* and 7;(®(r,7,r%¢,\)) =0 i=1,2 for (r,7,¢,\) close to
(07 0, %0, >‘0)

Now let us apply the implicit function theorem to have a vanishing projection to the ortho-
gonal to the kernel. First, we fix the map ¢y € K+ to be the solution to the equation

ij “pq SESj

_AS (fASZ . 2) 0o = (KT KT X0 xd — (4Ricy + 6trk™ k] + 4kTKT)xxT)  (37)

where 71 is the orthogonal projection to K*. Then we obtain projecting (29) to K and nor-
malizing it by 72,

O(r,7,r%p0,\
mt (W‘p)) — b ((4Ricy + 61rk™ K] + 4KT K7)x'n
[r=0,0=¢0

r2 si Vsj

— K] k7 X'/ xPx) — Agz(—ASz —2)¢o

yrqg

=0 (38)

0 L(@(F,TJ'Z()O?)\)

= —AY (AT —2) [0 (39)
890 r? >’—0<P 0 )

and this operator is invertible since our equation is restricted to K= (the K part is zero). Then by
the implicit function theorem, there exist some 6 >0, 7 = 7(r), p(x) = p(x,r) and A = A(r)
such that ®(r,7(r),r2p(r),A(r)) = 0 for 0 < r < 4, this means that for each r we have an area

13
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constrained critical surface of the Hawking functional. Now let us see that these surfaces form
a foliation.
By construction, we have the following parametrization for our surfaces

G:RtxS"—M, (r,x)— eXP,(r(r) (rx(1+7r2p(r))) (40)

where we write ¢(r) = ¢(r)(x) for simplicity. To find the lapse function of these surfaces one
calculates

oG

EV:O = (dxech(T(,))) (X(l + rzsp(r)) + rx(rzw(r))r)lr:()

OXPe(r (1)
+ (3}”) (r=x(1 —|—r2ap(r)))|r:0

. k L
and this reduces to % —g =X + %ir =0 ks then we see that the lapse function is given by

oG ok
o= <6rr=o’y> =1+ w(q,u) 41)

therefore we have a foliation if « >0, then it suffices to show that |%‘r:0| <L

®(r, 7,70, \)
2(rrr7eA)

To estimate 2T we will use that the equation 7?1( =0 implies that

or |r=0
L (Blenge)) o= 0and by (29) thisis

0. (®(r,7,0,A 1. 1.
0= 8771-1 ((3)) + 271 (P4 (0,0,0,0)p000) + =71 (P (0,0,0,0)00) . (42)
r r r=0 2 2

Note that the second term is equal to zero. For the first, term it is not hard to see using (35)
and the chain rule that

a _ (®(r,7,0,)) _m 3 , 1.5\ or?
arﬂ'l ( 3 >r_0— 3 8581 (RS+ S(trk) + 5|k| ar |r:()el (43)

then from (42) and the invertibility of VZ(Rs + 2 (trk)? 4 1[k|*) we have

o 3 3 1 o

r ol < ar <V2 (RH 5k + 5“)) |51 (@(0,0,0,0)00) . (44)
In the following, we show that the right hand side of the previous expression is less than
one. The solution of the equation (37) is a function of the form ¢g = (k * k), xXx¥xPxi 4 C-
(Ric + k* k);; x'x' + C- (Rs + k x k), where we denote for any tensors A and B, A * B to be any
linear combination of contractions of A and B with the correspondent metric. In particular,
we have that g is an even function. In [19, lemma 4.1], it was shown that W,,(0,0,0,0) is
an even operator which implies that 7; (W;,(0,0,0,0)¢0) = 0. Unfortunately the operator
Wa,(0,0,0,0) is not even, it has an odd part which is proportional to V&  k, then combining
this with the expression of ¢ in (44) we obtain the estimate

or 3 1 - ,
Bl <C1 <V2 (Rs+ S (k) + 5|k|2>> |- k| [V (| + [Ric|)

where C depends on n. Then if | (V2(Rs + 2 (trk)* + 1[k|*))~"| - k| [VK| (][> + |Ric]) is small
orT

