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We build an effective-one-body (EOB) Hamiltonian at third post-Newtonian (3PN) order in scalar-tensor
(ST) and Einstein-scalar-Gauss-Bonnet (ESGB) theories of gravity. The latter is an extension of general
relativity that predicts scalar hair for black holes. We start from the known two-body Lagrangian at 3PN
order, and use order-reduction methods to construct its ordinary Hamiltonian counterpart. We then reduce
the conservative two-body dynamics to the (nongeodesic) motion of a test particle in an effective metric by
means of canonical transformations. The resulting EOB Hamiltonian is a modification of the general
relativistic Hamiltonian, and already at 3PN order, it must account for nonlocal-in-time tail contributions.
We include the latter beyond circular orbits and up to sixth order in the binary’s orbital eccentricity. We
finally calculate the orbital frequency at the innermost stable circular orbit of binary black holes in the shift-
symmetric ESGB model. Our work extends the work of Julié and Deruelle [Phys. Rev. D 95, 124054
(2017)], and it is an essential step toward the accurate modeling of gravitational waveforms beyond general
relativity.
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I. INTRODUCTION

The observations of gravitational waves (GWs) from
coalescing binary systems composed of black holes (BHs)
and neutron stars (NSs) [1–5] with the LIGO and Virgo
detectors [6,7] offer the unique opportunity to unveil the
nature of these compact objects and to test Einstein’s theory
of general relativity (GR) in the highly dynamical strong-
field regime [8–12]. The GW signals are at first “chirps”
produced during the long inspiral phase, where the two
bodies steadily and adiabatically come closer to each other,
losing energy because of GW emission. The inspiral is
followed by a short plunge and merger stage, where
nonlinearities prevail, and then by the so-called “ringdown”
phase for binary BHs [13,14], or by more complex pre- and
postmerger signals (depending on the equation of state of

the NS and on the properties of the BH) for binaries
comprising at least one NS [15,16].
Tests of GR for the different stages of the binary coa-

lescence have been developed within theory-independent
and theory-specific frameworks. In theory-independent tests,
the underlying GW signal is assumed to bewell-described by
GR, and beyond-GRparameters are included in thewaveform
models to describe small deviations from GR (a nonexhaus-
tive list includes Refs. [17–30]). By contrast, studies that
analyze directly the data with waveform models constructed
in beyond-GR theories of gravity are part of the theory-
specific framework (see, e.g., Refs. [31–33]).
So far, the majority of the tests of GR with GW signals

has been carried out following the theory-independent
approach. However, in this framework the parametrizations
are nonunique, the beyond-GR degrees of freedom can be
degenerate with each other, and they are not necessarily
guaranteed to represent the (infinite) landscape of beyond-
GR theories. Thus, it is relevant to develop, both analyti-
cally (see, e.g., Refs. [34–51]) and numerically (see, e.g.,
Refs. [52–69]), waveform models in specific beyond-GR
theories of gravity. Eventually, as already done for GR
waveforms [70–72], the combination of analytical and
numerical-relativity (NR) results will produce accurate
beyond-GR inspiral-merger-ringdown (IMR) waveform
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models, which will be used to probe gravity with the
LIGO-Virgo-KAGRA interferometers, and with future
detectors on the ground (Einstein Telescope and Cosmic
Explorer) [73,74] and in space (LISA) [75]. Importantly,
next-decade facilities promise signal-to-noise ratios 1 or 2
orders of magnitude higher than what is achievable with
current and near-future observations on the ground, thus
allowing for exquisite tests of GR [76].
Among the simplest modifications of GR, scalar-tensor

(ST) theories add one massless scalar degree of freedom,
which couples universally to matter. They were introduced
by Jordan, Fierz, Thiry, Brans, and Dicke [77] and put in a
modern perspective in Refs. [35,78,79]. The corresponding
two-body dynamics has been computed within the post-
Newtonian (PN) formalism [35,38–42,80]. Interestingly,
compact objects in ST theories can undergo a phase
transition associated with the spontaneous symmetry break-
ing of the scalar field near the compact object in the presence
of large curvature or relativistic matter [36]. For NSs, this
phase transition leads to a rapid growth of the scalar charge
(“spontaneous scalarization”). An analogous nonperturba-
tive phenomenon (“dynamical scalarization”) was found in
binary NS and NS-BH simulations in NR [53,55,81].
Various methods to describe these nonperturbative effects
in waveform models have been proposed [25,82,83].
However, in ST theories, vacuum BH solutions are the

same as in GR. By contrast, Einstein-scalar-Gauss-Bonnet
(ESGB) theories have attracted particular attention because
they have the interesting property that (i) for certain
functional forms of the coupling constant, BH solutions
in ESGB gravity are different from the solutions of GR, but
admit the ordinary Kerr solutions as a special limit;
and (ii) there is the possibility of “spontaneous scalariza-
tion” [84–86] (i.e., BHs can “grow hair”). These observa-
tions opened up a much richer phenomenology for binary
BHs [87]. Recent progress in gravitational waveform
modeling within ESGB gravity includes the calculation
of inspiral waveforms using PN theory [48,50,51] and the
first calculation of quasinormal mode frequencies of
rotating ESGB BHs at quadratic order in a small-spin
expansion [88–90]. The numerical calculation of merger-
ringdown waveforms in ESGB gravity has also made
remarkable progress, at first using a small-coupling
approximation to numerically solve the field equations in
an “effective field theory” approach [57,60–62,68], and
then by showing that numerical evolutions are possible in
the full theory, although hyperbolicity can break down in
some regions of the parameter space [59,63,64,66,69].
An important step to build semianalytic IMR waveforms

is to construct an accurate analytic description of the two-
body conservative inspiral dynamics. We achieve this here
within the effective-one-body (EOB) formalism [91–93].
The EOB approach builds IMR waveforms by combining
analytical predictions for the inspiral, notably PN results,
with perturbative calculations for the ringdown, and

physically motivated ansatzes for the plunge-merger stage.
The EOB waveforms are then informed and made highly
accurate by calibration to NR simulations (see, e.g.,
Refs. [70,72]). One key ingredient of the EOB formalism
is the conservative EOB Hamiltonian. The latter, for
nonspinning compact objects and in GR, is built by
mapping the two-body dynamics into that of an effective
body moving in a deformed Schwarzschild spacetime,
whose deformation parameter is the symmetric mass ratio
ν ¼ μ=M, where μ ¼ mAmB=M2 is the binary’s reduced
mass, mA and mB are the component masses, and M is the
total mass [91,92]. Previous work extended the EOB
Hamiltonian to ST and Einstein-Maxwell-scalar theories
at 2PN and 1PN, respectively [34,44,45,47,49]. In this
paper we build upon Ref. [34], and take advantage of recent
progress in PN calculations in ST and ESGB theories
[41,48], to construct an EOB Hamiltonian at 3PN order for
NSs and BHs in ST and ESGB theories.
This paper is organized as follows. In Sec. II, starting

from the two-body 3PN Lagrangian in ST and ESGB
theories, we derive, using order-reduction methods,
the two-body Hamiltonian at 3PN order in the Einstein
frame. In Sec. III, we construct a canonical transformation
that maps the two-body Hamiltonian into the EOB
Hamiltonian, including nonlocal–in-time terms due to tail
effects, which are already present at 3PN order in ST and
ESGB theories. More specifically, we compute such tails
for generic orbits in an expansion in the orbital eccentricity
parameter. In Sec. IV we specify our EOB Hamiltonian to
BH binaries in the shift-symmetric ESGB model, and we
calculate the orbital frequency at the innermost stable
circular orbit (ISCO). In Sec. V we summarize our main
conclusions and future research directions. Various tech-
nical details are relegated to the appendixes. In Appendix A
we develop a dictionary to relate quantities in the Einstein
and Jordan frames. In Appendix B we list the expression of
the 3PN Lagrangian. In Appendix C we discuss contact
transformations of the two-body Lagrangian. In
Appendix D we give the two-body Hamiltonian. Finally,
in Appendix E we list the coefficients of the canonical
transformations. Throughout this paper we use geometrical
units ðG ¼ c ¼ 1Þ.

II. THE TWO-BODY HAMILTONIAN

A. ST and ESGB gravity

We consider the theory described by the Einstein-frame
action [35,48]

I ¼ 1

16π

Z
d4x

ffiffiffiffiffiffi
−g

p ðR − 2gμν∂μφ∂νφþ l2fðφÞGÞ

þ Im½Ψ;A2ðφÞgμν�; ð2:1Þ

where R is the Ricci scalar, g ¼ det gμν is the metric
determinant, and G ¼ RμνρσRμνρσ − 4RμνRμν þ R2 is the
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Gauss-Bonnet scalar, with Rμ
νρσ and Rμν the Riemann and

Ricci tensors, respectively. The integral of the Gauss-
Bonnet scalar over a four-dimensional spacetimeR
d4x

ffiffiffiffiffiffi−gp
G is a boundary term [94]. Matter fields Ψ are

minimally coupled to the Jordan metric g̃μν ¼ A2ðφÞgμν.
The dimensionless functions A and f and the constant
quantity l (with dimensions of length) specify the theory.
We recover ST theories when either l ¼ 0 or f is a
constant, and GR when moreover A (and φ) are constant.
When dealing with compact bodies, we adopt the

phenomenological treatment initiated in Refs. [35,95] in
ST theories and describe them as point particles:

Im → Ippm ½gμν;φ; fxμAg� ¼ −
X
A

Z
mAðφÞdsA; ð2:2Þ

where dsA ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−gμνdx

μ
Adx

ν
A

q
and xμA½sA� is the worldline of

particle A. The constant GR mass is replaced by a function
mAðφÞ that depends on the internal structure of body A and
on the value of the scalar field at xμAðsAÞ. For an explicit
calculation of the mass mAðφÞ of an ESGB BH, see
Refs. [48,51]; see also Refs. [35,36,96] for NSs in ST
theories.
From now on, we will refer to the theory with action

(2.1) as “ESGB gravity,” but we note that the action
includes ST gravity as a special case.

B. The two-body Lagrangian at 3PN

In this paper, we focus on the conservative dynamics of
compact binaries on bound orbits. When the relative orbital
velocity is small and the gravitational field is weak, the
motion can be studied in the PN framework.1 To do so, the
field equations of the theory (2.1) and (2.2) are solved
iteratively around a flat metric gμν ¼ ημν þ δgμν and a
constant scalar background φ ¼ φ0 þ δφ, where φ0 is
imposed by the binary’s cosmological environment. In
particular, the functions mAðφÞ and mBðφÞ, describing
bodies A and B, can be expanded at 3PN by introducing

α0A ¼ d lnmA

dφ
ðφ0Þ; ð2:3aÞ

β0A ¼ dαA
dφ

ðφ0Þ; ð2:3bÞ

β00A ¼ dβA
dφ

ðφ0Þ; ð2:3cÞ

β000A ¼ dβ0A
dφ

ðφ0Þ; ð2:3dÞ

and their counterparts for body B, where from now on the
superscript 0 denotes a quantity evaluated at φ ¼ φ0.
The ST two-body Lagrangian was derived at 1PN by

Damour and Esposito-Farèse [35], at 2PN by Mirshekari
and Will [38], and at 3PN by Bernard [41,42]. It was
then generalized by Julié and Berti, who derived its
ESGB corrections in Ref. [48]. However, the results in
Refs. [38,41,42] are presented using a different, “Jordan-
frame” formulation of ST theories based on a set of Brans-
Dicke-inspired parameters. To recover the conventions of
the present paper, we must proceed as follows:
(1) Translate the parameters in Refs. [38,41,42] in terms

of the quantities (2.3). The conversion is detailed in
Appendix A.

(2) Observe that Refs. [38,41,42] use a coordinate
system fx̃μg such that the Jordan metric g̃μν ¼
A2ðφÞgμν is Minkowski at infinity, g̃μν → ημν. By
contrast, we use here coordinates fxμg such that
gμν → ημν. This means that

x̃μ ¼ A0xμ ð2:4Þ

with A0 ¼ Aðφ0Þ, so that the orbital radius r̃ and
body accelerations ãA entering Refs. [38,41,42]
translate as r̃ ¼ A0r and ãA ¼ aA=A0 in our con-
ventions.

(3) Since also t̃ ¼ A0t, the two-body Lagrangians L̃
given in Refs. [38,41,42] must be rescaled as
L ¼ A0L̃.

We denote by xA the spatial position of body A, and
introduce the notations r ¼ jxA − xBj, n ¼ ðxA − xBÞ=r,
vA ¼ _xA ¼ dxA=dt, and aA ¼ _vA. The ESGB two-body
Lagrangian is then, in harmonic coordinates such that
∂μð ffiffiffiffiffiffi−gp

gμνÞ ¼ 0,

L ¼ −m0
A −m0

B þ L0PN þ L1PN þ L2PN

þ L3PN þOðv10Þ; ð2:5Þ

where the contributions up to 2PN were presented in
Refs. [34,44] and are recalled in Appendix B. We decom-
pose the new 3PN contribution as

L3PN ¼
X4
i¼0

LðiÞ
3PN þ Ltail

3PN þ ΔLESGB
3PN ; ð2:6Þ

where the lengthy expressions of the terms LðiÞ
3PN are also

given in Appendix B. They depend on the logarithms
lnðr=rAÞ and lnðr=rBÞ, where rA and rB are regularization
lengths that we shall eliminate later.
However, one of us noticed, while performing the

conversion from the Jordan to the Einstein frame, that
some terms in LðiÞ

3PN, originated from the results of Ref. [42],
must be revised. The Einstein-frame two-body dynamics is
indeed described by the action (2.1) with matter explicitly

1We denote by nPN the relative Oðv2nÞ ∼OðM=rÞn correc-
tions to Newtonian gravity, with v the system’s relative orbital
velocity, r the orbital separation, and M the total mass.
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accounted for by Eq. (2.2). The associated PN Lagrangian
should thus not depend on A and its derivatives at infinity.
Yet, the prefactors of the first lines in Eqs. (B2d) and (B2e)
are inversely proportional to α̃ ¼ ð1þ α0Aα

0
BÞ=ð1þ α20Þ,

where α0 ¼ ðd lnA=dφÞφ0
(cf. Appendix A). This issue

will be addressed in an upcoming publication [97]. For
now, we note that adjusting α̃ will not affect the structure of
our results.
The ESGB correction beyond ST reads [48]

ΔLESGB
3PN ¼ l2f0ðφ0Þ

M2

�
M
r

�
2m0

Am
0
B

r2

× ½m0
Aðα0B þ 2α0AÞ þm0

Bðα0A þ 2α0BÞ�; ð2:7Þ

with f0ðφ0Þ ¼ ðdf=dφÞφ0
andM ¼ m0

A þm0
B. It is numeri-

cally of the same order of magnitude as a 3PN term
whenever l2f0ðφ0Þ≲M2. It turns out that this condition is
satisfied by the nonperturbative ESGB BH solutions
studied in Ref. [51].
Finally, L3PN depends on a nonlocal-in-time “tail”

contribution which we converted from the Jordan-frame
expression of Ref. [42],

Ltail
3PN ¼ 2MA2

0

3
D̈iðtÞ

�
PF
2rðtÞ

Z þ∞

−∞

dτ
jτj D̈

iðtþ τÞ
�
; ð2:8Þ

which is driven by the acceleration of the scalar dipole
Di ¼ m0

Aα
0
Ax

i
A þm0

Bα
0
Bx

i
B. This tail term is absent in GR.

