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ABSTRACT. In this work, we give a proof of the globally sharp asymptotic profiles for the spin-s
fields on a Schwarzschild background, including the scalar field (s = 0), the Maxwell field (s = £1)
and the linearized gravity (s = £2). The conjectured Price’s law in the physics literature which
predicts the sharp estimates of the spin s = £s components towards the future null infinity as
well as in a compact region is shown. Further, we confirm the heuristic claim by Barack and
Ori that the spin 41,42 components have an extra power of decay at the event horizon than
the conjectured Price’s law. The asymptotics are derived via a unified, detailed analysis of the
Teukolsky master equation that is satisfied by all these components.
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1. INTRODUCTION
The metric of a Schwarzschild black hole spacetime [67] takes the form of
Gab = — 21(anb) + 2m(amb), (11)

where (1%, n%, m®,m®) is a Hawking—Hartle (H-H) null tetrad [39] and reads in the Boyer-Lindquist
coordinates (t,7,6, ¢) [17]

1% = %(1,;1,0,0), n = %(%,—1,0,0), m® = \%2 (0,0,1, L), m* = \%2 (0,0,1, =5%) . (1.2)
Here, the function p = p(r, M) = Ar=2 with A = A(r, M) = r? — 2Mr and M is the mass of the
black hole. The larger root r = 2M of the function A is the location of the event horizon H, and
we define the domain of outer communication (DOC), denoted as D, of a Schwarzschild black hole
spacetime to be the closure of {(¢,7,0,¢) € R x (2M,00) x S?} in the Kruskal maximal extension.
We consider in this work only the future Cauchy problem and denote the future event horizon and
the future null infinity as #* and ZT, respectively. Denote v and u the forward and retarded time,
respectively, and define 7 a hyperboloidal time function such that the level sets of the time function
are spacelike hypersurfaces,’ cross Ht regularly, and are aymptotic Z+ for large 7. We define the
coordinate system (7, p = r, 6, ¢) the hyperboloidal coordinates and denote the level sets of T as .
See Section 2.1.

1.1. Price’s law. This work is for the spin-s fields, which correspond to the scalar field, the Maxwell
field and the linearized gravity in the case of s = 0,1 and 2, respectively. The scalar field, denoted
as Yo, solves the scalar wave equation O, ¢ = 0. The Maxwell field, a real two-form F,g, satisfies
the Maxwell equations

VOF a5 =0, Vi, Fog = 0. (1.3)

In the Newman—Penrose (N-P) formalism [60, 61], one projects the Maxwell field onto the H-H
tetrad (1.2) and obtains the N-P components of the Maxwell field

TJrl = Fw,l‘“m'/, TO,mid = F#V(Z#TLU + m“m”), T,1 = F#Um“n”. (14)

The lower index of each N-P component indicates its spin weight, and we call the N-P components
YT,; and T_; as the spin +1 and —1 components of the Maxwell field, respectively, and Yo miq as
the middle component. In the same way, we define the N-P components of the linearized gravity by
projecting the linearized Weyl tensor W g5 onto the H-H tetrad: the spin +2 and —2 components
of the linearized gravity are given by

T+2 - Wlmlm7 T72 = Wnﬁwwﬁ (15)

The above defined spin s components T (s = 0,£1,42) are regular and non-degenerate at the
future event horizon. Throughout this work, we always denote s the spin weight and s = |s].

As is well-known, these massless spin-s fields will develop power tails in the future development
in the DOC of a Schwarzschild spacetime. Physically, this is due to the backscattering caused by an
effective curvature potential which is in turn related to the non-vanishing middle N-P component
of the Weyl curvature tensor of the Schwarzschild background, and, in view of the expectation that
these linear models provide high accuracy approximation for the nonlinear dynamics, these tails are
intimately related to many important problems in General Relativity, such as the black hole exterior
(in-)stability problem and the Strong Cosmic Censorship conjecture for the black hole interior. These

In fact, the estimates in our main theorem 1.1 are still valid if one portion or the whole of the level sets of 7 is
null.
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power tails are predicted by Price in [63, 64], and they are conjectured to be sharp and are now
called the Price’s law. In addition, the tails of a fixed ¢ mode are also discussed therein. We shall
also remark that these Price’s law are conjectured to be sharp as both an upper and a lower bound.
Furthermore, Barack—Ori claimed in [12] that the positive spin components for both the Maxwell
field and the linearized gravity have an extra v~! decay at the event horizon than the conjectured
Price’s law, which means the sharp decay for (T+5)€:é°, s = 1,2 on event horizon shall be v=4=2%,
The conjectured Price’s law and the heuristic argument of Barack—Ori together for both the spin s
component T and its fixed £ = £y mode (Y)*=% are summarized in Table 1 provided the initial data
decay sufficiently fast (or have compact support) on an initial future Cauchy surface terminating at
spatial infinity. When there is no confusions, we shall call the summarized sharp decay
rates in Table 1 as the Price’s law, albeit it is in fact a combination of the conjectured
Price’s law in [63, 64] and the predicted asymptotics for the positive spin components
by Barack—Ori in [12]. There are also works discussing the power tails in a Kerr spacetime; we
guide the readers to [42, 12, 35, 21] and the references therein.

towards Z+ in a compact region on HT
’rs p—1—5—s5,,—2—5+s p—3—28 ,U—3—25—C(s)
(TS)Z:EO p—1—5—5,—2-0lo+Fs v—3—20 p—3—280—((s)
total decay power | —3 —s — max{fo,5} | —3 — 2max{ly,s} | —3 — 2max{ly,5} — ((s)

TABLE 1. The Conjectured Price’s law for the spin s = =4s components on
Schwarzschild are as above. The original Price’s law, or the sharp decay rates
predicted by Price in [63, 64], contains the ones towards ZT and in a compact re-
gion. The last column about the sharp decay rates on H* contains the predicted
decay rates by Barack—Ori [12] for the positive spin component, with ((s) equals 1
if s>0and 0if s <0.

1.2. Main results. Our main results give an affirmative answer to the conjecture Price’s law in
[63, 64] and Barach-Ori’s claim in [12] for the spin s components on a Schwarzschild background by
providing a rigorous mathematical proof.

Theorem 1.1. [Rough version of the asymptotic profiles of the spin s components.| Let j € N. Let
5=0,1,2, and let £y > s. Let function hs ¢, be defined as in Definition 3.84. Let 79 > 1.
(1) Assume the initial data of the spin s = s components on X, are smooth, decay sufficiently
fast (or of compact support), and are supported on £ > Ly modes. Let eg > 0 be arbitrary.
Then in the future domain of dependence of ¥, there exists a constant € > 0, constants
Cs1, Cs2 and Cy 3 which can be calculated from the initial data, and D < co which depends
only on the initial data such that in the region {p > 710},

6-,7—Ts _ Cs)l’l)_l_5_s7'_éo+s_2_j S D,U—l—5—57_—604-5—2—]’—87 (16&)

in the region {p < 7170},

Y, — Cs,gu¥ ré°_5h5,g07_%0_3_j < Dr—2to—3-i—¢, (1.6b)
and on the future event horizon, for s =1,2,
MY, e e I O (1.6¢)
2 :

(2) Assume the initial data for the spin s = £s components on t = 19 hypersurface is smooth
and compactly supported in a compact region of (2M,0), and assume they are supported on
£ > Ly modes. Let function hsg,—s.0,—s be determined as in Proposition 3.7 with hsoo =
—2(s+1)(2s + 1)Mr~1, and let

—1)fo=stL (g —5)!
(=1 (lo — 5) lim (rhs,e—s,00—s)

Q= = (200 + 1)(20g + 2) r—oc
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X / 1 s 07O (P20 (Y 16) 550 + 28(r — BM)(Y46) =50 dr (1.7)
2M

Let €9 > 0 be arbitrary. Then in the future domain of dependence of ¥.,, there exists € > 0

and D < 0o such that in the region {p > T1Te0},

200+1
63T5 _ (_1)J+1220+5+2 H z-leé:%,UflfsfsTngJrszfJ

—1—s5—s_—Llo+s—2—j—¢
A < Dy~ T*TErT% 7= (1.8a)
i=lo+s+1

in the region {p < 7170},

20+1 200475+2

j i+16200+2 1 s po—s —200—3—j

dr, — (1) 220 IT it T nQemeon™ rfomhg g r 2027
1=lo+s+1 n=2~0p+2

< D7_7250737‘]75,

(1.8b)
and on the future event horizon, for s =1,2,
e T sty — MM 0O T
" HE (200 +1)! e icn
< Dy~ 2fo—d4=i=e, (1.8¢)
Remark 1.2. e The results in point 1 of this theorem verify the sharp decay rates for the

spin s = +s components on a Schwarzschild background presented in the above Table 1. In
particular, it suggests that the correct asymptotic decay rates should be a combination of
the conjectured Price’s law in [63, 64] and the heuristic claim of Barack—Ori in [12];

e The function r*~%h, 4, is a zero energy mode to the equation of an £ = ¢y mode of the spin
—s component T _g, with the limit lim, o hs ¢, = 1;

e The precise version of point 1 is in Theorem 4.9, where the conditions for the initial data are
explicitly imposed, the constant coefficients Cy 1, Cs2 and Cs 3 of the asymptotic profiles
are explicitly expressed in terms of the initial data and from the explicit form of the wave
equation satisfied by the spin s components, and the constant D is expressed in terms of
some finite regularity norm of the initial data. Further, the global asymptotic profiles are
computed in Theorem 4.9, not merely in the regions {p > 71750} and {p < 7'~ 0} as in

point 1;
e In point 1, by reading off the values of Cs 1, Cs,2 and Cs 3 in terms of the Newman—Penrose
constants Qg’f’%) and QS_";’%H) in Theorem 4.9 and from the expressions of ng’é”) and
E:;’ZOH) in Definition 3.22 and Lemma 5.4, one finds that the asymptotics are generically
sharp; -

e Point 2 is an immediate corollary of Theorem 5.7. Meanwhile, one can in fact obtain the
globally sharp asymptotic profiles for the spin +s components. Similarly, the asymptotics
in point 2 are generically sharp;

e The proof in this work also implies that in point 1, if the coefficients of the asymptotic
profiles are both vanishing, the decay rate will be faster by an extra 7! globally;

e Further, in point 2, one finds the decay rate can be improved if and only if the integral in the
second line of (1.7) vanishes. For the scalar field (s = 0), it is manifest that if, additionally,
the time derivative of the initial data vanishes, then the decay rate is faster by an extra 7!
globally. Note that this has been verified in [40, 11] as well. For s = 1,2, this is in fact
compatible with the expectation in [47, 65] that solutions to the Regge—Wheeler equation
with smooth, compactly supported in a compact region in (2M,+00), static (in the sense
that its time derivative on the initial hypersurface ¢ = 7y vanishes) initial data will develop
power tails 7720 % in a finite radius region. This can be seen as follows: it is certain s-order
derivative of the spin s component which satisfies the Regge-Wheeler equation [66], and we
can use the wave equation satisfied by the spin s component to rewrite its time derivative
as a combination of total radial derivatives, a first order time derivative and the component
itself, which will then yield that the integral in the second line of (1.7) vanishes;
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e As a byproduct, we have also obtained the global asymptotic profile of the middle compo-
nent of the Maxwell field. See Theorem 5.7. This thus yields that the middle component
asymptotically decays to a static Coulomb solution, which equals r~2 times a complex con-
stant that can be calculated from any sphere of the initial hypersurface, at a rate of decay
as shown in Theorem 5.7;

e Although we consider only s = 0, 1, 2 cases in this work, the proof in this work suggests that
the Price’s law shall also hold true for the spin s = 4+s components of the spin-s field for
arbitrary s € N. Additionally, the method developed in this work can be applied together
with the results in [55] to obtain the Price’s law, or the global asymptotic profiles, for the
massless Dirac field, which is also called as the massless spin—% field. Further, as pointed
out in [55], Barach—Ori’s claim about faster decay for the positive integer-spin component
on the future event horizon can not be extended to the Dirac field.

Remark 1.3. It is without much effort to extract from the proof a general sharp decay estimate for a
wave equation with a potential: Assume ¢ solves Oz + Py = 0 in a Schwarzschild spacetime, where
P =P(r) = O(r~') is smooth and {lim, . (r?9,)"P}i—o,. n exist for a sufficiently large n, assume
there is a uniform energy boundedness and an integrated local energy decay (Morawetz) estimate
for ¢, and assume the initial dat on 3,, are smooth, decay sufficiently fast, and are supported on
£ > £y modes, £y € N, then the statements in point 1 of Theorem 1.1 with s = 0 hold true for ¢ and
the coefficients in the asymptotic profiles can be calculated explicitly from the initial data and the
information of the potential P.

1.3. Outline of the proof. In this subsection, we make a comparison to other existed results,
outline the methods and ideas, and in the end, propose the future applications.

1.3.1. Overview of the approach. In [9, 8], Angelopoulos—Aretakis—Gajic initiated works aiming to
prove the Price’s law v~ 1772 for the scalar field on a Reissner-Nérdstrom background by the fol-
lowing steps:
A) prove uniform energy boundedness and the Morawetz estimate;
B) obtain the almost Price’s law in both the nonvanishing Newman—Penrose constant (NVNPC)
case and the vanishing Newman—Penrose constant (VNPC) case via
B1) a definition of the Newman—Penrose constant for the spherically symmetric £ = 0
mode, which is a conserved quantity at null infinity;
B2) an extended rP hierarchy [26] of spatially weighted energy estimates for an optimal
range of the r-weight p;
C) achieve the sharp asymptotic cv™'7~! in the NVNPC case;
D) in the VNPC case, derive the leading asymptotic cv~'7~2 for the £ = 0 mode by defining
the “time integral” which solves the scalar wave equation and whose time derivative equals
the scalar field.

In particular, the step A) and a significant part of step B) have been well-developed for the wave
equation, both linear and nonlinear, in black hole spacetimes in the past two decades.

In our work, we consider arbitrary modes of the spin s components, and, without loss of much
information, we shall consider here only an arbitrary (m,¢) mode of the spin s components and
the dependence on m and ¢ may be suppressed. One has to generalize the above approach to some
extend and develop some novel methods and ideas. We provide an overview of the approach in the
present work which can be basically divided into the following steps:

A) prove uniform energy boundedness and the Morawetz estimate for the spin s components;
B obtain the almost Price’s law via
B1’) a derivation of extended wave systems, and a definition of the corresponding

Newman—Penrose constant for the (m, £) mode, which is also a conserved quantity
at null infinity;

B2’) an extended 7P hierarchy [26] of spatially weighted energy estimates for the ex-
tended wave systems for an optimal® range of the r-weight p;

B3’) obtaining the almost Price’s law in the exterior region {p > 7};

2What we mean by “optimal” here is in the sense that the obtained p range has a sharp upper bound.
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B4’) obtaining the almost Price’s law in the interior region {p < 7};

C) derive the sharp asymptotics in the NVNPC case;

D) derive the asymptotic profiles in the VNPC case by defining the time integral for the spin
s component.

We shall emphasize that all the estimates are derived through a unified analysis of the Teukolsky
master equation (TME)? [74], a wave equation satisfied by all the spin s components. See Section
2.4. In fact, this equation is satisfied by the spin s components in any subextremal or extremal
Kerr spacetime. It has shown its enormous importance in recent works [24, 53, 23, 3, 34, 50] in
proving the linear or nonlinear stability of black hole spacetimes and recent works [52, 53] towards
the (almost) Price’s law for non-zero spin fields.

In the following, we discuss each step, contrast our method with the one outlined above in [9, 8|,
the one developed in [54, 55|, as well as the ones in other related works, and present the new ideas
in this work.

Step A’). As is mentioned above, the starting point is to achieve the energy and Morawetz es-
timates for solutions to the TME. These estimates have been proven in a Schwarzschild spacetime
for the scalar field in [16, 25] and for the Maxwell field and the linearized gravity in [24, 62|, where
a key point is to use certain differential transformations due to Chandrasekhar [18]. Extensions to
the Kerr spacetimes include [73, 4, 27] for the scalar field and [52, 53, 23] for non-zero spin fields.
For the non-zero spin fields, we start with the energy and Morawetz estimates in [52, 53] where the
author uses the standard technique in estimating the scalar field to treat the coupled wave systems

s = § the wave system o % —s)Ji=0,....,s O (T ‘ 511=0,...,5 ( > L.
ws, = {th £V (T =6 bizos 08 {(2Y) Tabico..s | (1.9)

where V = 72V, and Y = p~'9, — 8, and V = p~'V = =19, + 9, are the ingoing and outgoing
principle null vectors, respectively. In particular, the wave equations of V*(u*Y_;) and (r2Y)*Y 4
are the Regge-Wheeler equation.

Step B’). This step has much difference from the step B) where { = s = 0. The above Morawetz
estimates have already encoded most of the local information, and it remains to extract out the in-
formation in a large radius region. The substeps B1’), B2’), B3’) have followed closely the approach
in [54] which treats the Maxwell field in Schwarzschild. See also [55].

Substep B1’). The spin-weighted spherical Laplacian has a nonpositive eigenvalue when acting
on a fixed (m,¢) mode, and to make use of this elgenvalue gap away from zero, one can in fact
commute V further j times, j € N, with the equation of V5( 5T _,) and obtain an extended system

WS(_JQ = {the system of wave equations of {<I>(_i)5}i:07m,j+5} .

Here, <I>(_l)5 2 Vi(u*Y_,), and each wave equation @(i) can be written in the following form

— YV — (0 —s4i+1)(0+5—i)d")
—2(i—s+1)(r — 3M)r2p3") +2z(z—5)(z—25)M<1>“ D= o. (1.10)

It is crucial in the later application of the r? method that the coefficient of the <I>(_Z?,i term is non-
positive, and this requirement, which is satisfied only for ¢ < ¢ + s, imposes an upper bound for the
value of j, that is, j < /.
To properly define a conserved quantity, the N-P constant, at null infinity, we aim to find a scalar
<A15(_é:5) whose equation is in the following form
l+s
—pY VU = o Wl + 3" o el (1.11)
i=0

5)

The right-hand side will have a zero limit towards null infinity, hence lim, 1}&)(}: is a constant

independent of time 7; we call it the N-P constant for this (m,¢) mode. Such a scalar <A15(_é:5) is

3In some works, it is called as Teukolsky equation instead.
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constructed from a linear combination of {@&i)ﬁ}izo,,,,j_,rﬁ in [54] for the Maxwell field (s = 1), and,
in particular, the scalar &)(f:s) is unique in all such linear combinations with constant coefficients
up to an overall nonvanishing constant factor. Here, we follow the idea therein and extend to any

.....

form <I>(l <I>(l E; 0 Co,i M JQ)(J) Cs,i,j being constants, such that they satisfy

2(i — 5+ 1)(7° — 3M)

T

- uYﬁ%@s -

VO —(f—s+i+1)(l+5—10)d +Zo rHdY) =
7=0

Note that ;Iv)(f)s =" ) for i € {0,...,2s}. As a result, we obtain different extended wave systems for
i=0,...,¢:
©)

—5

WS {the system of wave equations of {6@}1»:0,,,,#5} )

..........

¢—s and {(AI;S:)S}z:O

wave systems WSSfb). and VVSJrs for  =0,...,f —s. Note that the equation for &)(1)5 is exactly the
same as the one for (f)(:r?ﬁ)’ that is, for any i € {0,...,¢ — s},

20i+5+1)(r —3M)

- MYV$$1 - 2

VO, — (C+s+i+1)(l+s -0+ > 00 e =o.

r

(1.12)

Let us finally remark that the Newman—Penrose constant for the (m,¢) mode of the spin +s
component is simply a nonvanishing constant multiple of the one for the spin —s component.
Substep B2’). We are ready to apply the r? method to achieve the energy decay. For i €

{s,...,£+ s}, the rP estimates with p € [0, 2] can be easily proven for each wave equation of &)(_Zl,

and one can obtain 772 decay for the p = 0 weighted energy of &)(fl. in terms of the p = 2 weighted

energy of &)(jl which in turn, by definition, is equivalent to the p = 0 weighted energy of &)le). This

s)

thus yields 772 decay for the p = 0 weighted energy of &5(_5 in terms of the p = 2 weighted energy

5)

of &)(“5) with a loss in the order of regularity. For the equation of :13(72: , because of the vanishing

constant coefficient of <I>(e+”') (1.11), one can in fact extend the r? estimates from p € [0,2] to
€ [0,3). This provides an optimal upper bound for the weight p in the NVNPC case since the
energy is infinite for the p = 3 weighted energy. In total, we achieve 7~ 2¢=112¢ decay for the weighted
energy of 3¢ ) in terms of the p = 3 — 2¢ weighted energy of 3! Hs) . Additionally, we remark that for
any j € N, there is an extra 7~/ decay, that is, 7—2¢~1-2i+2¢ decay in total, for the p = 0 weighted
energy of (93(1)( . in terms of the p = 3 — 2¢ weighted energy of 5(}:5)) but with a further loss of
regularity. There are analogous energy decay estimates for the spin +s component.
In the VNPC case, we can derive the rP estimates for p € [0,5) for the wave equation of &
hence the above energy decay will be faster by an extra 72 decay.
Substep B3’). In the NVNPC case, the above energy decay estimate yields v~ '7—¢=1=J+e
globally pointwise decay for the scalars {07(r?V )Y _s};—o... s. In the exterior region {p > 7}, one
needs to gain extra 77° decay for YT _g, and this is done by appealing to a derivation of an elliptic

(Z-'rs)

systems from the wave system of {@g)s}izo,,,,75_1. Consider only the most complicated case s = 2.
By equation (1.10), the wave system can be rewritten as

A2, oD = oY) (rvel),rve) + ot 1) (@), 9%) + 0(1)(8,9"),0.0%)),

where A is a strongly elliptic 2 x 2 matrix. This clearly implies an extra 7! decay for {@g}izoﬂl, and

one can derive an elliptic equation for @@% to achieve a further 7! decay for @@%. To summarize,

we obtain v~17=¢=571=J*¢ pointwise decay for the scalars 9JY_; in the exterior region. This is
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exactly the almost Price’s law in the exterior region in the NVNPC case. A similar argument works
in the VNPC case and one obtains extra 7—! pointwise decay.

The v=1=287~¢+s—-1=J+¢ pointwise decay estimates for the scalars 92T ¢ are then derived from
the above energy decay estimates for the spin +s component in Substep B2’) and the pointwise
decay for 0T _, together with an application of the Teukolsky—Starobinsky identities (TSI)
[76, 70], which are two 2s-order differential identities between the spin +s components. See Section
3.5 for the TSI. The TSI allow one to derive certain estimates for one spin component from the
estimates of the other spin component, and they are frequently used and play a vital role in each of
the following steps as well.

Substep B4’) This substep is fundamentally different from the other works. It suffices to consider
the spin —s component, as the estimates for the spin +s component can be achieved via the TSI.

