
Physical Biology

PAPER • OPEN ACCESS

On kinetics and extreme values in systems with
random interactions
To cite this article: Martin Girard 2023 Phys. Biol. 20 016006

 

View the article online for updates and enhancements.

You may also like
Sliding of motor tails on cargo surface due
to drift and diffusion affects their team
arrangement and collective transport
Saumya Yadav and Ambarish Kunwar

-

Instabilities of complex fluids with partially
structured and partially random
interactions
Giorgio Carugno, Izaak Neri and Pierpaolo
Vivo

-

Ordered hexagonal patterns via
notch–delta signaling
Eial Teomy, David A Kessler and Herbert
Levine

-

This content was downloaded from IP address 194.95.63.248 on 21/12/2022 at 09:18

https://doi.org/10.1088/1478-3975/aca9b2
/article/10.1088/1478-3975/ac99b2
/article/10.1088/1478-3975/ac99b2
/article/10.1088/1478-3975/ac99b2
/article/10.1088/1478-3975/ac55f9
/article/10.1088/1478-3975/ac55f9
/article/10.1088/1478-3975/ac55f9
/article/10.1088/1478-3975/ac28a4
/article/10.1088/1478-3975/ac28a4
https://googleads.g.doubleclick.net/pcs/click?xai=AKAOjst7wf3mAqtKLpjswIS91pE2ScPXC0zrmyQlJgrUJckCEw_A2CW_sjYW6ZhIsbp-MpBMbCiY2gGldngB0-d1h1tmj07IyMhGTHk1nm9xZCP1Lx8jQJbl4AAeZPYSIILwsoORazN2b8DLgfbST6OnTkQFyS_enaraPPEIfDMRBfxCECFo8EdVBiHKTT3TgkGK4bHy0S9fvyZY7XWnKt_vHXGwj9bIFMnFtmSp-4rjdXWtxH_6IsN5gVQkw9Yj7OGX38loZ8GSP2x_40d3dstjAGzERKM5jj14NyCkMiYGifDBug&sai=AMfl-YSGpFdfpr5eMlCIVV07D8rQv79VePRQmZ7JPV9kShJMv0KZuEgPnihMJ6yzBkvP8pDm8pOnIfzX0nN-GYsCIQ&sig=Cg0ArKJSzD9MNp9lrjN4&fbs_aeid=[gw_fbsaeid]&adurl=http://iopscience.org/books


Phys. Biol. 20 (2023) 016006 https://doi.org/10.1088/1478-3975/aca9b2

OPEN ACCESS

RECEIVED

29 April 2022

REVISED

6 December 2022

ACCEPTED FOR PUBLICATION

7 December 2022

PUBLISHED

20 December 2022

Original Content from
this work may be used
under the terms of the
Creative Commons
Attribution 4.0 licence.

Any further distribution
of this work must
maintain attribution to
the author(s) and the title
of the work, journal
citation and DOI.

PAPER

On kinetics and extreme values in systems with random
interactions
Martin Girard
Max Planck Institute for Polymer Research, Ackermannweg 10, Mainz 55128, Germany

E-mail: martin.girard@mpip-mainz.mpg.de

Keywords: statistical mechanics, biophysics, extreme values

Supplementary material for this article is available online

Abstract
Biological environments such as the cytoplasm are comprised of many different molecules, which
makes explicit modeling intractable. In the spirit of Wigner, one may be tempted to assume
interactions to derive from a random distribution. Via this approximation, the system can be
efficiently treated in the mean-field, and general statements about expected behavior of such
systems can be made. Here, I study systems of particles interacting via random potentials, outside
of mean-field approximations. These systems exhibit a phase transition temperature, under which
part of the components precipitate. The nature of this transition appears to be non-universal, and
to depend intimately on the underlying distribution of interactions. Above the phase transition
temperature, the system can be efficiently treated using a Bethe approximation, which shows a
dependence on extreme value statistics. Relaxation timescales of this system tend to be slow, but
can be made arbitrarily fast by increasing the number of neighbors of each particle.

