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Abstract

For any simply-laced type simple Lie algebra g and any height function & adapted
to an orientation Q of the Dynkin diagram of g, Hernandez—Leclerc introduced a
certain category C=¢ of representations of the quantum affine algebra U, (@), as well
as a subcategory Cp of C =§ whose complexified Grothendieck ring is isomorphic to
the coordinate ring C[N] of a maximal unipotent subgroup. In this paper, we define
an algebraic morphism l~)g on a torus )= containing the image of Ko(C=%) under
the truncated g-character morphism. We prove that the restriction of 5g to Ko(Cp)
coincides with the morphism D recently introduced by Baumann—Kamnitzer—Knutson
in their study of equivariant multiplicities of Mirkovi¢—Vilonen cycles. This is achieved
using the T-systems satisfied by the characters of Kirillov—Reshetikhin modules in Cp,
as well as certain results by Brundan—Kleshchev—McNamara on the representation
theory of quiver Hecke algebras. This alternative description of D allows us to prove
a conjecture by the first author on the distinguished values of D on the flag minors
of C[N]. We also provide applications of our results from the perspective of Kang—
Kashiwara—Kim—Oh’s generalized Schur—Weyl duality. Finally, we use Kashiwara—
Kim—Oh—Park’s recent constructions to define a cluster algebra ZQ as a subquotient
of Ko(C=%) naturally containing C[N], and suggest the existence of an analogue of
the Mirkovi¢—Vilonen basis in 71Q on which the values of 5§ may be interpreted as
certain equivariant multiplicities.
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1 Introduction

Since their introduction by Drinfeld [10] and Jimbo [25], the quantized enveloping
algebras of Lie algebras and Kac—-Moody algebras have been intensively studied and
were at the heart of numerous important developments in the past decades. The quan-
tum group Uy (g) associated to a finite-dimensional simple Lie algebra g can be viewed
as a deformation of the universal enveloping algebra of g. The construction of remark-
able bases of the negative part U, (n) arising from a triangular decomposition of U, (g)
has been one of them, initiated with the construction of the dual canonical basis by
Lusztig [37] and the upper global basis by Kashiwara [27]. Other bases with good
properties were later considered, such as Lusztig’s dual semi-canonical basis or the
Mirkovié¢—Vilonen basis arising from the geometric Satake correspondence [39]. The
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attempt towards a combinatorial description of the dual canonical basis has been one
of the main motivations for the introduction of cluster algebras by Fomin and Zelevin-
sky [12]. It was proved by Berenstein—Fomin—Zelevinsky [2] that the coordinate ring
C[N] of a maximal unipotent subgroup of the Lie group G of g has a cluster algebra
structure. This cluster algebra has infinitely many seeds in general, but there is a finite
family

(8= ((x}, LX), Qi> ,i € Red(wo)}

of distinguished seeds called standard seeds, whose cluster variables are given by
explicit regular functions on N and whose exchange quiver Q! is constructed purely
combinatorially. They are indexed by the set Red(wg) of all reduced expressions of
the longest element wy of the Weyl group of g. The cluster variables x%, ceey x}\, are
called the flag minors associated to i.

In their recent proof of Muthiah’s conjecture [40], Baumann—Kamnitzer—Knutson
[1] introduced a remarkable algebra morphism

D :CIN] — C(aq, ..., o)

essentially via Fourier transforms of the Duistermaat—-Heckmann measures (here
af, ..., o, are formal variables corresponding to the simple roots of G). They proved
that the evaluation of D on the elements of the Mirkovié—Vilonen basis are related
to certain geometric invariants of the corresponding Mirkovi¢—Vilonen cycles called
equivariant multiplicities, defined by Joseph [26], Rossmann [44] and later devel-
oped by Brion [4]. Furthermore, the morphism D turns out to be useful to compare
good bases of C[N]: in an appendix of the same work [1], Dranowski, Kamnitzer,
and Morton—Ferguson use this morphism D to prove that the MV basis and the dual
semi-canonical basis are not the same.

The main purpose of the present paper is to extend D to a larger algebra natu-
rally containing C[N], defined as the complexified Grothendieck ring of a monoidal
category C=% of finite-dimensional representations of the quantum affine algebra
U, (@) This category was introduced by Hernandez-Leclerc [24], who showed that
its Grothendieck ring has a cluster algebra structure. Recently Kashiwara—Kim—Oh—
Park [32] proved that C=¢ provides a monoidal categorification of this cluster algebra
in the sense of [22]. Restricting our construction to C[N] allows us to investigate the
behaviour of D on the elements of the dual canonical basis using former results by
Hernandez—Leclerc [23]. Our motivations are two-fold.

Firstly, the cluster algebra C[N] has another monoidal categorification using quiver
Hecke algebra [30]. It was proved by the first author in [7] that when g is of type
Ap,n > 1 or D4, the morphism D takes distinguished values on the flag minors of
CI[N], similar to its values on the classes of Kleshchev—Ram’s strongly homogeneous
modules over the quiver Hecke algebras associated to g or on the elements of the
MYV basis corresponding to smooth MV cycles. Certain polynomial identities relating
these values for flag minors belonging to the same standard seed were also exhibited
and were proved (for all simply-laced types) to be preserved under cluster mutation
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from one standard seed to another ([7, Theorem 5.6]). But the cases where g is of type
D,,n>5o0r E.,r =6,7,8 were left open ([7, Conjecture 5.5]), and the meaning of
these remarkable families of polynomial identities still remained mysterious.

The second motivation for the present work comes from the fact that Baumann—
Kamnitzer—Knutson’s morphism D is known to admit natural interpretations in terms
of various categorifications of C[N]. For instance, the evaluation of D on the elements
of the dual semi-canonical basis can be naturally expressed in terms of the Euler
characteristics of certain varieties of representations of the preprojective algebra asso-
ciated to g. For an element of the dual canonical basis, viewed as the isomorphism
class of a module M over the quiver Hecke algebras associated to g, a similar for-
mula can be written using the dimensions of the weight subspaces of M. However,
the dual canonical basis admits another categorification, due to Hernandez—Leclerc
[23], which involves certain finite-dimensional representations of the quantum affine
algebra U, (g). For instance, such representations were used in [9] to study the dual
canonical basis of the Grassmannian cluster algebra C[Gr(k, n)]. It is thus natural
to ask whether the values of D can be interpreted in a natural way using this other
categorification.

The present paper provides answers to these questions. Although it is also related to
the behaviour of D with respect to the cluster structure of C[N], our approach involves
different ideas from those of [7]. Furthermore, whereas the results of [7] were proved
using the representation theory of quiver Hecke algebras, and thus could only make
sense on C[N], the framework we develop here allows to extend these results to larger
cluster algebras and therefore opens new perspectives (see Sect. 11 for example). It
also yields natural proofs and interpretations of the polynomial identities mentioned
above as well as several other conjectural observations made in [7] (for instance [7,
Remark 6.4]).

Hernandez-Leclerc’s categorification of C[N] involves a family of monoidal cate-
gories Cg of finite-dimensional representations of Uy (g), indexed by the orientations
Q of the Dynkin diagram of g. The main result in [23] consists in constructing for each
choice of Q a ring isomorphism from the Grothendieck ring Ko(Cp) to C[N] induc-
ing a bijective correspondence between the classes of simple objects in Cp and the
elements of the dual canonical basis of C[N] ([23, Theorem 6.1]). In [32], Kashiwara—
Kim—Oh—Park defined a larger monoidal category C= containing C o for each choice
of height function £ adapted to Q. In the case where & corresponds to a sink-source
orientation, C=¢ coincides with the category C~ introduced by Hernandez—Leclerc in
[24]. There is an injective ring morphism

Xg 0 Ko(C=%) — V=5 :=Z[Y[), (i, p) € I°°] where

I=5:={(i, p).iel,petl)+2Z<)

called truncated g-character morphism, which is a truncated version of Frenkel-
Reshetikhin’s g-character [14]. An important family of simple objects in C=% are
the Kirillov—Reshetikhin modules X [(k;, (i,p) €I =£ k > 1, whose (truncated)
g-characters are known to satisfy certain distinguished identities called T-systems
(see [21]). It is shown ([24, Theorem 5.1]) that the Grothendieck ring of c=t
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has a cluster algebra structure, with an initial seed given by an explicit (infinite)
quiver Qg ([24, Sect.2.1.2]) with set of vertices / =£ together with a cluster con-
sisting of the isomorphism classes of the Kirillov—Reshetikhin modules of the form
Xip =X (H_(S(I) P)/2) ,(i, p) € I=5. The T-system relations between the characters

of the X l( ; orrespond to the exchange relations of certain sequences of mutations for

the cluster structure of Ko(C=¢). Moreover, denoting by ip areduced expression of wy
adapted to Q, the exchange quiver Q12 of the standard seed S*¢ of C[N] can be viewed
as a (finite) subquiver of Q¢, and the cluster variables (flag minors) x;Q, e, x;\(,*) of
Sio are identified with the classes of the modules X i,p> (i, p) € Ip via the natural
embedding C[N] =~ K((Cp) = Ko(C=%) (where I is a finite subset of 155).

In this paper we introduce an algebra morphism D¢ from the complexified torus
CQY=£ tothe field C(ay, ..., ay).Itsdefinition involves the coefficients of the inverse
of the quantum matrix of g, which are a family of integers C~'l~’ jm),i,jel,meZ
appearing in the theory of g-characters [14] initiated by Frenkel and Reshetikhin,
g, t-characters initiated by Nakajima [42], and then further developed in [20, 23]. We
also refer to [16] for recent advances in this area. The precise definition of Dg is the
following:

N . Ci.j(s—p—1)—Ci j(s—p+1)
. —5)/2 . J

Vi, pye 1=, Detrip) = [ (esrs? ™ 0)

(j.s)el=5

where for each j € I, y; is the sum of the simple roots «; such that there exists a path
fromi to j in Q, 7o is the Coxeter transformation associated to Q and €; 5 € {—1, 1}

is the unique sign such that t(é(]) s)/z(yj) € e Py forevery (j,s) € I=%. Note that

this product is alwgys finite, because C i,j(m) ;= 0if m < 0.InSect. 6.2, we investigate
the images under D¢ of the truncated g-characters of the Kirillov—Reshetikhin modules
Xip,,p) el =§ categorifying the cluster variables of Hernandez-Leclerc’s initial
seedin Ko(C=%). We prove that the rational fractions Dg ( Xq (X; p)) satisfy remarkable
properties analogous to those exhibited in [7] for the values of D on the flag minors
of C[N].
‘We also consider the restriction 5Q of 5g to the torus Vg = Z[Yli;, (i, p) € 1gl
image of Ko(Cp) under the truncated g-character morphism ;. Our first main result
is the following:

Theorem 1 (cf. Theorem 6.1) For every simply-laced type Lie algebra g and for every
orientation Q of the Dynkin diagram of g, the following diagram commutes:

CIN] —= C® Ko(Co) > C ® Vg

(C(Oti,i € I)

A significant part of this paper (Sects. 7 and 8 as well as the beginning of Sect. 9) will
be devoted to proving Theorem 1 in the case of a particular well-chosen orientation Qg
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for each simply-laced type (see Sect. 7). Itis achieved by proving that D and 5Q0 agree
on the dual root vectors associated to ig,, which are known to generate C[N] as an
algebra. The dual root vectors are categorified on the one hand by the so-called cuspidal
representations over quiver Hecke algebras (see [5, 35, 38]) and by the fundamental
representations in Cp on the other hand. In Sect.7, we use the representation theory
of quiver Hecke algebras to provide formulas for the evaluation of D on the dual root
vectors of C[N]. Our proof crucially relies on certain results by Brundan—Kleshchev—
McNamara [5] on cuspidal representations as well as Kleshchev-Ram’s construction
[34] of (strongly) homogeneous modules. In Sect. 8, we prove several formulas for the
evaluation of 5Qo on the classes of all Kirillov—Reshetikhin modules in C¢ using the
T-system relations satisfied by the (truncated) g-characters of these modules. As the
fundamental representations are particular cases of Kirillov—Reshetikhin modules, we
can conclude by comparing with the results obtained in Sect.7.

The values of D (resp. Dg,) on the dual root vectors of C[N] (resp. the classes
of Kirillov—Reshetikhin modules in Cg,) are obtained in Sect.7 (resp. Sect.8) by
considering each simply-laced type. The case of type A, is in fact contained as a
subcase of the type D,, but for the reader’s convenience we chose to state the formulas
in different subsections for each of these types. We deal with the types E,,r = 6,7, 8
separately using a computer software. For certain dual root vectors, the results are
extremely complicated, which suggests there exists probably no uniform formula for
the image of l~)Q on the classes of Kirillov—Reshetikhin modules (or even simply on
the dual root vectors) that would hold for any simply-laced type and for an arbitrary
orientation Q.

Combining Theorem 1 with [7, Theorem 5.6] allows us to prove the second main
result of this paper, which was stated as a conjecture in [7] ([7, Conjecture 5.5]).

Theorem 2 (cf. Theorem 9.1) Let g be a simple Lie algebra of simply-laced type. Then
for any reduced expression i = (iy, ..., in) of wo, the flag minors x\, . .., X}y satisfy
B(x}) =1/ P]i- where P]i- is a product of positive roots. Furthermore, the polynomials
P, ..., P\ satisfy the identities

vi<j<N, PiPi =p; [] P
l<j<l+
i~ij

where Bj = s, -+~ si; (i) foreach j € {1,..., N}.

We refer to Sects.2.1 and 2.2 for precise definitions of the notations involved in
this identity. We first prove the statement in the case i = ig, using Theorem 1,
which provides an efficient way of computing the images under D of the flag minors

1 1 - . .
leO, X A?O because the Kirillov—Reshetikhin modules X; , have truncated g-

characters reduced to a single term. Then [7, Theorem 5.6] guarantees that the result
holds for arbitrary reduced expressions of wq. In the case of reduced expressions of
wo adapted to orientations of the Dynkin diagram of g, these polynomial identities
are now naturally understood as consequences of the well-known recursive relations
between the coefficients C i,j(m). Sect. 6.2 contains further explanations about this, as
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well as analogous interpretations of various other observations from [7], such as [7,
Remark 6.4].

We have been informed that it could be also possible to obtain a geometric proof of
Theorem 1 relying on the geometric Satake correspondence and the results from [1].
The idea is to prove that the MV cycles associated to the flag minors of the standard
seed S'¢ satisfy certain smoothness properties, which allow one to compute their
equivariant multiplicities, and hence the values of D using [1, Corollary 10.6]. One
could then conclude by combining this with the results of Sect. 6 of the present paper.

Our approach has the advantage to provide closed formulas for the evaluation
of D on a large family of cluster variables in C[N] (namely, all the classes of the
Kirillov—Reshetikhin modules in C,), several of which correspond to MV cycles that
fail to satisfy any smoothness property (this can be seen for example by the fact the
numerators may not be equal to 1 in our formulas). Furthermore, the techniques used in
the present paper can be extended in a direct way beyond C[N] to obtain formulas for
the evaluation of Dg on classes of Kirillov—Reshetikhin modules in Ko(C=%), which
are not described by the geometric Satake correspondence.

In Sect. 10 we present some applications of our results involving Kang—Kashiwara—
Kim—Oh’s generalized quantum affine Schur—Weyl duality [29]. An element of the dual
canonical basis of C[N] can be viewed either as the class of a (simple) module L in
Cp, or as the class of the corresponding object (L) in R-mod, where Fo denotes
Kang—Kashiwara—Kim—Oh'’s generalized quantum affine Schur—Weyl duality functor.
Then Theorem 1 yields the following identity

Zdim(Lm/)ﬁg(m/)z Z dim ((Fo(L))j) Dj (1.1)

m’'<m =01, ja)

where m’ are the Laurent monomials in the variables Y; ; appearing in the truncated
g-character of L, and the Bj are certain explicit rational fractions for each weight j of
Fo(L) (see Sect. 10). In other words, although the objects of the categories Cp and R-
mod are a priori of different natures, the equality (1.1) provides an unexpected explicit
relationship between the respective weight-subspace structures of a representation L of
C and the corresponding module Fp (L) in R-mod. We provide a concrete illustration
of this fact by proving a formula relating the dimensions of F, (L) and the truncated
part of L when g is of type A, and Q = Qg (Theorem 10.1).

