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Intermediate-scale quantum devices are becoming more reliable, and may soon be harnessed to solve useful
computational tasks. At the same time, common classical methods used to verify their computational output
become intractable due to a prohibitive scaling of required resources with system size. Inspired by recent
experimental progress, here we describe and analyze efficient cross-platform verification protocols for quantum
states and show how these can be used to verify computations. We focus on the pair-wise comparison between
distant nodes of a quantum network, identify the most promising protocols and then discuss how they can be
implemented in laboratory settings. As a proof of principle, we implement basic versions of these schemes on
available quantum processors.

I. INTRODUCTION

As quantum computing platforms become more mature, it
is essential to establish means to verify their computational
output. By construction, classical devices perform poorly
at this task, especially as noisy intermediate-scale quantum
(NISQ) devices [1] grow in size and may already be used to
solve problems beyond the reach of classical machines [2, 3].
In recent years this has led to an increasing demand for ef-
ficient verification techniques beyond full state tomography
[4–6]. By now there exists a range of different approaches
to certify quantum states and computations, including tech-
niques such as randomized benchmarking [7], fidelity esti-
mation [8], self-testing [9] or interactive proofs [10]. While
each approach has its context-specific advantages and disad-
vantages, a common goal is to find protocols with feasible
resource requirements. Several review articles have been put
together in recent years on various aspects of quantum verifi-
cation [11–14].

One subset of approaches deals with quantum state veri-
fication, which can be used to test the reliability of quan-
tum devices and their ability to generate specific states. This
is particularly suitable for NISQ devices, which cannot per-
form the deep circuits required for self-testing or interactive
proofs. The gold standard is to perform quantum state tomog-
raphy (QST) to reconstruct the full quantum state, but this
method requires a number of measurements that scales ex-
ponentially with the number of qubits. Exponentially faster,
but nevertheless still exponentially difficult, are fidelity es-
timation [8, 15, 16] and comparing randomized measure-
ments [17, 18]. Forgoing theoretical guarantees, one could
efficiently compare states via their classical shadow [19–21].

In these approaches, there is essentially no difference be-
tween comparing a quantum state to the predictions obtained
from some classical description and comparing the mea-
surement outcomes from two independent devices. Inspired
by recent experimental progress in realizing quantum local-
area networks [22–24], we collect and assess quantum cross-
platform verification schemes enabled by the presence of a
quantum link between the devices. In particular, a compari-

son of two unknown quantum states at distant locations may
be performed using a combination of quantum state transfer
[25] and the SWAP test [26], with or without additional an-
cilla qubits. Unlike the aforementioned classical methods, the
resource requirements of quantum cross-platform verification
scale only linearly, which makes these schemes very attractive
as devices become larger. To identify the most useful scheme
for near-term experiments, we explicitly account for the num-
ber of uses of the quantum channel, under the assumption that
this is an expensive resource.

Building on these techniques for cross-platform verification
of quantum states, we also present a set of efficient protocols
for verifying quantum computations. If two remote quantum
machines are connected by a quantum channel, the cost of
verifying computations inherits the linear scaling with system
size from the state-verification schemes. In particular, to find
the process fidelity between two unitary operations up to an
error ε, the number of required samples scales as O(1/ε2),
which follows from concentration bounds in probability the-
ory.

This article is structured as follows. In Sec. II A we con-
sider four distributed state-comparison schemes in quantum
networks, discuss their gate count and necessary amount of
communication and information transfer. In Sec. II B we then
discuss methods for comparing remote quantum computations
by means of either state-comparison protocols, Hadamard
tests or entanglement witnesses. We complement this discus-
sion by proof-of-principle demonstrations on single quantum
devices, and discuss advantages and limitations of the dis-
tributed protocols. In Sec. III we highlight future prospects
and possible implementations of cross-platform verification in
quantum-network experiments, and provide realistic estimates
for achievable fidelities. Further promising directions for uti-
lizing NISQ devices in verification experiments are mentioned
in Sec. IV.

II. CROSS-PLATFORM VERIFICATION

In this section we briefly review state-comparison proto-
cols and adapt them to cross-platform verification in quantum
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Scheme I : 2N rounds, 2 ancillas, N To↵olis, not destructive.

<latexit sha1_base64="mgRGkn4VXWfxpCyVKITOs3hSYWs="></latexit>

Scheme II : N rounds, 1 ancilla, 0 To↵olis, destructive.

<latexit sha1_base64="suana+j0hfGfW4EceqzMSFkRbdw="></latexit>

Scheme III : 2N rounds, 0 ancillas, 0 To↵olis, destructive.

<latexit sha1_base64="4KMgdnFIE2+p4oJwA2W3dR/tELE="></latexit>

D1

<latexit sha1_base64="W49s0BQPHGo5lKvrJCaYOb2DRI4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WNBD3qraD+gDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrK6tbxQ3S1vbO7t75f2Dpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApG11O/9YRK81g+mnGCfkQHkoecUWOlh5ue1ytX3Ko7A1kmXk4qkKPeK391+zFLI5SGCap1x3MT42dUGc4ETkrdVGNC2YgOsGOppBFqP5udOiEnVumTMFa2pCEz9fdERiOtx1FgOyNqhnrRm4r/eZ3UhFd+xmWSGpRsvihMBTExmf5N+lwhM2JsCWWK21sJG1JFmbHplGwI3uLLy6R5VvXOqxf355XaXR5HEY7gGE7Bg0uowS3UoQEMBvAMr/DmCOfFeXc+5q0FJ585hD9wPn8AwRyNew==</latexit>

D2

<latexit sha1_base64="JaxwwO6iQWi4h/zm53edXwQLeFw=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyGiB4DetBbRPOAZAmzk9lkyOzsMtMrhJBP8OJBEa9+kTf/xkmyB00saCiquunuChIpDLrut5NbW9/Y3MpvF3Z29/YPiodHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Hrmt564NiJWjzhOuB/RgRKhYBSt9HDTq/SKJbfszkFWiZeREmSo94pf3X7M0ogrZJIa0/HcBP0J1SiY5NNCNzU8oWxEB7xjqaIRN/5kfuqUnFmlT8JY21JI5urviQmNjBlHge2MKA7NsjcT//M6KYZX/kSoJEWu2GJRmEqCMZn9TfpCc4ZybAllWthbCRtSTRnadAo2BG/55VXSrJS9avnivlqq3WVx5OEETuEcPLiEGtxCHRrAYADP8ApvjnRenHfnY9Gac7KZY/gD5/MHwqCNfA==</latexit>

D1

<latexit sha1_base64="W49s0BQPHGo5lKvrJCaYOb2DRI4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WNBD3qraD+gDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrK6tbxQ3S1vbO7t75f2Dpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApG11O/9YRK81g+mnGCfkQHkoecUWOlh5ue1ytX3Ko7A1kmXk4qkKPeK391+zFLI5SGCap1x3MT42dUGc4ETkrdVGNC2YgOsGOppBFqP5udOiEnVumTMFa2pCEz9fdERiOtx1FgOyNqhnrRm4r/eZ3UhFd+xmWSGpRsvihMBTExmf5N+lwhM2JsCWWK21sJG1JFmbHplGwI3uLLy6R5VvXOqxf355XaXR5HEY7gGE7Bg0uowS3UoQEMBvAMr/DmCOfFeXc+5q0FJ585hD9wPn8AwRyNew==</latexit>

D2

<latexit sha1_base64="JaxwwO6iQWi4h/zm53edXwQLeFw=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyGiB4DetBbRPOAZAmzk9lkyOzsMtMrhJBP8OJBEa9+kTf/xkmyB00saCiquunuChIpDLrut5NbW9/Y3MpvF3Z29/YPiodHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Hrmt564NiJWjzhOuB/RgRKhYBSt9HDTq/SKJbfszkFWiZeREmSo94pf3X7M0ogrZJIa0/HcBP0J1SiY5NNCNzU8oWxEB7xjqaIRN/5kfuqUnFmlT8JY21JI5urviQmNjBlHge2MKA7NsjcT//M6KYZX/kSoJEWu2GJRmEqCMZn9TfpCc4ZybAllWthbCRtSTRnadAo2BG/55VXSrJS9avnivlqq3WVx5OEETuEcPLiEGtxCHRrAYADP8ApvjnRenHfnY9Gac7KZY/gD5/MHwqCNfA==</latexit>

D1

<latexit sha1_base64="W49s0BQPHGo5lKvrJCaYOb2DRI4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WNBD3qraD+gDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrK6tbxQ3S1vbO7t75f2Dpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApG11O/9YRK81g+mnGCfkQHkoecUWOlh5ue1ytX3Ko7A1kmXk4qkKPeK391+zFLI5SGCap1x3MT42dUGc4ETkrdVGNC2YgOsGOppBFqP5udOiEnVumTMFa2pCEz9fdERiOtx1FgOyNqhnrRm4r/eZ3UhFd+xmWSGpRsvihMBTExmf5N+lwhM2JsCWWK21sJG1JFmbHplGwI3uLLy6R5VvXOqxf355XaXR5HEY7gGE7Bg0uowS3UoQEMBvAMr/DmCOfFeXc+5q0FJ585hD9wPn8AwRyNew==</latexit>

D2

<latexit sha1_base64="JaxwwO6iQWi4h/zm53edXwQLeFw=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyGiB4DetBbRPOAZAmzk9lkyOzsMtMrhJBP8OJBEa9+kTf/xkmyB00saCiquunuChIpDLrut5NbW9/Y3MpvF3Z29/YPiodHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Hrmt564NiJWjzhOuB/RgRKhYBSt9HDTq/SKJbfszkFWiZeREmSo94pf3X7M0ogrZJIa0/HcBP0J1SiY5NNCNzU8oWxEB7xjqaIRN/5kfuqUnFmlT8JY21JI5urviQmNjBlHge2MKA7NsjcT//M6KYZX/kSoJEWu2GJRmEqCMZn9TfpCc4ZybAllWthbCRtSTRnadAo2BG/55VXSrJS9avnivlqq3WVx5OEETuEcPLiEGtxCHRrAYADP8ApvjnRenHfnY9Gac7KZY/gD5/MHwqCNfA==</latexit>

D1

<latexit sha1_base64="W49s0BQPHGo5lKvrJCaYOb2DRI4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WNBD3qraD+gDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrK6tbxQ3S1vbO7t75f2Dpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApG11O/9YRK81g+mnGCfkQHkoecUWOlh5ue1ytX3Ko7A1kmXk4qkKPeK391+zFLI5SGCap1x3MT42dUGc4ETkrdVGNC2YgOsGOppBFqP5udOiEnVumTMFa2pCEz9fdERiOtx1FgOyNqhnrRm4r/eZ3UhFd+xmWSGpRsvihMBTExmf5N+lwhM2JsCWWK21sJG1JFmbHplGwI3uLLy6R5VvXOqxf355XaXR5HEY7gGE7Bg0uowS3UoQEMBvAMr/DmCOfFeXc+5q0FJ585hD9wPn8AwRyNew==</latexit>

D2

<latexit sha1_base64="JaxwwO6iQWi4h/zm53edXwQLeFw=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyGiB4DetBbRPOAZAmzk9lkyOzsMtMrhJBP8OJBEa9+kTf/xkmyB00saCiquunuChIpDLrut5NbW9/Y3MpvF3Z29/YPiodHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Hrmt564NiJWjzhOuB/RgRKhYBSt9HDTq/SKJbfszkFWiZeREmSo94pf3X7M0ogrZJIa0/HcBP0J1SiY5NNCNzU8oWxEB7xjqaIRN/5kfuqUnFmlT8JY21JI5urviQmNjBlHge2MKA7NsjcT//M6KYZX/kSoJEWu2GJRmEqCMZn9TfpCc4ZybAllWthbCRtSTRnadAo2BG/55VXSrJS9avnivlqq3WVx5OEETuEcPLiEGtxCHRrAYADP8ApvjnRenHfnY9Gac7KZY/gD5/MHwqCNfA==</latexit>

Scheme IV : 2N rounds, 0 ancillas, 0 To↵olis, destructive.

<latexit sha1_base64="t+53lzhsz0zlJs0ms208/9VZTbw="></latexit>

Legend

<latexit sha1_base64="sHpBrgtmowXv+WwHeaNGU4AlzrU=">AAAB+HicbVDLSsNAFJ3UV62PRl26GSyCq5JIRZcFNwouKtgHtKFMJjft0MkkzEyEGvolblwo4tZPceffOGmz0NYDA4dz7uWeOX7CmdKO822V1tY3NrfK25Wd3b39qn1w2FFxKim0acxj2fOJAs4EtDXTHHqJBBL5HLr+5Dr3u48gFYvFg54m4EVkJFjIKNFGGtrVQUT02A+zOxiBCGZDu+bUnTnwKnELUkMFWkP7axDENI1AaMqJUn3XSbSXEakZ5TCrDFIFCaETMoK+oYJEoLxsHnyGT40S4DCW5gmN5+rvjYxESk0j30zmMdWyl4v/ef1Uh1dexkSSahB0cShMOdYxzlvAAZNANZ8aQqhkJiumYyIJ1aariinBXf7yKumc191G/eK+UWveFnWU0TE6QWfIRZeoiW5QC7URRSl6Rq/ozXqyXqx362MxWrKKnSP0B9bnDxRrk2U=</latexit>

data qubit

<latexit sha1_base64="kwzeIhxaMjd6b476Cp1shzIAM6E=">AAAB/nicbVDLSsNAFJ3UV62vqrhyM1gEVyWRii4LbnRXwT6gCWUymbRDZ5I4cyOUUPBX3LhQxK3f4c6/cdJmoa0HBg7n3Ms9c/xEcA22/W2VVlbX1jfKm5Wt7Z3dver+QUfHqaKsTWMRq55PNBM8Ym3gIFgvUYxIX7CuP77O/e4jU5rH0T1MEuZJMox4yCkBIw2qR64kMFIyCwgQ7OKH1OcwHVRrdt2eAS8TpyA1VKA1qH65QUxTySKggmjdd+wEvIwo4FSwacVNNUsIHZMh6xsaEcm0l83iT/GpUQIcxsq8CPBM/b2REan1RPpmMg+rF71c/M/rpxBeeRmPkhRYROeHwlRgiHHeBQ64YhTExBBCFTdZMR0RRSiYxiqmBGfxy8ukc153GvWLu0ateVvUUUbH6ASdIQddoia6QS3URhRl6Bm9ojfryXqx3q2P+WjJKnYO0R9Ynz9ZTJXE</latexit>

ancilla (storage)

<latexit sha1_base64="8Ui7rCdCYawMT/cttKhT8mwSxJE=">AAACBXicbVC7SgNBFJ2Nrxhfq5ZaDAYhNmFXIloGbLSLYB6QXcLsZDYZMo9lZlYISxobf8XGQhFb/8HOv3GSbKGJBwYO59x7594TJYxq43nfTmFldW19o7hZ2tre2d1z9w9aWqYKkyaWTKpOhDRhVJCmoYaRTqII4hEj7Wh0PfXbD0RpKsW9GSck5GggaEwxMlbquccBR2aoeIYEpowhGMCKNlKhATmb9NyyV/VmgMvEz0kZ5Gj03K+gL3HKiTCYIa27vpeYMEPKUMzIpBSkmiQIj+z0rqUCcaLDbHbFBJ5apQ9jqewTBs7U3x0Z4lqPeWQrpzvrRW8q/ud1UxNfhRkVSWqIwPOP4pRBI+E0EtinimDDxpYgrKjdFeIhUggbG1zJhuAvnrxMWudVv1a9uKuV67d5HEVwBE5ABfjgEtTBDWiAJsDgETyDV/DmPDkvzrvzMS8tOHnPIfgD5/MHMJCYZQ==</latexit>

ancilla (operational)

<latexit sha1_base64="Ln0iqUNghASBhGpb1DHobDFBG0U=">AAACCXicbVBNS8NAEN34WetX1KOXxSLUS0mkoseCF71VsB/QhDLZbtqlm03Y3Qgl9OrFv+LFgyJe/Qfe/Ddu2hy09cHA470ZZuYFCWdKO863tbK6tr6xWdoqb+/s7u3bB4dtFaeS0BaJeSy7ASjKmaAtzTSn3URSiAJOO8H4Ovc7D1QqFot7PUmoH8FQsJAR0Ebq29iLQI9klIEgjHPAHq7GCZUzG/jZtG9XnJozA14mbkEqqECzb395g5ikERWacFCq5zqJ9jOQmhFOp2UvVTQBMoYh7RkqIKLKz2afTPGpUQY4jKUpofFM/T2RQaTUJApMZ363WvRy8T+vl+rwys+YSFJNBZkvClOOdYzzWPCASUo0nxgCRDJzKyYjkEC0Ca9sQnAXX14m7fOaW69d3NUrjdsijhI6Rieoilx0iRroBjVRCxH0iJ7RK3qznqwX6936mLeuWMXMEfoD6/MHdxaaNg==</latexit>

CNOT gate

<latexit sha1_base64="MzCkdY88HnYlXQcllT6aUnX9AA0=">AAAB/XicbVDLSgMxFM3UV62v8bFzEyyCqzIjFV0WutGNVugLOkPJpJk2NMkMSUaoQ/FX3LhQxK3/4c6/MdPOQlsPBA7n3Ms9OUHMqNKO820VVlbX1jeKm6Wt7Z3dPXv/oK2iRGLSwhGLZDdAijAqSEtTzUg3lgTxgJFOMK5nfueBSEUj0dSTmPgcDQUNKUbaSH37yONIjyRP67d3TejBIdJk2rfLTsWZAS4TNydlkKPRt7+8QYQTToTGDCnVc51Y+ymSmmJGpiUvUSRGeIyGpGeoQJwoP52ln8JTowxgGEnzhIYz9fdGirhSEx6YySyrWvQy8T+vl+jwyk+piBNNBJ4fChMGdQSzKuCASoI1mxiCsKQmK8QjJBHWprCSKcFd/PIyaZ9X3Grl4r5art3kdRTBMTgBZ8AFl6AGrkEDtAAGj+AZvII368l6sd6tj/lowcp3DsEfWJ8/xYCU0A==</latexit>

To↵oli gate

<latexit sha1_base64="d1XCUpdc+oTE0suHPHVybAv57gQ=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaL4KokUtFlwY3uKvQFTSiT6aQdOo8wMxFK6MZfceNCEbd+hjv/xkmbhbYeuHA4517uvSdKGNXG876d0tr6xuZWebuys7u3f+AeHnW0TBUmbSyZVL0IacKoIG1DDSO9RBHEI0a60eQ297uPRGkqRctMExJyNBI0phgZKw3ck4AjM1Y8a8k4lozCAI6QIbOBW/Vq3hxwlfgFqYICzYH7FQwlTjkRBjOkdd/3EhNmSBmKGZlVglSTBOEJGpG+pQJxosNs/sAMnltlCGOpbAkD5+rviQxxrac8sp35uXrZy8X/vH5q4pswoyJJDRF4sShOGTQS5mnAIVUEGza1BGFF7a0Qj5FC2NjMKjYEf/nlVdK5rPn12tVDvdq4L+Iog1NwBi6AD65BA9yBJmgDDGbgGbyCN+fJeXHenY9Fa8kpZo7BHzifP8fFlo0=</latexit>

microwave photon

<latexit sha1_base64="oY63VI8+46tNiN2/wgJgLYlSgOA=">AAACBHicbVC7SgNBFJ2Nrxhfq5ZpBoNgFXYlomXARrsI5gHJEmYns8mQeSwzs5GwpLDxV2wsFLH1I+z8G2eTLTTxwIXDOfdy7z1hzKg2nvftFNbWNza3itulnd29/QP38KilZaIwaWLJpOqESBNGBWkaahjpxIogHjLSDsfXmd+eEKWpFPdmGpOAo6GgEcXIWKnvlnscmZHiKadYyQc0IbAH45E0Usz6bsWrenPAVeLnpAJyNPruV28gccKJMJghrbu+F5sgRcpQzMis1Es0iREeoyHpWioQJzpI50/M4KlVBjCSypYwcK7+nkgR13rKQ9uZnayXvUz8z+smJroKUirixBCBF4uihEEjYZYIHFBFsGFTSxBW1N4K8QgphI3NrWRD8JdfXiWt86pfq17c1Sr12zyOIiiDE3AGfHAJ6uAGNEATYPAInsEreHOenBfn3flYtBacfOYY/IHz+QN4JJim</latexit>

Scheme I : 2N rounds, 2 ancillas, N To↵olis, not destructive.

<latexit sha1_base64="mgRGkn4VXWfxpCyVKITOs3hSYWs="></latexit>

Scheme II : N rounds, 1 ancilla, 0 To↵olis, destructive.

<latexit sha1_base64="suana+j0hfGfW4EceqzMSFkRbdw="></latexit>

Scheme III : 2N rounds, 0 ancillas, 0 To↵olis, destructive.

<latexit sha1_base64="4KMgdnFIE2+p4oJwA2W3dR/tELE="></latexit>

D1

<latexit sha1_base64="W49s0BQPHGo5lKvrJCaYOb2DRI4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WNBD3qraD+gDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrK6tbxQ3S1vbO7t75f2Dpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApG11O/9YRK81g+mnGCfkQHkoecUWOlh5ue1ytX3Ko7A1kmXk4qkKPeK391+zFLI5SGCap1x3MT42dUGc4ETkrdVGNC2YgOsGOppBFqP5udOiEnVumTMFa2pCEz9fdERiOtx1FgOyNqhnrRm4r/eZ3UhFd+xmWSGpRsvihMBTExmf5N+lwhM2JsCWWK21sJG1JFmbHplGwI3uLLy6R5VvXOqxf355XaXR5HEY7gGE7Bg0uowS3UoQEMBvAMr/DmCOfFeXc+5q0FJ585hD9wPn8AwRyNew==</latexit>

D2

<latexit sha1_base64="JaxwwO6iQWi4h/zm53edXwQLeFw=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyGiB4DetBbRPOAZAmzk9lkyOzsMtMrhJBP8OJBEa9+kTf/xkmyB00saCiquunuChIpDLrut5NbW9/Y3MpvF3Z29/YPiodHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Hrmt564NiJWjzhOuB/RgRKhYBSt9HDTq/SKJbfszkFWiZeREmSo94pf3X7M0ogrZJIa0/HcBP0J1SiY5NNCNzU8oWxEB7xjqaIRN/5kfuqUnFmlT8JY21JI5urviQmNjBlHge2MKA7NsjcT//M6KYZX/kSoJEWu2GJRmEqCMZn9TfpCc4ZybAllWthbCRtSTRnadAo2BG/55VXSrJS9avnivlqq3WVx5OEETuEcPLiEGtxCHRrAYADP8ApvjnRenHfnY9Gac7KZY/gD5/MHwqCNfA==</latexit>

D1

<latexit sha1_base64="W49s0BQPHGo5lKvrJCaYOb2DRI4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WNBD3qraD+gDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrK6tbxQ3S1vbO7t75f2Dpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApG11O/9YRK81g+mnGCfkQHkoecUWOlh5ue1ytX3Ko7A1kmXk4qkKPeK391+zFLI5SGCap1x3MT42dUGc4ETkrdVGNC2YgOsGOppBFqP5udOiEnVumTMFa2pCEz9fdERiOtx1FgOyNqhnrRm4r/eZ3UhFd+xmWSGpRsvihMBTExmf5N+lwhM2JsCWWK21sJG1JFmbHplGwI3uLLy6R5VvXOqxf355XaXR5HEY7gGE7Bg0uowS3UoQEMBvAMr/DmCOfFeXc+5q0FJ585hD9wPn8AwRyNew==</latexit>

D2

<latexit sha1_base64="JaxwwO6iQWi4h/zm53edXwQLeFw=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyGiB4DetBbRPOAZAmzk9lkyOzsMtMrhJBP8OJBEa9+kTf/xkmyB00saCiquunuChIpDLrut5NbW9/Y3MpvF3Z29/YPiodHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Hrmt564NiJWjzhOuB/RgRKhYBSt9HDTq/SKJbfszkFWiZeREmSo94pf3X7M0ogrZJIa0/HcBP0J1SiY5NNCNzU8oWxEB7xjqaIRN/5kfuqUnFmlT8JY21JI5urviQmNjBlHge2MKA7NsjcT//M6KYZX/kSoJEWu2GJRmEqCMZn9TfpCc4ZybAllWthbCRtSTRnadAo2BG/55VXSrJS9avnivlqq3WVx5OEETuEcPLiEGtxCHRrAYADP8ApvjnRenHfnY9Gac7KZY/gD5/MHwqCNfA==</latexit>

D1

<latexit sha1_base64="W49s0BQPHGo5lKvrJCaYOb2DRI4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WNBD3qraD+gDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrK6tbxQ3S1vbO7t75f2Dpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApG11O/9YRK81g+mnGCfkQHkoecUWOlh5ue1ytX3Ko7A1kmXk4qkKPeK391+zFLI5SGCap1x3MT42dUGc4ETkrdVGNC2YgOsGOppBFqP5udOiEnVumTMFa2pCEz9fdERiOtx1FgOyNqhnrRm4r/eZ3UhFd+xmWSGpRsvihMBTExmf5N+lwhM2JsCWWK21sJG1JFmbHplGwI3uLLy6R5VvXOqxf355XaXR5HEY7gGE7Bg0uowS3UoQEMBvAMr/DmCOfFeXc+5q0FJ585hD9wPn8AwRyNew==</latexit>

D2

<latexit sha1_base64="JaxwwO6iQWi4h/zm53edXwQLeFw=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyGiB4DetBbRPOAZAmzk9lkyOzsMtMrhJBP8OJBEa9+kTf/xkmyB00saCiquunuChIpDLrut5NbW9/Y3MpvF3Z29/YPiodHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Hrmt564NiJWjzhOuB/RgRKhYBSt9HDTq/SKJbfszkFWiZeREmSo94pf3X7M0ogrZJIa0/HcBP0J1SiY5NNCNzU8oWxEB7xjqaIRN/5kfuqUnFmlT8JY21JI5urviQmNjBlHge2MKA7NsjcT//M6KYZX/kSoJEWu2GJRmEqCMZn9TfpCc4ZybAllWthbCRtSTRnadAo2BG/55VXSrJS9avnivlqq3WVx5OEETuEcPLiEGtxCHRrAYADP8ApvjnRenHfnY9Gac7KZY/gD5/MHwqCNfA==</latexit>

D1

<latexit sha1_base64="W49s0BQPHGo5lKvrJCaYOb2DRI4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WNBD3qraD+gDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrK6tbxQ3S1vbO7t75f2Dpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApG11O/9YRK81g+mnGCfkQHkoecUWOlh5ue1ytX3Ko7A1kmXk4qkKPeK391+zFLI5SGCap1x3MT42dUGc4ETkrdVGNC2YgOsGOppBFqP5udOiEnVumTMFa2pCEz9fdERiOtx1FgOyNqhnrRm4r/eZ3UhFd+xmWSGpRsvihMBTExmf5N+lwhM2JsCWWK21sJG1JFmbHplGwI3uLLy6R5VvXOqxf355XaXR5HEY7gGE7Bg0uowS3UoQEMBvAMr/DmCOfFeXc+5q0FJ585hD9wPn8AwRyNew==</latexit>

D2

<latexit sha1_base64="JaxwwO6iQWi4h/zm53edXwQLeFw=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyGiB4DetBbRPOAZAmzk9lkyOzsMtMrhJBP8OJBEa9+kTf/xkmyB00saCiquunuChIpDLrut5NbW9/Y3MpvF3Z29/YPiodHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Hrmt564NiJWjzhOuB/RgRKhYBSt9HDTq/SKJbfszkFWiZeREmSo94pf3X7M0ogrZJIa0/HcBP0J1SiY5NNCNzU8oWxEB7xjqaIRN/5kfuqUnFmlT8JY21JI5urviQmNjBlHge2MKA7NsjcT//M6KYZX/kSoJEWu2GJRmEqCMZn9TfpCc4ZybAllWthbCRtSTRnadAo2BG/55VXSrJS9avnivlqq3WVx5OEETuEcPLiEGtxCHRrAYADP8ApvjnRenHfnY9Gac7KZY/gD5/MHwqCNfA==</latexit>

Scheme IV : 2N rounds, 0 ancillas, 0 To↵olis, destructive.

<latexit sha1_base64="t+53lzhsz0zlJs0ms208/9VZTbw="></latexit>

Legend

<latexit sha1_base64="sHpBrgtmowXv+WwHeaNGU4AlzrU=">AAAB+HicbVDLSsNAFJ3UV62PRl26GSyCq5JIRZcFNwouKtgHtKFMJjft0MkkzEyEGvolblwo4tZPceffOGmz0NYDA4dz7uWeOX7CmdKO822V1tY3NrfK25Wd3b39qn1w2FFxKim0acxj2fOJAs4EtDXTHHqJBBL5HLr+5Dr3u48gFYvFg54m4EVkJFjIKNFGGtrVQUT02A+zOxiBCGZDu+bUnTnwKnELUkMFWkP7axDENI1AaMqJUn3XSbSXEakZ5TCrDFIFCaETMoK+oYJEoLxsHnyGT40S4DCW5gmN5+rvjYxESk0j30zmMdWyl4v/ef1Uh1dexkSSahB0cShMOdYxzlvAAZNANZ8aQqhkJiumYyIJ1aariinBXf7yKumc191G/eK+UWveFnWU0TE6QWfIRZeoiW5QC7URRSl6Rq/ozXqyXqx362MxWrKKnSP0B9bnDxRrk2U=</latexit>

data qubit

<latexit sha1_base64="kwzeIhxaMjd6b476Cp1shzIAM6E=">AAAB/nicbVDLSsNAFJ3UV62vqrhyM1gEVyWRii4LbnRXwT6gCWUymbRDZ5I4cyOUUPBX3LhQxK3f4c6/cdJmoa0HBg7n3Ms9c/xEcA22/W2VVlbX1jfKm5Wt7Z3dver+QUfHqaKsTWMRq55PNBM8Ym3gIFgvUYxIX7CuP77O/e4jU5rH0T1MEuZJMox4yCkBIw2qR64kMFIyCwgQ7OKH1OcwHVRrdt2eAS8TpyA1VKA1qH65QUxTySKggmjdd+wEvIwo4FSwacVNNUsIHZMh6xsaEcm0l83iT/GpUQIcxsq8CPBM/b2REan1RPpmMg+rF71c/M/rpxBeeRmPkhRYROeHwlRgiHHeBQ64YhTExBBCFTdZMR0RRSiYxiqmBGfxy8ukc153GvWLu0ateVvUUUbH6ASdIQddoia6QS3URhRl6Bm9ojfryXqx3q2P+WjJKnYO0R9Ynz9ZTJXE</latexit>

ancilla (storage)

<latexit sha1_base64="8Ui7rCdCYawMT/cttKhT8mwSxJE=">AAACBXicbVC7SgNBFJ2Nrxhfq5ZaDAYhNmFXIloGbLSLYB6QXcLsZDYZMo9lZlYISxobf8XGQhFb/8HOv3GSbKGJBwYO59x7594TJYxq43nfTmFldW19o7hZ2tre2d1z9w9aWqYKkyaWTKpOhDRhVJCmoYaRTqII4hEj7Wh0PfXbD0RpKsW9GSck5GggaEwxMlbquccBR2aoeIYEpowhGMCKNlKhATmb9NyyV/VmgMvEz0kZ5Gj03K+gL3HKiTCYIa27vpeYMEPKUMzIpBSkmiQIj+z0rqUCcaLDbHbFBJ5apQ9jqewTBs7U3x0Z4lqPeWQrpzvrRW8q/ud1UxNfhRkVSWqIwPOP4pRBI+E0EtinimDDxpYgrKjdFeIhUggbG1zJhuAvnrxMWudVv1a9uKuV67d5HEVwBE5ABfjgEtTBDWiAJsDgETyDV/DmPDkvzrvzMS8tOHnPIfgD5/MHMJCYZQ==</latexit>

ancilla (operational)

<latexit sha1_base64="Ln0iqUNghASBhGpb1DHobDFBG0U=">AAACCXicbVBNS8NAEN34WetX1KOXxSLUS0mkoseCF71VsB/QhDLZbtqlm03Y3Qgl9OrFv+LFgyJe/Qfe/Ddu2hy09cHA470ZZuYFCWdKO863tbK6tr6xWdoqb+/s7u3bB4dtFaeS0BaJeSy7ASjKmaAtzTSn3URSiAJOO8H4Ovc7D1QqFot7PUmoH8FQsJAR0Ebq29iLQI9klIEgjHPAHq7GCZUzG/jZtG9XnJozA14mbkEqqECzb395g5ikERWacFCq5zqJ9jOQmhFOp2UvVTQBMoYh7RkqIKLKz2afTPGpUQY4jKUpofFM/T2RQaTUJApMZ363WvRy8T+vl+rwys+YSFJNBZkvClOOdYzzWPCASUo0nxgCRDJzKyYjkEC0Ca9sQnAXX14m7fOaW69d3NUrjdsijhI6Rieoilx0iRroBjVRCxH0iJ7RK3qznqwX6936mLeuWMXMEfoD6/MHdxaaNg==</latexit>

CNOT gate

<latexit sha1_base64="MzCkdY88HnYlXQcllT6aUnX9AA0=">AAAB/XicbVDLSgMxFM3UV62v8bFzEyyCqzIjFV0WutGNVugLOkPJpJk2NMkMSUaoQ/FX3LhQxK3/4c6/MdPOQlsPBA7n3Ms9OUHMqNKO820VVlbX1jeKm6Wt7Z3dPXv/oK2iRGLSwhGLZDdAijAqSEtTzUg3lgTxgJFOMK5nfueBSEUj0dSTmPgcDQUNKUbaSH37yONIjyRP67d3TejBIdJk2rfLTsWZAS4TNydlkKPRt7+8QYQTToTGDCnVc51Y+ymSmmJGpiUvUSRGeIyGpGeoQJwoP52ln8JTowxgGEnzhIYz9fdGirhSEx6YySyrWvQy8T+vl+jwyk+piBNNBJ4fChMGdQSzKuCASoI1mxiCsKQmK8QjJBHWprCSKcFd/PIyaZ9X3Grl4r5art3kdRTBMTgBZ8AFl6AGrkEDtAAGj+AZvII368l6sd6tj/lowcp3DsEfWJ8/xYCU0A==</latexit>

To↵oli gate

<latexit sha1_base64="d1XCUpdc+oTE0suHPHVybAv57gQ=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaL4KokUtFlwY3uKvQFTSiT6aQdOo8wMxFK6MZfceNCEbd+hjv/xkmbhbYeuHA4517uvSdKGNXG876d0tr6xuZWebuys7u3f+AeHnW0TBUmbSyZVL0IacKoIG1DDSO9RBHEI0a60eQ297uPRGkqRctMExJyNBI0phgZKw3ck4AjM1Y8a8k4lozCAI6QIbOBW/Vq3hxwlfgFqYICzYH7FQwlTjkRBjOkdd/3EhNmSBmKGZlVglSTBOEJGpG+pQJxosNs/sAMnltlCGOpbAkD5+rviQxxrac8sp35uXrZy8X/vH5q4pswoyJJDRF4sShOGTQS5mnAIVUEGza1BGFF7a0Qj5FC2NjMKjYEf/nlVdK5rPn12tVDvdq4L+Iog1NwBi6AD65BA9yBJmgDDGbgGbyCN+fJeXHenY9Fa8kpZo7BHzifP8fFlo0=</latexit>

microwave photon

<latexit sha1_base64="oY63VI8+46tNiN2/wgJgLYlSgOA=">AAACBHicbVC7SgNBFJ2Nrxhfq5ZpBoNgFXYlomXARrsI5gHJEmYns8mQeSwzs5GwpLDxV2wsFLH1I+z8G2eTLTTxwIXDOfdy7z1hzKg2nvftFNbWNza3itulnd29/QP38KilZaIwaWLJpOqESBNGBWkaahjpxIogHjLSDsfXmd+eEKWpFPdmGpOAo6GgEcXIWKnvlnscmZHiKadYyQc0IbAH45E0Usz6bsWrenPAVeLnpAJyNPruV28gccKJMJghrbu+F5sgRcpQzMis1Es0iREeoyHpWioQJzpI50/M4KlVBjCSypYwcK7+nkgR13rKQ9uZnayXvUz8z+smJroKUirixBCBF4uihEEjYZYIHFBFsGFTSxBW1N4K8QgphI3NrWRD8JdfXiWt86pfq17c1Sr12zyOIiiDE3AGfHAJ6uAGNEATYPAInsEreHOenBfn3flYtBacfOYY/IHz+QN4JJim</latexit>

Scheme I : 2N rounds, 2 ancillas, N To↵olis, not destructive.

<latexit sha1_base64="mgRGkn4VXWfxpCyVKITOs3hSYWs="></latexit>

Scheme II : N rounds, 1 ancilla, 0 To↵olis, destructive.