1. Introduction

Intracellular environments, in particular the cyto-
plasm, are comprised of thousands of different
molecules organized in compartments. Beyond the
membrane-bound organelles, one finds additional
organization within a givenmilieu, for instance in the
form of stress granules in the cytosol or lipid rafts
in membranes. There is growing evidence that this
second level of organization is linked to phase separ-
ation processes. Direct modeling of such a complex
environment is unfortunately intractable.

Salvation may come from assuming such inter-
actions are random, that is, the interaction matrix
between different chemical species is a random mat-
rix. This kind of model was introduced to physics
by Eugene Wigner to model spectral lines of heavy
atoms [1]. The underlying postulate was that inter-
actions in quantum mechanics were so complicated
that they could be treated as if they were statistically
random. The power of this approach is that the prob-
ability distribution of eigenvalues of randommatrices
is given straightforwardly by the Wigner semi-circle
law.One can thereforemake general statements about
the expected average behavior of the system. An intro-
duction to random matrices can be found in [2],

and a review of applications of random matrices to
some systems can be found in [3, 4]. It has been
used in a wide range of contexts, including popula-
tion dynamics [5] and RNA folding [6].

This approach has been applied to phase beha-
vior of biological systems through the work of Sear
and Custa [7], in order to model the cytosol. In this
picture, phase behavior of proteins depends on a
large number of microscopic details, which are tied
in a complex fashion. For instance, valency of pro-
teins is known to play an important role [8], which
in turn can depend on the protein structure and
environment [9]. The hypothesis of Sear and Custa
can therefore be interpreted as interactions being
so complex, that they appear as essentially drawn
from random distributions. In their original work,
Sear and Custa derive results for Gaussian distrib-
uted random values, and establish phase separation
criteria that depend on the ratio of the variance to
the number of components. Subsequent work by Jac-
obs and Frenkel has shown the system to be com-
pletely characterized by the mean and variance of the
generating distribution, independently of its shape
[10], and the demixing temperature was later shown
to be related to extreme values of the interaction
matrix [11].

© 2022 The Author(s). Published by IOP Publishing Ltd
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Recent extensions of this model has targeted
systems where a portion of the interactions are
structured [12]. In this type of extension, interactions
derive from the sum of microscopic details and noise,
which present a more realistic picture of biological
systems. In this system, two regimes exist for phase
separation, depending onwhether structured (micro-
scopic details) or noise dominates. Understanding the
behavior of systems with random interactions there-
fore provides a pathway to understand effects of noise
in other systems.

Studies dealing with random interactions used
mean-field approaches to understand the system. It
appears good enough at first glance to search for an
approximate solution to a problem, which is itself
an approximate representation of biological systems.
The question I want to answer here, is whether mean-
field treatment of the system provides reasonable
answers, and whether extreme values of the interac-
tions matrix play a role. Here, I show that, every sys-
tem exhibits a demixing transition, where some com-
ponents precipitate out of the fully mixed system. I
investigate conditions for phase separation for vari-
ous distributions of interactions, by building a sep-
arate partition function for demixed states. Results
for Gaussian and Laplace distributed interactions are
consistent with [11]. However, I find that predictions
of [10, 11], and this new partition function all fail
to explain dependencies observed, suggesting that the
de-mixed state may not correspond to the ground
state. I also show that an exact partition function
can be written for the mixed state. Using this parti-
tion function, I show that the system tends to exhibit
extremely slow relaxation time near phase separation
temperatures. This can be remedied by constructing
an appropriate polymer-likemean-fieldmodel. I then
discuss perspectives of such models in the context of
biological environments.