In the final section of this work (Sect. 11), we turn back to the geometric motiva-
tions at the origin of the construction of D by Baumann—Kamnitzer—Knutson [1]. As
our results show that 55 is an extension of D to C ® Ko(C=%), it is natural to ask
whether certain values of Dg may be possibly related to certain equivariant multi-
plicities of some closed algebraic varieties. However, it turns out that unlike D, Dg
takes trivial values on certain cluster variables of Ko(C=f), which seems difficult to
understand geometrically. To circumvent this issue, we show that the values of 55
on the cluster variables [X; ,] of Hernandez—Leclerc’s initial seed in Ko(C =£) satisfy
certain periodicity properties (Corollary 11.2). This is derived from the periodicity
of the coefficients C’,-, j(m) established by Hernandez-Leclerc ([23, Corollary 2.3]).
Therefore one looses essentially no information by restricting Dg to a smaller cluster
algebra A of finite cluster rank still containing C[N] as a subalgebra. In some sense,
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one can view Ag as a period of D¢ and C[N] as a half-period of 5§. Then we prove
(Corollary 11.3) that D takes trivial values on the frozen variables of .4 . Therefore
it factors through a morphism DQ defined on the quotient algebra AQ We propose
this algebra AQ as the most appropriate domain to study Dg We ask for the existence
of a basis in AQ containing the Mirkovi¢—Vilonen basis of C[N], whose elements
may be indexed by a family of closed algebraic varieties, such that the values of BQ
on the elements of this basis could be interpreted as certain equivariant multiplicities
of the corresponding varieties with respect to the action of some torus. In a different
direction, the recent results by Kashiwara—Kim—Oh—Park [32] imply that Ay admits a
monoidal categorification (in the sense of Hernandez—Leclerc [22]) by a subcategory
of C=5. Therefore, it would be interesting to investigate whether the quotient algebra
ZQ could also be studied via monoidal categorification using the categorical spe-
cialization techniques developped by Kang—Kashiwara—Kim [28] and more recently
Kashiwara—Kim—Oh-Park [31].

Our construction also suggests possible connections with the quantum cluster
algebra structures of quantized coordinate rings and more generally of certain quan-
tum Grothendieck rmgs of Hernandez-Leclerc’s categories. Indeed, the expressions

Ci,js —p—1)—C; j(s — p+ 1) involved in the definition of Dg coincide (up to
sign) W1th the entries of the t commutation matrix describing Hernandez—Leclerc’s
quantum torus [23, Equation (8)]. This is known from the works of Bittmann [3] to
correspond to the quantum torus of a quantum cluster algebra K, (C=%), which is a non-
commutative deformation of K¢(C=%) naturally containing the quantized coordinate
ring A, (n) (dual of Uy (n)) via an algebra isomorphism A, (n) >~ K;(Cp) identifying
the indeterminates ¢ and g.

The paper is organized as follows. In Sect.2 we gather all the necessary reminders
about Hernandez and Leclerc’s categorification of cluster algebras and its applications
to the study of the coordinate ring C[N]. In Sect. 3, we provide some reminders about
the coefficients of the inverses of quantum Cartan matrices and prove a couple of
elementary properties which will be useful in the sequel of the paper. In Sect.4,
we recall the main results from the representation theory of quiver Hecke algebras,
in particular certain results from [5]. Section5 is devoted to some reminders about
Baumann—Kamnitzer—Knutson’s morphism D as well as the main results from [7]. In
Sect. 6, we introduce the main objects of the present paper, namely the morphisms 55
and D, investigate several of their properties and state our first main result Theorem
6.1. In Sect. 7, we use the representation theory of quiver Hecke algebras to compute
the values of D on the dual root vectors of C[N] associated to a well-chosen orientation
Qo of the Dynkin diagram of g. In Sect. 8, we provide formulas in types A, and D,, for
the values of 5Q0 on the classes of all Kirillov—Reshetikhin modules in Cg, . Section9
is devoted to the proofs of the two main results of this paper, Theorems 6.1 and 9.1.
We begin by proving Theorem 6.1 in the case Q@ = Qq, which allows us to prove
Theorem 9.1, which can then be used to prove Theorem 6.1 for arbitrary orientations.
In Sect. 10, we provide a representation-theoretic interpretation of Theorem 6.1 from
the perspective of Kang—Kashiwara—Kim—Oh’s generalized quantum affine Schur—
Weyl duality, with an application when g is of type A, (Theorem 10.1). Finally in
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Sect. 11 we define a cluster algebra ZQ naturally containing C[N] and discuss possible
geometric interpretations of the values taken by Dg on Agp.

2 Hernandez-Leclerc’s category C=¢

In this section, we recall Hernandez—Leclerc’s categorifications of certain clus-
ter algebras via the categories C=¢ introduced in [24] (denoted C~ in [24]), for
each height function & on the vertices of the Dynkin diagram of g. We also recall
Hernandez—Leclerc’s former construction [23] of categorifications of coordinate rings
via subcategories Cp of C =& where Q is an orientation of the Dynkin graph of g adapted
to &.

2.1 Coordinate rings and their cluster structures

Let g be a simple complex Lie algebra of simply-laced type, let I be the set of vertices
of the Dynkin diagram of g, and let n = |/|. We denote by C = (c; ;) the Cartan
matrix of g and for any 7, j € I we will write i ~ j for ¢; ; = —1. Let us fix a
nilpotent subalgebra n arising from a triangular decomposition of g and let N denote
the corresponding Lie group. We consider the ring C[N] of regular functions on N,
which we will refer to as the coordinate ring in what follows. We also let W denote
the Weyl group of g and wq denote the longest element of W. We let o1, ...,
(resp. wi, ..., w,) denote the simple roots (resp. the fundamental weights) of g. Let
I'y := @; No; and let . C I'y denote the set of positive roots of g.

The coordinate ring C[N] contains a distinguished family of elements D(uX, vi)
called unipotent minors parametrized by triples (A, u, v) € P x W x W where P,
stands for the set of dominant weights of g. These unipotent minors always belong to
the dual canonical basis of C[N] when they are not zero (see for instance [30, Lemma
9.1.1]). Two special subsets of unipotent minors will play a central role throughout
this paper, both of them depending on a choice of reduced expression of wg. Let
N = id, = [(wp) and leti = (iy, ..., iny) be a reduced expression of wg. On the
one hand, we will consider the unipotent minors

-x]lg = D(sil c o Si Wi wik) s I<k=<N

which are called the flag minors associated to i. On the other hand, the unipotent
minors

sl |
ry = D(Sil"'Sikwik7si1"'sik_lwik) 5 1§k§N

are called the dual root vectors associated to i. Note that the dual root vectors also
belong to the dual PBW basis corresponding to i.

One of the properties of C[N] we will be mostly interested in is its cluster algebra
structure in the sense of Fomin-Zelevinsky [12]: a cluster algebra is defined as the sub-
algebra of a field of functions Q(xy, ..., xy) generated by a family of distinguished
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elements called cluster variables. These are obtained by performing a recursive proce-
dure starting from the initial data (called a seed) of a N-tuple x1, ..., xy of variables
(called a cluster) as well as a quiver with N vertices and without any loop or 2-cycles
(called an exchange quiver). For every 1 < k < N, one can define a new generator x;,
given by the exchange relation

x,gzi [T =+ [I = Q2.1

e\ jSskin o j<kin ©Q
as well as anew quiver Q) , both uniquely determined by x1, ..., xy and Q. This yields
anew seed given by S; := ((x1, ..., Xk—1, X, Xk41, ..., N), Q}). This procedure is
called the mutation in the direction k of the seed S := ((xy,...,xn), Q). It has

the important property of being involutive, i.e. performing the mutation in the same
direction & to the seed S; recovers the seed S. Iterating this for all possible sequences
of directions of mutations, we get a (finite or infinite) set of new generators called
cluster variables, each of them appearing in several clusters. The rank of a cluster
algebra is the cardinality of each of its clusters.

The general theory of cluster algebras developed in particular in [13] has found
a large range of applications to various areas of mathematics such as representation
theory, Poisson geometry, representations of quivers etc... As far as coordinate rings
are concerned, the main result that will be relevant for us is the following.

Theorem 2.1 (Berenstein—Fomin—Zelevinsky [2], Geiss—Leclerc—Schréer [19])

(1) The coordinate ring C[N] has a cluster algebra structure, of rank equal to the
number of positive roots of g.

(2) For each reduced expression i of wo, the flag minors D(s;, - - - s;, wj,, i), 1 <
k < N form a cluster in C[N].

There is in addition a purely combinatorial way of defining a quiver Q' with N
vertices for each reduced expression i, which yields a seed in C[N]:

st = (G 0F).

The seeds S! are called the standard seeds of C[N]. Note that different reduced expres-
sions may yield the same seed: this is the case for instance for reduced expressions
in the same commutation class. Moreover, cluster mutations from one standard seed
to another correspond to performing braid relations on the corresponding reduced
expressions.

Remark 2.2 (1) The cluster structure of C[N] can have infinitely many seeds in general
(in fact it is always the case, unless g is of type A,, n < 4 see [18])

(2) The exchange relations associated to the cluster mutations from one standard seed
to another are special cases of the determinantal identities which play an important
role in the work of Geiss—Leclerc—Schroer (see [19, Proposition 5.4]) as well as
in the work of Fomin-Zelevinsky [11].
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2.2 Auslander-Reiten theory

We fix an orientation Q of the Dynkin diagram of g. Let (-, -)o denote the Euler-
Ringel form of the quiver Q, i.e. the unique bilinear form on the free abelian group
I' := 6P, Z«; given on simple roots by («;, «j) o = 8; ; — #{i — jinQ}. Finally we
denote by (-, -) the Cartan pairing associated to g, i.e. the symmetric bilinear form on
Iy defined by (@;, ;) = c¢;, ;. Recall that one has (8, ) = (B, y)o + (v, B) o for
any B,y e I'y.

We fix a height function £ : I — Z adapted to Q i.e. an integer-valued function
satisfying

&(j)=£&@{)—1 ifthereisanarrow i — jinQ.

For i € I, denote by s;(Q) the quiver obtained from Q by changing the orientation
of every arrow with source i or target i. A sequence i = (i1, ..., i) of elements of
I is called adapted to Q if iy is a source of Q, iy is a source of 5;,(Q), ..., ik is a
source of s, _, - --5;, (Q). There is a unique Coxeter element in W, denoted by 7,
having reduced expressions adapted to Q. It satisfies rg = 1 where & denotes the dual
Coxeter number defined by 4 := 2N /n, where N is the number of positive roots in
the root system of g.

Most importantly, we also fix areduced expressionig = (i1, . .., iy) of wo adapted
to Q. Recall that such a reduced word always exists and is unique up to commutation.
For each i € I, we denote by n¢ (i) the number of occurrences of the letter i in the
reduced word ig. For every i € I, let B(i) denote the set of indices j € I such that
there exists a path from j toi in Q,and lety; := > jeB@) Y- Then y; € ®4 forevery
i € I, and moreover one has

Oy ={ry '()iel, 1 <r <ngl)).
Following [32], we also define an infinite sequenceTQ = (i1, ip, ...) of elements of
I as follows. For each i € I, we let i* denote the unique element of / such that
wo(@;) = —a;*. The map i — i* is an involution. Then for each 1 < k < N and each

m > 0, we set

. i if miseven,
Lk+Nm =y ., . .
i if misodd.

It is proved (see [32, Proposition 6.11]) that for any # > 1, the finite sequence
(ila il+17 sy ll+N—1)

is a reduced expression of wy adapted to the orientation s;, , - - - 5;, (Q).
We will use the following notation from [32, Eq.(4.2)]. For each > 1, we set

ty :=min({' > 1,iy = i;} U {+o0}) and r_ :=max ({t <t,iy =i} U{0}).
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For 14, the set {t' > 1, i, = i,} is never empty. For 7_, the set {t' < ¢, i, = i;} can be
empty so we use the convention max ¢ := 0.
We set

155 :={(i,p)|iel,peé&()+27%<).

There is a bijection ¢ : I=5 — Z- defined by

o |minte = 1 =10y i p=£0),
v, p)i= {((p(i, pP+2), otherwise. 22)

Equivalently, ¢ (i, p) is the position of the mth occurrence of the letter i inTQ, where
m = (£(i) — p + 2)/2. The inverse of ¢ is given by

971 (k) = (ix, £Gix) —2Ng(k) +2) where No(k) == t{k’ < k. iy = ix).
We also set
Io=¢ "({l,...,N) ={(j,s) e I, £(j) =5 > &E(j) —2n0(j) +2}. (2.3)

Then following [23] one can define a sequence of positive roots (Bx)k>1 € @?f' by
setting

10 (Bojs)) if 70 (Boiis) € P,
Bo(j.e(iy =) and By(js—2) = { . (24
ey ! o —70 (Byj9)) if 70 (Boijs) € =P

for every (j, s) € I=5. We also denote by €j,s € {—1, 1} the unique sign such that

D=2y =€ s Boijs)-

We have the following result.

Proposition 2.3 ([17, Corollary 2.40]) For every (j,s) € I=5 one has Bo(is) =
:Bw(j*,S-i-h) and €js = —€j* s+h-

In other words one has t €W =9)/2(y;) = —gEUI==M/2(y..) for every (j, 5) €
I=5. Consequently, given (j,s) and (j',s) in =5, one has By(j ) = By(js) if
and only if j/ = j and 5" € s + 2hZ (and in this case €; ; = €/ ¢) or j' = j* and
s € s+h+2hZ (andinthiscase€; ; = —€; ). Moreover itis known (see for instance
[32, Proposition 6.11 (2)—(iii)] and references therein) that for every (j, s) € 1 =€ one
has ¢(j, s) = ¢(j, s + 2h) + 2N. Therefore we have

¢ ' IL2ND) ={(j,5) € I=° | £(j) = s = £(j) — 2h +2}. 2.5
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Moreover, it is also known that if (j,s) € ¢~ ([1, _2N]) then €; ; = 1 if and only if
(j,s) € ¢~ ({1, N1), and in this case we have 1@(1)"’)/2(3/1-) = Br =8i - Si,_ &,
where t := ¢(j, s) (see [32, Proposition 6.11 (2)—(ii)]).

Remark 2.4 Comparing with the notations used in [17], our bijection ¢ corresponds to
the projection onto the first component of the bijection ¢ defined in [17, Sect.2.7].
Moreover ¢ ; = (—l)k where k is the second component of ¢ (j, 5).

2.3 Quantum affine algebras and their representations

The quantum affine algebra U, (g) is a Hopf algebra that is a g-deformation of the
universal enveloping algebra of g [10, 25]. In this paper, we take g to be a non-zero
complex number which is not a root of unity.

Denote by P the free abelian group generated by Ylial, i €1,a € C*, denote by
P the submonoid of P generated by Yia,i € I,a € C*. LetC denote the monoidal
category of finite-dimensional representations of the quantum affine algebra U, (g).

Any finite dimensional simple object in C is a highest /-weight module with a
highest [-weight m € P, denoted by L(m) (cf. [8]). The elements in P are called
dominant monomials.

Frenkel-Reshetikhin [14] introduced the g-character map which is an injective ring
morphism y, from the Grothendieck ring of C to ZP = Z[Yl.jfal]ie I.aeCx- For a
U, (@)-module V, x, (V) encodes the decomposition of V into common generalized
eigenspaces for the action of a large commutative subalgebra of U, (g) (the loop-Cartan
subalgebra). These generalized eigenspaces are called /-weight spaces and generalized
eigenvalues are called /-weights. One can identify /-weights with monomialsin P [14].
Then the g-character of a U, (§)-module V is given by (cf. [14])

Xg(V) =Y dim(Vip)m € ZP,
meP

where Vi, is the [-weight space with /-weight m.
Let Q7 be the monoid generated by

. X
Aia=YiagYiae [] Yia» i€l aecC” (2.6)
jel,i~j

There is a partial order < on P (cf. [14]) defined by m’ < m if and only if mm’ e
Q7. For any m € P*, one has

Xg(L(m)) =m (1 + Z am,m’m,)
m/<m
where only finitely many terms are non zero. Fori € I,a € C*,k € Zx1, the modules

k
X( ) = L(Yi oY g2+ Y qq2k-2)
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are called Kirillov—Reshetikhin modules. The modules X;, (1) = L(Y;,) are called
fundamental modules.