A key ingredient is to define a scalar ¢_5¢ = (hg,gré_’i)_l'f_5 such that its equation takes the
form of

8P(T2€+2/L1+5h§,281790*575) = aTHtpfs,u (113)

where H,__, is an expression of ¢_q ¢, 0,¢0—s ¢ and ;¢ _s . Recall from Remark 1.2 that hs or*~* is
a zero energy mode solution to the TME of Y_;. This is essentially a degenerate (at horizon) elliptic
equation with the RHS viewed as a source. One can derive elliptic estimates for this equation which
basically says that 28-weighted energy of 82¢_,, in the interior region is bounded by a weighted
energy of the source, which is in turn bounded by 23 + 2-weighted energy of &2*1¢_, ,, plus some
boundary flux at p = 7, for any 8 € [0,¢ —s — 1]. A simple iteration in § for these elliptic estimates
then yields 773747242 decay for the energy [, (|00 _s¢* + |02(rdpp—s¢)|*)dp in terms of the
p = 3 — 2¢ weighted energy of E)(_Z:s); therefore, in the NVNPC case, we prove 7~ 272¢=7%¢ pointwise
decay for d2p_; ¢ in the interior region, and in the VNPC case, the decay is faster by 771 in terms
of the p = 5 — 2¢ weighted energy of 5@:5). As an extra benefit, we achieve an extra 7-! decay for
D20,p_s.¢ compared to d2p_ ¢ in both the NVNPC and VNPC cases.

Step C’) First, we follow the idea in [8] to derive the asymptotic profiles for 87 092 ((v—u) =% ;I;f; 5))
in the region {v —u > v®} where « is a constant strictly less than 1 but supposed to be sufficiently
close to 1. This is done as follows: One can first integrate along constant v for the wave equation

1.12 Of ‘I)(Z 5) to obtain the asymptotic proﬁle Of L (I)(é 5), then integrate alon constant u fI‘OHl
+s +s5 g g
the hypersurface V—u="7 to achieve the asymptotic proﬁle Of ‘I)(Z 5). VVG can commute 8v Wlth
+5

the wave equation for ;I;f;

derive the asymptotic profiles of 97942 ((v — u)*ME)Sf; 5)).
In the next step, we make use of equation (1.12) for ¢ € {0,...,£—s— 1} and obtain the following
system

%) and run through the above argument again, which then enables us to

(C—i—s)(l+i+s+1)(v—u) 20957
_ 2(,0 _ u)28u((v _ u)—2(i+5+1):1;5ri;rl))

K3
+ (v — u) 720+ (O(l)@ugl;ﬁ. + Z O(T_I)EI;SQ +O0(r )rtlog 7‘213531)).
j=0
The last line has faster fall-off in the region v —u > v®, hence, one can determine the asymptotic pro-
files for (v — u)_Q(”E);IV)S:l iteratively, including in particular the one for (v — u)_25§>$)5 ~ 2725y,
which then yields the asymptotic profile of 2T, in the region {v — u > v*}. In the remaining
region {v —u < v}, one can integrate 9,0¢_, ¢ from the hypersurface {v — u = v*} and make
use of the better decay for 9,07¢p_s ¢ proven in Substep B4’); we thus conclude that the asymptotic
profile of 7¢_s ,; remains the same in the region {v —u < v®}. We shall comment that arbitrary
j € N times 0, derivative yields an extra 7~/ pointwise decay, a fact which will show its importance
in the next step. An application of the T'SI then yields the asymptotics of the spin +s component.
In particular, for the spin 4+s component, both the conjectured Price’s law outside the black hole
and the claim of Barack—Ori about faster decay on H* can be shown via the TSI
8



Step D’) The basic idea in this step is in the same spirit of the one in [8] by reducing the VNPC
problem to a NVNPC problem via defining a time integral of the solution. Again, in view of the
TSI, we consider only the spin +s component. The time integral is defined such that it solves also
the TME of the spin +s component and, more importantly, the time derivative of the time integral
equals the spin 4+s component. By this property, one gains an extra 7~ ! decay for the spin +s
component than the decay of the time integral, hence than the one in NVNPC case. The main task
of the remaining discussions is to calculate the associated N-P constant of the time integral.

1.3.2. Remarks on other most relevant works. Throughout the above discussions, we have been
contrasting our results with the ones in [9, 8, 54] for a couple of reasons: on one hand, our approach
follows partly from the ones in these works; on the other hand, we can contrast ours with these
works in different steps in the proof easily since they are all based on the vector field method. We
shall now briefly discuss the other works aiming at proving the Price’s law and make comparisons
with our results.

The work [58] by Metcalfe-Tataru—Tohaneanu followed the authors’ earlier results [72, 57| and
derived, under assumptions of both integrated local energy decay estimates and stationary local en-
ergy bounds, a global v=27%772%5 decay for the spin s = 1 components and the middle component,
for which s = 0, of the Maxwell field in a class of non-stationary asymptotically flat spacetimes. The
backgrounds under consideration in this work include in particular the Schwarzschild spacetimes and
the family of the Kerr spacetimes, and the assumptions are known to hold true in a Schwarzschild
spacetime or a slowly rotating Kerr spacetime after subtracting the static/stationary Coulomb solu-
tion but unknown in more general spacetimes. If in a Schwarzschild or a Kerr spacetime, the proven
decay rates in [58] are slower than the Price’s law by 771

The works [28, 29| by Donninger—Schlag—Soffer treated a Regge—Wheeler equation by constructing
the Green’s function for its solution and obtained on Schwarzschild ¢t=2¢=2 for a fixed ¢ mode of the
solution, t 3 decay for the scalar field, t = and ¢t decay for the part of Maxwell field and linearized
gravity which solves this equation, respectively. Further, they showed that the decay rate is faster by
t~! for initially static initial data. As was discussed in Remark 1.2, by applying certain derivatives,
known as the Chandrasekhar transformation [18], on the spin s components, the obtained scalars
satisfy the Regge-Wheeler equation, the potential in which is propositional to s2. These estimates
are valid in a compact region but are not uniform in the future Cauchy development of a future
Cauchy surface; the decay estimates are sharp for the entire scalar field, but have one less power of
decay in time compared to Price’s law in a compact region in the remaining cases.

Very recently, much important progress were made in proving the Price’s law for the spin-s
fields on Schwarzschild, Reissner—-Nordstrom, and Kerr backgrounds. For the scalar field, Hintz [40]
computed the v~ 1772 leading order term on both Schwarzschild and subextremal Kerr spacetimes
and obtained ¢~ =3 sharp asymptotics for £ > ¢; modes in a compact region on Schwarzschild;
Angelopoulos—Aretakis—Gajic derived in [10] the asymptotic profiles of the £ =0, £ =1, and £ > 2
modes in a subextremal Kerr spacetime and computed in [11] the v =172/ =2 asymptotics for £ > £y
modes on a subextremal Reissner—Nordstrém background. For non-zero spin fields, in an earlier work
[54] of the first author of our current work, v=2757~3+% decay in non-static Kerr and v=2—s7~3+s+e
decay in Schwarzschild towards a stationary/static Coulomb solution are proven, and it also proves
the almost Price’s law v=27¢772=%+5+¢ for any ¢ > £, modes for the Maxwell field in the region
p > 7 on a Schwarzschild background; the authors of this current work obtained in [55] the energy

S

and Morawetz estimates and calculated the asymptotic profiles with decay v 37575 for the spin

s = :I:% components of the massless Dirac field on Schwarzschild.

1.3.3. Future applications. We propose some future applications of the methods developed here:

(1) a generalization of the results herein to the Reissner-Nordstrom spacetime, which will be
a cornerstone in a proof of the Strong Cosmic Censorship for the linearized gravity of this
spacetime. We note from [34] that the spin +2 components of the linearized gravity and
the spin +1 components of the Maxwell field in their TME-like wave equations. Given now
a unified treatment for the TME of both the Maxwell field and the linearized gravity in a
Schwarzschild spacetime, we expect that the Price’s law, or the asymptotic profiles, can also

9



be proven for both the linearized gravity and the Maxwell field in a Reissner—Nordstrém
spacetime;

(2) a generalization to the non-static Kerr spacetimes where the angular momentum per mass
a # 0. In the nonvanishing a case, decoupling between different spherical symmetric modes
is no longer valid in the evolution. It is quite interesting to analyze this coupling between
different modes and investigate how the parameter a affects the asymptotic profiles of the
spin s components or of a higher mode of them.

1.4. Other relevant works. Apart from the above mentioned works which are most relevant to
the Price’s law topic, we list here some other related works.

For the works on wave equations in Minkowski, we refer to the pioneering ones [59, 49, 19, 20, 51]
and the references therein. There is a large amount of works in the literature about scalar field on
a black hole background: Morawetz estimates as well as pointwise decay estimates are obtained in
Schwarzschild in [14, 15, 16, 25| using a Morawetz type multiplier, in slowly rotating Kerr in [4, 73],
and further extended to subextremal Kerr in [27]. Strichartz estimates are shown in [56, 77]. See
also [31] for local decay of the scalar field on Kerr.

Morawetz estimates and decay estimates for Maxwell field are obtained in a Schwarzschild space-
time in [13, 62|, in some general family of spherically symmetric stationary spacetimes in [71], and
in slowly rotating Kerr in [5, 52]. We note also that a conserved, positive definite energy has been
constructed for the Maxwell field in Schwarzschild in [2] and on Kerr and Kerr-de Sitter backgrounds
but under axial symmetry in [36, 37]. Morawetz estimates and decay estimates for the spin +2 com-
ponents of the linearized gravity in a slowly rotating Kerr spacetime are proven in [53, 23]. See
also [32, 69] for some results in a subextremal Kerr spacetime. The mode stability results in a Kerr
spacetime have been obtained for the scalar field in [68] and for general spin-s fields in [78, 7, 22].

Linear stability of a Schwarzschild or a subextremal Reissner—Nordstrom spacetime has been
shown by [24, 45, 46, 43, 44, 34]. See also [6]. Linear stability of a slowly rotating Kerr spacetime
is proven in [3, 38].

Finally, we mention two nonlinear stability results [50, 41]: the first one for Schwarzschild under
polarized axisymmetry, and the second one for slowly rotating Kerr-de Sitter spacetimes.

Overview of the paper. We give some preliminaries in Section 2, and then obtain the almost
Price’s law in Section 3.1. In Section 4, we prove the asymptotic profiles for the spin s components
in the nonvanishing Newman—Penrose constant case. In the end, Section 5 is devoted to proving
the asymptotic profiles in the vanishing Newman—-Penrose constant case, which thus completes the
proof of our main Theorem 1.1.

2. PRELIMINARIES

2.1. Coordinates and foliation of the spacetime. Define a tortoise coordinate r* by
dr* = p~tdr, r*(3M) = 0. (2.1)

Denote the forward double null coordinate v = ¢ + r*. Define a hyperboloidal coordinate system
(1,p,0,¢) as in [3]|, where 7 = v — hpyp and Anyp = hnyp(r), such that the level sets of the time
function 7 are strictly spacelike with

c(M)r=2 < —g(Vr,V7) < C(M)r—2 (2.2)

for two positive universal constants ¢(M) and C (M) and they cross the future event horizon regularly
and are asymptotic to future null infinity Z*, and for large r, 1 < lim,— 00 7% (0 hinyp — 207 1) |5, < 0.
Let X, be the constant 7 hypersurface in the domain of outer communication D. Let 79 > 1, and
let ¥, be our initial hypersurface on which the initial data are imposed. For any 790 < 7 < 7o, let
Dry iy, I, and H _ be the truncated parts of D, Tt and H™ on 7 € [r1, T2, respectively. See
Figures 1 and 2.
10



FIGURE 1. Hyperboloidal folia- FIGURE 2. Initial hypersurface ¥, .

tion and some related definitions.
2.2. General conventions. N is denoted as the natural number set {0,1,...}, NT the positive
natural number set, ZT the positive integer set, R the real number set, and R the positive real
number set. Denote R(-) as the real part.

LHS and RHS are short for left-hand side and right-hand side, respectively.

Constants in this work may depend on the hyperboloidal foliation via the function hyyp,. For
simplicity, we shall always suppress this dependence throughout this work as one can fix this function
once for all. For the same reason, the dependence on the mass parameter M is always suppressed
as well.

We denote a universal constant by C' if it depends only on the hyperboloidal foliation and the
mass M. If a universal constant depends on a set of parameters P, we denote it by C(P). We use
regularity parameters, generally denoted by k, and k¥’ which is a universal constant. Also, k'(P)
means a regularity constant depending on the parameters in the set P.

We say F1 < Fy if there exists a universal constant C such that F} < CF,. Similarly for Fy 2 F5.
If both Fl 5 FQ and F1 2 F2 hOld7 we say Fl ~ FQ.

Let P be a set of parameters. We say F; <p F if there exists a universal constant C(P) such
that Fy < C(P)Fy. Similarly for F; Zp Fy. If both F; <p F» and F; Zp F» hold, then we say
Fy ~p Fs. ‘ ‘

For any o € RT, we say a function f(r,0,¢) is O(r~%) if for any j € N, |(9,)! f2| < Cjr= 7.
Further, we say a function f(r,0,¢) is O(1) if | f| < Cp and |(8,)7 f| < C;r~17 for any j € N*.

For any = € R, let the Japanese bracket be defined by (z) = vz2 + 1.

Let x1 be a standard smooth cutoff function which is decreasing, 1 on (—o0,0), and 0 on (1, o),
and let x = x1((Ro —7r)/M) with Ry suitably large and to be fixed in the proof. So x =1 for r > Ry
and vanishes identically for r < Ry — M.

2.3. Basic definitions.

Definition 2.1. e Define functions related to the hyperboloidal foliation
Hiyp = 207 = Orhiyps  Hugp = 2007 = Hyyp = Orhnyp. (2.3)
e Define d?y = sin #dd A do.
Definition 2.2. e Define the vector fields
Y =vV20%8,, V=20, V=u"'V. (2.4)
e Define the double null coordinates
u=t-—r" v=t+r". (2.5)
Remark 2.3. e One can express Y and V as

Y = -9, + (2ut = Huyp)dy, V =03, + Huypo;. (2.6)
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Moreover, we have

1 1 1 -
Oy = zpY, Oy ==V ==uV. 2.7
S 5V = 3H (2.7)
e By the choice of the hyperboloidal coordinates,
r?Hyyp <1 for rlarge, and |[Hyyp — 20 ' <1 asr — 71y, (2.8)
Definition 2.4. e A scalar which has proper spin weight and zero boost weight in the sense

of Geroch, Held and Penrose [33] is called a spin-weighted scalar.* Unless otherwise stated,
we shall always denote s the spin weight, and we may call a spin-weighted scalar with spin
weight s as a spin s scalar.

e A differential operator is a spin-weighted operator if it takes a spin-weighted scalar to a
spin-weighted scalar.

o Let X = {X,X5,...,X,,}, n € NT, be a set of spin-weighted operators, and let a multi-
index a be an ordered set a = (a1, a2, ...,a,) with all a; € {1,...,n}. Define |a] = m, and
define X? = X,, X,, - -+ X,,, if m € Nt and X* as the identity operator if m = 0. Let ¢ be
a spin-weighted scalar, and define its pointwise norm of order m, m € N, as

Plmx = | Y 1Xap|2. (2.9)
ja]<m

Definition 2.5. Let ¢ be a spin s scalar. Let the spherical edth operators d and 9’ be given in B-L
coordinates by

S = Opp + icsc0yp — scotbp, 0 = B — i csc 004 + scotbep. (2.10)

Remark 2.6. If ¢ is a spin s scalar, then éw and &' @ are spin s + 1 and s — 1 scalars, respectively.
That is, O increases the spin weight by 1, while ' decreases the spin weight by 1.

Definition 2.7. Let ¢ be a spin s scalar. Define a set of operators
B ={Y,V,r '0,r 19} (2.11a)

adapted to the Hawking—Hartle tetrad, and its rescaled one

B = {rY,rV,8,0'}. (2.11b)
Define a set of operators

D= {Y,rV,0,0'} (2.11c)
which is adapted to the hyperboloidal foliation and will be the set of commutators.

Now we are able to define energy norms and (spacetime) Morawetz norms.

Definition 2.8. Let ¢ be a spin-weighted scalar. Let k£ € N and v € R. Let 2 be a 4-dimensional
subspace of the DOC and let ¥ be a 3-dimensional space that can be parameterized by (p, 8, ¢).
Define

Il = [ ol odr Adp A i, (2.12a)
Il = [ lelodo A (2.19b)

4n particular, the spin-weighted scalars are sections of complex line bundles.
12



2.4. Teukolsky master equation.

Definition 2.9. Define two rescaled spin +s components

s =12Y L, Vo =T _,. (2.13)
Define their radiation field
U, o =1y, U_, = 1_s. (2.14)

Teukolsky [75] found that the scalars i, in a Schwarzschild spacetime satisfy the celebrated
Teukolsky Master Equation (TME), a separable, decoupled wave equation, which takes the following
form in Boyer-Lindquist coordinates:

5 1 2iscos 0

(_Ml’r‘2at2 + a’r‘ (Aa’r') + Sln—298¢ + SIW(% (Sin 9(99) + Sin2 0 8¢ — (82 C0t2 9 + S)) ws

= —2s((r — M)Y — 2rd,)vs. (2.15)

This is a spin-weighted wave equation in the sense that the operator on the LHS of (2.15), being
equal to —pu~1r20? + 0,.(A9,) + 55’, is a spin-weighted wave operator. Such a TME is actually
derived in [75] for general half integer spin fields on a larger family of spacetimes—the Kerr family
of spacetimes [48], and it serves as a starting model for quite many results in obtaining quantitative
estimates for these fields, including the scalar field, the Maxwell field and the linearized gravity.

2.5. Spin-weighted spherical harmonic decomposition. Recall that {Yé)g(cos 0)e™m®},, ¢ are

the eigenfunctions, called as the “spin-weighted spherical harmonics,” of a self-adjoint operator o'
and have eigenvalues —Ay s = —(¢ — s)(£ + s + 1) defined by

GO(Y;3 4 (cos 0)e™?) = — Ay Y3 ,(cos f)e™?. (2.16)

m,l

They form a complete orthonormal basis on L?(d?). Further,

é(YnSM(COS 0)e™?) = — \J(l —s)(l + s+ 1)Y7fl§1 (cosf)e'™?,

3 ' . 2.17
0 (Yy5, p(cos0)e™?) = \/(L+ 5)(L — s+ 1)Y,5 )} (cos )™ (2.17)

Definition 2.10. For any spin s scalar ¢, let (¢)=% and (p)m.¢,, m € {—lo, —o+1,...,4o}, be
defined such that the following decompositions hold in L?(S?):

o= ()", (2.18a)
E():‘S|
¢
=Ly __ : s 0 imeo b
(@)= = > (©)mto Yo s, (cos0)e™?. (2.18b)
m:—éo

In particular, by definition,
30 ()= = — (o + ) (lo — s + 1) (p)=F,  §0(p)= = — (bo — 5)(lo + s + 1) ()=, (2.19)
Lemma 2.11. Let ¢ be a spin s scalar, then
[ (6 = G+ sDlef) = [ (186 = (5] = o) > 0. (220)
If v is a spin s scalar and supported on £ > €y modes, then
L 6l = o+ )it — s+ DleP) = [ (86 = (o = s)(fo + 5+ D)= 0. (220

S2
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2.6. The full Maxwell system of equations. The full system of the Maxwell equations (1.3) can
be written as a system of first-order differential equations for the spin s components:

0T omia = 2Y (1~ "41) (2.22a)
0 Toumia = 21V (urip_1), (2.22b)
VY omia = 20" (rv41) | (2.22¢)
Y Yomia =20 (r'_1) . (2.22d)

Definition 2.12. Let *F be the Hodge dual of the Maxwell field F. Define the electronic and
magnetic charges of a Maxwell field by
1 1

*Fv qB
T.p)

F. (2.23)

7,p)

qE

- E 52( - E 52(

The following lemma is a standard statement and taken from [5, Proposition 2]. See also [54].
This is to decompose a Maxwell field into a static part and a radiative part.

Lemma 2.13. The Mazwell field in a Schwarzschild spacetime can be decomposed into
F =Fgo+ Froa, (2.24)

where the part F,.q is the non-charged radiative part of the Mazwell field and the other part F g, is
the charged static Coulomb part, such that

(1) Fsiq and Fruq are both solutions to the Mazwell equations, and the N-P components of them

satisfy
T i1(Fsta) =T 1(Fsta) =0, Yo,mid(Fsta) =72 (¢r +iqB), (2.25a)
T 1(Fraq) = T41(F), T_1(Frag) = T-1(F); (2.25b)

(2) The charges qg and g are constants at all spheres S?(t, p) for any T € R and p > 2M and
can be calculated from the initial data;

(3) For any closed 2-surface, say S?, fs2 Fooa= fs2 *Froq = 0;

(4) a7'Fs7§a =0.

Remark 2.14. By such a decomposition, one can easily calculate the charged static Coulomb part
of the Maxwell field from the initial data, and the estimates for the non-charged radiative part can
be derived from the system (2.22) given estimates for the spin +1 components.

2.7. Basic estimates. We switch to stating some basic estimates.
The following simple Hardy’s inequality will be useful.

Lemma 2.15. Let ¢ be a spin s scalar. Then for any r' > 2M,

’ ’

/2 Jolar < / rogltr £ (0 = 220l (2.26)

If, moreover, lim r|p|? =0, then
r—>00

/ l2dr < / 12120, )% dr. (2.27)
2M 2M
Proof. Tt follows easily by integrating the following equation

O ((r — 2M)|ol?) = |ol* +2(r — 2M)R(¢0r¢) (2.28)
from 2M to v’ and applying the Cauchy-Schwarz inequality to the last product term. O

We will also use the following standard Hardy’s inequality cited from [3, Lemma 4.30].

Lemma 2.16 (One-dimensional Hardy estimates). Let o € R\ {0} and h : [ro,71] — R be a C*
function.
14



(1) If r§|h(ro)|* < Do and o < 0, then

T1 4 T1
—2a_1r‘f‘|h(r1)|2 —|—/ ro‘_1|h(7°)|2dr < —2/ TO‘+1|8Th(r)|2dr —2a7'Dy; (2.29a)
a? /.,

To

(2) If r¢|h(r1)]? < Dy and o > 0, then

1 4 T1
Lrs|h(ro)|? +/ r*Hh(r)Adr < ] / r* 0, h(r)2dr + 2a~ 1 Dy. (2.29b)
To

To
Recall the following Sobolev-type estimates from [3, Lemmas 4.32 and 4.33].
Lemma 2.17. Let ¢ be a spin s scalar. Then
s;f)lsDI2 Ss el (s, (2.30)
If a € (0,1], then
S£1T1;>I<p|2 S (eliya o) + PVl )2 W6l + Vel )2 (2:31)
If TILII;O|T_1¢| = 0 pointwise in (p, 0, p), then
Ir ol Ss lellws, .. 10-¢llws, (o...)- (2.32)

3. ALMOST PRICE’S LAW

3.1. Energy and Morawetz estimates. We briefly review the energy and Morawetz estimates
for the TME in this subsection.

Definition 3.1. With V defined as in Definition 2.2, we define the operator

V=rV. (3.1)

Let ¢ € N and define the following scalars constructed from the spin +s components
20 =r"%y,,,  2Y) = (—r?y)yEf), (3.2a)
o) — ey, o = pip®), (3.2b)

Lemma 3.2. e Let s = 1. The equations of <I>(_i)1, 1=0,1,2, are

(—r2YV 400" —2)%) = —2(r — 3M)r 20", (3.3a)
(—r2YV + 00" — 2)0") =0, (3.3b)
(—r2YV 408" — 12Mr 123 — 2(r — 3M)r2V3?) = 0. (3.3¢)

The wave equations for {:jl}l 01 are the same as (3.3a)-(3.3c) by replacing 00 and
{<I> }Z 0.1 by 00 and {_ 1}1 0 1, respectively.
e Let s = 2. The equations of @72, 1=0,1,2,3,4, are

(—r2YV + 00 —4— 6Mr D) = —4(r — 3M)r20"), (3.4a)

(—r2YV + 00 — 6+ 6Mr 12" = —2(r — 3M)r 26 — 600", (3.4b)

(—r2YV 4+ 00 — 6+ 6Mr—)d?) =0, (3.4¢)

(—r2YV + 8 — 4 — 6Mr 2% — 2(r — 3M)r 2005 = 6103, (3.4d)
(—r?YV + 00 — 30Mr—1)<1><,4§ A(r — 3M)r—2vo™) = 0 (3.4e)

The wave equations for {ES:)Q}Z-:QLQ are the same as (3.4a)—(3.4c) by replacing 00’ and

{‘b@z}izoylﬁg by 'S and {E(j)z}izoﬁlyg, respectively.
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Proof. The governing equations for the spin +s scalars can be similarly derived as the ones for the
spin —s scalars, hence we focus only on the spin —s scalars. Equations (3.3a) and (3.4a) are easily
obtained from the TME (2.15) since the definition (3.2b) of <I>(_05) involves only a rescaling of ¢_,.
By utilizing the following commutation relation

N A 2(r—3M) 2(r —3M) - .
WV, —r?YV]p= - V( : FOR )Vsﬂ) - 2 Jp2 4 (2 —12Mr~")Ve, (3.5)
the derivations of the other equations are straightforward. O

Equations of <I>(_53 and 552 are the scalar wave equation for s = 0, the Fackerell-Ipser equation

[30] for s = 1 and the Regge-Wheeler equation [66] for s = 2, respectively. These equations can be
treated in a similar way to obtain for the spin-weighted scalar under consideration a uniform bound
of a nondegenerate energy and an integrated local decay estimate, also called a Morawetz estimate.
We call these two types of estimates together as the energy and Morawetz estimate. One can also
treat the wave systems of {<I>_5 i=0,....s and {:Eﬁs i=0,....s and arrive at the energy and Morawetz
estimates for both spin components. The followmg is a summary of the energy and Morawetz
estimates proven for different spin fields in [25, 52, 53].