W|r:0‘ < 1 and in particular a foliation.

enough we have

14
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The leaves of the foliation are normal graphs of the map > (r) over geodesics spheres of
radius r. This implies that the mean curvature of our surfaces can be estimated by the mean
curvature of the geodesic sphere and Hessgy. Then using that ||¢||c: < C with C depending
on the value of Ric and & in these coordinates at p we have

2
|Hs,| < |[Hp, |+ O(r*) < p +O(r).

Then proceeding in the same way as it was done in [15, lemma 5.1], we find that the Willmore
energy of the surfaces satisfy

1
f/ Hdp = 47 + O(r?)
4 S,
and |S,| = 47r? + O(r*), then it is direct to see that there exists an € such that

1
H(E):Z SHZ—Pzdu<47r+e%

and |S,| < €3 for any r € (0,). Note that the smaller § is, the smaller &, can be. O

Remark 2.8. (i) Note that condition (28) is a sufficient but not a necessary condition to have

the foliation. The necessary condition is that o« =1+ 66—7:“20 (ex,v) > 0, if this condition is
not fulfilled, then we only have a regularly centered concentration of critical surface of the
Hawking functional around p.

(if) Note that any initial data set with a local minimum or maximum for the function Rs +
2(trk)? + £ |k|* has a concentration of such surfaces. In particular, any compact initial data set

has at least two.

2.3. Uniqueness and nonexistence

Now we prove that a point possessing a foliation of area constrained critical surfaces of the
Hawking energy cannot have any other of such foliations. That is, the previously constructed
foliation is unique.

Theorem 2.9. (i) Assume that at p V (Rs + 2 (trk)> + L[k|?) = 0, V*(Rs + 2 (trk)? + £ |k[?) is
nondegenerate and that the foliation F of theorem 2.7 exists satisfying satisfy H(2) < 4m +
6(2, and |X| < 6(2) for any ¥ € F and the € of the theorem. If JF, is a foliation around p of
area constrained critical spheres of the Hawking functional, which satisfy H(X) < 4m + €2
and |X| < €2 for any ¥ € F, and some € < €, then either F is a restriction of F» or Fp is a
restriction of F.

(ii) Claim (i) also holds if, instead of foliations, we consider a concentration of surfaces
around p that satisfy H(X) < 41+ €? and || < € for any ¥ € F> and € < «.

Proof. The idea of the proof is to show that the leaves of the foliation can be expressed as nor-
mal graphs over geodesic spheres. Once this is done, we obtain the uniqueness of the foliation
from the implicit theorems used in theorem 2.7.

Consider the leaves of the foliation JF; being parametrized by their area radius thatis S, € 7,
where r satisfies |S,| = 4772, and we consider r so small that the leaves are contained in a small
geodesic sphere where we have a decomposition of the metric as in (70). By assumption, the
leaves satisfy H(S,) < 47 + € and |S,| < €. Therefore, by considering r smaller if necessary,

15
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we can apply directly [9, Proposition 3.2, Corollary 3.3], obtaining that the surfaces satisfy

/ |V2H|?> + H*|VH|* + H*|VB|* + H*|B|*du < C, (45)
Sr

<Cls, ]2, (46)

. 2
|1Bl]2(s,) < CIS, |, H—-
Pl (s,

where the C’s are constants depending on the injectivity radius of p, € and of the value of Ric,
VRic at p. Note also that by using (45), (46) and lemma A.2 one can reproduce the proof of
[22, lemma 2.10] in the exact same way obtaining the estimate ||B] |~ (s,) < Cr. From (46)
and by considering r small enough, we can apply lemma A.6, obtaining

y
1= =2l sy < €7 47)

where y denotes the position vector on some normal coordinates centered at a point py. To see
that we can express our leaves as graphs over geodesic spheres we need the normal v to S,,
to satisfy on Euclidean space that (v, ) # 0, and this is true if we have that ||2 — v|| s, is
small. For any tangent vector e; to S, and its tangential projection to a sphere of radius r in