2.4 Categorification of cluster algebras

Recall the indeterminates Y; 4,7 € I, a € C* from the previous Section. As in the
works of Hernandez—Leclerc [22-24], we will only be considering shift parameters a
such that a € g% and therefore we will simply write Y; p instead of Y; 4» for every
p € Z. In the same way we have

Aip=YiprYip1 [] Yi, i€lpet 2.7)
jeli~j

Following [32], we consider the smallest monoidal subcategory C=% of C containing
all fundamental representations L(Y; ), (i, p) € 1 =& and stable under taking subquo-
tients and extensions (this category was denoted C~ in [24] where it was introduced for
certain choices of height functions &). The Kirillov—Reshetikhin modules belonging
to C=¢ are the X(k; such that (i, p) € I= and 1 <k < 1 + (£€(i) — p)/2. As shown
by the results below from [23, 24], a special subfamily of these simple objects play a
distinguished role from the perspective of the cluster theory, namely

1 2 .
Xip =X DO S L, Y pia - Yiew) G.p) e I55.

Constructed by Hernandez—Leclerc in a former work [23], the category Cp is
the monoidal subcategory of C=¢ generated by the fundamental representations
L(Y; p), (i, p) € Ip. The Kirillov—Reshetikhin modules belonging to Cp are the
X{") such that (i, p) € Ig and I <k < 1+ (£()) — p)/2.

Recall the bijection ¢ from Sect. 2.2. One of the main results of [23] is the following:

Theorem 2.5 ([23, Theorem 6.1]) There is an algebra isomorphism C ® Ko(Cp) >~
C[N] inducing a bijection from the set of isomorphism classes of simple objects in
Co to the elements of the dual canonical basis of C[N]. Furthermore, under this
isomorphism, one has

V. p) €1, 1y = L)) and xg; ) =[Xi,).

The next statement deals with the larger category C=%.

Theorem 2.6 ([24, Theorem 5.11) The complexified Grothendieck ring C ® Ko(C=%)
is isomorphic to a cluster algebra A=%, with an initial cluster given by the classes of
the Kirillov—Reshetikhin modules X; p, (i, p) € =3

The exchange quiver associated to the cluster given by Theorem 2.6 is explicitly
constructed in [24]. It is checked in [32] (see [32, Proposition 7.27]) that this quiver
is essentially the same as the exchange quivers considered by Berenstein—Fomin—
Zelevinsky [2] and Geiss—Leclerc—Schréer [19]. Hence by analogy with the standard
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seeds St in (C[N]A: C® Ko(Cp) (see Sect.2.1), we will denote by Q?Q this exchange
quiver, and by Si¢ the seed of A=¢ given by

Slo — ((xiQ,x;Q, ) , QiQ> with x,iQ = [X(p—l(t)] foreach ¢ > 1.

In particular, if 1A§ t < N, then the flag minor x,iQ € CI[N] is identified with the

cluster variable xti ¢ e A=¢ via the injection
C[N] ~ C ® Ko(Cg) <> C ® Ko(C=¥) ~ A=

2.5 Truncated g-characters and T-systems

Using the notations of Sect.2.2, we let Y=t and Yo denote the subtori of ) given by

V== Z[Yfpl, (i,p) € I=¥] and Vg = Z[Yf}}, (i, p) € Ip] C Y=5.

A useful tool to study the structure of the objects of C=¢ or Cg is the notion of
truncated q-character, a truncated version of Frenkel-Reshetikhin g-character [14].
It is an algebra homomorphism

%y Ko(C=5) — V=5

such that for every object M in C=%, the truncated g-character Xq (M) is obtained from
Xq (M) by removing all monomials which do not belong to V=£_1tis proved in [24]
that y, is injective. This morphism restricts to an embedding

Ko(Cp) — Yo

that we still denote . It is known that the truncated g-characters of the modules
Xip,(i,p) el =¢ are reduced to a single term namely their dominant monomial
Yi p -+ Yigg) (this is of course not true anymore for the other Kirillov—Reshetikhin
modules).

It is shown in [21, 42] that g-characters of Kirillov—Reshetikhin modules sat-
isfy T-system relations. Therefore the truncated g-characters of Kirillov—Reshetikhin
modules also satisfy 7-system relations:

g (LOXNT (LX) ) = T (L IN T xS0 + ] %@ x©) ).

j~i
(2.8)
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3 Quantum Cartan matrices

Let g be of simply-laced type and let C(z) be the corresponding quantum Cartan
matrix, given by

z+z70 if Q= J,
Ci,j(z) = 1-1 if i~7j,
0 otherwise.

This matrix is invertible and we denote by C(z) its inverse. For each (i, j) e 12, we
let C i,j (z) denote the entry of the matrix C(z) in position (i, j). For every m > 1 we
define C’i, j(m) as the coefficient of the term of degree m in the expansion of C~',-, (@)
as a power series in z, i.e.

Cij(z) = Z Ci j(m)z™.

m>1

By convention we extend this definition to all integers by setting C i,j(m) :=0ifm < 0.
Itis a well-known fact (that can be straightforwardly deduced from the definition) that
the C; ;(m) satisfy the following relations:

éi,j(m—l-l)—l—éi,j(m—1)—kajc~‘,-,k(m)=0 forany m > 1 G.1)
Ci (=38 ;. '

The following important result is due to Hernandez—Leclerc [23]. We state it using
the bijection ¢ and the signs ¢; , introduced in Sect. 2.2.

Theorem 3.1 ([23, Proposition 2.1]) Let (i, p) and (j, s) be two elements of 1<% and
assume s > p. Then one has

CijGs = p+1) = eipejs Boiip) Boiio)g

The following consequence will be also useful for us, especially for the computa-
tions we perform in Sect. 8. It can be straightforwardly deduced from Theorem 3.1
using the expression of the Cartan pairing in terms of Euler-Ringel forms (see Sect.2.2)
as well as the well-known identity (8, y) g = —(rél(y), Bo-

Corollary 3.2 ([23, Proposition 3.2]) For any (i,p).(j.s) € (I=5)* define
NG, p;j,s) = Ci.,js —p+1)—C; j(s — p—1). Then one has

€i,p€j.s (ﬂw(i,pv ﬂw(j,s)) if s> p,
i, j0p.s otherwise.

NG, p;j,s)= (3.2)
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We conclude this section with the following elementary property of the coefficients
Ci,j(m) that will be useful in Sects.6.2 and 11.1.

First of all, let us denote by d(i, j) the length of the shortest (non oriented) path
from i to j in the Dynkin diagram of g (this makes sense as it is a connected acyclic
graph). In particular d(i, i) = O forany i and d(i, j) = 1ifi ~ j.

Eemma 33 Leti, j € I and let m € Nxi. Assume that m < d(i, j). Then one has
Ci,j(m) = 0.
Proof We prove by strong induction on m > 1 the statement

Vi,j dG,j)=m = Ci;jm)=0.

If m = 1 then this amounts to prove that if i # j then C‘i,j(l) = 0. But this follows
from the second equality of (3.1). Let m > 1 and assume the desired statement holds
for all m" suchthat 1 < m’ < m.Leti, j € I suchthatd(i, j) > m + 1. Then the first
relation of (3.1) yields

Cijm+1)=~Cij(m—1)+ Zéi,k(m)-
k~j

Onehasd(i, j) > m+1 > m—1hence C~’,-,j (m—1) = 0 by the induction assumption.
Moreover for each k ~ j, one has d(i, k) = d(i, j) &+ 1 and hence d(i, k) > m. Thus
the induction assumption again yields Ci,k(m) = 0 for each k ~ j. This proves the
Lemma. O

Remark 3.4 With similar arguments, one can also prove that C i,jd(, j)+1) =1for
anyi,jel.

Example 3.5 Consider g of type A3z. Then the series CN‘,-,J-(z), i,j€{l,2,3} are given
as follows:

Cri=z—2 +22 -5+

Cin@) =22 -840 -4

Cis@ =22 -2+ =B 4.

Con(@ =242 -2 -2+ +"1 =B 4.

Cos@) =22 -8 +210 -+

C~‘3,3(z)=z—z7+19—z15+-~-

4 Representation theory of quiver Hecke algebras

This section is devoted to some reminders on quiver Hecke algebras and their finite-
dimensional representations. We will mostly focus on certain distinguished families
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of representations, such as the cuspidal modules and the (strongly) homogeneous
modules following [5, 34, 35]. Although a large part of the content of this section
remains valid in non-simply-laced types, we will restrict ourselves to the setting of
Sect.2.1, and refer to [5, 35] for a more general exposition.

4.1 Quiver Hecke algebras

Let M denote the set of all finite words over the alphabet /. For any such word
i= Ui, ..., ja), the weight of j is defined as

wt(j) = Y ik, jx = iJo; € Ty
iel

Quiver Hecke algebras are defined as a family {R(8), 8 € TI';} of associative C-
algebras indexed by I' .. For every 8 € I'y, the algebra R(p) is generated by three

kind of generators: there are polynomial generators xy, ..., X, braiding generators
71, ..., Ty—1, and idempotents e(j), j € Seq(B) where Seq(p) is the finite subset of
M given by

Seq(B) := {j € M | wt(j) = B}.

The idempotent generators commute with the polynomial ones and are orthogonal to
each other in the sense that e(j)e(j') = 8j je(j). For each B € I'y, one can consider
the category R(B)-mod of finite dimensional R(8)-modules, as well as

R —mod := @ R(B) — mod.
B

The category R-mod can be endowed with a structure of a monoidal category via a
monoidal product o constructed as a parabolic induction. Therefore the Grothendieck
group Ko(R)-mod has a ring structure.

The following results are the main properties of quiver Hecke algebras:

Theorem 4.1 (Khovanov-Lauda [33], Rouquier [45]) There is an algebra isomor-
phism

C ® Ko(R — mod) = CINI.
Theorem 4.2 (Rouquier [45], Varagnolo—Vasserot [48]) The above isomorphism

induces a bijection between the set of classes of simple objects in R-mod and the
dual canonical basis of C[N].

4.2 Irreducible finite-dimensional representations

This subsection is devoted to some reminders about the main results of classification
of simple objects in the category R-mod associated to a finite-type simple Lie algebra
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g, due to Kleshchev—Ram [35], McNamara [38] and Brundan—-Kleshchev—McNamara
[5]. We recall in particular the notion of cuspidal representation with respect to any
fixed convex ordering on the set of positive roots @ .

We assume < is an arbitrary convex ordering on @, and we let (i, . .., iy) denote
the corresponding reduced expression of wo, the longest element of the Weyl group
W of g. Then one has &, = {f; < --- < By} with

ﬂk = S8ip Sy (aik)

for every 1 < k < N.Recall from Sect.2.1 the dual root vectors r;‘i € C[N] for each
I < j < N. It was proved by McNamara [38] that there exists a family of simple
modules {Sg, B € ®,} in R-mod, unique up to isomorphism, such that [S,gj] = r;“
for every 1 < j < N. The module Sg is called the cuspidal module associated to 8
(with respect to the chosen convex ordering < on &,.).

Generalizing Leclerc’s algorithm ([36, Sect. 4.3]), Brundan—Kleshchev—McNamara
[5] describe a procedure producing a word jg € M for every positive root 8 € &,
which we now briefly recall. The crucial tool, that will be useful in the sequel of the
present paper, is the notion of minimal pair.

Definition 4.3 (McNamara [38], Brundan—Kleshchev—McNamara [5]) Let B € @
be a positive root. A pair of positive roots (y, §) € Cb%_ with y < § is called a minimal
pair for B if y + 8 = B and there is no other pair (y’, 8’) such that y’ + 8’ = B and
y<y <B<d8 <.

Let us now fix a choice of a minimal pair (yg, dg) for each positive root . One
inductively defines the words jg as follows. Foreachi € I, set jo; 1= (i).If B € @
is not a simple root, then jg := jy,js,- This yields a finite collection of words, in
bijection witht the set of positive roots of g. In the case considered in [35], where the
order < arises from a total order on /, the words jg,, ..., jgy are called good Lyndon
words.

We can now state the main classification result.

Theorem 4.4 (Kleshchev—Ram [35], McNamara [38], Brundan—-Kleshchev—McNamara
[51) There is a bijection between the set of isomorphism classes of simple objects in
R-mod and the set N®+, given by

ci=(cl,...,cn) € N®* s L(c) 1= hd(S;;N o...os;fl).
Moreover, for each (c1, ...,cN) € N®+ one has
dime (e(jgyv jgl)L(c)) =1

In this statement, hd(M) stands for the head of a module M, i.e. the quotient of M
by its radical (the intersection of its maximal submodules).
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4.3 Short exact sequences in R-mod

In this paragraph, we recall an important result proved in [5] as the length two property.
It will play a crucial role in Sect. 7 for our computations of the images of certain dual
root vectors under Baumann—Kamnitzer—Knutson’s morphism D, especially in type
D,,n>4.

We fix an arbitrary convex ordering < on .

Theorem 4.5 ([5, Theorem 4.7]) Let B € O and let (y, §) be a minimal pair for .
Letc = (c1,...,cN) be the N-tuple of integers defined by ¢ := 1 if Br € {y, 6} and
ck := 0 otherwise. Then one has a short exact sequence in R-mod:

0— S —> S508, — L(¢c) — 0.

Remark 4.6 This short exact sequence is an ungraded version of Brundan—Kleshchev—
McNamara’s statement, but it will be sufficient for our purpose.

4.4 Homogeneous modules over quiver Hecke algebras

In this paragraph, we recall Kleshchev—Ram’s construction of simple homogeneous
representations of simply-laced type quiver Hecke algebras. We begin with some
reminders on the combinatorics of fully-commutative elements of Weyl groups fol-
lowing Stembridge [47]. For any w € W, we will denote by Red(w) the set of all
reduced expressions of w.

Forw € Wandi = (if,...,iny) € Red(w), one can define an infinite sequence
i= (i1, 12, ...) exactly as in Sect.2.2. Then using the notation k4 introduced in
Sect.2.2, forevery 1 < k < N we have that ky > N if and only if & is the position of
the last occurrence of iy in i.

The following definition is essentially due to Stembridge [47] relying on former
constructions by Proctor [43]. Here we write it in a way suited to simply-laced cases.

Definition 4.7 (Stembridge [47]) Letw € W.

e Theelement w is called fully-commutative if foreveryi € Red(w)and1 <k < N,
one has

ki <N = 8{l |k <l <ky,ix~i)>2.

e The element w is called dominant minuscule if for every i € Red(w) and 1 < k <
N, one has

ky <N = tll k<l <kpiv~i)=2 and ky >N & {1 >k ix~i)=1.

We will denote by FC (resp. Min™) the set of fully-commutative (resp. dominant
minuscule) elements of W. Note that Mint C FC.

We now recall the construction of simple homogeneous representations following
Kleshchev—Ram [34].
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Theorem 4.8 ([34, Theorem 3.6]) For every w € FC and for everyi € Red(w), there
exists a unique simple module S(i) in R-mod such that dim e(i)S(i) = 1. Moreover,
if i (resp. V') is a reduced expression of w (resp. w'), then the modules S(i) and S(i’)
are isomorphic in R-mod if and only if w = w'.

For each w € FC, we denote by S(w) the module S(i) for an arbitrary reduced
expression i of w.

Remark 4.9 The modules S(w), w € FC are called homogeneous. This is due to the
fact the quiver Hecke algebras R(8), 8 € D'y carry a natural Z-grading, and the
modules S(w) are precisely those which are concentrated in a single degree for this
grading.

The following distinguished family of homogeneous representations will be of
particular interest for us, especially in Proposition 5.2 below.

Definition 4.10 (Kleshchev—Ram [34]) The simple modules S(w) for w € Min™ are
called strongly homogeneous.

5 Baumann-Kamnitzer-Knutson’s morphism D

This section is devoted to several reminders on the definition and some of the main
properties of the algebraic morphism D recently introduced by Baumann—Kamnitzer—
Knutson [1]. We also recall certain results from the first author [7] that will be needed
in Sect. 9, in particular the propagation result [7, Theorem 5.6] (Theorem 5.3 below)
which will be involved in the proof of the second main result of this paper (Theo-
rem 9.1).

5.1 Geometric Satake correspondence

Throughout this section G denotes a simple simply-connected group, P stands for the
weight lattice and W the Weyl group of G. Let GV denote the Langlands dual of G,
fix a Borel subgroup BY in G¥ and a maximal torus TV in BY. Furthermore for every
A € PT we let L()) denote the finite-dimensional irreducible representation of G of
highest weight A, and L(), denote its weight subspace of weight y for any p € P.