By the same arguments we made earlier, the tail
term should be independent of A0 ¼ Aðφ0Þ. This issue
will also be addressed in Ref. [97], and for now, we note
that replacing Aðφ0Þ by a different constant will not
change the structure of our final results. Here, “PF”
denotes the Hadamard partie finie, and we follow the
conventions of Refs. [41,42,98]: given a regular function
fðtÞ vanishing sufficiently fast at infinity and a constant s,
we have

PF
2s

Z
R

dτ
jτj fðtþ τÞ ¼

Z
Rþ

dτ ln

�
τ

2s

�
ð _fðt − τÞ − _fðtþ τÞÞ:

ð2:9Þ

The two-body Lagrangian (2.5) depends on the theory-
dependent combination l2f0ðφ0Þ entering Eq. (2.7) and on
ten body-dependent parameters: the masses of each
body and their logarithmic derivatives (2.3) at infinity.
It is also useful to introduce the following quantities,
ordered by the PN level at which they appear, from 0PN
to 3PN:

GAB ¼ 1þ α0Aα
0
B; ð2:10aÞ

γ̄AB ¼ −
2α0Aα

0
B

1þ α0Aα
0
B
; β̄A ¼ 1

2

β0Aðα0BÞ2
ð1þ α0Aα

0
BÞ2

; ð2:10bÞ

δA ¼ ðα0AÞ2
ð1þ α0Aα

0
BÞ2

; ϵA ¼ β00Aðα0BÞ3
ð1þ α0Aα

0
BÞ3

; ζAB ¼ β0Aβ
0
Bα

0
Aα

0
B

ð1þ α0Aα
0
BÞ3

; ð2:10cÞ

ωA ¼ ðα0AÞ2β0Aðβ0BÞ2
ð1þ α0Aα

0
BÞ4

; κA ¼ β000Aðα0BÞ4
8ð1þ α0Aα

0
BÞ4

; ξA ¼ ðα0AÞ2α0Bβ0Aβ00B
ð1þ α0Aα

0
BÞ4

; ψA ¼ α0Aα
0
Bβ

0
A

ð1þ α0Aα
0
BÞ3

; ð2:10dÞ

and their (A ↔ B) counterparts. The quantities (2.10d) are
new to this paper, and we named the first three of them
according to their (field theory) diagrammatic interpreta-
tion, as was initiated at 2PN by Damour and Esposito-
Farèse in Ref. [99]. We recover the ST Lagrangian in the
limit l2f0ðφ0Þ ¼ 0, such that (2.7) vanishes. We recover
GR when moreover mAðφÞ and mBðφÞ are constants: then,
Eqs. (2.3) and their B counterparts are zero, so that GAB ¼
1 and (2.10b)–(2.10d) all vanish.

C. The order-reduced Lagrangian

The Lagrangian (2.5) is written in harmonic coordinates,
and it depends on the accelerations aA and aB of the bodies,

both linearly via L2PN, L
ð1Þ
3PN, and Lð2Þ

3PN (cf. Appendix B),
and quadratically via the tail contribution Ltail

3PN. To deal

with an ordinary Lagrangian depending on positions and
velocities only, we can replace the accelerations by their
on-shell 1PN expressions, as we now prove.
Consider a degree of freedom qðtÞ described by the

action I ¼ R
dtL½q; _q; q̈�, where

L½q; _q; q̈� ¼L0ðq; _qÞþ ϵL1ðq; _qÞþ ϵ2½L2ðq; _qÞþl2ðq; _qÞq̈�

þ ϵ3
�
L3ðq; _qÞþl3ðq; _qÞq̈þ q̈PF

2q

Z
R

dτ
jτj q̈ðtþ τÞ

�
þOðϵ4Þ; ð2:11Þ

with ϵ ≪ 1 an expansion parameter. The Lagrangian (2.11)
depends on q̈ linearly at Oðϵ2Þ and Oðϵ3Þ, and also
quadratically via a nonlocal-in-time contribution at
Oðϵ3Þ. The Euler-Lagrange variation of

JULIÉ, BAIBHAV, BERTI, and BUONANNO PHYS. REV. D 107, 104044 (2023)

104044-4



Fðq; _qÞ ¼ L0ðq; _qÞ þ ϵL1ðq; _qÞ ð2:12Þ

reads

δF
δq

¼ ∂F
∂q

−
d
dt

�
∂F
∂ _q

�

¼ ∂F
∂q

− _q
∂

∂q

�
∂F
∂ _q

�
− q̈

∂
2F
∂ _q2

; ð2:13Þ

where the second equality follows from the chain rule. Now
introduce the notations

HFðq; _qÞ ¼
∂
2F
∂ _q2

; ð2:14aÞ

q̈Fðq; _qÞ ¼
1

HF

�
∂F
∂q

− _q
∂

∂q

�
∂F
∂ _q

��
; ð2:14bÞ

where HFðq; _qÞ is the Hessian of Fðq; _qÞ. Then Eq. (2.13)
can be rewritten as the identity

q̈ ¼ q̈F −
1

HF

δF
δq

; ð2:15Þ

which reduces to q̈ ¼ q̈Fðq; _qÞ þOðϵ2Þ when the Euler-
Lagrange equations of Fðq; _qÞ are satisfied, δF=δq ¼ 0.
We can then insert (2.15) into (2.11) to find

L ¼ Lred

−
1

HF

δF
δq

�
ϵ2l2 þ ϵ3

�
l3 þ 2PF

2q

Z
R

dτ
jτj q̈Fjtþτ

��

þ ϵ3
1

HF

δF
δq

PF
2q

Z
R

dτ
jτj

1

HF

δF
δq

����
tþτ

þOðϵ4Þ; ð2:16Þ

where

Lred½q; _q� ¼ L½q; _q; q̈Fðq; _qÞ� ð2:17Þ

is an ordinary Lagrangian depending only on q and _q,
obtained by replacing the acceleration q̈ in L½q; _q; q̈� by its
on-shell expression deduced from Fðq; _qÞ.2

The third line of Eq. (2.16) is doubly zero: its Oðϵ3Þ
contributions to the equations of motion are at least linear in
δF=δq, which vanishes on shell. Thus it can be discarded.
As for the second line of Eq. (2.16), it can also be
eliminated via a variable change q → qþ δq½q; _q� with
δq ¼ Oðϵ2Þ. Indeed, the Lagrangian then transforms, by
definition, as

L → Lþ δF
δq

δqþOðϵ4Þ; ð2:18Þ

modulo an irrelevant total time derivative, and we can
choose

δq½q; _q� ¼ 1

HF

�
ϵ2l2 þ ϵ3

�
l3 þ 2PF

2q

Z
R

dτ
jτj q̈Fjtþτ

��
:

ð2:19Þ

This variable change belongs to the class of contact
transformations introduced by Schäfer and Damour in
Refs. [100,101], which we generalized to include non-
local-in-time terms for our purpose.
Now return to the two-body Lagrangian (2.5). We can

replace the accelerations by their on-shell expressions
deduced from F ¼ L0PN þ L1PN:

Lred ¼ L½aiA → ðaFÞiA; aiB → ðaFÞiB� þOðv10Þ; ð2:20Þ

where ðaFÞiA is a function of the positions and velocities
given in Appendix C. Note that it is sufficient to replace the
accelerations entering the Lagrangian at 3PN level by their
0PN expressions. This procedure amounts to making an
implicit 4D coordinate change via a contact transformation
xA → xA þ δxA resembling (2.19),

δxiA ¼
X
B

ðH−1
F ÞAiBj

�
∂L2PN

∂ajB
þ ∂ðLð1Þ

3PN þ Lð2Þ
3PNÞ

∂ajB

þ 4MA2
0

3
m0

Bα
0
B

X
C

m0
Cα

0
CPF

2r

Z
R

dτ
jτj ðaFÞ

j
Cjtþτ

�
;

ð2:21aÞ

ðHFÞAiBj ¼
∂
2F

∂viA∂v
j
B

; ð2:21bÞ

which we also give explicitly in Appendix C. We verified
that applying the contact transformation (C4) to the two-
body Lagrangian (2.5) yields a result that matches, modulo
total time derivatives and doubly zero terms, the order-
reduced Lagrangian (2.20).
From now on we work with the order-reduced

Lagrangian Lred, and thus, in a coordinate system other
than harmonic.

2Using Eq. (2.9) we have that

PF
2qðtÞ

Z
R

dτ
jτjBðtþ τÞ ¼ PF

2s

Z
R

dτ
jτjBðtþ τÞ þ 2 ln

�
s

qðtÞ
�
BðtÞ;

from which we deduce an identity that is useful to prove
Eq. (2.16):

Z
R
dtAðtÞ PF

2qðtÞ

Z
R

dτ
jτjBðtþ τÞ ¼

Z
R
dtBðtÞ PF

2qðtÞ

Z
R

dτ
jτjAðtþ τÞ:
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D. The two-body Hamiltonian at 3PN

From the order-reduced Lagrangian (2.20), we can infer
an ordinary Hamiltonian via the Legendre transformation:

H ¼ pA · vA þ pB · vB − Lred; ð2:22Þ

with

pA ¼ ∂Lred

∂vA
; pB ¼ ∂Lred

∂vB
: ð2:23Þ

A technically useful remark is that, when deriving a
Hamiltonian from a nPN Lagrangian, it is sufficient to
calculate (2.23) at ðn − 1ÞPN order, since after inversion,
the nPN corrections to vAðpA;pBÞ and vBðpA;pBÞ cancel
out in Eq. (2.22). We thus need the momenta at 2PN
order only.
In the center-of-mass frame such that pA þ pB ¼ 0, the

conjugate variables are r ¼ xA − xB and p ¼ pA ¼ −pB.
The motion being planar, we use polar coordinates ðr;ϕÞ
with conjugate momenta pr ¼ n · p and pϕ ¼ rðn × pÞz.
We introduce the reduced mass and mass ratios

μ ¼ m0
Am

0
B

M
; ν ¼ μ

M
; m− ¼ m0

A −m0
B

M
; ð2:24Þ

together with the following dimensionless quantities:

r̂ ¼ r
M

; t̂ ¼ t
M

; τ̂ ¼ τ

M
;

p̂r ¼
pr

μ
; p̂ϕ ¼ pϕ

μM
; p̂2 ¼ p̂2

r þ
p̂2
ϕ

r̂2
: ð2:25Þ

We denote by a subscript þ (respectively, −) the (anti)
symmetrization of the quantities (2.10), as in, e.g., β̄þ ¼
β̄A þ β̄B and β̄− ¼ β̄A − β̄B (note the factor of 2 compared
to Refs. [40–42]). The two-body Hamiltonian is then

Ĥ ¼ H
μ
¼ M

μ
þ Ĥ0PN þ Ĥ1PN þ Ĥ2PN þ Ĥ3PN þOðp̂10Þ;

ð2:26Þ

where the contributions up to 2PN were first derived in
Refs. [34,44] and are recalled in Appendix D. The new 3PN
contributions read

Ĥ3PN ¼
X4
i¼0

ĤðiÞ
3PN þ Ĥtail

3PN þ ΔĤESGB
3PN ; ð2:27Þ

where the lengthy expressions of ĤðiÞ
3PN are also given in

Appendix D. They depend on ln� ¼ lnðr̂AÞ � lnðr̂BÞ,
where r̂A ¼ rA=M and r̂B ¼ rB=M are the dimensionless
regularization lengths mentioned below Eq. (2.6).

For the reason given above, the tail and ESGB contri-
butions are equal and opposite to their Lagrangian counter-
parts:

Ĥtail
3PN ¼ G4

ABktail
r̂2

PF
2r̂

Z
R

dτ̂
jτ̂j

cosΔϕ
r̂2ðt̂þ τ̂Þ ; ð2:28Þ

where the cosine ofΔϕ ¼ ϕðt̂þ τ̂Þ − ϕðt̂Þ follows from the
order-reduced, center-of-mass frame acceleration D̈i ¼
−GABνðα0A − α0BÞni=r̂2 taken at t̂ and t̂þ τ̂, and

ktail ¼ −
2A2

0

3

ðα0A − α0BÞ2ν
ð1þ α0Aα

0
BÞ2

: ð2:29Þ

The ESGB correction beyond ST reads

ΔĤESGB
3PN ¼ G4

ABkESGB
r̂4

; ð2:30Þ

with

kESGB ¼ −
l2f0ðφ0Þ
2M2

3ðα0A þ α0BÞ þm−ðα0A − α0BÞ
ð1þ α0Aα

0
BÞ4

: ð2:31Þ

Finally, to prepare for the calculations of Sec. III below
when the eccentricity is nonzero, and thus r̂ is not constant,
we use the first identity in footnote 2 to get

Ĥtail
3PN ¼ G4

ABktail ×
�
1

r̂2
PF
2ŝ

Z
R

dτ̂
jτ̂j

cosΔϕ
r̂2ðt̂þ τ̂Þ −

2 lnðr̂=ŝÞ
r̂4

�
;

ð2:32Þ

where ŝ ¼ s=M is an arbitrary constant (which will not
appear in our final EOB Hamiltonian). Following what was
done in GR at 4PN order in Ref. [98], we then decompose
the two-body Hamiltonian (2.26) into local-in-time and
nonlocal-in-time parts,

Ĥ ¼ ĤI þ ĤII þOðp̂10Þ; ð2:33Þ

with

ĤI ¼ M
μ
þ Ĥ0PN þ Ĥ1PN þ Ĥ2PN

þ
X4
i¼0

ĤðiÞ
3PN − 2G4

ABktail
lnðr̂=ŝÞ

r̂4
þ ΔĤESGB

3PN ; ð2:34aÞ

ĤII ¼ G4
ABktail
r̂2

PF
2ŝ

Z
R

dτ̂
jτ̂j

cosΔϕ
r̂2ðt̂þ τ̂Þ : ð2:34bÞ

JULIÉ, BAIBHAV, BERTI, and BUONANNO PHYS. REV. D 107, 104044 (2023)

104044-6



III. THE EOB MAPPING

A. The EOB Hamiltonian at 3PN order

In Sec. II, we derived a two-body Hamiltonian at 3PN
order and in the center-of-mass frame. We shall now use
canonical transformations ðr;ϕ; pr; pϕÞ → ðR;Φ; PR; PΦÞ
to identify it with an EOB Hamiltonian [91,102,103]

ĤEOB ¼ HEOB

μ
¼ M

μ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2νðĤeff − 1Þ

q
; ð3:1Þ

where Ĥeff is an effective Hamiltonian to be constructed. In
this paper, we write the effective Hamiltonian in the same
gauge as that used in GR at 2PN, 3PN, and 4PN orders
[91,93,102], that is,

Ĥeff ¼
Heff

μ
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
A

�
1þ AD P̂2

R þ P̂2
ϕ

R̂2

�
þQ

s
; ð3:2Þ

which depends on three potentials. Through 3PN order they
can be expanded as

A ¼ 1þ a1
R̂

þ a2
R̂2

þ a3
R̂3

þ a4 þ a4;ln ln R̂

R̂4
; ð3:3aÞ

D ¼ 1þ d1
R̂

þ d2
R̂2

þ d3 þ d3;ln ln R̂

R̂3
; ð3:3bÞ

Q ¼ ðq1 þ q1;ln ln R̂ÞP̂4
R

R̂2
þ ðq2 þ q2;ln ln R̂ÞP̂6

R

R̂
; ð3:3cÞ

where

R̂ ¼ R
M

; P̂R ¼ PR

μ
; P̂Φ ¼ Pϕ

μM
: ð3:4Þ

When restricted to 2PN order, the EOB Hamiltonian
above depends on five coefficients ða1; a2; a3Þ and ðd1; d2Þ,
which were derived in Ref. [34] in ST theories. We will
recall their expressions in Sec. III D for completeness. In
this paper, we introduce the remaining eight coefficients to
include 3PN contributions in ST-ESGB gravity.
The effective Hamiltonian (3.2) describes the motion of a

test particle with mass μ in an effective static, spherically
symmetric metric (in Schwarzschild-Droste coordinates
with θ ¼ π=2)

ds2eff ¼ −Adt2 þ dR2

AD
þ R2dΦ2; ð3:5Þ

but it is now deformed by a nongeodesic 3PN potential Q
which vanishes for circular orbits such that P̂R ¼ 0. The
reason is twofold:
(1) At 3PN order and already in GR, the two-body

dynamics cannot be reduced to geodesic motion [93].

Following Damour, Jaranowski, and Schäfer, we thus
include a postgeodesic correction controlled by the
coefficient q1.

(2) In GR, the two-body Hamiltonian depends at 4PN
order on a quadrupole-driven tail [98,104], which
can yet be accounted for in a local-in-time EOB
Hamiltonian by extending Q to an infinite post-
geodesic series [102]

Q ¼
X
n¼2

Q2nðR̂ÞP̂2n
R ; ð3:6Þ

together with ln R̂-dependent EOB potentials. Our
ansatz (3.3) adapts this strategy to include the
dipole-driven tail entering already at 3PN order.