Theorem 3.3. [Energy and Morawetz estimates for TME] Let s +1 < k € NT. There exists a
universal constant C = C(k) such that the following energy and Morawetz estimate holds in the
region Dy, -, for any 1o < 11 < 7o for the spin s = £s components:

BES,_( / BMj, (,)dr < CBEY_(¥,), (3.6)

where for any T > 19, the basic energies are

BEY (0.,) = Z SooIBeEe, .
=0,..., s|a|<k—s—1

BE{ (V_)= Y Z B2 (== )31 s, )

and the basic Morawetz densities (in time) for any 7o > 17 > 19 are

BME ()= 30 3 (B2 5. + B BED 0, 5,z anry))
=0,...,5 |a|<k—s—1
BM, ( Z Z (1B @) 20, s, + BB ) 20 5. rany) )
.5 |a|<k—s

Remark 3.4. (1) The presence of a cutoff integral region 3, N {r > 4M}, instead of X, in
the expressions of the basic Morawetz densities is due to the trapping phenomenon at the
trapped surface r = 3M where one has to loss derivatives.

(2) The presence of the factor p=*T® in the expressions of the basic energy and the basic
Morawetz density for the spin s = —s component is such that the scalars ,u*”i(l)gl are
regular at future event horizon.

3.2. Extended wave systems. To obtain estimates close to the Price’s law, we have to first derive
further wave equations and add them to the wave systems in Lemma 3.2, after which we can achieve
estimates for the obtained extended, larger wave systems. This follows closely [54] where the Maxwell
field (s = 1) is treated.

Definition 3.5. Let ¢ € N and define for the spin s components the following spin s scalars
O} = i, =Vielf), (3.7a)
) = porp_,, q>_5 = Vel (3.7D)

5In some works, these three equations are put in a wave form with an s-dependent potential and are all called the
Regge—Wheeler equation.
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Definition 3.6. Let ¢ € N. Deﬁnef“l—z(z—i—25+1) faio=—fsit11— foi1) = —2(s +1+1),
fsiz = fsin + 5(5 +1)(2s4+1), gs5 = 6 Z fsj3 = 2i(i + s)(i + 2s). Further, let zq 41, =

=0
featl— — (i+1)(i+ 25+ 1) and 25 ;41,; = — 722120l for 0 < j <i—1, and define

fs,iv1,1—Fs,i,1 fsit1,1—Fs,5,1

3 = ol ST = 0T 3 g MR (3.8a)
j=0
) = 99, QUIZHD — U2t L Ny i MU, (3.8b)
7=0

Proposition 3.7. Let i € N.
(1) The equation of @(O)

—uy Vol £ 560 — 2(s + 1)(r — 3M)r 208 ) — 2(s 4 1)(25 + 1) M7~ ') = 0, (3.9)
the equation of <I>+5 18

- #Y‘>¢$1 + (30 + fs,i,l)q)sz + fo2(r — 3M)7“72]><I>( —6fsi3Mr~ 1<I>(l) + gs. ZM(I)(Z D — o,

(3.10)
and the equation of &)S:)s 18
— Y V) + (00 + foi1)®) + foialr — 3M)r 208 + 3 hyi 04) =0, (3.11)

=0
with hs;; = O(r~Y) for all j € {0,1,...,i}. Moreover, all the functions hs;; can be
determined by the following relation

i+1 i
Z hg,m,j‘bﬂ = —(r—3M)r—? Z(fﬁ,i+1,2 - fg,j,2)l“5,i+1,le+lﬁVq)gf;
— =

Y i MY ha.jjr @) (3.12)

together with hs o0 = —2(s + 1)(2s + 1)Mr~1.
(2) The equation of @9? is

—pYV®®) L 550 — 2(s + 1)(r — 3M)r 203 — 2(s + 1)(25 + HMr %) =0,  (3.13)

and the equation of <I>(i+25) 18

— Y VU (3 + £ )@ b fa(r — 3M)r 2V —6f M U g, el — g
(3.14)
and the equation of 5912‘5) 18
—nY VU 1 (80 + fo,01)@ 7 + fainlr — 3M)r V@) N hy 0V =0, (3.15)
j=0
with hs; ; being of the same expression as the ones in (3.11) and satisfying hs;,; = O(r~1)
for all 5 € {0,1,...,i}.

Proof. By the TME (2.15), one has

(—rYV+ 50— 2(s + DMr= ) (ris) = = 2s((r — M)Y —2r0,)(r¢s). (3.16)
In view of the definition (3.7a), one therefore reaches
2y Vo) 4+ §50) — 25(r — 3M)r 200 ") — 2(s + 1)(2s + 1) Mr~'0°) = 0, (3.17)
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which is exactly equation (3.9).
Commuting equation (3. 17) with V' and using the commutator (3.5), we can inductively show

—2YVOY + (@ + foi1)®) + (foio +2)(r —3M)r 200, —6f, s Mr 1) 4 g, MUY =0,
(3 18)
This thus proves (3.10) for general ¢ € N.
We prove equation (3.11) by induction. Assume it holds for E)ng for all 1 < j < 4, it suffices to
show that it holds also for (’55::1). By adding an s ;+1 ;M1 multiple of equation (3.11) for (,1352
for all j =0,1,...,7 to equation (3.10) of @5::1), one obtains

- Myvg’ﬁrl) + (00 + fi+1,1)6$:1) + foiv1,2(r — 3M)7°_21>&’$:1) - 6fs,i+1,3M7°_16$:1)

— sz,i-i-l,jMiJrl_j(fs,i—i-l,l - fs,j,1)‘5$2 + gs,i+1M<I>S2.
j=0
- (T - 3M)T72 Z(fﬁ,iJrl,Q - f57j12)$5,i+1,jMi+17j]>q) + ZIE i+1 JMlJrl J Z hs T j’(I)(J ) = =0.
j=0 Jj'=0
(3.19)

We replace @(Z) <I>$5 E Ts i i M J@( ) in the last term of the second line and find the second

1: . .
line equals es,i+17le+1_J<I>$2 with

j=1
€sitli = — Tait1,i(fsit11 — fs.i1) + Gait1, (3.20a)
€sit1,) = — Toit1,j(foit1,1 = fo,5,1) = Gs,i+1%s,,5, for 0<j<i—1 (3.20b)

All these {es,i+1,5}=0,1,....; identically vanish by the choices of {%s i+1,};=01,..; made in Definition
3.6, hence the entire second line of (3.19) vanishes. One can rewrite f)fbgfg using Definition 3.6

as a weighted sum of {<I>(J )}|J/ =0.1,...,j+1 With all Coefﬁcients being O(1), and by denoting all the

terms in the last line on the LHS of (3.19) as Z hsit1 Jfbsﬂz, one finds hs;y1,; = O(r~!) for all
7=0

j€{0,1,...,i+ 1}. All these together then prove equation (3.11) for 55:1).

For the spin —s component, equation (3.13) comes directly from (3.3¢c) and (3.4e). Given that
equations (3.13) and (3.9) have the same form, the derivation of equations (3.14) and (3.15) is
immediate. 0

3.3. Initial energies. We define a few initial energies in this subsection, which will be utilized
frequently in the rest of this work.

Definition 3.8. Let n € N and n > min{0, s}, and let k > n. Let 7 > 75. Let &)S:l. and &)(fl. be
defined as in Definition 3.6. Define on ¥ an energy of the spin s = 4+s component

2 H(n—s) 2 .
o [0,,) = Zico 1V sl IV RS ity oo pzangy @ > 2 (3.21a)
>, +s] = n— .
piand [Ga ok \Ifﬂnwkz +|\rv<1>< *">|\Wk ey @S2
and an energy of the spin s = —s component
n+s 2 (n+s) 12 .
IRy ) = Yizo 6 ). “sllvrpess, >+“TV® N )HWk rengzany @75 (3.21D)
. ZnJrﬁH( V) 5”?,[/35—1'(2 + ||TV‘I) | a < 2.

Wh=r(s.n{p>aM})’

Definition 3.9. Define initial energies
200+1
£>00,k,0 £o,k,3—0 = 0k, 149 =0
S T CE s (AR I S e (2R
=bo+1
18



I () 222 (3:22)

£>0o,k, 0 Lo,k,5—10 = ¢ k,3—9 _
P10 e) = I8 (W) )] IR0 (W) =)

20042
+ Y I )] + I TR [( )220, (3.23)
0=0o+2

3.4. Weak decay estimates. We now use the wave systems derived in Sections 3.1-3.2 together
with the energy and Morawetz estimates in Theorem 3.3 to achieve decay estimates. These pointwise
decay estimates are by no means optimal and will be improved in the later sections; hence we call
them “weak decay estimates.”

Proposition 3.10. [Weak decay estimates for the spin +s components]

(1) If the spin s = s components are supported on a fized £ mode, £ > s, then for any j € N and
(i,p) € {max{0,s} < i <{,0<p<5}U{i =max{0,s},p > 1}, there exists a k' = k'(j,7)
such that

036 W o )lp S (P[0 ] poty /2o, (3.242)

5
D102 (PV) W)k S (IR R (2 (3.24b)
=0

(2) If the spin s = £s components are supported on £ > £y modes, Ly > s+ 1, then for any j € N
and 0 < p < 2, there exists a k' = k'(j,4y) such that

102 (r W )k S (LM P[0 ) Byt /2t (3.25a)

5
ST V) )k S (I ) Fu /2, (3.25b)
n=0

We state here an rP estimate for a general spin-weighted wave equation, which is an analog of the
one first proven for spin-0 scalar field in [26]. See also [3, 54, 55] where P estimates are derived for
a general spin-weighted wave equation on Schwarzschild or Kerr.

Proposition 3.11. Let k € N, s € N, and p € R*Y U {0}. Let 0 < 8,6, < 1/2 be arbitrary. Let ¢
and ¥ = ¥(p) be spin s scalars satisfying

—12Y Vi + (80 —bo)p — by Vi =10 (3.26)
Let by and by be smooth real functions of r such that
(1) Jby.—1 € RT U{0} such that by = by,_1r + O(1), and
(2) 3bo,o € R such that by = by + O(r~t) and the eigenvalues of 00" — by are non-positive,
i.e. fS2(|E§’<p|2 + b0,0|g0|2)d2u Z 0.
Then there is a constant Ry = Ro(p, bo, by) such that for all Ry > Ry and 7 > 7 > 70,
o forp=0 and by,_1 >0,
101,y 1o s Stmo-rt o 1lpngs oy + 190 oo 5 (3:270)

o forp=0 andby,_1 =0,

2 2 < 2 2 2 .
||<P||WE;1(2520) + ||<P||WE;1(D§10,7—2) ~[Ro—M,Ro] ||SD||WE;1(E§10) + ||TV%0||W53(D7I-{10,7-2) + ||19||W53(D7I-{1[{T2)7

(3.27b)
o forpe (0,2),
2 2 2 2
||TV¢||W§72(E$2RO) + ||<P||WE;I(E$2RO) + ||SD||W:j:31(D§1I?$2) + ||Y@||Wﬁl,5(p$ll,?ﬂ92
< 2 2 2 .
~[Ro—M,Ro] ||TVSO||W§72(E%RO) + ||SO||WE;1(E$1RO) + ||19||W£73(D%1?22)7 (327C)
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o for p =2, both of the following two estimates hold:

IVl g gz, + 161 s zroy + 1212 pay )+ Vel pmy
S[RD*MJ%O] ||TV(p||Wk(E>RO + ||50||Wk+1 >R0) + ||/(9||Wk (DZRD ); (327d)
IVl sizroy + 1013 s gzro) + 103 g + NVl pony

Siro-ar,m ||rV<p||Wk(E>RU 10l g1 gz

T2 L 1 T2
—|—6/ (r—m)~! <||TV¢||§V§(Z$RO)dT+g/T <7-—71>1+<||19||3Vk zRO)dT- (3.27¢)

. 1 k(57

If, in addition, the eigenvalue of of oo’ — bo,o acting on ¢ vanishes, then for p > 2, both of the
following estimates hold:

||TV<P|| (E>RU) + ||<P||Wk+1(E>RU + ||@||Wk+1 ( >R0 ) + ||TVSO|| 3(D>R0 )

Sttt IVl re + ol

+ (||19||2 o ozngy FIele pzng ) ) (3.28)
||TV<P|| (E>RU) + ||<P||Wk+1(E>RU + ||SD||WIC+1 ( >R0 ) + ||TVSO|| 3(D>R0 )

<
~[Ro—M,Ro] ||TV()0||W117@72(Z$1R0) + ||SO||WE;1(E§1RO)

T2 L 1 T2
+e/ﬁ (r—m)” <||rV¢||§V§2(E;RU>dT+g/n <T—7'1>1+<(||19||?/V:7( e ey )T
(3.29)

In all the above estimates, the integral terms ||o||? Ry, 2o +¢lI?

19112

Wk+1(2 Wk+1( Ro M, Ro)"'”@”

Ro- M 1 supported on [Ry — M, Ry| are zmplzczt n the symbol S[ry— M, Ro)-

Wk+1(
W (D
Proof. The estlmates (3.27) are the same as the ones proven in [55, Proposition 2.15] and hence the

proof is omitted. If the eigenvalue of of oo — bo,0 acting on ¢ vanishes, the wave equation (3.26)
reduces to

—r2Y Vo —by Ve =14 (bg — boo)e =09+ O~ )p = 4. (3.30)
By the same approach as proving the estimates (3.27)%, we arrive at
IrVlZ, ooy + 191w gznoy + 1015 pang ) + PVl ooy
/ rP*2§R(VDa¢Daz§) dtu
D Ro

T1,72

(3.31)

S[RO—M,R()] ||TV<P|| (E>RU) + ||SD||WIC+1 >R0 + Z
la|<k

The estimates (3.28) and (3.29) follow easily by applying the Cauchy—Schwarz inequality to the last
term of (3.31). O

3.4.1. Energy decay estimates for the spin +s component. Throughout this subsubsection, we focus
on a fixed £ mode, and, unless otherwise stated, we drop the subscript indicating the ¢ mode in the
scalars constructed from the spin +s component.

Definition 3.12. Define F(k,i,p, 7, V44) as follows:

o ifi <V —35,
F(ki,p,7,Uys) = Z||c1><ﬂ>||2 ons gz TBME (Uis),  forp =1, (3.32a)
F(k,i,p,7,¥4s) =0, for p € (—1,0), (3.32b)

6This is basically to multiply this equation by —2XROTP’2V@, take the real part, and integrate over D, -, with
the volume element d*p
20
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%

F(k7i7p77-7 \I]+5) = (” V(I)+5||2 k* s—j— 1(2 0) + ||&)$2||?/VE;57](E$RO)) + BEI;)T (\I]-‘rﬁ)? for pe [07

7=0
(3.32¢)

e additionally, for i = ¢ — s and p € [2,5),
l—s—1

Fknf=spm¥en) = 3 (VL2 ey oy + IBDZ s o))
e
VB s oy + 1B NG gzmo) + BES (V4s). (3:33)

We similarly define F(k,i,p, 7,07V ), j € N, with all the scalars in the Sobolev norms acted by 9.

Remark 3.13. By Definition 3.6, one has E)SQ = V@Sﬁ;l) + Z;;lo O(l)&)sﬂ;), hence, in the case
that ¢ = £ — s and p = 2, the two definitions (3.32¢) and (3.33) are equivalent.

We shall now prove global rP estimates for the spin 4+s component.

Proposition 3.14. For all0 <i</{—s, p€[0,2] and 72 > 11 > 70,
T2
F(kaiava%\IjJrﬁ)_'—/ F(k_lvivp_ 1aTa \I/Jrﬁ)dTSF(kvivpaTla\I/Jrﬁ)' (334)

1

Moreover, this estimate is also valid in the case that i = £ —s and p € [2,4).

Proof. We put equation (3.11) satisfied by the scalars constructed from the spin +s component into
the form of (3.26). Since the eigenvalue of 3’0 acting on an ¢ mode is —(¢ — s)({ + s + 1), one
finds that the first assumption is trivially satisfied and the second assumption holds true as long as
1 < ¢ —s. In particular, by, _; = 0 happens only when s =4 =0, and bg o = 0 only when i = ¢ — s.
Based on these observations, we apply the corresponding estimates in Proposition 3.11 to equation
(3.11) in different cases.

Consider first the case that ¢ < ¢ — s and p € [0,2]. As discussed above, by,_1 = 0 holds only
when s =i = 0. If s = i = 0, then the estimate (3.34) with p = 0 holds in view of the energy and
Morawetz estimate (3.6). In the remaining cases, it holds that by,_; > 0. We apply to equation
(3.11) with ¢ = 552) the estimate (3.27a) for p = 0, the estimate (3.27¢) for p € (0,2), and the
estimate (3.27d) for p = 2 to achieve

1BG 120 gzmoy + IBELNE v pmy
Siro- 0.1 ||<1><”||ka o zry IR s g (3.352)
(R AN S AN ) IR ez ) + IV B ms oz
S [ R L) e LG
(3.35b)
IV @GR e gz + 198 s ot 1B 5y g ) + NPV LN s g

SENSTES ||rv<1>$2||wk N L +||19<<1>S:5>||Wk e pzhy

(3.35¢)

Wk s—il (E
respectively. In view of the expression 19(@5:5 )= Z o O(r _1)<1>ng, one finds on the RHS,

||/(9( 'f‘5)||v[/7C 5 il — 1('D>R0)N Z”@-i-snz k s—j— 1(D>R0)

i’ —1

5R52||¢ ||Wk s—il — 1(,D>R0 +Z||® Wk s Jj— 1(.D$11’?1(_)2)7 (336)
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where the term with R 2 coefficient can be absorbed by choosing Ry > Ry sufficiently large. We
can then take a weighted sum of the estimates (3.35) for i’ € {0,1,...,4} such that the last term in
(3.36) is aslo absorbed, and the error terms which are supported on [Rg — M, Ry] and implicit in the
symbol S(r,—ar,Rr,] can be controlled by adding in a sufficient multiple of the energy and Morawetz
estimate (3.6). This thus completes the proof of (3.34) for p € [0, 2].

Consider next the case that ¢ = £ —s and 2 < p < 4. The steps are the same as the above for
p € [0,2] except that we are now applying the estimate (3.28) for p € [2,4) to equation (3.11) with
i = { — s; we arrive at

IV e oy + 188e I o) + 108 e g ) + IV RSy
Y4 Y4 Y4
Stro-M.Ro] Herbif [—— +H<1><+f i eqszro, T IO@L D s g ) (337)
It remains to estimate ||¢ <I>(e s) b
” ( +5 )”Wk e 1(DT>1RP2 y
~( 02
¢ 5 J
<
||19((I)+,, )”W" e 1(D§1’?£2) ~ jZOH(I)qL,,HWk s—j— 1(DT>1RTO2
l—s—1
Y4
S (o R SR D D [ 2/] ey |
whS YD (D7,
7=0
(3.38)

Thus, by adding a suitable weighted sum of the estimate (3.350) fori e {0,1,...,0—s} (e.g. by tak-
ing the coefficients of this weighted sum to satisfy Cp > Cy > ... > Cy_s > 1) to the estimate (3.38)

and taking J sufficiently small compared to 4—p, the error terms ZZ, —o Cw ||19(<I)(Z )2 Sro T

k s—i/—1
w?= (Drl,rg

(P Z %) ~r, . are absorbed. In the end, we add the energy and Morawetz estlmate 3.6
Wk l I(D 0
T1,7T2
to bound the error terms implicit in the symbol <ir,—as g}, thus proving the estimate (3.34) in the
case that i = £ — s and p € [2,4). O

Corollary 3.15. Let i1,i2 € N and p1,ps € RT U {0} be such that either of the following holds:

e i1 =iy <{—5 and p1 <ps < 2;

o i) <ipg<l—5,p <2, p2<2;

° iy =iy ={—5,p <ps<4;

o iy <ig=F0—5,p <2, p <4
Then there exists a constant k' = k'(j, 12 — 1), which grows linearly in its arguments, such that for
any To > T1 2> T,

F(k,il,p1,72,8£\IJ+5)+/ F(k—1,i1,p1 —1,7,070, )dr

T2

<o — 1) 2T =22 B (] L K g, po, 1, o). (3.39)

Proof. An application of [3, Lemma 5.2] to the estimates in Proposition 3.14 yields that for any
Ogigé—s,ogpl §p2§2,and7'2>71270,

F(k - 27 z'719177—27 \Ij-‘rs) S <T2 - T1>*(P2*101)F(k7i7p277—17 \Ij-‘rs)a (340)
and fori =¢—5,0<p; <py<4,and o > 1 > 79,

Flk—4,0—s5,p1,79,V,4) S (1o — 1)~ P2 PRk, 0 — 5,p9, 7, U 4y4), (3.41)

Note that by Definition 3.6, we have for any 0 < j < ¢ — s that @Jﬁ?j V@Jﬁg D4 Z o1 )&)Sf;.),
therefore,

F(k,i—1,2,7,9 s) ~ F(k,i,0,7,¥_,). (3.42)

Combining the above estimates then prove the estimate (3.39) for j = 0.
We prove the general j case of the estimate (3.39) by induction. Assume it holds for j, and
it suffices to prove the j + 1 case. Since 0, is a Killing vector field and commutes with the wave
22



equations of ;Iv)gi, the above estimates in this proof are still valid by replacing ¥, with 9JW .
which thus yields

F(k,iv,p1, 72,07 W) S (mo — 1) C PRk + K ir, 2,70 — (2 — 71) /3,001 0 1), (3.43)

We use equation (3.11) and the expression Y = pu! (2@ — V) away from horizon to rewrite

r?Vo. <I>+5 as a We1ghted sum of (rV)%® +5, ((—s5)l+s5+1)—i( +25+ 1)) Srs), V@S_s),
and Z o, O(r H)® +2 all with O(1) coefficients. Therefore, in the case that 0 <i < ¢ —s,

F(k,i,2,7,00710 ) §jw2vaﬁ*¢$2n
/=0
S F(k+1,0,0,7,000 ); (3.44)

and in the other case that : = /¢ — s, 2 < p < 4,
PXhé—sJLnafﬂwﬂ)<nﬂvaﬁ4®

Whos— 1 (52 R0 + F(k+1,i,0,7,000 )

mwsﬂlmm%+F@+1é 5,0,7,000 )

SF(k+1,4,p—2,7,00¥41) (3.45)

where we have used in the last step that the coefficient (£ — s5)({ + s+ 1) — (i + 25 + 1) = 0.
Consequently, the RHS of (3.43) is bounded by

2 .
@_ﬁy@ﬂm@+mh@m—§@—nL&%Q

< — Tl>—2(i2—il)—(pz—p1)—2(j+1)F(k + K i, po, 71, Vi), (3.46)
where the last step follows by induction. This closes the proof. O

For the convenience of the latter discussions, we shall extend the results in the above corollary to
the ones in the following lemma.