We set O := C[[t]] and K := C((¢)). The affine Grassmannian Grgv of GV is
defined as

Grgv :=GY(K)/GY(0).
There is a natural action of TY (C) on Grgv whose locus of fixed points is given by a
collection {L,,, u € P} of points in Grgv indexed by the weight lattice of G. For each
(A, n) € Pt x P, Mirkovié—Vilonen [39] constructed a closed subvariety MV*# of
Grgv such that there is an isomorphism of vector spaces

Ho MV >~ L(L) . (5.1)
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The irreducible components of MV*# are called the MV cyeles of type A and of
weight ut. Forevery A € P, the images under the isomorphism (5.1) of the homology
classes of all MV cycles of type A and of weight i (4 € P) form a basis of L(A), called
the MV basis of L()). Using the classical injections from L(A) to the coordinate ring
C[N] (see for example [1, Sect.2.5]), one can then build a basis of C[N] out of the
MYV bases of all the simple representations L(A) of G, called the MV basis of C[N],
whose elements are indexed by certain MV cycles called stable MV cycles. We denote
by bz the element of the MV basis corresponding to the stable MV cycle Z.

5.2 Equivariant multiplicities

One of Baumann—Kamnitzer—Knutson’s main motivations was Muthiah’s conjecture
[40] stating the W-equivariance of a certain map L(A) —> C(T). The proof of [1]
relies on the notion of equivariant multiplicities developped by Brion [4] out of former
constructions due to Joseph [26] and Rossmann [44].

Given a closed projective scheme X together with an action of a torus 7 on X, we
let X7 denote the set of fixed points of this action and H (X) denote the T -equivariant
homology of X. It follows from Brion’s results [4] that the set of homology classes of
the points in X7 actually forms a basis of H! (X). Therefore, for any closed subvariety
Y C X stable under the action of T, one can decompose the class of ¥ on this basis
as

[Y1= Y erMIip).

pexT

The coefficient e;(Y) is an element of the field C(T") of functions on T and is called

the equivariant multiplicity of Y at p. Note that eg(Y) =0if p ¢ Y (see [4, Theorem
4.2 (M]).

5.3 The morphism D

Baumann—Kamnitzer—Knutson [1] used this notion of equivariant multiplicity in the
study of the MV basis of C[N] via Duistermaat—-Heckman measures. With the notations
of the previous section, we consider X := Grgv together with the action of the torus
TV (C). As recalled above, the set of fixed points of this action is {L,, u € P}.

The definition of D goes as follows. It is known (see for instance [18, 19]) that
C[N] can be identified with the dual (as a Hopf algebra) of U (n). For any f € C[N]
and e € U (n), we will denote by f(e) the canonical pairing between f and e. Choose
aroot vector ¢; € n of weight «; for each i € I. Then Baumann—Kamnitzer—Knutson
[1] define the following map:

D : C[N] — C(T) = C(ey, ... ,an)

) . 1 (5.2)
VN Zj fej "'ejd)a_,l (o, Fojy) (o Faj,)

Although this sum a priori runs over all arbitrary sequences j of elements of 7, it is
nevertheless finite as U (n) acts locally nilpotently on C[N]. The following statement,
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which is one of the main results of [1], asserts that the evaluation of D on an element
bz of the Mirkovi¢—Vilonen basis can be related to a certain equivariant multiplicity
of the corresponding MV cycle Z.

Theorem 5.1 ([1,Lemma8.3, Corollary 10.6]) (1) The map D is an algebra morphism.
(2) For any u € —T'4 and any stable MV cycle Z of weight , one has

Dby) = e{:(Z).

The morphism D provides a useful tool to compare various remarkable bases of
C[N]. For instance, the definition of D can be conveniently reformulated using the
categorification of C[N] via modules over the quiver Hecke algebras associated to g
(see Sect.4.1): for any B € I'y, any module M in R(B)-mod can be decomposed into
weight subspaces:

M= P eG)-M

JjeSeq(B)

(we refer to Sect. 4.1 for the notations). Then one has

_ 1
DM = ) dim(eG)- M) (5.3)

jeSeq() aj(@j, Fap) (@) 4+ aj,)
J=(teJa)

In Sect. 7 we will use this to investigate the values of D on the elements of the dual
canonical basis of C[N]. A similar expression can be written for the evaluation of D
on the elements of the dual semi-canonical basis of C[N] in terms of representations
of preprojective algebras. The dimensions of the weight subspaces of modules in R-
mod are then replaced by the Euler characteristics of certain type-j flag varieties in
the terminology of Geiss—Leclerc—Schroer [18]. As an application of Theorem 5.1,
Dranowski, Kamnitzer, and Morton-Ferguson show in an appendix of [1] that the MV
basis and the dual semicanonical basis of C[N] are not the same by exhibiting elements
of these bases satisfying some compatibility condition (see [1, Definition 12.1]) but
where D nonetheless takes different values.

We conclude this paragraph by recalling from [7] the following remarkable prop-
erty of Kleshchev—Ram’s strongly homogeneous modules in R-mod (see Sect.4.4)
involving Baumann—Kamnitzer—Knutson’s morphism D. It can be essentially viewed
as a representation-theoretic reformulation of Nakada’s colored hook formula [41]
using the identity (5.3).

Proposition 5.2 ([7, Proposition 5.1]) Let w be a dominant minuscule element in W
and S(w) the strongly homogeneous simple module in R-mod corresponding to w
under the bijection of Theorem 4.8. Then one has

_ 1
D([S(w)]) = ]_[ — where @Y :=d, N (—wdy).
pedy
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5.4 The values of D on the flag minors of C[N]

We now recall some setting from the first author’s previous work [7] and in particular
the propagation result [7, Theorem 5.6]. Recall from Sect.2.1 that there is a distin-
guished family of cluster variables in C[N] called flag minors, grouped into clusters
indexed by the set of reduced epressions of wg. The main aim of [7] was to investigate
the values taken by Baumann—Kamnitzer—Knutson’s morphism D on the flag minors
of C[N]. It was observed in particular that these values seemed to share a similar form
with the images under D of the elements of the dual canonical basis corresponding to
Kleshchev—Ram’s strongly homogeneous modules (see Proposition 5.2 above) or the
elements of the MV basis associated to smooth MV cycles.

As in [7], we consider the following properties of the flag minors x%, e x}v for
any reduced expression i = (i, ..., iy) of wy:

(Aj) Forevery 1 < j < N, one has
YR i
D(x}) =1/P;

where P! is a product of positive roots.
(Bj) Forevery 1 < j < N one has

pipp =5 I] o
I<j<ly
i~ij
where ﬂj = S8i; Si_/—l (Ol,'j).
(Cj) For every j such that j; < N and every 1 <i < N, one has

[Bis P11 —[i; P 1< 1
where [B; P] stands for the multiplicity of the positive root 8 in the polynomial
P.

The following statement was one of the main results of [7]. It will be involved in
the proof of the second main result of this paper (Theorem 9.1).

Theorem 5.3 ([7, Theorem 5.6]) Let g be a simple Lie algebra of simply-laced type.
Assume there exists a reduced expression iy such that the standard seed S satisfies
the three properties (Asy), (Bi,), (Ci,). Then for every reduced expression i of wo, the
properties (Aj), (Bi), (Ci) hold for the standard seed S* of C[N].

6 Definition and properties of the morphism Bg
In this section we introduce the main object of the present paper, namely the morphism
D :CQ® V=5 — C(ay, ..., a,). The definition of D¢ involves the coefficients of

the inverse of the quantum Cartan matrix associated to g (see Sect.3). We state the
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first main result of this paper (Theorem 6.1), which relates the restriction 5Q of 55
on the subtorus C ® Yo to Baumann—Kamnitzer-Knutson’s morphism D introduced
in [1]. In this framework, we also provide a general formula for the images under
55 of the cluster variables of the seed S'¢ of .A=¢ arising from Hernandez—Leclerc’s
construction [24] and we prove that the obtained rational fractions satisfy a family
of remarkable properties, analogous to (Aj), (Bj), (Cj) from [7] (see also Sect.5.4
above).

6.1 The morphisms Ef and 50

Let Q be an arbitrary orientation of the Dynkin diagram of a simply-laced Lie algebra
g and let £ be a height function adapted to Q. Recall from Sect. 2 the set / =t (resp. Ip),
the torus )= (resp. Yo ) containing the truncated g-characters of all the representations
in the category C=¢ (resp. Cp), as well as the bijection ¢ : 155 — 7.

We define the algebra morphism 55 from the complexified torus C ® Y=* to the
field C(«yq, ..., ay) as follows:

. ~ Cijs=p=1)=Cij(s=p+1)
Vi, p) e 1=, Devip) = ] B, " W07 @D
(j.s)el=t
As C‘i,j(m) := 0 if m < 0, only the couples (j,s) € I=5,s > p have a non trivial
contribution, and hence this product is finite. We also define the morphism Dy as the
restriction of Dg to the complexified torus C ® V.

The composition of the truncated g-character morphism ¥, (see Sect.2.5) with
Hernandez—Leclerc’s isomorphisms (see Theorems 2.5 and 2.6) yields an embedding

A S oYt

that restricts to an embedding C[N] — C® Y following the commutative diagram

CIN] —= C ® Ko(Cp) = C® Yy

ASE S CRKo(CH L~ C oyt

We now state the first main result of this work.

Theorem 6.1 Let g be a simple Lie algebra of simply-laced type and let Q be an arbi-
trary orientation of the Dynkin diagram of g. Then the following diagram commutes:

C[N] —= C® Ko(Co) > C ® Vg

Clai,iel)
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In other words, Hernandez—Leclerc’s categorification allows to embed C[N] into
the torus Vg via the (truncated) g-character morphism; then D can be interpreted as the
restriction of Dg on C[N], viewed as a subalgebra of Jp. The proof of this statement
will require several steps which we now briefly describe. We begin in Sect.6.2 by
establishing a family of remarkable properties satisfied by the values of 55 on the

cluster variables xt .t > 1 of the initial seed of A=¢ constructed by Hernandez—
Leclerc [24] (see Sect.2.4). The proofs are valid for any simply-laced type and any
orientation Q. These properties will play a crucial role in Sect.9 for the proofs of
Theorem 6.1 as well as the second main result of this paper (Theorem 9.1). Before
that, we investigate in detail the case where Q is a certain specific orientation Q¢ of the
Dynkin diagram of g. Sections 7 and 8 are respectively devoted to providing explicit
formulas in types A, and D, for the evaluation of D and DQ0 on the dual root vectors
of C[N] (with respect to the convex ordering on ®_ corresponding to ig,). Note that
the case of type A, is in fact contained as a subcase of the case of type D,, but for
we chose to treat them in distinct subsections, for the sake of readibility. We treat the
types Eg, E7 and Eg separately. We then prove in Sect.9 that D and DQ0 coincide
on C[N]. Together with the propagation result from the first author’s previous work
[7] (Theorem 5.3 above), this allows us to prove the second main result of this paper
(Theorem 9.1). The proof is valid for any simply-laced type and any orientation Q.
We conclude the proof of Theorem 6.1 for an arbitrary orientation by combining this
with the properties of 55 established in Sect.6.2.

6.2 Properties of Eg and initial seed for A=¢

In this subsection, we consider the initial seed S?Q in the cluster algebrAa A=E (see
Seet. 2.4). Recall that the cluster variables of STQ are given by xilg,x;g, ... with
L(x,iQ) = )?q (X(p_l(,)) for each t > 1 where ¢ is the bijection introduced in Sect.2.2.
Throughout the rest of this section, we will simply write x; for x,TQ. We prove

that the images of these cluster variables under the morphism Dy satisfy properties
(AA ), (BA ), (CA ) analogous to the properties (A.Q) (Biy), (C,Q) from Sect.5.4,

w1th ip replaced by its infinite analogue ip (see Sect.2.2). Whereas the latter properties
remained mysterious in [7], the former are now naturally deduced from the definition
of Bxi using the properties of the coefficients C i, j(m) (Sect. 3). Note that each property
(ATQ ), (BTQ) (resp. (C;Q )) is an infinite system of equalities (resp. inequalities) indexed
by Z>1, whereas (AiQ), (BiQ), (CiQ) were finite systems, indexed by {1, ..., N}.

Lemma6.2 Lett > 1 and let (i, p) := ¢~ '(t) € I=5. Then one has

~ 1
D: ) =[] ST
G)el= Byl
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Proof Letus fix t > 1 and (i, p) := <p’1(t) € 1<% Recall from Segt.Z that one has
Xq(Xi p) =Yi pYi p+2- - Yi g). Hence applying the definition of Dg, we get

5§ (t(x)) = 5& (Xg(Xip) = 5g(Yi,p - Yien) = 5§(Yi,p) e 5Q(Yi,$(i))
_ 1_[ ’3—(N(i,P:./',S)+"'+N(i,&'(i):j,s))
- ®(Jj,s)
(jos)el=é

where N'(i,t; j, s) := CN‘,-’j(s —t+1)— C’,-,j(s —t — 1) as in Sect. 3. Obviously one
has

NG, psjos) 4+ NG EG: j,5)=Cij(s—p+1)—Cij(s —E@) — 1)

In order to conclude, it remains to observe that one always has £(p) —&(q) < d(p, q)
forany p, g € I (with equality if and only if p € B(q) with the notations of Sect.2.2)
where d(p, ¢) is the distance function on / defined in Sect.3. In particular one has
s—&E1)—1<E&()—&G)—1<d(,j) forevery (j,s) € I=¢. Thus Lemma 3.3
implies

NG, pij.)++NGEG: j.o)=Cijls—p+]1)
which proves the Lemma.

We now prove the main statements of this section (Propositions 6.3, 6;5 and 6.8)
which can be seen as analogues of (AiQ), (BiQ) and (CiQ) for the seed Si¢ in A=5.
Note that Proposition 6.3 restricts to the variables x;, r < 2N. We postpone the case
t > 2N to Sect. 11 (see Corollary 11.2), as it is not strictly necessary for the proof of
Theorem 9.1.

Proposition 6.3 (Property (ATQ) ) Lett € {1,...,2N}. Then one has

5; (t(xy)) = l_[ with n;(B) € N forevery B e &..

L
b, ﬂnt(ﬂ)
Moreover, if n;(B) # 0 thenn,(B) = [(B:, B)ol.

Proof Let (i, p) := ¢~ '(t) and y := B;. As 1 <t < 2N, we have £(i) > p >
E(@{) — 2h by (2.5). Let B € ®,. By Lemma 6.2 the multiplicity n;(8) of B in

(De(u(x))) s

mB)= Y, Cijs—p+1. Ipg:={G.) €I |s=p Byis =B
(j.s)elpp

If I, p = @ then n;(B) = 0 and we are done. Otherwise, let (j,s) € I, g. If (j, ) ¢
¢~ '([1,2N]) then s < £(j) — 2h 4+ 2 by (2.5) and hence we have &(i) — 2h + 2 <
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p <s < &(j)—2h + 2. In particular we have 0 < s — p < &(j) — &(@{) < d(, j).
By Lemma 3.3 this implies (fi,j(s —p+1)=0.

On the other hand for any (j, s) € I, ﬂgp_l([l, 2N1]), one has that forany m > 1,
(j,s —2mh) ¢ ¢ '([1,2N]) as s — 2mh < £(j) — 2h, and (j, s + 2mh) ¢ I=5 as
s +2mh > &(j). Consequently Proposition 2.3, implies that 1, g N e~ 1([1,2N)) is
either of the form {(j, s); (j*, s + h)} or of the form {(j, s)}, for some (j, s) € I=5.
In the first case, Theorem 3.1 implies

n(B)=Cij(s—p+D+Cijr(s+h—p+1)=¢€jsep(y,B)o+ €= sinéip(v. B)o
= Ej,SGi.p(yv ;B)Q - 6_;’.561“1;()/, ﬁ)Q =0.

where we used again Proposition 2.3.

Ifl, N ¢~ ([1,2N]) := {(J, s)} then we distinguish two subcases. If (i, p) and
(j, s) belong both to ¢~ ([1, N1) (resp. both to ¢~ ' ([N + 1,2N1)), then €; 5 = €;.»
and on the other hand the condition s > p implies that there are (possibly trivial)
morphisms but no extensions from the indecomposable object of dimension vector
y to the one of dimension vector § in the heart modCQ (resp. (modCQ)[—1]) of
DP(modC Q). Hence (y, B )o = 0 and Theorem 3.1 yields

n(B)=Cij(s—p+1) =€ v, Bo={v.Bo > 0.