2. Methods

I make use of a L× L lattice model, with a fixed num-
ber of neighbors z= 4. Lattice size is set to L= 32 as
no significant effect of this parameter was noted. The
system is comprised ofN molecule types, and a single
molecule is placed on each lattice site. Simulations are
run in the semi-grand canonical ensemble in absence
of solvent, with all chemical potentials equal. While
I simulate 2D models, theoretical partition functions
are derived for arbitrary dimensions and neighbor
number z, and I therefore expect results to hold in 3D
in regions where these partition functions are valid.
In particular, there is no partition function derived
in the vicinity of the transition itself, whose behavior
may depend on the dimensionality of the system. The
system is governed by the following Hamiltonian:

H=
∑
⟨i, j⟩

η(si, s j). (1)

Where si is the state of particle at lattice point
i (si ∈ 1,2, . . . ,N) and ⟨i, j⟩ represents every adja-
cent pair of particles on the lattice. Here, η(si, s j) rep-
resents contact energies between any two particles,
which is symmetric, such that η(si, s j) = η(s j, si).
Here, these interactions aremodeled by statistical dis-
tribution, such that each contact energy derives from
a distribution D. We further assume that there are
no correlations between the different interactions.
For a given realization of the system, η can there-
fore be viewed as a symmetricN ×N randommatrix,
which is quenched. From a microscopic perspective,
this model assumes that interactions depend on so
many microscopic variables that they can be viewed
as deriving from a statistical distribution. Changes in
the variance ofD only leads to a rescaling of the tem-
perature, and we therefore use standardized distribu-
tions available in the SI. The inverse temperature is
denoted by β = 1/kT, and the inverse phase separa-
tion temperature, if it exists, by βT . This temperature
cannot be identified through usual free energy meth-
ods due to the large number of bassins, and we there-
fore rely on energy discontinuities to identify βT . Dis-
tributions with heavy tails (sub-exponential) do not
have a stable high-temperature regime in the large N
limit and are therefore not discussed in the main text
(see SI section ‘Heavy tailed distributions’ and in par-
ticular equation S1, its derivation and the subsequent
discussion).

Simulations are equilibrated over 224 sweeps,
where a sweep represents a Monte-Carlo move
attempt on every lattice site of every replica. Statist-
ics are then gathered every 32 sweeps over 224 sweeps.
I make use of parallel tempering, using 210 replicas
and attempting a swap every 4 sweeps during equilib-
ration and every 215 during statistics gathering. Res-
ults are averaged over 20 realizations of interactions η.
Exact mathematical definitions for distributions used
in this articles are available in the SI. Results presented
in the main text are averaged over realizations, in par-
ticular βT is averaged using the median value. Details
of averaging methods, and variations between realiz-
ations is available in the SI.

For bounded distributions, general asymptotic
solutions are available based on the distribution
order. I classify a bounded distribution as being
of order γ, if the probability distribution near its
lower bound can be expanded into a polynomial of
order γ. Mathematically, if the probability distribu-
tion D(E) has a lower bound E0, it is of order γ iff
limϵ→0+ D(E0 + ϵ)∝ ϵγ for arbitrarily small ε, where
γ >−1. For instance, uniform distributions are of
order 0 in this classification.

Results are denoted by a subscript when they are
dependent on distribution. I use the following labels:
N for Gaussian, E for Laplace and Γ for bounded
distribution.

The reader should also be careful about equi-
librium for these simulations. In presence of an
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exponential relaxation, one would generally require
simulation lengths to at least exceed t⪆ 5τ1/2N

2,
where τ1/2 is the autocorrelation time. This condition
is generally not achieved for large β orN, which imply
that some simulations may be out of equilibrium.