<latexit sha1_base64="suana+j0hfGfW4EceqzMSFkRbdw="></latexit>

Scheme III : 2N rounds, 0 ancillas, 0 To↵olis, destructive.

<latexit sha1_base64="4KMgdnFIE2+p4oJwA2W3dR/tELE="></latexit>

D1

<latexit sha1_base64="W49s0BQPHGo5lKvrJCaYOb2DRI4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WNBD3qraD+gDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrK6tbxQ3S1vbO7t75f2Dpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApG11O/9YRK81g+mnGCfkQHkoecUWOlh5ue1ytX3Ko7A1kmXk4qkKPeK391+zFLI5SGCap1x3MT42dUGc4ETkrdVGNC2YgOsGOppBFqP5udOiEnVumTMFa2pCEz9fdERiOtx1FgOyNqhnrRm4r/eZ3UhFd+xmWSGpRsvihMBTExmf5N+lwhM2JsCWWK21sJG1JFmbHplGwI3uLLy6R5VvXOqxf355XaXR5HEY7gGE7Bg0uowS3UoQEMBvAMr/DmCOfFeXc+5q0FJ585hD9wPn8AwRyNew==</latexit>

D2

<latexit sha1_base64="JaxwwO6iQWi4h/zm53edXwQLeFw=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyGiB4DetBbRPOAZAmzk9lkyOzsMtMrhJBP8OJBEa9+kTf/xkmyB00saCiquunuChIpDLrut5NbW9/Y3MpvF3Z29/YPiodHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Hrmt564NiJWjzhOuB/RgRKhYBSt9HDTq/SKJbfszkFWiZeREmSo94pf3X7M0ogrZJIa0/HcBP0J1SiY5NNCNzU8oWxEB7xjqaIRN/5kfuqUnFmlT8JY21JI5urviQmNjBlHge2MKA7NsjcT//M6KYZX/kSoJEWu2GJRmEqCMZn9TfpCc4ZybAllWthbCRtSTRnadAo2BG/55VXSrJS9avnivlqq3WVx5OEETuEcPLiEGtxCHRrAYADP8ApvjnRenHfnY9Gac7KZY/gD5/MHwqCNfA==</latexit>

D1

<latexit sha1_base64="W49s0BQPHGo5lKvrJCaYOb2DRI4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WNBD3qraD+gDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrK6tbxQ3S1vbO7t75f2Dpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApG11O/9YRK81g+mnGCfkQHkoecUWOlh5ue1ytX3Ko7A1kmXk4qkKPeK391+zFLI5SGCap1x3MT42dUGc4ETkrdVGNC2YgOsGOppBFqP5udOiEnVumTMFa2pCEz9fdERiOtx1FgOyNqhnrRm4r/eZ3UhFd+xmWSGpRsvihMBTExmf5N+lwhM2JsCWWK21sJG1JFmbHplGwI3uLLy6R5VvXOqxf355XaXR5HEY7gGE7Bg0uowS3UoQEMBvAMr/DmCOfFeXc+5q0FJ585hD9wPn8AwRyNew==</latexit>

D2

<latexit sha1_base64="JaxwwO6iQWi4h/zm53edXwQLeFw=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyGiB4DetBbRPOAZAmzk9lkyOzsMtMrhJBP8OJBEa9+kTf/xkmyB00saCiquunuChIpDLrut5NbW9/Y3MpvF3Z29/YPiodHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Hrmt564NiJWjzhOuB/RgRKhYBSt9HDTq/SKJbfszkFWiZeREmSo94pf3X7M0ogrZJIa0/HcBP0J1SiY5NNCNzU8oWxEB7xjqaIRN/5kfuqUnFmlT8JY21JI5urviQmNjBlHge2MKA7NsjcT//M6KYZX/kSoJEWu2GJRmEqCMZn9TfpCc4ZybAllWthbCRtSTRnadAo2BG/55VXSrJS9avnivlqq3WVx5OEETuEcPLiEGtxCHRrAYADP8ApvjnRenHfnY9Gac7KZY/gD5/MHwqCNfA==</latexit>

D1

<latexit sha1_base64="W49s0BQPHGo5lKvrJCaYOb2DRI4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WNBD3qraD+gDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrK6tbxQ3S1vbO7t75f2Dpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApG11O/9YRK81g+mnGCfkQHkoecUWOlh5ue1ytX3Ko7A1kmXk4qkKPeK391+zFLI5SGCap1x3MT42dUGc4ETkrdVGNC2YgOsGOppBFqP5udOiEnVumTMFa2pCEz9fdERiOtx1FgOyNqhnrRm4r/eZ3UhFd+xmWSGpRsvihMBTExmf5N+lwhM2JsCWWK21sJG1JFmbHplGwI3uLLy6R5VvXOqxf355XaXR5HEY7gGE7Bg0uowS3UoQEMBvAMr/DmCOfFeXc+5q0FJ585hD9wPn8AwRyNew==</latexit>

D2

<latexit sha1_base64="JaxwwO6iQWi4h/zm53edXwQLeFw=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyGiB4DetBbRPOAZAmzk9lkyOzsMtMrhJBP8OJBEa9+kTf/xkmyB00saCiquunuChIpDLrut5NbW9/Y3MpvF3Z29/YPiodHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Hrmt564NiJWjzhOuB/RgRKhYBSt9HDTq/SKJbfszkFWiZeREmSo94pf3X7M0ogrZJIa0/HcBP0J1SiY5NNCNzU8oWxEB7xjqaIRN/5kfuqUnFmlT8JY21JI5urviQmNjBlHge2MKA7NsjcT//M6KYZX/kSoJEWu2GJRmEqCMZn9TfpCc4ZybAllWthbCRtSTRnadAo2BG/55VXSrJS9avnivlqq3WVx5OEETuEcPLiEGtxCHRrAYADP8ApvjnRenHfnY9Gac7KZY/gD5/MHwqCNfA==</latexit>

D1

<latexit sha1_base64="W49s0BQPHGo5lKvrJCaYOb2DRI4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WNBD3qraD+gDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrK6tbxQ3S1vbO7t75f2Dpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApG11O/9YRK81g+mnGCfkQHkoecUWOlh5ue1ytX3Ko7A1kmXk4qkKPeK391+zFLI5SGCap1x3MT42dUGc4ETkrdVGNC2YgOsGOppBFqP5udOiEnVumTMFa2pCEz9fdERiOtx1FgOyNqhnrRm4r/eZ3UhFd+xmWSGpRsvihMBTExmf5N+lwhM2JsCWWK21sJG1JFmbHplGwI3uLLy6R5VvXOqxf355XaXR5HEY7gGE7Bg0uowS3UoQEMBvAMr/DmCOfFeXc+5q0FJ585hD9wPn8AwRyNew==</latexit>

D2

<latexit sha1_base64="JaxwwO6iQWi4h/zm53edXwQLeFw=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyGiB4DetBbRPOAZAmzk9lkyOzsMtMrhJBP8OJBEa9+kTf/xkmyB00saCiquunuChIpDLrut5NbW9/Y3MpvF3Z29/YPiodHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Hrmt564NiJWjzhOuB/RgRKhYBSt9HDTq/SKJbfszkFWiZeREmSo94pf3X7M0ogrZJIa0/HcBP0J1SiY5NNCNzU8oWxEB7xjqaIRN/5kfuqUnFmlT8JY21JI5urviQmNjBlHge2MKA7NsjcT//M6KYZX/kSoJEWu2GJRmEqCMZn9TfpCc4ZybAllWthbCRtSTRnadAo2BG/55VXSrJS9avnivlqq3WVx5OEETuEcPLiEGtxCHRrAYADP8ApvjnRenHfnY9Gac7KZY/gD5/MHwqCNfA==</latexit>

Scheme IV : 2N rounds, 0 ancillas, 0 To↵olis, destructive.

<latexit sha1_base64="t+53lzhsz0zlJs0ms208/9VZTbw="></latexit>

Legend

<latexit sha1_base64="sHpBrgtmowXv+WwHeaNGU4AlzrU=">AAAB+HicbVDLSsNAFJ3UV62PRl26GSyCq5JIRZcFNwouKtgHtKFMJjft0MkkzEyEGvolblwo4tZPceffOGmz0NYDA4dz7uWeOX7CmdKO822V1tY3NrfK25Wd3b39qn1w2FFxKim0acxj2fOJAs4EtDXTHHqJBBL5HLr+5Dr3u48gFYvFg54m4EVkJFjIKNFGGtrVQUT02A+zOxiBCGZDu+bUnTnwKnELUkMFWkP7axDENI1AaMqJUn3XSbSXEakZ5TCrDFIFCaETMoK+oYJEoLxsHnyGT40S4DCW5gmN5+rvjYxESk0j30zmMdWyl4v/ef1Uh1dexkSSahB0cShMOdYxzlvAAZNANZ8aQqhkJiumYyIJ1aariinBXf7yKumc191G/eK+UWveFnWU0TE6QWfIRZeoiW5QC7URRSl6Rq/ozXqyXqx362MxWrKKnSP0B9bnDxRrk2U=</latexit>

data qubit

<latexit sha1_base64="kwzeIhxaMjd6b476Cp1shzIAM6E=">AAAB/nicbVDLSsNAFJ3UV62vqrhyM1gEVyWRii4LbnRXwT6gCWUymbRDZ5I4cyOUUPBX3LhQxK3f4c6/cdJmoa0HBg7n3Ms9c/xEcA22/W2VVlbX1jfKm5Wt7Z3dver+QUfHqaKsTWMRq55PNBM8Ym3gIFgvUYxIX7CuP77O/e4jU5rH0T1MEuZJMox4yCkBIw2qR64kMFIyCwgQ7OKH1OcwHVRrdt2eAS8TpyA1VKA1qH65QUxTySKggmjdd+wEvIwo4FSwacVNNUsIHZMh6xsaEcm0l83iT/GpUQIcxsq8CPBM/b2REan1RPpmMg+rF71c/M/rpxBeeRmPkhRYROeHwlRgiHHeBQ64YhTExBBCFTdZMR0RRSiYxiqmBGfxy8ukc153GvWLu0ateVvUUUbH6ASdIQddoia6QS3URhRl6Bm9ojfryXqx3q2P+WjJKnYO0R9Ynz9ZTJXE</latexit>

ancilla (storage)

<latexit sha1_base64="8Ui7rCdCYawMT/cttKhT8mwSxJE=">AAACBXicbVC7SgNBFJ2Nrxhfq5ZaDAYhNmFXIloGbLSLYB6QXcLsZDYZMo9lZlYISxobf8XGQhFb/8HOv3GSbKGJBwYO59x7594TJYxq43nfTmFldW19o7hZ2tre2d1z9w9aWqYKkyaWTKpOhDRhVJCmoYaRTqII4hEj7Wh0PfXbD0RpKsW9GSck5GggaEwxMlbquccBR2aoeIYEpowhGMCKNlKhATmb9NyyV/VmgMvEz0kZ5Gj03K+gL3HKiTCYIa27vpeYMEPKUMzIpBSkmiQIj+z0rqUCcaLDbHbFBJ5apQ9jqewTBs7U3x0Z4lqPeWQrpzvrRW8q/ud1UxNfhRkVSWqIwPOP4pRBI+E0EtinimDDxpYgrKjdFeIhUggbG1zJhuAvnrxMWudVv1a9uKuV67d5HEVwBE5ABfjgEtTBDWiAJsDgETyDV/DmPDkvzrvzMS8tOHnPIfgD5/MHMJCYZQ==</latexit>

ancilla (operational)

<latexit sha1_base64="Ln0iqUNghASBhGpb1DHobDFBG0U=">AAACCXicbVBNS8NAEN34WetX1KOXxSLUS0mkoseCF71VsB/QhDLZbtqlm03Y3Qgl9OrFv+LFgyJe/Qfe/Ddu2hy09cHA470ZZuYFCWdKO863tbK6tr6xWdoqb+/s7u3bB4dtFaeS0BaJeSy7ASjKmaAtzTSn3URSiAJOO8H4Ovc7D1QqFot7PUmoH8FQsJAR0Ebq29iLQI9klIEgjHPAHq7GCZUzG/jZtG9XnJozA14mbkEqqECzb395g5ikERWacFCq5zqJ9jOQmhFOp2UvVTQBMoYh7RkqIKLKz2afTPGpUQY4jKUpofFM/T2RQaTUJApMZ363WvRy8T+vl+rwys+YSFJNBZkvClOOdYzzWPCASUo0nxgCRDJzKyYjkEC0Ca9sQnAXX14m7fOaW69d3NUrjdsijhI6Rieoilx0iRroBjVRCxH0iJ7RK3qznqwX6936mLeuWMXMEfoD6/MHdxaaNg==</latexit>

CNOT gate

<latexit sha1_base64="MzCkdY88HnYlXQcllT6aUnX9AA0=">AAAB/XicbVDLSgMxFM3UV62v8bFzEyyCqzIjFV0WutGNVugLOkPJpJk2NMkMSUaoQ/FX3LhQxK3/4c6/MdPOQlsPBA7n3Ms9OUHMqNKO820VVlbX1jeKm6Wt7Z3dPXv/oK2iRGLSwhGLZDdAijAqSEtTzUg3lgTxgJFOMK5nfueBSEUj0dSTmPgcDQUNKUbaSH37yONIjyRP67d3TejBIdJk2rfLTsWZAS4TNydlkKPRt7+8QYQTToTGDCnVc51Y+ymSmmJGpiUvUSRGeIyGpGeoQJwoP52ln8JTowxgGEnzhIYz9fdGirhSEx6YySyrWvQy8T+vl+jwyk+piBNNBJ4fChMGdQSzKuCASoI1mxiCsKQmK8QjJBHWprCSKcFd/PIyaZ9X3Grl4r5art3kdRTBMTgBZ8AFl6AGrkEDtAAGj+AZvII368l6sd6tj/lowcp3DsEfWJ8/xYCU0A==</latexit>

To↵oli gate

<latexit sha1_base64="d1XCUpdc+oTE0suHPHVybAv57gQ=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaL4KokUtFlwY3uKvQFTSiT6aQdOo8wMxFK6MZfceNCEbd+hjv/xkmbhbYeuHA4517uvSdKGNXG876d0tr6xuZWebuys7u3f+AeHnW0TBUmbSyZVL0IacKoIG1DDSO9RBHEI0a60eQ297uPRGkqRctMExJyNBI0phgZKw3ck4AjM1Y8a8k4lozCAI6QIbOBW/Vq3hxwlfgFqYICzYH7FQwlTjkRBjOkdd/3EhNmSBmKGZlVglSTBOEJGpG+pQJxosNs/sAMnltlCGOpbAkD5+rviQxxrac8sp35uXrZy8X/vH5q4pswoyJJDRF4sShOGTQS5mnAIVUEGza1BGFF7a0Qj5FC2NjMKjYEf/nlVdK5rPn12tVDvdq4L+Iog1NwBi6AD65BA9yBJmgDDGbgGbyCN+fJeXHenY9Fa8kpZo7BHzifP8fFlo0=</latexit>

microwave photon

<latexit sha1_base64="oY63VI8+46tNiN2/wgJgLYlSgOA=">AAACBHicbVC7SgNBFJ2Nrxhfq5ZpBoNgFXYlomXARrsI5gHJEmYns8mQeSwzs5GwpLDxV2wsFLH1I+z8G2eTLTTxwIXDOfdy7z1hzKg2nvftFNbWNza3itulnd29/QP38KilZaIwaWLJpOqESBNGBWkaahjpxIogHjLSDsfXmd+eEKWpFPdmGpOAo6GgEcXIWKnvlnscmZHiKadYyQc0IbAH45E0Usz6bsWrenPAVeLnpAJyNPruV28gccKJMJghrbu+F5sgRcpQzMis1Es0iREeoyHpWioQJzpI50/M4KlVBjCSypYwcK7+nkgR13rKQ9uZnayXvUz8z+smJroKUirixBCBF4uihEEjYZYIHFBFsGFTSxBW1N4K8QgphI3NrWRD8JdfXiWt86pfq17c1Sr12zyOIiiDE3AGfHAJ6uAGNEATYPAInsEreHOenBfn3flYtBacfOYY/IHz+QN4JJim</latexit>

Scheme I : 2N rounds, 2 ancillas, N To↵olis, not destructive.

<latexit sha1_base64="mgRGkn4VXWfxpCyVKITOs3hSYWs="></latexit>

Scheme II : N rounds, 1 ancilla, 0 To↵olis, destructive.

<latexit sha1_base64="suana+j0hfGfW4EceqzMSFkRbdw="></latexit>

Scheme III : 2N rounds, 0 ancillas, 0 To↵olis, destructive.

<latexit sha1_base64="4KMgdnFIE2+p4oJwA2W3dR/tELE="></latexit>

D1

<latexit sha1_base64="W49s0BQPHGo5lKvrJCaYOb2DRI4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WNBD3qraD+gDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrK6tbxQ3S1vbO7t75f2Dpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApG11O/9YRK81g+mnGCfkQHkoecUWOlh5ue1ytX3Ko7A1kmXk4qkKPeK391+zFLI5SGCap1x3MT42dUGc4ETkrdVGNC2YgOsGOppBFqP5udOiEnVumTMFa2pCEz9fdERiOtx1FgOyNqhnrRm4r/eZ3UhFd+xmWSGpRsvihMBTExmf5N+lwhM2JsCWWK21sJG1JFmbHplGwI3uLLy6R5VvXOqxf355XaXR5HEY7gGE7Bg0uowS3UoQEMBvAMr/DmCOfFeXc+5q0FJ585hD9wPn8AwRyNew==</latexit>

D2

<latexit sha1_base64="JaxwwO6iQWi4h/zm53edXwQLeFw=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyGiB4DetBbRPOAZAmzk9lkyOzsMtMrhJBP8OJBEa9+kTf/xkmyB00saCiquunuChIpDLrut5NbW9/Y3MpvF3Z29/YPiodHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Hrmt564NiJWjzhOuB/RgRKhYBSt9HDTq/SKJbfszkFWiZeREmSo94pf3X7M0ogrZJIa0/HcBP0J1SiY5NNCNzU8oWxEB7xjqaIRN/5kfuqUnFmlT8JY21JI5urviQmNjBlHge2MKA7NsjcT//M6KYZX/kSoJEWu2GJRmEqCMZn9TfpCc4ZybAllWthbCRtSTRnadAo2BG/55VXSrJS9avnivlqq3WVx5OEETuEcPLiEGtxCHRrAYADP8ApvjnRenHfnY9Gac7KZY/gD5/MHwqCNfA==</latexit>

D1

<latexit sha1_base64="W49s0BQPHGo5lKvrJCaYOb2DRI4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WNBD3qraD+gDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrK6tbxQ3S1vbO7t75f2Dpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApG11O/9YRK81g+mnGCfkQHkoecUWOlh5ue1ytX3Ko7A1kmXk4qkKPeK391+zFLI5SGCap1x3MT42dUGc4ETkrdVGNC2YgOsGOppBFqP5udOiEnVumTMFa2pCEz9fdERiOtx1FgOyNqhnrRm4r/eZ3UhFd+xmWSGpRsvihMBTExmf5N+lwhM2JsCWWK21sJG1JFmbHplGwI3uLLy6R5VvXOqxf355XaXR5HEY7gGE7Bg0uowS3UoQEMBvAMr/DmCOfFeXc+5q0FJ585hD9wPn8AwRyNew==</latexit>

D2

<latexit sha1_base64="JaxwwO6iQWi4h/zm53edXwQLeFw=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyGiB4DetBbRPOAZAmzk9lkyOzsMtMrhJBP8OJBEa9+kTf/xkmyB00saCiquunuChIpDLrut5NbW9/Y3MpvF3Z29/YPiodHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Hrmt564NiJWjzhOuB/RgRKhYBSt9HDTq/SKJbfszkFWiZeREmSo94pf3X7M0ogrZJIa0/HcBP0J1SiY5NNCNzU8oWxEB7xjqaIRN/5kfuqUnFmlT8JY21JI5urviQmNjBlHge2MKA7NsjcT//M6KYZX/kSoJEWu2GJRmEqCMZn9TfpCc4ZybAllWthbCRtSTRnadAo2BG/55VXSrJS9avnivlqq3WVx5OEETuEcPLiEGtxCHRrAYADP8ApvjnRenHfnY9Gac7KZY/gD5/MHwqCNfA==</latexit>

D1

<latexit sha1_base64="W49s0BQPHGo5lKvrJCaYOb2DRI4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WNBD3qraD+gDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrK6tbxQ3S1vbO7t75f2Dpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApG11O/9YRK81g+mnGCfkQHkoecUWOlh5ue1ytX3Ko7A1kmXk4qkKPeK391+zFLI5SGCap1x3MT42dUGc4ETkrdVGNC2YgOsGOppBFqP5udOiEnVumTMFa2pCEz9fdERiOtx1FgOyNqhnrRm4r/eZ3UhFd+xmWSGpRsvihMBTExmf5N+lwhM2JsCWWK21sJG1JFmbHplGwI3uLLy6R5VvXOqxf355XaXR5HEY7gGE7Bg0uowS3UoQEMBvAMr/DmCOfFeXc+5q0FJ585hD9wPn8AwRyNew==</latexit>

D2

<latexit sha1_base64="JaxwwO6iQWi4h/zm53edXwQLeFw=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyGiB4DetBbRPOAZAmzk9lkyOzsMtMrhJBP8OJBEa9+kTf/xkmyB00saCiquunuChIpDLrut5NbW9/Y3MpvF3Z29/YPiodHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Hrmt564NiJWjzhOuB/RgRKhYBSt9HDTq/SKJbfszkFWiZeREmSo94pf3X7M0ogrZJIa0/HcBP0J1SiY5NNCNzU8oWxEB7xjqaIRN/5kfuqUnFmlT8JY21JI5urviQmNjBlHge2MKA7NsjcT//M6KYZX/kSoJEWu2GJRmEqCMZn9TfpCc4ZybAllWthbCRtSTRnadAo2BG/55VXSrJS9avnivlqq3WVx5OEETuEcPLiEGtxCHRrAYADP8ApvjnRenHfnY9Gac7KZY/gD5/MHwqCNfA==</latexit>

D1

<latexit sha1_base64="W49s0BQPHGo5lKvrJCaYOb2DRI4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WNBD3qraD+gDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrK6tbxQ3S1vbO7t75f2Dpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApG11O/9YRK81g+mnGCfkQHkoecUWOlh5ue1ytX3Ko7A1kmXk4qkKPeK391+zFLI5SGCap1x3MT42dUGc4ETkrdVGNC2YgOsGOppBFqP5udOiEnVumTMFa2pCEz9fdERiOtx1FgOyNqhnrRm4r/eZ3UhFd+xmWSGpRsvihMBTExmf5N+lwhM2JsCWWK21sJG1JFmbHplGwI3uLLy6R5VvXOqxf355XaXR5HEY7gGE7Bg0uowS3UoQEMBvAMr/DmCOfFeXc+5q0FJ585hD9wPn8AwRyNew==</latexit>

D2

<latexit sha1_base64="JaxwwO6iQWi4h/zm53edXwQLeFw=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyGiB4DetBbRPOAZAmzk9lkyOzsMtMrhJBP8OJBEa9+kTf/xkmyB00saCiquunuChIpDLrut5NbW9/Y3MpvF3Z29/YPiodHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Hrmt564NiJWjzhOuB/RgRKhYBSt9HDTq/SKJbfszkFWiZeREmSo94pf3X7M0ogrZJIa0/HcBP0J1SiY5NNCNzU8oWxEB7xjqaIRN/5kfuqUnFmlT8JY21JI5urviQmNjBlHge2MKA7NsjcT//M6KYZX/kSoJEWu2GJRmEqCMZn9TfpCc4ZybAllWthbCRtSTRnadAo2BG/55VXSrJS9avnivlqq3WVx5OEETuEcPLiEGtxCHRrAYADP8ApvjnRenHfnY9Gac7KZY/gD5/MHwqCNfA==</latexit>

Scheme IV : 2N rounds, 0 ancillas, 0 To↵olis, destructive.

<latexit sha1_base64="t+53lzhsz0zlJs0ms208/9VZTbw="></latexit>

Legend

<latexit sha1_base64="sHpBrgtmowXv+WwHeaNGU4AlzrU=">AAAB+HicbVDLSsNAFJ3UV62PRl26GSyCq5JIRZcFNwouKtgHtKFMJjft0MkkzEyEGvolblwo4tZPceffOGmz0NYDA4dz7uWeOX7CmdKO822V1tY3NrfK25Wd3b39qn1w2FFxKim0acxj2fOJAs4EtDXTHHqJBBL5HLr+5Dr3u48gFYvFg54m4EVkJFjIKNFGGtrVQUT02A+zOxiBCGZDu+bUnTnwKnELUkMFWkP7axDENI1AaMqJUn3XSbSXEakZ5TCrDFIFCaETMoK+oYJEoLxsHnyGT40S4DCW5gmN5+rvjYxESk0j30zmMdWyl4v/ef1Uh1dexkSSahB0cShMOdYxzlvAAZNANZ8aQqhkJiumYyIJ1aariinBXf7yKumc191G/eK+UWveFnWU0TE6QWfIRZeoiW5QC7URRSl6Rq/ozXqyXqx362MxWrKKnSP0B9bnDxRrk2U=</latexit>

data qubit

<latexit sha1_base64="kwzeIhxaMjd6b476Cp1shzIAM6E=">AAAB/nicbVDLSsNAFJ3UV62vqrhyM1gEVyWRii4LbnRXwT6gCWUymbRDZ5I4cyOUUPBX3LhQxK3f4c6/cdJmoa0HBg7n3Ms9c/xEcA22/W2VVlbX1jfKm5Wt7Z3dver+QUfHqaKsTWMRq55PNBM8Ym3gIFgvUYxIX7CuP77O/e4jU5rH0T1MEuZJMox4yCkBIw2qR64kMFIyCwgQ7OKH1OcwHVRrdt2eAS8TpyA1VKA1qH65QUxTySKggmjdd+wEvIwo4FSwacVNNUsIHZMh6xsaEcm0l83iT/GpUQIcxsq8CPBM/b2REan1RPpmMg+rF71c/M/rpxBeeRmPkhRYROeHwlRgiHHeBQ64YhTExBBCFTdZMR0RRSiYxiqmBGfxy8ukc153GvWLu0ateVvUUUbH6ASdIQddoia6QS3URhRl6Bm9ojfryXqx3q2P+WjJKnYO0R9Ynz9ZTJXE</latexit>

ancilla (storage)

<latexit sha1_base64="8Ui7rCdCYawMT/cttKhT8mwSxJE=">AAACBXicbVC7SgNBFJ2Nrxhfq5ZaDAYhNmFXIloGbLSLYB6QXcLsZDYZMo9lZlYISxobf8XGQhFb/8HOv3GSbKGJBwYO59x7594TJYxq43nfTmFldW19o7hZ2tre2d1z9w9aWqYKkyaWTKpOhDRhVJCmoYaRTqII4hEj7Wh0PfXbD0RpKsW9GSck5GggaEwxMlbquccBR2aoeIYEpowhGMCKNlKhATmb9NyyV/VmgMvEz0kZ5Gj03K+gL3HKiTCYIa27vpeYMEPKUMzIpBSkmiQIj+z0rqUCcaLDbHbFBJ5apQ9jqewTBs7U3x0Z4lqPeWQrpzvrRW8q/ud1UxNfhRkVSWqIwPOP4pRBI+E0EtinimDDxpYgrKjdFeIhUggbG1zJhuAvnrxMWudVv1a9uKuV67d5HEVwBE5ABfjgEtTBDWiAJsDgETyDV/DmPDkvzrvzMS8tOHnPIfgD5/MHMJCYZQ==</latexit>

ancilla (operational)

<latexit sha1_base64="Ln0iqUNghASBhGpb1DHobDFBG0U=">AAACCXicbVBNS8NAEN34WetX1KOXxSLUS0mkoseCF71VsB/QhDLZbtqlm03Y3Qgl9OrFv+LFgyJe/Qfe/Ddu2hy09cHA470ZZuYFCWdKO863tbK6tr6xWdoqb+/s7u3bB4dtFaeS0BaJeSy7ASjKmaAtzTSn3URSiAJOO8H4Ovc7D1QqFot7PUmoH8FQsJAR0Ebq29iLQI9klIEgjHPAHq7GCZUzG/jZtG9XnJozA14mbkEqqECzb395g5ikERWacFCq5zqJ9jOQmhFOp2UvVTQBMoYh7RkqIKLKz2afTPGpUQY4jKUpofFM/T2RQaTUJApMZ363WvRy8T+vl+rwys+YSFJNBZkvClOOdYzzWPCASUo0nxgCRDJzKyYjkEC0Ca9sQnAXX14m7fOaW69d3NUrjdsijhI6Rieoilx0iRroBjVRCxH0iJ7RK3qznqwX6936mLeuWMXMEfoD6/MHdxaaNg==</latexit>

CNOT gate

<latexit sha1_base64="MzCkdY88HnYlXQcllT6aUnX9AA0=">AAAB/XicbVDLSgMxFM3UV62v8bFzEyyCqzIjFV0WutGNVugLOkPJpJk2NMkMSUaoQ/FX3LhQxK3/4c6/MdPOQlsPBA7n3Ms9OUHMqNKO820VVlbX1jeKm6Wt7Z3dPXv/oK2iRGLSwhGLZDdAijAqSEtTzUg3lgTxgJFOMK5nfueBSEUj0dSTmPgcDQUNKUbaSH37yONIjyRP67d3TejBIdJk2rfLTsWZAS4TNydlkKPRt7+8QYQTToTGDCnVc51Y+ymSmmJGpiUvUSRGeIyGpGeoQJwoP52ln8JTowxgGEnzhIYz9fdGirhSEx6YySyrWvQy8T+vl+jwyk+piBNNBJ4fChMGdQSzKuCASoI1mxiCsKQmK8QjJBHWprCSKcFd/PIyaZ9X3Grl4r5art3kdRTBMTgBZ8AFl6AGrkEDtAAGj+AZvII368l6sd6tj/lowcp3DsEfWJ8/xYCU0A==</latexit>

To↵oli gate

<latexit sha1_base64="d1XCUpdc+oTE0suHPHVybAv57gQ=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaL4KokUtFlwY3uKvQFTSiT6aQdOo8wMxFK6MZfceNCEbd+hjv/xkmbhbYeuHA4517uvSdKGNXG876d0tr6xuZWebuys7u3f+AeHnW0TBUmbSyZVL0IacKoIG1DDSO9RBHEI0a60eQ297uPRGkqRctMExJyNBI0phgZKw3ck4AjM1Y8a8k4lozCAI6QIbOBW/Vq3hxwlfgFqYICzYH7FQwlTjkRBjOkdd/3EhNmSBmKGZlVglSTBOEJGpG+pQJxosNs/sAMnltlCGOpbAkD5+rviQxxrac8sp35uXrZy8X/vH5q4pswoyJJDRF4sShOGTQS5mnAIVUEGza1BGFF7a0Qj5FC2NjMKjYEf/nlVdK5rPn12tVDvdq4L+Iog1NwBi6AD65BA9yBJmgDDGbgGbyCN+fJeXHenY9Fa8kpZo7BHzifP8fFlo0=</latexit>

microwave photon

<latexit sha1_base64="oY63VI8+46tNiN2/wgJgLYlSgOA=">AAACBHicbVC7SgNBFJ2Nrxhfq5ZpBoNgFXYlomXARrsI5gHJEmYns8mQeSwzs5GwpLDxV2wsFLH1I+z8G2eTLTTxwIXDOfdy7z1hzKg2nvftFNbWNza3itulnd29/QP38KilZaIwaWLJpOqESBNGBWkaahjpxIogHjLSDsfXmd+eEKWpFPdmGpOAo6GgEcXIWKnvlnscmZHiKadYyQc0IbAH45E0Usz6bsWrenPAVeLnpAJyNPruV28gccKJMJghrbu+F5sgRcpQzMis1Es0iREeoyHpWioQJzpI50/M4KlVBjCSypYwcK7+nkgR13rKQ9uZnayXvUz8z+smJroKUirixBCBF4uihEEjYZYIHFBFsGFTSxBW1N4K8QgphI3NrWRD8JdfXiWt86pfq17c1Sr12zyOIiiDE3AGfHAJ6uAGNEATYPAInsEreHOenBfn3flYtBacfOYY/IHz+QN4JJim</latexit>

Scheme I : 2N rounds, 2 ancillas, N To↵olis, not destructive.

<latexit sha1_base64="mgRGkn4VXWfxpCyVKITOs3hSYWs="></latexit>

Scheme II : N rounds, 1 ancilla, 0 To↵olis, destructive.

<latexit sha1_base64="suana+j0hfGfW4EceqzMSFkRbdw="></latexit>

Scheme III : 2N rounds, 0 ancillas, 0 To↵olis, destructive.

<latexit sha1_base64="4KMgdnFIE2+p4oJwA2W3dR/tELE="></latexit>

D1

<latexit sha1_base64="W49s0BQPHGo5lKvrJCaYOb2DRI4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WNBD3qraD+gDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrK6tbxQ3S1vbO7t75f2Dpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApG11O/9YRK81g+mnGCfkQHkoecUWOlh5ue1ytX3Ko7A1kmXk4qkKPeK391+zFLI5SGCap1x3MT42dUGc4ETkrdVGNC2YgOsGOppBFqP5udOiEnVumTMFa2pCEz9fdERiOtx1FgOyNqhnrRm4r/eZ3UhFd+xmWSGpRsvihMBTExmf5N+lwhM2JsCWWK21sJG1JFmbHplGwI3uLLy6R5VvXOqxf355XaXR5HEY7gGE7Bg0uowS3UoQEMBvAMr/DmCOfFeXc+5q0FJ585hD9wPn8AwRyNew==</latexit>

D2

<latexit sha1_base64="JaxwwO6iQWi4h/zm53edXwQLeFw=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyGiB4DetBbRPOAZAmzk9lkyOzsMtMrhJBP8OJBEa9+kTf/xkmyB00saCiquunuChIpDLrut5NbW9/Y3MpvF3Z29/YPiodHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Hrmt564NiJWjzhOuB/RgRKhYBSt9HDTq/SKJbfszkFWiZeREmSo94pf3X7M0ogrZJIa0/HcBP0J1SiY5NNCNzU8oWxEB7xjqaIRN/5kfuqUnFmlT8JY21JI5urviQmNjBlHge2MKA7NsjcT//M6KYZX/kSoJEWu2GJRmEqCMZn9TfpCc4ZybAllWthbCRtSTRnadAo2BG/55VXSrJS9avnivlqq3WVx5OEETuEcPLiEGtxCHRrAYADP8ApvjnRenHfnY9Gac7KZY/gD5/MHwqCNfA==</latexit>

D1

<latexit sha1_base64="W49s0BQPHGo5lKvrJCaYOb2DRI4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WNBD3qraD+gDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrK6tbxQ3S1vbO7t75f2Dpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApG11O/9YRK81g+mnGCfkQHkoecUWOlh5ue1ytX3Ko7A1kmXk4qkKPeK391+zFLI5SGCap1x3MT42dUGc4ETkrdVGNC2YgOsGOppBFqP5udOiEnVumTMFa2pCEz9fdERiOtx1FgOyNqhnrRm4r/eZ3UhFd+xmWSGpRsvihMBTExmf5N+lwhM2JsCWWK21sJG1JFmbHplGwI3uLLy6R5VvXOqxf355XaXR5HEY7gGE7Bg0uowS3UoQEMBvAMr/DmCOfFeXc+5q0FJ585hD9wPn8AwRyNew==</latexit>

D2

<latexit sha1_base64="JaxwwO6iQWi4h/zm53edXwQLeFw=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyGiB4DetBbRPOAZAmzk9lkyOzsMtMrhJBP8OJBEa9+kTf/xkmyB00saCiquunuChIpDLrut5NbW9/Y3MpvF3Z29/YPiodHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Hrmt564NiJWjzhOuB/RgRKhYBSt9HDTq/SKJbfszkFWiZeREmSo94pf3X7M0ogrZJIa0/HcBP0J1SiY5NNCNzU8oWxEB7xjqaIRN/5kfuqUnFmlT8JY21JI5urviQmNjBlHge2MKA7NsjcT//M6KYZX/kSoJEWu2GJRmEqCMZn9TfpCc4ZybAllWthbCRtSTRnadAo2BG/55VXSrJS9avnivlqq3WVx5OEETuEcPLiEGtxCHRrAYADP8ApvjnRenHfnY9Gac7KZY/gD5/MHwqCNfA==</latexit>

D1

<latexit sha1_base64="W49s0BQPHGo5lKvrJCaYOb2DRI4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WNBD3qraD+gDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrK6tbxQ3S1vbO7t75f2Dpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApG11O/9YRK81g+mnGCfkQHkoecUWOlh5ue1ytX3Ko7A1kmXk4qkKPeK391+zFLI5SGCap1x3MT42dUGc4ETkrdVGNC2YgOsGOppBFqP5udOiEnVumTMFa2pCEz9fdERiOtx1FgOyNqhnrRm4r/eZ3UhFd+xmWSGpRsvihMBTExmf5N+lwhM2JsCWWK21sJG1JFmbHplGwI3uLLy6R5VvXOqxf355XaXR5HEY7gGE7Bg0uowS3UoQEMBvAMr/DmCOfFeXc+5q0FJ585hD9wPn8AwRyNew==</latexit>

D2

<latexit sha1_base64="JaxwwO6iQWi4h/zm53edXwQLeFw=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyGiB4DetBbRPOAZAmzk9lkyOzsMtMrhJBP8OJBEa9+kTf/xkmyB00saCiquunuChIpDLrut5NbW9/Y3MpvF3Z29/YPiodHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Hrmt564NiJWjzhOuB/RgRKhYBSt9HDTq/SKJbfszkFWiZeREmSo94pf3X7M0ogrZJIa0/HcBP0J1SiY5NNCNzU8oWxEB7xjqaIRN/5kfuqUnFmlT8JY21JI5urviQmNjBlHge2MKA7NsjcT//M6KYZX/kSoJEWu2GJRmEqCMZn9TfpCc4ZybAllWthbCRtSTRnadAo2BG/55VXSrJS9avnivlqq3WVx5OEETuEcPLiEGtxCHRrAYADP8ApvjnRenHfnY9Gac7KZY/gD5/MHwqCNfA==</latexit>

D1

<latexit sha1_base64="W49s0BQPHGo5lKvrJCaYOb2DRI4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WNBD3qraD+gDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrK6tbxQ3S1vbO7t75f2Dpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApG11O/9YRK81g+mnGCfkQHkoecUWOlh5ue1ytX3Ko7A1kmXk4qkKPeK391+zFLI5SGCap1x3MT42dUGc4ETkrdVGNC2YgOsGOppBFqP5udOiEnVumTMFa2pCEz9fdERiOtx1FgOyNqhnrRm4r/eZ3UhFd+xmWSGpRsvihMBTExmf5N+lwhM2JsCWWK21sJG1JFmbHplGwI3uLLy6R5VvXOqxf355XaXR5HEY7gGE7Bg0uowS3UoQEMBvAMr/DmCOfFeXc+5q0FJ585hD9wPn8AwRyNew==</latexit>

D2

<latexit sha1_base64="JaxwwO6iQWi4h/zm53edXwQLeFw=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyGiB4DetBbRPOAZAmzk9lkyOzsMtMrhJBP8OJBEa9+kTf/xkmyB00saCiquunuChIpDLrut5NbW9/Y3MpvF3Z29/YPiodHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Hrmt564NiJWjzhOuB/RgRKhYBSt9HDTq/SKJbfszkFWiZeREmSo94pf3X7M0ogrZJIa0/HcBP0J1SiY5NNCNzU8oWxEB7xjqaIRN/5kfuqUnFmlT8JY21JI5urviQmNjBlHge2MKA7NsjcT//M6KYZX/kSoJEWu2GJRmEqCMZn9TfpCc4ZybAllWthbCRtSTRnadAo2BG/55VXSrJS9avnivlqq3WVx5OEETuEcPLiEGtxCHRrAYADP8ApvjnRenHfnY9Gac7KZY/gD5/MHwqCNfA==</latexit>

Scheme IV : 2N rounds, 0 ancillas, 0 To↵olis, destructive.