If on the contrary (i, p) and (j, s) do not belong both to <p’1 ([1, N]) or (p’l ([N +
1,2N]), then €; ; = —¢; , and on the other hand, in the heart containing (i, p) the
unique couple (j’, s") such that B,(;/ ;) = B necessarily satisfies s" < p (otherwise
I, g would be of cardinality 2). Therefore there are no morphisms from the indecom-
posable object of dimension vector y to the one of dimension vector § in this heart,
which implies (y, 8)o < 0. Theorem 3.1 yields

n(B)=Cij(s—p+1) =€z ,v.Blo=—{y,Blo > 0.

This concludes the proof of the Proposition. O

Remark 6.4 In the case of the fundamental modules X; ¢i) = L(Y; g(;)), the formula
of Lemma 6.2 can also be rewritten explicitly from the quiver Q as

- - 1
De (1xpein)) = Deizi) = [ —
jeB@) VI

where B (i) denotes the set of indices j such that there is a path from j toi in Q (see
Sect.2.2). Indeed, one has

1 if s=£(j) and £(j)—&(@)=d(i,j) byRemark 3.4,

il =5@+1D 0 otherwise, by Lemma 3.3.

As already mentioned in the end of the proof of Lemma 6.2, £(j) — £(i) = d(i, j) if
and only if j € B(i), which yields the formula.
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Proposition 6.5 (Property (B;,)) Let t > 1 and let (i, p) := @~V (t) € IZ¢. Then one
has

D () De (x ) = 87" ] De ).
r<'t<r+

Recall the notation N (k) from Sect.2.2. We will need the following observation:

Lemma 6.6 Lert > 1 andlet (i, p) := ¢~ ' (t) € I=5. Then for any r > 1 such that
i, ~ i one has

r<t<ry & (p_l(r):(ir,p+l).

Proof This is a consequence of the well-known fact that reduced expressions of wy
adapted to orientations of Dynkin graphs are alternating (see for instance [49]). This
means that each neighbour of the letter i appears exactly once between two consecutive
occurrences of i in ig. Therefore this also holds for the infinite sequenceTQ, as any
finite subword of length N ofTQ is still a reduced expression of wq adapted to some
orientation of the Dynkin graph of g (see Sect.2.2). Thus there are two possibilities:
if the first occurrence of i, appears before the first occurrence of i, then there is an
arrow from i, to i in Q and hence £(i,) = £(i) + 1; furthermore the kth occurrence
of i appears between the kth and the k 4 1th occurrences of i,. In other words,
r <t <ry < Ng(r) = No(t). Thus we get (§(i,) — &(@i) + 2Np(t) — 1)/2 =
Ng(t) = Ng(r). If on the other hand the first occurrence of i, appears after the
first occurrence of i, then there is an arrow from i to i, in Q and hence £(i,) =
&(i) — 1; furthermore the kth occurrence of i appears between the k — 1th and the kth
occurrences of i,. In other words, r <t <ry & Ng(r) = Ng(t) — 1. Thus we get
(£@G,) —&@)+2No() —1)/2 = Ngp(t) — 1 = Ng(r). Thus we have proved that

(i ~iandr <t <ry) e (i ~iand No(r) = (§(G,) —&E@) +2No() — 1)/2).
Recalling the definition of ¢! from Sect. 2.2, this is equivalent to

07 () = (ir. £Giy) = 2No(r) +2) = (ir. £() —2No() +3) = (ir. p+ 1).
This finishes the proof of the Lemma. O

We are now ready to prove Proposition 6.5.

Proof of Proposition 6.5 Let us fix (j, s) € I=5 and investigate the multiplicity of the
positive root B, s) in both hand sides of this equality. By Lemma 6.6, one has

[T Deeer)) =]]D: (o pr1)-

r<t<ry k~i
ip~i
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Therefore using Lemma 6.2, the multiplicity of B,(;, ) in the right hand side can be
written as

—8i,j8p,s — Zék,j(s - p)-

k~i

Using the relations (3.1) with m = s — p, this is equal to
- (éi,j(s —p+D+Cijs—p— 1)) .
By Lemma 6.2, this is exactly the multiplicity of By ;) in the product

5Q (‘(xw(i»p))) 5Q (‘(xw(i,p+2))) )

which is equal to 5Q (t(xy)) 5Q (L(x,f)) by (2.2). Thus the multiplicities of By; s
on both hand sides coincide for every (j, s) € I=5 which proves the Proposition. O

Remark 6.7 Recall from (2.7) the variables A s, j € I, s € Z.Itis straightforward to
check either from Proposition 6.5 or directly from the definition of Dg that for every
(i,p)el= = one has

) By, p—2) ﬁi

55 (A_
ﬂ(p @i,p) ,Bt

i,p—1

where t := (i, p). This can be viewed as a generalization of [7 Remark 6.4] as it is
known from the works of Hernandez—Leclerc [24] that the A_ _» G, p)el= = are
exactly the images under ¢ of Fomin-Zelevinsky’s variables y; (see [13]) for the seed

S'¢ (up to the convention used for the definition of y i)

Recall from Sect. 5.4 that for any rational fraction Y and any positive root 8, we
denote by [B; Y] the (algebraic) multiplicity of  in Y.
Proposition 6.8 (Property (G, )) Let (i, p) € 1=5. Then for any B € ®., one has
| [B: De(Yi )] < 1.

Proof Letus fix 8 € &4 and let y := By p). By (6.1) one has

—[B: De(Yy )l = Y NG.p:ij.s).

(j,S)Elpvﬁ
NG, pij,s)=Cijs—p+1)—Cij(s—p—1)

where we use the notation /,, g from the proof of Proposition 6.3.

Let s be the smallest integer such that there exists j € I with (j,s) € I, . It
follows from Proposition 2.3 that I, g is either of the form {(j, 5), (j*, s +h), (j, s +
2h), (j*,s +3h),...,(j,s + 2mh)} for some m > 1 if 41, g is odd, or of the form
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1 2 n 1 2 n n—1
° O ° ° e - S0 —e

o
[ 1\)

5 r
]

n—1
— e >0 — — — e - e

e < oW

Se<+— e |

Fig.1 The orientation Q( for each simply-laced type

{(J,8), G* s+h), (j,s+2h), (j*, s+3h),...,(j,s+2mh), (j*, s+ 2m+ 1)h)}
for some m > 1if 1, g is even. Then Corollary 3.2 yields

NG, p; j*, s + 2k — Dh) + N, p; j, s + 2kh)

= € p€j* s+ k—Dh (B, V) + €i p€j sr2en (B, V)
=0

as €+ y1 (2k—1)h = —€; s+2kh for any k > 1. Thus we obtain

NG, psj.s) if 2,5 isodd,

—[B; De(Yi p)] = :N(i, Pij.s) —€ip€is(Byy) if I, iseven,

where in the second case we used Corollary 3.2 for (i, p), (j*,s + 2m + 1)h) and
the fact that €+ s oms1)p = —€ 5. -

From this together with Corollary 3.2, we obtain that if s > p then [B; D¢ (Y; p)]
is equal to (B, ) up to some signif 1/, g is odd, and to 0 if #/,, g is even. Note that in
this case one has 8 # y (if = y then (i, p) € I, g and thus s = p by minimality).
Then it is elementary to check that for any simply-laced type Lie algebra g, the Cartan
pairing of any two distinct positive roots of g is always equal to —1, 0 or 1. This can
be deduced for instance from Lemmas 8.1 and 8.5 below respectively for types A,
and D,,, and can be checked directly for the types Eg, E7 and Ejg.

If on the other hand s = p, then Corollary 3.2 implies N'(i, p; j,s) = d;,j and
moreover by standard Auslander-Reiten theory one has (8,y) = 0if i # j and
(B.y) = (B,B) = 2ifi = j. In other words, one has (8, y) = 24;,j. Therefore,
—[B; D (Y;,p)] is equal either to §; ; if #11, g is odd, or to —§; ; if £11, g is even. This
concludes the proof of the Proposition. O

7 Evaluation of D on the dual root vectors

This section is devoted to the computation of the values taken by Baumann—Kamnitzer—
Knutson’s morphism D on the dual root vectors of C[N] with respect to the convex
ordering on @ corresponding to ip, where Qg is the orientation of the Dynkin graph
of g shown in Fig. 1. We provide explicit formulas in types A,,n > 1 and D,,n > 4.
The computations in types E,, r = 6, 7, 8 are performed separately using a computer
software.
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7.1 TypeAp,n > 1

We consider the case where g is of type A,,n > 1. Forevery 1 <i < j < n, we set
ajj =o +---+aj,and we have &, = {o; ;,1 < i < j < n}. We choose the
following reduced expression of wo:

(0,2, on 1,2, on—1,...,1,2,1)

which is adapted to the orientation Qg (the so-called monotonic orientation) of the
Dynkin graph of g (see Fig. 1). The corresponding convex ordering on @ is given by

i j<oag;&i<kori=kandj <I.

Thus, it coincides with the Lyndon ordering arising from the choice of the natural
order | <2 < --- < n on the index set of simple roots. Consequently, the cuspidal
representations are explicitly constructed in [35, Sect. 8.4], namely one has jo, ; =
(i,i+1,...,)) and Sy, ; is the one-dimensional vector space generated by a single
vector on which all the generators of the quiver Hecke algebras R(8), 8 € '+ act by
zero, except the idempotent e(jq; ;). Applying Equation (5.3) we obtain

— 1 1
D([Soz,-.j])z = l_[ E (7.1)

ai(ei + i) - (o + -+ aj) _i<k<j

Alternatively one can note that the word jg, ; is dominant minuscule, hence S, ;
is strongly homogeneous (see Definition 4.10) and we can conclude using Proposi-
tion 5.2.

7.2 TypeDp,n > 4

We now focus on the case where g is of type D,, n > 4. We will use the following
notations: for any (p,gq) € {1,...,n — 1}2, we set:

ep,q = Qmin(p,q) T+ + %max(p,q)—1 + 2(Olmax(p,q) + oot ap—2) Fap—1 +ap.

and forevery 1 < p < g < n we set:

ap+---+ay if g <n-—1,

Upg = ) ~
ap+--- a2 +a, if g=n.

In particular we have o1, = a, 5 := ay. Also note that 6, 4 is a positive root if
and only if p # g. We have

q>+:{0p,q71§P<q§n_1}|—|{ap,q71SPSQSH}-
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We will need to consider the automorphism o of the Dynkin diagram of g defined by
o(i)=iifl <i<n-—2,0(n—1)=nando(n) =n— 1. We choose the following
reduced expression of wy:

1,2,...,n)" !

which is adapted to the orientation Q¢ of the Dynkin graph of g shown in Fig. 1. The
corresponding convex ordering on @ is given by

Qi j <og; & (i <k)or
(i:k and (j <min(,n—1) or j:ai(n)andl:ai(n—l))),

Qi j<bpy & i<gq or i<gandj<n-—2,

Opg <brs & qg<s or g=sandp <r.

The cuspidal representations corresponding to the positive roots ¢; ; are given in the
same way as intype A,,i.e.forevery 1 <i < j < n,onehasja,.'j =@,i+1,...,))
and the cuspidal representation Sy, ; has a unique non trivial one-dimensional weight
space of weight jo, ; (if j = n then the word o, ; = (i, i + 1, ..., j) is understood as
(i,i+1,...,n—2,n)). Thus the conclusion is the same as in the previous paragraph.
Let us now focus on the cuspidal representations associated to the positive roots
0p.q-1 < p < q < n— 1. These cuspidal modules turn out to be not homogeneous. It
is therefore not possible to compute 5([5@1), , 1) directly. This is why we use Brundan—
Kleshchev—McNamara’s distinguished short exact sequences from Theorem 4.5.

Lemma 7.1 Fix p,q such that 1 < p < q < n — 1. Then the couple of positive roots
(@p,op(n=1)> % 0P (n)) is a minimal pair for 6, , with respect to the chosen order <
on &

Proof Assume there exists (v, 8) € CIDi such that y +6 = 0, 4 and ap 6r(n—1) <
Y <0pqg <8 <agorm.Ifyisof the form 0, s, then one has either s < g ors = ¢
and r < p. In both cases, 8, ; — ¥ ¢ 'y which is a contradiction. Thus y is of the
form o; ;. Then ap or(n—1) < y implies i > p. Now if § was of the form 6, 5 then
Opqg < 8 < Qgoru implies r > p. If on the other hand § = oy, then 6, ; < §
implies u > g > p. In both cases, o), appears neither in y nor in § which contradicts
y +38=10p4 as o, appears in 0, ,. a

Proposition 7.2 Fix p, g suchthat1 < p < q <n — 1. Then one has

_ 0
p.p
D([Ss,,D = 0
Og,q Qqgn20p.p- " Upnlpg

Proof We assume p is even, the other case being identical. By Lemma 7.1, we have a
minimal pair for 6, , given by («p ,—1, @4 ). By Theorem 4.5, there is a short exact
sequence in R-mod:

00— ng — Sozq,n o Sap,n_l — L(cpy) — 0 (7.2)
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where ¢, 4 is the N-tuple of integers whose entries are all zero, except the two entries
corresponding to the positive roots «, ,—1 and oy, which are equal to 1. Hence
Theorem 4.4 implies that

dim¢ (e(jaq.njamfl)L(c,,,q)) =1.

As recalled above, we have thatjo,q’n =(¢g,q+1,...,n—=2,n) andjo,pyn_1 =(p,p+
1,...,n—2,n—1). Itis now straightforward to check from Definition 4.7 that the
word jg, ,Ja,,; is dominant minuscule (i.e. it is a reduced expression of a dominant
minuscule element of W). Consequently, Theorem 4.8 implies that L(c), ) is strongly
homogeneous, and hence Proposition 5.2 yields

_ 1
DL, = [] =

B
ﬂe¢ip’q

where wp 4 = $¢Sg+1 - Su—25nSpSp+1---Sp—28y—1. Forevery g <s <n —2, we
have s, ---ss—1(a5) = a4 5. We also have that s, - --s,2(ay) = ay,,. For every
p <r <n—2,wehave

ap.r if r<g-—1,
Sq = Sn—28nSp * -+ sr—1(ay) = Sq - sn—Z(ap,r) = .
apr+1 if r>qg—1

Finally the last two positive roots are sg - - - S, —28Sp = - - Sp—3(0tp—2) =S¢ - - - Su—2(Ap.n)
= Up.n and Sq +Sn—28nSp -+ “sp—2(@u—1) = Sq - sn—ZSn(ap,n—l) = Sq - "Sn-2
(@p,n—1) = 0p4. Thus we have

1

D([L(cp g)]D) = o
Up,p  Upq=2%pg - Upnlgq - Ugn-20gnVpgq

As D is an algebra morphism on C[N] ~ K (R)-mod, the short exact sequence (7.2)
yields

D((Ss,,1) = D([Sa,, DD ([Se,.,1) = DAL(cp.)])
1

Up.p-"Upn—10g,q - 0qgn-2%.n
1

Op.p--Qpg—20pg - Apnlgq " 0gn-20gn0pq
Op.g%pn — 0p.g—10pn—1

Up.p Apn—10pnlgq " Qgn-20gn0pg
Op.q%g.n +Apg-10pg —Ap.n—1)

Op,p+ Qpn—10pnllyq -+ 0gn-20gnbpq
Op,qQqn +0pg—10gn

Up,p- Qpn—10pnllyq - 0gn-20gnbpq
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QPVP

Op,p+Upn—10pnllyq - 0gn-20pq

which concludes the proof. O

7.3 Types Eg, E7, Eg

When g is a simple Lie algebra of type E,, r = 6, 7, 8 we use a computer software to
compute the values of D on the dual root vectors of C[N]. This is based on Brundan—
Kleshchev—McNamara’s algorithm [5, Theorem 4.2] (see also [36]) which allows to
recursively determine the graded characters of the cuspidal representations with respect
to the convex ordering on @ corresponding to ig,. Then we can simply forget the
grading and compute the values of D using the equality (5.3).

On the contrary to the types A, and D,,, the formulas we get cannot be written in a
simple way (especially the numerators cannot be factored as products of linear terms).
We refer to Sect. 8.3 for more comments about this.

8 Evaluation of BQO on the classes of Kirillov-Reshetikhin-modules

In this section, we provide explicit formulas for the evaluation of 5Q0 on the classes of
Kirillov—Reshetikhin-modules of Cp, when g is of type A,,n > 1 or D,,n > 4 and
Qo is the orientation of the Dynkin displayed in Fig. 1. This yields in particular explicit
formulas for the evaluation of 5Q0 on the classes of fundamental representations,
which are known from the work of Hernandez—Leclerc [23] to categorify the dual root
vectors of C[N]. For the classical types, we obtain formulas that could be written in a
uniform way (the formulas for the type A,,n > 1 are special cases contained in the
ones for the types D, ). However, for the sake of readability, we prefer dealing with
the two cases in different subsections. We discuss the types E,., r = 6, 7, 8 separately
in Sect. 8.3.