3. Results

First, I review the correlation-less mean-field predic-
tions of [11], with a system where all sites are filled
(ϕ= 1 in the language of [11]). This system shows two
regions in phase space, a fully mixed phase found at
high-temperature and a demixed phase at low tem-
peratures. I denote the phase transition inverse tem-
perature as βT . In [11], authors call these regions
‘condensed’ and ‘demixed’. In the mixed phase, the
mean energy is simply given by 2⟨E⟩= zϕ⃗ · η · ϕ⃗=
z⟨η⟩. Additionally, the condition for a phase with n2

interactions to have the same free energy as a phase of
N2 interactions is simply:

log

(
N

n

)
−βTmax

(
n−2τ⃗ ·∆η · ν⃗

)
τ⃗ ,ν⃗

= 0. (2)

Where ∆η = η−⟨η⟩, and τ⃗ , ν⃗ are vectors com-
prised of n ones andN − n zeroes that select the com-
ponents that are precipitating. Details can be found
in [11], where authors propose the following argu-
ment: as additional interactions are incorporated, the
enthalpy gain tends to regress towards the mean,
therefore phase separation occurs for small values of
n. Consequently, the enthalpy gain corresponds to
an extreme value of the interaction matrix. There is
therefore always a demixing transition, whose tem-
perature depends on the specific distribution η. In
particular with this argument, for η ∼N , authors
in [11] find that the transition temperature scales as
βT,N ∼

√
log(N). If the same argument is applied to

other distributions, one finds that βT,E ∼O(1) and
βT,Γ ∼ log(N) (see SI for derivation).

An alternative derivation based on thermody-
namic stability can be established by examining the
mean-field free energy, which is written as :

βF=
∑
i

ϕi log(ϕi)+
z

2
ϕ⃗ · η · ϕ⃗. (3)

Properties of the system are then sought for a
homogeneous composition, i.e. ϕi = 1/N. In partic-
ular, thermodynamic stability requires that the free
energy is concave, which can be in turn related to
eigenvalues of the interaction matrix, given by the
Wigner semi-circle distribution. This derivation pre-
dicts βT ∼

√
N, independently of the underlying dis-

tribution (see [7, 10]).

3.1. Mixed state
In the high temperature limit, there is no correla-
tions in the system, and we can attempt to factor-
ize the partition function using a Bethe approxima-
tion. In this approximation, we replace interactions

in the system by a sum over local neighbors n, i.e. the
partition for site i is given by exp(−β

∑
n η(si, sn)).

Further interactions are assumed to be in a mean-
field like regime dictated by similar partition func-
tions, which imply that distributions over neighbors
are independent. This can therefore be viewed as a
mean-field regime with local correlations. Using this
approximation here replaces individual sites with a z-
tuplet of bonds, where the density of states of each
bond is i.i.d. as D. To make the calculation tract-
able, I disregard any effects due to granularity of η,
i.e. realizations of rows and columns of η are treated as
continuous, which implicitly assumes N→∞. This
could similarly be viewed as computing the partition
function for annealed disorder, although hereN takes
the place normally taken by L in usual disordered sys-
tems. Under this set of approximations, the single site
partition function Z can be written as:

Z =

ˆ
E
g(E)exp(−βE)dE. (4)

Where g(E) is a density of states corresponding to
a sum of z random variables i.i.d. asD. The partition
function of the system is simplyZL2/2; as the summa-
tion is performed over the z-tuplets of bonds and not
on sites, so that the system requires an extra factor 1/2
in the exponent. Exact analytical expressions for g(E)
are only available for a limited number of cases (see
SI, section ‘Particular cases’). In principle, the factor-
ization of the partition function is unjustified, except
in the limit of β → 0. AsN increases, thermodynamic
quantities, e.g. mean energy, converge to the predic-
tions of equation (4) for β < βT (see figure 1). I con-
jecture that this convergence is due to the convergence
of statistical similarity of each row and column in η
as N increases, and that this approximation is exact
in the limit N→∞. Expected mean energies extrac-
ted from equation (4) are given in table 1 for various
distributions.

3.2. Demixing transition
The presence of a transition can be clearly observed
in figure 1, where the mean energy change abruptly.
The temperature at which this transition takes place
depends on N. For Gaussian distributions, trend of
βT,N versusN are compatible with predictions of [11]
(βT,N ∼

√
log(N). This function varies slowly, and

verifying the relation requires data spanning multiple
orders of magnitude. Due to uncertainties and the
narrow range of values taken by βT,N , multiple trends
can be fitted with reasonable agreement: log(N),√
log(N) or even a power-law N0.10 (see figure S1).