Lemma 3.16. Let i1,i2 € N and p1,ps € RT U {0} be such that either of the following holds:

o ip =iy <l —5and p; <ps <2

o ip <ipg<{l—35,p <2 py<2;

° i1:i2:€—5,p1 < p2 <5;

e i1 <is=L—5,p <2, pp <5.
Then there exists a constant k' = k'(j,i2 — i1), which grows linearly in its arguments, such that for
any 7o > T1 > To,

F(k7il7p177—27a£\1]+5)+/ F(k_ 177;17p1 - 17T 0! \I]-‘rs)

T2
S (o — ) 2T B () 4 K g po, T, Uoy). (3.47)

Proof. As can be seen from the proof of Corollary 3.15, in order to prove this lemma, it suffices to
extend the estimate (3.34) to the case that i = £ — s and p € [2,5). Specifically, we aim to prove
that for any p € [4,5) and 72 > 71 > 79,

T2

F(k—k’,ﬁ—s,p,TQ,\I&rE)—l—/ Flk—K —-1,0—5p—1,7,9, )dr S F(k,£—5,p,71,¥,s),
1 (3.48)

where k' is a finite universal constant.
By applying (3.29) to equation (3.11) with i = £—s, and together with the expression ¥(®}

SiZrorhe ii which follows from equation (3.11), we get for p € [4,5) and any ¢ > 0 that

o= 5))

{— {— (e— {—
||TV(I)S_ s) ”W’“ g 1 >R0 + ||(I)( s) ||Wk £(E>R0 + ||‘I) 5)”ch ¢ (D>R0)+ ||TV(I)( %) ||Wk e 1 DT>11:2T02)
14 (e—
ﬂmanwﬂsmwe@mmH@ i E—
T2
+5/ <T—T1>_1_§||7°V‘I’(E * ”W" L1 >Ro)dT
T1
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T2
e [ = (9@ gz + I o )7

T1

(-~ (e—
<[Ro M, Ro] ||7°V(I)( 5) ||Wk - 1(E>Ro + ||‘I> 5)||Wk e(ETZIRO)
_12 :/ 1+§||(I) 5||Wk IZ 1(E>Ro)d7’+ S[UP ]HTV(I)Z 5)||Wk /z 1(E>R0) (349)
Te T1,7T2

The last term can be absorbed by taking a supreme norm over the LHS and choosing ¢ sufficiently
small compared to ¢, thus

14 14 (e— 14
IV @i oy + 18Ee I o) + 198 e g ) + VR s
(e— (e—
<[Ro M, Ro] HTV(I) E)Hwk z 1(E>R° +||(I) 5)Hch e(E>R0)+ Z/ 1+§||(I) 5||Wk l Iz
(3.50)

From the Hardy’s inequality (2.29a) and the proven (3.39) for i1 = io = £ —s, py = p — 4 and
p2 = 3.5, we have for p € [4,5) that

Z/ 1+<||<1> ”W" -1 >R0)d7'

< / (1 =T F(k, 0 —s,p—4,7, 0, .)dr

T1

T2
< / (- 7'1>1+§<7' — 7'1>p_15/2dTF(k +4,0—5,35,711,V )

T1

< F(k+4,0—5357,V.,). (3.51)

Plugging this estimate into (3.50) and adding the estimate (3.34) together, we prove the estimate
(3.48) for any p € [4,5) and 72 > 11 > 719, with k' = 4. O

3.4.2. Energy decay estimates for the spin —s component. Throughout this subsubsection, we focus
on a fixed £ mode, and, unless otherwise stated, we drop the subscript indicating the £ mode in the
scalars constructed from the spin —s component.

Definition 3.17. Define F(k,i,p, 7, U_;) as follows:

>R0)dT

o ifi<{,

F(kviapuTulll—s) =0, fOI‘pE [_170)7
i+5 . .

Fkyiop, . 0es) = 3 (VIR st ooy + 18D oy gono, ) + BES (¥o0), forp e [0,2);
3=0 - -

e additionally, for i = ¢ and p € [2,5),
l4+s5—1

Pt ¥os) = 3 (VB gz, + 10 sz
<
14 (¢
+[rve! +5>||Wk s ggzroy TIRUTY e ozny) + BEE (T_).

For j € N, we similarly define F(k,i,p, 7, 0¥ _;) with all the scalars in the Sobolev norms acted by
0.
Proposition 3.18. For alli < s, p € [0,2] and 72 > 71 > 70, there exists a nonnegative universal
constant k' = k'(s) such that

T2

F(k,i,p, 12, ¥_g) + / Fk—-1i,p—1,7,9_»)dr S F(k+k,i,p,7,V_5). (3.52)

T1
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Moreover, in both the case that 0 < i1 < is < 5, 0 < p1,p2 < 2 and the case that 0 < 11 = 15 < 5,
0 < p1 < pa < 2, there exists a nonnegative universal constant k' = k' (j,i2—11), which grows linearly
in its arguments, such that for any j € N and 10 > 11 > 70,

F(k, i1, p1, 72,20 _g) S (1o — 1) 20271 =02=P) =2 (s 1 |/ iy, po, 71, W _y). (3.53)

Proof. In the case of s = 0, this has been proven in Proposition 3.14. It remains to prove the
estimates for s = 1,2, and we consider the s = 1 and s = 2 cases separately.

For s = 1 case, we first consider the system of equations (3.3a) and (3.3b). These two subequations
can be both put into the form of equation (3.26) and the assumptions in Proposition 3.11 are
satisfied. In particular, (P 0)) 2(r — 3M)7°_2<I>(_1{ and 19(@(_1{) = 0. We apply to these two
subequations the estimates of both (3.27¢) and (3.27d) and sum them up, and the error term

R L [

@CHI2,,
T1,7T2

large. Thus this proves the estimate (3.52) with ¥ = 0 for all i < 1, p € [0,2] and 72 > 71 > 79,
where the p = 0 case follows from the energy and Morawetz estimate (3.6).

Consider next the s = 2 case. By exactly the same argument as for the s = 1 case, one can show
the estimate (3.52) with &’ = 0 for all i = 0, p € [0,2] and 7 > 7 > 79. Moreover, the estimate
(3.52) with ¥’ =0 for i =1, p=0 and 7 > 71 > 79 trivially holds due to the relation

F(k,1,0,7,%_3) ~ F(k,0,2,7,T_,) (3.54)

can clearly be absorbed by taking Ry > Ry sufficiently

which is valid by Definition 3.1. By putting quation (3.4d) of ®®) in the form of (3.26), one

finds (P 3¢ )) 6M<I)(72%. We first apply the estimate (3.27c) and achieve for any p € (0,2) and
T > T1 > T that

IV OIS s szmo) + I s ooy + 1@ oy
3) 3) 2)
SENSYESN 6 | e +||<1><_2||Wk szoy 10BN e oy (3.55)
By the Hardy’s inequality (2.29a), we have for the last term
2) 2)
192, oz ) Sime-atred IV e oy St-arm 10 g oy (3:56)

which can thus be absorbed. Hence, we prove the estimate (3.52) with &’ =0 foralli =1, p € [0,2)
and 72 > 71 > 70. Similarly to the proof of Corollary 3.15, an application of [3, Lemma 5.2] yields
that there exists a nonnegative universal constant k’ such that for all p =2 and 7 > 71 > 79,

F(k,0,0,70,% 5) < {1y — 1) 2 PF(k+ K, 1,p,71,¥_5). (3.57)

We then apply the estimate (3.27e) to equation (3.4d) of <I>(_3% and achieve for any p € (0,2) and
T > T1 > T that

3) 3)
Va2 pzroy 2% e

Wk 5(2_1? >R0 )

>P~0 + H(I)

Wk 6 Wk 5(D

S[Ro—M,Ro) ||7°V‘1’( 2

>R0)

2Mwy=o (=3 Hw’c 2=

T2

T2 1
R A e N L B L T D

T1 1

The second last term on the RHS of (3.58) is absorbed by taking a supreme norm over the LHS
and taking ¢ small enough, and, using the estimate (3.57) with p = 1.5, the last term is bounded
by %F(k +k',1,1.5,71,¥_5). Together with the proven estimate (3.52) with ¥’ = 0 for all i = 1,
p € [0,2) and 7 > 71 > 70, we conclude the i = 1, p = 2 case of (3.52), and, hence, complete the
proof of (3.52).

The estimate (3.53) for the j = 0 case follows simply by applying [3, Lemma 5.2] to (3.52) and
the equivalence relation (3.54). The general j case holds by the same way of arguing as in Corollary
3.15. O

Lemma 3.19. Let i1,i2 € N and p1,p2 € RT U {0} be such that either of the following holds:
L4 7;1:7:2<€ andp1 Spg §2,
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o iy <ip </l p1 <2, pp<2;

° ilzing,pl < p2 < 5;

o iy <ip=1{p <2, pa<5.
Then there exists a constant k' = k'(j,ia — i1), which grows linearly in its arguments, such that for
any To > T1 2 To,

F(kailap1;7’2787j;\1/*5) +/ F(k - 17i17p1 - 157/587{-\1175)(:17-/

T2

5 <T2 _ 7_1>—2(i2—il)—(P2_P1)_2jF(k + k/7 i27p2, T, \I}_B)_ (359)

Proof. For each j € N, ;Iv)Sf; and Y : 28) satisfy the same equations, therefore, analogous to the

discussions for the spin —s component, in particular, analogous to the statement in Lemma 3.16,
the statements in Lemma 3.19 are valid but under an additional, common assumption that i; > s.
Meanwhile, the case that ¢; < s and i3 < s has been treated in Proposition 3.18. In the remainder
case that i1 < s and i3 > s, we have from Proposition 3.18 that there exists a &' = k’(j, s — i1) such
that

F(k,il,pl,TQ, 81\1175) ,S <7'2 — 7'1>72(5717i1)7(27p1)72jF(k + k/,ﬁ —1,2,71 + (7'2 — 7'1)/2, \I/,E)
S (12 =) HETIPTH R (k4 k5,071 + (12— 1) /2, W),

where the last step is due to the relation F(k,s — 1,2, 7,V _;) ~ F(k,s,0,7,¥_) by Definition 3.1.
On the other hand, the above discussions yield that there exists a k' = k/(i2 — s) such that

F(k,5,0,71 4+ (12 = 71) /2,90 _¢) < {2 — 71) 2029 P2 (ke 4 &/ Lig o, 71, W)

~

Combining these two estimates then implies the desired estimate. O

3.4.3. Proof of the weak decay estimates in Proposition 3.10. Given the energy decay estimates
above, we can now prove Proposition 3.10. We notice by definition that there exists a universal
constant &’ > 0 such that for any p > 0, the following holds

F(k—k,i—s,p7, V) STEPW ) S F(k+ K, i,p,7,4s), fors<i<l, (3.60a)
F(k— K i,p, 7, U_) STEPW_,| S F(k+ K ,i,p,7,0_,), for0<i<LC. (3.60b)

Suppose the spin +s component is supported on a single £ mode. For any j € N and 72 > 71 > 79,
we utilize the estimates in Lemma 3.16 and conclude

e the estimate (2.32) implies that for any 0 <i </ —5,0<p <5,

1

4

107 (r W o)k < (/Oo Fk+k,0,—1,7,000 ,)dr’ /Oo F(k+k,0,—1,7, 6£+1W+5)dr’>
S (F(k+ K i, p, 70, Ug)) 27~ PHD/27075, (3.61a)

e the estimate (2.30) implies that for any 0 <i </ —s5,0<p <5,
109 (1720, )k S (F(k+ K,0,0,7, 000, ))F < (F(k + ki, p, 70, W40)) 27 7/2771 | (3.61b)

e the estimate (2.31) with a = ¥, ¥ sufficiently small, implies that for any (i,p) € {0 < i <
{—5,0<p<5}lU{i=0,p>1}

1090 o lop S (Fk+K,0,1— 9,7, 0 ) F(k+k,0,1+9,7,0,,))7
< (F(k+K,0,0, 7,000 , ) 2 7~ (= 1)/271=7 (3.61¢)

Combining the above three estimates together yields that there exists a k' = k’(j,4) such that for
any j € Nand (i,p) e {0<i<l—50<p<5}U{i=0,p> 1},

109 (r "0 o) op S (Fk+ K i, p, 70, Uyg)) 2o by (D270 (3.62)
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Suppose the spin —s component is supported on a single ¢ mode. Similarly, we employ the
estimates in Lemma 3.19 together with the estimates (2.30)—(2.32) to conclude that that there
exists a k' = k/(j,4) such that for any j € N and (i,p) € {0< i< L0<p<5}U{i=0,p>1},

5
(e 2V ) e + Kk i,p, 10,V _g 3yl (P=1)/2=i=j 3.63
I (r* V)" U_g)|pp S (F(k+ K v

n=0

Taking into account the relation (3.60), the above thus proves the estimate (3.24).

We next consider the case that the spin +s component is supported on ¢ > ¢; modes with
oy > s+ 1, and the case for the spin —s component can be analogously treated. In fact, the
estimates in Proposition 3.11 can be applied to equation (3.11), hence the estimate (3.34) holds for
all0<i</l¢—s,pel0,2] and 2 > 7 > 79. By going through the remaining proof in Section 3.4.1
then yields point 2 of Proposition 3.10.

Remark 3.20. The above proof also yields that if the spin s = +s components are supported on
a fixed £ mode, £ > s, then for any j, 0 < i < ¢ —s and 0 < p < 5, there exists a k' = k/(j,¢) such
that in the region r > 4M,

|(97J; (T‘_l (I)S:)s) |k,]D < (Héfﬁ-k/,p [\I,+5])%U—IT—(P—I)/2—(€—5—i)—j' (3.64)

3.5. Teukolsky—Starobinsky identities. It is surprising that the spin +s components are related
to each other by purely differential identities—the Teukolsky-Starobinsky identities (TSI), originating
from [76, 70]. See also the covariant form of these identities in [1]. We state explicitly these TSI in
terms of our terminologies, and these identities will be crucial in the later sections.

Lemma 3.21. (1) There are the following TSI for the spin +1 components of the Mazwell field

(@A ) = VE(Ay_y), (3.65a)
(0)2h_1 = Y q. (3.65D)
The first one (3.65a) can also be written as
o) = (7)207). (3.66)
If restricted to a fived £ mode, then equations (3.65a) become
0+ 180 = @), (3.67a)
L+ 1)p_y =Y2hy. (3.67b)
(2) There are the following TSI for the spin +2 components of the linearized gravity:
WM Prth-s) = (@) (1 *ye) — 12MO, (r 450, (3.68a)
Y4(thyo) = ) *_o + 12MO 0. (3.68D)
Moreover, equation (3.68a) can also be written as
o) = (3)'0") — 12Mm0,07). (3.69)
If restricted to a fived £ mode, then equations (3.68) become
(£ — 1)L+ 1) (£ +2)0) = oY) + 1200, 0%, (3.70a)
(6= 1)0(L+ 1)+ 2)1h_g = Yo — 12M ;1) _s. (3.70Db)

Proof. For the spin +1 components, these TSI can be easily derived from the Maxwell system of
equations (2.22): the identity (3.65b) can be obtained by applying 2r~'Y to (2.22a) and using
(2.22d); the other identity (3.65a) can be obtained from (3.65b) by interchanging I and n and 9
and &', Equation (3.66) is straightforward from identity (3.65a). When considering a fixed ¢ mode,
equations (3.67a) and (3.67b) are immediate from (3.66) and (3.65b), respectively, together with the
eigenvalues of (3')% and (9)2 in (2.17).
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For the spin +2 components, the equations in [3, Equations (3.26)] can be rewritten in the form

5 M
YA(KIT ) = 74 (0)* (kI ) + 570- T2, (3.71a)
N o PV
(V) 2RAT ) = 2 (@) i) - 10T ) (3.71)
where k1 = —%r in Schwarzschild spacetime. By substituting in T o = r~*i,9 and T_, = 9_o,

one arrives at equations (3.68).
Using Definition 3.1, equation (3.68a) becomes

PV r?09) = @)1 — 12M0,0). (3.72)

Expanding out the LHS and using Definition 3.1 again, one finds the LHS equals fIJ(f%, hence com-

pleting the proof of (3.69). If restricted to to a fixed £ mode, since we have from (2.17) that the

cigenvalues of (8')* acting on the spin +2 component and (3)* acting on the spin —2 component are
both (¢ — 1)¢(¢ + 1)(¢ + 2), equations (3.70a) and (3.70b) are thus easily justified from (3.68b)and
(3.68a). O

3.6. Newman—Penrose constants. We construct the N-P constants for the spin +s components
in this subsection. As will be seen below, these N-P constants are in terms of fixed modes of the
components. The vanishing or nonvanishing property of these constants determines the energy decay
rates, and these constants are of paramount importance in characterising the precise asymptotics of
any fixed mode or the field itself in proving the Price’s law.

Definition 3.22. Let ¢ € N and ¢ > s. Define the (m, £)-th N-P constants of the spin s = +s and
s = —s components to be Q(m’ = 1m V( (- ”')) ¢ and Q(f;’l) = lim f}(q)(f:s))m’l’ respectively,
pP—00

where (555;5))7,1 and (® (e+s)>m1£ are defined as in Definition 3.6 from the (m, £) mode of the spin
+s and —s components, respectively.

Remark 3.23. These N-P constants are defined in such a way that only the (m, £) mode is relevant
to the (m, £)-th N-P constant. Hence, in the rest of this subsection, we will always assume that the
spin +s components are supported only on the (m, ¢) mode.

Remark 3.24. As will be shown in Proposition 3.26, these N-P constants are independent of 7
under some general conditions, a fact which justifies they are indeed real constants.

Proposition 3.25. Let £ > s and k € N. Let k' = k'(¢) > 0 be suitably large.
(1) Assume ]Iéf:k/’o[\lfﬁ] < 0o which is defined as in Definition 3.8.
(1) If Tgr&j2;|¢$g|k,m|zfo < 00, then for any T > 19, TlLII;Oj22|¢$3|k,D|ET < 00. The same
statement holds if one replaces all @Sf; by @Sﬁﬁ,

(i1) Ifrlig)lo ( Z |<I>Jr5|;C pls,, +T_O‘|<I>(e st+1) | 7]D)|27_0) < o0 for some « € [0,2], then for any

T > 79, lim ( > |<I)(J)|k pls, —|—T7°‘|<I)(é s+1) | 7D|27) < 00. The same statement holds

if one replaces all @52 and @fgsﬂ) by &)ng and ;I;f;sﬂ), respectively;
(2) Assume ]Iéf:k/’o[\lf_s] < oo which is defined as in Definition 3.8.

] . Lts .
(z92) If lim > |(I)(_Jz|k,D|ETO < 00, then for any T > 79, lim > |(I)(_Ji|k7]])|gr < 00. The same
r—o0 i r—o0 i

statement holds if one replaces all <I>(_]i by &)(_Ji,
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(v) If lim ( Z |<I>ﬂ|k pls,, —|—T_a|(1)(f:5+1)|k1]1))|2m> < oo for some « € [0, 2], then for any
T—00

T > To, rlggo ( > |<I>(_jl|k1]n)|gr + 7“70‘|<I>(_€:5+1)|k7]@|27) < 00. The same statement holds
§=
if one replaces all @92 and @@js“) by E)(fi and 5@:5“), respectively.

Proof. The assumption HE Rtk 0[\IJ+5] < o0 in particular yields that for any 7 > 79 and any 1 < j < ¢,

1ol +Z||<1>+5|| sz, (373)
and
swp [ Wl ok sup 5 / P @Y P < oo (3.74)
2, Js2 S.n{p>4M} {2 J 52

Note that the first estimate (3.73) follows from Lemma 3.16 and the relation (3.60), and the second
estimate (3.74) follows from the Sobolev-type estimate (2.30) together with the estimate (3.73). The
rest of the proof is similar to the one of [9, Propositions 3.4 and 3.5] and we omit it. O

Proposition 3.26. Let £ > s, and let k' = k' (£) > 0 be suitably large.
(i) Assume ]Igf;’o[\lhrs] < 00, and assume rli{EO jg_j:(ﬁ)(jg + |1>&>sz.|)|gm < 00, then the (m,£)-th
N-P constant (@S:Z’e) is finite and independent of T;
(13) Assume ]Iéf;’o[‘llfs] < 00, and assume Tle JE (|<I> | + |V‘I>—5|)|ETO < 00, then the (m,£)-th
N-P constant Q(:Z’é) is finite and independent of T.

Proof. Recall that we consider only the (m,¥¢) mode of the spin +s component. We have from

Proposition 3.7 the following equations for <I>(£ %) and 5@:5):

l—s
— 20,08 — 200+ 1)(r - 3M)r 20377 + 3 0@ 1)) =, (3.75a)
j=0
s l+s
—20,08FY 200+ 1)(r — 3M)r~ V) + 3 0 H)@Y) = 0. (3.75b)
Jj=2s

Consider the spin +s component case, the spln —5 component case being treated in the same fashion.

Since by Proposition 3.25, lim (Z |<I>+5| + |V<I>(é s l1,p)|s, < oo for any T > 79, we conclude
r—>00

from (3.75a) that

lim 0, Vo Vs =0. (3.76)
By the bounded convergence theorem, the statement follows. O

Given the above results, we can now show that the (m, ¢)-th N-P constants for the spin +s and
—s components are related to each other by a nonzero constant factor depending only on ¢ and s.

Corollary 3.27. Let { > s. Assume H%’:{;’O[\I}+5] < oo for a suitably large k' = K'(£) > 0, and
b—s __ . A~ (s
assume lim Z(|<I>$2| + |V(I)$;‘)-|)|Em < o0o. Then
. m,0) 0 ml
() Q7Y =TI, 101"

(i) if Q(m’ vanishes, then Q+5 g vanishes, and vice versa.
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Proof. Equation (3.67a) is £(£ + 1)@582 = <I>(_22 and equation (3.70a) is (¢ — 1)¢(£+ 1)(£ + 2)@582) =
o) +12M0,9), which thus yield

C+1)valh = palih), (3.77)
(€ =Dt + 1)+ 20852 =V ? 4 12Mm0, V2. (3.78)

By Proposition 3.26 and (3.76), the statement (¢) follows. The statement (i¢) is manifest true. O

Proposition 3.28. Let { > s, a € [0, 1] be arbitrary, and k € N. Assume the (m, £)-th N-P constant
(@(_W;’Z) vanishes.