Note that in practice, onemust truncateQ.We choose to do so
at OðP̂6

RÞ, as otherwise it would diverge at infinity [cf. the
R̂-dependence in Eq. (3.3c)]. This will amount to including
beyond-GR tails up to sixth order in the binary’s orbital
eccentricity in Sec. III C. For circular orbits such that P̂R ¼ 0,
we haveQ ¼ 0; in this simpler subcase thanwhat is donehere,
Ĥeff depends only on A, and the tails affect a4 and a4;ln only.
Finally, following Ref. [102], we find it useful to split the

potentials as

A ¼ AI þ AII; ð3:7aÞ

D ¼ DI þDII; ð3:7bÞ

Q ¼ QI þQII; ð3:7cÞ

where

AI ¼ 1þ a1
R̂

þ a2
R̂2

þ a3
R̂3

þ aI4 þ aI4;ln ln R̂

R̂4
; ð3:8aÞ

DI ¼ 1þ d1
R̂

þ d2
R̂2

þ dI3 þ dI3;ln ln R̂

R̂3
; ð3:8bÞ

QI ¼ ðqI1 þ qI1;ln ln R̂ÞP̂4
R

R̂2
þ ðqI2 þ qI2;ln ln R̂ÞP̂6

R

R̂
; ð3:8cÞ

and

AII ¼ aII4 þ aII4;ln ln R̂

R̂4
; ð3:9aÞ

DII ¼ dII3 þ dII3;ln ln R̂

R̂3
; ð3:9bÞ

QII ¼ ðqII1 þ qII1;ln ln R̂ÞP̂4
R

R̂2
þ ðqII2 þ qII2;ln ln R̂ÞP̂6

R

R̂
: ð3:9cÞ

The EOB Hamiltonian can then be decomposed in a similar
fashion as its two-body counterpart,
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ĤEOB ¼ ĤI
EOB þ ĤII

EOB þOðP̂10Þ; ð3:10aÞ

where ĤI
EOB is obtained by formally setting AII,DII, andQII

to zero in Eq. (3.1) while, at first order,

ĤII
EOB ¼ 1

2
ðAII þDIIP̂2

R þQIIÞ: ð3:11Þ

B. Local-in-time contributions

Let us first focus on the local-in-time part ĤI of the two-
body Hamiltonian [cf. Eq. (2.34a)]. We perform a canonical
transformation such that HI is a scalar and its action only
changes by a boundary term:Z

ðPRdRþ PΦdΦþ dFÞ ¼
Z

ðprdrþ pϕdϕÞ; ð3:12Þ

and thus

dF ¼ prdrþ pϕdϕ − ðPRdRþ PΦdΦÞ: ð3:13Þ

For practical reasons, we will rather use Gðr;ϕ; PR; PΦÞ ¼
F þ ðPRRþ PΦΦÞ − ðPRrþ PΦϕÞ such that

dG ¼ drðpr − PRÞ þ dϕðpϕ − PΦÞ
þ dPRðR − rÞ þ dPΦðΦ − ϕÞ; ð3:14Þ

which generates a canonical transformation introduced in
Refs. [34,44],

R̂ðr̂;ϕ; P̂R; P̂ΦÞ ¼ r̂þ ∂Ĝ

∂P̂R
; ð3:15aÞ

Φðr̂;ϕ; P̂R; P̂ΦÞ ¼ ϕþ ∂Ĝ

∂P̂Φ
; ð3:15bÞ

p̂rðr̂;ϕ; P̂R; P̂ΦÞ ¼ P̂R þ ∂Ĝ
∂r̂

; ð3:15cÞ

p̂ϕðr̂;ϕ; P̂R; P̂ΦÞ ¼ P̂Φ þ ∂Ĝ
∂ϕ

: ð3:15dÞ

We choose the ansatz

Ĝ ¼ G
Mμ

¼ r̂P̂R

X
i;j;k

ðγijk þ γlnijk ln r̂Þ
P2iP̂2j

R

r̂k
ð3:16Þ

with

P2 ¼ P̂2
R þ P̂2

Φ

r̂2
; ð3:17Þ

which yields coordinate changes between 1PN and 3PN
levels when the positive integers i, j, and k satisfy
1 ≤ iþ jþ k ≤ 3. Our ansatz does not depend on ϕ to
preserve isotropy, and thus pϕ ¼ PΦ. Moreover, for cir-
cular orbits such that pr ¼ PR ¼ 0, we have Φ ¼ ϕ.
From Eqs. (3.15) we can express both ĤI and ĤI

EOB in
the same mixed coordinate system ðr;ϕ; PR; PΦÞ. We then
solve, order-by-order, the equation

ĤIðr̂;ϕ; P̂R; P̂ΦÞ ¼ ĤI
EOBðr̂;ϕ; P̂R; P̂ΦÞ ð3:18Þ

to fix the coefficients of the potentials (3.8) and of the
generating function (3.16). The solution is unique, and the
new 3PN coefficients are

aI4 ¼ 4G4
ABktail ln ŝþ 2G4

ABkESGB þ
G4

ABνγ̄ABð11ðγ̄AB þ 2Þ2 − 2δþ − 2δ−m−Þ
4α̃ðγ̄AB þ 2Þ þG4

AB

12

h
8δþγ̄AB − 6ϵþγ̄AB − 60γ̄3AB − 78γ̄2AB

− 24γ̄AB − β̄þð−47γ̄2AB þ 28γ̄AB þ 2δþ þ 2δ−m− þ 28Þ þm−β̄−ð−47γ̄2AB þ 28γ̄AB − 36β̄þ þ 2δþ þ 28Þ
þ 8δ−m−γ̄AB þ 6m−ϵ−γ̄AB þ 18β̄2þ þ δ−ð6m2

− − 4Þβ̄− þ 3ð5m2
− þ 1Þβ̄2− þ 4δþ þ 4κþ þ 4δ−m− − 4κ−m−

i
þG4

ABν

1152

h
−192β̄þð2γ̄2AB þ 92γ̄AB þ 4δþ þ 5Þ þ 126π2δþγ̄AB þ 1056δþγ̄AB − 6912ζABγ̄AB þ 1152ϵþγ̄AB þ 63π2γ̄3AB

− 432γ̄3AB − 180π2γ̄2AB þ 15296γ̄2AB − 1350π2γ̄AB þ 37184γ̄AB þ 96β̄−ðm−ð4γ̄2AB þ 64γ̄AB − 36β̄þ þ 8δþ þ 19Þ þ 16δ−Þ
þ 288δ−m−γ̄AB þ 2880β̄2þ þ 288ðm2

− − 3Þβ̄2− þ 3456ζAB þ 252π2δþ − 5888δþ − 1152κþ þ 192δ−m− þ 384κ−m−

þ 576m−ξ− þ 576m−w− þ 768m−ψ− − 576m−ϵ− þ 576ξþ þ 576wþ − 1536ψþ þ 576ϵþ − 1476π2 þ 36096
i
;

ð3:19aÞ
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dI3 ¼
G3

AB

12

h
−12β̄þð3γ̄AB þ 8Þ þ 2δþð3γ̄AB þ 8Þ − 9γ̄3AB − 52γ̄2AB − 64γ̄AB þ 36m−β̄−γ̄AB þ 6δ−m−γ̄AB

þ 96m−β̄− þ 16δ−m− − 8m−ϵ− þ 8ϵþ
i
−
G3

ABν

12

h
12β̄þð5γ̄AB − 9Þ þ 8δþð3γ̄AB þ 7Þ − 36γ̄3AB − 308γ̄2AB

− 692γ̄AB − 72m−β̄−γ̄AB − 99m−β̄− − 108ζAB þ 12δ−m− þ 6m−ϵ− þ 10ϵþ − 624
i

þG3
ABν

2
h
−γ̄2AB − 10γ̄AB þ 9β̄þ þ 6ζAB − 2δþ − ϵþ − 6

i
; ð3:19bÞ

qI1 ¼
G2

ABν

6

h
15γ̄2AB þ 52γ̄AB þ 2β̄þ − 2m−β̄− − 2δþ − 2δ−m− þ 48

i
þ G2

ABν
2
h
−4γ̄AB þ β̄þ −m−β̄− − 6

i
; ð3:19cÞ

qI2 ¼ 0; ð3:19dÞ

with logarithmic counterparts

aI4;ln ¼ −4G4
ABktail; ð3:20aÞ

dI3;ln ¼ 0; ð3:20bÞ

qI1;ln ¼ 0; ð3:20cÞ

qI2;ln ¼ 0: ð3:20dÞ

The coefficients of the canonical transformation (3.16) are
given in Appendix E for completeness.
We explicitly checked that in the GR limit, ĤI can also

be identified to the 3PN Arnowitt-Deser-Misner (ADM)
Hamiltonian of Ref. [98] via a canonical transformation
whose coefficients are given in Appendix E.

C. Nonlocal-in-time contributions

Let us now turn to the nonlocal-in-time 3PN Hamiltonian
ĤII, which (we recall) reads

ĤII ¼ G4
ABktail
r̂2

PF
2ŝ

Z
R

dτ̂
jτ̂j

cosΔϕ
r̂2ðt̂þ τ̂Þ ; ð3:21Þ

with Δϕ ¼ ϕðt̂þ τ̂Þ − ϕðt̂Þ. We wish to identify it, modulo
canonical transformations, to a local-in-time, ordinary EOB
counterpart ĤII

EOB depending on positions and momenta
only. To do so, we can Taylor expand r̂ðt̂þ τ̂Þ and ϕðt̂þ τ̂Þ
around τ̂ ¼ 0, and treat ĤII as a local-in-time function of
r̂ðt̂Þ and ϕðt̂Þ, and their arbitrarily high-order time deriv-
atives. TheNewtonian equations ofmotion can then be used
to order reduce these derivatives, as we now prove.
Consider a pair of phase-space variables qðtÞ and pðtÞ

described by the action I ¼ R
dtðp _q −HÞ with

H ¼ H0ðq; pÞ þ ϵ3ΔHðq; _q; q̈;…;p; _p; p̈;…Þ þOðϵ4Þ;
ð3:22Þ

where ϵ ≪ 1, and where ΔH depends on arbitrarily high-
order time derivatives of q and p. The Euler-Lagrange
variations of

L0 ¼ p _q −H0ðq; pÞ ð3:23Þ

with respect to p and q yield, respectively,

_q ¼ _q0 þ
δL0

δp
; ð3:24aÞ

_p ¼ _p0 −
δL0

δq
; ð3:24bÞ

where we have introduced the notation

_q0ðq; pÞ ¼
∂H0

∂p
; ð3:25aÞ

_p0ðq; pÞ ¼ −
∂H0

∂q
: ð3:25bÞ

As usual, the system (3.24) reduces to the Hamilton equa-
tions _q ¼ _q0ðq; pÞ þOðϵ3Þ and _p ¼ _p0ðq; pÞ þOðϵ3Þ
when δL0=δp ¼ δL0=δq ¼ 0.
We can then insert (3.24) into (3.22) and expand at first

order only in δL0=δp and δL0=δq (and their time deriv-
atives), since higher-order contributions are doubly zero.
We then find, modulo total time derivatives

H ¼ H0 þ ϵ3ΔHðq; _q0; ð _q0Þ_;…;p; _p0; ð _p0Þ_;…Þ

þ ϵ3
δL0

δp
δΔH
δ _q

− ϵ3
δL0

δq
δΔH
δ _p

þOðϵ4Þ; ð3:26Þ
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where we have defined the Euler-Lagrange variations of
ΔH with respect to _q and _p:

δΔH
δ _q

¼ ∂ΔH
∂ _q

−
�
∂ΔH
∂q̈

�
_
þ � � � ; ð3:27aÞ

δΔH
δ _p

¼ ∂ΔH
∂ _p

−
�
∂ΔH
∂p̈

�
_
þ � � � : ð3:27bÞ

Now we denote the order-reduced (over)accelerations,
obtained recursively from the Hamilton equations of
H0ðq; pÞ, by

q̈0ðq; pÞ ¼
∂ _q0
∂q

_q0 þ
∂ _q0
∂p

_p0;

⃛q0ðq; pÞ ¼
∂q̈0
∂q

_q0 þ
∂q̈0
∂p

_p0;

� � �

qðnþ1Þ
0 ðq; pÞ ¼ ∂qðnÞ0

∂q
_q0 þ

∂qðnÞ0

∂p
_p0; ð3:28Þ

with n ≥ 1 and, similarly,

pðnþ1Þ
0 ðq; pÞ ¼ ∂pðnÞ

0

∂q
_q0 þ

∂pðnÞ
0

∂p
_p0: ð3:29Þ

We then have, using Eqs. (3.24) again,

ð _q0ÞðnÞ ¼ qðnþ1Þ
0 ðq; pÞ

þ
Xn−1
i¼0

�
∂qðn−iÞ0

∂q
δL0

δp
−
∂qðn−iÞ0

∂p
δL0

δq

�ðiÞ
; ð3:30aÞ

ð _p0ÞðnÞ ¼ pðnþ1Þ
0 ðq; pÞ

þ
Xn−1
i¼0

�
∂pðn−iÞ

0

∂q
δL0

δp
−
∂pðn−iÞ

0

∂p
δL0

δq

�ðiÞ
; ð3:30bÞ

which we can plug into the second term in the right-hand
side of Eq. (3.26). Expanding the result at first order in
δL0=δp and δL0=δq (and their time derivatives) and
integrating by parts finally yields

H ¼ Hred

þ ϵ3
δL0

δp

�
δΔH
δ _q

þ
X∞
n¼1

δΔH
δqðnþ1Þ

∂qðnÞ0

∂q

þ
X∞
n¼1

δΔH
δpðnþ1Þ

∂pðnÞ
0

∂q

�
red

− ϵ3
δL0

δq

�
δΔH
δ _p

þ
X∞
n¼1

δΔH
δqðnþ1Þ

∂qðnÞ0

∂p

þ
X∞
n¼1

δΔH
δpðnþ1Þ

∂pðnÞ
0

∂p

�
red

þOðϵ4Þ; ð3:31Þ

modulo doubly zero terms and total time derivatives. The
subscript “red” indicates an order-reduced quantity, as in

Hredðq; pÞ ¼ H0ðq; pÞ þ ϵ3ΔHðq; _q0ðq; pÞ; q̈0ðq; pÞ;…;

p; _p0ðq; pÞ; p̈0ðq; pÞ;…Þ: ð3:32Þ

It is now elementary to eliminate the second to fifth
lines of Eq. (3.31): under a phase-space contact trans-
formation ðq; pÞ → ðqþ δq; pþ δpÞwith δq ¼ Oðϵ3Þ and
δp ¼ Oðϵ3Þ, the Hamiltonian transforms as

ðH − p _qÞ → ðH − p _qÞ − δL0

δp
δp −

δL0

δq
δqþOðϵ6Þ;

ð3:33Þ

modulo an irrelevant total time derivative, and we can choose
to identify δpðq; pÞ and δqðq; pÞwith the long coefficients of
δL0=δp and δL0=δq in Eq. (3.31), respectively. This toy
model is an adaptation ofRefs. [100,101,105],whichwehave
extended toHamiltonians dependingon arbitrarily high-order
time derivatives of q and p for our purpose.
Indeed, return now to the nonlocal-in-time 3PN

Hamiltonian ĤII. We shall see that there exists a set of
phase-space variables other than polar in which the steps
above are elegantly carried out. This is the route of
Refs. [102,106], which we adapt here to the ST-ESGB case.
In polar coordinates ðr;ϕ; pr; pϕÞ, the Keplerian trajec-

tory can be parametrized by the semimajor axis â ¼ a=M
and the eccentricity e as [107]

r̂ ¼ âð1 − e cos ηÞ; ð3:34aÞ

tan
ϕ

2
¼

ffiffiffiffiffiffiffiffiffiffiffi
1þ e
1 − e

r
tan

η

2
: ð3:34bÞ

We set t̂ ¼ 0 at the periastron without loss of generality and
define the eccentric anomaly η as

Ω̂ t̂ ¼ η − e sin η; ð3:35Þ
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where

Ω̂ðâÞ ¼ MΩ ¼
ffiffiffiffiffiffiffiffiffi
GAB

â3

r
ð3:36Þ

is the mean orbital frequency.
Now, we observe that â and e can be treated as functions

of the Delaunay action angles ðL;G; l; gÞ.3 Indeed, it is a
textbook exercise to show that, on Keplerian orbits [108],