Euclidean space e = ¢; — 6(e;,2)2, we have
i ‘r/r

1 1 o
VEX = - (e; -0 (e,-7 X) X) and Vv = —He;+ B(e;,")
‘ror r/r 2
then by using that §(e;, ) = (6 — g)(e;, %) + g(ei, * — v) and the decay of the metric g (like in
lemma A.1) we obtain

|V(V—X)| <C<3g|+|H—2‘ + B+ 77! (|g—5\+ ]y—u})> < Cr+Cr*1|X—z/| (48)
r r r r

for some constant C. From this inequality and (47), we obtain ||V(2 —v)|[;2(s,) < Cr?, then
using the inequality (73) from lemma A.2 with p =2 we obtain [|2 — v/||z:(s,) < Cr3, now

using (48) again we have ||V (3 —v)||p4(s,) < Cr3 . Finally, using the Sobolev inequality (75)
for p =4 we obtain

H% — V| s < Cr.

Then for r small enough, we can express S, as a graph over a geodesic sphere of radius 7 = 7(r)
centered on a point p,, then we can also characterize the leaves by this radius and denote them
by S;. Let us change the notation and simply denote 7 by r. Then we have S, = Fz(,y(a,(S3))
for some ¢ € C*3 (S?) and 7(r) which satisfies 7(r) — 0 as r — 0 and ¢(7) = exp, (7'e;) where
we used the notation of (14).

Denoting by S*(a) the unit sphere of center a in R, S, (a) := {x+ p(x)v(x) :x € $*(a)}
and defining S, := o /r(Fy 1(S,)) with Euclidean center of mass denoted by x(r), we have that
the previous is equivalent to have S, = Ss(r) (x(r)) for some smooth function (r) on S*(a).
Furthermore, by theorem A.4, we have that our surfaces approach uniformly a round sphere
in Euclidean space as r — 0. Hence we have in particular that ||@(r)||cs — 0 as r — 0, with
this note that we have just proved the same result as in [29, lemma 2.3], then we can apply the
two results that follow after that lemma [29, corollary 2.1 and lemma 2.4] to our situation dir-
ectly. With this, we perturbed the center of our spheres, obtaining a smooth function a(r) with
a(r) € R? and lim,_,o ||a(r)|| = 0, such that S, = F,(y(-)+a()) (Qr(S(r,a(r)))) for some smooth
function ¢(r,a(r)) on S* which satisfies 71 (¢ (r,a(r))) = 0 and that ||o(r,a(r))||cs — 0 as
r—0. We want our ¢ to satisfy the same conditions as the one in theorem 2.7, this to

16
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use the uniqueness of the implicit function theorem. Therefore we also want to have that
mo(¢(r,a(r))) = 0. In order to achieve this, we will have to perturb the radius of our spheres.
Denote by m(¢(r)) :=mo(p(r,a(r))) = ﬁ fgz o(r,a(r))dp and note that m(p(r)) — 0 for

r — 0, then define
¢(r,a(r)) —m(p(r))

e (r) =

MR ENTEG)

We then have 7(p*(r)) = 0 and as r*x(1 + ¢*(r)) = rx(1 + ¢(r,a(r))) for x € S? then
Sr = Fr(n(arlSe(ran))) = Frn (0 (Se- (),

where 7(r) = r(x(r) + a(r)). As r* — 0 for » — 0 and for r small enough the relation between
r and r* is injective, we can write all of the relation of before in terms of r* instead of r, then
we write

and " (r) :=r(1+m(p(r))). (49)