<latexit sha1_base64="t+53lzhsz0zlJs0ms208/9VZTbw="></latexit>

Legend

<latexit sha1_base64="sHpBrgtmowXv+WwHeaNGU4AlzrU=">AAAB+HicbVDLSsNAFJ3UV62PRl26GSyCq5JIRZcFNwouKtgHtKFMJjft0MkkzEyEGvolblwo4tZPceffOGmz0NYDA4dz7uWeOX7CmdKO822V1tY3NrfK25Wd3b39qn1w2FFxKim0acxj2fOJAs4EtDXTHHqJBBL5HLr+5Dr3u48gFYvFg54m4EVkJFjIKNFGGtrVQUT02A+zOxiBCGZDu+bUnTnwKnELUkMFWkP7axDENI1AaMqJUn3XSbSXEakZ5TCrDFIFCaETMoK+oYJEoLxsHnyGT40S4DCW5gmN5+rvjYxESk0j30zmMdWyl4v/ef1Uh1dexkSSahB0cShMOdYxzlvAAZNANZ8aQqhkJiumYyIJ1aariinBXf7yKumc191G/eK+UWveFnWU0TE6QWfIRZeoiW5QC7URRSl6Rq/ozXqyXqx362MxWrKKnSP0B9bnDxRrk2U=</latexit>

data qubit

<latexit sha1_base64="kwzeIhxaMjd6b476Cp1shzIAM6E=">AAAB/nicbVDLSsNAFJ3UV62vqrhyM1gEVyWRii4LbnRXwT6gCWUymbRDZ5I4cyOUUPBX3LhQxK3f4c6/cdJmoa0HBg7n3Ms9c/xEcA22/W2VVlbX1jfKm5Wt7Z3dver+QUfHqaKsTWMRq55PNBM8Ym3gIFgvUYxIX7CuP77O/e4jU5rH0T1MEuZJMox4yCkBIw2qR64kMFIyCwgQ7OKH1OcwHVRrdt2eAS8TpyA1VKA1qH65QUxTySKggmjdd+wEvIwo4FSwacVNNUsIHZMh6xsaEcm0l83iT/GpUQIcxsq8CPBM/b2REan1RPpmMg+rF71c/M/rpxBeeRmPkhRYROeHwlRgiHHeBQ64YhTExBBCFTdZMR0RRSiYxiqmBGfxy8ukc153GvWLu0ateVvUUUbH6ASdIQddoia6QS3URhRl6Bm9ojfryXqx3q2P+WjJKnYO0R9Ynz9ZTJXE</latexit>

ancilla (storage)

<latexit sha1_base64="8Ui7rCdCYawMT/cttKhT8mwSxJE=">AAACBXicbVC7SgNBFJ2Nrxhfq5ZaDAYhNmFXIloGbLSLYB6QXcLsZDYZMo9lZlYISxobf8XGQhFb/8HOv3GSbKGJBwYO59x7594TJYxq43nfTmFldW19o7hZ2tre2d1z9w9aWqYKkyaWTKpOhDRhVJCmoYaRTqII4hEj7Wh0PfXbD0RpKsW9GSck5GggaEwxMlbquccBR2aoeIYEpowhGMCKNlKhATmb9NyyV/VmgMvEz0kZ5Gj03K+gL3HKiTCYIa27vpeYMEPKUMzIpBSkmiQIj+z0rqUCcaLDbHbFBJ5apQ9jqewTBs7U3x0Z4lqPeWQrpzvrRW8q/ud1UxNfhRkVSWqIwPOP4pRBI+E0EtinimDDxpYgrKjdFeIhUggbG1zJhuAvnrxMWudVv1a9uKuV67d5HEVwBE5ABfjgEtTBDWiAJsDgETyDV/DmPDkvzrvzMS8tOHnPIfgD5/MHMJCYZQ==</latexit>

ancilla (operational)

<latexit sha1_base64="Ln0iqUNghASBhGpb1DHobDFBG0U=">AAACCXicbVBNS8NAEN34WetX1KOXxSLUS0mkoseCF71VsB/QhDLZbtqlm03Y3Qgl9OrFv+LFgyJe/Qfe/Ddu2hy09cHA470ZZuYFCWdKO863tbK6tr6xWdoqb+/s7u3bB4dtFaeS0BaJeSy7ASjKmaAtzTSn3URSiAJOO8H4Ovc7D1QqFot7PUmoH8FQsJAR0Ebq29iLQI9klIEgjHPAHq7GCZUzG/jZtG9XnJozA14mbkEqqECzb395g5ikERWacFCq5zqJ9jOQmhFOp2UvVTQBMoYh7RkqIKLKz2afTPGpUQY4jKUpofFM/T2RQaTUJApMZ363WvRy8T+vl+rwys+YSFJNBZkvClOOdYzzWPCASUo0nxgCRDJzKyYjkEC0Ca9sQnAXX14m7fOaW69d3NUrjdsijhI6Rieoilx0iRroBjVRCxH0iJ7RK3qznqwX6936mLeuWMXMEfoD6/MHdxaaNg==</latexit>

CNOT gate

<latexit sha1_base64="MzCkdY88HnYlXQcllT6aUnX9AA0=">AAAB/XicbVDLSgMxFM3UV62v8bFzEyyCqzIjFV0WutGNVugLOkPJpJk2NMkMSUaoQ/FX3LhQxK3/4c6/MdPOQlsPBA7n3Ms9OUHMqNKO820VVlbX1jeKm6Wt7Z3dPXv/oK2iRGLSwhGLZDdAijAqSEtTzUg3lgTxgJFOMK5nfueBSEUj0dSTmPgcDQUNKUbaSH37yONIjyRP67d3TejBIdJk2rfLTsWZAS4TNydlkKPRt7+8QYQTToTGDCnVc51Y+ymSmmJGpiUvUSRGeIyGpGeoQJwoP52ln8JTowxgGEnzhIYz9fdGirhSEx6YySyrWvQy8T+vl+jwyk+piBNNBJ4fChMGdQSzKuCASoI1mxiCsKQmK8QjJBHWprCSKcFd/PIyaZ9X3Grl4r5art3kdRTBMTgBZ8AFl6AGrkEDtAAGj+AZvII368l6sd6tj/lowcp3DsEfWJ8/xYCU0A==</latexit>

To↵oli gate

<latexit sha1_base64="d1XCUpdc+oTE0suHPHVybAv57gQ=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaL4KokUtFlwY3uKvQFTSiT6aQdOo8wMxFK6MZfceNCEbd+hjv/xkmbhbYeuHA4517uvSdKGNXG876d0tr6xuZWebuys7u3f+AeHnW0TBUmbSyZVL0IacKoIG1DDSO9RBHEI0a60eQ297uPRGkqRctMExJyNBI0phgZKw3ck4AjM1Y8a8k4lozCAI6QIbOBW/Vq3hxwlfgFqYICzYH7FQwlTjkRBjOkdd/3EhNmSBmKGZlVglSTBOEJGpG+pQJxosNs/sAMnltlCGOpbAkD5+rviQxxrac8sp35uXrZy8X/vH5q4pswoyJJDRF4sShOGTQS5mnAIVUEGza1BGFF7a0Qj5FC2NjMKjYEf/nlVdK5rPn12tVDvdq4L+Iog1NwBi6AD65BA9yBJmgDDGbgGbyCN+fJeXHenY9Fa8kpZo7BHzifP8fFlo0=</latexit>

microwave photon

<latexit sha1_base64="oY63VI8+46tNiN2/wgJgLYlSgOA=">AAACBHicbVC7SgNBFJ2Nrxhfq5ZpBoNgFXYlomXARrsI5gHJEmYns8mQeSwzs5GwpLDxV2wsFLH1I+z8G2eTLTTxwIXDOfdy7z1hzKg2nvftFNbWNza3itulnd29/QP38KilZaIwaWLJpOqESBNGBWkaahjpxIogHjLSDsfXmd+eEKWpFPdmGpOAo6GgEcXIWKnvlnscmZHiKadYyQc0IbAH45E0Usz6bsWrenPAVeLnpAJyNPruV28gccKJMJghrbu+F5sgRcpQzMis1Es0iREeoyHpWioQJzpI50/M4KlVBjCSypYwcK7+nkgR13rKQ9uZnayXvUz8z+smJroKUirixBCBF4uihEEjYZYIHFBFsGFTSxBW1N4K8QgphI3NrWRD8JdfXiWt86pfq17c1Sr12zyOIiiDE3AGfHAJ6uAGNEATYPAInsEreHOenBfn3flYtBacfOYY/IHz+QN4JJim</latexit>

Scheme I : 2N rounds, 2 ancillas, N To↵olis, not destructive.

<latexit sha1_base64="mgRGkn4VXWfxpCyVKITOs3hSYWs="></latexit>

Scheme II : N rounds, 1 ancilla, 0 To↵olis, destructive.

<latexit sha1_base64="suana+j0hfGfW4EceqzMSFkRbdw="></latexit>

Scheme III : 2N rounds, 0 ancillas, 0 To↵olis, destructive.

<latexit sha1_base64="4KMgdnFIE2+p4oJwA2W3dR/tELE="></latexit>

D1

<latexit sha1_base64="W49s0BQPHGo5lKvrJCaYOb2DRI4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WNBD3qraD+gDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrK6tbxQ3S1vbO7t75f2Dpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApG11O/9YRK81g+mnGCfkQHkoecUWOlh5ue1ytX3Ko7A1kmXk4qkKPeK391+zFLI5SGCap1x3MT42dUGc4ETkrdVGNC2YgOsGOppBFqP5udOiEnVumTMFa2pCEz9fdERiOtx1FgOyNqhnrRm4r/eZ3UhFd+xmWSGpRsvihMBTExmf5N+lwhM2JsCWWK21sJG1JFmbHplGwI3uLLy6R5VvXOqxf355XaXR5HEY7gGE7Bg0uowS3UoQEMBvAMr/DmCOfFeXc+5q0FJ585hD9wPn8AwRyNew==</latexit>

D2

<latexit sha1_base64="JaxwwO6iQWi4h/zm53edXwQLeFw=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyGiB4DetBbRPOAZAmzk9lkyOzsMtMrhJBP8OJBEa9+kTf/xkmyB00saCiquunuChIpDLrut5NbW9/Y3MpvF3Z29/YPiodHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Hrmt564NiJWjzhOuB/RgRKhYBSt9HDTq/SKJbfszkFWiZeREmSo94pf3X7M0ogrZJIa0/HcBP0J1SiY5NNCNzU8oWxEB7xjqaIRN/5kfuqUnFmlT8JY21JI5urviQmNjBlHge2MKA7NsjcT//M6KYZX/kSoJEWu2GJRmEqCMZn9TfpCc4ZybAllWthbCRtSTRnadAo2BG/55VXSrJS9avnivlqq3WVx5OEETuEcPLiEGtxCHRrAYADP8ApvjnRenHfnY9Gac7KZY/gD5/MHwqCNfA==</latexit>

D1

<latexit sha1_base64="W49s0BQPHGo5lKvrJCaYOb2DRI4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WNBD3qraD+gDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrK6tbxQ3S1vbO7t75f2Dpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApG11O/9YRK81g+mnGCfkQHkoecUWOlh5ue1ytX3Ko7A1kmXk4qkKPeK391+zFLI5SGCap1x3MT42dUGc4ETkrdVGNC2YgOsGOppBFqP5udOiEnVumTMFa2pCEz9fdERiOtx1FgOyNqhnrRm4r/eZ3UhFd+xmWSGpRsvihMBTExmf5N+lwhM2JsCWWK21sJG1JFmbHplGwI3uLLy6R5VvXOqxf355XaXR5HEY7gGE7Bg0uowS3UoQEMBvAMr/DmCOfFeXc+5q0FJ585hD9wPn8AwRyNew==</latexit>

D2

<latexit sha1_base64="JaxwwO6iQWi4h/zm53edXwQLeFw=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyGiB4DetBbRPOAZAmzk9lkyOzsMtMrhJBP8OJBEa9+kTf/xkmyB00saCiquunuChIpDLrut5NbW9/Y3MpvF3Z29/YPiodHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Hrmt564NiJWjzhOuB/RgRKhYBSt9HDTq/SKJbfszkFWiZeREmSo94pf3X7M0ogrZJIa0/HcBP0J1SiY5NNCNzU8oWxEB7xjqaIRN/5kfuqUnFmlT8JY21JI5urviQmNjBlHge2MKA7NsjcT//M6KYZX/kSoJEWu2GJRmEqCMZn9TfpCc4ZybAllWthbCRtSTRnadAo2BG/55VXSrJS9avnivlqq3WVx5OEETuEcPLiEGtxCHRrAYADP8ApvjnRenHfnY9Gac7KZY/gD5/MHwqCNfA==</latexit>

D1

<latexit sha1_base64="W49s0BQPHGo5lKvrJCaYOb2DRI4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WNBD3qraD+gDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrK6tbxQ3S1vbO7t75f2Dpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApG11O/9YRK81g+mnGCfkQHkoecUWOlh5ue1ytX3Ko7A1kmXk4qkKPeK391+zFLI5SGCap1x3MT42dUGc4ETkrdVGNC2YgOsGOppBFqP5udOiEnVumTMFa2pCEz9fdERiOtx1FgOyNqhnrRm4r/eZ3UhFd+xmWSGpRsvihMBTExmf5N+lwhM2JsCWWK21sJG1JFmbHplGwI3uLLy6R5VvXOqxf355XaXR5HEY7gGE7Bg0uowS3UoQEMBvAMr/DmCOfFeXc+5q0FJ585hD9wPn8AwRyNew==</latexit>

D2

<latexit sha1_base64="JaxwwO6iQWi4h/zm53edXwQLeFw=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyGiB4DetBbRPOAZAmzk9lkyOzsMtMrhJBP8OJBEa9+kTf/xkmyB00saCiquunuChIpDLrut5NbW9/Y3MpvF3Z29/YPiodHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Hrmt564NiJWjzhOuB/RgRKhYBSt9HDTq/SKJbfszkFWiZeREmSo94pf3X7M0ogrZJIa0/HcBP0J1SiY5NNCNzU8oWxEB7xjqaIRN/5kfuqUnFmlT8JY21JI5urviQmNjBlHge2MKA7NsjcT//M6KYZX/kSoJEWu2GJRmEqCMZn9TfpCc4ZybAllWthbCRtSTRnadAo2BG/55VXSrJS9avnivlqq3WVx5OEETuEcPLiEGtxCHRrAYADP8ApvjnRenHfnY9Gac7KZY/gD5/MHwqCNfA==</latexit>

D1

<latexit sha1_base64="W49s0BQPHGo5lKvrJCaYOb2DRI4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WNBD3qraD+gDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrK6tbxQ3S1vbO7t75f2Dpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApG11O/9YRK81g+mnGCfkQHkoecUWOlh5ue1ytX3Ko7A1kmXk4qkKPeK391+zFLI5SGCap1x3MT42dUGc4ETkrdVGNC2YgOsGOppBFqP5udOiEnVumTMFa2pCEz9fdERiOtx1FgOyNqhnrRm4r/eZ3UhFd+xmWSGpRsvihMBTExmf5N+lwhM2JsCWWK21sJG1JFmbHplGwI3uLLy6R5VvXOqxf355XaXR5HEY7gGE7Bg0uowS3UoQEMBvAMr/DmCOfFeXc+5q0FJ585hD9wPn8AwRyNew==</latexit>

D2

<latexit sha1_base64="JaxwwO6iQWi4h/zm53edXwQLeFw=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyGiB4DetBbRPOAZAmzk9lkyOzsMtMrhJBP8OJBEa9+kTf/xkmyB00saCiquunuChIpDLrut5NbW9/Y3MpvF3Z29/YPiodHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Hrmt564NiJWjzhOuB/RgRKhYBSt9HDTq/SKJbfszkFWiZeREmSo94pf3X7M0ogrZJIa0/HcBP0J1SiY5NNCNzU8oWxEB7xjqaIRN/5kfuqUnFmlT8JY21JI5urviQmNjBlHge2MKA7NsjcT//M6KYZX/kSoJEWu2GJRmEqCMZn9TfpCc4ZybAllWthbCRtSTRnadAo2BG/55VXSrJS9avnivlqq3WVx5OEETuEcPLiEGtxCHRrAYADP8ApvjnRenHfnY9Gac7KZY/gD5/MHwqCNfA==</latexit>

Scheme IV : 2N rounds, 0 ancillas, 0 To↵olis, destructive.

<latexit sha1_base64="t+53lzhsz0zlJs0ms208/9VZTbw="></latexit>

Legend

<latexit sha1_base64="sHpBrgtmowXv+WwHeaNGU4AlzrU=">AAAB+HicbVDLSsNAFJ3UV62PRl26GSyCq5JIRZcFNwouKtgHtKFMJjft0MkkzEyEGvolblwo4tZPceffOGmz0NYDA4dz7uWeOX7CmdKO822V1tY3NrfK25Wd3b39qn1w2FFxKim0acxj2fOJAs4EtDXTHHqJBBL5HLr+5Dr3u48gFYvFg54m4EVkJFjIKNFGGtrVQUT02A+zOxiBCGZDu+bUnTnwKnELUkMFWkP7axDENI1AaMqJUn3XSbSXEakZ5TCrDFIFCaETMoK+oYJEoLxsHnyGT40S4DCW5gmN5+rvjYxESk0j30zmMdWyl4v/ef1Uh1dexkSSahB0cShMOdYxzlvAAZNANZ8aQqhkJiumYyIJ1aariinBXf7yKumc191G/eK+UWveFnWU0TE6QWfIRZeoiW5QC7URRSl6Rq/ozXqyXqx362MxWrKKnSP0B9bnDxRrk2U=</latexit>

data qubit

<latexit sha1_base64="kwzeIhxaMjd6b476Cp1shzIAM6E=">AAAB/nicbVDLSsNAFJ3UV62vqrhyM1gEVyWRii4LbnRXwT6gCWUymbRDZ5I4cyOUUPBX3LhQxK3f4c6/cdJmoa0HBg7n3Ms9c/xEcA22/W2VVlbX1jfKm5Wt7Z3dver+QUfHqaKsTWMRq55PNBM8Ym3gIFgvUYxIX7CuP77O/e4jU5rH0T1MEuZJMox4yCkBIw2qR64kMFIyCwgQ7OKH1OcwHVRrdt2eAS8TpyA1VKA1qH65QUxTySKggmjdd+wEvIwo4FSwacVNNUsIHZMh6xsaEcm0l83iT/GpUQIcxsq8CPBM/b2REan1RPpmMg+rF71c/M/rpxBeeRmPkhRYROeHwlRgiHHeBQ64YhTExBBCFTdZMR0RRSiYxiqmBGfxy8ukc153GvWLu0ateVvUUUbH6ASdIQddoia6QS3URhRl6Bm9ojfryXqx3q2P+WjJKnYO0R9Ynz9ZTJXE</latexit>

ancilla (storage)

<latexit sha1_base64="8Ui7rCdCYawMT/cttKhT8mwSxJE=">AAACBXicbVC7SgNBFJ2Nrxhfq5ZaDAYhNmFXIloGbLSLYB6QXcLsZDYZMo9lZlYISxobf8XGQhFb/8HOv3GSbKGJBwYO59x7594TJYxq43nfTmFldW19o7hZ2tre2d1z9w9aWqYKkyaWTKpOhDRhVJCmoYaRTqII4hEj7Wh0PfXbD0RpKsW9GSck5GggaEwxMlbquccBR2aoeIYEpowhGMCKNlKhATmb9NyyV/VmgMvEz0kZ5Gj03K+gL3HKiTCYIa27vpeYMEPKUMzIpBSkmiQIj+z0rqUCcaLDbHbFBJ5apQ9jqewTBs7U3x0Z4lqPeWQrpzvrRW8q/ud1UxNfhRkVSWqIwPOP4pRBI+E0EtinimDDxpYgrKjdFeIhUggbG1zJhuAvnrxMWudVv1a9uKuV67d5HEVwBE5ABfjgEtTBDWiAJsDgETyDV/DmPDkvzrvzMS8tOHnPIfgD5/MHMJCYZQ==</latexit>

ancilla (operational)

<latexit sha1_base64="Ln0iqUNghASBhGpb1DHobDFBG0U=">AAACCXicbVBNS8NAEN34WetX1KOXxSLUS0mkoseCF71VsB/QhDLZbtqlm03Y3Qgl9OrFv+LFgyJe/Qfe/Ddu2hy09cHA470ZZuYFCWdKO863tbK6tr6xWdoqb+/s7u3bB4dtFaeS0BaJeSy7ASjKmaAtzTSn3URSiAJOO8H4Ovc7D1QqFot7PUmoH8FQsJAR0Ebq29iLQI9klIEgjHPAHq7GCZUzG/jZtG9XnJozA14mbkEqqECzb395g5ikERWacFCq5zqJ9jOQmhFOp2UvVTQBMoYh7RkqIKLKz2afTPGpUQY4jKUpofFM/T2RQaTUJApMZ363WvRy8T+vl+rwys+YSFJNBZkvClOOdYzzWPCASUo0nxgCRDJzKyYjkEC0Ca9sQnAXX14m7fOaW69d3NUrjdsijhI6Rieoilx0iRroBjVRCxH0iJ7RK3qznqwX6936mLeuWMXMEfoD6/MHdxaaNg==</latexit>

CNOT gate

<latexit sha1_base64="MzCkdY88HnYlXQcllT6aUnX9AA0=">AAAB/XicbVDLSgMxFM3UV62v8bFzEyyCqzIjFV0WutGNVugLOkPJpJk2NMkMSUaoQ/FX3LhQxK3/4c6/MdPOQlsPBA7n3Ms9OUHMqNKO820VVlbX1jeKm6Wt7Z3dPXv/oK2iRGLSwhGLZDdAijAqSEtTzUg3lgTxgJFOMK5nfueBSEUj0dSTmPgcDQUNKUbaSH37yONIjyRP67d3TejBIdJk2rfLTsWZAS4TNydlkKPRt7+8QYQTToTGDCnVc51Y+ymSmmJGpiUvUSRGeIyGpGeoQJwoP52ln8JTowxgGEnzhIYz9fdGirhSEx6YySyrWvQy8T+vl+jwyk+piBNNBJ4fChMGdQSzKuCASoI1mxiCsKQmK8QjJBHWprCSKcFd/PIyaZ9X3Grl4r5art3kdRTBMTgBZ8AFl6AGrkEDtAAGj+AZvII368l6sd6tj/lowcp3DsEfWJ8/xYCU0A==</latexit>

To↵oli gate

<latexit sha1_base64="d1XCUpdc+oTE0suHPHVybAv57gQ=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaL4KokUtFlwY3uKvQFTSiT6aQdOo8wMxFK6MZfceNCEbd+hjv/xkmbhbYeuHA4517uvSdKGNXG876d0tr6xuZWebuys7u3f+AeHnW0TBUmbSyZVL0IacKoIG1DDSO9RBHEI0a60eQ297uPRGkqRctMExJyNBI0phgZKw3ck4AjM1Y8a8k4lozCAI6QIbOBW/Vq3hxwlfgFqYICzYH7FQwlTjkRBjOkdd/3EhNmSBmKGZlVglSTBOEJGpG+pQJxosNs/sAMnltlCGOpbAkD5+rviQxxrac8sp35uXrZy8X/vH5q4pswoyJJDRF4sShOGTQS5mnAIVUEGza1BGFF7a0Qj5FC2NjMKjYEf/nlVdK5rPn12tVDvdq4L+Iog1NwBi6AD65BA9yBJmgDDGbgGbyCN+fJeXHenY9Fa8kpZo7BHzifP8fFlo0=</latexit>

microwave photon

<latexit sha1_base64="oY63VI8+46tNiN2/wgJgLYlSgOA=">AAACBHicbVC7SgNBFJ2Nrxhfq5ZpBoNgFXYlomXARrsI5gHJEmYns8mQeSwzs5GwpLDxV2wsFLH1I+z8G2eTLTTxwIXDOfdy7z1hzKg2nvftFNbWNza3itulnd29/QP38KilZaIwaWLJpOqESBNGBWkaahjpxIogHjLSDsfXmd+eEKWpFPdmGpOAo6GgEcXIWKnvlnscmZHiKadYyQc0IbAH45E0Usz6bsWrenPAVeLnpAJyNPruV28gccKJMJghrbu+F5sgRcpQzMis1Es0iREeoyHpWioQJzpI50/M4KlVBjCSypYwcK7+nkgR13rKQ9uZnayXvUz8z+smJroKUirixBCBF4uihEEjYZYIHFBFsGFTSxBW1N4K8QgphI3NrWRD8JdfXiWt86pfq17c1Sr12zyOIiiDE3AGfHAJ6uAGNEATYPAInsEreHOenBfn3flYtBacfOYY/IHz+QN4JJim</latexit>

Scheme I : 2N rounds, 2 ancillas, N To↵olis, not destructive.

<latexit sha1_base64="mgRGkn4VXWfxpCyVKITOs3hSYWs="></latexit>

Scheme II : N rounds, 1 ancilla, 0 To↵olis, destructive.

<latexit sha1_base64="suana+j0hfGfW4EceqzMSFkRbdw="></latexit>

Scheme III : 2N rounds, 0 ancillas, 0 To↵olis, destructive.

<latexit sha1_base64="4KMgdnFIE2+p4oJwA2W3dR/tELE="></latexit>

D1

<latexit sha1_base64="W49s0BQPHGo5lKvrJCaYOb2DRI4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WNBD3qraD+gDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrK6tbxQ3S1vbO7t75f2Dpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApG11O/9YRK81g+mnGCfkQHkoecUWOlh5ue1ytX3Ko7A1kmXk4qkKPeK391+zFLI5SGCap1x3MT42dUGc4ETkrdVGNC2YgOsGOppBFqP5udOiEnVumTMFa2pCEz9fdERiOtx1FgOyNqhnrRm4r/eZ3UhFd+xmWSGpRsvihMBTExmf5N+lwhM2JsCWWK21sJG1JFmbHplGwI3uLLy6R5VvXOqxf355XaXR5HEY7gGE7Bg0uowS3UoQEMBvAMr/DmCOfFeXc+5q0FJ585hD9wPn8AwRyNew==</latexit>

D2

<latexit sha1_base64="JaxwwO6iQWi4h/zm53edXwQLeFw=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyGiB4DetBbRPOAZAmzk9lkyOzsMtMrhJBP8OJBEa9+kTf/xkmyB00saCiquunuChIpDLrut5NbW9/Y3MpvF3Z29/YPiodHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Hrmt564NiJWjzhOuB/RgRKhYBSt9HDTq/SKJbfszkFWiZeREmSo94pf3X7M0ogrZJIa0/HcBP0J1SiY5NNCNzU8oWxEB7xjqaIRN/5kfuqUnFmlT8JY21JI5urviQmNjBlHge2MKA7NsjcT//M6KYZX/kSoJEWu2GJRmEqCMZn9TfpCc4ZybAllWthbCRtSTRnadAo2BG/55VXSrJS9avnivlqq3WVx5OEETuEcPLiEGtxCHRrAYADP8ApvjnRenHfnY9Gac7KZY/gD5/MHwqCNfA==</latexit>

D1

<latexit sha1_base64="W49s0BQPHGo5lKvrJCaYOb2DRI4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WNBD3qraD+gDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrK6tbxQ3S1vbO7t75f2Dpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApG11O/9YRK81g+mnGCfkQHkoecUWOlh5ue1ytX3Ko7A1kmXk4qkKPeK391+zFLI5SGCap1x3MT42dUGc4ETkrdVGNC2YgOsGOppBFqP5udOiEnVumTMFa2pCEz9fdERiOtx1FgOyNqhnrRm4r/eZ3UhFd+xmWSGpRsvihMBTExmf5N+lwhM2JsCWWK21sJG1JFmbHplGwI3uLLy6R5VvXOqxf355XaXR5HEY7gGE7Bg0uowS3UoQEMBvAMr/DmCOfFeXc+5q0FJ585hD9wPn8AwRyNew==</latexit>

D2

<latexit sha1_base64="JaxwwO6iQWi4h/zm53edXwQLeFw=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyGiB4DetBbRPOAZAmzk9lkyOzsMtMrhJBP8OJBEa9+kTf/xkmyB00saCiquunuChIpDLrut5NbW9/Y3MpvF3Z29/YPiodHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Hrmt564NiJWjzhOuB/RgRKhYBSt9HDTq/SKJbfszkFWiZeREmSo94pf3X7M0ogrZJIa0/HcBP0J1SiY5NNCNzU8oWxEB7xjqaIRN/5kfuqUnFmlT8JY21JI5urviQmNjBlHge2MKA7NsjcT//M6KYZX/kSoJEWu2GJRmEqCMZn9TfpCc4ZybAllWthbCRtSTRnadAo2BG/55VXSrJS9avnivlqq3WVx5OEETuEcPLiEGtxCHRrAYADP8ApvjnRenHfnY9Gac7KZY/gD5/MHwqCNfA==</latexit>

D1

<latexit sha1_base64="W49s0BQPHGo5lKvrJCaYOb2DRI4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WNBD3qraD+gDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrK6tbxQ3S1vbO7t75f2Dpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApG11O/9YRK81g+mnGCfkQHkoecUWOlh5ue1ytX3Ko7A1kmXk4qkKPeK391+zFLI5SGCap1x3MT42dUGc4ETkrdVGNC2YgOsGOppBFqP5udOiEnVumTMFa2pCEz9fdERiOtx1FgOyNqhnrRm4r/eZ3UhFd+xmWSGpRsvihMBTExmf5N+lwhM2JsCWWK21sJG1JFmbHplGwI3uLLy6R5VvXOqxf355XaXR5HEY7gGE7Bg0uowS3UoQEMBvAMr/DmCOfFeXc+5q0FJ585hD9wPn8AwRyNew==</latexit>

D2

<latexit sha1_base64="JaxwwO6iQWi4h/zm53edXwQLeFw=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyGiB4DetBbRPOAZAmzk9lkyOzsMtMrhJBP8OJBEa9+kTf/xkmyB00saCiquunuChIpDLrut5NbW9/Y3MpvF3Z29/YPiodHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Hrmt564NiJWjzhOuB/RgRKhYBSt9HDTq/SKJbfszkFWiZeREmSo94pf3X7M0ogrZJIa0/HcBP0J1SiY5NNCNzU8oWxEB7xjqaIRN/5kfuqUnFmlT8JY21JI5urviQmNjBlHge2MKA7NsjcT//M6KYZX/kSoJEWu2GJRmEqCMZn9TfpCc4ZybAllWthbCRtSTRnadAo2BG/55VXSrJS9avnivlqq3WVx5OEETuEcPLiEGtxCHRrAYADP8ApvjnRenHfnY9Gac7KZY/gD5/MHwqCNfA==</latexit>

D1

<latexit sha1_base64="W49s0BQPHGo5lKvrJCaYOb2DRI4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WNBD3qraD+gDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrK6tbxQ3S1vbO7t75f2Dpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApG11O/9YRK81g+mnGCfkQHkoecUWOlh5ue1ytX3Ko7A1kmXk4qkKPeK391+zFLI5SGCap1x3MT42dUGc4ETkrdVGNC2YgOsGOppBFqP5udOiEnVumTMFa2pCEz9fdERiOtx1FgOyNqhnrRm4r/eZ3UhFd+xmWSGpRsvihMBTExmf5N+lwhM2JsCWWK21sJG1JFmbHplGwI3uLLy6R5VvXOqxf355XaXR5HEY7gGE7Bg0uowS3UoQEMBvAMr/DmCOfFeXc+5q0FJ585hD9wPn8AwRyNew==</latexit>

D2

<latexit sha1_base64="JaxwwO6iQWi4h/zm53edXwQLeFw=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyGiB4DetBbRPOAZAmzk9lkyOzsMtMrhJBP8OJBEa9+kTf/xkmyB00saCiquunuChIpDLrut5NbW9/Y3MpvF3Z29/YPiodHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Hrmt564NiJWjzhOuB/RgRKhYBSt9HDTq/SKJbfszkFWiZeREmSo94pf3X7M0ogrZJIa0/HcBP0J1SiY5NNCNzU8oWxEB7xjqaIRN/5kfuqUnFmlT8JY21JI5urviQmNjBlHge2MKA7NsjcT//M6KYZX/kSoJEWu2GJRmEqCMZn9TfpCc4ZybAllWthbCRtSTRnadAo2BG/55VXSrJS9avnivlqq3WVx5OEETuEcPLiEGtxCHRrAYADP8ApvjnRenHfnY9Gac7KZY/gD5/MHwqCNfA==</latexit>

Scheme IV : 2N rounds, 0 ancillas, 0 To↵olis, destructive.