’ bts .. o~
(i) If Héfjk VW] + lim ( > 189 p + |7°17‘J‘V<I>(_€:5)|k7@) |5, <00 for a suitably large k' =
T oo JZO
E'(£), then there is a constant Co(T) < oo such that for any T > 9, TlLrgo|T17a]>5g:5)|k7D|gr <
Cy(7). In particular, if & > 0, then Tli}r{)lovl_o‘l};l;(fljg)m,mx is independent of T;
. £k+k' 0 - B0 1—aygE—s) ; /
(id) If I ™ T [Was] + lim ( Yok + [Pt TV, |]€7]D)>|Zm < o0 for a suitably large k' =
T o0 JZO
K'(€), then there is a constant Cy(T) < 0o such that for any T > 19, Tli)lgo|7“1_a1>‘i’5f;5)|k,m|z¢ <

Cy(7). In particular, if a > 0, then lim |r17°‘]><f>f;5)|kﬁm|27 is independent of T.
r—00

Proof. By Corollary 3.27, the (m, ¢)-th N-P constant QS:Z’Z) of the spin +s component vanishes as
well. We show the statements only for the spin —s component, the proof of spin +s component being

the same. The scalar &)(_éjﬁ) satisfies equation (3.75b), and hence performing an 71~ rescaling gives
o3 (¢ (e (¢ X =(j
~20,(r' =V Y) = 0™ )V VeV + 0 Wa Y + 3 0 )aY). (3.79)
Jj=2s

In the case that o > 0, we have from the assumption of vanishing (m,¢)-th N-P constant and
Propositions 3.25 and 3.26 that the limit of the RHS on ¥, as p — oo is zero for any 7 > 79, hence

one obtains lim 0 (rl_o‘f);l;(fjs)ﬂgf = 0. The statements for o > 0 then follow from the bounded
T—00
convergence theorem. For o = 0, the limit of the RHS on ¥, as p — oo is now bounded by a
T-dependent constant, hence lim |rl><b(_é:5)|k,D|ET < Co(T). O
r—>00

3.7. Almost Price’s law for a fixed mode in the exterior region {p > 7}.

Lemma 3.29. Assume the the spin +s components are supported on £ > £y mode, £y > s. There
exists universal constants C = C(9, j, k,£y) > 0 and k' = k'(j,4o) > 0 such that for any 7 > 79 and
p€10,5),

O] SISO < CIE L), (3.80)

Proof. This follows easily from Definition 3.8 and the TSI between the spin +s and —s components
in Lemma 3.21. ]

Proposition 3.30. Assume the the spin +s components are supported on a single (m, ) mode, £ > s

andm € {—0,—L+1,...,L}. Let the (m,{)-th N-P constants Q(j;’l) be defined as in Definition 3.22.
Let 9 € (0,1/2) be arbitrary, and let j € N.

(i) If the £-th N-P constant Q(j;’l) is nonzero, there exist universal constants C = C(9, j, k, 0)
and k' = K'(§,£) > 0 such that in the exterior region {p > 7},

02 (2 kg p < CoT T2 I LG W) (3.81a)

_ 2604259 1
2

02+ )k pp < Co7l7 I ), (3.81b)
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and for any 0 <i</{—s,

102 8 j—prp < Co ™

20—25—2i—9
2

SIS T W) (3.82)

(¢i) If the £-th N-P constant Q(:Z’i) equals zero, there exist universal constants C = C (9,4, k, ?)
and k' = K'(§,£) > 0 such that in the exterior region {p > 7},

02> W) e p < Co™ 2o T (I W), (3.83)
02 o)k prp < Co™lr TR T IG w)h (3.83b)
Remark 3.31. e These decay estimates, compared to the predicted Price’s law, have only a

79/2 loss, with 9 > 0 arbitrarily small. This explains why they are called almost Price’s law.
e In the case () that Q(_n;’l) is nonzero, the energies Hé’j(;p[\lurs] = oo and Hélj(;p[\lf_s] = oo for
p > 3 by Definition 3.8. This is why these decay estimates are almost sharp.

Proof. Consider first the case that the /-th N-P constant Q(_";’Z) is nonvanishing. We have from
Proposition 3.10 with p = 3 — ¥ that

02720 ) p < C(0, 5, b, (I3 [0 )) B2y~ r = (o022 02070 (3 84)
S 10 V) )k < O, g,k O AT 0]y Ryl (o020, (3.84D)
n=0

This already implies the s = 0 case of (3.81). The estimate (3.84b) for the spin —s component can
be improved in the following way. For s = 1, we have from equation (3.3a) that in the exterior
region,

o0+ 1)) = 2(r — 3M)r 20" — 2y Vo) = oo + o )rvel) + o(1)a o).

Since the RHS has further 7! decay in the exterior region compared to fIJ(H, the estimate (3.81Db)

thus follows. For s = 2, we have from (3.4a) and (3.4b) that in the exterior region,

(6= 1) +2) + 6Mr— 2 — 40 — 3M)r20" = —r2yve) = 010 + 0 )rve) + o(1)o, o),
(3.85a)

(€0 +1) — 6Mr~1)e!) —6M0°) = 2(r — 3M)r 207 — r2YVe!) = 0 )2 + 0 )rve) + 0(1)a,0%).
(3.85Dh)

When viewing equations (3.85) as a coupled system of equations of (@(_O%, <I>(_1%), the matrix operator

(—1)(l+2)+6Mr—t —4(r—3M)r—2
of the LHS, —6M 0e+1) — 6Mr!
12M7r~1 4+ 36M3r—2 and is clearly positive definite for » > 2M, and the RHS has further 7—! decay
compared to @9% An elliptic estimate then yields

), has determinant not less than 24 —

1
S ) e S (IS ) By e o2 (3.86)
n=0

Plugging this estimate back into (3.85a) and moving the term —4(r — 3M)7°_2<I>(_1% in (3.85a) from
the LHS to the RHS, we then conclude (3.81b).

The estimate (3.81a), in the exterior region {p > 7} is trivial in view of the estimate (3.84a) since
r ~ v. Meanwhile, the estimate (3.82) holds true in the exterior region {p > 7} in view of Remark
3.20.

Consider next the case that the ¢-th N-P constant (@(IZ’E) vanishes. By Proposition 3.10 with
p = 5 — ¢ instead, and together with Lemma 3.29, the proof proceeds in the same way as in the
above case. O

Proposition 3.32. Assume the the spin +£s components are supported on £ > £y modes, {y > s.
Let the (m,£y)-th N-P constants Q(_W;’éo) for the (m,£y) mode of the spin +s component be defined
as in Definition 3.22. Let ¥ € (0,1/2) be arbitrary, and let j € N.
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(1) If not all of the (m,£y)-th N-P constants Q(_n;’e“), m = —Ay, ..., %y, are nonzero, there exist
universal constants C = C(9, j, k,4y) and k' = k'(4,€0) > 0 such that in the exterior region

{p=1},
|5£(7°_25_1\If+5)|k_k/)@§cv 1— 25 _ 20— 25 P 1(H§V>\f[)271;19[\1]+5])% (3.87&)
DL W)k < Cv e T IE L), (3.87b)
and
P96 _ 26— 25+«9_ 1
|02 (r= 2 1 (W) 2ot ) i g p < Co 17207 IS [ ), (3.882)
02 ()20 g p < Cu™l e T I IE ) (3.88)

(2) If all the (m,{y)-th N-P constant Q(_";’éo), m = —Ag,..., Ly, are zero, there exist universal
constants C = C(9, j, k,Ly) and k' = k'(j, lo) > 0 such that in the exterior region {p > T},

0221 o) |jep < Co™ 1o HEET Rl g ), (3.890)
09 (W) |p < Co T IR ), (3.89D)
and
9 (p=25- (g, )f=lot2 < Cp~1-25 N 1¢24o.k9 1y 1 3.90
102 (r=2° 7 (We) 202 [ prp < Co™ 1207 (I’ [94]) %, (3.90a)
. 200+2s5+19 .
02 (r (W o) 20 < O™l IR ) (3.90b)

Proof. If the spin +s component is supported on £ > ¢y modes, we can decompose it as in Definition
2.10 into

(\I]-‘:-E)@Z@o = Z \I}+5 Z Z \I}-‘rs (m,i) mz(COS@) zmd) (3'91)
) 1=fg m=—1

which holds true in L?(S?). Consider first the case 1. For each (V) ¢, the estimates in Proposi-
tion 3.30 can be applied; while for the remainder (¥,)*Z%*! we can use the estimate (3.25) with
p =14 ¢ in Proposition 3.10 to achieve the decay estimate (3.88a). These two together then yield
the estimate (3.87a). Consider next the case 2. We apply Proposition 3.30 to each (¥is)m.¢,, the
estimate (3.87a) to each (W ys)m ¢,+1 and the estimate (3.88a) to (¥, 4)*2%+2, which proves (3.89a)
and (3.90a). The estimates for the spin —s component are similarly derived. O

3.8. Equations for a fixed mode.

Lemma 3.33. Let the spin s = s components be supported on an (m,f) mode, £ > s. Let

Gop =17 E D . (3.92)
Then its governing equation is
0y (r¥ P2 =20,¢,.0) — 20(0 + $)Mp~*r* ¢, = 0-Hp, ,, (3.93)
where
He,, = — Uis+17”2£+2(thp - ﬁhyp)apsﬁsx + /fSHTQHQththypaT@syf

+ u 20+ 1) pr Hyyp — 2(s — 1) M Hpyp + pr? 0 Hpyp — 20— s+ 1)r]ds e
rt- SH{Hthp (51 0) — pHpypOp (1105 1)
+ ([2s7 — 2M (35 + 1) Hpypr ™2 — 10y Hpyp) b~ *rtbs,0 }- (3.94)
Proof. For a fixed (m,¢) mode, the TME (2.15) can be simplified to
—u WV (Y s 0) — (L0 +1) — (s° — 8))s0 + 25(r — M)Yths o — (4s — 2)rd:1bs 0 = 0. (3.95)
This is equivalent to
12V Y thg s — (04 8) (£ — s+ 1)ihg o +2(s — 1)(r — M)Y s g — (45 — 2)rdrtbs s = 0. (3.96)
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Let b5 ¢ = 1@ ¢, then
—2VY s = —12PAVY Qg0 + MUV — Y )psr + AN — D@,
2(s — 1)(r — M)Ythey = 2(5 — 1)(r — M)r Y ¢ — 2X(s — 1)(r — M)r* 1o, 4.
Hence by letting A = £ + s, one obtains the following equation for ¢, ,
VY Qo+ (U 8)r*(V = Y )@ +2(s = 1)(r = M)r¥ga e — (4s = 2)r0-Gus
+[-Ul+s)l—s+1)r+(l+s)l+s—Dur —2({+s)(s—1)(r— M)]ps e = 0. (3.97)
Calculating the coefficients and plugging in the expressions (2.6), we arrive at
pr®0i@se + 20+ s)pur® — 2(s — 1)(r — M)r]0pps,e — 2ME(L + 5)Ps 0
+ pr? (Hnyp — ghyp)afap%l - NTBthpghypaz‘f’s,l
+ [=2(€ + 8)pr® Hyyp + 2(s — 1) (1 — M)rHyyp — 30, Hyyp + 2(0 — s + 1)1%]10,¢50 = 0. (3.98)
A further rescaling yields equation (3.93). O

It is convenient and important in later discussions to introduce a further rescaled quantity of ¢ ¢
such that the ODE of this new rescaled quantity has no zeroth order term. Let us first define a
function hg .

Definition 3.34. Define

l—s
hse = ZhgiM%_i (3.99)

=0

with
h%) =1, (3.100a)
: oy (l—i—s+1)(l—i+1) .

B = oplin ! =1,2,...,0—s. .100b
ot st i(204+1—14) , i=12...0—s (3.100Db)

Proposition 3.35. Let the spin +s components be supported on an (m,£) mode, £ > s. Define
sts —1 - sts s\ —
Qs = (117 hse) " Pap= (12 heer™) Mgy (3.101)
Then the scalar @4 satisfies
Oy (2" °h? 10,40) = 0-Hy, (3.102)

s+s

with Hy,, , = p™= hsoHg, , and Hy, , as defined in (3.94).

Proof. Given a general second order ODE
9p(f10,8) + f2p = F1, (3.103)

our aim is to define ¢ = h1_1¢7 such that it satisfies an ODE with no zeroth order term. By this
definition of ¢, the above equation becomes

9p(f1h10p0) + [10p010,0 + [0, (f10,h1) + faha]p = F1, (3.104)
or, equivalently
Op(f1h30,0) + ha[0,(f10ph1) + f2ha]e = hi Fy. (3.105)

Recall our goal is to make the coeflicient of ¢ term vanishes, hence, it suffices that the function h;
satisfies a second order ODE

0,(f10,h1) + fah1 = 0. (3.106)

Consider first s < 0 case. In view of the above argument and equation (3.93), the function hg e
in the definition (3.101) is required to satisfy

By (P2 P2 420, hg o) — 20(0 — 5)M 1> gy = 0, (3.107)
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and by doing so, equation (3.93) reduces to
Dy (r%”ulﬁhigapsos,e) = 0r (heHy, ,) (3.108)

which is exactly (3.102).
Turn to s > 0 case. Similarly, we need to choose a function h; in the expression ¢ s ¢ = h1_1<27+57g
such that

Op (r¥T2u0,h1) — 20(0 + 8)Mp~*r**"thy =0, (3.109)

Some direct calculations show that if hs s solves equation (3.107), then hq = u®hs ¢ solves equation
(3.109). Therefore, upon making such a choice of hy = u°hse, equation (3.105) becomes (3.93),
which in turn takes the form of (3.102).

It remains to check that the function hg ¢ in Definition 3.34 solves equation (3.107). By plugging
the expression (3.99) of hs ¢ into equation (3.107), it becomes

l—s
3 (z’(% 1= RO M 20— i) (- i — 5)h§f§Mi+1r”—i—1) —0. (3.110)
i=0

This equation is clearly satisfied upon the choices of hs ¢ made in Definition 3.34. 0

We list a few properties of the function hs .

Proposition 3.36. Let function hs, be defined as in Definition 3.34. Then,
(1) the function hs e satisfies

8, (r¥F2 420, hy ¢) — 20(0 — 5)M 1> gy = 0; (3.111)

(2) ré_shs,g is a zero energy mode of the TME (2.15) for the spin —s component 1_s;
(3) the function hs e satisfies

(r20,) 2 (1" =T he ) = (( —s+ 1) - (L +8)r" T hg 4 (3.112)
(4) the function hs g in Proposition 3.85 has no zero root in r € [2M, c0).

Remark 3.37. Equation (3.112) can in fact be derived from the TSI. We will not discuss in more
details but give a simple remark that equation (3.112) holds true for any s € N.

Proof. Equation (3.111) in the first point is already shown in the proof of Proposition 3.35.

Turn to the second point. Since hs ¢ solves (3.111), it is a zero energy mode of equation (3.93),
which thus yields 7*~*hg ¢ is a zero energy mode of the TME (2.15) of ¥_s.

For the third point, equation (3.112) can be verified by direct calculations using equation (3.111)
fors =1,2.

It remains to show the fourth point. Recall that Tlglgo hse =1, hence if £/ = s, then clearly hs ¢y =1
and the claim trivially holds. As a result, it suffices to show the nonvanishing property of function
hs,¢ in [2M,00) in the case that ¢ > s+ 1.

By equation (3.111) satisfied by function hs ¢, we have

pr* 202 he o + 1200+ 1)r* T — 2M (20 + 1 — 8)r*!|0phe e — 2MU(L — 5)r* The g = 0. (3.113)

As a result, function hs, cannot reach its nonnegative maximum or nonpositive minimum in p €
(2M, 400).

In addition, we claim hg ¢(2M) > 0. Suppose hg(2M) < 0, then the above equation (3.113)
implies d,hgs¢(2M) < 0, which means that hs, must reach its negative minimum in (2M, +00).
This is in contradiction with the above argument. This thus yields the claim hs ¢(2M) > 0. Instead,
assume hg ¢(2M) = 0, then we have d,hs(2M) = 0 by equation (3.113). We can take further
derivatives on (3.113) to obtain for any ¢ > 0,

,urgaf)ﬂhgj +[(20+243i)r* —2M(20+1—5+ 22’)7"]8;*%51 + lower order derivatives = 0.
We thus have 9% hs ¢(2M) = 0 for all i > 0, which is clearly in contradiction with the expression of

hs,¢ in Proposition 3.35. Hence, hs ¢(2M) > 0, and 0,hs ¢(2M) > 0 by (3.113).
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In the end, since hsg = —(¢ — 1) < 0, we have 0,hs¢ > 0 for sufficiently large p. By the

above conclusions that d,hs ¢(2M) > 0 and hg ¢ cannot reach its nonnegative maximum in (2M, co),

function hs ¢ must be monotonically increasing in [2M, c0). The nonvanishing property of function
hs,¢ in [2M, 00) then follows easily from hg ¢(2M) > 0. O

3.9. Almost Price’s law for a fixed ¢ mode in the interior region {p < 7}. Throughout this
subsection, we shall always assume that the spin s = +s components are supported on a fixed (m, ¢)
mode, with ¢ > s. The main content of this subsection is devoted to obtaining in the interior region
almost Price’s law for the spin —s component, and almost Price’s law for the spin 4+s component is
then achieved by the TSI in Lemma 3.21.

Recall that the scalar ¢_; ¢ satisfies equation (3.93), which is

9, (7"2€+2M1+56p¢7—5,€) _ 2MM5)\57«2€_1¢7_575 = aTHg”;,ﬁ,w (3.114)

with ¢_s¢ = r~"¢_,, Ay = {({ —5), and H_,, being defined as in (3.94) for s = —s. A key
estimate is the following

Lemma 3.38. Let k € N and 8 € [0,(2¢ + 1)/2] be arbitraty. Let p_s o = v~ 5h_5. Define
B = {8,,p0,}. Then there exists a constant C = C(k, j) such that

-
/ (T25|¢*5»Z|z,m + r2ﬁ+2|ap¢7751[|z7m + u2r2ﬁ+4|8§¢775,2|z7m) dp
2M

<O [ (P00 p-urld  + 1026 0slt g + 000l ) a0
2M

(P ool 45000l ) ) (3.115)
Proof. Taking a modulus square of both sides and multiplying by »~4¢ f2, we arrive at
P20, Hy | 2 = P20, (1 20,0, )| + AMENEE f2r2 g 2
— UM Fr IR (0, (220,60 ) et
20+ L+ I (3.116)
Consider the term Is. We use the Leibniz rule to obtain
Iy = O (= AMAS* 1 T2 TRDp$—e.tPoe) ) + AMA S U200, 5o
S+ AMNGD, (1 F2r 2 ) o 2 2R, Ber)
_ 8,,( _ 4MA5f2,U1+25T%(8p¢775,2¢7—575)) +0, (2M)\58T (ugszfzefl)quTsz|¢7751£|2)
FAMN P2 2000, o2 — 2M A0, (ar(,f f%*”*l)ﬂl“r”“) o[ (3.117)
Choose f2 = 125728 with f to be fixed. For the last term, it equals
2M)\58T((2€ F1—28)ur + 2M5r2ﬂ—1) 1Ps.0]?
— 20\, (ﬂ(ze F 1 28)ur?P T 2M((20+1 — 28) + 5(28 — 1))r2ﬁ*2) P_edl?  (3.118)
and the coefficient is nonnegative for any 8 € [0, (2¢ + 1)/2]. As a result, we obtain
pm2 20, H, |2
= 0y (= AMAr® ROy e 1Ber)) + 0y (2MND, (oo )
T2 AR2B) g (1229 o V2 4 AM P |0,0 s
+20M A (2820 + 1 = 2B)r® =+ 2M((20+1 = 28) + 828 — 1) + Aa)r 2 [p_oef2. (3.119)

Note in particular that the coefficients of the last three terms are all nonnegative.
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On any Y., we integrate this equation (3.119) in p from 2M to 7. By the Cauchy—Schwarz
inequality, the integral of the LHS is bounded by

C / (r22740,:0,p—s,0* + 128|025 o> + 1272|065 [*) dp; (3.120)
2M

for the integral of the RHS, the boundary term (—4M)\5m°26+13‘%(8,,([7_5,@327_57@))|p:2M vanishes due
to the presence of the factor u, hence it is bounded below by

-
C/ ('LL725T74Z+2£3|ap(lu1+5,r2l+2ap¢757e)|2 +/LM)\5T2ﬁ+1|8p¢757g|2 + M2/\5T2572|¢7,51[|2) dp
2M

+ C/\5(|¢775,2|2)|p:2M - C'M)\g(r26|¢77514|2 + 7"26+2|8p¢775,2|2)|p:7'- (3.121)

Furthermore, in view of the following inequality

’

p o
/ T2ﬂ+2|ap¢7—5,f|2dp + (MT2ﬂ+3|ap¢’—5,€|2)|p:P’ = C/ M_25r_4€+26|8p(/‘1+5T2€+2ap¢7—51)|2dp
oM oM

which holds for any p’ > 2M and follows simply by integrating
ap(ﬂ—25—1T—4€+26—1 |u1+5r2é+28p¢7,51|2)
_ [(25 + 1),[L_25_22M’I”_1 + (46 _ 2[3 + 1)u_25_1]7"_4€+26_2|u1+5r2é+28p¢7,51|2
+ 2/14_25_1T_4é+2ﬂ_1%(ap(N1+57‘2€+26p¢—5,f)ﬂl+5r2€+2m)

in p from 2M to p’, and the following Hardy-type inequality

o o’
/ r?B|p_se?dp < C / 12720 210,0_g oPdp + C(ur®P G 0 ) | pmpr
2M 2M

which follows from integrating in p from 2M to p’ for the following equality
8p(ur2ﬁ+1|¢7,514|2) = (2Mr~" + (26 + 1)U)T2ﬁ|¢75£|2 + 2/LT25+1%(8P¢*514¢*5,5)7
the first line of (3.121) is bounded below by
0/ (r22|p—st” + 12721050 b + 12020 _stl?) dp — COPPH pst?)p=r.  (3.122)
2M
Consequently, we arrive at

.
/ (12215, ? +1221000 st + p 2012010, (W12 20,0_,0)7) dp
2M

-
< / (T25+4|878p¢75,€|2 =+ T2ﬁ|83¢775,2|2 =+ T2ﬁ+2|ar¢757€|2) dp + (T2ﬁ+1|¢775,2|2 =+ T2ﬁ+2|ap¢775,2|2)|p:7'-
2

M

This thus proves (3.115) for k = 0.