Throughout this section, we will simply write D (resp. 1) for 5Q0 (resp. o)
as there will be no ambiguity. The techniques used in this Section can be naturally
extended and applied to classes of Kirillov—Reshetikhin modules not belonging to
Co. Therefore, one could obtain formulas for the evaluation of Dona large family of
cluster variables in cluster algebras strictly larger than C[N], such as the algebra .,TlQ
we introduce in Sect. 11 or even the whole cluster algebra Ko (C =) jtself.
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8.1 TypeA,,n > 1

We have ng,(i) =n—i-+1foreachi € I and Ig, = {(i,§(@) —2r+2),iel,1<

r <n—1i+1}. Foreach (i, s) € Ig, with r := w and foreach k € {1,...,r},
we set ©
D.
* _ ! & ._ Pis
bl =] o W 4=y (8.1)
r—k+1<p<r P4 is+2

r<q<r+i—1

where Dl.(f)s) := 1 for any i, s. We also denote D; s := Dl(rs) and d; s 1= di(’rs). Note that
one has d; ; = D; ;/Dj s4+2. The aim is to prove that the value of D on the class of
the Kirillov-Reshetikhin module X" is given by D{" (Theorem 8.4). We first prove
this in the case r = k (Corollary 8.3). By Theorem 2.5, the corresponding Kirillov—
Reshetikhin modules X;  categorify the cluster variables of the standard seed S 100 We
then prove the general formula using the 7 -systems from Sect. 2.5, which correspond
to certain cluster mutations in C[N]. We begin with the following elementary lemma.

Lemma8.1 Foreveryl <i <p <nandl < j < g <n one has
(i, j) =8k +8ij — Ok—1,j — 8i—1,i-

Proposition 8.2 For every (i, s) € Ig,, one has lN)(Yi,s) =d; s.

Proof Let us fix (i,s) € Ig, and set r := # as above. For this choice of ori-

entation, we have ng,(i) =n — i+ 1foreachi € I and £(j) — &(i) =1 — j for
everyi,j € I.Let (j,t) € 1=¢ and assume (Jj,1) ¢ Ig,. Thus t < &(j) —2ng,(j)
by (2.3). If t > s then (i) — 2ng,(i) <s <t < &(j) — 2ng,(j) and in particular
s < E() — EG) — 2ng,()) —ngy() =i —j —2G — j) = j—i =d(. ).
Hence Lemma 3.3 implies that CN‘,-,j(t —s+1) = C‘i,j(t — s — 1) = 0. This is also
the case if t < s as C‘i,j(m) = 0 if m < 0. Therefore, we can rewrite (6.1) as

~ Ci.j(t—s—1)=C; ;(t—s+1)
Doy(i) =TT By :

(j.nelg,

o Ci j(t=s=1)=C; j(t—s+1)
_ l—[ (,(s(n ’)/2(3/,-)) )
(j.1elg,

Moreover, one has r’_l(y,-) = o r+i—1 and tl_l(yj) = ay+j-1 for every j €
{1,...,n}and! € {1, ..., n — j}. Therefore, Corollary 3.2 together with Lemma 8.1
yield

~ 1 —8y 1 —8y4i . S5 . St
. rti— 1,04 j—1F0r 1,14 j—1F0r+i 1
DY) = P l l Xitj-1 '
rrH=l g ry<ie

_ 1 l—[ 1 l—[ _r 1_[ O jrot

Or r4i—1 I<j<i O r+j—1 i<j<rti—l rti—jr+i—1 <j<
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_ l_[lgpgr—l Ap.r—1

<n15p5r71 “p,r+i—1) (H7~§q§r+i72 “nq)

-1

_ _ Dirg-or2 _4
= [T [T @ = D = dirg-ae2
1<p <r—I 1<p=r fr=1§i=2r+4

r—1<g<i+r-2] r<q<i+r—1

Corollary 8.3 For every (i, s) € Ig,, one has 5()N(q(X,’,S)) =D

Proof Recall from Sect. 2.5 that the truncated g-character of the Kirillov—Reshetikhin
module X;; has only term, namely the dominant monomial Y; ;Y; 42 Y; £¢).
Therefore, Proposition 8.2 implies

Dy (Xis)) = D(Yi ) D(Yi s42) - - - D(Y; ) = di 5di 42 - - d; £y = Dis.
(]
Theorem 8.4 Forevery (i, s) € Igp,andeveryk € {1, ..., r}, we have 5()?(1 (Xi(ks))) =
p®
1,8°
Proof By Corollary 8.3, the statement is true if » = k i.e. for the Kirillov—Reshetikhin
modules corresponding to the cluster variables of the (standard) seed S'%. As D is an

algebra morphism, the rational fractions D(X l(]?) satisfy the 7T'-systems (2.8). Since
the solution to the T-system with a given initial condition is unique, it suffices to show

that D(k) satisfies the recursive equations:

(k) (k) (k+1) y(k—1) (k)
D Dl 2_DlY 2D +1_[D/v—l

J~i

Recall that r = $=5+2 ”2 . By definition of the D( ), we have

(k) (k) (k+1) (k 1))

Di,s Dt,s 2 Dl s—2 D

-1 — I = n — I =
pelr—k+1.r] %p.q pelr—k+2,r+1] %p.q pelr—k+1,r+1] %p.q pelr—k+2.r] %p.g
gelr,r+i—1] gelr+1,r+i] qelr+1,r+i] gelr,r+i—1]

1—[ 1 1 1 1

o o I1 P17 Okt 1 I1 7% —k+1,
pelr—k+2.r1 p.q pelr—k+2,r+1] p.q g€Elr,r+i—1] -4 gelr+1,r+i] q
gelr,r+i—1] qelr+1,r+i]

_ 1—[ 1 l—[ 1 Or41,r+i
Ap, Up.g \ Cr—k+1,r+i qu[r,rﬂ'—l] r—k+1,q

pelr—k+2,r1 ~ P9 pelr—k+2,r+1)
qelr,r+i—1] qelr+1,r+i]

1 1
(k) (k)
= 1_[ l_[ =Dy DiZy s o

o o
pelr—k+1,r1 = P4 pelr—k+2,r4+1) P4
q€lr.r+i] qgelr+1,r+i—1]
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8.2 TypeDp,n > 4

We have ng,(i) =n — 1foreachi € I and Ig, = {(i,§(@) —2r +2),i € I,1 <
r <n — 1}. For each (i, s) € I, withr := w and foreach k € {1, ...,r}, we
denoter’ :=r+i—n+1,r" :=max(r’' —k+1,0),and r"” :=r —k + 1. We define

1 Op.p .
I1 pelr” ] @ l_[pe[r,,_r/] . L0 , 1<i<n-=-2,
p® . qelr,n—2+min(0,)] (H’IG['W"'] ”‘q)(nqs[r’.n] al’-‘l)

i,s
1 1 :
l_[ ' T s 1 e {n — 1,’1},
qpelr,n_QJ *pa (npe[r’”,r] Apor=1 (i)) (l_[r/”fp<q§r 6/7,‘4)
(8.2)

where we used the convention that 6, ; = 1 if(g =0andapy =1if p=0. Asin
the previous subsection, we also set di(ks) = —2. We also denote D;  := Di(rS) and
’ is+2 '

di s = di(’rs). Note that one has d; s = Dj s/ Dj s42.

Lemma8.5 Foreveryl <i < j <nwithi <n-—11<p<qg<n-1,
1 <r<s <n-—1, wehave that

Sk, + 287 —1 if both iand jarein{n —1,n},
Ok, +0i,j — Ok—1,j — 8/—1,i otherwise.

(2) BOpg,0u,j) =081p+8.g—8j41,p—8j+1,4-

(3) (ep,qv er,x) = 5x,p + 8s,q + 3r,p + 8,«,(1.

(1) (ap,i>anj) =

Proposition 8.6 For every (i, s) € Ig,, one has 5(Y,-,S) =d; ;.

Proof Similar arguments as in the proof of Proposition 8.2 show that (6.1) can be
written as

~ o C‘,',j(l‘fsfl)féih,'(lfs+1)
Poi= [T (€0 2@) .
(j.Delg,

First of all, note that for our choice of orientation we have

O+ -1 if j<n—I,
) = bt ifn—1<j<n-2
al’glfl(j) lfj (S {n - 1, n}
We distinguish three distinct cases.
Case i <n—2andr < n —i — 1. In this case, we have v~ (y;) = r ri—1

and the proof is identical to the proof of Proposition 8.2.
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Case2i <n—2andr € {n—1i,...,n—1}. Recall that 7’ :=i +r —n+ 1.
Corollary 3.2 together with Lemma 8.5 yield

~ 1 =8 =81+, 014
s s +j.r +J.r
D(Y; ) = l_[ A 14j—1
er’,r .
j<n—l
2(l—r)<i—j
— (8 818y 148 pi—n+1,r) =8 —01,r 441,
« l—[ 9j+liyn+l; jH—n+1.r JHl=n+1.r H alnz,r r n
n—Il<j<n-—2 2(l—r)<i—n+1
20=r)<i—j
ol | el | B ||
- SELENN | (U | (|
Or.r V< jan—p HrHI= oy Gl I<j<r—1
1 1 1 1
< Il 77— 11 IT ;- ~
0j+r’—n+l,r’ 91’,r er’,l (72

n—r'<j<n-2 1<l'<r’ r'<l<r

9,1,, l_[ 1 1—[ — 1_[ ®jr-1 l_[ Ajr—1

Oy ,
r<qg<n "9 r<q=n—2 "9 1<j<r—1 l<j<r-1

| | |
< I1 3 1 ; He,/,,

I<j<r’'—1 g’ I<p<r'—1 P <y
Or (npe[r/—l] “l’”'*1> (HPG[’*I] a”"")
<l_[qe[r—l] 0”4) (l_[pE[r’] 01”’) (l_[qe[r’,n] O’r’qq) <l_[qe[r,n—2] Olr,q)

On the other hand, we have

[1 eli+r—n+119p.p
Dl s — PEllTFr—n

<Hp6[i+rn+1]9p,q) (H peli+r—n+1] ap,q) (H pelr] ]“p,q>
qe

gelr] qgeli+r—n+1,n] [r,n—2

Similarly we have

Hpe[i+r7n] epsp

D; 542 = .
(HPE[i+r—n] ep,q)> (H peli+r—n] O‘p,q> <1_[ pelr—1] 0‘%(1)

qgelr—1] geli+r—n,n] q€lr—1,n-2]

Therefore

di = D,"S . 9”/,"/ (Hpe[r’—l] ap,r/—l) (npe[r—l] ap,r—l)
i,s = =

D; ’
1,542 (qu[r—l] 9,/"1) (npe[r’] 0P1r> (nqe[r’,n] Olr/’q) (qu[r,n—Z] a"ﬂ)

This proves the desired statementinthe case i <n —2,n —i <r <n — 1.
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Case 3 i € {n — 1, n}. For simplicity, we assume r is odd, as the proof is identical
in the other case. Corollary 3.2 together with Lemma 8.5 yield

~ 1 T T NPT
D(Y,',X) — 1_[ O‘l,li;‘—llﬂ Litor—1,1+4j—1101—1i
O i .
j<n—l
2(l—r)y<n—1—j
=Or jl—n+1=8 1 F8i jr1—n+Bi -1 =S+l —(8r1—1)
x 1_[ 9j+1—n+l,l 1_[ o % 5 (i)
n—l<j<n—2 2(1-r)<0
2(l—r)y<n—1—j
1 1 1 % o (i)
T 1_[ a 1_[ -1 1—[ o= l_[ o
. - ; -
i 1<j<n—r rrtj-l I<l<r—1 1<l'<r—1 v 1<l<r—1 Li

. (nle[r—l] o1.r-1) (Hle[r—l] W07 (i)
(qu[r,n—Z] “nq) (H[e[r] al,o’*l(i)) (Hpe[r—u ep,r)

On the other hand, we have that

1
(]_[ pelr] “m) (npe[r] O‘p,i) <H1§p<q§r ep,q)'

q€lr,n—2]

Di,s -

Since k — 1 is even, we have

1
Dj 542 = .
<l_[ pelr—1] O‘p,q) (npe[r—l] O‘p,cr(i)> <H1§p<q§r—l '917,61)

gelr—1,n-2]

Therefore

4 D; s (Hpe[rfl]apyr—l) (Hpe[rfl](xpﬁ(l’)>
i,s = =

D; .
542 (qu[r,nfﬂ arv‘]) (HPE[V] ap,i) (]_[PGI”*“ @p,r>

This concludes the proof.
Corollary 8.7 For every (i, s) € 1o, one has 5(5@1 (Xis)) = Djg.
Proof The proof is identical to the proof of Corollary 8.3, using Proposition 8.6. O
Theorem 8.8 Forevery (i, s) € Ig,andeveryk € {1,...,r}wehave 5(5((1 (Xl-(i))) =
p®

1,8"°
Proof By Corollary 8.7, the statement is true if » = k. Similarly to the proof of
Theorem 8.4, we prove that the fractions Di(i) satisfy the recursive equations:

k) k) pyk+1) (k1) (k)
Di,s Di,s—2 - Di,s—ZDi,s +HD/’,S—1'

j~i
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Case 1i € [n —2],r € [n —i — 2]. The proof of this case is the same as the case
of type A,.

Case2ien—2,ren—i—1,n—2).Inthiscase,r’ =i +r—n+1>0.
We will prove the case where r is odd. The case where r is even is similar.

We have that

Hpe[r”,r’] 91’11’

(Hpe[r”,r/] Qp,q) (l_[pe[r”,r/] “p,q) (1_[ pelr” .r] “p,q)
qelr” r] qelr’,n] q€lr,n-2]
§i—(s—=2)+2

Since *—=="= =r + 1, we have that

(k) _
Di,s -

l_[pe[r”+1,r’+l] 917,17

i,s—2 = .
(Hpe[r”+1,r’+1] 9p,q> (Hpe[r/’+l,r’+1] ap,q) <]_[pe[r”’+l,r+l] ap,q)

gelr”+1,r+1] gelr'+1,n] q€lr+1,n-2]

Similarly we have

pk+D _ [per rs116p.p

i,s—2 — .
npe[r”,r/+1] ep,q I—[pe[r”,r/—i-l] Up.q l_[ pelr” r+1] %p.q
gelr’” r+1] q€lr'+1,n] gelr+1,n-2]

We have

Hpe[r”«H,r/] GP,P

(Hpe[r”+l,r’] ep,q) (npe[r”Jrl,r’] O‘p,q) (Hpe[r”’+1,r] O‘p,q)
qelr”+1.r] qelr'.n] q€lr.n=2]

Since Ei"_(;_l)J’z = g’*l*(zs*l)ﬂ =r + 1, we have that

(k=1) _
Di,s -

npe[r”,r’] QP,P
(1_[ pelr”,r'] Q,D,q) <l_[p€[r”,r’] ap,q) (npe[r”’+l,r+l]ap,q>
qgelr”+1,r+1] gelr',n] qelr+1,n-2]

Divide DX D®_, — p*+Y p*=b py

i,5—2 i,s—2"1i,s

(k) —
Di—l,s—l -

[perrrs1,710p.p

[Tpetr 1100 | Tl perrs1n@pg | | Tlperrs1.1 g
gelr”+1,r] qelr',n] qelr,n—2]

X
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npe[r/’+1,r’+l] 017,17
9
[Tperm+1.410p.0 | | Tl per+1.4119.0 | T perrs1.4112p.g
qgelr”+1,r+1] qelr'+1,n] qelr+1,n-2]

we obtain

X

9},// 7

(Hpe[r”,r’] 91)1”’) (qu[r’”-i-l,r] 9r’ﬁq> <Hq€[r’+l,n] “r%q) <qu[r+l,n—2] “r”’,q)

1 1
X —
Optt y! Oyttt er/+l,r’” (A
9,,// I

(l_[pe[r”,r’] 9171’”) (qu[r’”+1,r] 9r”,q) (qu[r'+1,n] “r’tq) <l_[q€[r+l n—21 %", )

Gr”,r’”er/+l,r+l

X

X

ar//’r/ar///’r9r1+1’r///9r//’r+1

Qr”,r”er’-i-l,r+1

(Hpe[r”+1,r’+l] 9%“”) (qu[r”/+1,r+1] 6’r”,q) (qu[r/,n] O‘r”,q) (nqe[r,n—Z] “r”’,q)