Sr* - F‘r(r*)(ar* (Sga*(r*)))

where we also have that 7(r*) — 0 and ||¢* (¥*)]||¢cs — O for r* — 0.
As the surfaces S, are area constraint critical points of the Hawking functional, we have
that on the manifold (By, , g, k-,,) they satisfy D(r, 7(r*), o*, A( *)) 0 for some constants

A(r*). We have that o* = O(r*)

—AS (=AY 2 2)* = —Wi (%, 7,0,)) — Wa(r*, 7,0, \)

*2/ / 1@, (51,7, 510" A)@—w—dsdt

—r*3/ / / s@wr(usr*,T,usnp*,)\)SD—*dudsdt
*3/ / / St® o (usr™, T, ustp ,)\)90 ? dudsdt—l—(’)( 2)

=:r*2 (50)

where f{r*) is bounded. Then ¢* is a solution of the elliptic PDE —AS" (— AS" — 2)p = r*2f(*)
in K+ then, by using Schauder estimates and the injectivity of L in K we have ||¢*| |2 <

Cr*? (for details of these result, see [11, Chapter 6]). Now considering the projection to Ky
like in (32) and dividing by r*> we have

0= (W> . <)\(0)+;RST+ K2 + 1(trk7) >

</ / 1@, (sr™, T, 510" )\)——dsdt
K td * <p*
+r / / / SO (usr™, T, ustp 7)\)—*dudsdt
/ / / StD o (UsT™ T, ustp ,)\)(p(pdudsdt> +O(r*?).

Then as || £-||¢: — 0 for r* — 0, we have that A(0) = —iRs — L[k]> — L(trk)?.
Finally, as 0 = 7+ (®(r*,7,0*,\)) and setting o(r*) := r~2* (r*) when considering the

projection to K= just like in (38), we see that ¢ (0) is given by the solution of the equation (37),
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then by the uniqueness of the implicit function theorems used in theorem 2.7 the functions
o(r*), 7(r*) and A(r*) must agree with the ones found in the theorem on a neighborhood of
r=0.

For (ii), note that we did not use the foliation property in the previous arguments. ]

From the proof of the previous theorem, we can also obtain directly the nonexistence result
found in [9, theorem 1.2]. Note that for our proof, we use estimates found in [9].

Theorem 2.10. There exist an €y > 0 such that if at a point p € M, V(Rs + 2 (trk)? + 1[k[*) #
0 then there exists no concentration of area constrained critical spheres of the Hawking func-
tional by surfaces satisfying H(S,) < 47 + €3 and |S,| < €3.

Proof. We consider ¢( small enough to be in the setting of the proof of the previous theorem
(so small enough to apply [9, proposition 3.2]). Suppose we have such surfaces and V(Rs +
2(trk)? + L [k?) #0.

As in the proof of the previous theorem, having that on the manifold (IBS;,p ,&rr k) our sur-
faces satisfy @ (r*, 7(r*), *, A(r*)) = 0 we can also consider the projection to K| and dividing

by 73 obtain
P(r* A 4 W. 0,
0= (r, 79", ) A RSt 2(r,7,0,0)
7*3 3 ) 73

1 rl * %
+7~r1< / / 1D (57, 7, 510" ) 2 disdt
0 Jo e
1 plopl o
+/ / / §Poy(usr™, T ustp™ , \) “—dudsdt
o Jo Jo r

1 1 1 * %
+/ / / st@ww(usr*,ﬂusup*,)\)(p—*@—*dudsdt .
o Jo Jo rr

Then as |[¢*||c> < Cr*?, we find taking r* — 0 that %Rsﬂ-ei + 7 (M)I =0 and
r=0

73

proceeding as it was done for (35) we find that V(Rs + 2 (trk)? + £ |k|*) = 0, a contradiction.
O

3. Discrepancy of small sphere limits

In this section, we will compare the small sphere limit when approaching a point along a null
cone in a spacetime M* with the small sphere limit along a spacelike hypersurface M C M* like
it was done in section 2. An index (-)* will denote the geometric quantities on the spacetime
M*. As in section 2, the quantities in M have no index.