Since 9, commutes with equation (3.114), it suffices to prove the estimate (3.115) with I replaced
by {pd,}. We prove it by induction in k, that is, assuming it holds for k =n — 1, n € N*, we prove
for k = n. We multiply both sides of equation (3.114) by x~° and then commute pd,, and since

rd, (M_sap(T2€+2M1+55p¢7—5,0) _ M_(5+1)3p (T2é+2ul+(5+1)5p(7“5p¢7—5,e))
+ (Oos (M) *202 + Ooe (1)r* 110, + Oce (1)r*) @50, (3.123)

where Oo(1) are O(1) functions and smooth everywhere in p € [2M, o), we obtain for any n € N
that

‘u—(5+n)a ( 20+2 1+(5+n ((Tap) )) — 2M )\, T2€ 1(7“8 ) iy
= 9.(ro,)"Hy_,, (Zooo )@ o0 + Oco (V) pu(rd,)"+ 52) (3.124)
1=0

Similarly to the & = 0 case, we take a modulus square of both sides, multiply by r~*+2f and
integrate in p from 2M to 7. The integral arising from the last term of (3.124) is controlled by the
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assumption in the induction, and the analysis for the integral coming from the LHS of (3.124) is
exactly the same as the above one in treating the k = 0 case, which thus completes the proof. [

Proposition 3.39. Assume the the spin s = +s components are supported on a single (m, ) mode,

¢>sandm e {—0,—0+1,... 0}. Let the N-P constants Q(IZ’E) be defined as in Definition 3.22,
and let s o be defined as in Proposition 3.35. Let 9 € (0,1/2) be arbitrary, and let j € N and k € N.

(i) If the £-th N-P constant Q(_";’Z) is monzero, there exist universal constants C = C(k, j,¢,7)
and k' = k' (k, j,£,9) such that in the interior region {p < 7},

|8£(r*e*5*1\11+5)|k@ < OT?272£7J‘+%(]Ié);f+k,737ﬂ[\ll+5])%a (3.125a)
08p—s,elip < OT 2 HTIVE UG W), (3.125b)
|aqj;ap90—5,é|k,ﬂ3> < Crm3-2-i+3 (Hgk+k/’3_ﬂ[‘1’—s])%- (3.125¢)

T0
(13) If the £-th NP constant (@(_W;’é) is zero, there exist universal constants C = C(k, j,£,9) and
k' =Kk'(k,j,¢,9) such that in the interior region {p < 7},

109 (N g < Cr—3-20—j+% (]Iéu;f+k’,5fﬂ[q,+5])% (3.126a)

3

N

00 s lip < Cr8 2T @GRS 3, (3.126b)

70

0105 p—atlip < Cra=2mi+3 (IG5 [g_ )3,

70

Nl=

(3.126¢)

Proof. We consider only the case that the ¢-th N-P constant (@(IZ’E) # 0, and the other case that
this constant vanishes can be analogously treated.

By the pointwise estimates in Proposition 3.30, the estimate (3.115) implies that for any j € N,
keN, B e|0,(+3]and 9 € (0, 3), there exist universal constants C' = C(k, j,9) and k' = K'(k, j, £,)
such that

ol

i - —40—2j40 7L k+k',3—9
gy (559 S CloI g2, B LA A W_,).

z 2(—ttstptn) (57 ) (3.127)
1

We use this estimate for all 8 € {0,1,...,¢ —s — 1} iteratively: we first prove the estimate for the
term on the LHS with § = ¢ — s — 1; then iteratively, the estimate for the LHS with 5 = 8y, which
gives an estimate for the first term on the RHS with 8 = Sy — 1, yields the estimate for the LHS with
8 = By — 1. Specifically, the pointwise estimates in Proposition 3.30 imply that the first term on the
RHS of (3.127) is bounded by C(k,j,f,19)7_3+2ﬂ_4é_2j+1911é1::k/’3_19[\11_5], hence the term on the
LHS is bounded by C(k, j, ¢, 19)773+2ﬁ74l’2j+1911ék+k/’3_19[\I/_s] as well. Iteratively, we eventually

70
conclude

1029 |2, < O 32RO 30 g ) (3.128)

<
2(—¢ 571)(2?” 70

Applying the Sobolve-type inequality (2.30) to this energy decay estimate, one obtains in the interior
region {p < 7} that

1096 _a sl < Clk, j, 0, 0)r— 27— 2" 2= (e RIEDS=0 g 145 (3.129)

0

From Proposition 3.35, with hs ¢ defined as in Definition 3.34, the scalar ¢_5 = h;é(ﬁ_s)g satisfies

ap(’l“2€+2ul+5higap80—5,é) = hs,éaTHﬁs,z' (3'130)

Recall from Proposition 3.36 that there exist two positive universal constant ¢ and C' such that
¢ < hsp < C. We integrate this equation from p = 2M to any p with p < 7, and the boundary term
at horizon vanishes because of the degenerate factor '*%, thus arriving at

‘u1+5T26+2|a£ 1+5T2e+2|8£+1¢7—5,2|k,ﬂ)- (3.131)

Opp—stlep Sk 1t
37



By utilizing the pointwise decay estimate (3.129) to estimate the RHS, we achieve a better decay
estimate for 020,95 s

=

1020, —s,0lkp < C(k, j, £, 19)7“*%7—*%722—3'(]Iémk/(k,j,é,ﬁ)ﬁ—ﬂ[\ILED .

T0

(3.132)

We can now integrate 0, _s ¢ from p = 7 to p and use the estimate (3.129) to estimate the boundary
term at p = 7 and the estimate (3.132) to estimate the integral of J,¢_s¢. By doing so, we prove
(3.125b). Finally, we repeat this step of proving better decay estimate (3.132) for 829,¢_s ¢ by using
the estimate (3.125b), which then proves (3.125c¢).

In the end, the approach of showing the estimate (3.125a) for the spin +s component is the same
as the one in the proof of Proposition 3.30 where the decay of the spin +s is proven by the estimate
of the spin —s together with an application of the TSI (3.70a), hence we omit it. |

Proposition 3.40. Assume the the spin s = +s components are supported on £ > £y modes, £y > s.
For each m € {—{y,—ly+1,...,0o}, let the N-P constants Q(j;’go) for the (m,£y) mode of the spin
+s component be defined as in Definition 3.22. Let ¢ € (0,1/2) be arbitrary, and let j € N and
ke N.

(2) If not all of the (m,fly)-th N-P constant Q(IZ’EO) are zero, there exist universal constants
C=C(k,j,l,9) and k' = K'(k, j, Lo, ) such that in the interior region {p < 7},
109 (r— 0571 )| p < CT*Q*”O%%(H’j&v’ffiﬁjk’*ﬂ[qfﬂ])%. (3.133)

(it) If all of the (m,€y)-th N-P constant Q(_n;’lo) are zero, there exist universal constants C =
C(k,j,00,9) and k' = k'(k, j, Lo, ) such that in the interior region {p < 7},

02 (=00, ) p < OT IR (IR ]S (3.134)

Proof. 1t suffices to prove the estimate for the spin —s component in the case that not all of the

(m, £p)-th N-P constant (@(_";’éo) are zero, since the estimate for the spin +s component can be

obtained via the T'SI and the proof for the other case that all of the (m, £y)-th N-P constant Q(f;’lo)
are zero is analogous. For each (m,¢y) mode, its estimate has been obtained in Proposition 3.39.
For each (m,¢) mode, £y + 1 < £ < 2{y + 1, the proof in the previous sections also implies a slightly
different decay estimate from (3.81b)

TEEEE g g )8 (3.135)

102 (r (U _g) ) |h—trp < Co~ 7
By applying Lemma 3.38 and going through the proof of Proposition 3.39, we obtain an analogous
estimate as (3.128)

Hai(‘l’—s)m,d . < CT7174572J‘719H£,1€+1@’,1+19[\11_5]7 (3.136)

(=F7) Xrg

2
k
W2(72+571)

and thus an analog of the estimate (3.125b):
1

0(r = (W) ) p < ORI gy (3.137)

0>200+2

Together with the weak decay estimate (3.25) applied to the remainder (¥ _j) , and using the

Plancherel’s lemma, this yields in the interior region {p < 7},
|a£(r—éo+5—l(q}_5)f2fo+l)|k7D < CT—3—2éo—j—g(]IZNZV{()E,E:IC/,&[\I]_’_B])%’ (3.138a)

the decay of which is faster than the one of r—%**=1(W¥__),, , ; Similarly, one has for the spin +s
component that in the interior region {p < 7},

01 (r= 00T (W) 20t |y < Or 32T R (IEIY ) (3.138b)

Adding this estimate for £ > £y + 1 to the one of the (m, ) mode r—%+s=1(¥_.),. , then yields
the desired estimate. O
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4. PRICE’S LAW UNDER NONVANISHING NEWMAN—PENROSE CONSTANT CONDITION

We will frequently use the double null coordinates (u, v, 8, ¢), and the DOC is divided into different
regions as in Figure 3, where 7, = {v — u = v®} for an « € (1,1). The following lemma lists all
relations and estimates among u, v, r, and 7 that are utilized in these different regions. The proof
is simple and omitted.

F1GURE 3. Useful hypersurfaces

Lemma 4.1. For any o € (3,1), let 7o = {v —u=v*}. For any u and v, let u,, (v) and v, (uv) be
such that (u, (v),v), (U, vy, (©)) € Yo. In the region v —u > v®,

r 2 v* +u”, (4.1a)
[u— vy, (u)] S u, (4.1b)
[2r — (v —u)| < log(r — 2M); (4.1c)

in the region {v —u >v*}N{v—u> g},
v+uSr <o (4.1d)

in the region {v —u >v*}N{v—u< g},
u~wv, 2o (4.1e)

in the region {r > R} N {v—u < v},
r < min{v®, u®}; (4.1f)
in the region {2M < r < R}, there is a constant Cr depending on R such that
vls, (R) — vz, (r)] 4+ [v — 7] < Ck. (4.1g)
On ¥, for r large,
lr—tv — 2 —4Mr~log(r — 2M)| <t (4.2)

Last, we remark that throughout the subsections 4.1 and 4.2, we consider only a fixed (m, £) mode
of the spin +s components, and the dependence on m, ¢ may be suppressed.

4.1. Price’s law in a region {v —u > v®}. For any d € (0, 1), we denote
Exv.e = (50 [Weal)? + QY| + Do, (43)

where Héf’375[\11+5] is defined as in Definition 3.8 with § is to be fixed in the proof, Dy is a constant
appearing in the assumption below, and we have suppressed the dependence on the mode parameter
m, the regularity parameter k& which only depends on ¢, and the constant J.

Assumption 4.2 (Initial data assumption to order 7). Let ¢ € N. Assume on X, that there are

constants QS:Z’Z) €R\ {0}, B€(0,%) and 0 < Dy < oo such that for all 0 < i’ <4 and r > 10M,

oy (V&Y (r0,0) = p=2Q1%")| S Dop™2 4" (4.4)
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Definition 4.3. For any spin-weighted scalar ¢, we call (¢)ap the “asymptotic profile” of ¢ if there
exists a € > 0 such that

o — (©)ar] ST 9Q)) Env.e - (9)ap- (4.5)

Remark 4.4. In the latter discussions, the function (¢)ap always contains a factor QE:;’Z), and this

is the reason for the presence of the factor ( in;’z))_lENv)g on the RHS here.

The proof is divided into three steps to obtain the Price’s law in this region.
Step 1. Decay of V@Sf;ﬁ) by integrating its wave equation over constant v

Proposition 4.5. Assume the initial data assumption 4.2 holds to order iy, then for § sufficiently
small and a = a(9) sufficiently close to 1, there exists an € > 0 such that in the region v — u > v®,

V%f;s) —4(v — u)22v72272(@5:7;’é)} < (v —u)*v 2 FEnvy . (4.6)

Proof. Recall the wave equations of &)Eﬁl in Proposition 3.7: for i = ¢ — s,

l—s
VY 200+ 1)(r - 3M)r 20 + Y o el =o. (4.7)
§=0
One can rewrite it as
l—s
— 22y (2 e ) 1N o el = o, (4.8)
§=0
or equivalently,
l—s
Ou (ugr_%Véfgs)) = Z O(r‘”‘%@iﬂi. (4.9)
j=0

Integrating this equation along constant v from the intersection point with 3, and using the esti-
mates in Propositions 3.30 and 3.39, we achieve

- &L= — T (l—s
‘(MZT %U%J’_QV(I)SFS 5))(u7 ’U) _ (MZT, 2€,U2€+2V(I)Sr£ ))(U‘Ero (’U), ’U)

~

< v?f-‘r?/ (T—2€—2,U—17_—1+5/2)(ul7v)du/(ﬂék,3f5[\ll+5])%
us, (v) .

SvTIIEH L)), (4.10)
with n = (20 + 2)a — (20 4+ 1) — /2. Meanwhile, we utilize (4.2) to obtain
2 VR (us (v),0) = 22F2QUT Y S 0P Do + v logw]Qy . (411)

The above two estimates together then yield
V%f;s) —4(v — u)%v_%_2@$’;’a‘ S (P logrv 2 00 2 (0P 40T Envye.  (4.12)
By taking ¢ sufficiently small and « sufficiently close to 1, this proves the estimate (4.6). O

Step 2. Decay of ;Iv)f;s) and its derivatives in {v —u > v*}.
We then derive the asymptotics of &)ngg) and its derivatives. To obtain the asymptotics for
&)Sf;s), one integrates along u = const as in Figure 4 to obtain
=(0— = (- I ~(0—
fI)S_E s) (u,v) = (I)g_5 s) (6, vy, (w)) + 3 / V@S_s 5)(u, v')dv’

Vg ()

~ (o 1 v
= 85 o () + 5
Vyq (1)

+2Q7" / (v —w)? (v) "2 2dv. (4.13)
Vg ()
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FIGURE 4. For any point (u,v) in {r > R} N{v —u > v}, ie. v > vy, (u), one
integrates along u = const from (u, v+, (1)) € Ya.

By an integration by parts, one has

/ (’Ul _ U)M(v/)fﬂfldv/ _ 5 — (’Ul _ u)26+1(v/)72271 Zw () _|_/ (1}/ _ u)26+1(,01)72672(11)/7

Yo (1) Yo (1)
and moving the last term to the LHS yields
v o 2 B o1t
‘/v " 2(,0/ _ U)M(’U/) 20 2dv/ _ T 1(,0/ _ u)2l+1u 1(,0/) 20—1 , ()
- 2 (’U _ u)2£+1
241 w2t

+O(u—2€—2+(2é+l)a)' (4-14)

Hence, we conclude

m,{) v _o0— 2 (v_u)2l+1 m,{) _o0— o m,{
2(@( /U (u)((v—u)yv 20-2 (4, o Yo' — e R Q( < AT |Q5rs )|'

The coefficient of the RHS is of lower order than the (uv% behaviour by requiring « sufficiently

close to 1. Meanwhile, the second last integral on the RHS of (4.13) is of lower order than %

as well from (4.6), and | B> (u, vy, (u))| < rv~L7~19/2 which is also of lower order than %

by choosing § sufficiently small and « sufficiently close to 1. In total, there exists an € > 0 such that

(v — u)2£+1

G- _ _ 2 (—uw)* e -

’(I)+5 T 1wt Ys | S ST Env .. (4.15)
By further commuting (4.9) with ¢ (i < o) implies

au(aj,( 2y s ) ZZO ~2=8-1) (9,79 (4.16)

x=0 7=0

We integrate along constant v from X, and from (4.1c) and the almost Price’s law estimates in
Propositions 3.30 and 3.39, we can choose § sufficiently small and o = «(3, ) sufficiently close to 1
such that there exists an ¢ = ¢(d, o, i) > 0

(2300 = w2 VL) ) () = (950 = w) 2 VB ) ) (us,, (0), )

S v7i7257276ENV7E.
(4.17)

By the initial data assumption 4.2 to order ig, for any ¢ < i, we can take a = a(i, 8) sufficiently
close to 1 and achieve

(0 = w2V ) (s, (0),0) = 405 (02 2| S 072 By (418)
As a result,
(030 = w) 2 V&L, ) — 40: (072 )QL 0 ) (u,0)
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This together with (4.15) implies for any ¢ < iy,

; Cop= (= 2 v—uU __(m i—op—1—
O e e L) | ET e 8 (4.20)

In the above estimate (4.19), we can replace one 9, using 9, = 9, — 9,, and utilize equation (4.16)
to estimate 9,071 ((v — u)*MVfI)st_s)), and this enables us to obtain for any i < ig that

(057 (0 = w2 o, 810 Y) = 40,0, (07 QU ) (wv)| S v Bave. (421)
We can repeat this and conclude that for any 0 < j <4,

(0577 = w2 vardl ) — 40,900 (072 QL) Y (w,0)| S vTTH R B, (422)
that is,

’ (811'}*j ((’U _ u)*%@i [81)&)555—5) _ 2(’0 )26 —20— 2Q(m ) ])) (u, 1)) < v—i7267275ENV1£. (4'23)

In particular, for j = ¢, we have
\ (0,008, — 207 (v — w2 2)Q5" ) (w,0)
9

< (v—u) v TH T BNy . (4.24)

We now integrate 0, 8;53?;
Yo

on constant-u hypersurface from the intersection point (u, v+, (u)) with

8jcf>ﬁf;5) (u,v) — 8jcf>ﬁf;5) (u, vy, (v) = / 0,0 _fs 5)(u, v')dv'. (4.25)
Vg ()
To estimate the RHS, we substitute (4.24) in and use the same way of arguing as in proving (4.14)
to conclude

v 1""(@—5) 9 ; (1) _ u)2l+1 (m,f)
/m () OuBr B (V)" = 57 18’< ozt ) s

S (v _ u)2lv7i7267175ENV1£.

(4.26)

For the second term on the LHS of (4.25), which is evaluated at (u,v,,(u)), one can use 9, =
0, — %TV and the estimates in Proposition 3.39 to achieve
i P F(L—s —i—20—
|a +5 )(’U,,’Uva (u))| S (r(u,v% (u)))2é+lu 2 2+5/2}3NV,€
< u(2€+1)a+(7i72672+6/2)ENVl. (427)

These together imply that for any ¢ < iy,

i —20F(£—s) 2 v—U (mo)
57((1)—”) Chs T T et L )'

ST T BNy g 4 (0 — u) T Hy A Dat (220 2 By (4.28)

The last term can be easily verified to be bounded by Cv~=2¢r="1=¢Eyy , by considering two cases

{v—wu> Jv} and {v—u < v} separately if taking ¢ sufficiently small and « sufficiently close to 1.
Using 0,, = 0r — 0, and combining the estimates (4.20) and (4.28), we finally conclude

Proposition 4.6. Let the initial data condition 4.2 to order ig hold true. Let j1,j2,73 € N and
g1+ j2 + 43 < ig. There exists a sufficiently small 6 and an o sufficiently close to 1 such that in the
region {v —u > v*},
- o, 2@ m,{) u
- ‘
(0107205 (v —u) 2D T)) ap = S o ool (Tﬂ) (4.29)
Step 3. Decay of all &)Eﬁl and spin +s components in {v —u > vo‘/}.
Utilizing the above asymptotics of ;I;f; 5), we can derive the precise asymptotics of all ;Iv)gi,
i = 0,1,...,¢ — s, hence also of the spin +s component itself. The asymptotics of the spin —s
component is then calculated by the TSI in Section 3.5.
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Theorem 4.7. Let j € N and |a| < j. Let P = {0:,0,,0,}. Let the initial data condition 4.2
to order j+ £ + s hold true. Then, there exists an « sufficiently close to 1 such that in the region
{v —u >v®}, the asymptotics (P2(r=2°1.4))ap are

2041
(Pa(T_251/1+5>)AP _ 2€+5+2 H _1Q(m ,£) ]P)a(( _ u)é—su—€+5—lv—€—5—1) (430)
i=L+s+1
and the asymptotics (P?1)_s)ap are
20+1
(PP4p_g) ap = olt+s+2 H 71Q(m ) P382E(( u)f+5u7€+571,07£7571). (4.31)
i=f—s+1

Proof. Recall from equation (3.11) that for all ¢ € {0,1,...,£ —5 — 1}
— Y VB, 4 (80 + fou1)B) + foia(r —3M)r2Va() + ZO “Ho) =o. (4.32)

We substitute in the values of f5 ;1 and fs;2 and put the above equatlon into the following form

YU —(r—i—s)(t+i+s5+1)) —2(i+5+1)(r —3M)r 200V
- Z( 3% + o0 )m;g) (4.33)

This gives
(b—i—s)(l+its+1)(v—u)"20t950)
= (v — u) 200+ ( 29,80 —2(i + 5+ 1)r 1Y

[

+ 2 (0w, 30, + 0030 + oY)
- _ 2(’0 _ U)Qau((v _ u)72(i+5+1)&')$:‘1))

+ (v — u) 209 (0(1)8&32 +3 0678 + 0y log T<I>(H_1)) (4.34)
j=0
All the terms in the last line have (at least) extra 77° decay compared to the second last line, thus
the asymptotics (]Pafbgf)s)asymp for all 4 € {0,1,...,¢ — s} are determined by iteratively solving the
following equations

(0 — )8 g = 22
te VAR up2etl )’

—2(1) . u)2((9u]P’a(v . u)—2(i+5+1);§$:1)))AP
(l—i—s)(l+i+s+1)

(P2((v — u) "2+ 9)) yp = 0<i<l—s5—1.

Solving these equations yields

a —25,(0) l—s+1 £25 i1 (ml v—u e —l—s5—1
(P2((v —u) @1 3))ap = 2°°7F H Qs (( ) v ) (4.35)

. u
i=0+s5+1

Since =2 thy s = pSr—2 1<I>Sr5), equation (4.30) holds.

Consider next the asymptotics of the spin —s component. As mentioned already, the asymptotics
of the spin —s component can be calculated explicitly from the TSI (3.67b) and the already proven
asymptotics of the spin +s component. In view of the TSI (3.67b) and (3.70b), and since the last
term —12MO,1_5 in (3.70b) has (at least) faster 7= 17¢ decay than v _», one has

a _ 1 a 5
(P 7/)75)AP = (5—5—!— 1)~-~(€—|—5)P ((Y2 7/}+5)AP)- (4-36)
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One can expand Y, = 22292, + E O(r=179925=%), , and the last term clearly has faster

decay than the term 22°9%%¢; in the reglon {v —u > v®}, hence this yields

a _ 225 a 25
(P*_s)ap = =t 1)---(€+5)P (94 +s)ap)
1
- T PO = ). (430)
In view of equation (4.30), this proves (4.31). O

4.2. Price’s law in the region {v — u < v®}. The estimates are first proven for the spin —s
component, and these yield the estimates for the spin 4+s component via the TSI of Section 3.5.