Subcase 2.1 i € [n — 3]. Since Ei+17(;71)+2 = éi—l—(2s—1)+2 = r, we have that

D(k) _ I—[pe[r”+],r’+l] 91%17
i+1,s—1 — .
<l_[pe[r”+1 r'41] 9[?,(1) <l_[pe[r”+1,r’+l] ap,q) (1_[ pelr” r] 0‘/?4)
gelr’” r] gelr'+1,n] q€lr,n=-2]

(k) (k) (k+1) y(k=1) (k) (k)
ThereforeD Dls 5 Dls 2D =D; s ]Dl+ls -
Subcase2.21_n—ZInthlscaser=z+r—n+1=r—1>0r

max(r' —k+1,0) = 1I;lax(r kO =r—k=r—k+1=r"-1,r"=r— k+1>1

We have ==1=3 - 27172“ D+2 _ ; Since r is odd, we have
p®, = 1 .
T (l_[ pelr”,r] %p, q)(l_[pe .1 %p, nfl)(l_[r”’<p<q<r 91’ q)
gelr,n—2]

We have E”_(Sz_l)'ﬂ = S"’z_l_;s_l)ﬂ = r. Since r is odd, we have

* 1

ns—1 7 .
(H pelr” r] ap#l) (npe[r”’,r] aPJl) (Hr”/§p<q§r 91’»4)

q€lr,n—-2]
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Using ¥’ +1 =r" and

1_[ Op.q = l_[ Op.q

pelr’+1,r] pelr”r]
gelr’"+1,r+1] qgelr’+1,r+1]

2
(Hr’/’§p<q§r 91’»4) (npe[r’”,r] 01’;"‘“) (npe[r’”,r] 0P>P)

l_[qe[r”’,r] 9””'#

’

we have that

p® pUtD  pk=h _ p ph

n—2,5-2  “n-2s-2%n-2;s n—=3,s—1"n—1,5—1"n,s—1"

p®

n—2,s

Case 3i € [n — 1,n], r € [n — 2]. We will prove the case where r is odd. The case
where r is even is similar.
We have that

1

(H pelr’”.r] ap,q) (l_[pe[r’”,r] “p,i) (Hr”’§p<q5r Op,q)

q€lr.n=2]

k) _
Di,s -

Since % =r + 1 and r + 1 is even, we have that

1

<1—1pe[r”’+l,r+l] Olpﬂ) (Hpe[r”’+],r+l] apJ’) (I—[r’”+1§p<q§r+l 917,‘])

k)  _
Di,s—2 - ’

qg€lr+1,n-2]

and

1
D(k+1) _

i,s—2 — .
(1—1 pelr” . r+1] O‘pﬂ) (]_[pe[r’”,r—i-l] ap,i/) (nr//’§p<q§r+l 61%‘1)

gelr+1,n-2]

We also have

*k=1) _ 1

i, .
(HPEIVWJrl,r] a]Lq) (Hpe[r’”+l,r] aPJ) (Hr”/+1§p<q§r 017:‘1)

gelr,n—2]

We have Eno—(—D+2 _ &+1-(s—D+2 P
2 - 2

= r + 1. Therefore the integers r’, r”,
corresponding to the couple (n — 2, s — 1) are respectively given by

mn—-2)+0+1)—n+1=r,
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max(r, 5, | —k+1,0)=max(r —k+1,0)=r—k+1=r",

'm—2s—1 —k+1=r_k+2:r///+l.
It follows that

Hpe[r”’,r] 0Psl’

1—1 pelr” . r] Qp.q I—[pe[r’”,r] Upg Hpe[r”’+l,r+l] Up.q
qelr’”+1,r+1] q€lr.n] qelr+1,n-2]

- (k) (k) (k+1) 5y (k=1)
Divide D; (' D; —D;,'D; ¢ by

i,s—2
1
X
<Hp€€[[r”’+1,2§] O‘M) (Hpe[r’”ﬂ’r] O‘P»i) (nr”’+15p<q§r ep,q)
q r,n—

1

<l_[p€[rw+1,r+1] ap,q) (npe[r”’+1,r+l] aPJ’) (l_[r”’+1§p<q§r+1 9!’,‘1)

gelr+1,n-2]

X

9

we obtain

1 < 1 1 )
(qu[r+1,n—2] O‘r”’,q) (qu[r”’+1,r] er”’,q) iy i

ar+l,i’9r’”,r’”

(l_[qe[r,n] Olrw,q) (qu[r’”+l,r+l] 9r”ﬂq>

USlngl—[ pelr” . r] ep,q = (nr”/§p<q§r+1 017,6]) (]_[r/”+1§p<q§r 017,(1) (npe[r’”+1,r] 91),17),
qgelr”+1,r+1]

we conclude that

(k) (k) (k+1) y(k=1) _ k)
Di,s Di,s—2 - Di,s—Z Di,s =D 2,5—1°

8.3 Types Eg, E7, Eg

Assume gisoftype E,,r = 6,7, 8and Q = Qg is the orientation considered in Fig. 1.
Using SageMath [46], we use the T-systems (2.8) to compute the images under D
of the truncated g-characters of Kirillov—Reshetikhin modules, and thus in particular
fundamental representations.

For every fundamental module L(Y; ;) in Co, we computed the graded character of
the corresponding cuspidal representation F(L(Y; ;) = S,gq,(l.,s) of the quiver Hecke
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algebra using the algorithm in [5, 36]. Then we obtain the corresponding ungraded
character and we apply the map D to the resulting character. Since D(L(Y;s)) and
E(S ﬂw(”)) are rational functions in o1, . . ., oy, to check that they are equal, it suffices
to check that they are equal for a few choices of numbers for 1, .. ., o,. In this way,
we verified that D(L(Y;s)) = D(Sp, ).

As we already mentioned in Sect. 7.3, the formulas of 5Q of Kirillov—Reshetikhin
modules in type E can be very complicated and it does not seem possible to write
them in a form similar to (8.1) or (8.2). This motivates us to believe that there is no
general formula for the images under 5Q of the truncated g-characters of Kirillov—
Reshetikhin modules (or even fundamental modules) for arbitrary orientations Q in
any simply-laced type.

The SageMath program to verify the above can be found in the link: https://drive.
google.com/drive/folders/1jXW8WGOp_01GKkEqYU9s8tLBOvImIZnT6?usp=sharing.

9 Proofs of the main results

This section is devoted to the proofs of Theorems 6.1 and 9.1. We proceed in the fol-
lowing way: we begin by proving Theorem 6.1 in the particular case of the orientation
Qo, combining the results obtained in Sects.7 and 8. This allows us to prove Theo-
rem 9.1 for the standard seed S'% . The statement for arbitrary reduced expressions of
wo then follows from Theorem 5.3. Finally, we prove Theorem 6.1 in full generality
i.e. for an arbitrary orientation Q of the Dynkin diagram of g, by using Theorem 9.1
withi = iQ.

Proof (Proof of Theorem 6.1 in the case of the orientation Qg) Let us fix the ori-
entation Qg of the Dynkin diagram of g as in Fig. 1. Recall from Sects.2.4 and 4.2
that the dual root vectors associated to ip, are categorified on the one hand by the
fundamental representations of Cg, (see Theorem 2.5) and on the other hand by the
cuspidal representations of R-mod (for the convex ordering on & corresponding to
ip,, see Sect.7). More precisely, forany i € / and any 1 <r < ng,(i), we have

[L(Yi gy —20—1)] = [Spr-1(y]

in C[N]. Moreover, the dual root vectors generate C[N] as an algebra. Thus, in order
to prove that BQO and D coincide, it suffices to prove that they agree on the dual root
vectors.

Recall (see for example Sect. 2.3) that the fundamental representation L (Y; g(i)—2(-—1))

is the Kirillov—Reshetikhin module Xi(lé)(i)fZ(rfl)' Thus we apply the formulas
obtained in Sect. 8 with k = 1. When g is of type A,, n > 1, Theorem 8.4 yields

S M 1
DQo (Xq (L(Yi,g(i)—Z(r—l)))) = Di,(é‘(i)—Z(r—l)) = l_[ o
r<g<r+i-—1 rq

) Birkhauser
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On the other hand, Equation (7.1) yields

_ — 1
D((Syr-15n) = D(USe,, . D =[]

(07
r<q<r+i—1 "4

This proves the Theorem in type A,,. When g is of type D,,, n > 4, Theorem 8.8 yields

N > (H
Do, (Xq (L(Yif(i)—Z(r—l)))) = Di,(g(i)_z(r_n)

1 e .
[l<g<rtiz L@y if i<n—2andr<n-—i-1,
0.1 1 1 1 e .
= ,,an’qunmXHquSn—zm ifi<n—2andr>n—i,
1 1 . .
5 x [1 — if ie{n—1,n}.

ro=1) r<q<n-2 Ar.q

On the other hand, if i <n —2andr <n —i — 1, then one has "~ (y;) = Or rti—1
and the conclusion is the same as in type A,; ifi < n —2 and r > n — i, then
"y = 6,.» and Proposition 7.2 yields

9}”/,}”/

Oy p Oy p 200 p/ - O‘r’,ner’,r

D([Ss, 1) =

This coincides with the above expression of BQO ()?q(xi(]g)(i)—z(r—l))) in this case.

Finally, if i € {n — 1, n}, then 7"~ (y;) = o, or-1(;y and thus we have

1 1
D=— x

D([S,-1))) = DSa —
r,o" (i)

ro=1G)

o
r<q<mn—-2 "4

This proves the Theorem in type D,. For the types Es, E7 and_Eg we check by
computer that the respective values given by D (see Sect.7.3) and DQo (see Sect.8.3)
agree on the dual root vectors. O

We can now use the properties of INDS established in Sect. 6.2 to prove the second
main result of the present paper, which was stated as a Conjecture in [7] ([7, Conjecture
5.5D.

Theorem 9.1 Let g be a simple Lie algebra of szmply laced type. Then for any reduced

expression i of wo, the flag minors xi, ..., x) satisfy D(x ) = l/Pl where Pl is
a product of positive roots. Furthermore, one has [f; P‘] — [8; Pl 1 < 1 for any
B € ® and any j such that j, < N, and the polynomzals Pl, cee PN satisfy the
identities

vi<j<N, PiPi =p; [] P
I<j<lt
i~ij
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Proof We begin by proving the desired statement for i = ip,. We deduce the relations
(AiQo)’ (BiQo)’ (CiQo) respectively from Propositions 6.3, 6.5 and 6.8. Recall from

Sect. 6.1 the natural embedding C[N] < .A=%. Recall also that for any Q, the flag
minors x}Q, 1 < j < N are identified under this embedding with the cluster variables

xtiQ, 1 <t < N of Hernandez—Leclerc’s initial seed in A=¢ (see Sect.2.4). Thus in
the proof below, we will use the notation x}QO for both the flag minor of the standard

seed S in C[N] and its image in A=5.
Denote ip, = (i1,...,iy) and let j € {1,..., N}. Then by Theorem 6.1 with
0 = Qg proved above, one has

D(x)) = Dy, (z (x;QO)> .

Therefore by Proposition 6.3 we have

— i 1
togy _
D(xj ) - 1_[ Ian(ﬁ)

Bed

where 7 (8) is a nonnegative integer for each 8 € ®_. This proves that the relation
(Aig,) holds.
— gy !
For the relation (BiQo)’ we denote P; := (D(x;QO)) foreach 1 < j < N.Then
using Theorem 6.1 with O = Qq, we have

— gy =, dgy ) ! ~ igy .\ ~ i -1
PP = (DG DE™) = (Doy ) Doy 1(x))

= Bj l_[ 5Qo (L(x:QO))*1 by Proposition 6.5

r<t<ry
ip~i

=B l_[ E(x:QO)*] =B 1_[ P, using again Theorem 6.1 for Q.
r<‘t<‘r+ r§t<r+
ip~i ip~i
For the relation (CiQO), let j € {1,..., N} such that j; < N and let (i, p) :=
e () € Ig,. By (2.2) we have j; = ¢(i, p — 2). Thus applying Theorem 6.1 for
Qo we get

— i ~ i -~ _
Pj, = D(xjio)_l = Dy, (‘(xjio )) = Dy, (Xq(Xi-P*Z)) :
= Doy (¥ p2) "' Doy (% (Xi.p) ™ = Doy (Yip-2) "' D) " = Dy (¥ip-2) ' ;.
Hence for each B € &, one has [8; P;] — [B: P;.] = [B: 5Q0(Yi,p_2)]. The con-
clusion follows from Proposition 6.8.

We have proved the desired statement in the case i = ig,. The conclusion for
arbitrary reduced expressions of wy is provided by Theorem 5.3 ([7, Theorem 5.6]),
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which ensures that the properties (Aj), (Bj), (Ci) hold for each standard seed Stof
C[N]. This finishes the proof of Theorem 9.1. O

Remark 9.2 Alternatively, the relation (A;j % ) can also be deduced from Corollaries 8.3
and 8.7 when g is of type A,,n > 1 or D, n > 4, and can be checked by computer
when gis of type E¢, E7 or Eg. For the type A, we recover the formulas of [7, Lemma
7.2] which were there obtained using certain results from [6].

Now we can use Theorem 9.1 to prove Theorem 6.1 in full generality i.e. for an
arbitrary orientation of the Dynkin diagram of g.

Proof of Theorem 6.1: the general case Let Q be an arbitrary orientation of the Dynkin
diagram of g and let us fix ip areduced expression of wg adapted to Q. By Theorem 9.1,
the standard seed §'¢ of C[N] satisfies Properties (Aj, ), (Bi,) and (Ci, ). So we have

. = iQ o~ iQ —1 - iQ
Vi< j <N, D)DGP) = B; ]_[ D(x,%).

l<j<l+

On the other hand, by Proposition 6.5 the rational fractions 5Q ([ (x;Q)) ,1<j<N
satisfy the same relations. Thus by a straightforward induction we have B(x;Q) =

5Q <L(x;Q)> foreach 1 < j < N. As D and 5Q o ¢ are both algebra morphisms

and the ring C[N] has a cluster structure with a seed given by S'o, this implies that
Dg ot = D on the whole algebra C[N]. O

10 Application to the generalized quantum affine Schur-Weyl duality

In this section we provide a representation-theoretic interpretation of Theorem 6.1 from
the perspective of Kang—Kashiwara—Kim—Oh’s generalized quantum affine Schur—
Weyl duality [29].

For any simply-laced type Lie algebra g and for any orientation Q of the Dynkin
graph of g, Kang—Kashiwara—Kim—Oh [29] defined a monoidal functor ¢ from the
category R-mod of finite-dimensional modules over the quiver Hecke algebras asso-
ciated to g (see Sect.4.1) to the category Co. This functor Fp, called the generalized
quantum affine Schur—Weyl duality functor was moreover proved by Fujita [15] to be
an equivalence of categories. However, the structures of the objects themselves are a
priori very different. For instance the objects in R-mod carry a natural Z-grading (see
Sect.4.1) which is not the case for the objects of Cp. On the other hand, the classes
of the representations in Cp can be described via Frenkel-Reshetikhin’s (truncated)
q-character [14] which allows to perform computations in certain tori (such as V),
whereas the characters of the objects in R-mod take values in the shuffle algebra,
which is much more difficult to tackle with.

Theorem 6.1 yields a surprising connection between the weight subspaces decom-
positions of M and Fg (M) for every object M in Cp. Indeed, by Theorem 6.1, we
have
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Do (X, (M)) = D([Fo(M))).

By definition, the truncated g-character of M encodes the dimensions of certain of the
loop weight spaces of M (see Sect.2.3). Hence, recalling Equation (5.3), the previous
equality can be written as

Z dim(Mpy) Do (m') = Z dim ((Fo(M));) Dj (10.1)
m'<m i=0itsda)
where for each j := (ji, ..., ja),
_ 1
Dj =

s ey o) (g )

The sum on the left hand-side runs over all monomials m’ € Yo that are smaller than
m for the Nakajima ordering (see Sect.2.3), and on the right hand-side (Fo(M)); :=
e(j) - Fo(M) denotes the weight subspace given by the action of the idempotent
e(j) on Fo(M). Equation (10.1) is an explicit identity between rational fractions in
C(ay, ..., ay) involving the dimensions of the weight subspaces of a representation of
C on the one hand and those of the corresponding object in R-mod via the generalized
Schur—Weyl duality functor on the other hand.