Note that our critical surfaces of theorems 2.7 and 2.9 are small deformations of geodesic
spheres which satisfy that the smaller the radius, the closer the surface is to a geodesic sphere.
Therefore, to understand the discrepancy mentioned in section 1.2, it is a good idea to study
the expansion of the Hawking energy on geodesic spheres of small radius. Recalling that the
geodesic spheres are parameterized by

X : Rt xS" =M, (r,x)— expp(rx) 51

and that the mean curvature of the geodesic sphere can be expressed as

71 | o
Hg(x) = o gRicij(O)x’xfr— ZRiCij;k(O)xlxjxkl’2 +0O(r*), (52)
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were Ric is evaluated at p. One can proceed as in [8] and find that in the totally geodesic case
(k= 0), the following expansion is found

_ 1S 1 N
£(S,) = \/1?7T <1 - m/er du) = 12Rs,,+(’)(r5) (53)

where the Hawking energy is evaluated on the geodesic sphere S, of radius r and centered on
a point p. We can then compute, as was done in theorem 2.7 that

8 8
/ P2y = “Z 2 (k) + o= 2 k| (54)
s, 5 15
with this, we then get the general expansion

E(S,) = S+ 1—L/H2—P2d _r Rs +§(trk)2+1|K|2 +0O(r). (55)
7= Vier U Ter g, H) = \"r s 5 '

This result would agree with the result found in [9]; therefore this gives us the idea that
the problem in this discrepancy lies in the difference between the light cuts spheres and the
geodesic spheres. To see this, we will follow [2, 28] in order to study in more detail the light
cuts spheres and try to compare them with the geodesic spheres.

Remark 3.1. A natural idea would be to consider the small sphere limit evaluating on space
time constant mean curvature surfaces, that is, surfaces satisfying H> — P> = 4r~2 = Constant.
The local behavior of these surfaces was studied in [25], and it was shown that these surfaces
are small deformations of geodesic spheres that also satisfy that the smaller the radius, the
closer the surface is to a geodesic sphere. Therefore such a small sphere limit would also lead
to (55).

Let C, be the future null cone of p, that is the null hypersurface generated by future null
geodesics starting at p. Pick any future directed timelike unit vector ey at p, then to parameterize
the light cuts ¥; of C, we will consider the map

X :[0,0) x S* > M* (56)

such that for each point x € S? and I € [0,6), X;.(x,[) is a null geodesic parameterized by

the affine parameter /, with X.(x,0) = p and aka(lx,o) € T,M* a null vector which satisfies

<8XIT(;O) ,e0) = —1. We define L = E’g;" to be the null generator with VL = 0. We also choose
a local coordinate system {u, },—1 on S? such that 8, = %, a = 1,2 form a tangent basis to
¥3;. We define L to be the null normal vector along ¥ such that (L,L) = —1. With this, we can

define

0;;, = <c7a7vgbL> O = <8E,V?}bz,>.

Then we have that the null expansions of the null cone are given by the traces 7 =tro™
and §~ = tro . In this setting and with the help of normal coordinates (y°, y', i = 0, ..,3 with
8%0 = ep), the vectors L and L can be expressed as
-1
L=ey+v+0() in(eo—y)—&—(?(l)

where v = x/ aay,- and x € S?. We will consider a situation like in figure 1, that is supposing that
the vector ¢ is a normal vector to a hypersurface M. Using the results obtained in [28] we have
then that the induced metric on 3, is given by

1
8y = Pnay + ng“(eo + 1,8, Oy €0 + V)P + O(F) (57)
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where 7 is the standard metric on the sphere S* and Rm* is evaluated at p, the area of ¥, is
given by

2
15| = 4nl? — gl“ (4Ric* (e, e0) +Rs*) +O(1°). (58)
Finally, by [28, lemma 3.3, lemma 3.2], we have that the expansions are