<latexit sha1_base64="t+53lzhsz0zlJs0ms208/9VZTbw="></latexit>

Legend

<latexit sha1_base64="sHpBrgtmowXv+WwHeaNGU4AlzrU=">AAAB+HicbVDLSsNAFJ3UV62PRl26GSyCq5JIRZcFNwouKtgHtKFMJjft0MkkzEyEGvolblwo4tZPceffOGmz0NYDA4dz7uWeOX7CmdKO822V1tY3NrfK25Wd3b39qn1w2FFxKim0acxj2fOJAs4EtDXTHHqJBBL5HLr+5Dr3u48gFYvFg54m4EVkJFjIKNFGGtrVQUT02A+zOxiBCGZDu+bUnTnwKnELUkMFWkP7axDENI1AaMqJUn3XSbSXEakZ5TCrDFIFCaETMoK+oYJEoLxsHnyGT40S4DCW5gmN5+rvjYxESk0j30zmMdWyl4v/ef1Uh1dexkSSahB0cShMOdYxzlvAAZNANZ8aQqhkJiumYyIJ1aariinBXf7yKumc191G/eK+UWveFnWU0TE6QWfIRZeoiW5QC7URRSl6Rq/ozXqyXqx362MxWrKKnSP0B9bnDxRrk2U=</latexit>

data qubit

<latexit sha1_base64="kwzeIhxaMjd6b476Cp1shzIAM6E=">AAAB/nicbVDLSsNAFJ3UV62vqrhyM1gEVyWRii4LbnRXwT6gCWUymbRDZ5I4cyOUUPBX3LhQxK3f4c6/cdJmoa0HBg7n3Ms9c/xEcA22/W2VVlbX1jfKm5Wt7Z3dver+QUfHqaKsTWMRq55PNBM8Ym3gIFgvUYxIX7CuP77O/e4jU5rH0T1MEuZJMox4yCkBIw2qR64kMFIyCwgQ7OKH1OcwHVRrdt2eAS8TpyA1VKA1qH65QUxTySKggmjdd+wEvIwo4FSwacVNNUsIHZMh6xsaEcm0l83iT/GpUQIcxsq8CPBM/b2REan1RPpmMg+rF71c/M/rpxBeeRmPkhRYROeHwlRgiHHeBQ64YhTExBBCFTdZMR0RRSiYxiqmBGfxy8ukc153GvWLu0ateVvUUUbH6ASdIQddoia6QS3URhRl6Bm9ojfryXqx3q2P+WjJKnYO0R9Ynz9ZTJXE</latexit>

ancilla (storage)

<latexit sha1_base64="8Ui7rCdCYawMT/cttKhT8mwSxJE=">AAACBXicbVC7SgNBFJ2Nrxhfq5ZaDAYhNmFXIloGbLSLYB6QXcLsZDYZMo9lZlYISxobf8XGQhFb/8HOv3GSbKGJBwYO59x7594TJYxq43nfTmFldW19o7hZ2tre2d1z9w9aWqYKkyaWTKpOhDRhVJCmoYaRTqII4hEj7Wh0PfXbD0RpKsW9GSck5GggaEwxMlbquccBR2aoeIYEpowhGMCKNlKhATmb9NyyV/VmgMvEz0kZ5Gj03K+gL3HKiTCYIa27vpeYMEPKUMzIpBSkmiQIj+z0rqUCcaLDbHbFBJ5apQ9jqewTBs7U3x0Z4lqPeWQrpzvrRW8q/ud1UxNfhRkVSWqIwPOP4pRBI+E0EtinimDDxpYgrKjdFeIhUggbG1zJhuAvnrxMWudVv1a9uKuV67d5HEVwBE5ABfjgEtTBDWiAJsDgETyDV/DmPDkvzrvzMS8tOHnPIfgD5/MHMJCYZQ==</latexit>

ancilla (operational)

<latexit sha1_base64="Ln0iqUNghASBhGpb1DHobDFBG0U=">AAACCXicbVBNS8NAEN34WetX1KOXxSLUS0mkoseCF71VsB/QhDLZbtqlm03Y3Qgl9OrFv+LFgyJe/Qfe/Ddu2hy09cHA470ZZuYFCWdKO863tbK6tr6xWdoqb+/s7u3bB4dtFaeS0BaJeSy7ASjKmaAtzTSn3URSiAJOO8H4Ovc7D1QqFot7PUmoH8FQsJAR0Ebq29iLQI9klIEgjHPAHq7GCZUzG/jZtG9XnJozA14mbkEqqECzb395g5ikERWacFCq5zqJ9jOQmhFOp2UvVTQBMoYh7RkqIKLKz2afTPGpUQY4jKUpofFM/T2RQaTUJApMZ363WvRy8T+vl+rwys+YSFJNBZkvClOOdYzzWPCASUo0nxgCRDJzKyYjkEC0Ca9sQnAXX14m7fOaW69d3NUrjdsijhI6Rieoilx0iRroBjVRCxH0iJ7RK3qznqwX6936mLeuWMXMEfoD6/MHdxaaNg==</latexit>

CNOT gate

<latexit sha1_base64="MzCkdY88HnYlXQcllT6aUnX9AA0=">AAAB/XicbVDLSgMxFM3UV62v8bFzEyyCqzIjFV0WutGNVugLOkPJpJk2NMkMSUaoQ/FX3LhQxK3/4c6/MdPOQlsPBA7n3Ms9OUHMqNKO820VVlbX1jeKm6Wt7Z3dPXv/oK2iRGLSwhGLZDdAijAqSEtTzUg3lgTxgJFOMK5nfueBSEUj0dSTmPgcDQUNKUbaSH37yONIjyRP67d3TejBIdJk2rfLTsWZAS4TNydlkKPRt7+8QYQTToTGDCnVc51Y+ymSmmJGpiUvUSRGeIyGpGeoQJwoP52ln8JTowxgGEnzhIYz9fdGirhSEx6YySyrWvQy8T+vl+jwyk+piBNNBJ4fChMGdQSzKuCASoI1mxiCsKQmK8QjJBHWprCSKcFd/PIyaZ9X3Grl4r5art3kdRTBMTgBZ8AFl6AGrkEDtAAGj+AZvII368l6sd6tj/lowcp3DsEfWJ8/xYCU0A==</latexit>

To↵oli gate

<latexit sha1_base64="d1XCUpdc+oTE0suHPHVybAv57gQ=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaL4KokUtFlwY3uKvQFTSiT6aQdOo8wMxFK6MZfceNCEbd+hjv/xkmbhbYeuHA4517uvSdKGNXG876d0tr6xuZWebuys7u3f+AeHnW0TBUmbSyZVL0IacKoIG1DDSO9RBHEI0a60eQ297uPRGkqRctMExJyNBI0phgZKw3ck4AjM1Y8a8k4lozCAI6QIbOBW/Vq3hxwlfgFqYICzYH7FQwlTjkRBjOkdd/3EhNmSBmKGZlVglSTBOEJGpG+pQJxosNs/sAMnltlCGOpbAkD5+rviQxxrac8sp35uXrZy8X/vH5q4pswoyJJDRF4sShOGTQS5mnAIVUEGza1BGFF7a0Qj5FC2NjMKjYEf/nlVdK5rPn12tVDvdq4L+Iog1NwBi6AD65BA9yBJmgDDGbgGbyCN+fJeXHenY9Fa8kpZo7BHzifP8fFlo0=</latexit>

microwave photon

<latexit sha1_base64="oY63VI8+46tNiN2/wgJgLYlSgOA=">AAACBHicbVC7SgNBFJ2Nrxhfq5ZpBoNgFXYlomXARrsI5gHJEmYns8mQeSwzs5GwpLDxV2wsFLH1I+z8G2eTLTTxwIXDOfdy7z1hzKg2nvftFNbWNza3itulnd29/QP38KilZaIwaWLJpOqESBNGBWkaahjpxIogHjLSDsfXmd+eEKWpFPdmGpOAo6GgEcXIWKnvlnscmZHiKadYyQc0IbAH45E0Usz6bsWrenPAVeLnpAJyNPruV28gccKJMJghrbu+F5sgRcpQzMis1Es0iREeoyHpWioQJzpI50/M4KlVBjCSypYwcK7+nkgR13rKQ9uZnayXvUz8z+smJroKUirixBCBF4uihEEjYZYIHFBFsGFTSxBW1N4K8QgphI3NrWRD8JdfXiWt86pfq17c1Sr12zyOIiiDE3AGfHAJ6uAGNEATYPAInsEreHOenBfn3flYtBacfOYY/IHz+QN4JJim</latexit>

Scheme I : 2N rounds, 2 ancillas, N To↵olis, not destructive.

<latexit sha1_base64="mgRGkn4VXWfxpCyVKITOs3hSYWs="></latexit>

Scheme II : N rounds, 1 ancilla, 0 To↵olis, destructive.

<latexit sha1_base64="suana+j0hfGfW4EceqzMSFkRbdw="></latexit>

Scheme III : 2N rounds, 0 ancillas, 0 To↵olis, destructive.

<latexit sha1_base64="4KMgdnFIE2+p4oJwA2W3dR/tELE="></latexit>

D1

<latexit sha1_base64="W49s0BQPHGo5lKvrJCaYOb2DRI4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WNBD3qraD+gDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrK6tbxQ3S1vbO7t75f2Dpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApG11O/9YRK81g+mnGCfkQHkoecUWOlh5ue1ytX3Ko7A1kmXk4qkKPeK391+zFLI5SGCap1x3MT42dUGc4ETkrdVGNC2YgOsGOppBFqP5udOiEnVumTMFa2pCEz9fdERiOtx1FgOyNqhnrRm4r/eZ3UhFd+xmWSGpRsvihMBTExmf5N+lwhM2JsCWWK21sJG1JFmbHplGwI3uLLy6R5VvXOqxf355XaXR5HEY7gGE7Bg0uowS3UoQEMBvAMr/DmCOfFeXc+5q0FJ585hD9wPn8AwRyNew==</latexit>

D2

<latexit sha1_base64="JaxwwO6iQWi4h/zm53edXwQLeFw=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyGiB4DetBbRPOAZAmzk9lkyOzsMtMrhJBP8OJBEa9+kTf/xkmyB00saCiquunuChIpDLrut5NbW9/Y3MpvF3Z29/YPiodHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Hrmt564NiJWjzhOuB/RgRKhYBSt9HDTq/SKJbfszkFWiZeREmSo94pf3X7M0ogrZJIa0/HcBP0J1SiY5NNCNzU8oWxEB7xjqaIRN/5kfuqUnFmlT8JY21JI5urviQmNjBlHge2MKA7NsjcT//M6KYZX/kSoJEWu2GJRmEqCMZn9TfpCc4ZybAllWthbCRtSTRnadAo2BG/55VXSrJS9avnivlqq3WVx5OEETuEcPLiEGtxCHRrAYADP8ApvjnRenHfnY9Gac7KZY/gD5/MHwqCNfA==</latexit>

D1

<latexit sha1_base64="W49s0BQPHGo5lKvrJCaYOb2DRI4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WNBD3qraD+gDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrK6tbxQ3S1vbO7t75f2Dpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApG11O/9YRK81g+mnGCfkQHkoecUWOlh5ue1ytX3Ko7A1kmXk4qkKPeK391+zFLI5SGCap1x3MT42dUGc4ETkrdVGNC2YgOsGOppBFqP5udOiEnVumTMFa2pCEz9fdERiOtx1FgOyNqhnrRm4r/eZ3UhFd+xmWSGpRsvihMBTExmf5N+lwhM2JsCWWK21sJG1JFmbHplGwI3uLLy6R5VvXOqxf355XaXR5HEY7gGE7Bg0uowS3UoQEMBvAMr/DmCOfFeXc+5q0FJ585hD9wPn8AwRyNew==</latexit>

D2

<latexit sha1_base64="JaxwwO6iQWi4h/zm53edXwQLeFw=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyGiB4DetBbRPOAZAmzk9lkyOzsMtMrhJBP8OJBEa9+kTf/xkmyB00saCiquunuChIpDLrut5NbW9/Y3MpvF3Z29/YPiodHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Hrmt564NiJWjzhOuB/RgRKhYBSt9HDTq/SKJbfszkFWiZeREmSo94pf3X7M0ogrZJIa0/HcBP0J1SiY5NNCNzU8oWxEB7xjqaIRN/5kfuqUnFmlT8JY21JI5urviQmNjBlHge2MKA7NsjcT//M6KYZX/kSoJEWu2GJRmEqCMZn9TfpCc4ZybAllWthbCRtSTRnadAo2BG/55VXSrJS9avnivlqq3WVx5OEETuEcPLiEGtxCHRrAYADP8ApvjnRenHfnY9Gac7KZY/gD5/MHwqCNfA==</latexit>

D1

<latexit sha1_base64="W49s0BQPHGo5lKvrJCaYOb2DRI4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WNBD3qraD+gDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrK6tbxQ3S1vbO7t75f2Dpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApG11O/9YRK81g+mnGCfkQHkoecUWOlh5ue1ytX3Ko7A1kmXk4qkKPeK391+zFLI5SGCap1x3MT42dUGc4ETkrdVGNC2YgOsGOppBFqP5udOiEnVumTMFa2pCEz9fdERiOtx1FgOyNqhnrRm4r/eZ3UhFd+xmWSGpRsvihMBTExmf5N+lwhM2JsCWWK21sJG1JFmbHplGwI3uLLy6R5VvXOqxf355XaXR5HEY7gGE7Bg0uowS3UoQEMBvAMr/DmCOfFeXc+5q0FJ585hD9wPn8AwRyNew==</latexit>

D2

<latexit sha1_base64="JaxwwO6iQWi4h/zm53edXwQLeFw=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyGiB4DetBbRPOAZAmzk9lkyOzsMtMrhJBP8OJBEa9+kTf/xkmyB00saCiquunuChIpDLrut5NbW9/Y3MpvF3Z29/YPiodHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Hrmt564NiJWjzhOuB/RgRKhYBSt9HDTq/SKJbfszkFWiZeREmSo94pf3X7M0ogrZJIa0/HcBP0J1SiY5NNCNzU8oWxEB7xjqaIRN/5kfuqUnFmlT8JY21JI5urviQmNjBlHge2MKA7NsjcT//M6KYZX/kSoJEWu2GJRmEqCMZn9TfpCc4ZybAllWthbCRtSTRnadAo2BG/55VXSrJS9avnivlqq3WVx5OEETuEcPLiEGtxCHRrAYADP8ApvjnRenHfnY9Gac7KZY/gD5/MHwqCNfA==</latexit>

D1

<latexit sha1_base64="W49s0BQPHGo5lKvrJCaYOb2DRI4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WNBD3qraD+gDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrK6tbxQ3S1vbO7t75f2Dpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApG11O/9YRK81g+mnGCfkQHkoecUWOlh5ue1ytX3Ko7A1kmXk4qkKPeK391+zFLI5SGCap1x3MT42dUGc4ETkrdVGNC2YgOsGOppBFqP5udOiEnVumTMFa2pCEz9fdERiOtx1FgOyNqhnrRm4r/eZ3UhFd+xmWSGpRsvihMBTExmf5N+lwhM2JsCWWK21sJG1JFmbHplGwI3uLLy6R5VvXOqxf355XaXR5HEY7gGE7Bg0uowS3UoQEMBvAMr/DmCOfFeXc+5q0FJ585hD9wPn8AwRyNew==</latexit>

D2

<latexit sha1_base64="JaxwwO6iQWi4h/zm53edXwQLeFw=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyGiB4DetBbRPOAZAmzk9lkyOzsMtMrhJBP8OJBEa9+kTf/xkmyB00saCiquunuChIpDLrut5NbW9/Y3MpvF3Z29/YPiodHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Hrmt564NiJWjzhOuB/RgRKhYBSt9HDTq/SKJbfszkFWiZeREmSo94pf3X7M0ogrZJIa0/HcBP0J1SiY5NNCNzU8oWxEB7xjqaIRN/5kfuqUnFmlT8JY21JI5urviQmNjBlHge2MKA7NsjcT//M6KYZX/kSoJEWu2GJRmEqCMZn9TfpCc4ZybAllWthbCRtSTRnadAo2BG/55VXSrJS9avnivlqq3WVx5OEETuEcPLiEGtxCHRrAYADP8ApvjnRenHfnY9Gac7KZY/gD5/MHwqCNfA==</latexit>

Scheme IV : 2N rounds, 0 ancillas, 0 To↵olis, destructive.

<latexit sha1_base64="t+53lzhsz0zlJs0ms208/9VZTbw="></latexit>

Legend

<latexit sha1_base64="sHpBrgtmowXv+WwHeaNGU4AlzrU=">AAAB+HicbVDLSsNAFJ3UV62PRl26GSyCq5JIRZcFNwouKtgHtKFMJjft0MkkzEyEGvolblwo4tZPceffOGmz0NYDA4dz7uWeOX7CmdKO822V1tY3NrfK25Wd3b39qn1w2FFxKim0acxj2fOJAs4EtDXTHHqJBBL5HLr+5Dr3u48gFYvFg54m4EVkJFjIKNFGGtrVQUT02A+zOxiBCGZDu+bUnTnwKnELUkMFWkP7axDENI1AaMqJUn3XSbSXEakZ5TCrDFIFCaETMoK+oYJEoLxsHnyGT40S4DCW5gmN5+rvjYxESk0j30zmMdWyl4v/ef1Uh1dexkSSahB0cShMOdYxzlvAAZNANZ8aQqhkJiumYyIJ1aariinBXf7yKumc191G/eK+UWveFnWU0TE6QWfIRZeoiW5QC7URRSl6Rq/ozXqyXqx362MxWrKKnSP0B9bnDxRrk2U=</latexit>

data qubit

<latexit sha1_base64="kwzeIhxaMjd6b476Cp1shzIAM6E=">AAAB/nicbVDLSsNAFJ3UV62vqrhyM1gEVyWRii4LbnRXwT6gCWUymbRDZ5I4cyOUUPBX3LhQxK3f4c6/cdJmoa0HBg7n3Ms9c/xEcA22/W2VVlbX1jfKm5Wt7Z3dver+QUfHqaKsTWMRq55PNBM8Ym3gIFgvUYxIX7CuP77O/e4jU5rH0T1MEuZJMox4yCkBIw2qR64kMFIyCwgQ7OKH1OcwHVRrdt2eAS8TpyA1VKA1qH65QUxTySKggmjdd+wEvIwo4FSwacVNNUsIHZMh6xsaEcm0l83iT/GpUQIcxsq8CPBM/b2REan1RPpmMg+rF71c/M/rpxBeeRmPkhRYROeHwlRgiHHeBQ64YhTExBBCFTdZMR0RRSiYxiqmBGfxy8ukc153GvWLu0ateVvUUUbH6ASdIQddoia6QS3URhRl6Bm9ojfryXqx3q2P+WjJKnYO0R9Ynz9ZTJXE</latexit>

ancilla (storage)

<latexit sha1_base64="8Ui7rCdCYawMT/cttKhT8mwSxJE=">AAACBXicbVC7SgNBFJ2Nrxhfq5ZaDAYhNmFXIloGbLSLYB6QXcLsZDYZMo9lZlYISxobf8XGQhFb/8HOv3GSbKGJBwYO59x7594TJYxq43nfTmFldW19o7hZ2tre2d1z9w9aWqYKkyaWTKpOhDRhVJCmoYaRTqII4hEj7Wh0PfXbD0RpKsW9GSck5GggaEwxMlbquccBR2aoeIYEpowhGMCKNlKhATmb9NyyV/VmgMvEz0kZ5Gj03K+gL3HKiTCYIa27vpeYMEPKUMzIpBSkmiQIj+z0rqUCcaLDbHbFBJ5apQ9jqewTBs7U3x0Z4lqPeWQrpzvrRW8q/ud1UxNfhRkVSWqIwPOP4pRBI+E0EtinimDDxpYgrKjdFeIhUggbG1zJhuAvnrxMWudVv1a9uKuV67d5HEVwBE5ABfjgEtTBDWiAJsDgETyDV/DmPDkvzrvzMS8tOHnPIfgD5/MHMJCYZQ==</latexit>

ancilla (operational)

<latexit sha1_base64="Ln0iqUNghASBhGpb1DHobDFBG0U=">AAACCXicbVBNS8NAEN34WetX1KOXxSLUS0mkoseCF71VsB/QhDLZbtqlm03Y3Qgl9OrFv+LFgyJe/Qfe/Ddu2hy09cHA470ZZuYFCWdKO863tbK6tr6xWdoqb+/s7u3bB4dtFaeS0BaJeSy7ASjKmaAtzTSn3URSiAJOO8H4Ovc7D1QqFot7PUmoH8FQsJAR0Ebq29iLQI9klIEgjHPAHq7GCZUzG/jZtG9XnJozA14mbkEqqECzb395g5ikERWacFCq5zqJ9jOQmhFOp2UvVTQBMoYh7RkqIKLKz2afTPGpUQY4jKUpofFM/T2RQaTUJApMZ363WvRy8T+vl+rwys+YSFJNBZkvClOOdYzzWPCASUo0nxgCRDJzKyYjkEC0Ca9sQnAXX14m7fOaW69d3NUrjdsijhI6Rieoilx0iRroBjVRCxH0iJ7RK3qznqwX6936mLeuWMXMEfoD6/MHdxaaNg==</latexit>

CNOT gate

<latexit sha1_base64="MzCkdY88HnYlXQcllT6aUnX9AA0=">AAAB/XicbVDLSgMxFM3UV62v8bFzEyyCqzIjFV0WutGNVugLOkPJpJk2NMkMSUaoQ/FX3LhQxK3/4c6/MdPOQlsPBA7n3Ms9OUHMqNKO820VVlbX1jeKm6Wt7Z3dPXv/oK2iRGLSwhGLZDdAijAqSEtTzUg3lgTxgJFOMK5nfueBSEUj0dSTmPgcDQUNKUbaSH37yONIjyRP67d3TejBIdJk2rfLTsWZAS4TNydlkKPRt7+8QYQTToTGDCnVc51Y+ymSmmJGpiUvUSRGeIyGpGeoQJwoP52ln8JTowxgGEnzhIYz9fdGirhSEx6YySyrWvQy8T+vl+jwyk+piBNNBJ4fChMGdQSzKuCASoI1mxiCsKQmK8QjJBHWprCSKcFd/PIyaZ9X3Grl4r5art3kdRTBMTgBZ8AFl6AGrkEDtAAGj+AZvII368l6sd6tj/lowcp3DsEfWJ8/xYCU0A==</latexit>

To↵oli gate

<latexit sha1_base64="d1XCUpdc+oTE0suHPHVybAv57gQ=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaL4KokUtFlwY3uKvQFTSiT6aQdOo8wMxFK6MZfceNCEbd+hjv/xkmbhbYeuHA4517uvSdKGNXG876d0tr6xuZWebuys7u3f+AeHnW0TBUmbSyZVL0IacKoIG1DDSO9RBHEI0a60eQ297uPRGkqRctMExJyNBI0phgZKw3ck4AjM1Y8a8k4lozCAI6QIbOBW/Vq3hxwlfgFqYICzYH7FQwlTjkRBjOkdd/3EhNmSBmKGZlVglSTBOEJGpG+pQJxosNs/sAMnltlCGOpbAkD5+rviQxxrac8sp35uXrZy8X/vH5q4pswoyJJDRF4sShOGTQS5mnAIVUEGza1BGFF7a0Qj5FC2NjMKjYEf/nlVdK5rPn12tVDvdq4L+Iog1NwBi6AD65BA9yBJmgDDGbgGbyCN+fJeXHenY9Fa8kpZo7BHzifP8fFlo0=</latexit>

microwave photon

<latexit sha1_base64="oY63VI8+46tNiN2/wgJgLYlSgOA=">AAACBHicbVC7SgNBFJ2Nrxhfq5ZpBoNgFXYlomXARrsI5gHJEmYns8mQeSwzs5GwpLDxV2wsFLH1I+z8G2eTLTTxwIXDOfdy7z1hzKg2nvftFNbWNza3itulnd29/QP38KilZaIwaWLJpOqESBNGBWkaahjpxIogHjLSDsfXmd+eEKWpFPdmGpOAo6GgEcXIWKnvlnscmZHiKadYyQc0IbAH45E0Usz6bsWrenPAVeLnpAJyNPruV28gccKJMJghrbu+F5sgRcpQzMis1Es0iREeoyHpWioQJzpI50/M4KlVBjCSypYwcK7+nkgR13rKQ9uZnayXvUz8z+smJroKUirixBCBF4uihEEjYZYIHFBFsGFTSxBW1N4K8QgphI3NrWRD8JdfXiWt86pfq17c1Sr12zyOIiiDE3AGfHAJ6uAGNEATYPAInsEreHOenBfn3flYtBacfOYY/IHz+QN4JJim</latexit>

<latexit sha1_base64="BtBhqPjHSATtGXx3YB4yvvHEkDc=">AAAB+3icdVDLSgMxFM3UV62vsS7dBIvgapjR0rosunFZwT6gM5RMmmlDk8mQZMQyzK+4caGIW3/EnX9jpq3g80DgcM693JMTJowq7brvVmlldW19o7xZ2dre2d2z96tdJVKJSQcLJmQ/RIowGpOOppqRfiIJ4iEjvXB6Wfi9WyIVFfGNniUk4Ggc04hipI00tKs+R3oieRYygac59KE3tGuu02x4zbM6/E08x52jBpZoD+03fyRwykmsMUNKDTw30UGGpKaYkbzip4okCE/RmAwMjREnKsjm2XN4bJQRjIQ0L9Zwrn7dyBBXasZDM1kkVT+9QvzLG6Q6Og8yGiepJjFeHIpSBrWARRFwRCXBms0MQVhSkxXiCZIIa1NXxZTw+VP4P+meOl7D8a7rtdbFso4yOARH4AR4oAla4Aq0QQdgcAfuwSN4snLrwXq2XhajJWu5cwC+wXr9AAHqlG4=</latexit>

block 1

<latexit sha1_base64="w/aZ5Zixj+THEamuNULNBbFi9mQ=">AAAB+3icdVDLSgMxFM34rPU11qWbYBFcDTO1tC6LblxWsA/oDCWTZtrQZDIkGbEM8ytuXCji1h9x59+YaSv4PBA4nHMv9+SECaNKu+67tbK6tr6xWdoqb+/s7u3bB5WuEqnEpIMFE7IfIkUYjUlHU81IP5EE8ZCRXji9LPzeLZGKivhGzxIScDSOaUQx0kYa2hWfIz2RPAuZwNMc+rA2tKuu02x4zbM6/E08x52jCpZoD+03fyRwykmsMUNKDTw30UGGpKaYkbzsp4okCE/RmAwMjREnKsjm2XN4YpQRjIQ0L9Zwrn7dyBBXasZDM1kkVT+9QvzLG6Q6Og8yGiepJjFeHIpSBrWARRFwRCXBms0MQVhSkxXiCZIIa1NX2ZTw+VP4P+nWHK/heNf1autiWUcJHIFjcAo80AQtcAXaoAMwuAP34BE8Wbn1YD1bL4vRFWu5cwi+wXr9AANulG8=</latexit>

block 2

<latexit sha1_base64="OptXgym/xlV3pZp+6MQAjMhO3AI=">AAAB6nicdVDLSgNBEOyNrxhfUY9eBoPgadnVkHgMevEY0ZhAsoTZyWwyZHZ2mekVQsgnePGgiFe/yJt/4+Qh+CxoKKq66e4KUykMet67k1taXlldy68XNja3tneKu3u3Jsk04w2WyES3Qmq4FIo3UKDkrVRzGoeSN8PhxdRv3nFtRKJucJTyIKZ9JSLBKFrp2nXdbrHkudWKXz0tk9/Ed70ZSrBAvVt86/QSlsVcIZPUmLbvpRiMqUbBJJ8UOpnhKWVD2udtSxWNuQnGs1Mn5MgqPRIl2pZCMlO/ToxpbMwoDm1nTHFgfnpT8S+vnWF0FoyFSjPkis0XRZkkmJDp36QnNGcoR5ZQpoW9lbAB1ZShTadgQ/j8lPxPbk9cv+L6V+VS7XwRRx4O4BCOwYcq1OAS6tAABn24h0d4cqTz4Dw7L/PWnLOY2YdvcF4/AMeJjXw=</latexit>...

<latexit sha1_base64="9LjkhUntF6e9kESKM980bPtNeIc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GNRDx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgorq2vrG8XN0tb2zu5eef+gqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzdRvPaHSPJaPZpygH9GB5CFn1Fjp4bbn9coVt+rOQJaJl5MK5Kj3yl/dfszSCKVhgmrd8dzE+BlVhjOBk1I31ZhQNqID7FgqaYTaz2anTsiJVfokjJUtachM/T2R0UjrcRTYzoiaoV70puJ/Xic14ZWfcZmkBiWbLwpTQUxMpn+TPlfIjBhbQpni9lbChlRRZmw6JRuCt/jyMmmeVb2Lqnd/Xqld53EU4QiO4RQ8uIQa3EEdGsBgAM/wCm+OcF6cd+dj3lpw8plD+APn8we+YY1y</latexit>

D1
<latexit sha1_base64="+EU400YBJpkzxONoOjDVaBgzALg=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9VjUg8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8HoZuq3nlBpHstHM07Qj+hA8pAzaqz0cNur9kplt+LOQJaJl5My5Kj3Sl/dfszSCKVhgmrd8dzE+BlVhjOBk2I31ZhQNqID7FgqaYTaz2anTsipVfokjJUtachM/T2R0UjrcRTYzoiaoV70puJ/Xic14ZWfcZmkBiWbLwpTQUxMpn+TPlfIjBhbQpni9lbChlRRZmw6RRuCt/jyMmlWK95Fxbs/L9eu8zgKcAwncAYeXEIN7qAODWAwgGd4hTdHOC/Ou/Mxb11x8pkj+APn8we/5Y1z</latexit>

D2

<latexit sha1_base64="9LjkhUntF6e9kESKM980bPtNeIc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GNRDx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgorq2vrG8XN0tb2zu5eef+gqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzdRvPaHSPJaPZpygH9GB5CFn1Fjp4bbn9coVt+rOQJaJl5MK5Kj3yl/dfszSCKVhgmrd8dzE+BlVhjOBk1I31ZhQNqID7FgqaYTaz2anTsiJVfokjJUtachM/T2R0UjrcRTYzoiaoV70puJ/Xic14ZWfcZmkBiWbLwpTQUxMpn+TPlfIjBhbQpni9lbChlRRZmw6JRuCt/jyMmmeVb2Lqnd/Xqld53EU4QiO4RQ8uIQa3EEdGsBgAM/wCm+OcF6cd+dj3lpw8plD+APn8we+YY1y</latexit>

D1
<latexit sha1_base64="+EU400YBJpkzxONoOjDVaBgzALg=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9VjUg8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8HoZuq3nlBpHstHM07Qj+hA8pAzaqz0cNur9kplt+LOQJaJl5My5Kj3Sl/dfszSCKVhgmrd8dzE+BlVhjOBk2I31ZhQNqID7FgqaYTaz2anTsipVfokjJUtachM/T2R0UjrcRTYzoiaoV70puJ/Xic14ZWfcZmkBiWbLwpTQUxMpn+TPlfIjBhbQpni9lbChlRRZmw6RRuCt/jyMmlWK95Fxbs/L9eu8zgKcAwncAYeXEIN7qAODWAwgGd4hTdHOC/Ou/Mxb11x8pkj+APn8we/5Y1z</latexit>

D2

<latexit sha1_base64="9LjkhUntF6e9kESKM980bPtNeIc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GNRDx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgorq2vrG8XN0tb2zu5eef+gqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzdRvPaHSPJaPZpygH9GB5CFn1Fjp4bbn9coVt+rOQJaJl5MK5Kj3yl/dfszSCKVhgmrd8dzE+BlVhjOBk1I31ZhQNqID7FgqaYTaz2anTsiJVfokjJUtachM/T2R0UjrcRTYzoiaoV70puJ/Xic14ZWfcZmkBiWbLwpTQUxMpn+TPlfIjBhbQpni9lbChlRRZmw6JRuCt/jyMmmeVb2Lqnd/Xqld53EU4QiO4RQ8uIQa3EEdGsBgAM/wCm+OcF6cd+dj3lpw8plD+APn8we+YY1y</latexit>

D1
<latexit sha1_base64="+EU400YBJpkzxONoOjDVaBgzALg=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9VjUg8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8HoZuq3nlBpHstHM07Qj+hA8pAzaqz0cNur9kplt+LOQJaJl5My5Kj3Sl/dfszSCKVhgmrd8dzE+BlVhjOBk2I31ZhQNqID7FgqaYTaz2anTsipVfokjJUtachM/T2R0UjrcRTYzoiaoV70puJ/Xic14ZWfcZmkBiWbLwpTQUxMpn+TPlfIjBhbQpni9lbChlRRZmw6RRuCt/jyMmlWK95Fxbs/L9eu8zgKcAwncAYeXEIN7qAODWAwgGd4hTdHOC/Ou/Mxb11x8pkj+APn8we/5Y1z</latexit>

D2

<latexit sha1_base64="9LjkhUntF6e9kESKM980bPtNeIc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GNRDx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgorq2vrG8XN0tb2zu5eef+gqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzdRvPaHSPJaPZpygH9GB5CFn1Fjp4bbn9coVt+rOQJaJl5MK5Kj3yl/dfszSCKVhgmrd8dzE+BlVhjOBk1I31ZhQNqID7FgqaYTaz2anTsiJVfokjJUtachM/T2R0UjrcRTYzoiaoV70puJ/Xic14ZWfcZmkBiWbLwpTQUxMpn+TPlfIjBhbQpni9lbChlRRZmw6JRuCt/jyMmmeVb2Lqnd/Xqld53EU4QiO4RQ8uIQa3EEdGsBgAM/wCm+OcF6cd+dj3lpw8plD+APn8we+YY1y</latexit>

D1
<latexit sha1_base64="+EU400YBJpkzxONoOjDVaBgzALg=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9VjUg8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8HoZuq3nlBpHstHM07Qj+hA8pAzaqz0cNur9kplt+LOQJaJl5My5Kj3Sl/dfszSCKVhgmrd8dzE+BlVhjOBk2I31ZhQNqID7FgqaYTaz2anTsipVfokjJUtachM/T2R0UjrcRTYzoiaoV70puJ/Xic14ZWfcZmkBiWbLwpTQUxMpn+TPlfIjBhbQpni9lbChlRRZmw6RRuCt/jyMmlWK95Fxbs/L9eu8zgKcAwncAYeXEIN7qAODWAwgGd4hTdHOC/Ou/Mxb11x8pkj+APn8we/5Y1z</latexit>