L ¼
ffiffiffiffiffiffiffiffiffiffiffi
GABâ

p
; ð3:37aÞ

G ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
GABâð1 − e2Þ

q
; ð3:37bÞ

which can be inverted as

âðLÞ ¼ L2

GAB
; ð3:38aÞ

eðL;GÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

G2

L2

s
; ð3:38bÞ

while the conjugate angles are the mean anomaly and
argument of the periastron, respectively:

l ¼ Ω̂ t̂; ð3:39aÞ

g ¼ ω: ð3:39bÞ

In these canonical variables, the 0PN equations of motion
are particularly simple: Ĥ0 is the Delaunay Hamiltonian,

Ĥ0ðLÞ ¼ −
G2

AB

2L2
; ð3:40Þ

and thus

dl
dt̂

¼ ∂Ĥ0

∂L
¼ Ω̂ðLÞ; ð3:41aÞ

dg
dt̂

¼ ∂Ĥ0

∂G
¼ 0; ð3:41bÞ

dL
dt̂

¼ −
∂Ĥ0

∂l
¼ 0; ð3:41cÞ

dG
dt̂

¼ −
∂Ĥ0

∂g
¼ 0: ð3:41dÞ

We can thus consider ĤII, recalled in Eq. (3.21),
as a nonlocal-in-time function ĤII½L;G; l� of the
Delaunay variables, and use the relations above to turn it
into a local-in-time, ordinary Hamiltonian as follows:
when e ≪ 1, invert Eq. (3.35) iteratively as (recall that
l ¼ Ω̂ t̂ )

η ¼ lþ e sin lþ 1

2
e2 sin 2lþ 1

8
e3ð3 sin 3l − sin lÞ

þ 1

6
e4ð2 sin 4l − sin 2lÞ

þ 1

384
e5ð2 sin l − 81 sin 3lþ 125 sin 5lÞ

þ 1

240
e6ð5 sin 2l − 64 sin 4lþ 81 sin 6lÞ þOðe7Þ;

ð3:42Þ

and insert it into Eqs. (3.34) to deduce r̂ðâðLÞ; eðL;GÞ; lÞ,
and ϕðeðL;GÞ; lÞ, which enter ĤII. To evaluate them at
t̂þ τ̂, Taylor expand L, G, and l around t̂, and order reduce
their arbitrarily high-order time derivatives at time t̂ using
the 0PN equations of motion (3.41). We recall that this step
is equivalent to an implicit phase-space contact trans-
formation, as clarified by our toy model above. The result
is very simple (more so than in polar coordinates) since
only the first time derivative of l, dl=dt̂ ¼ Ω̂ðLÞ, is nonzero
on shell:

lðt̂þ τ̂Þ ¼ lðt̂Þ þ Ω̂ðLÞτ̂; ð3:43Þ

while L and G are constants.
The order-reduced Hamiltonian then has the structure

ĤII
red¼

G4
ABktail
âðLÞ4 PF

2ŝ

Z
R

dτ̂
jτ̂j

�
cosΩ̂ τ̂þ

X6
i¼1

eðL;GÞiIi
�
þOðe7Þ;

ð3:44Þ

where

Ii ¼
X
m;n

ðaimn cosðmlÞ cosðnΩ̂ τ̂Þ þ bimn sinðmlÞ sinðnΩ̂ τ̂ÞÞ:

ð3:45Þ

3For completeness, the Delaunay action variables are defined
as [108]

L ¼ 1

2π

�I
p̂rðE; J; r̂Þdr̂þ

I
p̂ϕðJÞdϕ

�
;

G ¼ 1

2π

I
p̂ϕðJÞdϕ;

which are calculated on an orbital cycle with constant p̂ϕ ¼ J and
Ĥ0 ¼ E < 0. The conjugate angles are then defined as

l¼ ∂Ŝ
∂L

; g¼ ∂Ŝ
∂G

; with Ŝ¼
Z

p̂rðL;G; r̂Þdr̂þ p̂ϕðGÞdϕ:
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Here m and n are non-negative integers, and the constants
aimn and bimn are rational numbers. The Hadamard partie
finie can be computed via [102]

PF
2ŝ

Z
R

dτ̂
jτ̂j cosðnΩ̂ τ̂Þ ¼ −2½γE þ lnð2nΩ̂ ŝÞ�; ð3:46aÞ

PF
2ŝ

Z
R

dτ̂
jτ̂j sinðnΩ̂ τ̂Þ ¼ 0; ð3:46bÞ

where γE is Euler’s constant. Equation (3.46b) follows from
the symmetry of the integrand, and it implies that the
second line of Ii can be discarded. The result is a local-in-
time, ordinary Hamiltonian:

ĤII
redðL;G; lÞ ¼ −

2G4
ABktail

â4ðLÞ ½γE þ lnð2Ω̂ðLÞŝÞ�

þ
X6
i¼1

X
m;n

eðL;GÞiAimnðLÞ cosðmlÞ; ð3:47Þ

where

AimnðLÞ ¼ −
2G4

ABktailaimn

âðLÞ4 ½γE þ lnð2nΩ̂ðLÞŝÞ�: ð3:48Þ

Another purpose of the Delaunay action angles is that
ĤII

red is a perturbation of the 0PN Hamiltonian (3.40),
which depends only on L in these variables. That way,
the l dependence in ĤD ¼ Ĥ0ðLÞ þ ĤII

redðL;G; lÞ can be
eliminated through a canonical transformation resembling
Eq. (3.15),

l0ðl; g;L0;G0Þ ¼ lþ ∂Ĝ
∂L0 ; ð3:49aÞ

g0ðl; g;L0;G0Þ ¼ gþ ∂Ĝ
∂G0 ; ð3:49bÞ

Lðl; g;L0;G0Þ ¼ L0 þ ∂Ĝ
∂l

; ð3:49cÞ

Gðl; g;L0;G0Þ ¼ G0 þ ∂Ĝ
∂g

: ð3:49dÞ

Indeed, the ansatz (for m ≠ 0)

Ĝ ¼ −
X6
i¼1

X
m;n

eðL0;G0ÞiAimnðL0Þ sinðmlÞ
mΩ̂ðL0Þ ð3:50Þ

yields a 3PN coordinate change, such that [only (3.49c)
matters]

ĤDðL;G; lÞ ¼ Ĥ0ðL0Þ þ ĤII
redðL0;G0; lÞ

þ ∂Ĥ0

∂L
∂Ĝ
∂l

þOðp̂10Þ: ð3:51Þ

Since ∂Ĥ0=∂L ¼ Ω̂, the second line eliminates all m ≠ 0

terms in ĤII
redðL0;G0; lÞ [cf. Eq. (3.47)]. We thus discard

them in practice, and only keep the part m ¼ 0. The final
canonically transformed Hamiltonian reads (dropping the
primes for simplicity)

ĤII
red ¼

G4
ABktail
â4

�
3 ln â − lnGAB − 2ðγE þ lnð2ŝÞÞ − e2ð−9 ln âþ 3 lnGAB þ 6γE þ 6 ln ŝþ 14 ln 2Þ

−
3

32
e4ð−180 ln âþ 60 lnGAB þ 120γE þ 120 ln ŝ − 251 ln 2þ 243 ln 6Þ − 1

16
e6ð−420 ln âþ 140 lnGAB þ 280γE

þ 280 ln ŝþ 2929 ln 2 − 729 ln 6Þ þOðe8Þ
	
; ð3:52Þ

where we recall that â and e are the functions (3.38) of L and G.
The same steps can be applied to ĤII

EOB of Eq. (3.11). It is already local-in-time and ordinary, but we rewrite it in terms of
â and e using Eq. (3.34a) with r̂ → R̂, and P̂R ¼ dR̂=dt̂.4 We then use Eq. (3.42) and invoke canonical transformations to
discard l-dependent terms with the same form as in Eq. (3.47). We find

4At leading order in the eccentricity, P̂R ¼ OðϵÞ. This means that ĤII
EOB, which we truncated at OðP̂6

RÞ [cf. below Eq. (3.6)], can be
identified to the two-body Hamiltonian modulo canonical transformations up to Oðϵ6Þ.
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ĤII
EOB ¼ 1

â4

�
1

2
ðaII4;ln ln âþ aII4 Þ þ

1

8
e2ð2 ln âðdII3;lnGAB þ 6aII4;lnÞ þ 2dII3GAB þ 12aII4 − 7aII4;lnÞ

þ 1

64
e4ð4 ln âð3qII1;lnG2

AB þ 10dII3;lnGAB þ 45aII4;lnÞ þ 12qII1G
2
AB þ ð40dII3 − 18dII3;lnÞGAB þ 180aII4 − 171aII4;lnÞ

þ 1

384
e6ð60 ln âðqII2;lnG3

AB þ 3qII1;lnG
2
AB þ 7dII3;lnGAB þ 28aII4;lnÞ þ 60qII2G

3
AB þ ð180qII1 − 66qII1;lnÞG2

AB

þð420dII3 − 319dII3;lnÞGAB þ 1680aII4 − 2046aII4;lnÞ þOðe8Þ
�
: ð3:53Þ

Now assume that â and e in Eqs. (3.52) and (3.53) are
functions of the same action variables ðL;GÞ. The identi-
fication ĤII

red ¼ ĤII
EOB term-by-term then yields the unique

solution:

aII4 ¼ −4G4
ABktail

�
γE þ 1

2
lnGAB þ lnð2ŝÞ

�
; ð3:54aÞ

dII3 ¼ G3
ABktailð21 − 32 ln 2Þ; ð3:54bÞ

qII1 ¼ G2
ABktail
6

ð93þ 1753 ln 2 − 729 ln 6Þ; ð3:54cÞ

qII2 ¼ 3GABktail
10

ð37 − 5707 ln 2þ 2187 ln 6Þ; ð3:54dÞ

with logarithmic counterparts

aII4;ln ¼ 6G4
ABktail; ð3:55aÞ

dII3;ln ¼ 0; ð3:55bÞ

qII1;ln ¼ 0; ð3:55cÞ

qII2;ln ¼ 0: ð3:55dÞ

D. Complete EOB potentials at 3PN order

In Eqs. (3.7) and below, we split the EOB potentials into
their parts I and II, which we determined in Secs. III B

and III C, respectively. We recall that P̂R ¼ PR=μ, and we
introduce the notation

u ¼ GABM
R

: ð3:56Þ

Adding the results yields

AðuÞ ¼ 1 − 2uþ 2ðhβ̄i − γ̄ABÞu2 þ ð2νþ δā3Þu3
þ ½νð94=3 − 41π2=32Þ þ δā4 þ ā4;ln ln u�u4;

ð3:57aÞ

DðuÞ ¼ 1− 2γ̄ABuþ ð6νþ δd̄2Þu2 þ ð52ν− 6ν2 þ δd̄3Þu3;
ð3:57bÞ

Qðu; P̂RÞ ¼ ð8ν − 6ν2 þ δq̄1ÞP̂4
Ru

2 þ q̄2P̂
6
Ru; ð3:57cÞ

with

δā3 ¼
1

12
½νð−24ζAB − 36β̄þ þ 4γ̄2AB þ 40γ̄AB þ 8δþ þ 4ϵþÞ

− 24hβ̄ið1− 2γ̄ABÞ− 35γ̄2AB − 20γ̄AB þ 4hδi− 4hϵi�;
ð3:58aÞ

δd̄2 ¼
1

4
½−3γ̄2AB − 12γ̄AB þ 4hδi− 24hβ̄i þ 8νð2γ̄AB − hβ̄iÞ�;

ð3:58bÞ

and, at 3PN order,

δā4 ¼ 2kESGB − 4ktailðγE þ ln 2Þ þ νγ̄ABð11ðγ̄AB þ 2Þ2 − 4hδiÞ
4α̃ðγ̄AB þ 2Þ þ 1

12
½2hβ̄ið47γ̄2AB − 28γ̄AB þ 6β̄þ þ 4δþ − 12hδi− 28Þ

− 60γ̄3AB − 78γ̄2AB − 24γ̄AB þ hδið16γ̄AB þ 8Þ− 12hϵiγ̄AB − 4δ−β̄− − 4δþβ̄þ þ 3β̄2− − 3β̄2þ þ 8hδiβ̄þ þ 60hβ̄i2 þ 8hκi�
þ ν

1152
½−288β̄þð40γ̄AB − 3Þ þ 192hβ̄ið−4γ̄2AB − 64γ̄AB þ 30β̄þ − 8δþ − 19Þ

þ δþð126π2γ̄AB þ 768γ̄AB þ 252π2 − 6080Þ− 6912ζABγ̄AB þ 1152ϵþγ̄AB þ 63π2γ̄3AB − 432γ̄3AB − 180π2γ̄2AB

þ 15296γ̄2AB − 1350π2γ̄AB þ 37184γ̄AB þ 192hδið3γ̄AB þ 2Þ þ 1536δ−β̄− − 864β̄2− − 288β̄2þ þ 3456ζAB

þ 1152hβ̄i2 þ 1152hϵi − 768κþ − 768hκi − 1536hψi þ 1152hwi− 768ψþ þ 1152hξi�; ð3:59aÞ
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δd̄3 ¼ ktailð21− 32 ln2Þ þ 1

12
½4ðhδi − 6hβ̄iÞð3γ̄AB þ 8Þ − 9γ̄3AB − 52γ̄2AB − 64γ̄AB þ 16hϵi�

þ ν

12
½4ð−δþð6γ̄AB þ 11Þ þ 9γ̄3AB þ 77γ̄2AB þ 173γ̄AB þ 27ζAB − 6hδi þ 3hϵi− 4ϵþÞ

þ 3β̄þð4γ̄AB þ 69Þ− 18hβ̄ið8γ̄AB þ 11Þ� þ ν2½−γ̄2AB − 10γ̄AB þ 9β̄þ þ 6ζAB − 2δþ − ϵþ�; ð3:59bÞ

δq̄1 ¼
1

6
ktailð93þ 1753 ln 2 − 729 ln 6Þ þ ν

6
½γ̄ABð15γ̄AB þ 52Þ þ 4ðhβ̄i − hδ̄iÞ� þ 2ν2½hβ̄i − 2γ̄AB�; ð3:59cÞ

q̄2 ¼
3

10
ktailð37 − 5707 ln 2þ 2187 ln 6Þ; ð3:59dÞ

with the logarithmic counterpart

ā4;ln ¼ −2ktail: ð3:59eÞ

The coefficients depend on the mean values

hβ̄i ¼ m0
Aβ̄B þm0

Bβ̄A
M

; ð3:60aÞ

hδi ¼ m0
Aδ̄A þm0

BδB
M

; ð3:60bÞ

hϵi ¼ m0
AϵB þm0

BϵA
M

; ð3:60cÞ

hωi ¼ m0
AωA þm0

BωB

M
; ð3:60dÞ

hκi ¼ m0
AκB þm0

BκA
M

; ð3:60eÞ

hξi ¼ m0
AξA þm0

BξB
M

; ð3:60fÞ

hψi ¼ m0
AψB þm0

BψA

M
; ð3:60gÞ

where Eqs. (3.60a)–(3.60c) were already introduced in
Ref. [34], while the remaining quantities are new to this
paper. The results above are available online [109].
A few comments are in order. The potentials (3.57) are a

beyond-GR extension of the 3PN results of Damour,
Jaranowski, and Schäfer [93], which we recover in the
GR limit detailed below Eqs. (2.10). Indeed, in that limit
hβ̄i, γ̄AB and the coefficients (3.58) and (3.59) all vanish.
We observe that Newton’s constant is now substituted by
the effective gravitational coupling GAB entering u at all
orders. Thus this effect can be absorbed in a redefinition of
the total mass M. When truncated to 2PN order, our
potentials depend on five coefficients and reproduce those
of Ref. [34] in ST theories. This can be checked using
Eqs. (3.58) and B ¼ ðADÞ−1.