The simulations here are therefore unable to confirm
the scaling predictions of [11]. The scaling exponent
of 0.1 is however clearly distinct frommean-field pre-
dictions of [7], which predicts βT ∼ N1/2.

For bounded distributions, data shows that
βT,Γ ∼ Na, where a is an apparent characteristic
exponent, in contradictions with results presented

3
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Figure 1.Mean energy per site in the system for Gaussian (A), Laplace (B) and Uniform (C) distributions. Color (inset) indicates
the number of states (N) available. The ‘Theory’ label indicates the mean energy computed from the factorized partition function
defined in equation (4). Note that vertical axis is logarithmic for C.

4



Phys. Biol. 20 (2023) 016006 M Girard

Table 1.Mean energies and timescales predicted by partition
functions for the mixed phase. Mean energies are exact except for
the γ-Bounded case, in which case it is asymptotic as β →∞.
Timescales are asymptotic expressions near β →∞, except for
Laplace distributions, where it is asymptotic near β → 1. z
indicates the number of neighbors of each lattice site.

Distribution Mean energy Timescale

Gaussian − z
2β z1/2βexp( z

2β
2)

Laplace 2zβ
β2−1 exp( z+2

1−β
)

Uniform − z
2 (coth(β)−β−1) βz

γ-Bounded ∼ zβ−1 βz(γ+1)

in [7, 10, 11] (see figure 2). To understand this dis-
crepancy, I investigate the partition function of the
system at very low temperatures. At zero temperat-
ures, the system is in its ground state, a crystal com-
prised of particles corresponding to the minimum
of η. At non-zero but sufficiently low temperatures, a
small proportion of these sites are replaced by defects.
If the number of defect is sufficiently small, a dilute
approximation can be used, which implies that the
amount of neighboring defects is negligible. A factor-
ized partition function can be triviallywritten for isol-
ated defects, Z =

∑
k exp(−zβUk), where Uk is the

energy of the kth order defect (U1 < U2 < .. .UN−1).
I further approximate that the energy of a given
defect can be replaced by its expectation value,
such that the partition function can be expressed
as Z =

∑
k exp(−zβ⟨Uk⟩), where ⟨Uk⟩ is the mean

of the kth order statistic of η. Order statistics are
implicitly dependent on N. The functional depend-
ence of the transition temperature is then sought
by investigating the functional form of the parti-
tion function (see SI section ‘Particular cases’ for
details). This disregards any contribution from the
high temperature state. When doing so, one recovers
βT,N ∼

√
log(N) as in [11]. However, for γ-order

distributions, it predicts a power-law with variable
exponent, βT ∼ N1/1+γ .

This derivation of the partition function can be
directly linked to a particular picture of the phase
transition. At low temperature, the demixed phase
contains mostly two components. Other compon-
ents (defects) are sparsely distributed throughout the
phase. As temperature is increased, the amount of
defects increases, both in quantity and in their energy.
The phase transition is found when the demixed
phase is mostly comprised of defects.

To test the partition function for the ground
state model, I investigate the symmetric Beta family
of distributions, η ∼ Beta(α,α). This family exhib-
its α= 1+ γ, and the model therefore predicts a=
1/α. The ratio of predicted versus measured expo-
nent is shown in figure 2(B). In addition to the
Beta family of distribution, I also computed the
apparent exponent for parabolic (γ= 0) and trian-
gular (γ= 1) distributions. It appears that, while the
measured exponent does decrease with γ, the theory
does not correctly predict the exponents observed in

simulations. In particular, the partition function pre-
dicts universal behavior with γ, whereas two different
values for γ= 0 are observed in simulations. Thismay
be related to the presence of multiple transitions (see
discussion below, and further discussion in SI).