D2

<latexit sha1_base64="p1o8puouovnf0dcR6ZKYxgP/2bs=">AAAB83icbZBLSwMxFIXv1Fetr6pLN8EiuCozIuqy4MZlC/YBnaFk0jttaCYzJBmhjAV/hRsXirj1z7jz35g+Ftp6IPBxzg25OWEquDau++0U1tY3NreK26Wd3b39g/LhUUsnmWLYZIlIVCekGgWX2DTcCOykCmkcCmyHo9tp3n5ApXki7804xSCmA8kjzqixlv/o1zX3FZUDgb1yxa26M5FV8BZQgYXqvfKX309YFqM0TFCtu56bmiCnynAmcFLyM40pZSM6wK5FSWPUQT7beULOrNMnUaLskYbM3N83chprPY5DOxlTM9TL2dT8L+tmJroJci7TzKBk84eiTBCTkGkBpM8VMiPGFihT3O5K2JAqyoytqWRL8Ja/vAqti6p3VfUal5Va42leRxFO4BTOwYNrqMEd1KEJDFJ4hld4czLnxXl3PuajBWdR4TH8kfP5A2cWkmA=</latexit>| i
<latexit sha1_base64="LCPXQbK+CfanIEZ710dVOt8TA2M=">AAAB/HicbZBLSwMxFIUz9VXra7RLN8EiuCozIuqy4MZlC/YBnaFkMnfa0ExmSDLCMFb8J25cKOLWH+LOf2P6WGjrgcDHOTfk5gQpZ0o7zrdVWlvf2Nwqb1d2dvf2D+zDo45KMkmhTROeyF5AFHAmoK2Z5tBLJZA44NANxjfTvHsPUrFE3Ok8BT8mQ8EiRok21sCuPnia8RCw11TMk0QMOQzsmlN3ZsKr4C6ghhZqDuwvL0xoFoPQlBOl+q6Tar8gUjPKYVLxMgUpoWMyhL5BQWJQfjFbfoJPjRPiKJHmCI1n7u8bBYmVyuPATMZEj9RyNjX/y/qZjq79gok00yDo/KEo41gneNoEDpkEqnlugFDJzK6YjogkVJu+KqYEd/nLq9A5r7uXdbd1UWu0nuZ1lNExOkFnyEVXqIFuURO1EUU5ekav6M16tF6sd+tjPlqyFhVW0R9Znz/pyZVl</latexit>

| ̃i

<latexit sha1_base64="p1o8puouovnf0dcR6ZKYxgP/2bs=">AAAB83icbZBLSwMxFIXv1Fetr6pLN8EiuCozIuqy4MZlC/YBnaFk0jttaCYzJBmhjAV/hRsXirj1z7jz35g+Ftp6IPBxzg25OWEquDau++0U1tY3NreK26Wd3b39g/LhUUsnmWLYZIlIVCekGgWX2DTcCOykCmkcCmyHo9tp3n5ApXki7804xSCmA8kjzqixlv/o1zX3FZUDgb1yxa26M5FV8BZQgYXqvfKX309YFqM0TFCtu56bmiCnynAmcFLyM40pZSM6wK5FSWPUQT7beULOrNMnUaLskYbM3N83chprPY5DOxlTM9TL2dT8L+tmJroJci7TzKBk84eiTBCTkGkBpM8VMiPGFihT3O5K2JAqyoytqWRL8Ja/vAqti6p3VfUal5Va42leRxFO4BTOwYNrqMEd1KEJDFJ4hld4czLnxXl3PuajBWdR4TH8kfP5A2cWkmA=</latexit>| i
<latexit sha1_base64="LCPXQbK+CfanIEZ710dVOt8TA2M=">AAAB/HicbZBLSwMxFIUz9VXra7RLN8EiuCozIuqy4MZlC/YBnaFkMnfa0ExmSDLCMFb8J25cKOLWH+LOf2P6WGjrgcDHOTfk5gQpZ0o7zrdVWlvf2Nwqb1d2dvf2D+zDo45KMkmhTROeyF5AFHAmoK2Z5tBLJZA44NANxjfTvHsPUrFE3Ok8BT8mQ8EiRok21sCuPnia8RCw11TMk0QMOQzsmlN3ZsKr4C6ghhZqDuwvL0xoFoPQlBOl+q6Tar8gUjPKYVLxMgUpoWMyhL5BQWJQfjFbfoJPjRPiKJHmCI1n7u8bBYmVyuPATMZEj9RyNjX/y/qZjq79gok00yDo/KEo41gneNoEDpkEqnlugFDJzK6YjogkVJu+KqYEd/nLq9A5r7uXdbd1UWu0nuZ1lNExOkFnyEVXqIFuURO1EUU5ekav6M16tF6sd+tjPlqyFhVW0R9Znz/pyZVl</latexit>

| ̃i

<latexit sha1_base64="p1o8puouovnf0dcR6ZKYxgP/2bs=">AAAB83icbZBLSwMxFIXv1Fetr6pLN8EiuCozIuqy4MZlC/YBnaFk0jttaCYzJBmhjAV/hRsXirj1z7jz35g+Ftp6IPBxzg25OWEquDau++0U1tY3NreK26Wd3b39g/LhUUsnmWLYZIlIVCekGgWX2DTcCOykCmkcCmyHo9tp3n5ApXki7804xSCmA8kjzqixlv/o1zX3FZUDgb1yxa26M5FV8BZQgYXqvfKX309YFqM0TFCtu56bmiCnynAmcFLyM40pZSM6wK5FSWPUQT7beULOrNMnUaLskYbM3N83chprPY5DOxlTM9TL2dT8L+tmJroJci7TzKBk84eiTBCTkGkBpM8VMiPGFihT3O5K2JAqyoytqWRL8Ja/vAqti6p3VfUal5Va42leRxFO4BTOwYNrqMEd1KEJDFJ4hld4czLnxXl3PuajBWdR4TH8kfP5A2cWkmA=</latexit>| i
<latexit sha1_base64="LCPXQbK+CfanIEZ710dVOt8TA2M=">AAAB/HicbZBLSwMxFIUz9VXra7RLN8EiuCozIuqy4MZlC/YBnaFkMnfa0ExmSDLCMFb8J25cKOLWH+LOf2P6WGjrgcDHOTfk5gQpZ0o7zrdVWlvf2Nwqb1d2dvf2D+zDo45KMkmhTROeyF5AFHAmoK2Z5tBLJZA44NANxjfTvHsPUrFE3Ok8BT8mQ8EiRok21sCuPnia8RCw11TMk0QMOQzsmlN3ZsKr4C6ghhZqDuwvL0xoFoPQlBOl+q6Tar8gUjPKYVLxMgUpoWMyhL5BQWJQfjFbfoJPjRPiKJHmCI1n7u8bBYmVyuPATMZEj9RyNjX/y/qZjq79gok00yDo/KEo41gneNoEDpkEqnlugFDJzK6YjogkVJu+KqYEd/nLq9A5r7uXdbd1UWu0nuZ1lNExOkFnyEVXqIFuURO1EUU5ekav6M16tF6sd+tjPlqyFhVW0R9Znz/pyZVl</latexit>

| ̃i

<latexit sha1_base64="0UW2HhmwaKjuYq0iKxY7f28qgJs=">AAAB+3icdVDLSgMxFM3UV62vWpdugkVwNcxoaV0W3bisYB/QDiWTZtrQPIYkI5ZhfsWNC0Xc+iPu/BszbQWfBwKHc+7lnpwwZlQbz3t3Ciura+sbxc3S1vbO7l55v9LRMlGYtLFkUvVCpAmjgrQNNYz0YkUQDxnphtPL3O/eEqWpFDdmFpOAo7GgEcXIWGlYrgw4MhPF05BJPM3gAFqx6rmNut84q8HfxHe9Oapgidaw/DYYSZxwIgxmSOu+78UmSJEyFDOSlQaJJjHCUzQmfUsF4kQH6Tx7Bo+tMoKRVPYJA+fq140Uca1nPLSTeVL908vFv7x+YqLzIKUiTgwReHEoShg0EuZFwBFVBBs2swRhRW1WiCdIIWxsXSVbwudP4f+kc+r6dde/rlWbF8s6iuAQHIET4IMGaIIr0AJtgMEduAeP4MnJnAfn2XlZjBac5c4B+Abn9QNeXpSr</latexit>

block n

<latexit sha1_base64="LCPXQbK+CfanIEZ710dVOt8TA2M=">AAAB/HicbZBLSwMxFIUz9VXra7RLN8EiuCozIuqy4MZlC/YBnaFkMnfa0ExmSDLCMFb8J25cKOLWH+LOf2P6WGjrgcDHOTfk5gQpZ0o7zrdVWlvf2Nwqb1d2dvf2D+zDo45KMkmhTROeyF5AFHAmoK2Z5tBLJZA44NANxjfTvHsPUrFE3Ok8BT8mQ8EiRok21sCuPnia8RCw11TMk0QMOQzsmlN3ZsKr4C6ghhZqDuwvL0xoFoPQlBOl+q6Tar8gUjPKYVLxMgUpoWMyhL5BQWJQfjFbfoJPjRPiKJHmCI1n7u8bBYmVyuPATMZEj9RyNjX/y/qZjq79gok00yDo/KEo41gneNoEDpkEqnlugFDJzK6YjogkVJu+KqYEd/nLq9A5r7uXdbd1UWu0nuZ1lNExOkFnyEVXqIFuURO1EUU5ekav6M16tF6sd+tjPlqyFhVW0R9Znz/pyZVl</latexit>

| ̃i
<latexit sha1_base64="p1o8puouovnf0dcR6ZKYxgP/2bs=">AAAB83icbZBLSwMxFIXv1Fetr6pLN8EiuCozIuqy4MZlC/YBnaFk0jttaCYzJBmhjAV/hRsXirj1z7jz35g+Ftp6IPBxzg25OWEquDau++0U1tY3NreK26Wd3b39g/LhUUsnmWLYZIlIVCekGgWX2DTcCOykCmkcCmyHo9tp3n5ApXki7804xSCmA8kjzqixlv/o1zX3FZUDgb1yxa26M5FV8BZQgYXqvfKX309YFqM0TFCtu56bmiCnynAmcFLyM40pZSM6wK5FSWPUQT7beULOrNMnUaLskYbM3N83chprPY5DOxlTM9TL2dT8L+tmJroJci7TzKBk84eiTBCTkGkBpM8VMiPGFihT3O5K2JAqyoytqWRL8Ja/vAqti6p3VfUal5Va42leRxFO4BTOwYNrqMEd1KEJDFJ4hld4czLnxXl3PuajBWdR4TH8kfP5A2cWkmA=</latexit>| i

<latexit sha1_base64="VHduVBeX3WOdUA5blCfCjz4oyBc=">AAACAXicbVDJSgNBEO2JW4zbqBfBS2MQ4iXMiKjHqBePEc0CSQg9nZqkSc9Cd40YhnjxV7x4UMSrf+HNv7GzHDTxQcHjvSqq6nmxFBod59vKLCwuLa9kV3Nr6xubW/b2TlVHieJQ4ZGMVN1jGqQIoYICJdRjBSzwJNS8/tXIr92D0iIK73AQQytg3VD4gjM0UtveK7Aj2qRNhAf0/PS2dlGmCBqHbTvvFJ0x6DxxpyRPpii37a9mJ+JJACFyybRuuE6MrZQpFFzCMNdMNMSM91kXGoaGLADdSscfDOmhUTrUj5SpEOlY/T2RskDrQeCZzoBhT896I/E/r5Ggf95KRRgnCCGfLPITSTGiozhoRyjgKAeGMK6EuZXyHlOMowktZ0JwZ1+eJ9XjontadG9O8qXLaRxZsk8OSIG45IyUyDUpkwrh5JE8k1fyZj1ZL9a79TFpzVjTmV3yB9bnD+VQles=</latexit>

(a) SWAP test

<latexit sha1_base64="zw0rn1PWcGFkAsy54NB/yQ/zYCQ=">AAACDnicbVC7TgJBFJ3FF+ILtbSZSEiwkOwao5YEG0tM5JEAIbPDXZgw+8jMXSPZ8AU2/oqNhcbYWtv5Nw6whYInmeTknHtm5h43kkKjbX9bmZXVtfWN7GZua3tndy+/f9DQYaw41HkoQ9VymQYpAqijQAmtSAHzXQlNd3Q99Zv3oLQIgzscR9D12SAQnuAMjdTLF0vuCe3QDsIDul5SBSlPzX1CUx+YjhX4EOCkly/YZXsGukyclBRIilov/9XphzyehrlkWrcdO8JuwhQKLmGS68QaIsZHbABtQwPmg+4ms3UmtGiUPvVCZU6AdKb+TiTM13rsu2bSZzjUi95U/M9rx+hddRMRRDFCwOcPebGkGNJpN7QvFHCUY0MYV8L8lfIhU4yjaTBnSnAWV14mjbOyc1F2bs8LlWpaR5YckWNSIg65JBVyQ2qkTjh5JM/klbxZT9aL9W59zEczVpo5JH9gff4Ai0Sb1w==</latexit>

(b) Bell-basis measurement

<latexit sha1_base64="U2Lu22ixqxx2VHcxJDz2fg/51jQ=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cKthaaUDbbSbt0swm7G6HE/g0vHhTx6p/x5r9x2+agrQ8GHu/NMDMvTAXXxnW/ndLK6tr6RnmzsrW9s7tX3T9o6yRTDFssEYnqhFSj4BJbhhuBnVQhjUOBD+HoZuo/PKLSPJH3ZpxiENOB5BFn1FjJf/KbmvuKyoHAXrXm1t0ZyDLxClKDAs1e9cvvJyyLURomqNZdz01NkFNlOBM4qfiZxpSyER1g11JJY9RBPrt5Qk6s0idRomxJQ2bq74mcxlqP49B2xtQM9aI3Ff/zupmJroKcyzQzKNl8UZQJYhIyDYD0uUJmxNgSyhS3txI2pIoyY2Oq2BC8xZeXSfus7l3UvbvzWuO6iKMMR3AMp+DBJTTgFprQAgYpPMMrvDmZ8+K8Ox/z1pJTzBzCHzifPzyTkdE=</latexit>| i

<latexit sha1_base64="/UQlhraoJdAc3fMJsIWJc8+94n0=">AAAB/HicbVBNS8NAEN34WetXtEcvi0XwVBIR9Vj04rGC/YAmlM1m0i7dbMLuRgix/hUvHhTx6g/x5r9x2+agrQ8GHu/NMDMvSDlT2nG+rZXVtfWNzcpWdXtnd2/fPjjsqCSTFNo04YnsBUQBZwLammkOvVQCiQMO3WB8M/W7DyAVS8S9zlPwYzIULGKUaCMN7NqjpxkPAXstxTxJxJDDwK47DWcGvEzcktRRidbA/vLChGYxCE05UarvOqn2CyI1oxwmVS9TkBI6JkPoGypIDMovZsdP8IlRQhwl0pTQeKb+nihIrFQeB6YzJnqkFr2p+J/Xz3R05RdMpJkGQeeLooxjneBpEjhkEqjmuSGESmZuxXREJKHa5FU1IbiLLy+TzlnDvWi4d+f15nUZRwUdoWN0ilx0iZroFrVQG1GUo2f0it6sJ+vFerc+5q0rVjlTQ39gff4Av0aU1g==</latexit>
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<latexit sha1_base64="gH/QZHdIM+MbTNvzNZZCNdV1aM0=">AAAB73icbVA9SwNBEJ3zM8avqKXNYhCswl0KtQxqYRnBfEByhL3NXLJkb+/c3QuEI3/CxkIRW/+Onf/GTXKFJj4YeLw3w8y8IBFcG9f9dtbWNza3tgs7xd29/YPD0tFxU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj25nfGqPSPJaPZpKgH9GB5CFn1FipfYdjzpB4vVLZrbhzkFXi5aQMOeq90le3H7M0QmmYoFp3PDcxfkaV4UzgtNhNNSaUjegAO5ZKGqH2s/m9U3JulT4JY2VLGjJXf09kNNJ6EgW2M6JmqJe9mfif10lNeO1nXCapQckWi8JUEBOT2fOkzxUyIyaWUKa4vZWwIVWUGRtR0YbgLb+8SprVindZ8R6q5dpNHkcBTuEMLsCDK6jBPdShAQwEPMMrvDlPzovz7nwsWtecfOYE/sD5/AE6pY9v</latexit>

Device 1

<latexit sha1_base64="dT0nXMUT9dgzmBVsxFmSxt5M64I=">AAAB73icbVA9SwNBEJ3zM8avqKXNYhCswl0KtQxqYRnBfEByhL3NXLJkb+/c3QuEI3/CxkIRW/+Onf/GTXKFJj4YeLw3w8y8IBFcG9f9dtbWNza3tgs7xd29/YPD0tFxU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj25nfGqPSPJaPZpKgH9GB5CFn1FipfYdjzpBUe6WyW3HnIKvEy0kZctR7pa9uP2ZphNIwQbXueG5i/Iwqw5nAabGbakwoG9EBdiyVNELtZ/N7p+TcKn0SxsqWNGSu/p7IaKT1JApsZ0TNUC97M/E/r5Oa8NrPuExSg5ItFoWpICYms+dJnytkRkwsoUxxeythQ6ooMzaiog3BW355lTSrFe+y4j1Uy7WbPI4CnMIZXIAHV1CDe6hDAxgIeIZXeHOenBfn3flYtK45+cwJ/IHz+QM8KY9w</latexit>

Device 2
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<latexit sha1_base64="gH/QZHdIM+MbTNvzNZZCNdV1aM0=">AAAB73icbVA9SwNBEJ3zM8avqKXNYhCswl0KtQxqYRnBfEByhL3NXLJkb+/c3QuEI3/CxkIRW/+Onf/GTXKFJj4YeLw3w8y8IBFcG9f9dtbWNza3tgs7xd29/YPD0tFxU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj25nfGqPSPJaPZpKgH9GB5CFn1FipfYdjzpB4vVLZrbhzkFXi5aQMOeq90le3H7M0QmmYoFp3PDcxfkaV4UzgtNhNNSaUjegAO5ZKGqH2s/m9U3JulT4JY2VLGjJXf09kNNJ6EgW2M6JmqJe9mfif10lNeO1nXCapQckWi8JUEBOT2fOkzxUyIyaWUKa4vZWwIVWUGRtR0YbgLb+8SprVindZ8R6q5dpNHkcBTuEMLsCDK6jBPdShAQwEPMMrvDlPzovz7nwsWtecfOYE/sD5/AE6pY9v</latexit>

Device 1

<latexit sha1_base64="dT0nXMUT9dgzmBVsxFmSxt5M64I=">AAAB73icbVA9SwNBEJ3zM8avqKXNYhCswl0KtQxqYRnBfEByhL3NXLJkb+/c3QuEI3/CxkIRW/+Onf/GTXKFJj4YeLw3w8y8IBFcG9f9dtbWNza3tgs7xd29/YPD0tFxU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj25nfGqPSPJaPZpKgH9GB5CFn1FipfYdjzpBUe6WyW3HnIKvEy0kZctR7pa9uP2ZphNIwQbXueG5i/Iwqw5nAabGbakwoG9EBdiyVNELtZ/N7p+TcKn0SxsqWNGSu/p7IaKT1JApsZ0TNUC97M/E/r5Oa8NrPuExSg5ItFoWpICYms+dJnytkRkwsoUxxeythQ6ooMzaiog3BW355lTSrFe+y4j1Uy7WbPI4CnMIZXIAHV1CDe6hDAxgIeIZXeHOenBfn3flYtK45+cwJ/IHz+QM8KY9w</latexit>

Device 2

<latexit sha1_base64="1rA1abPixnQD4VBr1xD8R8iY9M4="></latexit>

(c) Scheme S1: 2n rounds, 2ancillas, nTo↵olis, notdestructive.

<latexit sha1_base64="3DfCVr5M/4sTohQD2+ZkNyxxN5Y="></latexit>

(d) Scheme S2: n rounds, 1ancilla, 0To↵olis, destructive.

<latexit sha1_base64="dRkrsn30AbQ525RbO9xAA+OOsxo="></latexit>

(e) Scheme S3: 2n rounds, 0ancillas, 0To↵olis, destructive.

<latexit sha1_base64="IFvQ3Hq6eILFdxhWfrTbLBi+n1A="></latexit>

(f) Scheme S4: n rounds, 0ancillas, 0To↵olis, destructive.

<latexit sha1_base64="/UQlhraoJdAc3fMJsIWJc8+94n0=">AAAB/HicbVBNS8NAEN34WetXtEcvi0XwVBIR9Vj04rGC/YAmlM1m0i7dbMLuRgix/hUvHhTx6g/x5r9x2+agrQ8GHu/NMDMvSDlT2nG+rZXVtfWNzcpWdXtnd2/fPjjsqCSTFNo04YnsBUQBZwLammkOvVQCiQMO3WB8M/W7DyAVS8S9zlPwYzIULGKUaCMN7NqjpxkPAXstxTxJxJDDwK47DWcGvEzcktRRidbA/vLChGYxCE05UarvOqn2CyI1oxwmVS9TkBI6JkPoGypIDMovZsdP8IlRQhwl0pTQeKb+nihIrFQeB6YzJnqkFr2p+J/Xz3R05RdMpJkGQeeLooxjneBpEjhkEqjmuSGESmZuxXREJKHa5FU1IbiLLy+TzlnDvWi4d+f15nUZRwUdoWN0ilx0iZroFrVQG1GUo2f0it6sJ+vFerc+5q0rVjlTQ39gff4Av0aU1g==</latexit>

| ̃i

<latexit sha1_base64="U2Lu22ixqxx2VHcxJDz2fg/51jQ=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cKthaaUDbbSbt0swm7G6HE/g0vHhTx6p/x5r9x2+agrQ8GHu/NMDMvTAXXxnW/ndLK6tr6RnmzsrW9s7tX3T9o6yRTDFssEYnqhFSj4BJbhhuBnVQhjUOBD+HoZuo/PKLSPJH3ZpxiENOB5BFn1FjJf/KbmvuKyoHAXrXm1t0ZyDLxClKDAs1e9cvvJyyLURomqNZdz01NkFNlOBM4qfiZxpSyER1g11JJY9RBPrt5Qk6s0idRomxJQ2bq74mcxlqP49B2xtQM9aI3Ff/zupmJroKcyzQzKNl8UZQJYhIyDYD0uUJmxNgSyhS3txI2pIoyY2Oq2BC8xZeXSfus7l3UvbvzWuO6iKMMR3AMp+DBJTTgFprQAgYpPMMrvDmZ8+K8Ox/z1pJTzBzCHzifPzyTkdE=</latexit>| i

Scheme I : 2N rounds, 2 ancillas, N To↵olis, not destructive.

<latexit sha1_base64="mgRGkn4VXWfxpCyVKITOs3hSYWs="></latexit>

Scheme II : N rounds, 1 ancilla, 0 To↵olis, destructive.

<latexit sha1_base64="suana+j0hfGfW4EceqzMSFkRbdw="></latexit>

Scheme III : 2N rounds, 0 ancillas, 0 To↵olis, destructive.

<latexit sha1_base64="4KMgdnFIE2+p4oJwA2W3dR/tELE="></latexit>

D1

<latexit sha1_base64="W49s0BQPHGo5lKvrJCaYOb2DRI4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WNBD3qraD+gDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrK6tbxQ3S1vbO7t75f2Dpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApG11O/9YRK81g+mnGCfkQHkoecUWOlh5ue1ytX3Ko7A1kmXk4qkKPeK391+zFLI5SGCap1x3MT42dUGc4ETkrdVGNC2YgOsGOppBFqP5udOiEnVumTMFa2pCEz9fdERiOtx1FgOyNqhnrRm4r/eZ3UhFd+xmWSGpRsvihMBTExmf5N+lwhM2JsCWWK21sJG1JFmbHplGwI3uLLy6R5VvXOqxf355XaXR5HEY7gGE7Bg0uowS3UoQEMBvAMr/DmCOfFeXc+5q0FJ585hD9wPn8AwRyNew==</latexit>

D2

<latexit sha1_base64="JaxwwO6iQWi4h/zm53edXwQLeFw=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyGiB4DetBbRPOAZAmzk9lkyOzsMtMrhJBP8OJBEa9+kTf/xkmyB00saCiquunuChIpDLrut5NbW9/Y3MpvF3Z29/YPiodHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Hrmt564NiJWjzhOuB/RgRKhYBSt9HDTq/SKJbfszkFWiZeREmSo94pf3X7M0ogrZJIa0/HcBP0J1SiY5NNCNzU8oWxEB7xjqaIRN/5kfuqUnFmlT8JY21JI5urviQmNjBlHge2MKA7NsjcT//M6KYZX/kSoJEWu2GJRmEqCMZn9TfpCc4ZybAllWthbCRtSTRnadAo2BG/55VXSrJS9avnivlqq3WVx5OEETuEcPLiEGtxCHRrAYADP8ApvjnRenHfnY9Gac7KZY/gD5/MHwqCNfA==</latexit>

D1

<latexit sha1_base64="W49s0BQPHGo5lKvrJCaYOb2DRI4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WNBD3qraD+gDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrK6tbxQ3S1vbO7t75f2Dpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApG11O/9YRK81g+mnGCfkQHkoecUWOlh5ue1ytX3Ko7A1kmXk4qkKPeK391+zFLI5SGCap1x3MT42dUGc4ETkrdVGNC2YgOsGOppBFqP5udOiEnVumTMFa2pCEz9fdERiOtx1FgOyNqhnrRm4r/eZ3UhFd+xmWSGpRsvihMBTExmf5N+lwhM2JsCWWK21sJG1JFmbHplGwI3uLLy6R5VvXOqxf355XaXR5HEY7gGE7Bg0uowS3UoQEMBvAMr/DmCOfFeXc+5q0FJ585hD9wPn8AwRyNew==</latexit>

D2

<latexit sha1_base64="JaxwwO6iQWi4h/zm53edXwQLeFw=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyGiB4DetBbRPOAZAmzk9lkyOzsMtMrhJBP8OJBEa9+kTf/xkmyB00saCiquunuChIpDLrut5NbW9/Y3MpvF3Z29/YPiodHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Hrmt564NiJWjzhOuB/RgRKhYBSt9HDTq/SKJbfszkFWiZeREmSo94pf3X7M0ogrZJIa0/HcBP0J1SiY5NNCNzU8oWxEB7xjqaIRN/5kfuqUnFmlT8JY21JI5urviQmNjBlHge2MKA7NsjcT//M6KYZX/kSoJEWu2GJRmEqCMZn9TfpCc4ZybAllWthbCRtSTRnadAo2BG/55VXSrJS9avnivlqq3WVx5OEETuEcPLiEGtxCHRrAYADP8ApvjnRenHfnY9Gac7KZY/gD5/MHwqCNfA==</latexit>

D1

<latexit sha1_base64="W49s0BQPHGo5lKvrJCaYOb2DRI4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WNBD3qraD+gDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrK6tbxQ3S1vbO7t75f2Dpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApG11O/9YRK81g+mnGCfkQHkoecUWOlh5ue1ytX3Ko7A1kmXk4qkKPeK391+zFLI5SGCap1x3MT42dUGc4ETkrdVGNC2YgOsGOppBFqP5udOiEnVumTMFa2pCEz9fdERiOtx1FgOyNqhnrRm4r/eZ3UhFd+xmWSGpRsvihMBTExmf5N+lwhM2JsCWWK21sJG1JFmbHplGwI3uLLy6R5VvXOqxf355XaXR5HEY7gGE7Bg0uowS3UoQEMBvAMr/DmCOfFeXc+5q0FJ585hD9wPn8AwRyNew==</latexit>

D2

<latexit sha1_base64="JaxwwO6iQWi4h/zm53edXwQLeFw=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyGiB4DetBbRPOAZAmzk9lkyOzsMtMrhJBP8OJBEa9+kTf/xkmyB00saCiquunuChIpDLrut5NbW9/Y3MpvF3Z29/YPiodHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Hrmt564NiJWjzhOuB/RgRKhYBSt9HDTq/SKJbfszkFWiZeREmSo94pf3X7M0ogrZJIa0/HcBP0J1SiY5NNCNzU8oWxEB7xjqaIRN/5kfuqUnFmlT8JY21JI5urviQmNjBlHge2MKA7NsjcT//M6KYZX/kSoJEWu2GJRmEqCMZn9TfpCc4ZybAllWthbCRtSTRnadAo2BG/55VXSrJS9avnivlqq3WVx5OEETuEcPLiEGtxCHRrAYADP8ApvjnRenHfnY9Gac7KZY/gD5/MHwqCNfA==</latexit>

D1

<latexit sha1_base64="W49s0BQPHGo5lKvrJCaYOb2DRI4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WNBD3qraD+gDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrK6tbxQ3S1vbO7t75f2Dpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApG11O/9YRK81g+mnGCfkQHkoecUWOlh5ue1ytX3Ko7A1kmXk4qkKPeK391+zFLI5SGCap1x3MT42dUGc4ETkrdVGNC2YgOsGOppBFqP5udOiEnVumTMFa2pCEz9fdERiOtx1FgOyNqhnrRm4r/eZ3UhFd+xmWSGpRsvihMBTExmf5N+lwhM2JsCWWK21sJG1JFmbHplGwI3uLLy6R5VvXOqxf355XaXR5HEY7gGE7Bg0uowS3UoQEMBvAMr/DmCOfFeXc+5q0FJ585hD9wPn8AwRyNew==</latexit>

D2

<latexit sha1_base64="JaxwwO6iQWi4h/zm53edXwQLeFw=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyGiB4DetBbRPOAZAmzk9lkyOzsMtMrhJBP8OJBEa9+kTf/xkmyB00saCiquunuChIpDLrut5NbW9/Y3MpvF3Z29/YPiodHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Hrmt564NiJWjzhOuB/RgRKhYBSt9HDTq/SKJbfszkFWiZeREmSo94pf3X7M0ogrZJIa0/HcBP0J1SiY5NNCNzU8oWxEB7xjqaIRN/5kfuqUnFmlT8JY21JI5urviQmNjBlHge2MKA7NsjcT//M6KYZX/kSoJEWu2GJRmEqCMZn9TfpCc4ZybAllWthbCRtSTRnadAo2BG/55VXSrJS9avnivlqq3WVx5OEETuEcPLiEGtxCHRrAYADP8ApvjnRenHfnY9Gac7KZY/gD5/MHwqCNfA==</latexit>

Scheme IV : 2N rounds, 0 ancillas, 0 To↵olis, destructive.

<latexit sha1_base64="t+53lzhsz0zlJs0ms208/9VZTbw="></latexit>

Legend

<latexit sha1_base64="sHpBrgtmowXv+WwHeaNGU4AlzrU=">AAAB+HicbVDLSsNAFJ3UV62PRl26GSyCq5JIRZcFNwouKtgHtKFMJjft0MkkzEyEGvolblwo4tZPceffOGmz0NYDA4dz7uWeOX7CmdKO822V1tY3NrfK25Wd3b39qn1w2FFxKim0acxj2fOJAs4EtDXTHHqJBBL5HLr+5Dr3u48gFYvFg54m4EVkJFjIKNFGGtrVQUT02A+zOxiBCGZDu+bUnTnwKnELUkMFWkP7axDENI1AaMqJUn3XSbSXEakZ5TCrDFIFCaETMoK+oYJEoLxsHnyGT40S4DCW5gmN5+rvjYxESk0j30zmMdWyl4v/ef1Uh1dexkSSahB0cShMOdYxzlvAAZNANZ8aQqhkJiumYyIJ1aariinBXf7yKumc191G/eK+UWveFnWU0TE6QWfIRZeoiW5QC7URRSl6Rq/ozXqyXqx362MxWrKKnSP0B9bnDxRrk2U=</latexit>

data qubit

<latexit sha1_base64="kwzeIhxaMjd6b476Cp1shzIAM6E=">AAAB/nicbVDLSsNAFJ3UV62vqrhyM1gEVyWRii4LbnRXwT6gCWUymbRDZ5I4cyOUUPBX3LhQxK3f4c6/cdJmoa0HBg7n3Ms9c/xEcA22/W2VVlbX1jfKm5Wt7Z3dver+QUfHqaKsTWMRq55PNBM8Ym3gIFgvUYxIX7CuP77O/e4jU5rH0T1MEuZJMox4yCkBIw2qR64kMFIyCwgQ7OKH1OcwHVRrdt2eAS8TpyA1VKA1qH65QUxTySKggmjdd+wEvIwo4FSwacVNNUsIHZMh6xsaEcm0l83iT/GpUQIcxsq8CPBM/b2REan1RPpmMg+rF71c/M/rpxBeeRmPkhRYROeHwlRgiHHeBQ64YhTExBBCFTdZMR0RRSiYxiqmBGfxy8ukc153GvWLu0ateVvUUUbH6ASdIQddoia6QS3URhRl6Bm9ojfryXqx3q2P+WjJKnYO0R9Ynz9ZTJXE</latexit>

ancilla (storage)

<latexit sha1_base64="8Ui7rCdCYawMT/cttKhT8mwSxJE=">AAACBXicbVC7SgNBFJ2Nrxhfq5ZaDAYhNmFXIloGbLSLYB6QXcLsZDYZMo9lZlYISxobf8XGQhFb/8HOv3GSbKGJBwYO59x7594TJYxq43nfTmFldW19o7hZ2tre2d1z9w9aWqYKkyaWTKpOhDRhVJCmoYaRTqII4hEj7Wh0PfXbD0RpKsW9GSck5GggaEwxMlbquccBR2aoeIYEpowhGMCKNlKhATmb9NyyV/VmgMvEz0kZ5Gj03K+gL3HKiTCYIa27vpeYMEPKUMzIpBSkmiQIj+z0rqUCcaLDbHbFBJ5apQ9jqewTBs7U3x0Z4lqPeWQrpzvrRW8q/ud1UxNfhRkVSWqIwPOP4pRBI+E0EtinimDDxpYgrKjdFeIhUggbG1zJhuAvnrxMWudVv1a9uKuV67d5HEVwBE5ABfjgEtTBDWiAJsDgETyDV/DmPDkvzrvzMS8tOHnPIfgD5/MHMJCYZQ==</latexit>

ancilla (operational)

<latexit sha1_base64="Ln0iqUNghASBhGpb1DHobDFBG0U=">AAACCXicbVBNS8NAEN34WetX1KOXxSLUS0mkoseCF71VsB/QhDLZbtqlm03Y3Qgl9OrFv+LFgyJe/Qfe/Ddu2hy09cHA470ZZuYFCWdKO863tbK6tr6xWdoqb+/s7u3bB4dtFaeS0BaJeSy7ASjKmaAtzTSn3URSiAJOO8H4Ovc7D1QqFot7PUmoH8FQsJAR0Ebq29iLQI9klIEgjHPAHq7GCZUzG/jZtG9XnJozA14mbkEqqECzb395g5ikERWacFCq5zqJ9jOQmhFOp2UvVTQBMoYh7RkqIKLKz2afTPGpUQY4jKUpofFM/T2RQaTUJApMZ363WvRy8T+vl+rwys+YSFJNBZkvClOOdYzzWPCASUo0nxgCRDJzKyYjkEC0Ca9sQnAXX14m7fOaW69d3NUrjdsijhI6Rieoilx0iRroBjVRCxH0iJ7RK3qznqwX6936mLeuWMXMEfoD6/MHdxaaNg==</latexit>

CNOT gate

<latexit sha1_base64="MzCkdY88HnYlXQcllT6aUnX9AA0=">AAAB/XicbVDLSgMxFM3UV62v8bFzEyyCqzIjFV0WutGNVugLOkPJpJk2NMkMSUaoQ/FX3LhQxK3/4c6/MdPOQlsPBA7n3Ms9OUHMqNKO820VVlbX1jeKm6Wt7Z3dPXv/oK2iRGLSwhGLZDdAijAqSEtTzUg3lgTxgJFOMK5nfueBSEUj0dSTmPgcDQUNKUbaSH37yONIjyRP67d3TejBIdJk2rfLTsWZAS4TNydlkKPRt7+8QYQTToTGDCnVc51Y+ymSmmJGpiUvUSRGeIyGpGeoQJwoP52ln8JTowxgGEnzhIYz9fdGirhSEx6YySyrWvQy8T+vl+jwyk+piBNNBJ4fChMGdQSzKuCASoI1mxiCsKQmK8QjJBHWprCSKcFd/PIyaZ9X3Grl4r5art3kdRTBMTgBZ8AFl6AGrkEDtAAGj+AZvII368l6sd6tj/lowcp3DsEfWJ8/xYCU0A==</latexit>

To↵oli gate

<latexit sha1_base64="d1XCUpdc+oTE0suHPHVybAv57gQ=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaL4KokUtFlwY3uKvQFTSiT6aQdOo8wMxFK6MZfceNCEbd+hjv/xkmbhbYeuHA4517uvSdKGNXG876d0tr6xuZWebuys7u3f+AeHnW0TBUmbSyZVL0IacKoIG1DDSO9RBHEI0a60eQ297uPRGkqRctMExJyNBI0phgZKw3ck4AjM1Y8a8k4lozCAI6QIbOBW/Vq3hxwlfgFqYICzYH7FQwlTjkRBjOkdd/3EhNmSBmKGZlVglSTBOEJGpG+pQJxosNs/sAMnltlCGOpbAkD5+rviQxxrac8sp35uXrZy8X/vH5q4pswoyJJDRF4sShOGTQS5mnAIVUEGza1BGFF7a0Qj5FC2NjMKjYEf/nlVdK5rPn12tVDvdq4L+Iog1NwBi6AD65BA9yBJmgDDGbgGbyCN+fJeXHenY9Fa8kpZo7BHzifP8fFlo0=</latexit>

microwave photon

<latexit sha1_base64="oY63VI8+46tNiN2/wgJgLYlSgOA=">AAACBHicbVC7SgNBFJ2Nrxhfq5ZpBoNgFXYlomXARrsI5gHJEmYns8mQeSwzs5GwpLDxV2wsFLH1I+z8G2eTLTTxwIXDOfdy7z1hzKg2nvftFNbWNza3itulnd29/QP38KilZaIwaWLJpOqESBNGBWkaahjpxIogHjLSDsfXmd+eEKWpFPdmGpOAo6GgEcXIWKnvlnscmZHiKadYyQc0IbAH45E0Usz6bsWrenPAVeLnpAJyNPruV28gccKJMJghrbu+F5sgRcpQzMis1Es0iREeoyHpWioQJzpI50/M4KlVBjCSypYwcK7+nkgR13rKQ9uZnayXvUz8z+smJroKUirixBCBF4uihEEjYZYIHFBFsGFTSxBW1N4K8QgphI3NrWRD8JdfXiWt86pfq17c1Sr12zyOIiiDE3AGfHAJ6uAGNEATYPAInsEreHOenBfn3flYtBacfOYY/IHz+QN4JJim</latexit>