The 3PN coefficients (3.59) are the central new results
of this paper. They show that among the eight coefficients
in our ansatz at 3PN level [cf. Eq. (3.3)], only five are
nonzero. The contribution from the nonlocal-in-time tail is
driven by the constant ktail, which enters all coefficients in
Eqs. (3.59). This is necessary to include the non-GR tail
beyond circular orbits, and at sixth order in the orbital
eccentricity. Note that the tail is fully responsible for
the unique logarithmic correction ā4;ln and the post-post-
geodesic coefficient q̄2. As for the ESGB corrections
beyond ST, they are driven by kESGB, and their inclusion
is particularly simple: they only enter in δā4.
Contrary to the two-body Hamiltonian Ĥ, the coeffi-

cients (3.59) do not depend on ln� ¼ lnðr̂AÞ � lnðr̂BÞ,
where r̂A and r̂B are the regularization lengths mentioned
in Sec. II D. As expected, they have been reabsorbed in a
canonical transformation at 3PN level (see Appendix E).
Finally, at the end of Sec. II D we split the two-body

Hamiltonian into its local-in-time and nonlocal-in-time
parts ĤI and ĤII by introducing an arbitrary constant ŝ
which propagated in both AI and AII [cf. Eqs. (3.19a) and
(3.54a)]. As expected, ŝ cancels out from our final EOB
potentials.

IV. THE EXAMPLE OF SHIFT-SYMMETRIC
ESGB GRAVITY

A. Hairy BH binaries

The coefficients of the potentials (3.57), we recall, are
built out of the theory-dependent product l2f0ðφ0Þ and of
ten body-dependent parameters: the values of the masses
mAðφÞ and mBðφÞ and their logarithmic derivatives (2.3)
evaluated at infinity (i.e., at φ ¼ φ0).
Now, these quantities can be calculated once the

theory and the bodies are specified. In ST theories, they
were derived numerically for NSs and their scalarized
counterparts (e.g., see Refs. [36,110] and references
therein). They were also calculated for BHs in ESGB
models, both analytically in the small-l limit, and numeri-
cally for nonperturbative solutions such as scalarized BHs
(cf. Refs. [48,51]).
Let us complete this paper with an explicit illustration.

Consider a BH in the shift-symmetric theory fðφÞ ¼ 2φ
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and AðφÞ ¼ 1. For simplicity, here we consider only terms
at leading order in l, such that [48]

α0A ¼ −ðl=m0
AÞ2 þOðl=m0

AÞ4; ð4:1Þ

while β0A, β
00
A, and β000A are at least of order Oðl=m0

AÞ4 and
can thus be neglected in what follows. The BH is fully
described by the values of l and m0

A. In the GR limit
l=m0

A ¼ 0, the quantities above all vanish, because then the
BH reduces to Schwarzschild and its mass mAðφÞ is a
constant (cf. Ref. [48]). We find it useful to introduce the
dimensionless ratio

l̂ ¼ l
μ
; ð4:2Þ

where μ is the binary’s reduced mass defined in Eq. (2.24).
Then, for a binary BH system described by Eq. (4.1) and its
B-counterpart, the coefficients of the effective potentials
(3.57) boil down to simple functions of l̂ and ν only:

γ̄AB ¼ −2l̂4ν2 þOðl̂6Þ; ð4:3aÞ

hβ̄i ¼ Oðl̂8Þ; ð4:3bÞ

and

δā3 ¼
1

3
l̂4νð3 − ν − 16ν2Þ þOðl̂6Þ; ð4:4aÞ

δd̄2 ¼ l̂4νð1þ 3ν − 8ν2Þ þOðl̂6Þ; ð4:4bÞ

while at 3PN,

δā4 ¼
1

288
l̂4ν

h
ð1 − 4νÞð768γE þ 768 ln 2þ 63π2 − 1976Þ

þ 648þ ν2ð801π2 − 26240Þ
i
þOðl̂6Þ; ð4:5aÞ

δd̄3 ¼
1

3
l̂4ν

h
−2ð1 − 4νÞð21 − 32 ln 2Þ

− 3þ 40ν − 326ν2 þ 48ν3
i
þOðl̂6Þ; ð4:5bÞ

δq̄1 ¼
1

9
l̂4ν

h
ð1 − 4νÞð−93 − 1753 ln 2þ 729 ln 6Þ

− 6νð1þ 23ν − 12ν2Þ
i
þOðl̂6Þ; ð4:5cÞ

q̄2 ¼ −
1

5
l̂4νð1− 4νÞð37− 5707 ln2þ 2187 ln6Þ þOðl̂6Þ;

ð4:5dÞ

with the logarithmic counterpart

ā4;ln ¼
4

3
l̂4νð1 − 4νÞ þOðl̂6Þ: ð4:6Þ

At this order in l̂, only the terms proportional to γ̄AB, δA=B,
ktail, and kESGB contribute to the beyond-GR coefficients
above, which vanish in the GR limit l̂ ¼ 0.
Let us note two more useful limits.
First, when ν ¼ 1=4, the first lines of Eqs. (4.5a)–(4.5c),

and also q̄2 and ā4;ln, are zero, because the tail corrections
[driven by ktail ¼ −ð2=3Þl̂4νð1 − 4νÞ þOðl̂6Þ] vanish for
symmetric binaries with constant scalar dipoles.
Second, in the extreme mass-ratio limit ν ¼ 0, the

effective potentials simplify to A ¼ 1–2u, D ¼ 1, and
Q ¼ 0. Since, moreover, ĤEOB ¼ Ĥeff in this limit, the
two-body dynamics reduces to geodesics of the
Schwarzschild metric, even when l̂ ≠ 0. The reason is
simple: take, say, m0

A ≫ m0
B. Since l=m0

B is kept fixed to
small values in our approximation scheme (4.1), l=m0

A ¼
OðνÞ vanishes, and l̂ ¼ l=m0

B þOðνÞ. This means that
body A reduces to a Schwarzschild spacetime with constant
scalar field [cf. Eq. (4.1) and below]. We recover the
conservative sector of the extreme mass-ratio analysis of
Ref. [111].

B. Orbital frequency at the ISCO

We can now evaluate the beyond-GR modifications to
the dynamics, focusing on circular orbits for simplicity.
Consider the motion described by the effective Hamiltonian
Ĥeff given in Eq. (3.2). It does not depend on t̂ nor on Φ,
and thus

Ĥeff ¼ E; ð4:7aÞ

P̂Φ ¼ J ð4:7bÞ

are constants of motion. When P̂R ¼ 0, we have from the
system above that

E2 ¼ WðR̂Þ with WðR̂Þ ¼ A

�
1þ J2

R̂2

�
; ð4:8Þ

while the circularity of the orbit also requires dP̂R=dt̂ ¼ 0,
that is,

∂Ĥeff

∂R̂
¼ 1

2Ĥeff

∂WðR̂Þ
∂R̂

¼ 0: ð4:9Þ

The ISCO is characterized by a third (inflection point)
condition,
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∂
2Ĥeff

∂R̂2
¼ 1

2Ĥeff

∂
2WðR̂Þ
∂R̂2

¼ 0: ð4:10Þ

Hence E and j ¼ J=GAB relate to u [cf. Eq. (3.56)] as

jðuÞ ¼
�
−

A0

ðAu2Þ0
�
1=2

; ð4:11aÞ

EðuÞ ¼ A

�
2u

ðAu2Þ0
�
1=2

; ð4:11bÞ

where the primes denote derivatives with respect to u, while
uISCO is the outermost root of

A00

A0 ¼
ðAu2Þ00
ðAu2Þ0 : ð4:12Þ

Let us turn to the EOB Hamiltonian ĤEOB given in
Eq. (3.1). The associated Hamilton equations define a
resummed two-body dynamics. In this paper, we focus on
the dimensionless orbital frequency Ω̂ ¼ MΩ ¼ dΦ=dt̂,
which reads

Ω̂ ¼ ∂ĤEOB

∂Ĥeff

∂Ĥeff

∂P̂Φ
¼ ju2A

GABE
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2νðE − 1Þp ; ð4:13Þ

where EðuÞ and jðuÞ are given by Eqs. (4.11) on circular
orbits. The orbital frequency, which we shall evaluate at the
ISCO, is thus fully fixed by the effective potential A
[91,112]. We follow Refs. [93,113] and resum our 3PN
result (3.57a) by means of the (1, 3)-Padé approximant

APðuÞ ¼ P1
3½AðuÞ�: ð4:14Þ

This ensures that APðuÞ has a simple zero (by construction)
and the presence of an ISCO, by continuity with the
Schwarzschild metric recovered in the GR, test-mass limit.
The Padé resummation was adopted in several studies that
calibrated GR-EOB waveforms to NR [113,114]. For
further discussions on the effects of the Padé resummation
in the ST case at 2PN, see Ref. [34].
Figure 1 shows the ISCO location uISCO and dimension-

less frequency GABΩ̂ of a binary BH system in the shift-
symmetric ESGB model discussed in Sec. IVA. The
beyond-GR coefficients of the potential A are thus the
functions of ν and l̂ ¼ l=μ given in Eqs. (4.3)–(4.6), which
we truncated at the leading order in l̂ given there. We
recover GR when l̂ ¼ 0, and we consider four symmetric
mass ratio values, ν ¼ f0; 0.1; 0.2; 1=4g.
When ν ¼ 0, we find that uISCO ¼ 1=6 and GABΩ̂ ¼

6−3=2 reduce to their Schwarzschild values for all l̂,
consistently with the extreme mass-ratio limit described
at the end of Sec. IVA. However, when ν ≠ 0, both uISCO
and GABΩ̂ increase with l̂. In particular, the slope (or
“sensitivity”) of the ISCO frequency is maximal when
ν ¼ 1=4:

dðGABΩ̂ÞISCO
dðl̂4Þ

����
l̂¼0
ν¼1=4

¼ 1.14 × 10−2: ð4:15Þ

For such equal-mass binaries (with μ ¼ M=4), the relative
modification to the GR ISCO frequency, ðGABΩ̂ÞISCO=
ðGABΩ̂Þl̂¼0

ISCO − 1, then reaches the percent level when
l=M ¼ 0.132. For comparison, Ref. [115] obtained
one of the most stringent constraints to this day in shift-
symmetric ESGB gravity, l=M < 0.344, from the BH-NS

FIG. 1. Location u and dimensionless orbital frequency GABΩ̂ ¼ GABMΩ at the ISCO of a BH binary in the shift-symmetric ESGB
model fðφÞ ¼ 2φ andA ¼ 1. Here, ν ¼ f0; 0.1; 0.2; 1=4g is the symmetric mass ratio and l̂ ¼ l=μ is the dimensionless Gauss-Bonnet
coupling, with μ the reduced mass. GR is recovered when l̂ ¼ 0. When ν ¼ 0, the ISCO location and orbital frequency reduce to the
Schwarzschild values, while they increase the most with l̂ in the equal-mass case ν ¼ 1=4. The relative modification to the GR ISCO
frequency then reaches the percent level when l̂ ¼ 0.528, that is, l=M ¼ 0.132.
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system GW200115 with total mass M ¼ 7.1MSun. (Note
that we translate between our conventions and those of
Ref. [115] by setting φ ¼ ffiffiffiffiffiffi

4π
p

ϕ and l2 ¼ 2
ffiffiffiffiffiffi
4π

p
αGB.)

The ISCO analysis above motivates the obtention of
full EOB waveforms, including the dissipative sector
[35,39,50,80], to be confronted to GW signals. This issue
will be addressed in future work.

V. CONCLUSIONS

In this paper we have extended the work of Refs. [34,44]
and built an EOB Hamiltonian in ST and ESGB gravity at
3PN order. Our main new results are the following:
(1) An ordinary two-body Hamiltonian [Eq. (2.26)] at

3PN and in ST-ESGB gravity;
(2) The associated EOB Hamiltonian [Eq. (3.1)] and its

3PN coefficients [Eq. (3.59)], which account for the
beyond-GR tail at sixth order in the eccentricity;

(3) The application to hairy BH binaries in shift-
symmetric ESGB gravity [Eqs. (4.3)–(4.6)], and
the first estimate of their ISCO frequency (Fig. 1).

It is important that the EOB framework can be extended
beyond GR. Here, we have reduced the 3PN dynamics to
the (nongeodesic) motion in a modification of the GR EOB
metric, and accounted for the beyond-GR tail effects by
adapting the 4PN methods of Ref. [102].
The EOB framework is also suitable to include other

modified theories of gravity, such as Einstein-Maxwell-
scalar models at 1PN [45,47,49]. Our work can thus be
regarded as another step toward the development of a
parametrized EOB framework, by providing a “dictionary”
between modified gravity theories and the values of the
coefficients of the effective potentials (3.57). In the future,
the tools and methods we developed in this paper could be
applied to other models, such as disformal ST, massive
gravity, or Horndeski theories (which also predict hairy
BHs [116]).
We have focused here on the conservative part of the

dynamics. The corresponding EOB radiation-reaction
force, to be inferred from already available energy fluxes
[35,39,50,80], and gravitational waveforms, will be the
topic of future work. Since NSs and BHs are, in general,
spinning, it will also be important to extend the present
work to include spin effects. For the PN analysis of spin-
orbit effects in ST gravity some work has been done in
Ref. [117]. As a first step, the beyond-GR EOB
Hamiltonian derived here could be included in the state-
of-the-art spinning EOB Hamiltonians in GR (see, e.g.,
Refs. [114,118] and references therein), and then used to
generate beyond-GR inspiral waveforms.
The EOB approach uses a resummation of the two-body

dynamics that can be extended through the plunge of
the two BHs, after which the waveform is matched to the
merger-ringdown signal. The latter should make use of the
quasinormal mode spectrum of ESGB BHs, which has
been computed up to second order in a slow-rotation

expansion [89,90]. The Padé-resummed spectrum of
Kerr BHs computed at the same order in the slow-rotation
approximation is typically accurate at the percent level
when evaluated at the dimensionless spins ∼0.7 of interest
for LIGO-Virgo-KAGRA observations [90]. Therefore it is
reasonable to assume that deviations induced by beyond-
GR terms could be testable at the same (percent) level of
accuracy. The quasinormal mode spectrum could be
included in the EOB model using the parametrized spin
expansion coefficient (PARSPEC) framework [26], which
has been used to perform theory-specific tests of GR with
ringdown signals using the PYRING code in Ref. [119], and
with EOB waveforms in Refs. [120].
For the case of binary BHs, once the EOB waveforms are

completed with physically motivated ansatzes for the
merger-ringdown in ESGB gravity, they could be compared
with and informed by NR simulations (see, e.g., Ref. [66]).
Developing precise and complete EOB-NR waveform
models is crucial to obtain new experimental bounds on
ESGB models, and more generally, on wider classes of
modified gravity theories in the future.
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Note added.—While this project was nearing completion,
we became aware of an independent effort that recently
appeared on the arXiv [121]. Their work focuses on the
computation of the 3PN EOB Hamiltonian in ST theories
and restricts the inclusion of tail effects to circular orbits.
This limit amounts to setting formally kESGB ¼ 0 and
ktail ¼ 0 in Eqs. (3.59b)–(3.59d).
After both works appeared on the arXiv, we compared

the results in the limit given above. We found the
following5:
(1) Equation (5.16) of Ref. [121] still differs from

Eq. (3.59c) by an overall minus sign.
(2) The term proportional to hδi=αAB in Eq. (5.14) of

Ref. [121] differs from that of Eq. (3.59a) by a factor
γ̄AB. Note that αAB ¼ α̃ in our conventions.

5The cross-check of our results against Ref. [121] used
[arXiv:2211.15580v2].
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We explicitly checked that reexpanding our HEOB at 3PN
order yields Eqs. (5.4) and (5.5) of Ref. [42] on circular
orbits. By contrast, we find that it does not if we replace
Eq. (3.59a) by Eq. (5.14) of Ref. [121].
After our work appeared on the arXiv, Ref. [121] was

extended in Ref. [122] to include the tail effects up to
Oðe4Þ. This limit amounts to setting formally kESGB ¼ 0
and ktail ¼ 0 in Eq. (3.59d), since we recall that our work
includes the tail effects up to Oðe6Þ. The tail contributions
(4.12)–(4.17) in Ref. [122] all differ from ours by an overall
factor A2

0. The latter indeed enters Eq. (2.29), and it
originates from the translation of the Jordan-frame
Lagrangian (A3) of Ref. [42] (see Sec. II B)6.

APPENDIX A: EINSTEIN AND JORDAN
FRAMES

In Refs. [38,41,42], the ST two-body Lagrangian was
computed up to 3PN order by adopting the Jordan-frame
formulation of the theory (we use tildes for clarity):

IST ¼
Z

d4x
ffiffiffiffiffiffi
−g̃

p
16π

�
ϕR̃ −

ωðϕÞ
ϕ

ð∂ϕÞ2
�
þ Im½Ψ; g̃μν�; ðA1Þ

where ð∂ϕÞ2 ¼ g̃μν∂μϕ∂νϕ, and where ωðϕÞ is a function
defining the theory. As for compact bodies, they were
described by performing the substitution

Im → Ippm ¼ −
X
A

Z
m̃AðϕÞds̃A; ðA2Þ

TABLE I. Translation of the parameters from Refs. [38,41,42]. Their α is renamed here as α̃ to avoid confusion with ours.