2 1
0% (1) = = §Ric4(eo +v,e0 +v)I+O(P)
— 1 2 - 4 1 4 1
0 (l):_f_ gRlC (eo—&—u,i(eo—y))—Rm €0+V,§(€0—V),€0

+V,;(eou)) éRm“(eoJrV,eoJrV))lJrO(P) 9)

and therefore using that the mean curvature of ¥; is given by H = % — 6~ we obtain
2 1 .4 1 - 4 4 3
H,. =7 + gRIC (e, e0) — §R1c (v,v) 4+ Rm"*(v,eg,e0,v) | I+ O) (60)

where everything is evaluated at p. Now we want to compare the light cuts with the geodesic
spheres, for this we will consider two of the surfaces with the same (small) area, that is |S,| =
|%]. First we want to find the difference between the parameters » and /. Note that the area of
a geodesic sphere of radius r is given by

2
|S,| = 4nr? — gr“Rs + 0%

2
— 4 §r4(Rs4 +2Ric* (eo, e0) — (trk)? + [k[2) + O(+) 61)

where in the second line we used the Gauss equation Rs = Rs* -+ 2Ric*(eg, eg) — (trk)? + |k|?
(for the Lorentzian setting). Now comparing (58) and (61) we can obtain the following relation

r—1= (18— (r* + *)Rs*) ™!

X ( & (|k> = (trk)?) + MRE“(@,@) +0(P) + O(rS))

(r+1) (r+1)
1 r 20/ =21 .
BET ((r+ ) (k> = (trk)*) + WRI&(@O&()) +O(P) + (9(15)> (62)

where we consider r and / to be small. As our surfaces are both parameterized over [0,6) x S?
for some ¢ > 0, we can compare its different geometric quantities as functions. First, note that
in normal coordinates, the metric of the geodesic spheres can be expressed as (by using the
Gauss equation)
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1
gfb = rznab + ng(V, 04, Op, 1/)r2 + O(r3)

= + %(Rm“(u, Ouy Op, ) — k(v,0)k(04,0p, ) + k(v,0,)k(v, 81,))r2

+0(r). (63)

This expansion of the metric is similar to the one for the metric of the light cut (57), where the
first term is just the metric of the round sphere. However, the second terms of the expansions
are different. This would suggest that the two spheres are intrinsically different, but comparing
the metrics is not enough since they are coordinate dependent quantities. We will compare
different scalars directly to see that both spheres are geometrically distinct. First, we are going
to compare the scalar curvature of the two spheres. By [28, lemma 3.6], we have that the scalar
curvature of the light cuts is given by

2 8
Rs; = 7 +Rs* 4 g(Ric“(eo7 eo) — Ric*(v,v)) — 4Rm* (e, v, e0,v) + O(P) (64)

where Rs?, Ric* and Rm* are evaluated at p. Now, for the case of a geodesic sphere, we have
that the Gauss curvature was calculated in [19] and from this we obtain

2 2
Rsg = o gRic(V7 v)+O(r)

= 722 - %(Ric“(u, v) +Rm* (v, e9, e0,v) — trkk(v,v) + (k(v,-),k(-,v)))
+0(r) (65)

where as always all the quantities are evaluated in the point p and v = x 8(3" for x € S2.

Now, as both spheres are parameterized on [0,5) x S?, we compare the two scalar curvatures
as a function over [0,6) x S? (assuming that they are evaluated in the same point x € S?) and
use (62) to obtain

Rsg — Rs; =2T(v,v) — 2Ric4(eo,eo) + %(trkk(y, v)—(k(v,),k(-,v)))

14
- ?Rm“(u, eo,e0,v) +O(r) + O(1)

(66)

where T = Ric4(y7 v)— %Rs“. As this quantity is in general nonzero, we conclude that the
spheres are intrinsically different (note that if we consider the two functions to be evaluated in
two distinct points of S? the quantity is also in general nonzero).