<latexit sha1_base64="1j4T46rvB51aE5bqf4MDJkEz+WI=">AAAB8XicbVA9SwNBEN2LXzF+RS1tFoNgFe5SqGXQxjKC+cDkCHN7e8mSvb1zd04IIf/CxkIRW/+Nnf/GTXKFJj4YeLw3w8y8IJXCoOt+O4W19Y3NreJ2aWd3b/+gfHjUMkmmGW+yRCa6E4DhUijeRIGSd1LNIQ4kbwejm5nffuLaiETd4zjlfgwDJSLBAK30EAICfcwCgf1yxa26c9BV4uWkQnI0+uWvXpiwLOYKmQRjup6boj8BjYJJPi31MsNTYCMY8K6lCmJu/Mn84ik9s0pIo0TbUkjn6u+JCcTGjOPAdsaAQ7PszcT/vG6G0ZU/ESrNkCu2WBRlkmJCZ+/TUGjOUI4tAaaFvZWyIWhgaEMq2RC85ZdXSatW9S6q3l2tUr/O4yiSE3JKzolHLkmd3JIGaRJGFHkmr+TNMc6L8+58LFoLTj5zTP7A+fwBbVCQwQ==</latexit>

data qubit
<latexit sha1_base64="x1jn5aMWuRoCGri4FvNQkK/wPzE=">AAAB+nicbVBNTwIxEJ3FL8SvRY9eGokJXsguB/VI9OIREwET2JBu6UJDt920XQ1Z+SlePGiMV3+JN/+NBfag4EsmeXlvpp15YcKZNp737RTW1jc2t4rbpZ3dvf0Dt3zY1jJVhLaI5FLdh1hTzgRtGWY4vU8UxXHIaSccX8/8zgNVmklxZyYJDWI8FCxiBBsr9d0yFoRxjlFVG6nwkJ713YpX8+ZAq8TPSQVyNPvuV28gSRpTYQjHWnd9LzFBhpVhhNNpqZdqmmAyto93LRU4pjrI5qtP0alVBiiSypYwaK7+nshwrPUkDm1njM1IL3sz8T+vm5roMsiYSFJDBVl8FKUcGYlmOaABU5QYPrEEE8XsroiMsMLE2LRKNgR/+eRV0q7X/POaf1uvNK7yOIpwDCdQBR8uoAE30IQWEHiEZ3iFN+fJeXHenY9Fa8HJZ47gD5zPH5y1k5M=</latexit>

ancilla (storage)
<latexit sha1_base64="86LYmj2RB4SxVNTaue9LYg0s+QQ=">AAAB/nicbVA9SwNBEN2LXzF+RcXKZjEIsQl3KdQyaGMZwXxAcoS5zV6yZG/32N0TwhHwr9hYKGLr77Dz37i5XKGJDwYe780wMy+IOdPGdb+dwtr6xuZWcbu0s7u3f1A+PGprmShCW0RyqboBaMqZoC3DDKfdWFGIAk47weR27nceqdJMigczjakfwUiwkBEwVhqUT0AQxjngqoypykTgF4Nyxa25GfAq8XJSQTmag/JXfyhJElFhCAete54bGz8FZRjhdFbqJ5rGQCYwoj1LBURU+2l2/gyfW2WIQ6lsCYMz9fdECpHW0yiwnRGYsV725uJ/Xi8x4bWfMhEnhgqyWBQmHBuJ51ngIVOUGD61BIhi9lZMxqCAGJtYyYbgLb+8Str1mndZ8+7rlcZNHkcRnaIzVEUeukINdIeaqIUIStEzekVvzpPz4rw7H4vWgpPPHKM/cD5/ANHKlWQ=</latexit>

ancilla (operational)
<latexit sha1_base64="Yz12+YT7PJ05AY284kkVx0nqwY4=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBbBU0l6UI9FLx4r2A9oQ9lsJ+3S3WzY3VRK6D/x4kERr/4Tb/4bN20O2vpg4PHeDDPzwoQzbTzv2yltbG5t75R3K3v7B4dH7vFJW8tUUWhRyaXqhkQDZzG0DDMcuokCIkIOnXByl/udKSjNZPxoZgkEgoxiFjFKjJUGrisYVfKJTAEnY2lyqerVvAXwOvELUkUFmgP3qz+UNBUQG8qJ1j3fS0yQEWUY5TCv9FMNCaETMoKepTERoINscfkcX1hliCOpbMUGL9TfExkRWs9EaDsFMWO96uXif14vNdFNkLE4SQ3EdLkoSjk2Eucx4CFTQA2fWUKoYvZWTMdEEWpsWBUbgr/68jpp12v+Vc1/qFcbt0UcZXSGztEl8tE1aqB71EQtRNEUPaNX9OZkzovz7nwsW0tOMXOK/sD5/AHm9pPU</latexit>

microwave photon
<latexit sha1_base64="TnNIN9kCG8pjrROR83nSnV2SHtc=">AAAB8HicbVA9SwNBEJ3zM8avqKXNYhCswl0KtQymsdII+ZLkCHubuWTJ3t6xuyeEkF9hY6GIrT/Hzn/jJrlCEx8MPN6bYWZekAiujet+O2vrG5tb27md/O7e/sFh4ei4qeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoJRdea3nlBpHsu6GSfoR3QgecgZNVZ6rN7d18mAGuwVim7JnYOsEi8jRchQ6xW+uv2YpRFKwwTVuuO5ifEnVBnOBE7z3VRjQtmIDrBjqaQRan8yP3hKzq3SJ2GsbElD5urviQmNtB5Hge2MqBnqZW8m/ud1UhNe+xMuk9SgZItFYSqIicnse9LnCpkRY0soU9zeStiQKsqMzShvQ/CWX14lzXLJuyx5D+Vi5SaLIwencAYX4MEVVOAWatAABhE8wyu8Ocp5cd6dj0XrmpPNnMAfOJ8/30uPzQ==</latexit>

CNOT gate
<latexit sha1_base64="x11+woVimxEBR602KKiuRJWVpBI=">AAAB83icbVA9SwNBEJ3zM8avqKXNYhCswl0KtQzaWEbIFyRH2NvsJUv2do/dOSGE/A0bC0Vs/TN2/hs3yRWa+GDg8d4MM/OiVAqLvv/tbWxube/sFvaK+weHR8elk9OW1ZlhvMm01KYTUculULyJAiXvpIbTJJK8HY3v5377iRsrtGrgJOVhQodKxIJRdFKvoeNYS0GGFHm/VPYr/gJknQQ5KUOOer/01RtoliVcIZPU2m7gpxhOqUHBJJ8Ve5nlKWVjOuRdRxVNuA2ni5tn5NIpAxJr40ohWai/J6Y0sXaSRK4zoTiyq95c/M/rZhjfhlOh0gy5YstFcSYJajIPgAyE4QzlxBHKjHC3EjaihjJ0MRVdCMHqy+ukVa0E15XgsVqu3eVxFOAcLuAKAriBGjxAHZrAIIVneIU3L/NevHfvY9m64eUzZ/AH3ucP0fSRig==</latexit>

To↵oli gate

<latexit sha1_base64="L8xtx3xiH03+hHYIOthWrUSpC2I=">AAAB8HicbVBNS8NAEJ34WetX1aOXxSIIQklE1GPRi8cK9kPaUDbbSbt0swm7G6HE/govHhTx6s/x5r9x2+agrQ8GHu/NMDMvSATXxnW/naXlldW19cJGcXNre2e3tLff0HGqGNZZLGLVCqhGwSXWDTcCW4lCGgUCm8HwZuI3H1FpHst7M0rQj2hf8pAzaqz08HTaUVT2BXZLZbfiTkEWiZeTMuSodUtfnV7M0gilYYJq3fbcxPgZVYYzgeNiJ9WYUDakfWxbKmmE2s+mB4/JsVV6JIyVLWnIVP09kdFI61EU2M6ImoGe9ybif147NeGVn3GZpAYlmy0KU0FMTCbfkx5XyIwYWUKZ4vZWwgZUUWZsRkUbgjf/8iJpnFW8i4p3d16uXudxFOAQjuAEPLiEKtxCDerAIIJneIU3RzkvzrvzMWtdcvKZA/gD5/MHr2qQVg==</latexit>|+i

FIG. 1. Protocols for state-overlap estimation in quantum networks. Quantum circuits for (a) the SWAP test in terms of Toffoli gates using an
ancilla qubit, (b) the destructive overlap test with pairwise Bell-basis measurements. The latter requires additional classical post-processing.
Repeated execution of both circuits yields estimate of F = |〈Ψ|Ψ̃〉|2. (c) Scheme S1: adaptation of standard SWAP test from (a) to sequential
state comparison between two nodes of a network relying on auxiliary memory and operational qubits, (d) scheme S2: adaptation of destructive
overlap test from (b) to sequential state comparison between two nodes of a network relying on auxiliary memory qubits, (e) scheme S3:
adaptation of destructive test from (b) relying on a universal gate set for itinerant qubits, (f ) scheme S4: quantum optical realization of the
destructive overlap test based on beam splitters and Hong-Ou-Mandel interference.

networks, distinguishing between four distributed schemes in
Sec. II A. We conclude this subsection with a scaling anal-
ysis of the required number m of experimental repetitions,
i.e., sampling complexity, to obtain a ε-close approximation
to the fidelity between two states. Using standard results from
probability theory, m = O(1/ε2) is controlled by the tar-
geted precision of the estimate. Then we discuss three meth-
ods for comparing remote quantum computations in Sec. II B
and show that they inherit this beneficial scaling of resources
from the state-comparison protocols of Sec. II A. In Sec. II C
we discuss imperfections and expected bottlenecks of the pro-
tocols.

A. Comparing remote quantum states

The fidelity F(ρ, ρ̃) ∈ [0, 1] is a measure of the similarity
of two quantum states ρ and ρ̃, which evaluates to one if and
only if ρ = ρ̃ [27]. One common definition is given by

F(ρ, ρ̃) =
tr (ρρ̃)

max {tr (ρ2) , tr (ρ̃2)} . (1)

Here we consider the scenario where ρ and ρ̃ are generated at
two distant locations, that are connected by a quantum channel
over which quantum information can be transmitted with high
fidelity. As detailed in the following, the presence of such a
quantum link enables the realization of efficient fidelity esti-
mation procedures, based on distributed versions of the SWAP

test. The latter is a standard technique for estimating the trace
overlap tr(ρρ̃) [26]. For simplicity, in the following we con-
sider two pure n-qubit states |Ψ〉 and |Ψ̃〉 located at different
nodes of a quantum network, in which case the trace overlap
is equal to the fidelity F = |〈Ψ|Ψ̃〉|2. To apply the methods
presented here to mixed states, one additionally needs to esti-
mate the purities tr(ρ2) and tr(ρ̃2), e.g., with local copies of
the states and a SWAP test, but this is beyond the scope of this
manuscript.

The quantum circuit in Fig. 1(a) describes the standard
SWAP test to estimate F̂ using an ancillary qubit, upon re-
peated execution of the circuit. The only measurement is per-
formed on the ancilla, not on |Ψ〉 or |Ψ̃〉, which makes the
test non-destructive. The Bell-basis measurement depicted
in Fig. 1(b) provides an ancilla-free alternative that requires
fewer two-qubit gates, at the expense of destructive state mea-
surements [28, 29]. In state-of-the-art implementations, it per-
forms significantly better due to its reduced gate count and
shorter circuit, as demonstrated on a superconducting (SC)
quantum processor in App. A.

Distributed versions of these two algorithms, between dif-
ferent nodes of a quantum network, may be performed by
transmitting information over a quantum channel, and sequen-
tially addressing pairs of qubits. The following discussion is
motivated by recent experimental achievements of determin-
istic state transfer of quantum information across a coherent
quantum link [22, 23]. Based on the well-established tests
depicted in Fig. 1(a) and Fig. 1(b), here we propose and dis-
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tinguish between four distributed protocols and compare their
scaling of required resources with system size. These four
schemes are schematically depicted in Fig. 1(c)-(f). In all
cases, their required channel usage scales linearly with sys-
tem size, such that we assess their utility by inspecting the
prefactors of this scaling and the number of required ancillas
and gates.

1. Scheme S1: Ancilla-based SWAP test

The ancilla-based SWAP test [26, 30] may be executed se-
quentially by transmitting individual qubits, across a quantum
channel, between two nodes of a network. The circuit from
Fig. 1(a) can then be performed locally at one of the network
nodes, which allows an efficient estimation of the overlap be-
tween two distant quantum states. This does not require any
additional classical communication.

Setup.—In Fig. 1(c), we schematically depict two nodes of
a quantum network with the n-qubit quantum states |Ψ〉 and
|Ψ̃〉, respectively, given by

|
(∼)

Ψ 〉 =
∑

i1,...,in

(∼)

c i1,...,in |i1, ..., in〉 . (2)

In this setup, F̂ can be estimated from a SWAP test as in
Fig. 1(a). As shown in Fig. 1(c), one of the local nodes holds
two additional ancillary qubits. One is a storage qubit onto
which the state of the first node is mapped sequentially. The
second ancilla is an operational qubit that takes the role of the
ancillary qubit from Fig. 1(a). It keeps track of the outcomes
of the n consecutive blocks of the SWAP test. At the end of
the protocol, it is measured in the computational basis, thus
yielding an estimate for the fidelity F̂ = 2m0/m − 1, with
m0 out of m occurences of finding the operational ancilla in
the |0〉op state.

State transfer.—Note that Eq. (2) can be rewritten as

|
(∼)

Ψ 〉 =
(∼)

α 1 |0〉1 ⊗
∑

i2,...,in

(∼)

a i2,...,in |i2, ..., in〉

+
(∼)

β 1 |1〉1 ⊗
∑

j2,...,jn

(∼)

b j2,...,jn |j2, ..., jn〉 .
(3)

As conceptually shown in Fig. 1(c), the first step of the se-
quential SWAP test is a state transfer of the first qubit of the
first node to the ancillary storage qubit, initially in |0〉st, of the
second node,

|Ψ〉 ⊗ |0〉st
T−→

∑

i2,...,in

ai2,...,in |0, i2, ..., in〉 ⊗ α1 |0〉st

+
∑

i2,...,in

bi2,...,in |0, i2, ..., in〉 ⊗ β1 |1〉st ,
(4)

Upon the state transfer denoted by T , the first block of the
circuit in Fig. 1(a) may be performed locally at the receiving
node. The controlled-SWAP gate involves the two ancillary

(storage and operational) qubits and the first qubit of the reg-
ister |Ψ̃〉. Hence, block 1 of the circuit in Fig. 1(a) can be
implemented as a controlled-SWAP (cSWAP) gate acting on
the first qubit of the second node and the storage qubit, and
conditioned on the operational ancilla. Subsequently the state
transfer is reversed, implementing T † , and the storage qubit
is sent back to the first node. This concludes block 1 of the
scheme S1 depicted in Fig. 1(c). Altogether this has achieved
the operation

cSWAPop,1,1̃ = (Tst→1) ◦
(
cSWAPop,st,1̃

)
◦ (T1→st) , (5)

where the cSWAP gate is exactly the operation performed in
each block in Fig. 1(a), conditioned on the first indexed qubit,
and “1” (“1̃”) denotes the first qubit of the sending (receiv-
ing) register. This gate-transfer block is repeated n times, and
thus the sequential SWAP test requires 2n rounds of quantum
communication between the nodes. In general, for two un-
equal states, this procedure leaves the states entangled. For
just estimating the state overlap, the reversed state transfer is
not necessary, which reduces the rounds of communication
by half. A high-level summary of the full scheme is given in

Protocol 1 Distributed SWAP test

Inputs. n-qubit quantum states |Ψ〉A and |Ψ̃〉B in two different
locations, A and B. Two ancillas at B, one for storage and one
operational.

Goal. Estimate fidelity F(|Ψ〉A , |Ψ̃〉B).

The protocol. Party A sends qubits to B and B sequentially addresses
pairs of qubits in n blocks. Before and after the steps (1)-(3) are
repeated n times (k = 1, ..., n), B applies a H gate to operational
qubit.

1. State transmission TA→B .

(a) A transmits kth qubit to B.

(b) B stores received qubit in storage register.

2. Controlled-SWAP operation.

(a) B performs cSWAP on the storage qubit and their kth

qubit, conditioned on state of operational qubit.

3. State transmission TB→A.

(a) B transmits storage qubit to A.

(b) A stores received qubit and continues from step 1 until
all qubits in the register have been sent and received.

4. Final measurement.

(a) B measures operational qubit in computational basis
and counts occurences of 0 and 1 outcomes. The proba-
bility of finding the qubit in 0 (1) is given by (1+F)/2
((1−F)/2).

PROT. 1. Distributed SWAP test between two nodes of a network.
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Prot. 1, see also App. B for further details.
Limitations.—The implementation of scheme S1 requires

high-fidelity Toffoli gates. Its minimum two-qubit gate count
scales as 5n [31, 32]. For arbitrary entangled states |Ψ〉 and
|Ψ̃〉, it is not possible to interrupt (any of the discussed dis-
tributed schemes) after less than O(n) rounds and get a good
estimate F̂(|Ψ〉 , |Ψ̃〉). The operational ancilla qubit is only
measured at the end of the last round. The decoherence times
of the operational ancilla and data qubits thus need to be at
least of the order of the total runtime of the protocol. The
runtime of scheme S1 grows linearly in the number of qubits.

2. Schemes S2 & S3: Bell-basis measurement

The Bell-basis measurement [28, 29] in Fig. 1(b) may be
used to estimate the state overlap between two spatially sepa-
rated quantum states in two distinct ways. One scheme relies
on the usage of an ancillary storage qubit, and the other works
without ancillas.

With ancilla.—One instance of the destructive overlap test
between two distant nodes connected by a quantum link is
schematically depicted in Fig. 1(d). During the protocol, the
quantum state |Ψ〉 at the sending node is sequentially transmit-
ted to the second node. Each qubit is first transmitted, stored
in the ancillary storage qubit, and finally measured together
with the corresponding qubit from the receiving node. In anal-
ogy to Eq. (5) the first block of the circuit in Fig. 1(b) can be
decomposed as

Bell1,1̃ =
(
H1̃ ◦ CNOT1̃,st

)
◦ (T1→st) , (6)

with a controlled-NOT (CNOT) gate between first qubit of
the receiving register and the ancilla qubit, and a Hadamard
gate H acting on the first qubit of the receiving register. The
two qubits are then measured in the computational basis,
which altogether corresponds to a measurement in the Bell
basis. This block is repeated for all pairs of qubits. The mea-
surements can be performed after each block, cp. Fig. 1(b).
In contrast to scheme S1 introduced above, scheme S2 makes
use of the quantum channel only n times. Accordingly, the
scheme does not involve the reversed state transfer. However
it is destructive and the quantum states |Ψ〉 and |Ψ̃〉 cannot be
recovered.

As shown in Fig. 1(d), the Bell-basis measurement is per-
formed by sequentially addressing pairs of qubits at the re-
ceiving node. This requires one ancillary qubit, n CNOT
gates and 2n single-qubit measurements. Scheme S2 thus re-
quires much fewer resources than S1: the five-fold overhead
in two-qubit gate count and two-fold overhead in channel use
makes it more suitable for near-term applications. This is
demonstrated in App. A for a simple circuit executed on a
(single) quantum processor, and underlined by the estimates
provided in Sec. III. A step-by-step discussion of this scheme
is included in App. B.

Without ancilla.—Instead of storing the transmitted qubit
at the receiving node using an ancillary storage qubit, the re-
quired two-qubit gates may also be implemented between fly-

ing and stationary qubits, e.g., based on photon-cavity scat-
tering phases [33]. By reflecting a single-photon wave packet
off of a cavity, whose frequency depends on a qubit that it
is off-resonantly coupled with, a phase is imprinted on the
photonic wavefunction. Along these lines, recent work has
demonstrated the implementation of universal quantum gates
for traveling microwave photons [34], where gates are enabled
by controllable couplings between SC qubits and itinerant mi-
crowave fields.

A deterministic and non-postselected controlled-PHASE
(CPHASE) gate between two distant qubits may be realized
by mapping one qubit onto a flying qubit, sending it over
to the second node, imprinting a state-dependent scattering
phase on the photon and transmitting it back to the first node.
This can be extended to a CNOT gate between distant qubits,
as the latter can be implemented using a CPHASE and few
single-qubit gates at both nodes. A faithful implementation
of scheme S3 requires high-fidelity two-qubit gates between
a traveling qubit and a stationary qubit, and while current fi-
delities are rather low, they can be expected to increase signif-
icantly in the future. The resource requirements of scheme S3
are similar to scheme S2, but it needs 2n rounds of communi-
cation. However, it does not require any ancillary qubits.

Limitations.—The decision rule of the ancilla-free test is
based on the parity of a classical bitstring [see below and
App. A], which is very sensitive to bit-flip errors. This may
lead to misclassification of measurement results, which we
discuss further in Sec. II C. This equally affects schemes S2,
S3 and S4.

3. Scheme S4: Hong-Ou-Mandel interference

The Hong-Ou-Mandel (HOM) effect occurs when two in-
distinguishable particles enter and interfere at a symmet-
ric beamsplitter, and the output state depends on the sym-
metry of the two-particle wavefunction [35]. As shown in
Refs. [28, 36] the Bell-basis measurement from Fig. 1(b) is
formally equivalent to the HOM effect from quantum optics.

Previous experimental progress has enabled deterministic
shaping and controlling of photonic wavefunctions both in
the optical and microwave-frequency domains [37, 38], and
stationary qubits have recently been mapped onto traveling
single-photon states with high fidelity using tools from cav-
ity quantum electrodynamics [22]. This motivates the search
for an all-optical protocol for estimating the overlap between
quantum states at distant locations.

An optical discrimination of two photonic states may be
achieved by directing two photons into separate input ports
of a symmetric beam splitter and recording counts from two
photodetectors located at the two output ports. The shape of a
single-photon state

|1〉 =

∫
dt ψ(t)â†t |vac〉 (7)

is described by its temporal mode function ψ(t), with the pho-
ton mode creation operator a†t at time t. When being sent into
the input ports of a symmetric beamsplitter, the probability
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of finding two incoming photon states ψ1(t) and ψ2(t) at the
same output port can be calculated from their pair correla-
tion function and is related to their temporal overlap [39, 40].
It can be obtained as a function of experimental parameters,
such as the relative frequency difference and the photons’ rel-
ative delay in arrival time δt, see also App. B.

Time-bin qubits are described by wavefunctions with non-
overlapping supports [41, 42]. In recent experiments, time-
bin superpositions of two propagating temporal microwave
modes have been used to transfer the state of a stationary
SC qubit over a macroscopic distance [22]. This makes these
states ideal candidates for an experimental realization of a dis-
tributed overlap test using microwave photons. The quantum
states |Ψ〉 and |Ψ̃〉 from Eq. (2) and the schematic in Fig. 1
may be sequentially sent to a beamsplitter by mapping the sta-
tionary qubits onto traveling time-bin encoded qubits,

|
(∼)

Ψ 〉 ⊗ |vac〉 −→
∑

i2,...,in

(∼)

a i2,...,in |0, i2, ..., in〉 ⊗
(∼)

α 1 |0〉(∼)

bin

+
∑

i2,...,in

(∼)

b i2,...,in |0, i2, ..., in〉 ⊗
(∼)

β 1 |1〉(∼)

bin
,

(8)

where
(∼)

bin denotes a distinct photonic mode, and |0〉 (|1〉) de-
notes the absence (presence) of a photon in each time bin.
A HOM interference experiment on the two time-bin qubits
from both nodes realizes an optical Bell-basis measurement.

The pair-wise comparison between modes bin and
∼

bin passes
the test if both photons are detected at the same output port,
and the test fails if there is a coincidence count [28]. In this
fashion, the two registers may be mapped onto temporal pho-
tonic modes and sequentially compared in n runs.

4. Fidelity estimation

The previously introduced schemes are distributed versions
of established methods for estimating the closeness of quan-
tum states, as quantified by tr(ρρ̃) for two arbitrary mixed
states ρ and ρ̃, which reduces to |〈Ψ|Ψ̃〉|2 for two pure states
|Ψ〉 and |Ψ̃〉. From both the standard SWAP test [Fig. 1(a)]
and the destructive overlap test [Fig. 1(b)], the fidelity F can
be estimated and confidence intervals derived using statistical
methods and the framework of hypothesis testing [43].

In each experimental realization, a scheme-dependent crite-
rion decides whether two states pass or fail the test: (i) the cri-
terion for the standard SWAP test simply assigns these labels
to outcomes of a computational basis measurement, i.e., they
pass (fail) if the outcome is A1 = 0 (A1 = 1) in Fig. 1(a); (ii)
the criterion for the destructive test is slightly more involved
and assigns the labels to the parity of the bitwise AND of
the bitstrings B1...Bn and C1...Cn in Fig. 1(b), i.e., they pass
(fail) the test if the parity is even (odd) [29], cf. also App. A.

In both cases, the fidelity can be estimated upon m repeti-
tions from the number of passed testsmp as F̂ = 2mp/m−1.
Using Hoeffding’s inequality [44], the probability that F̂ de-

viates from the true fidelity F by more than ε is bounded by

Pr
(
|F̂ − F| ≥ ε

)
≤ 2e−mε

2/2. (9)

From this we obtain a (1−α) confidence interval [F̂−ε, F̂+ε]
by repeating one of the above protocols m = Θ

(
ln(1/α)/ε2

)

times. The designated confidence level (1 − α) refers to the
probability that the confidence interval contains the true fi-
delity. Typical choices are α = 0.01 or α = 0.05. Hence,
the cost of gaining confidence is sublinear in terms of confi-
dence level and quadratic in terms of precision and does not
depend on system size n. While this result yields a simple
scaling, tighter bounds can be derived for binomial propor-
tions, cf. App. C for more details.

B. Comparing remote quantum computations

The previous schemes are targeted at comparing distant
quantum states, but they may also be utilized for discrim-
inating quantum computations efficiently. We present three
ways of comparing quantum operations, given that a method
for comparing quantum states is available. We are interested
in the case where two devices each perform a unitary quantum
operation, UL and UR, respectively, and the goal is to compare
those operations with as few measurements as possible.

In the following discussion we assign the two devices the
labels σ = L (left device) and σ = R (right device), cf. Fig. 2.
As an illustrative example, we put the three methods into
practice by running them on a single SC quantum processor
and comparing their performance. For the methods that rely
on state comparison, we utilize the Bell-basis measurements
from Fig. 1(b). While this simple demonstration does not cap-
ture the distributed or sequential nature of the protocols, it
serves as an illustration of the differences in performance on a
single state-of-the-art device. In the following, n denotes the
number of qubits per device and d = 2n is the local Hilbert
space dimension.

1. Method M1: Channel-state duality

The Choi-Jamiołkowski isomorphism establishes a corre-
spondence between quantum channels, as described by com-
pletely positive maps, and quantum states, as described by
density matrices [45, 46]. It thus enables to map statements
about channels to statements about states. To compare two
quantum operations each described by a quantum channel,
one may compare their respective Choi states [47]. This re-
quires the preparation of a maximally entangled state, e.g.,
|Φ+
σ 〉 = (1/

√
d)
∑d−1
i=0 |iσc 〉 ⊗ |iσa 〉, between the computa-

tional (subscript “c”) and an ancillary (“a”) register on each
of the two devices (σ = L,R). The quantum channel Eσ is
applied to the computational register of |Φ+

σ 〉, which yields
the two states ρσ = (1/d)

∑
i,j Eσ(|iσc 〉 〈jσc |) ⊗ |iσa 〉 〈jσa |, for

σ = L,R. Here we consider unitary quantum channels such
that Eσ(ρ) = U†σρUσ .
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<latexit sha1_base64="DW8ymGAMbjSzHW5GboU7GekBwHE=">AAACEXicbVDLSgNBEJyNrxhfqx69LAYhp7Aroh6DXjwmYB6QhDA76U2GzM4uM71CWCJ+gRd/xYsHRbx68+bfOHmImlgwUF3VzXSXHwuu0XU/rczS8srqWnY9t7G5tb1j7+7VdJQoBlUWiUg1fKpBcAlV5CigESugoS+g7g8ux379BpTmkbzGYQztkPYkDzijaKSOXWiFFPsqTC9AiNHtd4WgUf+UkRx17LxbdCdwFok3I3kyQ7ljf7S6EUtCkMgE1brpuTG2U6qQMwGjXCvREFM2oD1oGippCLqdTi4aOUdG6TpBpMyT6EzU3xMpDbUehr7pHK+o572x+J/XTDA4b6dcxgmCZNOPgkQ4GDnjeJwuV8BQDA2hTHGzq8P6VFGGJsScCcGbP3mR1I6L3mnRq5zkS5W7aRxZckAOSYF45IyUyBUpkyph5J48kmfyYj1YT9ar9TZtzVizCPfJH1jvX726n/I=</latexit>

Bell tests on

<latexit sha1_base64="eAkMQIfJq3b001tjB6e2JACSVkk="></latexit>

(c) Method 3: Hypothesis testing

<latexit sha1_base64="/uMRjMh1QkpWNM/L3Prmksf2XNk=">AAACHHicbVDJSgNBEO1xjXEb9eilMQheHGbcvQlePCoYIyRD6OmpJI09C901kjAM+Bte/BUvHhTx4kHwb+ws4BIfFDzeq6KqXpBKodF1P62JyanpmdnSXHl+YXFp2V5ZvdJJpjhUeSITdR0wDVLEUEWBEq5TBSwKJNSCm9O+X7sFpUUSX2IvBT9i7Vi0BGdopKa921BMaAiSbu7sp1jkDYQucqG4hDD/NredY+PS3CuKomlXXMcdgI4Tb0QqZITzpv3eCBOeRRAjl0zruuem6OdMoTBrinIj05AyfsPaUDc0ZhFoPx88V9BNo4S0lShTMdKB+nMiZ5HWvSgwnRHDjv7r9cX/vHqGrSM/F3GaIcR8uKiVSYoJ7SdFQ6GAo+wZwrgS5lbKO0wxjibPsgnB+/vyOLnacbwDx7vYq5xc3A3jKJF1skG2iEcOyQk5I+ekSji5J4/kmbxYD9aT9Wq9DVsnrFGEa+QXrI8v5oyjjw==</latexit>

1○
<latexit sha1_base64="teJI2sSG+7y5la7HR4d7cIW8guo=">AAACHHicbVDJSgNBEO1xjXEb9eilMQheHGbifgt48ZiAWSAJoadT0SY9C901kjAM+Bte/BUvHhTx4kHwb+ws4Pqg4PFeFVX1/FgKja77Yc3Mzs0vLOaW8ssrq2vr9sZmTUeJ4lDlkYxUw2capAihigIlNGIFLPAl1P3++civ34DSIgovcRhDO2BXoegJztBIHfugpZjQ4EeD1DmKMUtbCAPkQnEJ3fTL3HfOjEvTYpZlHbvgOu4Y9C/xpqRApih37LdWN+JJACFyybRuem6M7ZQpFGZNlm8lGmLG++wKmoaGLADdTsfPZXTXKF3ai5SpEOlY/T6RskDrYeCbzoDhtf7tjcT/vGaCvdN2KsI4QQj5ZFEvkRQjOkqKdoUCjnJoCONKmFspv2aKcTR55k0I3u+X/5Ja0fGOHa9yWChVbidx5Mg22SF7xCMnpEQuSJlUCSd35IE8kWfr3nq0XqzXSeuMNY1wi/yA9f4J6BOjkA==</latexit>

2○

<latexit sha1_base64="bxUFKhuODmDrPuWWFuktO3BKR7U=">AAACHHicbVDJSgNBEO1xjXGLevTSGAQvDjPu3gJePCZgFkhC6OlUkiY9C901YhgG/A0v/ooXD4p48SD4N3YWUBMfFDzeq6KqnhdJodFxvqy5+YXFpeXMSnZ1bX1jM7e1XdFhrDiUeShDVfOYBikCKKNACbVIAfM9CVWvfzX0q7egtAiDGxxE0PRZNxAdwRkaqZU7bigmNHjhXWKfRpgmDYQ75EJxCe3kxzy0L41Lk+M0TVu5vGM7I9BZ4k5InkxQbOU+Gu2Qxz4EyCXTuu46ETYTplCYNWm2EWuIGO+zLtQNDZgPupmMnkvpvlHatBMqUwHSkfp7ImG+1gPfM50+w56e9obif149xs5FMxFBFCMEfLyoE0uKIR0mRdtCAUc5MIRxJcytlPeYYhxNnlkTgjv98iypHNnume2WTvKF0v04jgzZJXvkgLjknBTINSmSMuHkgTyRF/JqPVrP1pv1Pm6dsyYR7pA/sD6/Aemao5E=</latexit>

3○
<latexit sha1_base64="qu4HVv9hVR5ev4e8Zu/H5TKKtXI=">AAACHHicbVDJSgNBEO1xjXGLevTSGAQvDjPu3gJePCZgFkhC6OlUkiY9C901YhgG/A0v/ooXD4p48SD4N3YWUBMfFDzeq6KqnhdJodFxvqy5+YXFpeXMSnZ1bX1jM7e1XdFhrDiUeShDVfOYBikCKKNACbVIAfM9CVWvfzX0q7egtAiDGxxE0PRZNxAdwRkaqZU7bigmNHjhXWKfRpgmDYQ75EJxCe3kxzy0L41Lk5M0TVu5vGM7I9BZ4k5InkxQbOU+Gu2Qxz4EyCXTuu46ETYTplCYNWm2EWuIGO+zLtQNDZgPupmMnkvpvlHatBMqUwHSkfp7ImG+1gPfM50+w56e9obif149xs5FMxFBFCMEfLyoE0uKIR0mRdtCAUc5MIRxJcytlPeYYhxNnlkTgjv98iypHNnume2WTvKF0v04jgzZJXvkgLjknBTINSmSMuHkgTyRF/JqPVrP1pv1Pm6dsyYR7pA/sD6/Aesho5I=</latexit>

4○
<latexit sha1_base64="Lyp3l6B2tjPqaeB1elcV0V7wGbE="></latexit>

Repeat ( 1○ � 3○) M times.