3.3. Timescale
To derive a characteristic timescale, we compute the
inverse of the probability of accepting a Monte-Carlo
move from equilibrium. That is, if we are currently
at an energy E= ⟨E⟩ and a new energy is generated
based on the distribution g(E), how many trials will
it take to change the state. The energy of a proposed
move can be directly estimated from g(E), and the
mean energy can be estimated by equation (4). We
compute the number of trials required by investigat-
ing how many proposed moved have an acceptance
rate above exp(−1). Acceptance rates are determ-
ined by the Metropolis criteria, exp(−β∆E), and
the number of trials can therefore be determined by
how many proposed moves will have energy below
⟨E⟩+β−1. Formally, this defines the mixed-state
timescale as:

τ−1
1/2 ≃

ˆ ⟨E⟩+β−1

−∞
g(E)dE, (5)

which is asymptotically valid as τ1/2 →∞. Expec-
ted timescales are given in table 1. The correspond-
ing timescales can be extracted from the energy
auto-correlation function C(τ) = ⟨E(t+ τ)E(t)⟩−
⟨E(t)E(t)⟩, where E(t) is the system energy at time t.
The simulation timescale is then defined byC(τ1/2) =
1/2, the time required for the auto-correlation to fall
to half its initial value. Practically, C(τ) is explicitly
computed up to a maximal time delay τmax = 214.

The connection between τ , a quantity extracted
from semi-grand canonical simulations, and times-
cales in associated experiments is not obvious. How-
ever, for β < βT the Bethe approximation provides a
good description of the behavior of the system. This
implies absence of correlations between sites that are
not neighboring. Exchanging the state of two neigh-
boring sites is therefore equivalent to two semi-grand
canonical moves, where one bond is conserved. This
particular type of move defines diffusion in a lattice
model. Since other states involved are uncorrelated,
the diffusion timescale can be directly related to τ ,
where the coordination number z has to be replaced
by the number of bonds involved in the diffusion
process z′. On square lattices, this is given by z′ =
2z− 2, and the predicted scaling can be verified by
investigating the acceptance rate of diffusion moves
(see figure S2, and section ‘Diffusion’ in the SI). The
reader should be aware there are a few limitations
to the derivation here. This derivation assumes that
diffusion is entirely limited by energy barriers. The
Monte-Carlo process discards any measure of the so-
called ‘attempt frequency’ in transition state theory

5
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Figure 2. Behavior of phase transition temperature, βT , versus number of states N for bounded distributions. (A) Example of
observed power-law behavior, βT ∼ Na for η ∼ Uni form, as well as fitted exponent. (B) Observed apparent exponent for Beta
(blue), parabolic (orange) and triangular (yellow) distributions. The prediction of the ground state model is shown in black for
reference. Error bars indicate 95% confidence interval of the fitting procedure.

or any entropic barrier. It also discards any polymeric
effects that would arise in a real system such as
entanglements. Furthermore, it requires absence of
correlations beyond nearest neighbors, and statist-
ical independence of all species, similar to the Bethe
approximation assumptions. It should therefore only
provide a reasonable picture for sufficiently large val-
ues of N and for β < βT.

Simulation timescalesmatch predictions from the
partition function well for bounded distributions,
as can be seen on figure 3(A). A striking result of
the partition function is the sharpness of the times-
cale increase with the number of neighbors z, which
is expected to be larger in three dimensions. While
this can be alleviated if the underlying distributions
exhibit γ < 0, this leads to nearly-degenerate distri-
butions. For instance, a Beta distribution exhibits

γ+ 1= α, however the distribution becomes degen-
erate in the limit of α→ 0.