References [38,41,42] References [35,48,99] and this paper

Theory dependent
G̃ A2

0ð1þ α20Þ
ζ α2

0

1þα2
0

λ1 β0
2ð1þα2

0
Þ

λ2 1
4ð1þα2

0
Þ2 ð−β00α0 − 2β0α

2
0 þ 4β20Þ

λ3 1
8ð1þα2

0
Þ3 ð6β00α30 − 24β20α

2
0 þ 8β0α

4
0 − 13β00β0α0 þ 24β30 þ β000α20Þ

Body dependent
mA m0

A=A0

sA 1
2
ð1 − α0A=α0Þ

s0A 1
4α0

ðβ0A=α0 − α0Aβ0=α
2
0Þ

s00A 1
8α5

0

ð3β0Aα0β0 − 3α0Aβ
2
0 − β00Aα

2
0 þ α0Aβ

0
0α0Þ

s000A 1
16α7

0

ð15β0Aα0β20 − 15α0Aβ
3
0 − 5β00Aβ0α

2
0 þ 10α0Aβ

0
0β0α0 − β00Aα

2
0β0 − 4β0Aα

2
0β

0
0 þ β000Aα

3
0 − α0Aβ

000
Aα

2
0Þ

0PN
G̃ α̃ A2

0ð1þ α0Aα
0
BÞ ¼ A2

0GAB

1PN
γ̄ −2α0Aα

0
B

1þα0Aα
0
B
¼ γ̄AB

β̄A β0Aðα0BÞ2
2ð1þα0Aα

0
BÞ2

¼ β̄A

2PN
δ̄A ðα0AÞ2

ð1þα0Aα
0
BÞ2

¼ δA

χ̄A −β00Aðα0BÞ3
4ð1þα0Aα

0
BÞ3

¼ −ϵA=4

β̄Aβ̄B=γ̄ −β0Aβ
0
Bα

0
Aα

0
B

8ð1þα0Aα
0
BÞ3

¼ −ζAB=8
3PN
κ̄A ðα0BÞ4β00A0

8ð1þα0Aα
0
BÞ4

¼ κA

β̄Aδ̄A=γ̄ −α0Aα
0
Bβ

0
A

4ð1þα0Aα
0
BÞ3

¼ −ψA=4

β̄Aχ̄B=γ̄ ðα0AÞ2α0Bβ0Aβ00B
16ð1þα0Aα

0
BÞ4

¼ ξA=16

β̄Aðβ̄BÞ2=γ̄2 ðα0AÞ2β0Aðβ0BÞ2
32ð1þα0Aα

0
BÞ4

¼ ωA=32

6The cross-check of our results against Ref. [122] used
[arXiv:2301.01070v1].
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with ds̃A ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−g̃μνdx

μ
Adx

ν
A

q
. In the present paper, we

describe ST theories by the Einstein-frame action, which
(setting to zero the GB coupling) reads

IST ¼
Z

d4x
ffiffiffiffiffiffi−gp

16π
ðR − 2ð∂φÞ2Þ þ Im½Ψ;A2gμν�; ðA3Þ

where ð∂φÞ2 ¼ gμν∂μφ∂νφ, and where we account for
compact bodies by the substitution

Im → Ippm ¼ −
X
A

Z
mAðφÞdsA; ðA4Þ

with dsA ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−gμνdx

μ
Adx

ν
A

q
. The actions (A1) and (A2) as

well as (A3) and (A4) are identical, modulo boundary
terms, via the redefinitions

g̃μν ¼ A2gμν; ðA5aÞ

3þ 2ωðϕÞ ¼
�
d lnA
dφ

�
−2
; ðA5bÞ

mAðφÞ ¼ AðφÞm̃AðφÞ; ðA5cÞ

where φðϕÞ is obtained by inverting AðφÞ ¼ 1=
ffiffiffiffi
ϕ

p
. Let us

also introduce the notation:

α0 ¼
d lnA
dφ

ðφ0Þ; ðA6aÞ

β0 ¼
dα
dφ

ðφ0Þ; ðA6bÞ

β00 ¼
dβ
dφ

ðφ0Þ; ðA6cÞ

β000 ¼
dβ0

dφ
ðφ0Þ; ðA6dÞ

where the subscript 0 denotes a quantity evaluated at
infinity, φðϕ0Þ ¼ φ0. The quantities above can be obtained
by inserting Eq. (A5c) into Eqs. (2.3) and taking the limit
m̃AðϕÞ ¼ const. In this limit, body A is said to have
negligible self-gravity, and its motion reduces to geodesics
of g̃μν [cf. Eq. (A2)].
By using Eqs. (A5) and below, we can translate the

parameters of Refs. [38,41,42] into our conventions. The
results are gathered in Table I.

APPENDIX B: TWO-BODY LAGRANGIAN
AT 3PN ORDER

The contributions to the two-body, harmonic Lagrangian
(2.5) are, up to 2PN,

L0PN ¼ 1

2
m0

Av
2
A þ 1

2
m0

Bv
2
B þ GABm0

Am
0
B

r
; ðB1aÞ

L1PN ¼ 1

8
m0

Av
4
A þ 1

8
m0

Bv
4
B þ GABm0

Am
0
B

r

�
3

2
ðv2A þ v2BÞ −

7

2
ðvA · vBÞ −

1

2
ðn · vAÞðn · vBÞ þ γ̄ABðvA − vBÞ2

�

−
G2

ABm
0
Am

0
B

2r2
½m0

Að1þ 2β̄BÞ þm0
Bð1þ 2β̄AÞ�; ðB1bÞ

L2PN ¼ 1

16
m0

Av
6
A þ GABm0

Am
0
B

r

�
1

8
ð7þ 4γ̄ABÞðv4A − v2Aðn · vBÞ2Þ − ð2þ γ̄ABÞv2AðvA · vBÞ þ

1

8
ðvA · vBÞ2

þ 1

16
ð15þ 8γ̄ABÞv2Av2B þ 3

16
ðn · vAÞ2ðn · vBÞ2 þ

1

4
ð3þ 2γ̄ABÞvA · vBðn · vAÞðn · vBÞ

�

þ G2
ABm

0
Bðm0

AÞ2
8r2

h
ð2þ 12γ̄AB þ 7γ̄2AB þ 8β̄B − 4δAÞv2A þ ð14þ 20γ̄AB þ 7γ̄2AB þ 4β̄B − 4δAÞv2B

− 2ð7þ 16γ̄AB þ 7γ̄2AB þ 4β̄B − 4δAÞvA · vB − 2ð14þ 12γ̄AB þ γ̄2AB − 8β̄B þ 4δAÞðn · vAÞðn · vBÞ
þ ð28þ 20γ̄AB þ γ̄2AB − 8β̄B þ 4δAÞðn · vAÞ2 þ ð4þ 4γ̄AB þ γ̄2AB þ 4δAÞðn · vBÞ2

i
þ G3

ABðm0
AÞ3m0

B

2r3

�
1þ 2

3
γ̄AB þ 1

6
γ̄2AB þ 2β̄B þ 2

3
δA þ 1

3
ϵB

�
þG3

ABðm0
AÞ2ðm0

BÞ2
8r3

h
19þ 8γ̄AB þ 8ðβ̄A þ β̄BÞ þ 4ζAB

i

−
1

8
GABm0

Am
0
B

h
2ð7þ 4γ̄ABÞðvB · aAÞðn · vBÞ þ ðn · aAÞðn · vBÞ2 − ð7þ 4γ̄ABÞðn · aAÞv2B

i
þ ðA ↔ BÞ: ðB1cÞ
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The contributions LðiÞ
3PN at 3PN level (2.6) are, respectively, proportional to Gi

AB and read

Lð0Þ
3PN ¼ 5

128
m0

Av
8
A þ 5

128
m0

Bv
8
B; ðB2aÞ

Lð1Þ
3PN ¼ GABm0

Am
0
B

32r

h
−4v4Aðn · vBÞ2ð12γ̄AB þ 23Þ þ v4Aðn · vAÞðn · vBÞð20γ̄AB þ 42Þ− 8v2Av

2
Bðn · vAÞ2ð19γ̄AB þ 39Þ

þ v2Av
2
Bðn · vAÞðn · vBÞð140γ̄AB þ 283Þ− 156v2Aðn · vAÞðn · vBÞ3ðγ̄AB þ 2Þ þ 144v2Aðn · vAÞ2ðn · vBÞ2ðγ̄AB þ 2Þ

− 6v2Aðn · vAÞ3ðn · vBÞð2γ̄AB þ 5Þ− 16v2Aðn · vAÞðn · vBÞvA · vBð18γ̄AB þ 35Þ þ 8ðn · vAÞ4vA · vBð3γ̄AB þ 5Þ
− 2v2Aðn · vAÞ2vA · vBð26γ̄AB þ 45Þ þ 4v2Aðn · vBÞ2vA · vBð65γ̄AB þ 128Þ þ 4v2Bðn · vAÞ4ð13γ̄AB þ 27Þ
− 10ðn · vAÞ4ðn · vBÞ2ð8γ̄AB þ 15Þ− 12ðn · vAÞ2ðvA · vBÞ2ð8γ̄AB þ 15Þ þ 5ðn · vAÞ3ðn · vBÞ3ð16γ̄AB þ 29Þ
þ 16ðn · vAÞ3ðn · vBÞvA · vBð17γ̄AB þ 32Þ þ 2ðn · vAÞðn · vBÞðvA · vBÞ2ð108γ̄AB þ 197Þ
− 3ðn · vAÞ2ðn · vBÞ2vA · vBð108γ̄AB þ 199Þ þ 12v6Aγ̄AB þ 120v4Av

2
Bγ̄AB − 4v4AvA · vBγ̄AB

− 192v2Av
2
BvA · vBγ̄AB þ 96v2AðvA · vBÞ2γ̄AB − 32ðvA · vBÞ3γ̄AB þ 22v6A þ 240v4Av

2
B − 10v4AvA · vB

− 387v2Av
2
BvA · vB þ 188v2AðvA · vBÞ2 − 54ðvA · vBÞ3

i
þ 1

48
GABm0

Am
0
B

�
48v2Av

2
Bðn · aAÞ

�
3γ̄AB þ

97

16

�
− 42v2Aðn · aAÞðn · vBÞ2ðγ̄AB þ 2Þ þ 120v2AvB · aAðn · vBÞðγ̄AB þ 2Þ

þ 48v2Aðn · aAÞvA · vB
�
γ̄AB þ

15

8

�
þ 6v2Aðn · aAÞðn · vAÞðn · vBÞð2γ̄AB þ 5Þ− 12v2AvA · aAðn · vBÞð6γ̄AB þ 11Þ

þ 6v2AvB · aAðn · vAÞð8γ̄AB þ 15Þ þ 48v2BvA · aAðn · vAÞ
�
6γ̄AB þ

97

8

�
− 6v2Bðn · aAÞðn · vAÞ2ð13γ̄AB þ 27Þ

− 84vA · aAðn · vAÞðn · vBÞ2ðγ̄AB þ 2Þ þ 240vA · aAðn · vBÞvA · vBðγ̄AB þ 2Þ þ 12ðn · aAÞðvA · vBÞ2ð4γ̄AB þ 7Þ
− 12ðn · aAÞðn · vAÞ2vA · vBð3γ̄AB þ 5Þ− 4vB · aAðn · vAÞ3ð3γ̄AB þ 5Þ þ 6vA · aAðn · vAÞ2ðn · vBÞð2γ̄AB þ 5Þ
þ 24vB · aAðn · vAÞvA · vBð4γ̄AB þ 7Þ þ 9ðn · aAÞðn · vAÞ2ðn · vBÞ2ð8γ̄AB þ 15Þ− 6v4Aðn · aBÞð6γ̄AB þ 11Þ
− 12ðn · aAÞðn · vAÞðn · vBÞvA · vBð22γ̄AB þ 41Þ− 6vB · aAðn · vAÞ2ðn · vBÞð22γ̄AB þ 41Þ
þ 6v2Aðn · aBÞðn · vAÞ2ð2γ̄AB þ 5Þ þ 12v2AvA · aBðn · vAÞð8γ̄AB þ 15Þ− 72v2Aðn · aBÞðn · vAÞðn · vBÞðγ̄AB þ 2Þ
þ 144v2AvA · aBðn · vBÞðγ̄AB þ 2Þ þ 144v2Aðn · aBÞvA · vBðγ̄AB þ 2Þ þ 12v2AvB · aBðn · vAÞð20γ̄AB þ 41Þ
− 8vA · aBðn · vAÞ3ð3γ̄AB þ 5Þ þ 12ðn · aBÞðn · vAÞ3ðn · vBÞð4γ̄AB þ 7Þ− 8vB · aBðn · vAÞ3ð5γ̄AB þ 11Þ
− 24vA · aBðn · vAÞ2ðn · vBÞð6γ̄AB þ 11Þ− 24ðn · aBÞðn · vAÞ2vA · vBð6γ̄AB þ 11Þ− 3ðn · aBÞðn · vAÞ4

þ 12vA · aBðn · vAÞvA · vBð8γ̄AB þ 13Þ þ 12vA · aAðn · vAÞvA · vBð8γ̄AB þ 15Þ
�
þ ðA↔ BÞ; ðB2bÞ

Lð2Þ
3PN ¼ −

G2
ABm

0
Am

0
B

144r2

h
3v2Aðn · vAÞ2ðm0

Að146γ̄2AB þ 564γ̄AB − 48β̄B þ 8δA þ 490Þ − 3m0
Bððγ̄AB þ 2Þ2 þ 4δBÞÞ

þ 6v2Aðn · vAÞðn · vBÞð2m0
Að−73γ̄2AB − 246γ̄AB þ 24β̄B − 4δA − 179Þ þ 3m0

Bððγ̄AB þ 2Þ2 þ 4δBÞÞ
þ 6v2Aðn · vBÞ2m0

Að98γ̄2AB þ 312γ̄AB þ 8δA þ 235Þ þ 4ðn · vAÞ4m0
Að5γ̄2AB − 24γ̄AB þ 36β̄B þ 20δA − 26Þ

þ 3v2Bðn · vAÞ2m0
Að37γ̄2AB þ 96γ̄AB − 24β̄B − 44δA þ 14Þ þ 12ðn · vAÞ2ðn · vBÞ2m0

Að5γ̄2AB þ 24γ̄AB þ 48β̄B

þ 20δA þ 70Þ − 8ðn · vAÞ3ðn · vBÞm0
Að10γ̄2AB þ 24γ̄AB þ 72β̄B þ 40δA þ 83Þ þ 24ðn · vAÞðn · vBÞvA · vBm0

Að97
þ 26γ̄2AB þ 111γ̄AB − 24β̄B þ 8δAÞ þ 6ðn · vAÞ2vA · vBm0

Að−149γ̄2AB − 600γ̄AB þ 72β̄B − 20δA − 529Þ
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−3v4Að3m0
Bð2β̄Aþ15γ̄2ABþ52γ̄AB−4δBþ45Þþm0

Að122γ̄2ABþ432γ̄ABþ8δAþ373ÞÞ
þ3v2Av

2
Bm

0
Að−167γ̄2AB−564γ̄ABþ4δA−463Þþ6ðvA ·vBÞ2m0

Að−125γ̄2AB−492γ̄ABþ24β̄B−20δA−463Þ
þ6v2AvA ·vBðm0

Að223γ̄2ABþ816γ̄AB−24β̄Bþ28δAþ719Þþ3m0
Bð23γ̄2ABþ84γ̄AB−4δBþ76ÞÞ�

−
G2

ABm
0
Am

0
B

144r
½3v2Aðn ·aBÞð4m0

Bð6β̄Aþ25γ̄2ABþ87γ̄ABþ4δBþ80Þþm0
Að98γ̄2ABþ312γ̄ABþ8δAþ235ÞÞ

−9v2Aðn ·aAÞm0
Að52γ̄2ABþ196γ̄ABþ16δAþ185Þþ18ðn ·aAÞvA ·vBm0

Að52γ̄2ABþ196γ̄ABþ16δAþ185Þ
−6vA ·aBðn ·vAÞðm0

Að−56γ̄2AB−240γ̄ABþ24β̄B−32δA−235Þþm0
Bð98γ̄2ABþ312γ̄ABþ8δBþ235ÞÞ

þ6ðn ·aBÞðn ·vAÞ2ðm0
Aðγ̄2ABþ6γ̄ABþ24β̄Bþ4δAþ29Þ−2m0

Bð2γ̄2ABþ21γ̄ABþ8δBþ34ÞÞ
i
þðA↔BÞ; ðB2cÞ

Lð3Þ
3PN ¼ G3

ABm
0
Am

0
B

24α̃r3ðγ̄AB þ 2Þ
h
ðm0

AÞ2ð−3ðn · vAÞðn · vBÞ þ 3ðn · vAÞ2 − v2A þ vA · vBÞð11γ̄ABðγ̄AB þ 2Þ2 − 4δAðγ̄AB þ 10ÞÞ
i