<latexit sha1_base64="aPdCllhR76mELp5z6SbiUwrO5R0=">AAACInicbVDLSgMxFM34tr6qLt0Ei+CqzIj4WAgFNy5cVLCt0Cklk95pQzOZIbkjlmnBP3Hjr7hxoagrwY8xfQi+DgQO55xw7z1BIoVB1313pqZnZufmFxZzS8srq2v59Y2qiVPNocJjGeurgBmQQkEFBUq4SjSwKJBQC7qnQ792DdqIWF1iL4FGxNpKhIIztFIzf9z3y0Y0/YhhR0fZ+cDXTLUl0BNa+abSvo9wg0GYia9EM19wi+4I9C/xJqRAJig3869+K+ZpBAq5ZMbUPTfBRsY0Ci5hkPNTAwnjXdaGuqWKRWAa2ejEAd2xSouGsbZPIR2p339kLDKmFwU2OVza/PaG4n9ePcXwqJEJlaQIio8HhamkGNNhX7QlNHCUPUsY18LuSnmHacbRtpqzJXi/T/5LqntF76DoXewXShe34zoWyBbZJrvEI4ekRM5ImVQIJ3fkgTyRZ+feeXRenLdxdMqZVLhJfsD5+ARz76Xw</latexit>| Li = UL|ii
<latexit sha1_base64="/k56nLGDhAY8Zt7Yf1vTQ9qEcFo=">AAACInicbVDLSgMxFM34tr6qLt0Ei+CqzIj4WAiCG5dVbCt0Ssmkd9rQTGZI7ohlLPgnbvwVNy4UdSX4MaYPQVsPBA7nnHDvPUEihUHX/XSmpmdm5+YXFnNLyyura/n1jYqJU82hzGMZ6+uAGZBCQRkFSrhONLAokFANOmd9v3oD2ohYXWE3gXrEWkqEgjO0UiN/fOeXjGj4EcO2jrLLnq+ZakmgJ7T8S6V3PsItBmEmfhKNfMEtugPQSeKNSIGMUGrk3/1mzNMIFHLJjKl5boL1jGkUXEIv56cGEsY7rAU1SxWLwNSzwYk9umOVJg1jbZ9COlB//8hYZEw3Cmyyv7QZ9/rif14txfCongmVpAiKDweFqaQY035ftCk0cJRdSxjXwu5KeZtpxtG2mrMleOMnT5LKXtE7KHoX+4XTi/thHQtki2yTXeKRQ3JKzkmJlAknD+SJvJBX59F5dt6cj2F0yhlVuEn+wPn6BoeTpfw=</latexit>| Ri = UR|ii

<latexit sha1_base64="xPDSbFqubgLk4y+bCpNqrqlff7o=">AAACDXicbZA7SwNBFIVnfcb4WrW0GYyCVdhNoZYRG8sEzAOSEO5OJsmQ2Zll5q4QQsDaxr9iY6GIrb2d/8bJo9DEAwOHc+5wuV+USGExCL69ldW19Y3NzFZ2e2d3b98/OKxanRrGK0xLbeoRWC6F4hUUKHk9MRziSPJaNLiZ9LV7bqzQ6g6HCW/F0FOiKxigi9r+6bVroSdUj2rnqAHV0TEVSqAASS0Cctv2c0E+mIoum3BucmSuUtv/anY0S2OukEmwthEGCbZGYFAwycfZZmp5AmwAPd5wVkHMbWs0vWZMz1zSoV1t3FNIp+nvHyOIrR3GkZuMAft2sZuE/3WNFLtXrZFQSYpcsdmibiopajpBQzvCcIZy6Aww4wAwyvpggKEDmHUQwsWTl021kA8v8mG5kCuWH2Y4MuSYnJBzEpJLUiS3pEQqhJFH8kxeyZv35L14797HbHTFmyM8In/kff4AxK6cdQ==</latexit>

Averaging over random initial states

<latexit sha1_base64="ApJkwW1cHLazutMimqmgrBbbcMQ="></latexit>

(UL ⌦ UR)|�+ih�+|(UL ⌦ UR)†

<latexit sha1_base64="a3WOeN42OspXBKlSvh2fccoZBDc="></latexit>

|�+
L i = ⇧n

j=1|�+
L;ji

<latexit sha1_base64="sq2jUABxlp8VpnJDIO/MBViz3UE="></latexit>

|�+
Ri = ⇧n

j=1|�+
R;ji

<latexit sha1_base64="S50UFaUivUKRb8gklzSh8METtj4="></latexit>

(EL ⌦ Id) |�+
L ih�+

L |
<latexit sha1_base64="W/oxu7dkWy9u9xgRZVkmFoMJ2hc="></latexit>

(ER ⌦ Id) |�+
Rih�+

R |

<latexit sha1_base64="SZJ6hdCZZED+a8iectENwhYYyFA=">AAAB83icbVBNSwMxFHxbv2r9qnr0EiyCp7Iroh4LXjx4aMFtC92lZNNsG5pklyQrlKXgr/DiQRGv/hlv/huzbQ/aOvBgmHmPTCZKOdPGdb+d0tr6xuZWebuys7u3f1A9PGrrJFOE+iThiepGWFPOJPUNM5x2U0WxiDjtROPbwu88UqVZIh/MJKWhwEPJYkawsVLg9wOBzUiJ/H7ar9bcujsDWiXegtRggWa/+hUMEpIJKg3hWOue56YmzLEyjHA6rQSZpikmYzykPUslFlSH+SzzFJ1ZZYDiRNmRBs3U3xc5FlpPRGQ3i4R62SvE/7xeZuKbMGcyzQyVZP5QnHFkElQUgAZMUWL4xBJMFLNZERlhhYmxNVVsCd7yl1dJ+6LuXdW91mWt0Xqa11GGEziFc/DgGhpwB03wgUAKz/AKb07mvDjvzsd8teQsKjyGP3A+fwBsQpJk</latexit>

UL

<latexit sha1_base64="xFLTG1JB08mDtUV6nVZbJlGcwzQ=">AAAB83icbVBNSwMxFHxbv2r9qnr0EiyCp7Iroh4LXjy24raF7lKyabYNTbJLkhXKUvBXePGgiFf/jDf/jdm2B20deDDMvEcmE6WcaeO6305pbX1jc6u8XdnZ3ds/qB4etXWSKUJ9kvBEdSOsKWeS+oYZTrupolhEnHai8W3hdx6p0iyRD2aS0lDgoWQxI9hYKfD7gcBmpER+P+1Xa27dnQGtEm9BarBAs1/9CgYJyQSVhnCsdc9zUxPmWBlGOJ1WgkzTFJMxHtKepRILqsN8lnmKzqwyQHGi7EiDZurvixwLrScisptFQr3sFeJ/Xi8z8U2YM5lmhkoyfyjOODIJKgpAA6YoMXxiCSaK2ayIjLDCxNiaKrYEb/nLq6R9Ufeu6l7rstZoPc3rKMMJnMI5eHANDbiDJvhAIIVneIU3J3NenHfnY75achYVHsMfOJ8/dWCSag==</latexit>

UR

<latexit sha1_base64="SZJ6hdCZZED+a8iectENwhYYyFA=">AAAB83icbVBNSwMxFHxbv2r9qnr0EiyCp7Iroh4LXjx4aMFtC92lZNNsG5pklyQrlKXgr/DiQRGv/hlv/huzbQ/aOvBgmHmPTCZKOdPGdb+d0tr6xuZWebuys7u3f1A9PGrrJFOE+iThiepGWFPOJPUNM5x2U0WxiDjtROPbwu88UqVZIh/MJKWhwEPJYkawsVLg9wOBzUiJ/H7ar9bcujsDWiXegtRggWa/+hUMEpIJKg3hWOue56YmzLEyjHA6rQSZpikmYzykPUslFlSH+SzzFJ1ZZYDiRNmRBs3U3xc5FlpPRGQ3i4R62SvE/7xeZuKbMGcyzQyVZP5QnHFkElQUgAZMUWL4xBJMFLNZERlhhYmxNVVsCd7yl1dJ+6LuXdW91mWt0Xqa11GGEziFc/DgGhpwB03wgUAKz/AKb07mvDjvzsd8teQsKjyGP3A+fwBsQpJk</latexit>

UL
<latexit sha1_base64="xFLTG1JB08mDtUV6nVZbJlGcwzQ=">AAAB83icbVBNSwMxFHxbv2r9qnr0EiyCp7Iroh4LXjy24raF7lKyabYNTbJLkhXKUvBXePGgiFf/jDf/jdm2B20deDDMvEcmE6WcaeO6305pbX1jc6u8XdnZ3ds/qB4etXWSKUJ9kvBEdSOsKWeS+oYZTrupolhEnHai8W3hdx6p0iyRD2aS0lDgoWQxI9hYKfD7gcBmpER+P+1Xa27dnQGtEm9BarBAs1/9CgYJyQSVhnCsdc9zUxPmWBlGOJ1WgkzTFJMxHtKepRILqsN8lnmKzqwyQHGi7EiDZurvixwLrScisptFQr3sFeJ/Xi8z8U2YM5lmhkoyfyjOODIJKgpAA6YoMXxiCSaK2ayIjLDCxNiaKrYEb/nLq6R9Ufeu6l7rstZoPc3rKMMJnMI5eHANDbiDJvhAIIVneIU3J3NenHfnY75achYVHsMfOJ8/dWCSag==</latexit>

UR

<latexit sha1_base64="FiI5BYpfoiJcdKm1ru6d6lNMafQ=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIVJcVNy5btA9oh5JJM21okhmTTKEMBf/CjQtF3Pox7vwbM20X2nrgwuGce8nJCWLOtHHdbye3tr6xuZXfLuzs7u0fFA+PmjpKFKENEvFItQOsKWeSNgwznLZjRbEIOG0Fo9vMb42p0iySD2YSU1/ggWQhI9hYye8KbIZKpPetm9q0Vyy5ZXcGtEq8BSnBArVe8avbj0giqDSEY607nhsbP8XKMMLptNBNNI0xGeEB7VgqsaDaT2ehp+jMKn0URsqONGim/r5IsdB6IgK7mYXUy14m/ud1EhNe+ymTcWKoJPOHwoQjE6GsAdRnihLDJ5ZgopjNisgQK0yM7algS/CWv7xKmhdlr1L26pelav1pXkceTuAUzsGDK6jCHdSgAQQe4Rle4c0ZOy/Ou/MxX805iwqP4Q+czx/wQpKp</latexit>

SWAP
<latexit sha1_base64="bLqgFj9qisu1hbf4uV3V5z35FsM=">AAAB9HicbVBNSwMxFMzWr1q/qh69BIvgqeyKqMeCF48t2FZol5JN37ahye6avC2UpeC/8OJBEa/+GG/+G7NtD9o68GCYeY9MJkikMOi6305hbX1jc6u4XdrZ3ds/KB8etUycag5NHstYPwTMgBQRNFGghIdEA1OBhHYwus399hi0EXF0j5MEfMUGkQgFZ2glv6sYDrXKEAxOe+WKW3VnoKvEW5AKWaDeK391+zFPFUTIJTOm47kJ+hnTKLiEaambGkgYH7EBdCyNmALjZ7PQU3pmlT4NY20nQjpTf19kTBkzUYHdzEOaZS8X//M6KYY3fiaiJEWI+PyhMJUUY5o3QPtCA0c5sYRxLWxWyodMM462p5ItwVv+8ippXVS9q6rXuKzUGk/zOorkhJySc+KRa1Ijd6ROmoSTR/JMXsmbM3ZenHfnY75acBYVHpM/cD5/ALsbky4=</latexit>

test

<latexit sha1_base64="SsK6+cdFWB4Bs0gTwO9Ck0R8ymU=">AAACGXicbVDLSsNAFJ3UV62vqEs3g0VwVRIRdSMU3bhwUcG0hTaUyWTSDp1MwsxEKGl+w42/4saFIi515d84aaNo64GBM+fcy733eDGjUlnWp1FaWFxaXimvVtbWNza3zO2dpowSgYmDIxaJtockYZQTR1HFSDsWBIUeIy1veJn7rTsiJI34rRrFxA1Rn9OAYqS01DOtMe0KxPuM9LohUgMRptcZPIfOz1e7fgbH1neZWbVq1gRwntgFqYICjZ753vUjnISEK8yQlB3bipWbIqEoZiSrdBNJYoSHqE86mnIUEummk8syeKAVHwaR0I8rOFF/d6QolHIUeroyX1fOern4n9dJVHDmppTHiSIcTwcFCYMqgnlM0KeCYMVGmiAsqN4V4gESCCsdZkWHYM+ePE+aRzX7pGbfHFfrF0UcZbAH9sEhsMEpqIMr0AAOwOAePIJn8GI8GE/Gq/E2LS0ZRc8u+APj4wtio6En</latexit>|iiL = Urand|0i <latexit sha1_base64="PVYRv7SWGvW1hU4WLBhfj1E1o3A=">AAACGXicbVDLSsNAFJ3UV62vqEs3g0VwVRIRdSMU3bisYtpCG8pkMmmHTiZhZiKUNL/hxl9x40IRl7ryb5y0UbT1wMCZc+7l3nu8mFGpLOvTKC0sLi2vlFcra+sbm1vm9k5TRonAxMERi0TbQ5IwyomjqGKkHQuCQo+Rlje8zP3WHRGSRvxWjWLihqjPaUAxUlrqmdaYdgXifUZ63RCpgQjTmwyeQ+fnq10/g2Pru8ysWjVrAjhP7IJUQYFGz3zv+hFOQsIVZkjKjm3Fyk2RUBQzklW6iSQxwkPUJx1NOQqJdNPJZRk80IoPg0joxxWcqL87UhRKOQo9XZmvK2e9XPzP6yQqOHNTyuNEEY6ng4KEQRXBPCboU0GwYiNNEBZU7wrxAAmElQ6zokOwZ0+eJ82jmn1Ss6+Pq/WLIo4y2AP74BDY4BTUwRVoAAdgcA8ewTN4MR6MJ+PVeJuWloyiZxf8gfHxBWxpoS0=</latexit>|iiR = Urand|0i

<latexit sha1_base64="hq7ewdF7cvBkJey56/BZUPLwxKY=">AAACCnicbVA9T8MwEHXKVylfAUYWQ4XEVCUIAWMFC2NBpK3URJHjuq1V24lsB6kKnVn4KywMIMTKL2Dj3+C0GUrLk056eu9Od/eihFGlHefHKi0tr6yuldcrG5tb2zv27l5TxanExMMxi2U7QoowKoinqWaknUiCeMRIKxpe537rgUhFY3GvRwkJOOoL2qMYaSOF9qEX+hzpgeTZ3Rg+Ul8i0WdkRgztqlNzJoCLxC1IFRRohPa3341xyonQmCGlOq6T6CBDUlPMyLjip4okCA9Rn3QMFYgTFWSTV8bw2Chd2IulKaHhRJ2dyBBXasQj05lfqOa9XPzP66S6dxlkVCSpJgJPF/VSBnUM81xgl0qCNRsZgrCk5laIB0girE16FROCO//yImme1tzzmnt7Vq1fFXGUwQE4AifABRegDm5AA3gAgyfwAt7Au/VsvVof1ue0tWQVM/vgD6yvX0Tjm0Y=</latexit>

UR|iiR
<latexit sha1_base64="9BXsJd7p3MyCT/VXnYWnpf3CHRU=">AAACCnicbVA9T8MwEHXKVylfAUYWQ4XEVCUIAWMFCwNDkUhbqYkix3Vbq7YT2Q5SFTqz8FdYGECIlV/Axr/BaTOUlied9PTene7uRQmjSjvOj1VaWl5ZXSuvVzY2t7Z37N29popTiYmHYxbLdoQUYVQQT1PNSDuRBPGIkVY0vM791gORisbiXo8SEnDUF7RHMdJGCu1DL/Q50gPJs9sxfKS+RKLPyIwY2lWn5kwAF4lbkCoo0Ajtb78b45QToTFDSnVcJ9FBhqSmmJFxxU8VSRAeoj7pGCoQJyrIJq+M4bFRurAXS1NCw4k6O5EhrtSIR6Yzv1DNe7n4n9dJde8yyKhIUk0Eni7qpQzqGOa5wC6VBGs2MgRhSc2tEA+QRFib9ComBHf+5UXSPK255zX37qxavyriKIMDcAROgAsuQB3cgAbwAAZP4AW8gXfr2Xq1PqzPaWvJKmb2wR9YX78yKZs6</latexit>

UL|iiL

<latexit sha1_base64="2VeU+LdKK2zWv0Lp3unpYSpSnMY="></latexit>

(c) Method M3: Entanglement testing

<latexit sha1_base64="E7ldhuJx8VlDffc8FAsuZoKL+SI="></latexit>

(b) Method M2: Random initial states
<latexit sha1_base64="dOxeeKYXVYw8i8eEmFC4i8oonxw="></latexit>

(a) Method M1: Channel � state duality

<latexit sha1_base64="1T+/+x7TQDN0Z6juxFA9NL5PrRY="></latexit>

(d) Example: Estimated fidelity F̂

<latexit sha1_base64="VyBYV4uyL83fLP86gIWL5JWF1dM=">AAAB+nicbVDLSsNAFJ3UV62vVJduBovgqiQi6rIoiMsK9gFNKDfTaTt0MgkzE6XEfIobF4q49Uvc+TdO2iy09cDA4Zx7uWdOEHOmtON8W6WV1bX1jfJmZWt7Z3fPru63VZRIQlsk4pHsBqAoZ4K2NNOcdmNJIQw47QST69zvPFCpWCTu9TSmfggjwYaMgDZS3656Y9CpF4IeE+DpTZb17ZpTd2bAy8QtSA0VaPbtL28QkSSkQhMOSvVcJ9Z+ClIzwmlW8RJFYyATGNGeoQJCqvx0Fj3Dx0YZ4GEkzRMaz9TfGymESk3DwEzmGdWil4v/eb1EDy/9lIk40VSQ+aFhwrGOcN4DHjBJieZTQ4BIZrJiMgYJRJu2KqYEd/HLy6R9WnfP6+7dWa1xVdRRRofoCJ0gF12gBrpFTdRCBD2iZ/SK3qwn68V6tz7moyWr2DlAf2B9/gDVEZRg</latexit>

F̂

FIG. 2. Protocols for comparing quantum computations performed
at different nodes of a quantum network. (a) Method M1: Dis-
tributed overlap estimation of Choi states of two quantum channels,
(b) method M2: fidelity estimation for a set of random initial states,
(c) method M3: Bell tests on initially maximally entangled state
onto which unitaries have been appled on each device separately. (d)
Example: comparison of two single-qubit unitaries UL = H and
UR = P(ϕ)H, run on IBM superconducting quantum processor us-
ing m = 16384 shots for each circuit. Bell-basis measurements and
classical post-processing are used for fidelity estimation. H and P
denote Hadamard and phase gate, respectively. The gray curve cor-
responds to the analytical result F = (1 + cosϕ)/2. Statistical error
bars are smaller than labels in this plot.

Upon preparation of the two Choi states ρL and ρR, one of
the protocols from Sec. II A can be used to estimate their over-
lap tr (ρLρR), which quantifies the process fidelity between
UL and UR. In analogy to the fidelity between two quantum
states, the latter compares the quantum operations performed
on both devices [48]. For any unitaries UL and UR, it follows
that the process fidelity

Fp(UL, UR) :=
|tr(U†LUR)|2

d2
(10)

equals the Choi-state overlap, i.e., Fp = tr (ρLρR). Since
0 ≤ Fp ≤ 1 and Fp = 1 if and only if UL = UR, any
of the previously discussed overlap tests, performed on the
Choi states, checks whether both devices have reliably run
the same computation. The fidelity can then be estimated as
before, i.e., F̂p = 2mp/m − 1, up to an error ε and confi-
dence (1 − α) can be gained efficiently by repeating the test
m = O(ln(1/α)/ε2) times.

This method is conceptually simple, but requires the prepa-
ration of maximally entangled states, and a two-fold overhead
in uses of the quantum channel for comparing 2n-qubit states
instead of n-qubit states. When applied to a simple example,
on four qubits of a single quantum processor in which two
qubits each mimic one of the two devices, the performance is
the worst of all three methods M1-M3, cf. Fig. 2(d). More
details are provided in App. D.

2. Method M2: Sampling initial states

Another set of strategies for comparing unitary operations
between devices relies on random sampling of initial states,
applying the unitaries on each device and comparing the re-
sulting states using one of the above schemes. Averaging over
the outcome for a few initial states yields an estimate for the
similarity of the two unitaries UL and UR. Here we distin-
guish between three different instances of this approach. In
contrast to methods M1 and M3, these approaches (except for
one) do not require the preparation of entangled states as an
additional resource.

We first consider a method to estimate Eq. (10) using one
of the above state-comparison protocols, which is based on
sampling Haar-random initial states. Then we utilize the
so-called Hadamard test to obtain an efficient estimate of
tr(U†LUR)/d =

∑
p〈p|U

†
LUR|p〉/d by sampling a few states

|p〉 from a complete basis. The Hadamard test is different
from the SWAP test and Bell-basis measurements shown in
Fig. 1 and is briefly reviewed in App. D. Finally, we discuss a
method that is, again, based on overlap estimation via SWAP
tests or Bell-basis measurements [Sec. II A] and provides ac-
cess to an overlap measure different from the process fidelity
in Eq. (10). For current experimental implementations, as we
will see, the latter is the most straightforward one to realize.

(i) Sampling from unitary 2-designs.—The process fidelity
defined in Eq. (10) can also be expressed as [49, 50]

Fp(UL, UR) =
(d+ 1)Fav(UL, UR)− 1

d
, (11)

in terms of an average fidelity, which can be obtained as an
average over a finite set of initial states,

Fav(UL, UR) =
1

K

K∑

k=1

|〈k|U†LUR|k〉|2, (12)

with |k〉 = Uk|0〉. The unitaries U1, ..., UK must form a 2-
design, which can be approximated by random quantum cir-
cuits [51].

The sum in Eq. (12) contains the state fidelities
F(UL|k〉, UR|k〉) which are estimated using one of the
schemes from above, separately for each initial state |k〉,
cf. Fig. 2(b). Denoting the success probability of passing
the kth test by pk = m

(k)
p /m(k), the process fidelity can be

estimated as F̂p = 2(d + 1)/(Ld)
∑L
k=1 pk − (d + 2)/d

using L initial states Uk |0〉 (k = 1, ..., L) sampled from
{Uk}k∈{1,...,K} with replacement.

In Fig. 2(d) it is exemplarily shown that this approach per-
forms significantly better than method M1, when comparing
two single-qubit gates on a single device. In this simple exam-
ple, we estimate all terms in Eq. (12) by repeating the exper-
iment for all K = 24 single-qubit Clifford gates. For larger
systems, Fav can be estimated from a few randomly selected
initial states, and O(1/ε2) repetitions per state to achieve a
ε-close approximation of each term in the sum of Eq. (12).

In Fig. 3 we show a numerical example, where we estimate
F̂p and show the deviation from the true value as a function
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of total number of circuit executions. For this we numeri-
cally simulate a SWAP test to compare a random unitary U
with itself, but the second unitary includes additional random
single-qubit rotations of all n = 5 qubits, cf. App. D for fur-
ther details.

This method requires sampling n-qubit Clifford operators
uniformly at random, and running one of the state-comparison
protocols for each of the randomly drawn initial states. In an
experiment with distant machines, using one of the schemes
S2 or S4, the required number of qubit transmissions per ex-
periment is n.

(ii) Modified Hadamard tests.—The Hadamard test is a
standard method in quantum computation to create random
variables whose expectation values are Re 〈ψ|U |ψ〉 and
Im 〈ψ|U |ψ〉, respectively [52]. It can be adapted to estimate
〈ψ|U†LUR|ψ〉, cf. App. D for details. We consider two ways of
utilizing this test for estimating tr(U†LUR)/d and its absolute
square, Fp(UL, UR).

In the first one we measure 〈p|U†LUR|p〉 for a random vec-
tor p randomly drawn from a probability distribution D such
that Ep∼D[〈p|U†LUR|p〉] = tr(U†LUR)/d. This is equivalent to
sampling |p〉 from the computational basis, i.e., p ∈ {0, 1}n
[53, 54]. Up to an additive error ε, the normalized trace
tr(U†LUR)/d can be efficiently estimated independent of sys-
tem size, by sampling mb = O(ln(1/α)/ε2) basis states.
A numerical example for the required number of samples is
shown in Fig. 3, where the two compared unitaries differ only
by random single-qubit rotations.

Another way of using the Hadamard test to compareUL and
UR is by preparing a maximally entangled state between both
registers, and applying controlled unitaries CUL and CUR

with an ancilla acting as a control. This way, we can es-
timate tr(U∗LUR)/d using O(ln(1/α)/ε2) repetitions of the
experiment. If the devices were to implement UL = U and
UR = UT , for a given unitary U , this allows to measure
|tr(U†U)|2/d2 = Fp(U,U) = 1 and deviations from a reli-
able implementation of U and UT may be detected by finding
a process fidelity smaller than one.

These methods both require the implementation of con-
trolled unitaries at both devices. In the first one we need to
transmit (n + 1) qubits between the devices, and in the sec-
ond one we need to prepare a maximally entangled state at the
beginning, and transmit only one qubit later.

(iii) Sampling computational basis states.—While the pre-
vious sampling algorithms enable efficient comparison of two
unitaries based on the metric Fp defined in Eq. (10), here we
mention a conceptually simpler method that allows to effi-
ciently obtain an estimate of

Fsq :=
1

d

∑

p∈{0,1}n
|〈p|U†LUR|p〉|2, (13)

which is one if and only if UL = UR. To measure each term in
this sum, it is sufficient to prepare the two registers in a prod-
uct state and perform one of the state-comparison protocols.
We estimate F̂sq =

∑mb

k=1(1/mb)|〈pk|U†LUR|pk〉|2, drawing
mb basis states uniformly at random from the computational
basis. We obtain an estimate of Fsq, up to an additive error ε,

FIG. 3. Numerical results from fidelity estimation using the different
strategies outlined under the section Sec. II B (Method M2). The
estimates are obtained from simulating a SWAP test for a random 5-
qubit unitary UL and UR = MUL, where M is a product of random
single-qubit rotations. The total number of samples m = msmb

is plotted against the mean value of the absolute difference between
the estimated and actual fidelities. For each initial state we execute
the circuit ms = 100 times and collect statistics by sampling mb ∈
{4, 8, ..., 32} initial states. Error bars are obtained from bootstrap
sampling.

by sampling mb = O(1/ε2) states. An example of the per-
formance of this method, for the case of random single-qubit
rotations considered before, is shown in Fig. 3. The number
of necessary single-qubit transmissions is n, using either of
the schemes S2 or S4. This approach is the most suitable for
current hardware, as the comparison of two unitaries reduces
to the comparison of states [Sec. II A], for a few randomly
selected states that are easy to prepare.

3. Method M3: Entanglement testing

The comparison of two remote computations may also be
performed by running a series of entanglement tests. To
this end, the devices may be prepared in an entangled state,
such that the entanglement is distributed across the devices,
cf. Fig. 2(c). Suppose they are prepared in a maximally en-
tangled state, e.g., |Φ+〉 = (1/

√
d)
∑d−1
i=0 |iL〉 ⊗ |iR〉. Since

(U ⊗ 1)|Φ+〉 = (1 ⊗ UT )|Φ+〉, the state is invariant under
transformations of the form U ⊗ U∗.

If UL is applied on the left device, the full state will remain
maximally entangled if and only if UR = U∗L is applied on
the right device. Hence if UL = U and UR = U∗ are per-
fectly implemented, the CHSH test statistic 〈S〉 = 2

√
2 sat-

urates Tsirelson’s bound, and imperfections may be detected
by deviations from this value. The implemented quantum op-
erations on both devices may thus be compared by testing the
amount of entanglement that remains in the final state.

In Fig. 2(d) we demonstrate this for the same single-qubit
example that we used already for the previous methods. We
perform a CHSH experiment on a SC quantum processor
and compare the outcomes with the analytical result 〈S〉 =

2
√

2F , cf. App. D, finding reasonably good agreement. In
practice, the main bottleneck of this approach is the prepa-
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(a) False negatives
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(b) False positives

FIG. 4. Estimated fidelity F̂(|Ψ〉 , |Ψ̃〉) for initially prepared states
(a) |Ψ〉 = |Ψ̃〉 = |+〉⊗n and (b) |Ψ〉 = |+〉⊗n, |Ψ̃〉 = |−〉⊗n,
respectively, as a function of number of qubits n. Circuit shown
in Fig. 1(b) performed on superconducting (IBM, denoted by blue
squares) and trapped-ion (IonQ, denoted by gray stars) quantum pro-
cessors. In the legend it is denoted by “SWAP” for brevity. An-
other estimate is obtained from randomized measurements (orange
diamonds) on the same SC device. Statistical error bars are given
for each data point. Each circuit is executed in 65536 times. False-
negative and false-positive rates are given by 1 − F̂ in (a) and F̂ in
(b), respectively.

ration of a maximally entangled state between the two de-
vices. However, it does not require any additional quantum
state transfer.

C. Imperfections

In the protocols above, we may distinguish between two
kinds of imperfections, i.e., (i) local errors on individual
nodes, which affect schemes S1 and S2 most severely, and
(ii) errors that occur due to imperfect state transfer. Here we
provide simple examples and map out typical errors of the first
kind on superconducting and trapped-ion quantum processors.
They lead to false positives and negatives in the classification
of pass and fail outcomes in the fidelity-estimation procedure.
Then we briefly give a perspective on imperfect state transfer
and how it limits the implementation of the protocols.

Local errors.—Imperfect gates and finite relaxation times
may be characterized for each node separately. Randomized
benchmarking can be used to estimate average error rates
under the implementation of random gate sequences [55].
Sources of error include measurement and qubit errors (re-
laxation and dephasing), finite gate durations and gate errors,
but also crosstalk between gates. The latter is often dominated
by non-local and parallelized gates. The ancilla-free test from
Fig. 1(b) may involve the parallel execution of CNOT gates
and provide a blueprint of such errors.

In Fig. 4 we show the estimated fidelity for target states that
are (a) identical (F = 1) and (b) orthogonal (F = 0), respec-
tively. We employ two methods to estimate the fidelity be-
tween initially prepared states, i.e., Bell-basis measurements
and randomized measurements (see Ref. [17] for further de-
tails). For both methods, we compare two subsystems with

n = (1 − 5) qubits, and naturally find that the fidelity tends
to decrease as a function of system size due to qubit, gate and
measurement errors.

False negatives, i.e., the erroneous declaration of failed test
runs when they should ideally yield only pass instances for
identical target states, are depicted in Fig. 4(a). For both ar-
chitectures the estimated fidelity is consistent with an expo-
nential decay. However the exact dependence on system size
is slightly more involved and depends on the particular device.
The non-monotonous behaviour may be due to crosstalk er-
rors. Using randomized measurements, the estimated fidelity
is closer to a simple exponential decay.

False positives, i.e., the erroneous declaration of passed test
runs when they should ideally yield only fail instances for or-
thogonal target states, are depicted in Fig. 4(b). The estimated
fidelities are close to zero, as expected, except for some out-
liers at particular system sizes. This may again be attributed
to non-local errors. If it were caused mainly by decoherence
and other sources of gate infidelity, it should equally affect
the randomized-measurement results. However the latter are
consistently much closer to the ideal target value. This is in
agreement with numerical simulations (not shown) that in-
clude various noise sources except non-local gate errors. We
find qualitatively similar results for other pairs of orthogonal
target states.

Imperfect transfer.—In addition to local errors on each
node, the realization of distributed protocols is limited by er-
roneous and leaky state transfer over a waveguide, e.g., an op-
tical fibre, a cryogenic microwave link or an acoustic waveg-
uide. Possible error sources include particle loss and non-
linear dispersion of the waveguide. On-chip and state-transfer
errors have to be considered together: e.g., photons with nar-
rower bandwidth are more robust against distortion and yield
higher transfer fidelities [56]; however, protocols involving
narrower photons require more time, which leads to a trade-off
between imperfect state transfer and stationary qubit decoher-
ence. Here we estimate achievable fidelities of the distributed
SWAP (S1) and Bell-basis (S2) protocols, based on a simple
scaling analysis.

We may distinguish between four main sources of error,
i.e., (i) imperfect state transfer with fidelities Fst < 1, (ii)
finite qubit decoherence rates Γ = 1/T1, (iii) gate fidelities
Fg < 1, and (iv) readout errors 1−Fr > 0. Here Fg denotes
the joint fidelity of each separate block in Figs. 1(a) and (b).
Based on Eqs. (5) and (6) we estimate the protocol success
rates

pS1 = [Fst exp (−ΓTblock)]
2n Fng Fr,

pS2 = [Fst exp (−ΓTblock)FgFr]
n
,

(14)

where Tblock denotes the duration of a single block in Fig. 1.
The poorer scaling of S1 is related to the fact that the ancilla
qubit is measured only at the end of the protocol. If the qubits
are not sent back to the sending node in Fig. 1(c), the scaling
is improved, i.e., pS1 ∝ Fnst.

We note that the discussed methods are supposed to be use-
ful for reasonably good devices. For a fixed error rate, the
fidelity of states on each device will itself decrease exponen-
tially with system size and the estimation procedures become
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less useful. On the other hand, they may be useful when ap-
plied to the logical qubits of fault-tolerant quantum comput-
ers. An analysis of these aspects is beyond the scope of this
work.

III. IMPLEMENTATIONS

The protocols discussed in Sec. II may be implemented
with several physical platforms. The main ingredient is quan-
tum communication between spatially separated nodes [25].
Motivated by recent progress, we discuss prospects for fu-
ture experimental investigations with different physical sys-
tems, and provide realistic estimates for achievable fidelities
and system sizes in state-of-the-art architectures.

A. Superconducting circuits

Most physical building blocks for implementing the
schemes discussed in Sec. II A have already been demon-
strated in experiments with SC circuits. All protocols rely
on quantum transmission across a quantum link, but they dif-
fer in terms of various details. Scheme S1 is based on the
standard SWAP test and has a higher gate count than the
remaining schemes. The circuit of the SWAP test involves
a controlled-SWAP (Fredkin) gate, which may be decom-
posed into two controlled-NOT gates and one Toffoli gate, see
Fig. 1(a). The latter has been realized with SC qubits already
in [57], and state-of-the-art architectures can realize high-
fidelity three-qubit gates [58]. Scheme S2 requires only n
two-qubit gates, which are routinely realized with high fidelity
in current setups. The realization of scheme S3 relies on in-
teractions between traveling and stationary qubits [33], which
have recently been harnessed to implement a qubit-photon
controlled-phase gate [34]. The implementation of scheme S4
requires two-photon interference, and Hong-Ou-Mandel coa-
lescence at microwave frequencies has been demonstrated be-
fore [59]. Here, the coincidence count rate of photonic states
emitted from separate nodes, cf. Fig. 5(b), depends on the de-
tails of their mode functions. With rapid improvements in chip
and transmission quality, the realization of cross-verification
schemes may soon be possible with SC circuits.

Fidelities.—SC qubits feature relatively fast two-qubit gate
times ∼ (10 − 100) ns with high fidelities > 0.99 and qubit
coherence times exceeding 100 µs [60]. Moreover, quantum
processors based on superconducting qubits can be connected
by coherent quantum links in state-of-the-art experiments, and
they are well-suited for network-based quantum operations as
required for implementing distributed algorithms. A possible
physical realization of the basic building block, i.e., quantum
state transfer, is schematically depicted in Fig. 5(a) and dis-
cussed in detail in Ref. [22]. It involves a waveguide of length
L that connects two resonators, each coupled to an artificial
atom via a time-dependent coupling g(t). The coupling be-
tween cavity and waveguide is governed by the cavity decay
rate κ. The qubit-resonator coupling g(t) can be chosen such
that the state of the qubit is mapped onto a time-symmetric

photonic state which travels through the waveguide and is
reabsorbed at the second node, realizing high-fidelity state
transfer only limited by physical information loss. Recently
this protocol has successfully been implemented to connect
two transmon qubits located in two spatially separated dilu-
tion refrigerators, achieving an average state-transfer fidelity
of Fst ≈ 0.86 [23]. Future improvements are expected to lead
to much higher values [56]. Based on realistic and optimistic
coherence times, gate and transfer fidelities, in Fig. 5(c) we
estimate achievable protocol success probabilities according
to Eq. (14). We project that schemes based on Bell-basis mea-
surements may allow for success rates > 0.7 at system sizes
of up to n ≈ 20 qubits per node.

B. Trapped ions

Owing to their long trapping lifetimes and coherence times,
trapped ions are a main contender for realizing useful quan-
tum algorithms and communication protocols. Deterministic
ion-photon interfaces based on optical cavities enable quan-
tum state transfer between different nodes of a network via
the polarization degree of freedom of photons [61]. Such pho-
tonic interconnects may be used to couple separate ion regis-
ters [62, 63] and entangle distant ions [64]. Recently, remote
entanglement of trapped-ion qubits has been achieved at rates
approaching those of local operations, and heralded Bell pairs
have been created with high reported fidelities (≈ 0.94) and
at fast rates [65]. Anticipating further progress in this field,
soon trapped-ion systems may thus be used to realize proofs
of concept of entanglement-based verification protocols such
as those mentioned in Sec. II B or in the context of interac-
tive proofs [11]. Improved photon-based information transfer
may enable the implementation of scalable, distributed SWAP
tests with trapped-ion platforms. Several important ingredi-
ents have already been demonstrated in the past. A three-
qubit Toffoli gate with a fidelity > 0.7 has been implemented
in Ref. [66]. Hong-Ou-Mandel interference experiments may
be performed on photons and phonons [67]. Single photons
emitted by trapped ions, separated by ∼ 2 m, show highly
suppressed coincidence count rates for indistinguishable pho-
tons as compared to distinguishable photons [68]. Future im-
provements of photonic mode matching and back-reflection
will further improve these results.

C. Other platforms

There is a variety of other physical systems that are be-
ing actively explored as constituents of quantum networks, in-
cluding other information carriers than photons. Based on sig-
nificant improvements in various fields, it will be interesting to
further investigate their case-specific advantages for network-
based protocols. For instance, some setups may be ideally
suited for implementing high-fidelity cross-platform verifica-
tion protocols based on interference experiments while oth-
ers are ideally suited for gate-based schemes. Such unique
advantages of specific platforms can also be exploited by in-
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FIG. 5. Schematic illustration of quantum optical implementation of state-transfer and overlap-estimation schemes. (a) Qubits with finite
relaxation rate Γ interacting with cavity mode via time-dependent coupling g(t). Cavity decay rate κ determines photon loss into waveguide
of length L that is connected to another cavity at the second node of a network. High-fidelity state transfer between the nodes may be realized
by choosing time-symmetric g(t) and coupling the qubit at the second node to its cavity via the time-reversed coupling g(−t) [25]. Scheme
S2 depicted in Fig. 1 requires Bell-basis measurements, indicated by dashed box. State overlap may be deduced via classical post-processing.
(b) In scheme S4, the state overlap between distant quantum states is estimated from a Hong-Ou-Mandel interference experiment, e.g., using
microwave photons. The state overlap can be obtained from the coincidence counts on the output detectors and classical post-processing. (c)
Success rate of schemes S1 (blue squares and shaded region) and S2 (red squares and shaded region) as estimated from Eq. (14). Additional
data points (gray stars and shaded region) show estimated success rate for S1 without sending back the qubits to the sending node in Fig. 1(c).
Parameters: 1 − Fst = (0.75 − 1) × 10−2, ΓTblock = (2.5 − 7.5) × 10−3, 1 − Fr = 10−3, 1 − Fg = (2.5 − 5.0) × 10−2 (S1) and
1−Fg = (0.5− 1)× 10−2 (S2), respectively.

terlinking different platforms, as has been achieved, e.g., for
a heterogenous network of a cold atomic ensemble optically
connected to a rare-earth-doped crystal [69]. Solid-state ar-
chitectures may be coherently connected by phononic quan-
tum links, e.g., based on surface acoustic waves as proposed
[70] and realized [71] in recent years. Demonstrations of
qubit teleportation between distant color defects in diamond
pave the way for increased communication rates and fideli-
ties in quantum networks connecting separate solid-state spin
qubit registers [72]. Quantum-dot single-photon sources can
produce highly indistinguishable photons that may be useful
for various communication protocols [73], including scheme
S4 outlined in Sec. II A. Another possibility are tweezer ar-
rays of Rydberg atoms [74], in which high fidelity gates in
large arrays of qubits have been realized [75]. More chal-
lenging in this platform are quantum links, but substantial
progress has been made for example with nanophotonic inter-
faces [76]. Proof-of-principle experiments could also be done
by dividing a single tweezer array into two spatially separated
arrays, between which atoms can be transported coherently
[77]. All these and a range of other developments may enable
near-term realizations of verification protocols in small- and
intermediate-scale quantum networks, that may be tested and
eventually deployed in large-scale networks [78].