We now provide a concrete illustration of this fact. For any object M in Co with
Xqg(M) :=3" amm, we setzi?rgc(M) =) @m. This can be viewed as a truncated
dimension of M, in the sense that it gives the sum of the dimensions of the weight
subspaces of M that are not killed by the truncation.

Theorem 10.1 Assume g is of type Ay, n > 1 and consider the monotonic orientation
Qo of the Dynkin diagram of g as in Fig. 1. Let M be a simple object in Cg,, and let
m = Hie],lsrgn—iﬂ iﬁ"é’(;)_z(r_l) denote the corresponding dominant monomial.
Then one has

dimc (Fo,(M)) N ( (r — 1) )’"”
dimc(M) ]SZS el 1511 (r+i=D

1<r<n—i+l1 1<r<n—i+l

Proof By Remark 6.7, we have

= A Bot £@)-2r) (Vi) Qi

Do (A7} o )= * = — ,
COMNED2r 4 T g it TN i

foreachi € I and 1 <r < ng,(i) (see the proof of Proposition 8.2). Moreover, the

positive roots o ,4;—1 and o1 ,4; are segments of same length i, for every r > 1.

Hence we obtain

o —1
DQO (Ai,é(i)—Zr—H) |o¢1=~~=an=l =1
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foreveryi € I and 1 <r < ng,(i). Therefore we have

Doy (g (M) lay=may=1 = dime(M) - Dy (1) o=ty =1
= dim¢(M) - H (5Q0(Yi,é(i)72(r—l)) loy =y =1)
1<i<n
1<r<n—i+l1

Now it follows from Proposition 8.2 that foreveryi € [ and 1 <r <n —i + 1 one
has

~ HISPSr—ISqu+i—2 Up.q 1 Apr_i
Do, (Y gi)y—20—1) = — l_[ - el
n1§p5r5q5r+i—l ¥p.q r<q<rti—1 474 1<p<p_1 YPrti=1
Specializing o1, . . ., o, to 1, this yields
r—1n!

Doy isiy-20-1) la=-=er=t = 727571

Hence we have

~ ~ - 1! i —_—
Do, (Xq(M)) loy==a, =1 = 1_[ (%) - dimc(M).

1<i<n
1<r<n—i+1

On the other hand, specializing the equality (5.3), we get
— 1 .
D([Foo(M)]) loy==a=1= Tl dimc (Fo,(M))
where d is the length of the (unique) element 8 € Iy such that Fp, (M) € R(B)-mod.

It follows from Kang—Kashiwara—Kim—Oh’s construction [29] that d = Zi’ M|
" Ny;) |= ;i - mi,. Therefore Eq.(10.1) yields

. . (r—D! \"r —
dime(Fo,() = | 35 iemi |t ] (ﬁ) - dmeti:
1<i<n 1<i<n rat ’
1<r<n—i+l1 1<r<n—i+l1

11 Perspectives towards a Mirkovi¢-Vilonen basis for new cluster
algebras

In this section we open perspectives relating the morphism f)g to the geometric motiva-
tions underlying Baumann—Kamnitzer—Knutson’s constructions [1]. For this purpose,
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we introduce a cluster algebra 71Q as a subquotient of A=% naturally containing C[N]
and prove that Dg descends to a morphism D¢ : Ag — C(a, ..., a,) extending
D. We suggest the existence of a basis in ZQ containing the Mirkovi¢—Vilonen basis
of C[N] where the values of BQ may be interpreted as the equivariant multiplicities
of certain closed algebraic varieties in the spirit of Theorem 5.1. We also point out
possible developments via monoidal categorifications of cluster algebras relying on
Kashiwara—Kim—Oh—-Park’s recent advances [31, 32].

11.1 The cluster algebra 44

In this paragraph, we define the cluster algebra ZQ and show that 55 yields a well-
defined morphism BQ : ZQ — C(ay, ..., o) extending D. For this purpose, we
prove a technical property of D¢ (Proposition 11.1) implying that the values of Dg

on the initial cluster variables x,l ¢ t > 1 of A= satisfy certain periodicity properties
(Corollary 11.2). This mainly relies on the periodicity of the coefficients C~‘,-,. j(m) estab-
lished by Hernandez—Leclerc ([23, Corollary 2.3]). We then prove that the quotient
map EQ is well-defined (Corollary 11.3).

Kashiwara—Kim—Oh-Park [32] recently introduced for each 1 < a < b < 400
a monoidal subcategory Cl%?! of C=¢ defined as the smallest subcategory of C=¢
containing all the fundamental representations L(Y; ,) for (i, p) € ¢~ ([a, b)) and
stable under extensions, subquotients and monoidal products. Obviously C!**! can be
naturally viewed as a monoidal subcategory of C @DV if [a, b] C [d, D).

Here we will be focusing on the category Cl'-2¥l(recall that N' denotes the number
of positive roots of g). It follows from the results in [32] that the Grothendieck ring
Ko(C'2N1y has a cluster algebra structure whose frozen variables are identified with
the classes of the Kirillov—Reshetikhin modules X; , such that (¢(i, p)), > 2N.
These are in bijection with I via I 3 i — X; ,, with p; := &(i) — 2h + 2 for each
i € I (where h is the dual Coxeter number of g, see Sect.2.2). We define the cluster
algebra ./_4Q in the following way:

Ag = KoM/ (1X; p1— 1i € 1).

The algebra 7\Q has a cluster algebra structure of rank 2N — n with no frozen vari-
ables. The set of isomorphism classes of Kirillov—Reshetikhin modules X; ,, (i, p) €
(p_l ([1,2N — n]) forms a cluster in ZQ. The coordinate ring C[N] =~ C® Ko (Cp) is

naturally embedded into ZQ via x,iQ — [wal(t)], t € {1,..., N} as illustrated in
Fig. 3 below.

Proposition 11.1 Let (i, p) € =5 such that p < &(i) — 2h + 2. Then one has
BS(Yi,pYi,p+2 <Y pron—2) = L.

Proof Recall the notation N (i, p; j, s) from Sect.3. Applying the definition of 55
(see (6.1)) we have
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BE(Yi,pYi,p+2 - Yipron—2) = Bé(Yi,p)BE(Yi,p+2) e Bé(Yi,p+2h72)

_ NG, p; j,s)+N (i, p+2;j,5)++N (i, p+2h—2;.5)
= 11 &
(j.s)el=t

. l—[ IBéi.j(S'*P+l)*C[.j(S*P*2h+l)
- @(j.s) '
(jos)el<t

If (j,s) € I=¢ is such that s > p + 2h then [23, Corollary 2.3] implies C’,-,j(s —p—
2h+1) = C‘i,j(s — p + 1). Recalling moreover that C’i,j(m) =0ifm <0, we can
thus rewrite the above expression as

~ Ci j(s—p+1)
De(YipYipra-Yipran- =[] Byl =[] s"®
(j,s)el=5 ey
p<s<p+2h
where

mB)i= Y Cijls—p+1, Jpp=10,5) €I |p<s<p+2h By =p
(J:$)Ep.p

for each B € ® . It follows from Proposition 2.3 that J,, g is non empty. Moreover,
if (j,s) € Jpgthens +2h > p+2hand s —2h < p. Hence (j,s £2h) ¢ J, g
and similarly for all the (j, s & 2mh) for any m € Z \ {0}. Therefore Proposition 2.3
implies ffJ, g < 2 and in case of equality we have J, g = {(j, s); (j*, s + h)} for
some (j, s) € I=5. We now fix 8 € ®, and prove that m(8) = 0. We distinguish two
cases.

Case 1 1J, g = 2. Applying Theorem 3.1 we get

m(B) = C‘j’j(s —-p+1+ C~',-,J-*(s +h—p+1)
= € p€j.s(Boii,p)> BY0 + € p€j* s+n{Boii,p)> B O-

As € g = —€j+ 15 by Proposition 2.3, we get m(8) = 0.

Case 2 #J, 5 = 1. Letus write J,, g 1= {(j, s)}. Thenm(B) = C; j(s —p+ 1) =
€i,p€j,s{Bo(,p)» B) o by Theorem 3.1.

On the other hand, by Proposition 2.3 one has B+ s—n) = B.As (j*, s—h) ¢ J, g,
one must have s — h < p. This implies s +h < p +2h. As (j*,s +h) ¢ J, g thisis
possible only if (j*,s + h) ¢ I=5 i.e.s + h > £(j*). Therefore we have

EG*) <s+h < p+2h <E@).
In particular, p +2h > s +h and (p + 2h) — (s + h) < £(@) — E(J*) < d(, j*).

Thus Lemma 3.3 yields CN’,-,j*((p +2h)—(s+h)+1)=0.Asp+2h >s+hwe
can again apply Theorem 3.1 and we get
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0= Cij*((p+2h) = (s +h) + 1) = € pron€j*sin Byt p+2m) B o
= € p€j* s+h{Bpi.p)s Bo

by Proposition 2.3. Thus (B4, p), B)o = 0 and hence m(8) = 0 as well.
This concludes the proof of the Proposition. O

Corollary 11.2 Foranyt > 1, one has 55 (t(xr42n)) = 55 (t(xp)).

Proof Let (i, p) :== ¢~ '(t +2N). Then we have ¢~ (t) = (i, p +2h) (see Sect.2.2).
We can write

De (1(x1428)) = D (%q(Xi.p)) = De (Y pYi pia - Vi)
= Ds(Yi pYi pr2 - Yipron—2) - De(Yi pionYi pia- - Yig@)
= De(Yi.pronYi pia -+ Yiey) by Proposition 11.1
= D (% (Xi p+2n) = Ds ((x))) .

In particular, this implies that the statement of Proposition 6.3 actually holds for all
t>1. O

Corollary 11.3 The morphism 5g factors into an algebra morphism
EQ :ZQ — C(ay, ..., ay).

Proof Leti € I and p; := §(i) — 2h + 2. Applying Proposition 11.1 with p = p;,
we obtain

D (%4(Xi.p)) = De(Yi p Vi pa -+ Yigy) = 1.

By construction of Agp, this shows that 5g yields a morphism Doy : Ap —>
Clay, ..., an). O

Remark 11.4 Corollary 11.2 shows that most of the information of the morphism
55 on A=f is actually contained in its restriction to Ko(C'" -2N1y The motivation
for considering the quotient .AQ comes from the geometric perspective explained in
Sect. 11.4 below: the trivial values of Dg have to be discarded if one wants to interpret
the images of Dg as equivariant multiplicities of certain closed algebraic varieties as
in Theorem 5.1.

The cluster algebra ZQ contains a seed Whgse exchange quiver can be viewed
as a finite part of Hernandez—Leclerc’s quiver Q'¢, (strictly) containing the exchange
quiver of the standard seed S 19 of C[N]. However, unlike C[N] or other cluster algebras
of the form Ko(C'""M1), M > 1, the cluster algebra Ay does not have any frozen
variable.
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11.2 An example in type A3

In this section, we study a detailed example of the main features of the present paper
when g is of type A3 and £ is a height function adapted to a sink-source orientation
of the corresponding Dynkin diagram.

We choose the height function & : I — Z given by &£(1) = £(3) = —1 and
£(2) = 0. The corresponding orientation Q of the type A3 Dynkin graph is given by
the following sink-source orientation

0: l=—2—=3

The corresponding Coxeter transformation is given by 79 = s75153. We choose the
reduced expressic/)\n ip =(2,1,3,2,1, 3) of wy, which is clearly adapted to Q. The
infinite sequence iy is given by

ip=2.1,3,2,1,3,2,1,3,2,1,3,...).

We have 1=6 = {(1, —(2k+1)), (2, —=2k), (3, —(2k+ 1)), k € Z>o} and the bijection
gisgivenby ¢(1, —(2k+1)) = 243k, ¢(2, =2k) = 143k, (3, —(2k+1)) = 3+3k.
The exchange quiver Q¢ of the initial seed Si¢ considered by Hernandez—Leclerc
is given by the graph denoted G~ in [24, Fig. 1]. In Fig.2 we reproduce this quiver,
were we put at the node (i, p) the inverse of the value of ﬁg on the cluster variable
Xp(i,p) = [Xi,pl. Figure3 provides the exchange quivers and cluster variables (in
terms of classes of Kirillov—Reshetikhin modules) for the respective initial seeds of
the cluster algebras 7\Q and C[N]. The picture for C[N] is contained in the one of 71Q
in an obvious way.

11.3 Towards a monoidal categorification of .Ag

Itis proved in [32] that C!"-2V1 is in fact a monoidal categorification of a cluster algebra
in the sense of [22], i.e. the classes of simple objects in C[1:2M belong to the set of
cluster monomials in Ko(C'2M1). In a previous work [31], Kashiwara—Kim—-Oh—Park
introduced the notion of commuting family of (graded) braiders in certain categories of
modules over quiver Hecke algebras which were known from [30] to provide monoidal
categorifications of cluster algebras (namely the unipotent cells of C[N]). In [31], it
is shown that the simple objects corresponding to the frozen variables of these cluster
structures form a commuting family of braiders. This allows to construct new monoidal
categories by specializing these simple objects to the unit object, following former
constructions by Kang—Kashiwara—Kim [28]. Therefore, it would be interesting to
investigate whether the simple modules X; ,.,7 € I categorifying the frozen variables
in Ko(C'">N1) are commuting braiders. This would yield a monoidal category C :=
CU2NI[X; ,, ~1,i € I]such that Ay = K((Cp).
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Fig.2 Values of 55_ 1 on the cluster variables of the seed S10 of A= in type A3

[X2,0] [Xa,0]
[X4,4] [ (Xs-1) [Xi-4] [ [X3,-4]
~ — ~. —
T ]
— ~ " ~
[Xl,flﬂ 1\ [Xg’,;ﬂ [Xl,—3] [X3,—3]
~ —
]
— ~
[X1,-5) [X3,-5]

Fig.3 Initial seeds for the cluster structures of jQ (left) and C[N] (right) in type A3. The variables in grey
boxes are frozen

11.4 Towards a Mirkovi¢-Vilonen basis for .Aq
The morphism BQ defined in Sect. 11.1 obviously coincides with 5Q on C[N] (viewed
as a subalgebra of Agp). Thus by Theorem 6.1 it also coincides with Baumann—

Kamnitzer—Knutson’s morphism D on C[N]. We now provide evidences that the

) Birkhauser



9 Page 56 0f 58 E. Casbi, J.-R. Li

morphism 5Q on ZQ can take values not belonging to the image of D. These values
nonetheless share a similar form as the values of D on certain reasonable elements of
C[N] such as cluster variables for instance.

Let us provide a couple of examples of such new rational fractions. The cluster

structure of ZQ allows us to mutate in the direction of x4 := le = [X2,-2]. As
recalled in Sect. 2.1, this mutation produces a new seed consisting in a new quiver Q’
(which we do not display here) and with the same cluster variables, except x4 which is
replaced by x} given by the exchange relation (2.1). As BQ is an algebra morphism,
it is then straightforward to compute EQ (x}). We find

o] + 20y + o3
ajonas(o +ar +a3)

Do(x}) =

We can perform similar computations starting with the same initial seed as above
and mutating in the direction of x5 := x;Q = [X1,—3] or xp := xéQ = [X3,-3]. We
respectively obtain

201 + a3
a3y +a3)

ax + 2a3

BT nd Doxl) =
ajop(a) + ay) ot

Do(x§) =

It is not hard to check that the rational fractions D (x}), Dy (x5), BQ(xé) do not
belong to the image of D. Nonetheless, these fractions share a similar form as the
values taken by D on the cluster variables of C[N], which belong to the MV basis.
Recalling Theorem 5.1 it is therefore natural to ask the following:

Question 1 Is it possible to construct a basis B = (by) of.,TlQ indexed by a family of
closed varieties Y, such that

o The cluster variables x;Q, 1 <t <2N —nbelong to B.

o The elements of the MV basis of C[N] are sent onto elements of B under the natural
injection C[N] — ZQ.

e For every Y, there exists p € Y such that BQ (by) is equal to the equivariant
multiplicity e;(Y) of Y at p with respect to the action of some torus T.

Remark 11.5 1t is a general fact (see for instance [4, Theorem 4.2]) that if X is a
closed projective scheme with an action of a torus 7 and if p is a non-degenerate
point in a T-invariant closed subvariety ¥ C X such that Y is smooth at p, then
one has e,{(Y ) = 1/P where P is the product of the weights of the action of T
on the tangent space 7)Y . Therefore Proposition 6.3 suggests to investigate possible
smoothness properties of the varieties that would correspond to the cluster variables

x;Q, 1 <t < 2N — n via the first part of Question 1.
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