−
G3

ABm
0
Am

0
B

2304r3

h
−576ðm0

AÞ2v2A lnðr=rAÞð4δA − 11ðγ̄AB þ 2Þ2Þ þ 1728ðm0
AÞ2ðn · vAÞ2 lnðr=rAÞð4δA − 11ðγ̄AB þ 2Þ2Þ

− 1728ðm0
AÞ2ðn · vAÞðn · vBÞ lnðr=rAÞð4δA − 11ðγ̄AB þ 2Þ2Þ þ 576ðm0

AÞ2vA · vB lnðr=rAÞð4δA − 11ðγ̄AB þ 2Þ2Þ
− v2A

�
32ðm0

AÞ2ð69γ̄3AB þ 558γ̄2AB þ 1472γ̄AB − 18ϵB þ 54β̄Bð4γ̄AB þ 5Þ− 12δAð5γ̄AB þ 2Þ þ 1232Þ
þm0

Am
0
Bð−63π2γ̄3AB þ 2304γ̄3AB þ 180π2γ̄2AB þ 3136γ̄2AB þ 1350π2γ̄AB − 126π2δAγ̄AB − 126π2δBγ̄AB − 6656γ̄AB

þ 1476π2 − 252π2δA þ 8704δA − 252π2δB þ 3840δB − 2304ζAB þ 2304ψA þ 2304ψB þ 4608β̄Bðγ̄AB þ 1Þ
þ 576β̄Að16γ̄AB þ 21Þ− 9760Þ þ 192ðm0

BÞ2ð6γ̄3AB þ 25γ̄2AB þ 34γ̄AB − ϵA − 4δBð2γ̄AB þ 3Þ þ 6β̄Að2γ̄AB þ 3Þ þ 15Þ
	

þ vA · vB
�
32ðm0

AÞ2ð105γ̄3AB þ 711γ̄2AB þ 1688γ̄AB − 18ϵB − 12δAð9γ̄AB þ 7Þ þ 18β̄Bð16γ̄AB þ 23Þ þ 1340Þ
þm0

Am
0
Bð−63π2γ̄3AB þ 2304γ̄3AB þ 180π2γ̄2AB þ 3136γ̄2AB þ 1350π2γ̄AB − 5504γ̄AB þ 1476π2 − 1728ζAB þ 4608ψA

þ 1728β̄Að8γ̄AB þ 11Þ− 28δAð9π2ðγ̄AB þ 2Þ− 448Þ− 7024Þ
	

− 3ðn · vAÞðn · vBÞ
�
32ðm0

AÞ2ð21γ̄3AB þ 405γ̄2AB þ 1400γ̄AB − 18ϵB − 60δAðγ̄AB þ 1Þ þ 18β̄Bð8γ̄AB þ 7Þ þ 1316Þ
þm0

Am
0
Bð−63π2γ̄3AB þ 768γ̄3AB þ 180π2γ̄2AB − 3008γ̄2AB þ 1350π2γ̄AB − 15296γ̄AB þ 1476π2 − 1344ζAB þ 4608ψA

þ 192β̄Að56γ̄AB þ 75Þ− 28δAð9π2ðγ̄AB þ 2Þ− 448Þ− 14224Þ
	

þ 3ðn · vAÞ2
�
32ðm0

AÞ2ð27γ̄3AB þ 441γ̄2AB þ 1472γ̄AB − 12ϵB − 12δAð3γ̄AB þ 1Þ þ 18β̄Bð8γ̄AB þ 9Þ þ 1370Þ
þm0

Am
0
Bð−63π2γ̄3AB þ 768γ̄3AB þ 180π2γ̄2AB − 3008γ̄2AB þ 1350π2γ̄AB − 126π2δAγ̄AB − 126π2δBγ̄AB − 14528γ̄AB

þ 1476π2 − 252π2δA þ 8704δA − 252π2δB þ 3840δB − 768ζAB þ 2304ψA þ 2304ψB þ 1536β̄Bð2γ̄AB þ 3Þ
þ 192β̄Að40γ̄AB þ 63Þ− 12256Þ− 96ðm0

BÞ2ð2γ̄AB þ 3Þððγ̄AB þ 2Þ2 þ 4δBÞ
	i

þ ðA↔ BÞ; ðB2dÞ

Lð4Þ
3PN ¼ −

G4
ABðm0

AÞ3ðm0
BÞ2

12α̃r4ðγ̄AB þ 2Þ ½11γ̄ABðγ̄AB þ 2Þ2 − 4δAðγ̄AB − 5Þ� −G4
ABðm0

AÞ3m0
B

144r4

h
36m0

B lnðr=rAÞð4δA − 11ðγ̄AB þ 2Þ2Þ

þ 6m0
Að4β̄Bðγ̄2AB þ 4γ̄AB þ 4δA þ 7Þ þ 2γ̄2AB þ 8γ̄AB þ 12β̄2B þ 8δA þ 8κB þ 4ϵB þ 9Þ

þm0
Bð24β̄Aðγ̄2AB þ 4γ̄AB þ 12β̄B þ 4δA þ 16Þ þ 36β̄Bð32γ̄AB þ 79Þ þ 12δAγ̄AB − 33γ̄3AB þ 624γ̄2AB þ 3340γ̄AB

þ 288β̄2B þ 288ζAB þ 136δA þ 72ξA þ 72ωA þ 96ψA þ 200δB þ 72ϵB þ 4008Þ
i
þ ðA ↔ BÞ: ðB2eÞ
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APPENDIX C: CONTACT TRANSFORMATIONS

The order-reduced two-body Lagrangian (2.20) is obtained by replacing the accelerations by their on-shell expressions
at 1PN:

ðaFÞiA ¼ GABm0
B

r2
½nið−1þ ð5þ 2β̄B þ 2γ̄ABÞ

GABm0
A

r
þ ð4þ 2β̄A þ 2γ̄ABÞ

GABm0
B

r
þ 3

2
ðn · vBÞ2

− ð1þ γ̄ABÞv2A − ð2þ γ̄ABÞðv2B − 2vA · vBÞÞ þ ðviA − viBÞðð4þ 2γ̄ABÞðn · vAÞ − ð3þ 2γ̄ABÞðn · vBÞÞ�; ðC1Þ

and (A ↔ B).
The six-by-six Hessian matrix associated with F ¼ L0PN þ L1PN defined in Eq. (2.21b) is

ðHFÞCiDj ¼ m0
CδCD

�
δij

�
1þ 1

2
v2C þ ð3þ 2γ̄ABÞ

GABðM −m0
CÞ

r

�
þ viCv

j
C

�

−
1

2

GABm0
Am

0
B

r
ðδACδBD þ δBCδADÞðninj þ ð7þ 4γ̄ABÞδijÞ; ðC2Þ

with inverse

ðH−1
F ÞEkFl ¼

1

mE
δEF

�
δkl

�
1 −

1

2
v2E − ð3þ 2γ̄ABÞ

GABðM −m0
EÞ

r

�
þ vkEv

l
E

�

þ 1

2

GAB

r
ðδAEδBF þ δBEδAFÞðnknl þ ð7þ 4γ̄ABÞδklÞ: ðC3Þ

The contact transformation defined by Eqs. (2.21) then reads δxA ¼ δx2PN
A þ δx3PN

A , with

δx2PN
A ¼ −

1

8
GABm0

Bð2ð7þ 4γ̄ABÞðn · vBÞvB þ ðn · vBÞ2n − ð7þ 4γ̄ABÞv2BnÞ; ðC4aÞ

δx3PN
A ¼ G2

ABm
0
B

48r

h
2nðn · vBÞ2ðm0

Bð24β̄A þ γ̄2AB þ 12γ̄AB þ 4δB þ 38Þ− 2m0
Að2γ̄2AB þ 21γ̄AB þ 8δA þ 34ÞÞ

− 2vBðn · vBÞðm0
Bð24β̄A − 104γ̄2AB − 396γ̄AB − 32δB − 361Þ þm0

Að98γ̄2AB þ 312γ̄AB þ 8δA þ 235ÞÞ
þ 6nðn · vAÞ2m0

Að6γ̄AB þ 11Þ þ 6vAðn · vAÞm0
Að4γ̄AB þ 7Þ2 þ 3nv2Am

0
Að36γ̄2AB þ 136γ̄AB þ 16δA þ 129Þ

þ nv2Bm
0
Bð50γ̄2AB þ 156γ̄AB þ 8δB þ 109Þ þ 4nv2Bm

0
Að25γ̄2AB þ 87γ̄AB þ 6β̄B þ 4δA þ 80Þ

− 6nðvA · vBÞm0
Að52γ̄2AB þ 196γ̄AB þ 16δA þ 185Þ

i
þGABm0

B

48

h
−12nðn · vAÞðn · vBÞ3ð4γ̄AB þ 7Þ þ 24nðn · vBÞ2vA · vBð6γ̄AB þ 11Þ þ 9nðn · vAÞ2ðn · vBÞ2ð8γ̄AB þ 15Þ

− 3nv2Aðn · vBÞ2ð14γ̄AB þ 27Þ þ 72nv2Bðn · vAÞðn · vBÞðγ̄AB þ 2Þ þ 6nv2Aðn · vAÞðn · vBÞð2γ̄AB þ 5Þ
− 12nðn · vAÞðn · vBÞvA · vBð22γ̄AB þ 41Þ− 12nðn · vAÞ2vA · vBð3γ̄AB þ 5Þ − 6nv2Bðn · vAÞ2ð13γ̄AB þ 27Þ
− 6nv2Bðn · vBÞ2ð2γ̄AB þ 5Þ− 6vAðn · vAÞðn · vBÞ2ð14γ̄AB þ 27Þ þ 288vAðn · vBÞvA · vBγ̄AB
þ 6vAðn · vAÞ2ðn · vBÞð2γ̄AB þ 5Þ − 12v2AvAðn · vBÞð6γ̄AB þ 11Þ þ 12vAðn · vAÞvA · vBð8γ̄AB þ 15Þ
þ 12vAv2Bðn · vAÞð22γ̄AB þ 45Þ þ 24vBðn · vAÞðn · vBÞ2ð6γ̄AB þ 11Þ− 96vBðn · vBÞvA · vBγ̄AB
− 6vBðn · vAÞ2ðn · vBÞð22γ̄AB þ 41Þ þ 6v2AvBðn · vBÞð24γ̄AB þ 47Þ− 144v2BvBðn · vAÞðγ̄AB þ 2Þ
þ 24vBðn · vAÞvA · vBð4γ̄AB þ 7Þ − 4vBðn · vAÞ3ð3γ̄AB þ 5Þ þ 6v2AvBðn · vAÞð8γ̄AB þ 15Þ
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þ8vAðn ·vBÞ3ð5γ̄ABþ11Þ−240vAv2Bðn ·vBÞγ̄ABþ8vBðn ·vBÞ3ð3γ̄ABþ5Þ−96v2BvBðn ·vBÞγ̄AB
−144nv2BvA ·vBðγ̄ABþ2Þþ12nðvA ·vBÞ2ð4γ̄ABþ7Þþ6nv2AvA ·vBð8γ̄ABþ15Þþ6nv2Av

2
Bð22γ̄ABþ45Þ

þ6nðvBÞ4ð6γ̄ABþ11Þþ3nðn ·vBÞ4þ564vAðn ·vBÞvA ·vB−156vBðn ·vBÞvA ·vB−492vAv2Bðn ·vBÞ

−180v2BvBðn ·vBÞ
i
−
4MA2

0

3
ðGABm0

Am
0
BÞα0Aðα0A−α0BÞPF

2r

Z
R

dτ
jτj

�
n
r2

�����
tþτ

; ðC4bÞ

and (A ↔ B).

APPENDIX D: TWO-BODY HAMILTONIAN AT 3PN ORDER

The contributions to the center-of-mass frame, two-body Hamiltonian (2.26) are, up to 2PN,

Ĥ0PN ¼ p̂2

2
−
GAB

r̂
; ðD1aÞ

Ĥ1PN ¼ −
1

8
ð1 − 3νÞp̂4 −

GAB

2r̂
½νp̂2

r þ ð3þ 2γ̄AB þ νÞp̂2� þ G2
AB

2r̂2
½1þ β̄þ −m−β̄−�; ðD1bÞ

Ĥ2PN ¼ 1

16
ð1 − 5νþ 5ν2Þp̂6 þGAB

8r̂

h
ð5 − 22ν − 3ν2 þ 4γ̄ABð1 − 4νÞÞp̂4 þ 2ð1 − νÞνp̂2p̂2

r − 3ν2p̂4
r

i

þ G2
AB

8r̂2

h
ð22þ 2δþ þ 28γ̄AB þ 9γ̄2AB þ 58νþ 36γ̄ABν − 2δþð1þ νÞ þ 2m−ðβ̄− þ δ− − β̄−νÞÞp̂2

− ð2δþ þ γ̄2AB þ 4γ̄ABð1þ 6νÞ þ 4ð1þ 8ν − 3β̄þνÞ þ 2m−ðδ− þ 2β̄−νÞÞp̂2
r

i
−
G3

AB

12r̂3

h
6þ ϵþ þ 4γ̄AB þ γ̄2AB þ 45ν − 2ϵþνþ 16γ̄ABν − 2γ̄2ABνþ 6β̄þð1þ 2νÞ þ δþð2 − 4νÞ þ 12ζABν

−m−ð6β̄− − 2δ− þ ϵ−Þ
i
: ðD1cÞ

The contributions ĤðiÞ
3PN at 3PN level (2.27) are, respectively, proportional to Gi

AB and read

Ĥð0Þ
3PN ¼ 5

128
ð−1þ 7ν − 14ν2 þ 7ν3Þp̂8; ðD2aÞ

Ĥð1Þ
3PN ¼ GAB

16r̂

h
−ð2γ̄ABð93ν2 − 23νþ 3Þ þ 5ν3 þ 331ν2 − 64νþ 7Þp̂6 þ ð−27þ 4γ̄ABð89ν − 4Þ − 3ν2 þ 676νÞνp̂4p̂2

r

− ð−5þ 3ν2 þ 468νþ 6γ̄ABð43ν − 1ÞÞνp̂2p̂4
r þ 5ð15þ 8γ̄AB − νÞν2p̂6

r

i
; ðD2bÞ

Ĥð2Þ
3PN ¼ G2

AB

48r̂2

��
−3β̄þðν2 þ 3ν − 3Þ − 308γ̄2ABν

2 þ 199γ̄2ABν − 51γ̄2AB − 348γ̄ABν
2 þ 402γ̄ABν − 132γ̄AB

− 2δþð20ν2 − 7νþ 3Þ þ 395ν2 þ 164ν − 87 −m−ðδ−ð6 − 34νÞ þ β̄−ð9ν2 − 39νþ 9ÞÞ
	
p̂4

þ
�
ð596ν2 þ 137νþ 3Þγ̄2AB þ 6ð504ν2 þ 71νþ 2Þγ̄AB − 36ν2β̄þ − 72νβ̄þ þ 2δþð20ν2 − 7νþ 3Þ

þ 3556ν2 þ 211νþ 12 − 2m−ð6νðνþ 2Þβ̄− þ δ−ð17ν − 3ÞÞ
	
p̂2p̂2

r

þ
�
1

3
νð80νγ̄2AB − 504νγ̄AB þ 20γ̄2AB þ 228γ̄AB þ 72ð5νþ 1Þβ̄þ þ 40δþð4νþ 1Þ − 581νþ 454Þ