4. Discussion

The apparent dependence on extreme values raises
some questions about modeling in such systems.
Interactions are usually derived from normal dis-
tributions, as done by Sear and Cuesta [7], under
the assumption that they can be derived from an
application of the central limit theorem. However,
while the theorem states that distributions converge
to Gaussian, it does not state that convergence is uni-
form. In particular, the tails of distributions, which
determine extreme values, do not converge (see SI
section ‘heavy-tailed distributions’). The recourse to
normality cannot therefore be taken. However, for

6
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Figure 3. Time required for the energy correlation function to decay to 1/2 for (A) Beta and (B) Gaussian distributions. In A, the
system has N= 8× 106 states available. The order (γ) is controlled through the Beta distribution parameters, which are taken
equal for simplicity. In addition, asymptotic behavior is indicated for the two extreme values of γ.

phase behavior, the system does not show universal
behavior against γ. This would indicate that general
asymptotic behavior cannot be extracted, unless η
is completely specified. This lack of universality is
troubling as the high temperature behavior is dictated
by γ. Whether this is linked to properties of the low-
temperature phase (vide infra) or equilibration issues
remains to be elucidated.

The nature of the associated phase transition
is still unclear. The ground state model is based
on condensates that are mainly comprised of two
components, which appears to be consistent with
observed low temperature phases for γ ⩾ 1 (see
figure S7). This is likely not biologically not rel-
evant, as no other component would be able to
enter the condensate, which is against experimental

observations. Values of βT measured for Gaussian
distributions are consistent with model predictions.
However, neither the ground state description used
here nor mean-field approaches [7, 10, 11] correctly
predicts the behavior of bounded distributions. The
failure of the ground state model may owe its ori-
gin to the presence of intermediary states, between
the mixed and ground states. Some observations sup-
port the existence of such states for bounded dis-
tributions. While the mean energy of Laplace and
Gaussian distribution show a sharp transition to a
constant-energy region, this is not as pronounced
for uniform distributions. There are additional trans-
itions observed for β > βT (see SI figure S4, and
SI figure S9(A)). Last, although crystals are readily
observed at low temperatures for γ ⩾ 1, systematic

7
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deviations from expected defect statistics (see SI
‘low-temperature phases’). A portion of these obser-
vations may stem from equilibration issues, in partic-
ular related to nucleation and growth, or competing
crystal phases [13] (see SI section ‘low-temperature
phases’). However, the data suggest that for γ= 0
the observed state may be constituted of correlated
defects (see figure S7), which would not be cap-
tured in mean-field approximations of [7, 10] and
single component demixing models of [11]. Since it
incorporates multiple components, it may be relev-
ant for biology. However, a proper description of the
phase is still lacking. Reconciling simulations with
statistical mechanics models would require either
including interactions between the z-tuplets in the
Bethe approximation or developing better approxim-
ations to treat the partition function. The mathemat-
ical intricacies involved in either of these approaches
still eludes me. Altering the lattice used may also
affect the resulting low-temperature phases. Cubic
lattices give rise to binary AB crystals, where only
A–B interactions are present. On other lattices, dif-
ferent crystals are produced, where A–A interac-
tions are unavoidable for binary crystals. This can
alter the spectrum of defect energies, invalidate the
ground state model, and shift the transition to lower
temperatures.

For biology, the relevant question is whether ran-
dom systems can undergo phase change within a reas-
onable time frame, where the relevant timescale is
given by τT = τ(β = βT). For the z= 4 system con-
sidered here, some of the time scales are very large.
The validity of this model for biology therefore comes
into question, as phase separated regions in cells tend
to be highly dynamic. However, the point-like lattice
model here is not entirely representative of biology,
due to the existence of disordered proteins. Due to
their extended conformations, such chains may have
a relatively large coordination number z. While this
can be introduced by increasing the range of inter-
actions in lattice models, typical condensate form-
ing proteins have a limited number of bonds that
they can form, which should be incorporated in the
model.

The value of τT reduces as the number of neigh-
bors increases z. In the ground state model, the
interaction energy scales with z, and the trans-
ition temperature therefore should scale as βT ∼ z−1.
Behavior of the system near phase separation can
therefore be investigated by examining timescales as
a function of β0/z, where β0 is a reference temper-
ature. For Gaussian interactions, this temperature is
given by β0 = c log(N)1/2, where c is a fitting con-
stant. The timescale τT , upon the substitution β =
c log(N)1/2/z, yields τT ∼ cNc2/2z(log(N)/z)1/2. This
function vanishes with increasing z, and therefore in
the limit of many weak interactions, the timescale is
accessible. The model may therefore be applicable to

biological systems, for sufficiently large coordination
numbers.