Theorem 4.8. Let j € N. Let the initial data condition 4.2 to order j + £ + s hold true. Then,
there exists an a € (%, 1) sufficiently close to 1 such that in the region {v—u < v*}, the asymptotics

(D2(r~2*thys))ar and (0l _s)ar are
20+1

_ . p 1
@-a(rp)ap = (12 T it CEIE g ey oz (30
i=l+s+1 (26 + 1)
20+1 .
- , 20D ) s ey —opi
QL (r Y ys(7,p))ap = (-1)722F2 [T i 1204+ 1)1 (2611)') QU s p o he r 272, (4.38D)
i=0+s5+1 ’
and for s # 0,
‘ —1)5ti920+3g 120+ 5 +2)! }
O alrp))ar| =D S I

HE (2¢+1)) (4.350)

Proof. Consider first the spin —s component 1_5;. We have achieved in Proposition 3.39 that
020, o0 < T2 2EN . (4.39)

Therefore, by integrating d,¢—s ¢ from any point (7, p') € {v —u < v®} along constant 7 up to the
intersection point with the curve -y, one finds for small enough ¢§ that

Pra (T) . . .
’ / 8£8pgo_17gdp' 5 T_26_J_3+6/2+O[EN\/)¢ 5 7-_%_]_2_€ENV,5- (4.40)
rs
From the definition (3.101) of ¢_q ¢ and equation (4.31), we obtain
2041
j — m, £ — — 1 —f—s5—
Op—anarl, =2247 T QU003 (v — u) =592 (v — u)+ou o3 ty=t=s)) |
i=f—s+1
2041
_ o20+2 i1 (m€) a5 ( —b+s—1, —f—s—1
=2 H Qs 8T( v )‘%
i=l+s+1
_ 2041 2£+J+1 _
= (e Tt [T eeefres, (4.41)
i=lts+1 n=20+42
From this equation and the estimate (4.40), it holds at any point (7, p) € {v — u < v*} that
2041 25+J+1
(@ o_sp(r.p))ap = (-1)722%2 ] it J] Qw7272 (4.42)

i=0+s+1 n=20+2

Equation (4.38a) thus follows from this equation together with the definition (3.101) .
Consider next the spin +s component. We can obtain its asymptotics by utilizing the TSI (3.67a)
and (3.70a) together with the proven estimates for the spin —s component. Since the last term
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12M 0o, 8,00 45 on the RHS of (3.70a) has faster decay in 7 than @S?%, the TSI (3.67a) and (3.70a) can
be written as

(E—s5+1) (L +8)(D2(r Ppra))ap = (& (ur 2 10%))) ap. (4.43)

Note that 9 = (r2V)256®) = (r2V)25 (usrip_) = (r2(8) + Hiyp0r))2* (1511 =5hg po_4 1), hence

we can expand out 97 (ufr=2-10)) as follows:

5]( 525 1(1)(25)) usr_25_1(7“2(8p+thp(f?T))25(M5TZ+1_5h5,g8£go_57g)

= Z 0(1)7«@—5+j1+j26l];1 aqj;z+j(p_5)€
J120,j220,1<j1+72<2s
+ ’usrf%fl (T2ap)25 (ﬂﬁrl+175h57e)a7j_'@7576' (4'44)

By the estimates (4.39), the second last line has decay 77 2/=772-¢

Therefore, to show the estimate (4.38b), it suffices to prove

in the region {v —u < v*}.

([(—s+1)---(L+ 5)]71“,57"72571(Tzap)25(‘U,5T2+175h57g)87j;(p,512)AP = RHS of (4.38b).  (4.45)
In view of (4.42), it in turn suffices to prove
[([ 54+ 1) (f—i—s)] 1 576725 1( 26,,)25@57“”1*51157@) _ /1,57“275]7,57@. (4.46)

This is exactly (3.112), hence this proves (4.38b).
To compute the asymptotics for the spin +s component on H T, we shall use again equation (4.43).

Recall that Bl(usr_%_lfb(fj)) = 0 (ur=25" (= 1r2V)25 (uryp_s)). Hence, for p > 2M, for 5 = 1,
this becomes
03 (=@ %)) = 0 (ur > (w1 rV P (o)
=0l (r V(Y1 + 17V )
M (2urp_y +rVah_y +3urVep_q +r*V3h_q)
=rdlVip oy +p Y OW)roIVip g+ O0(1)0Ir* V34, (4.47a)

i=0,1

and for s = 2, it becomes

(u?r =2 (w2 V) (WP s))
= 0 [pr PV (= PV )2 (20, (0P r) g + pr®Vip )]

=01 [pr 3V (WP V) (120, (120, (1P r) ) o + 't 0 (1P Vp—g + 120 (ur®)Vip_o + 17V 29_s)]
4
= u2r730, (W0, (r20. (1)) )V oinh o + 1 Z OW)r'diViap_o + Z O Vigp_y.  (4.47b)

i=0,1 i=2

On the event horizon, we have p = 0 and V' = 20,, hence the second last term of both (4.47a)
and (4.47b) vanishes and the last term of both (4.47a) and (4.47b) has v=2=9=% decay by the
asymptotics (4.38a) of ¢_s. Since the coefficient of the first term in the last line of (4.47b),
w2r=30.(u=tr10,(r?0,(u?r))), equals —4M when on H*, we obtain, by the above discussions and
from equation (4.43), that

(L—s+1)--(L+5)(O(r > Prs))apr|y. = (1) 4sM (97" _o)ap |- (4.48)

By the asymptotics (4.38a) of ¢)_s on H™T, this thus yields the asymptotic (4.38c) for the spin +s
component on HT. O
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4.3. Global Price’s law estimates. We collect the statements in Theorems 4.7 and 4.8 and sum-
marize as follows:

Theorem 4.9. Let j € N and let s = 0,1,2. Assume the spin s = +5 components are supported
on a single (m, ) mode, £ > s. Let the initial data condition 4.2 to order j 4+ ¢ + s hold true. Let
function hs ¢ and scalars E)Sz)g and fi)(j)g be defined as in Definitions 3.34 and 3.6, respectively.

Then there exists an § > 0, k = k({,5), € = (4, £,6) > 0 and C = C(k, ¥, j,0) such that for any
T 2 To,

I | e e e
i=f—s+1
< CT—gaqj-‘(Y25(T€+5T—é+5—1U—é—s—l))ENV7é7 (4.49a)
20+1
O =22 [ i7" QUe Y ylcos B)emo0L (r—or ety
i=0+s5+1
< 07*581(refﬁTf”ﬁflvfefﬁfl)ENv,e, (4.49b)

and on the future event horizon HT, for s # 0,

. ( 1)5+322l+3 (é 2€+J+2 , _ |
228 G - Q " )Y5 cos 0)e™®(2M )3 b, y(2M )y~ 23
T e (20 +1)! X :
n=20+2
SR (4.49¢)

with Exv, ¢ = (HZ FI (W o) mpy]) —|—|Q(m 914Dy and ]135[13_6[(\1/4_5)(”%@] is defined as in Definition
3.8. In partzcular
(1) in the region {p > 71750} for an arbitrary eg > 0, then

20+1
83T ( ) jol+s+2 H _1Q(m ) (COS 6‘) ime, —1—s—s —l+s—j—1
i=0+s+1
S C(Tﬁs + 7'750)0717575T7e+57j71ENV12; (450&)

(2) in the region {p < 71750} for an arbitrary eg > 0, then for s = +s,

20+1

. . 20+ 1+ j)! . : :

oI, — (12 ] % T ) A () i
i=l4s5+1 ’

<C(r e+ 77%0)r 22 E . (4.50b)

Additionally, for the middle component Yo miqa of the Mazwell field, let gg and g be defined as in
Lemma 2.13, then

(1) for any T > 19 and p > 2M,

[T i@V 0YS o(cos )™ @0 (Y (uhy gr'r'v~"72)

\% €+1 zf+2

< OT Y ('t 7)) Env s (4.51a)

_ 920+3 A1
O (Yo,mia — % (qg +igB)) + ’

(ii) in the region {p > 71T} for an arbitrary e > 0,

J2g+3 20+1 0+3

€+1 H *11_[ Z Qmé)Yo (cos @)e!mOy =2 —t-i-1

1=0+2 n=~¢0 m=-—F{

07 (To,mia — 177 (¢e +iqB)) —

<O+ B g (4.51b)
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(iii) in the region {2M < p < 11720} for an arbitrary eo > 0,

926+3 2L (20414 j)!

A9 (Yo miag — 12 44 (=1 =
2 (To,mia — 2 (¢e +igB)) — (~1) Wy A0 e

X Z Q(ml 0p(1hy er )Yrgyg(cos 9)61""‘1’7_25_3‘_2

m=—{

<O +7°0) 7 2 Eny . (4.51¢c)

Proof. The estimates (4.49) and (4.50) are immediate from the estimates in Theorems 4.7 and
4.8. For the middle component of the Maxwell field, we can decompose it as in Lemma 2.13 into
Yo.mid = Yo,mid(Fsta) + Y0,mid(Fraa), where Yo mia(Fsta) = 7~ 2(¢r + ig). The Maxwell equation
(2.22a) and (2.17) together thus give —/¢(¢ + 1)Yo mia(Fraa) = 2Y (r~'411). We then use the
estimates for r=21/,1 in Theorems 4.7 and 4.8 and conclude the estimate (4.51a) for p > 2M. The
other two estimates (4.51b) and (4.51c) for p > 2M are direct consequence of the estimate (4.51a).
In the end, we use that on H*, \/€({ 4+ 1)(Tomid(Frad)m.e = 26V (ur(t—1)m.e) = 2(—1)m.e +
2rV(Y_1)me = 2(¥—1)me + 8M(09_1)m ¢ which comes from the Maxwell equation (2.22b) and
(2.17), and this together with (4.38a) clearly yields (4.51c) on H*. O

We can also obtain estimates if the spin +s components are supported on ¢ > ¢y modes, £y > s.

Theorem 4.10. Let j € N and let s = 0,1,2. Assume the spin s = &6 components are supported
on £ > ¥y modes, {y > 5. Let function hs, and scalars @Sﬁl and <I>(l) be defined as in Definitions
3.84 and 3.6, respectively. Assume on X, that there are constants Q) (m:) ¢ R, B3 € (0,%) and

'3
0 < Dy < 0o such that for all0 <i<j+L+s, me {—lo,—lo+1,. Ko} and r > 10M,

61 ( 9 ( fﬁ 5))m 0 — p—ZQ(m Lo )’ S Dop—Q—B—i' (452)

Then there exists an 6 > 0, k = k({y,j), € = €(4,40,9) > 0 and C = C(k, 4y, j,0) such that for
any T 2 To,

200+1
aqj_’*r_s _ 22€0+2 H Z Q m Eo 5 o n;z (COS e)einuﬁai(}/% (réo-‘rsT—éo-i-s—lU—Zo—s—l))’
i=lo—s+1  m=—4L
< Cre Qi (Y (e ey Ry, (4.53)
20p+1 Lo
87J_T+5 _ 2250+2 H Z-fl Z Qi727€0)ﬂ5h57e0yj1120 (COS 9)61m¢87j_(T6075T7£0+5—1,07£07571)

1=lo+s+1 m=—1{gy
< C’T*Eaﬁ'(re“757'7£°+571v7e°7571)ENV, (4.53b)

with Exy = (H?Vifog’k (W) + Zm_7g0|(@(m -£o) |+ Do and ]I?;f‘gk 5[\If+5] is defined as in Definition
3.9. In particular,
(1) in the region {p > 71750} for an arbitrary g > 0, then

200+1
(9£T5 _ (_1)j2£o+5+2 H Z Q m,fo) s éO(COS e)eimqb,uflfﬁfsTngJrs—j—l
i=Co+s+1 m=—~£y
<CO(r o)y e ot it By (4.54a)

(2) in the region {p < 71750} for an arbitrary g9 > 0,

20+1

< : 2+ 1 . ,
6$—Ts _ (_1)]22@04-2 H i ( (;€++:’l’] Z Q fo fo 5h5 éoym o (COS 9) zm¢7_—2€0—_]—2
i=Co+s+1 0
<C(r ¢ +T_€0)T_2€°_j_2ENV, (4.54b)
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(3) on the future event horizon, for s # 0,

’ (= 1)+ 2200367, — 5)! 200+j+2
H+ |
(200 + 1)! n2icse

< Oy~ I3 Eyy, (4.54¢)

DI

Additionally, for the middle component Yo miq of the Mazwell field, let gg and gg be defined as in
Lemma 2.13, then

(i) for any T > 10 and p > 2M,

9260+3 260+1

H Z @ m,¢o) Y,?I 1, (cos 0)e"™? I (Y (hy g,r*
Vfo €0+1 1=0o+2 m=—¥g

< CT_aai(Y(TZOT_ZO’U_ZO_2))ENV§ (455&)

O (Yo,mia — 2 (qe +igB)) +

(ii) in the region {p > 710} for an arbitrary o > 0,

]2€0+3 200+1 lo+3

02 (Yo,mia — 1% (q& +iqB)) — % II i Iln
€0+1 1=Lo+2 n=~0yp m=—¥fg
< O(Tﬁs + 7'750)1)727'7%7J71EN\/; (4.55b)
(iii) in the region {2M < p < 1170} for an arbitrary eo > 0,

920t3 Pl (209 +1+ )

0 (Yo mia — 2 (g + ign)) — (1)
(Yo,mia — 7% (¢& + igs)) — (-1) AT (200 + 1)

1=lo+2

X Z Q(“”“)a uhuor%)Yn‘i)go(cos@)eim¢7_2é°_j_2

m_—fo

< C’(T_‘E + T_EO)T_2éo_j_2ENv. (455(;)

Proof. By decomposing the spin s components into ¢ = £y mode and ¢ > ¢y + 1 modes and using
the previous theorem 4.9 to achieve the asymptotics for its (m, £y) mode, it suffices to show that
|07 (T ,)¢2%F1| are bounded by the RHS of each estimate in (4.53), and the rest estimates follow
easily. This fact is in turn implied by the estimates (3.88) in the exterior region and (3.138) in the
interior region. g

5. PRICE’S LAW UNDER VANISHING NEWMAN—PENROSE CONSTANT CONDITION

This section differs from the previous section in the sense that we assume the Newman—Penrose
constant therein, i.e., QS_";’K), vanishes. Under this vanishing Newman—Penrose constant condition,
and assuming further initial data condition, we prove the asymptotic profiles for the spin s compo-
nents. In Section 5.1, we define the time integral of each fixed (m, ) mode of the spin +s component
and compute the expressions for its derivatives. Then, in Section 5.2, we calculate the Newman—
Penrose constant for the time integral and bound the initial norms of the time integral in terms of
initial norm of the (m,¢) mode of the spin +s component. Finally, we apply the results in Section
4.3 to the time integral and derive the asymptotic profiles of the spin +s components in Section 5.3.

5.1. Time integral. In this subsection, we will always assume that the spin +s component is
supported on an (m,¢) mode, and without confusion, we might suppress the dependence on m and
¢ unless specified. In addition, we denote (¥4¢)m,¢ by ¥4s¢. Recall equation (3.102) satisfied by
Yisp, for s =0,1,2,

0y (F2H 20512 0, (= h jr ™ i) ) = 10 (M),
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where

H[w+575] :/Lshﬁ,l{Nghyp]}(ﬂ_sm/hrs,f) - /LthpT2ap(H_5”/)+s,€) ( )
5.1
+ [(287 — 2M (35 + 1)) Hyyp, — ur28Tthp]u75T7,/)+514}.

Lemma 5.1. Fors =0,1,2, there exists a unique smooth g1 to the following equation
9 (T2é+2/‘1+5hieap(M_sh;l}r_(“ﬁ)w-i-s,é)) = r T T H s ] (5.2)
which satisfies both
lim g ] =0 (5.3)

and

6-,—9.;,_5)[ = ’(/1_1,_5)[. (54)
Furthermore, we have, on ¥,

+oo p1
grsu(p) = —ushs,ep“s/ {7“_2“2115}#_1_5 [c+5,e +/ ré"‘_lH[ms,z](m,pz)dpz} }dpl,
2

P M
(5.5)
where the constants ciq ¢ are
€100 = 0, (5.6&)
] _ (2M)K_IH[U)+5,EHPZQM (5 Gb)
e o(0+1) ’ '
2(2M)f~2

= AP +L+3 s - 6M9 : 5.6
Ct2,0 3(€+2)(€+ 1)€(£_ 1) (( +L+ )H[w+a,f]|p:2M pH[¢+5’Z]|p:2M) ( C)
Remark 5.2. By equations (5.2) and (5.4), g4 ¢ satisfies the same TME as the one of 144 ¢, that
is, g4s,0Y,, o(cos 6)e™™? is also a solution to the TME (2.15) for s = +s.

Proof. It suffices to uniquely determine g4, on ¥, which means, we need to solve g5 ¢ by the
following equation on X,

Op (2t o2 Dy (W fgve) ) = 1 M (5.7)

with the asymptotic condition (5.3) and the smoothness up to p = 2M, where ]~7,57g = ;ﬁhs)gré‘”. By
integrating (5.7) from p; to pa where 2M < p; < p2, we get

- - P2
P22 0, (b g e ) (p2) — P2 02 10, (hy s ) (p1) = / H T U (p)dp. (5.8)
P1

Taking p; — 2M, and by the fact that H[t¢4s (] is smooth away from p = 2M (one can easy check
this by the definition of H[¢)44 ] in (5.1) and the smoothness of 145¢ on X)), we have for any
p>2M,

- P
P22 R 0, (hy 1 gise) — /M (r' T H[ys6]) (p1)dp1 = cho, (5.9)
2

for some constant ¢y ¢ to be determined. We integrate (5.9) again and obtain for 2M < p; < pa,

P2 P
hei9+s.e(p2) = hy gg1se(pr) = / T’”’Qu’l”jh;?{qs,fzﬂL / . (T’Z*H”H[mg,z])(ps)dps}dp-
pP1 2
(5.10)

Thus, one easily finds that g4, ¢ is smooth in (2M, 4+00).
We shall now determine the values of the constants ¢, such that g, is smooth up to and
including p = 2M.
First, consider s = 0 case. By requiring g;s ¢ to be C! at p = 2M, one has from (5.9) that
. 2042 14572 7—1
Cts,6 = pLHQHMT Futt hs,eap(hs,ngrﬁ-,l) =0. (5.11)
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Then, by (5.10) and since pu~* f;M (ré_s_lH[z/JH,g])(pl)dpl is smooth at p = 2M, g1s, can be
smoothly extended to p = 2M. In (5.10), taking p; — 2M, ps — +00, and by (5.3), we have

B +oo P
i (lgeed) o) == [ {7 bt [ M) pdm e, G2
2M 2M

p1—2M

where the RHS of (5.12) is integrable. Together with (5.10) and (5.12), we get

+oo P1
htgeasto) == [ {2t [ ) (), (5.13)
P 2M

This is (5.5) in the case s = 0.
Second, we show that g1 can be continuously extended to 2M with any ¢ for s = 1,2. In
fact, for s = 1,2,

lim lim %
ps2 Mngﬁl—p m h_
i 2olsr9500)
p—2M —ﬁgﬁﬁpﬁs,g (5.14)
— im _T2(571)u571(c+51£ + fsz (TZ?S?LHW)Jrs,E])(pl)dpl)
poa 8P}~L+5,Z
= — Ciaps L(heo(2M))Tr2M) T = Eiﬁe,

where we have used the L’Hopital’s rule in the second step and (5.9) in the third step. Further, from
(5.9), we have, for ps > p1 > 2M,

Op(hei(gree — 0\ )) = 2 2h 2u= Wi (p), (5.15)
where
- P
Wi(p) 2 o0+ 50 77721t 720, (hee) + / T H [ ) (p1)dpr. (5.16)
2M

We now determine the values of ¢y ¢ such that g;s ¢ can be smoothly extended to 2M for s = 1.
For py > p1 > 2M, we have by integrating (5.15) that

- - P2
(h b (s — 800 ) (p1) = (hy}(gsse — 8'100) (p2) — / TR P Wa(p)dp. (5.17)
P1
From (5.16), Wi(p) = (%) ,02(hs.0)(2M) + (M) 2H [t ) (2M)) - (p — 2M) + O((p — 2M)?) as
p — 2M. Further, notice from equation (3.111) solved by hs ¢ that 92hs o = £(£+1)r*~'hs . Hence,

by taking g}, = — CM) 2Hso.)2M) _ __ Hlvs.)(2M)

7> or equivalently, from (5.14), taking

92(s,0) (2M) — T 20(t+1)Mhs (2M
M) " H[yys,0](2M)
= ’ 5.18
Cts,0 W+ 1) ) ( )

then p~2Wj is smooth in [2M, +00), which thus yields g ¢ is smooth at 2M from (5.15). Further-
more, By (5.15) and the assumption (5.3), we have

—+o00
0 — _
Jim B (g~ 080 = - /2 R Wade. (5.19)

Using (5.17) again, we have

byt (Gase — g\ ,) = —/ (r=22hg Fu” W) (p1)dpr. (5.20)
p

This corresponds to (5.5) in the case s = 1.
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Finally, we discuss the case s = 2. Similarly as proving the continuity of g, ¢ at 2M in the case
s = 1 via equation (5.14) , we can show that g, is actually C' at 2M for any constant ¢ys . In
fact, for s = 2,

0 7 — 0
i Gts,0(p) —Eii,g ~ lm hey(91se —giﬁ,g)
p—2M p—2M p—2M /““il;;

0p(h H(gese — 852 ))
p—2M 8p(,uri~1;%)
r*2Z*2M7175h;2WI (p)
p—2M 8p(,u7"i~1;%)
Tlisil’HWJJrg,l] + gfiéap(eru*lap(iLJrﬁ,l)) ‘ (1)
—2M’l"€_2h5,€ p:2M - g+5 .

where we have used the L’Hopital’s rule in the second step and (5.15) in the third step. Furthermore,
by (5.9), we have, for ps > p; > 2M,

(5.21)

(0)

(0)
s (945 =84 (1) g9 T 8se (1)
prhg (FE o) (o) = (S ) (02)

P2
—/ e T AU
P

1

(5.22)

where

Wa(p) £ Cts,0 + gfz,zﬂ_%ﬂl_sap(ﬁs,é)

(1) 2042 14sp2 7-1 SR (5.23)
= 04 TG (O (prhg ) + y (r' = T H ) (p1)dpr-
2
Using he ¢ = phe ¢, we obtain for p — 2M small,
Walp) = cree 850, (121 Dplhe.e)) (M) + (p = 20) - [ ), (8, (27 By () (2M)

+ 000,20 hg o(2M) + (K H ] (2M)}

4500 =207 [0 (03000 () (2D) + (0, (> Hl,])) (2M)
— 2000 (B 1212 10, (ur ) (2M)] + O((p — 20)?) (5.24)

We utilize then equations (5.21) and (5.14) to find the first two lines on the RHS of the above equation
are vanishing identically. By requiring the (p — 2M)? terms vanish, one then finds that p=3Wj is
smooth in [2M,+00), and, from (5.22), g4+s¢ is thus smooth in [2M,+00). This requirement is
equivalent to setting the coefficient of 1(p — 2M)? term on the RHS of (5.24) to be zero, and,

plugging in the expression (5.21) of gsrlz 4> it reduces to imposing the following condition
00 (0221 0 (hoy))) (2M) + (0, (r*H[tp1.0))) (2M)
= 2g(1) (Bp(ré_lhs,g — u_lr_QapltLM)) (2M)

+s,¢
P H [ 0] + 9+5 0o (r 21710, (hisr)) ‘
—2MT€ 2h57g

= 2(0,(r" M he — 2 0phe ) (2M) X :
p=2M

We use equation (3.111) solved by hs ¢, which in particular implies ,(u~'r=20,hs ¢) = (£ + 2)(£ —

1)rt=2hso and 6M (9,hs,0)(2M) = £( — 2)hs o(2M), to solve this equation, and then use (5.14) to
: (0) .

obtain the values of g, , and ¢j5:

(0) 1 <T2h5765p(7“_17'l[¢+5,é]) + (0 —20%)hg 0 + 27'6ph57€)H[¢+575])

St = T (0 1) a0 [3r20,ha g + (£ — 202)hg 1]
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(o, _20eM )t (12he 00, (P 1Yy 4]) 4 (€ — 202 h g + 2r0phs ) H 115 4]
Tl T 0 2)(0—1) 3120, g + (£ — 202)hg g1

p=2M
2(2M)"? 2
By (5.3), we have
-1 g+’5_9$)£ &) O 2
: - 5 st _ —20-2 37—
i prhe p ( o 9+5,g) (p) /2 LT R (p)dp, (5.26)

and then,

byt gses — 0, — e )0 == [ (W) (o) (5.27)

P

which is equality (5.5) for s = 2. O

As an immediate consequence, we compute the derivatives of g4 ¢ here in terms of 1 ¢.