−
8

3
νm−ð9ðν − 1Þβ̄− þ 5δ−Þ

�
p̂4
r

�
; ðD2cÞ
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Ĥð3Þ
3PN ¼ G3

AB

r̂3

��
ν
11γ̄ABðγ̄AB þ 2Þ2 − 2δþðγ̄AB þ 10Þ

24α̃ðγ̄AB þ 2Þ −
δ−νm−ðγ̄AB þ 10Þ
12α̃ðγ̄AB þ 2Þ −

1

8
β̄þð20νγ̄AB − 4γ̄AB þ 4ν2 þ 17ν − 6Þ

þ 7

128
π2δþνγ̄AB −

7

12
δþνγ̄AB −

2

3
δþγ̄AB þ 13

2
ν2γ̄2AB þ 58

3
ν2γ̄AB þ 7

256
π2νγ̄3AB −

11

24
νγ̄3AB −

5

64
π2νγ̄2AB

−
923

72
νγ̄2AB −

75

128
π2νγ̄AB −

1421νγ̄AB
36

− γ̄3AB −
29γ̄2AB
6

−
47γ̄AB
6

−
1

4
ν lnðr̂Þð2δþ − 11ðγ̄AB þ 2Þ2Þ

−
11

8
lnþνγ̄2AB −

11

2
lnþνγ̄AB −

ν2ζAB
2

þ νζAB þ δþν2 þ
7

64
π2δþν −

143δþν
36

− δþ þ 1

4
δþlnþν −

11lnþν
2

þ 157ν2

12
− νψþ −

1531ν

48
−
41π2ν

64
þ ν2ϵþ

12
−
νϵþ
24

þ ϵþ
24

−
17

4
þ 1

4
δ−ln−ν

−
m−

72
ð−9β̄−ð28νγ̄AB − 4γ̄AB þ 37ν − 6Þ − 6δ−νγ̄AB þ 48δ−γ̄AB þ 99ln−νγ̄2AB þ 396ln−νγ̄AB þ 14δ−ν

þ 72δ− þ 36δ−ν lnðr̂Þ − 18δþln−νþ 396ln−ν − 18δ−lnþνþ 3νϵ− þ 3ϵ−Þ
�
p̂2

þ
�
ν
2δþðγ̄AB þ 10Þ − 11γ̄ABðγ̄AB þ 2Þ2

8α̃ðγ̄AB þ 2Þ þ δ−νm−ðγ̄AB þ 10Þ
4α̃ðγ̄AB þ 2Þ þ 5νβ̄þγ̄AB þ 27

2
ν2γ̄2AB þ 53ν2γ̄AB

−
1

256
21π2νγ̄3AB þ 23

8
νγ̄3AB þ 15

64
π2νγ̄2AB þ 779

24
νγ̄2AB þ 225

128
π2νγ̄AB þ 1103νγ̄AB

12
þ γ̄3AB

4
þ 11γ̄2AB

8
þ 5γ̄AB

2

þ 3

4
ν lnðr̂Þð2δþ − 11ðγ̄AB þ 2Þ2Þ þ 1

128
δþðð96 − 21π2Þνþ 64Þγ̄AB −

1

192
δþð144lnþ þ 63π2 − 1904Þν

þ 3δþν2 þ
3

4
δþ þ 33

8
lnþνγ̄2AB þ 33

2
lnþνγ̄AB − 3ν2β̄þ þ 47νβ̄þ

8
−
3ν2ζAB

2
− νζAB þ 33lnþν

2
þ 197ν2

4

þ 3νψþ þ 123π2ν

64
þ 309ν

4
þ ν2ϵþ

4
−
3νϵþ
8

þ 3

2
−
3

4
δ−ln−νþ

m−

24
ð−3νβ̄−ð40γ̄AB þ 47Þ

þ 9νðln−ð11ðγ̄AB þ 2Þ2 − 2δþÞ þ ϵ−Þ − 2δ−ð3ðν − 2Þγ̄AB þ 9lnþνþ 35ν − 9Þ þ 36δ−ν lnðr̂ÞÞ
�
p̂2
r

�
; ðD2dÞ

Ĥð4Þ
3PN ¼ G4

AB

144r̂4

�
12ν

11γ̄ABðγ̄AB þ 2Þ2 − 2δþðγ̄AB − 5Þ
α̃ðγ̄AB þ 2Þ −

24δ−νm−ðγ̄AB − 5Þ
α̃ðγ̄AB þ 2Þ − 24νβ̄þγ̄2AB þ 480νβ̄þγ̄AB þ 12β̄þγ̄2AB

þ 48β̄þγ̄AB þ 6δþνγ̄AB − 33νγ̄3AB þ 588νγ̄2AB þ 3196νγ̄AB þ 12γ̄2AB þ 48γ̄AB þ 36ν lnðr̂Þð2δþ − 11ðγ̄AB þ 2Þ2Þ
þ 198lnþνγ̄2AB þ 792lnþνγ̄AB þ 24δ−ð4ν− 1Þβ̄− − 48δþνβ̄þ þ 24δþβ̄þ þ ð18− 54νÞβ̄2− þ 90νβ̄2þ þ 1362νβ̄þ
þ 18β̄2þ þ 84β̄þ þ 288νζAB þ 96δþνþ 24δþ − 72κþνþ 24κþ − 36δþlnþνþ 792lnþνþ 36νξþ þ 48νψþ þ 3846ν

þ 36νwþ þ 12ϵþ þ 54− 36δ−ln−νþ 2m−

�
3δ−νγ̄AB þ 99ln−νγ̄2AB þ 396ln−νγ̄AB − 3β̄−ð−4νγ̄2AB þ 80νγ̄AB þ 2γ̄2AB

þ 8γ̄AB þ 18νβ̄þ þ 6β̄þ − 8δþνþ 4δþ þ 191νþ 14Þ þ 12δ−β̄þ − 28δ−νþ 12δ− þ 36δ−ν lnðr̂Þ þ 12κ−ν− 12κ−

− 18δþln−νþ 396ln−ν− 18δ−lnþνþ 18νξ− þ 24νψ− þ 18νw− − 12νϵ− − 6ϵ−
	�

: ðD2eÞ

APPENDIX E: GENERATING FUNCTIONS

In the GR limit described below Eqs. (2.10), the part ĤI of the two-body Hamiltonian is equal to the 3PN (ADM)
Hamiltonian of Ref. [98] modulo the canonical transformation built in Sec. III B. Its nonzero coefficients yield a coordinate
change at 2PN and 3PN, and they read, respectively,

γ101 ¼
ν

4
; ðE1aÞ

γ002 ¼ −
1

4
− 3ν; ðE1bÞ
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γ201 ¼
ν

4
ð−5þ 68νÞ; ðE2aÞ

γ111 ¼
ν

48
ð5 − 396νÞ; ðE2bÞ

γ021 ¼
15ν2

16
; ðE2cÞ

γ102 ¼
ν

24
ð92þ 491νÞ; ðE2dÞ

γ012 ¼
ν

144
ð91þ 124νÞ; ðE2eÞ

γ003 ¼
ν

32
½3ð156þ 7π2Þ þ 176ðlnþ þm−ln−Þ�; ðE2fÞ

γln003 ¼ −11ν; ðE2gÞ
where γln003 allows us to eliminate the ln r̂-dependent terms.
In ST-ESGB gravity, the Hamiltonian can be identified

to its EOB counterpart ĤI
EOB modulo a coordinate change

at 1PN, 2PN, and 3PN. The nonzero coefficients of the
canonical transformation are now, respectively,

γ100 ¼ −
ν

2
; ðE3aÞ

γ001 ¼
GAB

2
ð2þ 2γ̄AB þ νÞ; ðE3bÞ

γ200 ¼
ν

8
ð1 − νÞ; ðE4aÞ

γ020 ¼
ν2

2
; ðE4bÞ

γ101 ¼
GABν

8
ð12þ 8γ̄AB − νÞ; ðE4cÞ

γ011 ¼ −
GABν

2

8
; ðE4dÞ

γ002 ¼
G2

AB

8
ð−24νγ̄AB þ 3γ̄2AB þ 4γ̄AB þ 4ðνþ 1Þβ̄þ

− 4m−β̄− − 2δþ þ 2ν2 − 2δ−m− − 38νÞ; ðE4eÞ

γ300 ¼ −
ν

16
ð1 − 3νþ ν2Þ; ðE5aÞ

γ210 ¼
ν2

24
ð3 − 4νÞ; ðE5bÞ

γ120 ¼
ν2

12
ð7ν − 6Þ; ðE5cÞ

γ030 ¼ −
2ν3

3
; ðE5dÞ

γ201¼−
GABν

16
ð−2ð77ν−9Þγ̄ABþν2−292νþ29Þ; ðE5eÞ

γ111 ¼ −
GABν

48
ð2ð97ν − 3Þγ̄AB þ 4ν2 þ 360ν − 5Þ; ðE5fÞ

γ021 ¼
GABν

2

16
ð−24γ̄AB þ 5ν − 33Þ; ðE5gÞ

γ102 ¼
G2

ABν

48
ð308νγ̄2AB þ 1044νγ̄AB þ 11γ̄2AB þ 60γ̄AB

− 12ðν − 1Þβ̄þ − 30m−β̄− þ δþð40ν − 2Þ
− 22δ−m− þ 850νþ 55Þ; ðE5hÞ

γ012 ¼
G2

ABν

72
ð10νγ̄2AB þ 150νγ̄AB þ 16γ̄2AB þ 18γ̄AB

þ 42β̄þ − 24m−β̄− þ 4δþð5νþ 2Þ þ 3ν2

− 2δ−m− þ 266νþ 17Þ; ðE5iÞ

γ003 ¼
G3

AB

2304

�
96νðð2δþ þ 2δ−m−Þðγ̄AB þ 10Þ − 11γ̄ABðγ̄AB þ 2Þ2Þ

α̃ðγ̄AB þ 2Þ þ 288β̄þð4ð7νþ 1Þγ̄AB − 7ν2 þ 19νþ 4Þ

þ 192ν2γ̄2AB þ 1920ν2γ̄AB − 63π2νγ̄3AB þ 1056νγ̄3AB þ 180π2νγ̄2AB þ 5872νγ̄2AB þ 1350π2νγ̄AB þ 20672νγ̄AB

þ 288γ̄3AB þ 672γ̄2AB þ 384γ̄AB þ 3168ln−m−νγ̄
2
AB þ 12672ln−m−νγ̄AB þ 3168lnþνγ̄2AB þ 12672lnþνγ̄AB

− 2δþð21ð3π2 − 32Þνγ̄AB þ 96γ̄AB þ 2νð144ln−m− þ 144lnþ þ 63π2 − 2264Þ − 192ν2 þ 96Þ − 6912m−νβ̄−γ̄AB

− 1152m−β̄−γ̄AB − 192δ−m−νγ̄AB − 192δ−m−γ̄AB þ 288m−ν
2β̄− − 8640m−νβ̄− − 1152m−β̄− − 1152ν2ζAB

− 3456νζAB − 576δ−ln−νþ 12672ln−m−ν − 576δ−lnþm−νþ 12672lnþνþ 288ν3 − 992δ−m−ν − 192δ−m−

þ 864ν2 þ 2304νψþ þ 288m−νϵ− þ 192m−ϵ− þ 1476π2νþ 18816νþ 192ν2ϵþ þ 96νϵþ − 192ϵþ

�
; ðE5jÞ

γln003 ¼
G3

ABν

4
ð−11γ̄2AB − 44γ̄AB þ 2δþ þ 2δ−m− − 44Þ: ðE5kÞ

THIRD POST-NEWTONIAN EFFECTIVE-ONE-BODY … PHYS. REV. D 107, 104044 (2023)

104044-25



[1] B. P. Abbott et al. (LIGO Scientific, Virgo Collaborations),
Phys. Rev. Lett. 116, 061102 (2016).

[2] B. P. Abbott et al. (LIGO Scientific, Virgo Collaborations),
Phys. Rev. Lett. 119, 161101 (2017)..

[3] B. P. Abbott et al. (LIGO Scientific, Virgo Collaborations),
Astrophys. J. Lett. 892, L3 (2020).

[4] R. Abbott et al. (LIGO Scientific, KAGRA, Virgo Col-
laborations), Astrophys. J. Lett. 915, L5 (2021).

[5] R. Abbott et al. (LIGO Scientific, Virgo, KAGRA Col-
laborations), arXiv:2111.03606.

[6] J. Aasi et al. (LIGO Scientific Collaboration), Classical
Quantum Gravity 32, 074001 (2015).

[7] F. Acernese et al. (Virgo Collaboration), Classical Quan-
tum Gravity 32, 024001 (2015).

[8] B. P. Abbott et al. (LIGO Scientific, Virgo Collaborations),
Phys. Rev. Lett. 116, 221101 (2016); 121, 129902(E)
(2018).

[9] B. P. Abbott et al. (LIGO Scientific, Virgo Collaborations),
Phys. Rev. Lett. 123, 011102 (2019).

[10] B. P. Abbott et al. (LIGO Scientific, Virgo Collaborations),
Phys. Rev. D 100, 104036 (2019).

[11] R. Abbott et al. (LIGO Scientific, Virgo Collaborations),
Phys. Rev. D 103, 122002 (2021).

[12] R. Abbott et al. (LIGO Scientific, Virgo, KAGRA Col-
laborations), arXiv:2112.06861 [Phys. Rev. D (to be
published)].

[13] K. D. Kokkotas and B. G. Schmidt, Living Rev. Relativity
2, 2 (1999).

[14] E. Berti, V. Cardoso, and A. O. Starinets, Classical
Quantum Gravity 26, 163001 (2009).

[15] L. Baiotti and L. Rezzolla, Rep. Prog. Phys. 80, 096901
(2017).

[16] K. Kyutoku, M. Shibata, and K. Taniguchi, Living Rev.
Relativity 24, 5 (2021).

[17] L. Blanchet and B. S. Sathyaprakash, Phys. Rev. Lett. 74,
1067 (1995).

[18] K. G. Arun, B. R. Iyer, M. S. S. Qusailah, and B. S.
Sathyaprakash, Phys. Rev. D 74, 024006 (2006).

[19] N. Yunes and F. Pretorius, Phys. Rev. D 80, 122003
(2009).

[20] T. G. F. Li, W. Del Pozzo, S. Vitale, C. Van Den Broeck,
M. Agathos, J. Veitch, K. Grover, T. Sidery, R. Sturani, and
A. Vecchio, Phys. Rev. D 85, 082003 (2012).

[21] M. Agathos, W. Del Pozzo, T. G. F. Li, C. Van Den Broeck,
J. Veitch, and S. Vitale, Phys. Rev. D 89, 082001 (2014).

[22] E. Barausse, N. Yunes, and K. Chamberlain, Phys. Rev.
Lett. 116, 241104 (2016).

[23] V. Cardoso, M. Kimura, A. Maselli, E. Berti, C. F. B.
Macedo, and R. McManus, Phys. Rev. D 99, 104077
(2019).

[24] R. McManus, E. Berti, C. F. B. Macedo, M. Kimura, A.
Maselli, and V. Cardoso, Phys. Rev. D 100, 044061 (2019).

[25] M. Khalil, N. Sennett, J. Steinhoff, and A. Buonanno,
Phys. Rev. D 100, 124013 (2019).

[26] A. Maselli, P. Pani, L. Gualtieri, and E. Berti, Phys. Rev. D
101, 024043 (2020).

[27] G. Carullo, W. Del Pozzo, and J. Veitch, Phys. Rev. D 99,
123029 (2019); 100, 089903(E) (2019).

[28] A. Ghosh, R. Brito, and A. Buonanno, Phys. Rev. D 103,
124041 (2021).

[29] S. Bhagwat and C. Pacilio, Phys. Rev. D 104, 024030
(2021).

[30] A. K. Mehta, A. Buonanno, R. Cotesta, A. Ghosh, N.
Sennett, and J. Steinhoff, Phys. Rev. D 107, 044020
(2023).

[31] C. M. Will, Living Rev. Relativity 17, 4 (2014).
[32] E. Berti et al., Classical Quantum Gravity 32, 243001

(2015).
[33] N. Yunes, K. Yagi, and F. Pretorius, Phys. Rev. D 94,

084002 (2016).
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