We continue with the mean curvature of the surfaces, which gives us a measure of their
extrinsic curvature. In the case of the geodesic sphere by (52) and the Gauss equation, its
mean curvature can be expressed as

2 1
Hg(x)==-— 3 (Ric4(1/, v) +Rm*(v, e, e0,v) — trkk(v,v) + (k(v, -),k(-,l/)>> r4 0.
r
(67)
Now we compare the two mean curvatures (60) and (67) (considering that they are evaluated
in the same point x € S?) using (62) obtaining after some calculations
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2. 1
H;—H,= — <3RIC4(€0760) + 6(|k|2 — (trk)z) —|—4Rm4(1/, €0,€0,V)

W =

+ (k(v,-), k(-,v)) — trkk(y,y)> r+0rh) +0P). (68)

This result is in general nonzero (as before, even if the functions are evaluated in two dif-
ferent points of S?). Then we have that in general, the light cuts and the geodesic spheres
are intrinsically and extrinsically quite different, obtaining different values for the Hawking
energy. However, it is direct to see that if we are considering a totally geodesic hypersurface
(k=0) then both small sphere limits will agree, and if we are also in the Minkowski space
(Rm* = 0) then the two spheres would be geometrically identical.

Remark 3.2. Note that when comparing the local expansion of the Hawking energy along the
critical surfaces (this is the expansion (55) as the surfaces tend to converge to geodesic spheres)
with the expansion along light cuts (6), which in principle captures energy in a right way we
obtain

£(S,) — E(5) = g|12|2z3+0(;5)+0(15) -0 (69)

where we consider |S,| = |%;| and used (62) with [ and r small, this suggests that the geodesic
spheres and the critical surfaces of the Hawking functional induce an excess of energy meas-
ured by the Hawking energy. This is a result to take into account when evaluating the Hawking
energy on these surfaces.

Remark 3.3. Note that the study of the small sphere limit for quasi local energies is not the only
place where these geometric discrepancies are relevant. They are also present when studying
small causal diamonds, as was studied in [27] by Wang. The edge of a causal diamond can
be thought in Minkowski space as the intersection of two light cones, a spacelike geodesic
sphere emerging from the center of the diamond, or as the light cut of one of the two cones
intersecting. When considering it to be a geodesic sphere, the Einstein tensor can be obtained
by comparing the area of the edge (so the area of the geodesic sphere) in an arbitrary spacetime
with the area of the edge in Minkowski spacetime. In [27], this property was studied for the
three definitions of diamonds, in higher dimensions and also in the vacuum case, obtaining
different results in each case (not always proportional to the Einstein tensor) which of course
diverge because of the geometric differences of the edges.
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Appendix A. Some results on small surfaces

We consider surfaces X in a three dimensional Riemannian manifold (M, g). If p € M and
p < R,, the injectivity radius of (M, g) at p, we can introduce Riemannian normal coordin-
ates on a geodesic ball of radius p around p, B,(p). On these coordinates, the metric can be
expressed as

gij(rx) = (65 + oy(xr?)) (70)

where § demotes the Euclidean metric and oy satisfies |oy(x)|[x| 2 + |00y (x)||x| ! +
|0%0i(x)| < 0p. Where oy is a constant depending on the maximum of |Ric|, |[VRic| and
|V2Ric| in B,(p).

In this context we have the following results

Lemma A.1 ([17, Lemma 2.1]). There exists a constant C depending only on p and o¢ such
that for all surfaces > C B, with r < p, we have

e —vg| SCPP |dp—du®| < Clx)?
v —dv*| <Clk?  |B—BF| < C(|x] + |x]*[B]) (71
IR—RF|<Cr’R |R—RF| < Cr’RE.

Where R := % is the area radius of 3 and the super index E indicates that the quantity

is evaluated with respect to the Euclidean metric. In particular, the areas |X| and |S|E are
comparable.