Lemma 5.3. Assume (T28p)i/ (b rY4s0), 0 <4 <€ —s5+1, are bounded near infinity. Then for
any 0 <i</{—s,

(7”2 6p)i (N_s""g-'rs,@)

i J 0o
== 3 S0 Tha [ ([0,
p

j=0n=0

x{wwf+ér(#ﬂ—”*v%%WHW4MD@nmn})@ama

M

—C+5,g(r28p)i{h57gp£+5+1/ r_2é_2h;§u_1_5dr}, (5.28)
P

where ag—s0 =0, ap_s1 = (2M)* " *H[th15.¢](2M), and for 2 <n <l —s,
Ao =(2M) " (r20,)" T H [ty 6] (2M)

n—2 .
+ Z(_l)n—j—l (E zéﬁ__s(i j;):'[))' (2M)é—5—j (TQap)jH[w+5)g](2M), (529)
j=0 :

Proof. Let E(p) = h ;= =2p== [ (r'=*"YH[tb4s6]) (p1)dp1, then E(p) is bounded near infinity
by assumption. By this definition and equation (5.5), we have

oo
W orgyse = —hs,ZPHSH/ (TigigizE) (p1)dps
p

4ﬁ%wM“/0ﬁ“@ﬁ*Wm@L (5.30)
P

This proves the ¢ = 0 case of (5.28). One can perform integration by parts and obtain

p
Tm@ﬂﬁ/(w+wwwmwwﬁ
2M

(5.31)
P
ﬂw%wmmmwﬁﬂwfmﬁ/0“%%wmmme
2M
A simple induction then yields that for any j € N¥,
_ p
o {o [ ) oo |
2M (5.32)

) P . .
_ p_e+s+g{w_57j + /2 (r =271 (20,) H Y0 (p1)d 1 }

M
52



Further, we have for any j < ¢ — s,

(TQap)j{pEJrerl / (r7€7572E) (pl)dpl} _ pf+5+1+j / (r7(6+5+2+j) (r26p)jE) (pl)dph (533)
P P

where we have used integration by parts and lim, . 7~ ¢7571%9(r29,) E(p) = 0 which yields the

boundary term at oo vanishes. By taking (r20,)" derivative over equation (5.30) and utilizing

equations (5.32) and (5.33), (5.28) then follows. O

5.2. Newman—Penrose constant of the time integral (gys)m ¢. Consider a fixed (m,¢) mode

of the spin +s component. Recall from Remark 5.2 that (g4s)m,cY,;, ,(cosf)e m? is also a solution
to the TME, hence @Eg) .
(I)(l)

(9o )t and @EZ) D 3 in Deﬁnition 3.6. As a result, the scalars @E;)ﬁ)me and E)E;)ﬁ)me solve

equations (3.10) and (3.11), respectively, that is,
—HYVRQL ), F @0+ o)

g+ﬁ)m,l
T feia(r = 3M)T_2f}(1)§;)+s)m,é — 6f0iaMr B

(9+s)m

“*r(g4s)m,¢ is a solution to (3.9). One can then similarly define

1—1
L+ s zM@EM;m’[ -0, (5.34a)

30
YV,

(g+s)m,e

oy F OO+ foi B foia(r— 3M)r*21><1>§;>+5)m’e + Z he i@ =0,

(5.34b)

Lemma 5.4. Let ay_g s, Cys0, and H[th1s,¢| be defined as in Lemma 5.3, equation (5.6), and equa-
tion (5.1), respectively. Assume on ¥, that the limits lim T\Aifl)sf_s) and lim (r28p)i, (L r)1s0),
p—r00

0 <i <¥¢—s5+1, exist and are finite. Then, the limits { lim (r20,)" <I>(O and
p—00

(g+s)m,e }z‘:O,l ..... l—s5

{pll{f)lo (I)Eg)+ Yon. [}1':0 10— Cwist and are finite, and
. (0)
Jim (1°0,)' (g, ).,

% J
=Y N om0t = MR (s i+ )T 20— 1)

j=0n=0
< lim [(20,) " (b fu )] lim (120,) Hlteen ), for0<i<i-s—1  (5.35)

lim (r29,) @

P00 (9+5)m,e

¢ min(j,l—s—1)

=Y Y der=)T - MR (s 5+ 1) 20+~ n+ 1)

: j—m 3 —2, —1—s : n —5 S5,
< lim (20,7 (hy 2] Jim (120, Hltn] = (<152 (0= )]
1

1 > —1/,.2 L—s
ST sts — /QM” (r20,)*H[ 2 0)dp, (5.35b)

and the limits lim @Ezl Yot with j € {0,1,...,£ —s} are computed via (5.35) and
p*}Oo s)m,

= Vig! 29,)'9'%

(i)
o (@t 0)me

(g+s)m,e

© = el ), (5.36)

where Eo[fbﬂe] =0 and Ei[QE&I] = r2thp(r28 )i 1<I>(O ot VE- 1[<I>(O) o)
The N-P constant of the time integral (g+s)m,¢ s
l—s

me —_ 1 ()
Q0 = g 2 (Jim (heeag) x Jim @) )

o T e

where the limits 1im (rhse—s ;) are calculated from Proposition 8.7.
p—r00
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Proof. One can easily see from (5.28) that for i < ¢—s — 1, the limit lim,, (r? Bp)ifb(o) exists

(g+s)m,e
and is finite. For ¢ = £ — s, the limit of the RHS exists by direct inspection except for one sub-term

withn=k=i=/(—s:
plLrI;o —h514p2€+1/ (hﬁjlu_l_sr_m_2 /2M (T_l(rzap)g_sH[1/)+57g])(T’)dr') (p1)dp1. (5.38)
p

By expanding (r20,)  *H[1)1s,] = eg,gﬂ(r)f/fi)gf;s) + Zf;g e; (r)%ifi, where we have utilized the

.....

O(1) and comparing the coefficient of the highest order derivative term gives ey_sy1 = 2+ O(r~ 1),
thus the integral from 2M to r may lead to a logr growth and the limit (5.38) goes to infinity. How-
ever, a direct, but tedious, computation shows that e;_s+1 = O(1) and {e;}j—o,... r—s+1 are O(r71).

Hence, (r20,)*H = (2r~! + O(r‘2))ﬂ>;1v>£f;5) + Zf;g O(r‘l)&)ﬁ = (27“:1 —|— O(Tf2))rl>a>gf;5) +
Zﬁ;g O(r=1)(r?9,)? @fz, where we have used in the second step the relation @ng =37 _,01)(r? 8p)”<13585)

n=0
which in turn follows by the definition of 552 and an application of equation (3.10) to rewrite 841)2&),

and this then guarantees the existence and finiteness of the limit (5.38). Meanwhile, this also yields
that the limits {lim,_, @ng}j:071,,,,7g_5 exist.
{—s5)

Gio)me is to start with equation

A different way of proving the finiteness of the limit lim,_, <I>E
(5.34a) with ¢ = £ —s — 1, which is

—pyel 26@8:3:)@ —2(r = 3M)r 2 ) _6f, oy sMr D g el g,

(g+5)m.e (9+5)m.e (9+5)m.e (g45)m,e
Since —pY = —(2 — pH)0; + pd, and 87@22)“)%[ = @S:)ﬁ, this equation can be written as
pl(pr=) %) )= 2 ((2 — )@Y + 200 90— s —1)(0 — 1)(£+5 - 1)M<I>E§:f)_j)£)
+ 6o 0—a1,aMpt T2 (70D (5.39)

By (2.6) and (2.8), we have, for any j > 1,

VI = (120, 4+ 12 Hyyp0y ) = Z (ag)ﬁq +O0(r1))(r?9,)P04 as r — oo, (5.40)

P+q<j

and, for any i <¢—s—1and n >0, (r28p)i82<138)+5)m1 are equal to b; , + O(r~1) as r — oo, where

b;.n are finite constants. Hence, the RHS of the first line of (5.39) equals r=2(c+ O(r~1)) for some
constant ¢ for r large. We now prove ¢ = 0. In fact, the LHS of (5.39) equals

2ty 20 [ (gt [ 20 M ) 000 ) )
P 2

M
— p7268p (p26+1 / (h;?,ulstlz /M (Tﬁl(’l”28p)£757'[[1/)+57g]) (’I”/)dT/> (pl)dpl) + O(pfﬂ*l).
P 2

This yields lim p?* x [left-hand side of (5.39)] = 0, hence, by multiplying (5.39) by ¢ and taking
p—00

r — oo, we get ¢ = 0. That is, right-hand side of (5.39) = O(p~2/~!). We integrate equation (5.39)
(£—5)
(g+s)m,e

exists and is finite.
We turn to computing the limits limp_>oo(7“28p)i<1>8)+s) , fori=0,...,—s. By Definition 3.34

of the function hs ¢, we have (r20,)" T he = (—1)"9(i — j)!Mi_jhif;j). Meanwhile,

from oo and thus justify that the limit lim, . ®

o0
T [0, B R
P

0, ifn<l—-s—1;
N T]:Haffﬁ,2757 lfn:]:’L:g_s,
' h 0 ifi<l—s—1;
. _ 2 7 (4541 —20—27 -2 —1—5 _ , < :
e~ Ean ) <h5’2p /p T ek dr) { (~1)f S _g)l i i=(—s.
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Further, forn <{¢—s5—1,
. [ ) . 4
i ()= [ (20,1 2] [ e (20, M) ()
1770 p1 2M
1 2 j—m(p—2, —1—s : 2 n
= e nE D) A [0 B )] Jim (170, Ml e,

and forn =j={(—s,

. f° . . P
fim (p0) 149 [ 020,07 2 2 [ () (120, M ] )

p1—>00 p1 2M

eSS p
= i ([ [ (020, s ()
p1—>00 p1 oM

_ 1 > —1/.2 L—s
=577 L0

In view of the above limits, equations (5.35) thus follow.

In the end, we estimate V<I> (e ”';m . the limit of which as p — oo equals the Newman—Penrose
constant of the time integral (g+5)m7g. We use equation (5.34b) with ¢ = £ — s and utilize equation
(2.6) to write —pY = —(2 — pHnyp)0r + pd,, and in view of 8758)“)%@ = &)Sf)r and the expressions

5

of fs:1 and fs; 2, we achieve
—5
l— A (00— _ — .
OV ) = (2= pHiyp) VO = 2(0 4 1)(r = 3M)r 2B 4 Z het-s, @0 =0
This can be rewritten as

(g+s)m,e

9, ((pr~ )”H)@f 5) ) = ptr=2- 2(( — uHpyp)V ¢$55 Zhsg wfbgql ) (5.41)

By integrating from oo, we obtain

lim Vo) — lim (p/)%+? / ,ﬂr”*(@ [ ) VB Zhd o0

psoo  (G+s)m.e /500 P (g+5)m.e

o

2
= ———— lim erl)(é 9 4 lim (p )2£+2/ bp—20= Q(Zh - “fI)EZ )dp
I

20 + 2 p—oo p'—00
(5.42)
For the the last term, since the limits lim, (7?9, )J@EO) )., €xist and are finite for all j =
0,1,...,¢—s and equation (5.36) follows easily from equation (2.6) and Definition 3.1, we conclude
the limits lim,_, ‘1’8)+,>m , exist and are finite for all j =0,1,...,/ —s. Hence we obtain

l—s
1
: 1\ 2042 0, —20-2 _ ()
pllr)réo(p) /p/ (E heo—s,;P g+ )dp——2€+2j_go(plgglo('f'hsf 5.5) X hm (I)(J”) )

These yield equation (5.37).

Lemma 5.5. e Foranyé € (0,3),
I 0 ()] S IR0 U W) )] (5.43)

70
o Assume on X, that the limit lim, rV<I>(e %) epists and is finite and, for any i € N, there
are constants (3 € (0, —) and Do > 0 such that forall0 < <i+1andr > R,

oy (VLY = o7 lim V3 )| < Dop 7 (5.44)

p—00
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Then, for all0 < <i andr > R,

al ( (I)(é s) _p72(@(m74) )

(nga)m 2 (g+ﬁ)m,l

< Dyp 2787, (5.45)

with Dy = Do + (]Iéi:klﬁfa[(\l/j%)(m)g)])% for some large enough k'.

Proof. Tt is manifest from Lemmas 5.28 and 5.4 that

l—s

Z i k+1,5-6
||(T2V) \IJ(ngs)m,/z”‘Q/V’j;i(Zm) S Hgfjl ° [(\I/+5)(m,€)]' (546)
=0

Meanwhile, by examining the proof of Lemma 5.4, it also implies

l—s
2 F(l—s)
HTV(I) (945 )m/z”W;“ (S n{p>4aM}) ~ Z” V) \IJ+5”WE;”1(2 + Ve, ”W’“ (2., n{p>aM})
= Héffl PO ) (o) (5.47)

These two estimates together yield (5.43). The second claim also follows from the proof of Lemma
5.4. O

5.3. Global asymptotic profiles of the spin +s components. We first state the Price’s law in
the case that the spin +s components are supported on a single (m, £) mode.

Theorem 5.6. Let j € NT and let s = 0,1,2. Suppose the spin s = 5 components are supported on
an (m, ) mode, £ > s. Let function hgs e and scalars E)Sfi and E)(i) be defined as in Definitions 3.34
and 3.6, respectively. Assume on X, that there are constants D1 € R, 8 € (0, —) and 0 < Dy < o0
such that for all0 < i< j+Ll+s andr > 10M,

o (V%S{;S) =3 lim V3 5>)‘ < Dop~38-1. (5.48)

p—+00

Then all the statements in Theorem 4.9 hold true by making the following replacements:
Ty — QT BT — O Ty, HIT, — 2T, QUEY = Q)
2 (Yo,mia—r % (g +igB)) = 027" (Yomia —r ° (ge +igs)) . Exvye — Ev, (5.49)

where Evy o = (I[é7k;75_5[(\11+5)(m g)])2 + |@q+ e)| + Dy Hé k5 5[(\I/+5)(m o] is defined as in Definition
3.8, and the N-P constant @ m4) of the time integral (g+5)m7g can be calculated as in Lemma 5.4.

Proof. By Lemma 5.5, we can apply Theorem 4.9 to the time integral (¢+s)m,¢- The statements for
the spin +s component then follows simply from (¥1s)(m,ey = Or(g+s)m,e- The estimates for the
spin —s component can be proven by utilizing the TSI in Lemma 3.21. The estimates for the middle
component of the Maxwell field are obtained in the same way as in the proof of Theorem 4.9 . [

We also obtain the asymptotic profiles for the spin +s components if they are supported on ¢ > ¢,
modes.

Theorem 5.7. Let j € NT and let s = 0,1,2. Suppose the spin s = £ components are supported
on € > ly mode, o > s. Let function hs, and scalars fI)(Z)5 and <I>(l) be defined as in Definitions

3.84 and 3.6, respectively. Assume on X, that there are constants Qg (m-Lot1) R, B € (0,3) and
0 < Dy < oo such that for any r > 10M,

O (V@S sy = 7 lim DY, )| S Dop™ 7, WO <t b+l < o, (5.500)

;(V(&ﬁg“%))mwl p2Q{m bt )‘ <Dep 2P W0<i<j+ly+s—1,|m|<lo+1.
(5.50b)

56



Then there exists an § > 0, k = k(4o,7), € = (j,%0,0) > 0 and C = C(k, Ly, j, ) such that for
any T 2 7o,

200+1 Lo

8171T75 _ 2260+2 H ’L'71 § Q_S]TJO)hﬁlan:;O (COS o)eim¢8£(YQE(T£0+57'7£0+5711}7e07571))
1=lp—s+1 m=—1{gy
200+3 lo+1

- Lo+1) 1 i _ —9 —fn—s5—
_22604—4 H i 1 E : Qm 0+1) 5€0+1Ymg +1(COS€)6“”¢67]_ 1(Y25(T€0+1+5T Lo+s 2’1} lo—s 2))‘
1=lo—5+2 m=—~fp—1
<Oor [(973;(Y25(T€0+5T_é0+5_1’0_€0_5_1)) + az—l(Y25(Tf0+1+57_—f0+5—2v—50—5—2))} Ev, (55]_3)
200+1 Lo
aqj_flfrJrE _ 22Zo+2 H i1 § QEJT’ZO)UﬁhE,ZoYrZ,ED (COS 0)6”’”81(TZO’ET’EU“’lv’ZO’E’l)
i=Lo+s5+1 m=—1{gy
200+3 Lo+1
- Lo+1 1 i e —9 —fn—s5—
_22éo+4 H i 1 2 : Qiﬂ; o+ )M5h5,€0+ly7i740+1(cosH)Glmdjaf— l(réo-i-l L lo+s 2’1) lo—s 2)
1=lo+5+2 m=—{pg—1
S Or—¢ [aqg_’(réo—57_—€0+5—1v—éo—5—1) + aqj_’—l(réo+l—s7_—éo+s—2v—€0—5—2)] EV, (5.51b)

Lo+1
with By = (175070 [W.4]) 2 + % jume s S QD) 4 Dy and IR0 ) is defined
m=—~{g m=—~{p—1
as in Definition 3.9. In particular,

(1) in the region {p > 71750} for an arbitrary eg > 0, then

200+1

aiflrrs _ [(_1)j260+5+2 H Z Q m Eg S . (COS e)eimqbvf175757_7€0+5727(j71)
1=lo+s+1 m=—~gy
200+3 Lo+1
+ (_1)]—12f0+5+3 H Z-—l Z Q (m,lo+1) me0+1(cos o)ezmqﬁv—1—5—ST—€0+5—2—(]—1):| ‘

i=flo+5+2 m=—~fp—1
<C(r °+ T_EO)v_1_5_57_€°+s_2_(j_1)Ev; (5.52a)

(2) in the region {p < 71750} for an arbitrary o > 0, then for s = +s,

2041 2e(,+g+1
DITIT, — (—1)72%0+2 H i H Z Q(ml’o o= sh5éoynswo(Cose)ezm¢7—2fzo—3—(g—1)
1=lo+s5+1 n=20p+2 m=—4g
< C(r7F 4 7720)r 23U DRy, (5.52b)

(3) on the future event horizon, for s # 0,

. 200+75+2
B (_1)5+J22€o+3 (fo —5) (2M)€o 5+1h5 go 2M Ol_i Z Q (m,€o) (COS 9) im¢, —2lo—4—(j—1)

< Cu~2o=4=U-=<gy, (5.52c)

il
T +s o

Additionally, for the middle component Yo miqa of the Mazwell field, let gg and g be defined as in
Lemma 2.13, then

(1) for any T > 19 and p > 2M,
9200+3  2lotl

— Il Z QUL Y0 4, (08 0)e™ DI (Y (piha gyrtor0v=00=2))
éo éo + 1 i=Lp+2 m=—1{g
92lo+5 Qﬁrg ZOZH Lot1) ; j
+ it Q o Y,?I 0,41 (cos 9)em¢ag—1(y(uh1 g0+17“€°+17_€°_1v_é°_3))
V(o +1)(lo +2) i=0o+3  m=—fy—1 ’ ,
<Cr°¢ [61(}/(7“%7'_@0’0_@0_2)) + 873;_1(Y(ré°+17_é°_lv_€°_3))} Ev; (5.53a)
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(ii) in the region {p > 710} for an arbitrary o > 0,

]2@0"1‘3 200+1 Lo+

0 (Youmia =12 <qE+iqB>>—[ > QT feost)en

= I i 1In
60 £0+1 1=lo+2 n=~0g m=—¥
(_1)]‘_12@0_’_4 20043 lo+7 lo+1

(m,Lo+1) YO cos 6 eim¢:| ,U—2T_g0_j_1
(lo+1)(lo+2) s oo 1;0[“ m_;;o ) Q4 m,lo+1( )

<C(r s+ T_EO)U_2T_60_2_(j_1)EV; (5.53b)
(ii1) in the region {2M < p < 71750} for an arbitrary o > 0,

22£0+3 200+1 200+1+j
9 (Yomia— 72 (ge +igp)) — (-1 ——= [[ i* [[ =
lo(bo +1) i=00+2 n=20p+2

X Z @méo o (1h oo )Y,,OMO(cos@)eim‘bT_%O_?’_(j_l)

m_—éo

< C(Tﬁs + 7_750)7.*240*3*(3'*1)]3\/' (5530)

Proof. To prove this theorem, it suffices to prove the estimates (5.51). One can apply Theorem 5.6
to estimate each (m, £y) mode and Theorem 4.10 to estimate the remainder ¢ > ¢y + 1 modes, which
thus completes the proof. O

In the end, we give a proof of point 2 in Theorem 1.1. If the initial data of the spin s components
on t = 7y hypersurface are compactly supported in a compact region of (2M, c0), we can choose
37, such that it coincides with ¢ = 7y hypersurface in the compact support of the initial data, and
on Y., if away from the intersection of these two hypersurfaces, the initial data vanish identically.
Then, one finds by (5.6) that all ¢;s, = 0. Since Hunyp = ﬁhyp = Orhnyp = p~ ', we have from
(5.1) that H[tp1s.e] = p L hser®*TH(r20(T41)me + 25(r — 3M)(YT41)m.e). By Lemma 5.4, the N-P
constant of the time integral (g4g)m. ¢ is

(mo  _ _1 2 Q)
Qe = grgg M (Thatosems) X L (P00,
1 o)
= - — 1 h -1 267_ l—s d
20+ 1)(20 +2) i (rhs,e—s,0-s) % /QMT (r20r) " H[thys eldr
1

= —— 1 hs 5.00—5
Br T D) A (rheto—ito—s)

x / P 200) 7 (1 har® (20X 1)+ 25(r = 3M)(T 1) e) ) dr
2M
()=o)

B (20+1)(2¢+2) TIHEO(T]% to—s,lo—s5)

X / 1 g o 2 (1204 (1 ) + 25(r — 3M)(L 1) e)dr, (5.54)
2M

where in the last step we have used integration by parts in r and the assumption that the initial
data is supported on a compact region in (2M,00). We then have from Theorem 5.7 that in the
region p > 7iteo,

200+1
. . 0) [ 2
3£TS_(_1)J+1220+5+2 H Z @81 ) mzo(cow) eimd,—1—s—s _—lo+s—2—j
5 m
i=lo+s+1 m=—4~g
S valf,S*ST*e[)JrSfQ*j*E, (555)
. . 1—
in the region p < 770,
2041 2éo+g+2
j y YA s+s _ . _ .
Iy — (—1)iT1g2ot2 H H E (@21; M2 rto 5h5750Yé¢0(C0S9)61m¢T 2o=3-J
s)m, ’

i=flo+s5+1 n=20p+2 m=—4
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< Dr—2lo=3-j¢ (5.56)

and on the future event horizon, for s # 0,

. _ 20o+j+3 Lo
j (=L)sHIH19200 35 (4 — §)1(2M) 0=+ hg 4, (2M) (m.£o) ime, —20o—4—j
Yy - — H n E Q" S, (cos@)emPy2bo—4=]
T | (g+s)m, m,Lo
H+ (260 + 1) n=20042 m——to g+ £
< Dy~ 2o—4—i—c (5.57)

Combining the above discussions then completes the proof of point 2 in Theorem 1.1.
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