In polymer science, increasing the num-
ber of neighbors can be achieved by increasing
polymerization degree. In fact, the renormalization
approach, where β0/z is used as the relevant variable,
is very reminiscent of arguments involved in justifying
correctness of polymer mean-field approaches. The
classic argument, is that as polymerization degree
grows, the number of contacts with other chain
increases and the system behaves as-if it had a large
number of spatial dimensions. A further connection
between polymer science and biology can be made by
pointing out that proteins in the cytoplasm are oli-
gomers ofO(102) amino acids. These can be grouped
in thermal blobs, the base length scale of polymer
physics, typically of order 5–8 monomers for intrins-
ically disordered proteins [14]. The number of blobs
per chain can therefore be estimated to be on the
order of 20 blobs per chain. Even if we assume half
a contact per blob, we still find z∼O(10), sufficient
to reduce timescales associated with phase separa-
tion. While this suggest at first glance that increases
in protein length should fluidify the system, polymer
physics should become dominant for long chains and
other effects, such as entanglements, would likely
viscosify the system. In such a system, there should
therefore be an optimal chain lengthwhichminimizes
the overall competing timescales.

These results suggest that phase behavior of poly-
mer chains with random interactions may potentially
be solved through usual field theoretic approaches,
although care must be given to the treatment of inter-
actions. While these approaches have been employed
for random-block co-polymers [15], there is a caveat
that needs to be addressed: protein sequences are not
truly randomsequences, and blobs are not statistically
identical. For instance, along the backbone, one may
find regions that contain more hydrophobic residues
than others. Furthermore, not all protein sequences
are present in a cell and disorder should therefore
be quenched. Beyond that, biology provide sequences
to recognize specific molecules, in particular RNA,
known to be involved in phase separation of proteins
[16].

The model can also be interpreted in a different
way, as a gauge to measure effect of noise in inter-
actions. Biology is generally fault tolerant, in partic-
ular towards spurious mutations, which in a large
number of cases are without consequences. In this
picture, phase separation arising from random inter-
actions is deleterious, and the large variety of dis-
ordered proteins provide robustness to keep the cell
fluid. Specific interactions tailored through evolu-
tionary processes only affect a few values in η, while
the rest of interactions could be approximated as ran-
dom. Within this picture, this model indicates that
large coordination numbers are required to keep the
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system fluid. Large coordination numbers are known
as multivalent interactions in the realm of proteins,
and are required for various effects such as super-
selectivity [17] and assembling multiple condensates
sharing components [18]. Within the confines of our
model, it also appears to buffer against interaction
noise, in order to prevent spurious aggregation and
to keep high fluidity.

5. Conclusions

Using simulations, I studied behavior of systems with
random interactions. I showed that factorizing the
partition function over bonds yields exact results in
the limit of an infinite number of components, and
a good approximation in the mixed phase. Unlike
mean-field theory predictions, and while it is decor-
related, the system does exhibits local organization,
that leads to significant slowdown of dynamics. Since
biology requires fast, dynamic processes, usage of this
model therefore requires constraints on the random-
ness of interactions.

This slowdown can be alleviated by taking a
proper mean-field limit: a large number of neighbors
with weak individual interactions. This is consist-
ent with other models tackling protein organization
that similarly require large coordination numbers
and implies a minimal protein length. Considering
that polymer dynamics slow down as chain length
increases, this suggest that there exists an optimal
chain length that minimizes the overall timescale of
the system.

Systems considered in this article exhibit demix-
ing transitions. However, the nature of this demixed
state remains elusive. Its behavior is not well charac-
terized by either mean-field models or ground state
expansion. Taken together with the lack of univer-
sality exhibited, the nature of this transition remains
unresolved.
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