IV. CONCLUSIONS & OUTLOOK

In conclusion, we have described verification techniques
for quantum states and computations in quantum networks.
From a practical perspective, near-term realization of efficient
verification protocols will provide invaluable benchmarking
tools and essential means for gaining trust and confidence in
quantum devices, and their ability to perform computations

or prepare specific quantum states. On a more fundamental
level, access to coherent quantum state transfer and SWAP
tests provides an exponential advantage over protocols that
rely on classical communication, in terms of experimentally
required resources [79], at least if one discounts errors in the
protocols. Future studies are required for a detailed analysis
of erorr sources, and how to correct for them.

Motivated by recent experimental achievements, which
have set the stage for high-fidelity state transfer between
distant quantum processors, we have analyzed prospects for
cross-platform verification. To this aim, we have distin-
guished between four different state-comparison schemes
based on the SWAP test and Bell-basis measurements, and
discussed their scaling of required resources with system
size. While the communication complexity scales linearly
with input size in all considered cases, Bell-basis measure-
ments are generally less demanding and may already be re-
alized with state-of-the-art experimental setups. We estimate
that this may allow for relatively faithful state comparisons of
n ≈ (10 − 20)-qubit states in forthcoming superconducting-
circuit architectures. Protocols for state comparison also pro-
vide means for efficiently comparing quantum computations.
We have considered three ways for how this connection can be
made explicit, using the channel-state duality, averaging over
random initial states and entanglement witnesses.

The dawn of quantum networks connecting intermediate-
scale quantum processors at each node provides an ideal test
bed for a variety of other verification paradigms. For in-
stance, variations of the distributed SWAP test may be uti-
lized to distinguish states belonging to different entanglement
classes [80]. In quantum networks with multiple nodes, dis-
tributed protocols may be useful for multivariate trace estima-
tion [81]. Other exciting directions to be explored in near-
term quantum networks include the experimental exploration
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of quantum algorithmic measurements [79], error mitigation
[82], multi-core computing [83] and interactive verification
protocols [11]. While many of these tasks are still challenging
for implementations, some have milder resource requirements
and may soon be implemented in practice. Deploying such
protocols will help to establish a broad experimental toolbox
for quantum verification.
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Supplemental Materials: Cross-Platform Verification in Quantum Networks

This Supplemental Material is structured as follows. In Sec. A we provide a brief summary of the SWAP test and Bell-basis
measurements and show experimental results of both tests, obtained on a superducting quantum device, applied to a simple
example. Sec. B summarizes the basic steps of the distributed protocols from the main text. In Sec. C we summarize statistical
tools that can be used to derive confidence intervals of the fidelity estimates. Sec. D contains a summary of the methods
introduced in Sec. II B, targeted at comparing quantum operations at different nodes.

Appendix A: Comparison of quantum states

Full quantum state tomography can be considered the gold standard for verification and benchmarking of small quantum
systems [6]. QST yields access to all entries of the density matrix of a quantum state, but this level of information comes at
a highly increased cost of required measurement resources. Despite the existence of improved tomography protocols based on
compressed sensing [84], the required measurement budget still scales exponentially with the system size. Luckily, in many
applications a full reconstruction of the density matrix is not needed. For example, sometimes a given state shall be compared
to an ideal target state, or compared to another unknown state.

Fidelity estimation.—Two quantum states ρ and ρ̃ may be compared by measuring their Uhlmann fidelity F(ρ, ρ̃) =(
tr
√
ρ
√
ρ̃ρ
)2

, or by the expression (1) introduced in the main text. In case one state is pure, F(ρ, ρ̃) = tr (ρρ̃) and if both

ρ = |Ψ〉〈Ψ| and ρ̃ = |Ψ̃〉〈Ψ̃| are pure, F(|Ψ〉 , |Ψ̃〉) = |〈Ψ|Ψ̃〉|2 is simply the modulus squared of the overlap between the state
vectors. In many scenarios, a quantum state shall be compared to an ideal target state to assess the quality of an experiment
and its computational output. In that case, direct fidelity estimation provides a means to estimate the fidelity with respect to
the target state using only Pauli measurements, and fewer measurements than QST [8]. For special classes of states, which are
of importance in quantum information processing, there exist methods to efficiently estimate the fidelity with only polynomial
measurement costs. For example, Dicke states [85], hypergraph states [86] and GHZ states [87] allow for efficient fidelity es-
imation techniques using only local measurements. In other settings, the task might be to estimate the fidelity of two a priori
unknown quantum states. In that case, F (ρ, ρ̃) may not be inferred from prior knowledge of a given target state.

SWAP test.—The standard procedure for obtaining the state overlap between two unknown states ρ and ρ̃ is based on the
so-called SWAP test [26]. For simplicity, let us consider two pure quantum states |Ψ〉 and |Ψ̃〉 and an ancillary qubit denoted by
|·〉anc. The quantum circuit depicted in Fig. 1(a) describes the SWAP test to estimate the modulus of the state overlap, |〈Ψ|Ψ̃〉|.
After execution of the circuit and before the measurement, the entire system is in the state

|Ψ〉tot =
1

2
|0〉anc⊗

(
|Ψ〉 |Ψ̃〉+ |Ψ̃〉 |Ψ〉

)
+

1

2
|1〉anc⊗

(
|Ψ〉 |Ψ̃〉 − |Ψ̃〉 |Ψ〉

)
, (A1)

and the outcome of a computational-basis measurement on the ancilla qubit yields 1 with probability (1−| 〈Ψ|Ψ̃〉 |2)/2. Repeated
execution of the SWAP test may be used to deduce |〈Ψ|Ψ̃〉|. The only measurement in the SWAP test is performed on the ancilla,
not on |Ψ〉 or |Ψ̃〉, which makes the test non-destructive.

<latexit sha1_base64="n1Wqo78dHKlgHGAVoFGLh8wYG34=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2FXRD0GvHhM0DwgWcLsZDYZMju7zPQKYQn4A148KOLVL/Lm3zh5HDSxoKGo6qa7K0ikMOi6305ubX1jcyu/XdjZ3ds/KB4eNU2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo9up33rk2ohYPeA44X5EB0qEglG00n2ZnveKJbfizkBWibcgJVig1it+dfsxSyOukElqTMdzE/QzqlEwySeFbmp4QtmIDnjHUkUjbvxsduqEnFmlT8JY21JIZurviYxGxoyjwHZGFIdm2ZuK/3mdFMMbPxMqSZErNl8UppJgTKZ/k77QnKEcW0KZFvZWwoZUU4Y2nYINwVt+eZU0LyreVcWrX5aq9ad5HHk4gVMogwfXUIU7qEEDGAzgGV7hzZHOi/PufMxbc84iwmP4A+fzB7Umjd8=</latexit>

(a)
<latexit sha1_base64="f9zy1IkqjFgY3t9eF5/S2XRNGdU=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2FXRD0GvHhM0DwgWcLsZDYZMju7zPQKYQn4A148KOLVL/Lm3zh5HDSxoKGo6qa7K0ikMOi6305ubX1jcyu/XdjZ3ds/KB4eNU2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo9up33rk2ohYPeA44X5EB0qEglG00n05OO8VS27FnYGsEm9BSrBArVf86vZjlkZcIZPUmI7nJuhnVKNgkk8K3dTwhLIRHfCOpYpG3PjZ7NQJObNKn4SxtqWQzNTfExmNjBlHge2MKA7NsjcV//M6KYY3fiZUkiJXbL4oTCXBmEz/Jn2hOUM5toQyLeythA2ppgxtOgUbgrf88ippXlS8q4pXvyxV60/zOPJwAqdQBg+uoQp3UIMGMBjAM7zCmyOdF+fd+Zi35pxFhMfwB87nD7arjeA=</latexit>

(b)

FIG. 6. FidelityF(|ψ〉, |ψ̃〉) for states |ψ〉 = (|0〉+|1〉)/
√

2 and |ψ̃(θ, ϕ)〉 = (cos(θ)|0〉+sin(θ)eiϕ|1〉) prepared on IBM quantum processor
ibm manila, obtained via measurements in computational basis and classical post-processing and (a) as a function of θ at ϕ = 0, (b) as a
function of ϕ at θ = π/4. Green line is exact overlap for ideal target states. Each data point is constructed from 65536 shots. Statistical error
bars are smaller than labels.
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Bell-basis measurements.—Bell-basis measurements, as described by the circuit in Fig. 1(b), may be regarded as an alternative
to the SWAP test that requires no ancilla and less intensive use of rather costly two-qubit gates, at the expense of destructive state
measurements and additional classical post-processing. This has been previously described in Refs. [28, 29]. Measurements
on both subsystems yield two bitstrings B1...Bn and C1...Cn, cf. Fig. 1(b). The parity P of the bitwise AND operation,
Pi = Bi ∧ Ci (i = 1, ..., n), determines whether |Ψ〉 and |Ψ̃〉 pass the test. If P =

∑
i Pi is even, they pass and otherwise

fail the test. Repeated execution yields an estimate of the state overlap, similar as described above. Note that the circuit has
a constant depth of two, assuming full connectivity between the qubit pairs in Fig. 1(b), which compares favorably with the
linearly growing circuit depth in Fig. 1(a). This is of practical relevance, as discussed in Ref. [29] and highlighted in Fig. 6.
Here, we compare the analytically known fidelity F(|ψ〉 , |ψ̃(θ, ϕ)〉), for two given states as a function of parameters θ and
ϕ, with an estimate obtained from executing the circuits in Fig. 1 on a superconducting quantum processor. The ancilla-free
algorithm performs significantly better due to its reduced gate count and shorter circuit.

Appendix B: Distributed overlap estimation

In this appendix, we summarize the steps of the distributed protocols discussed in Sec. II.

1. Scheme S1

The scheme S1 is depicted in Fig. 1(c). Initially |Ψ〉n1 and |Ψ̃〉n2 are prepared at two separate nodes of a quantum network.
The storage and operational ancilla qubits |0〉st and |0〉op are located at the second node. Using a state-transfer protocol T , the
full state is mapped onto

|Ψ〉n1
node 1

⊗ |0〉st ⊗ |Ψ̃〉n2 ⊗ |0〉op
node 2

T−→


∑

i2,...

ai2,... |0, i2, ...〉 ⊗ α1 |0〉st +
∑

i2,...

bi2,... |0, i2, ...〉 ⊗ β1 |1〉st


⊗ |Ψ̃〉 ⊗ |0〉op

=


∑

i2,...

ai2,... |0, i2, ...〉 ⊗ α1 |0〉st +
∑

i2,...

bi2,... |0, i2, ...〉 ⊗ β1 |1〉st




⊗


α̃1 |0〉1̃ ⊗

∑

i2,...

ãi2,... |i2, ...〉+ β̃1 |1〉1̃ ⊗
∑

j2,...

b̃j2,... |j2, ...〉


⊗ |0〉op

The operational ancilla takes the role of the auxiliary qubit in Fig. 1(a). A Hadamard gate is applied to the operational ancilla,
to perform a SWAP test between the two nodes:

H−→


∑

i2,...

ai2,... |0, i2, ...〉 ⊗ α1 |0〉st +
∑

i2,...

bi2,... |0, i2, ...〉 ⊗ β1 |1〉st




⊗


α̃1 |0〉1̃ ⊗

∑

i2,...

ãi2,... |i2, ...〉+ β̃1 |1〉1̃ ⊗
∑

j2,...

b̃j2,... |j2, ...〉


⊗

|0〉op + |1〉op√
2

,
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followed by a Fredkin (controlled-SWAP) gate,

cSWAP−→ 1√
2
×
[
∑

i2,...

ai2,... |0, i2, ...〉n1


⊗

(
α1α̃1 |0〉st ⊗ |0〉1̃

)
⊗


∑

j2,...

ãi2,... |j2, ...〉n2


⊗ |0〉op

+


∑

i2,...

bi2,... |0, i2, ...〉n1


⊗

(
β1α̃1 |1〉st ⊗ |0〉1̃

)
⊗


∑

j2,...

ãi2,... |j2, ...〉n2


⊗ |0〉op

+


∑

i2,...

ai2,... |0, i2, ...〉n1


⊗

(
α1β̃1 |0〉st ⊗ |1〉1̃

)
⊗


∑

j2,...

b̃i2,... |j2, ...〉n2


⊗ |0〉op

+


∑

i2,...

bi2,... |0, i2, ...〉n1


⊗

(
β1β̃1 |1〉st ⊗ |1〉1̃

)
⊗


∑

j2,...

b̃i2,... |j2, ...〉n2


⊗ |0〉op

+


∑

i2,...

ai2,... |0, i2, ...〉n1


⊗

(
α1α̃1 |0〉st ⊗ |0〉1̃

)
⊗


∑

j2,...

ãi2,... |j2, ...〉n2


⊗ |1〉op

+


∑

i2,...

bi2,... |0, i2, ...〉n1


⊗

(
β̃1α1 |1〉st ⊗ |0〉1̃

)
⊗


∑

j2,...

ãi2,... |j2, ...〉n2


⊗ |1〉op

+


∑

i2,...

ai2,... |0, i2, ...〉n1


⊗

(
α̃1β1 |0〉st ⊗ |1〉1̃

)
⊗


∑

j2,...

b̃i2,... |j2, ...〉n2


⊗ |1〉op

+


∑

i2,...

bi2,... |0, i2, ...〉n1


⊗

(
β1β̃1 |1〉st ⊗ |1〉1̃

)
⊗


∑

j2,...

b̃i2,... |j2, ...〉n2


⊗ |1〉op

]

(B1)

Now the qubit is sent back to its original location at node 1. Then the state reads

T †−→ 1√
2
×
[
∑

i1,...

ci1,... |i1, , ...〉n1


⊗


∑

j1,...

c̃i1,... |j1, ...〉n2


⊗ |0〉st ⊗ |0〉op

+


∑

i2,...

ai2,... |0, i2, ...〉n1


⊗

(
α1α̃1 |0〉1 ⊗ |0〉1̃

)
⊗


∑

j2,...

ãi2,... |j2, ...〉n2


⊗ |0〉st ⊗ |1〉op

+


∑

i2,...

bi2,... |0, i2, ...〉n1


⊗

(
β̃1α1 |1〉1 ⊗ |0〉1̃

)
⊗


∑

j2,...

ãi2,... |j2, ...〉n2


⊗ |0〉st ⊗ |1〉op

+


∑

i2,...

ai2,... |0, i2, ...〉n1


⊗

(
α̃1β1 |0〉1 ⊗ |1〉1̃

)
⊗


∑

j2,...

b̃i2,... |j2, ...〉n2


⊗ |0〉st ⊗ |1〉op

+


∑

i2,...

bi2,... |0, i2, ...〉n1


⊗

(
β1β̃1 |1〉1 ⊗ |1〉1̃

)
⊗


∑

j2,...

b̃i2,... |j2, ...〉n2


⊗ |0〉st ⊗ |1〉op

]
.

(B2)

This is the intermediate state of the full system at the end of block 1, cf. Fig. 1(c). This procedure is repeated for all n pairs of
qubits, before the final Hadamard gate in Fig. 1(a) maps |0〉op → (|0〉op + |1〉op)/

√
2 and |1〉op → (|0〉op − |1〉op)/

√
2. If both

states |Ψ〉n1 and |Ψ̃〉n2 were single-qubit states, the protocol would end here with a measurement of the operational ancilla in
the computational basis. Otherwise, the test continues in full analogy to the ordinary SWAP test on a single device, cf. Fig. 1(a).
The final state before the measurement will be given by Eq. (A1). If all coefficients c~i and c̃~i in Eq. (2) coincide, the ancilla will
always be found in the state |0〉op.
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2. Scheme S2

Similarly, the step-by-step evolution of the full state in scheme S2 starts with state transfer from node 1 to node 2, followed
by a CNOT gate at node 2,

|Ψ〉n1
node 1

⊗ |0〉st ⊗ |Ψ̃〉n2
node 2

T−→


∑

i2,...

ai2,... |0, i2, ...〉n1 ⊗ α1 |0〉st +
∑

i2,...

bi2,... |0, i2, ...〉n1 ⊗ β1 |1〉st


⊗ |Ψ̃〉n2

=


∑

i2,...

ai2,... |0, i2, ...〉n1 ⊗ α1 |0〉st +
∑

i2,...

bi2,... |0, i2, ...〉n1 ⊗ β1 |1〉st




⊗


α̃1 |0〉1̃ ⊗

∑

i2,...

ãi2,... |i2, ...〉+ β̃1 |1〉1̃ ⊗
∑

j2,...

b̃j2,... |j2, ...〉




cNOT−→


∑

i2,...

ai2,... |0, i2, ...〉n1


⊗

(
α1α̃1 |0〉st ⊗ |0〉1̃

)
⊗


∑

j2,...

ãj2,... |j2, ...〉n2




+


∑

i2,...

ai2,... |0, i2, ...〉n1


⊗

(
α1β̃1 |0〉st ⊗ |1〉1̃

)
⊗


∑

j2,...

b̃j2,... |j2, ...〉n2




+


∑

i2,...

bi2,... |0, i2, ...〉n1


⊗

(
α̃1β1 |1〉st ⊗ |1〉1̃

)
⊗


∑

j2,...

ãj2,... |j2, ...〉n2




+


∑

i2,...

bi2,... |0, i2, ...〉n1


⊗

(
β̃1β1 |1〉st ⊗ |0〉1̃

)
⊗


∑

j2,...

b̃j2,... |j2, ...〉n2


 ,

where |·〉st denotes the auxiliary storage qubit at node 2. Subsequently a Hadamard gate is applied to the storage qubit which
maps the state onto

H−→ 1√
2

[
∑

i2,...

ai2,... |0, i2, ...〉n1


⊗ α1α̃1

(
|0〉st ⊗ |0〉1̃ + |1〉st ⊗ |0〉1̃

)
⊗


∑

j2,...

ãj2,... |j2, ...〉n2




+


∑

i2,...

ai2,... |0, i2, ...〉n1


⊗ α1β̃1

(
|0〉st ⊗ |1〉1̃ + |1〉st ⊗ |1〉1̃

)
⊗


∑

j2,...

b̃j2,... |j2, ...〉n2




+


∑

i2,...

bi2,... |0, i2, ...〉n1


⊗ α̃1β1

(
|0〉st ⊗ |1〉1̃ − |1〉st ⊗ |1〉1̃

)
⊗


∑

j2,...

ãj2,... |j2, ...〉n2




+


∑

i2,...

bi2,... |0, i2, ...〉n1


⊗ β1β̃1

(
|0〉st ⊗ |0〉1̃ − |1〉st ⊗ |0〉1̃

)
⊗


∑

j2,...

b̃j2,... |j2, ...〉n2




(B3)

For single-qubit states with α1 = α̃1 and β1 = β̃1, the amplitudes of the contribution from |1〉st ⊗ |1〉1̃ cancel. For the case of n
qubits at each node, the above steps are repaeated n times. The state overlap can then be estimated from the parity of the bitwise
AND operation between the measurement outcomes of the storage qubit and the data qubits at the second node. In principle,
these steps may be parallelized at the cost of allowing for additional ancillas.
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FIG. 7. Coincidence probability pc for different time delays δt between arrival times, and otherwise identical photons.

3. Hong-Ou-Mandel

The coincidence count rate on the two output detectors of a Hong-Ou-Mandel interference experiment depend on the single-
photon temporal mode functions. In an setup like the one sketched in Fig. 5, the outcome therefore depends on the qubit-cavity
coupling g(t). Resulting coincidence count rates can be derived as a function of time delay δt between two arriving photons and
other physical parameters [40]. For two identical photons, the probability of finding the photons at two different output ports
vanishes, pc → 0. For two distinguishable photons, pc → 1/2. In an implementation with multiple qubits, this scheme requires
an interference experiment between trains of single photons. Examples for coincidence rates of prototypical mode functions are
provided below and shown in Fig. 7.

Gaussian mode function. Gaussian mode functions of width σ are given by

ψ1(2)(t) =

(
1

πσ2

)1/4

exp

[
− (t± δt/2)

2

2σ2

]
(B4)

The coincidence probability pc of finding the photons both at different output detectors can be calculated as

pc =
1

2

[
1 + exp

(
− (δt)2

2σ2

)]
(B5)

Lorentzian mode function. Lorentzian mode functions are characterized by the decay rate Γ and are given by

ψ1(2)(t) =
√

2Γ exp [−Γ (t± δt/2)] θ(t± δt/2), (B6)

where θ denotes the Heaviside step function. The coincidence probability is then given by

pc =
1

2
[1 + exp (−2Γδt)] (B7)

sech mode function. With the mode function

ψ1(2)(t) =

√
Γ

2
sech

(
Γ (t± δt/2)

2

)
, (B8)

the coincidence probability is found to be given by

pc =
Γδt

4

(
1− csch

(
Γδt

2

))
. (B9)

Appendix C: Estimating confidence intervals

The quantum state fidelity F between two states may be estimated by calculating the probability that these states pass one of
the overlap tests outlined in the main text, i.e., the distributed SWAP test or a Bell-basis measurement. We regard the outcomes
of either of the tests as a Bernoulli trial in which X = 0 denotes fail and X = 1 denotes pass.
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1. Hoeffding’s inequality

Large deviation bounds from statistics can be used to determine confidence intervals for the fidelity estimate, such as the Cher-
noff and Hoeffding bounds. The latter is well-suited for analytically deriving two-sided concentration bounds. Let X1, ..., Xm

be independent random variables, where m is the number of repetitions of our experiment, and Xi ∈ {0, 1},∀i ∈ {1, ...,m}.
With the expectation value E[Xi] = µ, Hoeffding’s inequality takes the form

Pr



∣∣∣∣∣∣

1

m

m∑

j=1

Xi − µ

∣∣∣∣∣∣
≥ ε


 ≤ 2 exp

(
−2mε2

)
. (C1)

The fidelity is related to the success probability by psucc = (1 + F)/2, which leads to Eq. (9). Hence, to achieve an ε-close
approximation of F , with high probability of at least 1− α, we require

α ≥ 2 exp

(
−mε

2

2

)
⇒ m ≥ 2

ln(2/α)

ε2
. (C2)

2. Binomial confidence intervals

Using Maximum Likelihood Estimation (MLE), we find the most likely value for the fidelity, that is F̂ = 2psucc − 1 =
2mp/m − 1, where mp denotes the the number of successful tests (number of times that the test indicates pass). The Clopper-
Pearson interval provides a statistical method for calculating binomial confidence intervals, which we can use to lower- and
upper-bound the fidelity at a given confidence level [88]. Passing the test mp out of m times means that the success probability
will be concentrated around psucc = mp/m. We obtain a lower and upper bound to this probability, denoted by p↑ and p↓,
respectively, at confidence level 1− α, by solving

α/2 =

mp∑

j=0

(
m

j

)
p↑(mp)j(1− p↑(mp))m−j , (C3)

α/2 =

m∑

j=mp

(
m

j

)
p↓(mp)j(1− p↓(mp))m−j , (C4)

numerically or express p↑(mp) and p↓(mp) in terms of quantiles of the F distribution.
From this we can obtain a confidence interval for our fidelity estimate. The number of times mp that two states pass one of

the tests out of m total rounds is described by a binomial mass function. Hence we can use the lower and upper bounds of the
(1− α)-confidence interval and estimate

|F̂ − F| ≤ ε =

m∑

j=0

(
m

j

)
pjsucc(1− psucc)m−j [p↑(j)− p↓(j)] . (C5)

Exemplary results for ε as a function of m are shown in Fig. 8. While the Hoeffding bound gives an easily interpretable and
analytical result, this numerical approach yields tighter bounds.

Appendix D: Comparison of quantum computations

Here, we provide some details of the methods discussed in Sec. II B. The aim of these methods is to utilize efficient state-
comparison schemes to compare remote computations. We assume two n-qubit states with Hilbert space dimensions d = 2n.

1. Method 1: Channel-state duality

In Fig. 2(a), this method is schematically illustrated for two nodes with a computational (subscript “c”) and an ancillary (“a”)
register, each. At each node, both registers are initialized in a maximally entangled state,

|Φ+
σ 〉 =

1√
d

d−1∑

i=0

|iσc 〉 ⊗ |iσa 〉 , (D1)
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where σ ∈ {L,R} denotes the (left and right) nodes.
At each node, a computation is performed locally, that is described by a quantum channel EL and ER, respectively. The Choi

state at each node then reads

ρσ =
1

d

∑

i,j

Eσ(|iσc 〉 〈jσc |)⊗ |iσa 〉 〈jσa | . (D2)

For unitary quantum channels, that can be described by the unitary operators UL and UR, respectively, the overlap of the Choi
states is simply

tr (ρLρR) =
1

d2
tr




∑

i,j

UL |iLc 〉 〈jLc |U†L ⊗ |iLa 〉 〈jLa |




∑

k,l

UR |kRc 〉 〈lRc |U†R ⊗ |kRa 〉 〈lRa |




 (D3)

=
1

d2
tr


∑

i,j,k,l

(
UL |iLc 〉 〈jLc |U†LUR |kRc 〉 〈lRc |U†R

)
⊗
(
|iLa 〉 〈jLa |kRa 〉 |lRa 〉

)



=
1

d2

∣∣∣∣∣
∑

i

〈i|U†RUL|i〉
∣∣∣∣∣

2

=
1

d2

∣∣∣tr(U†LUR)
∣∣∣
2

.

This overlap can be estimated using one of the protocols for distributed overlap estimation.

2. Method 2: Random initial states

a. Random unitaries from unitary 2-design

The final expression in Eq. (D3) is also refered to as the process fidelity:

Fp(UL, UR) =

∣∣∣tr
(
U†LUR

)∣∣∣
2

d2
. (D4)

On the other hand, the average fidelity Fav of a quantum channel E and a unitary quantum gate U can be defined as

Fav(E , U) =

∫
dψ 〈ψ|U†E(|ψ〉〈ψ|)U |ψ〉, (D5)

which quantifies how well U is approximated by E . Here, dψ is the uniform Haar measure on state space. For a unitary channel,
this leads to an expression for the average fidelity between unitaries,

Fav(UL, UR) =

∫
dψ |〈ψ|U†LUR|ψ〉|2, (D6)
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(a) 90% confidence
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(b) 95% confidence
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(c) 99% confidence

FIG. 8. Fidelity F̂ is estimated up to imprecision ε at confidence level 1 − α, where (a) α = 0.1, (b), α = 0.05, and (c) α = 0.01,
respectively. Hoeffding’s bound (red, dash-dotted line) is given in the main text in Eq. (9). The Clopper-Pearson confidence interval (black
stars) is calculated numerically from Eq. (C5). The Wald interval (blue, solid line) is derived from the normal approximation to the binomial
distribution. The dashed orange line shows the threshold for reaching ε = 0.01 at any given confidence level. Other parameters: F =
(1 + cos(π/4))/2.
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which compares the ability of UL and UR on average to make states orthogonal [89]. The expressions in Eq. (D3) and (D6) are
related by [50]

Fp(UL, UR) =
(d+ 1)Fav(UL, UR)− 1

d
. (D7)

The random initial states in (D6) may be generated by applying Haar-random unitaries to the fiducial state |ψ0〉:

Fav(UL, UR) =

∫

U
dµ(U)|〈ψ0|U†U†LURU |ψ0〉|2

=
1

K

K∑

k=1

|〈ψ0|U†kU
†
LURUk|ψ0〉|2, (D8)

where in the last step we have used the fact that dU has support only on a finite set of unitaries. The unitaries {Uk}k∈{1,...,K}
form a unitary 2-design.

The average fidelity can be estimated by sampling unitaries uniformly at random, and measuring the overlap in (D8) via one
of the abovementioned protocols. The process fidelity can be estimated from the averaged fidelity and by means of (D7), and
the confidence intervals can be estimated using standard tools from statistical inference.

b. Computational basis sampling

Here we examine the similarity of two unitary operations UL and UR by comparing the states UL|p〉 and UR|p〉 for different
initial states |p〉. For the initial states, we use the computational basis. The measure

Fsq =
1

d

∑

p∈{0,1}n
|〈p|U†LUR|p〉|2 (D9)

equals one if UL = UR =: U , andFsq < 1 otherwise. By samplingmb initial states uniformly at random from the computational
basis, we define

F̂sq := F (mb)
sq =

1

mb

∑

p∈S
|〈p|U†LUR|p〉|2, (D10)

where S denotes the set of mb basis states that are contained in our samples. Each term in the sum requires sufficiently many
samples to obtain a good approximation of |〈p|U†LUR|p〉|2. Using large-deviation bounds, cf. App. C, to achieve an ε-close
approximation of each term we need ms = O(1/ε2) samples. If each term in Eq. (D10) is estimated up to some error ε, the
propagated uncertainty of the sum is ε/

√
mb. A εm-close approximation of F (mb)

sq thus requires mb ·ms = O(1/ε2m) repetitions
of the state-comparison experiment. By means of Hoeffding’s inequality, it suffices to sample only a few basis states, independent
of system size.

In the numerical example from the main text, we implement UL = U and UR = MU where M is a product of random
single-qubit rotations. Eq. (D10) becomes a good approximation for sufficiently many samples. Numerical results for a 5-qubit
example are shown in Fig. 9(b).

c. Hadamard tests

The normalized trace of a d × d unitary U may be estimated with a standard Hadamard test, cf. Fig. 10(a), using an ancilla
qubit initialized in the |+〉 state, and the n-qubit computational register in the maximally mixed state. After applying the
controlled-U operator to (|+〉〈+|/2)⊗ (Idd/d), and subsequently applying a Hadamard gate to the ancilla qubit, the probability
of measuring the ancilla qubit in 0 becomes [1 + Re tr(U)/d]/2. It can be estimated with accuracy ε and confidence level
(1 − α) using O(ln(2/α)/ε2) repetitions. The imaginary part of tr(U)/d can be estimated similarly by initializing the ancilla
in (|0〉 − i |1〉)/

√
2.

Choosing the initial state of the computational register uniformly at random from the computational basis
{|0, 0, ..., 0〉 , |1, 0, ..., 0〉 , ..., |1, ..., 1〉} is equivalent to inputting the maximally mixed state to the computational register
[53, 90]. The normalized trace may thus be estimated by sampling from the computational basis set.

Modified Hadamard test.—Before the measurement, the modified Hadamard test from Fig. 10(b) yields the state

|Ψ〉tot =
1

2
|0〉anc ⊗ (UL |p〉+ UR |p〉) +

1

2
|1〉anc ⊗ (UL |p〉 − UR |p〉), (D11)
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such that the measurement output is 0 with probability

p
(r)
0 =

1 + Re 〈p|U†LUR|p〉
2

. (D12)

Similarly, initializing the ancilla qubit in |−i〉 = (|0〉 − i |1〉)/
√

2 with an additional S† gate, the measurement result will be 0

with probability p(i)0 = (1 + Im 〈p|U†LUR|p〉)/2. Together, this allows us to estimate

〈p|U†LUR|p〉 = 2(p
(r)
0 + p

(i)
0 · i)− (1 + i). (D13)

As before, here we consider an example where UL = U and UR = MU , where M is a product or random single-qubit
rotations. The normalized trace can be estimated efficiently up to some error ε by sampling O(1/ε2) initial basis states |pk〉
uniformly at random from the computational basis, i.e., tr(U†LUR)/d ≈ (1/mb)

∑mb

k=1〈pk|U
†
LUR|pk〉. Numerical results for

a 5-qubit example are shown in Fig. 9(c), for ms = 102, 103, 104 repetitions of the Hadamard test per basis state and mb ∈
{4, 8, ..., 32} sampled basis states.

To realize the test from Fig. 10(b) between two n-qubit unitaries in a distributed setting with remote devices, (n + 1) qubit
transmissions are required, because the ancilla qubit and an entire register need to be transmitted.

Using maximally entangled registers.—Alternatively, if the two registers are in a maximally entangled state, the Hadamard
test may be performed using the circuit in Fig. 10(c) and transmitting a single qubit. Before the measurement, the Hadamard test
from Fig. 10(c) yields the state

|Ψ〉tot =
1

2
√
d
|0〉anc


∑

j

UL |j〉 ⊗ |j〉+ |j〉 ⊗ UR |j〉


+

1

2
√
d
|1〉anc


∑

j

UL |j〉 ⊗ |j〉 − |j〉 ⊗ UR |j〉


 , (D14)

such that the measurement output is 0 with probability

p
(r)
0 =

1

2
+

1

2d
Re
∑

j

〈j|U∗LUR|j〉. (D15)

Similarly, initializing the ancilla qubit in |−i〉 = (|0〉 − i |1〉)/
√

2 with an additional S† gate, the measurement result will be 0

with probability p(i)0 = (1 + Im
∑
i〈i|U∗LUR|i〉/d)/2. Together, this allows us to estimate

1

d

d−1∑

j=0

〈j|U∗LUR|j〉 = 2(p
(r)
0 + p

(i)
0 · i)− (1 + i). (D16)

If Alice is supposed to implement a unitary UL = UT on her device, and Bob implements UR = U , we can detect deviations
form a perfect implementation, since

4|(p(r)0 − 1)|2 + 4|p(i)0 − 1|2 =
|tr(U∗LUR)|2

d2
=
|tr(U†U)|2

d2
= 1, (D17)

if and only if UL = UTR .
Numerical results of this test for the same single-qubit rotation example described above are included in Fig. 9(c).

<latexit sha1_base64="R5eFlqqJ/WKlSS6GnKztsSwYsJk="></latexit>

(a) Sampling from 2-design to estimate Fp

<latexit sha1_base64="ddCUmVBxDCIwuQryKpcpW1OhPu0="></latexit>

(b) Sampling from comp. basis to estimate Fsq
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(c) Sampling from comp. basis to estimate Fp

FIG. 9. Numerical results obtained with the methods in App. D 2.
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(a) (b) (c)

(a) (b) (c)
|+〉 H a

|ψ〉 U ...

|+〉 H b

|p〉 UL UR

|+〉 H c

|Φ+〉⊗n

UL

UR

FIG. 10. Circuit representation of (a) standard and (b-c) modified Hadamard tests.

3. Method 3: Entanglement tests

The maximally entangled state |Φ+〉 =
∑
j |j, j〉/

√
d remains invariant under transformations of the form U ⊗ U∗, i.e.,

(U ⊗ U∗) |Φ+〉 =
(
1⊗ UTU∗

)
|Φ+〉 =

(
1⊗ (U∗)†U∗

)
|Φ+〉 = |Φ+〉 . (D18)

From this it follows that if Alice applies U , then Bob can apply U∗ and the state remains unchanged. More generally, the istropic
state, i.e., the mixture of completely depolarized noise and the maximally entangled state,

ρ(d)α = α|Φ+〉〈Φ+|+ 1− α
d2

1⊗ 1, (D19)

with −1/(d2 − 1) ≤ α ≤ 1 remains invariant under U ⊗ U∗:

(U ⊗ U∗) ρ(d)α (U ⊗ U∗)† = ρ(d)α . (D20)

If U and U∗ are not perfectly implemented, the final state is not the maximally entangled state. This will be detectable in a
CHSH experiment, as demonstrated in the example given below.

4. Example

Here, we provide a simple example, which we implement on a IBM device. In analogy to the previous example provided in

Fig. 6, we compare the implemented versions of the single-qubit unitaries UL = H and UR = P(φ)H, where P(φ) =

(
1 0
0 eiφ

)
.

Then we compare all experimental results to the ideal value Fp = (1 + cosφ)/2.

(a) (b)

(c)

|Φ+〉 BBM

|Φ+〉

D1: |0〉⊗2

H UL H

H

D2: |0〉⊗2

H UR

BBM

D1: |0〉 U UL H

D2: |0〉 U UR

|Φ+〉 Bell test

D1: |0〉 H UL A

D2: |0〉 UR B

FIG. 11. Circuits for (a) comparing Choi states, (b) random initial states U |0〉 for U sampled from a unitary 2-design, (c) entanglement tests.
In (a) and (b), the fidelity is estimated using Bell-basis measurements (BBM). In (c), the fidelity is estimated by extracting the expectation
value of the CHSH operator S defined in Eq. (D21).



24

The circuits of all performed experiments are provided in Fig. 11. Fig. 11(a) shows the circuit for comparing two two-qubit
Choi states and (b) shows the circuit for estimating the fidelity via an averaged fidelity for different initial states. Sampling
of random unitaries becomes useful at larger system sizes, and in this example we can run all circuits necessary to obtain all
fidelities in (D8). Fig. 11(c) shows the circuit for performing a Bell test on the state (UL ⊗ UR)|Φ+〉. We define the CHSH
operator as

S = (A0 ⊗B0)− (A0 ⊗B1) + (A1 ⊗B0) + (A1 ⊗B1) , (D21)

with A0 = (Z − X)/
√

2, A1 = (X + Z)/
√

2, B0 = Z, B1 = X. It holds that 〈Φ+|S|Φ+〉 = 2
√

2. After applying UL and UR,
the expectation value is 〈Φ+|H†P †SH|Φ+〉 =

√
2(1 + cosφ). The results of the experiments after post-processing are shown

in Fig. 2(d) in the main text.
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