In the context of the previous two lemmas, we have the following result that comes from
[17,lemma 2.7] and [24, proposition II.1.3], and which proofs come from the fact that the
Michael-Simon—Sobolev inequality can be applied to our situation.

Lemma A.2. For any orientable surface ¥ C B,(p) (and p sufficiently small), there exist a
constant C depending on oy and p such that for all smooth function f on ¥ we have

( / fzdu>2 <c / [VF|+ |Hf ldp. (72)
b b

Furthermore, via Holder inequality, we have that for all p > 1, it holds

1
P 1
(/ fz”du) < Cp*|suppf|» / IVfI? + [Hf Pdp. (73)
p) p)
We also have that there exist a constant cs such that the Sobolev inequality,

1222y < R fllwin s (74)

holds for any f € C'(X), where R is the area radius of .. From this Sobolev inequality it follows
that

2(p=1) _2
[fllLoe () < 27777 R 7| fllwir (s (75)

for p€(2,00] and fe W'?(X) and where the Sobolev norm is given by ||f|lwis) =
11l ) + RVl )

Lemma A.3 ([17, Lemma 2.5]). There exists 0 < pg < p and a constant C depending only on
p and o such that for all surfaces > C B, with r < pg, we have

18517226y < ClIBlIE (5.0 + CPHIIE (s -
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We state the following result of De Lellis and Miiller in the way how was used in [17], a scaled
version.

Theorem A.4 ([4, Theorem 1.1], [5, Theorem 1.2]). There exists a universal constant C with
the following properties. Assume that ¥ C R is a surface with ||BE||%2(2.6) < 8m. Let RE :=

|E| be the Euclidean area radius of 3. and a® |E|El Js xdut be the Euclidean center

ofgravzty. Then there exists a conformal map ¢ : S := Sge(af) — ¥ C R* with the following
properties. Let 5 be the standard metric on S, N the Euclidean normal vector field and h the
conformal factor, that is ¢*d|x, = h~S. Then the following estimates hold

|H" = 2/R"||12(5,6) <
¢ — (a” +ids)|| 1 (5) < CRF||BE||12(:,5):
[ = 1| (5) < CRF||BF| |25, 5
|[F 0 ¢ — N||12s.6) < CR ||BE||L2 ,5).

(76)

Finally, we state [22, lemmas 3.1 and 3.2] in our context.

Lemma A.5. Let X C M be a surface with extrinsic diameter d such that 2 d is smaller than
the injectivity radius of M. Then there exists a point pg € M with diam(py,Y) < d and such
that in normal coordinates 1) centered at py we have that

7
T~ ydug
1Zle Sy

< Cd? (77)

1
a= —/ ydu=0 and lag|lg=
12| Sy .

where y denotes the position vector on ().

Lemma A.6. There exist constants C and ay € (0,00) such that for every closed smooth sur-
face ¥ C M with || < ag and ||B| |iz(2) < ay, there exist a point py € M, normal coordinates

¥ : B,(po) — B,(0) C R and in these coordinates we have that

H*—VHLZ(Z C(R* +R||B||12(x)) (78)
and

\\dist(po, ) — R||1 () < C(R® +R||B|| 25 (79)

where R denotes the area radius of 2.
Finally, we state the following useful integrals.

Lemma A.7. The components of a point in the sphere S" satisfy

'Wdp = 61"7
forn= s

ik [S"] ) S L 85
/S”xxx xdu CERCES) (0ij0k1 + 0irdj + 0itdjx ),
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and

[S"]
(n+1)(n+3)(n+5)
X (0;j0ki0pg + 0ij0kpOig + 0ij0kgO1p
+ 6i0j10pg + i0jp0ig + Oudiglip
+ 6it0jkOpq + 0i10jpOkg + 0i10jqOkp
+ 6ipdikdiq + 0ipdjidrg + 0ipdigOu
+ 8ig0ji01p + Sig0j10kp + GigOjpOra)-

/ XXX xdy =
n
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