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Abstract

We study the late-time properties of pseudo-(Rényi) entropy of locally excited states in rational
conformal field theories (RCFTs). The two non-orthogonal locally excited states used to construct
the transition matrix are generated by acting different descendant operators on the vacuum. We
prove that for the cases where two descendant operators are generated by a single Virasoro generator
respectively acting on a primary operator, the late-time excess of pseudo-entropy and pseudo-Rényi
entropy always coincides with the logarithmic of the quantum dimension of the corresponding
primary operator. Furthermore, we consider two linear combination operators generated by the
generic summation of Virasoro generators. We find their pseudo-Rényi entropy and pseudo-entropy
may get additional contributions, as the mixing of holomorphic and anti-holomorphic parts of
the correlation function enhances the entanglement. Finally, we assert the pseudo-Rényi entropy
and pseudo-entropy are still the logarithmic quantum dimension of the primary operator when
the correlation function of linear combination operators can be divided into the product of its
holomorphic part and anti-holomorphic part. We offer some examples to illustrate the phenomenon.
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1 Introduction

The discovery of AdS/CFT correspondence [1–3] has motivated much research related to quantum

information theory in the high-energy physics community in recent years. Among them, quantum

entanglement, as a carrier of quantum information, play an increasingly significant role in probing

the structure of quantum field theories (QFTs) [4–10], the emergence of geometry [11–13], black hole

information paradox [14–18].

Recently, a new entanglement measure, called pseudo-entropy, was proposed in [19] as a generaliza-

tion of entanglement entropy. Specifically, pseudo-entropy is a two-state vector version of entanglement

entropy, defined as follows. Given two non-orthogonal states |ψ〉 and |ϕ〉 in the Hilbert space HS of a

composed quantum system S = A∪B, we first constructs an operator called transition matrix acting

on HS ,

T ψ|ϕ ≡ |ψ〉〈ϕ|
〈ϕ|ψ〉

=
ρψρϕ

tr[ρψρϕ]
. (1)

The pseudo-entropy of subsystem A, then, is obtained by calculating the von Neumann entropy of the

reduced transition matrix T ψ|ϕA ≡ trB[T ψ|ϕ],

S(T ψ|ϕA ) = −tr[T ψ|ϕA log T ψ|ϕA ]. (2)
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In general, the reduced transition matrix is non-Hermitian and pseudo-entropy can be complex-valued.

When |ϕ〉 = |ψ〉, pseudo-entropy reduces to entanglement entropy. Like entanglement entropy, in

practice, especially in QFTs, one usually computes a quantity called pseudo-Rényi entropy,

S
(n)
A =

1

1− n
log tr

[(
T ψ|ϕA

)n]
, (3)

instead of pseudo-entropy to avoid the computation of the logarithm of the matrix. The limit n→ 1

gives back the pseudo-entropy.

Pseudo-entropy is originally proposed from the study of the generalization of holography entangle-

ment entropy [19]. In the AdS/CFT context, the pseudo-entropy of a boundary subsystem is proposed

to be dual to the area of a minimal surface in the Euclidean time-dependent AdS space [19]. In ad-

dition, it is found that pseudo-entropy is closely related to the postselection experiments in quantum

information (i.e., in addition to the initial state, the system’s final state is also specified [20]). The

first is that the input of the pseudo-entropy—transition matrix (1) plays the role of density matrix

when one computes the weak values [21, 22] of observables in the post-selected system. Secondly,

pseudo-entropy is considered to characterize the averaged number of EPR pairs that could have been

distilled in the post-selected systems [19, 23]. There are also many research interests and prospects

driving the study of pseudo-entropy in QFTs [24–30]. See [31–36] for other related developments of

pseudo-entropy.

The present paper aims to study the properties of pseudo-entropy of locally descendant excited

states in two-dimensional (2D) conformal field theories (CFTs). Our study can be traced back to the

research on entanglement entropy in local quantum quenches in 2D CFTs [37–52].5 It is found that

the excess of Rényi entropy of the local primary or descendant excited states in rational conformal

field theories (RCFTs) saturates to a constant equal to the logarithm of the quantum dimension [62]

of the local operator’s conformal family [39, 44, 45]. Such saturation is well explained by the picture

of quasiparticle pairs propagation [38]. The related research is extended to the pseudo-entropy in

parallel [30]. When considering the real-time evolution of the pseudo-Rényi entropy of locally primary

excited states in RCFTs, the early-time behavior of the excess of pseudo-Rényi entropy depends on the

respective spatial positions of two identical primary operators, which is not universal. Nevertheless,

its late-time behavior is universal, which only depends on the quantum dimension of the primary

operator, just like the entanglement entropy. The result suggests that the picture of quasiparticle

pairs propagation is preserved in the pseudo-entropy. We generalize the previous study [30] on the

pseudo-(Rényi) entropy to descendant operators in this paper. Specifically, we would like to explore

the late-time behavior of pseudo-Rényi entropy of two descendant operators in RCFTs. We construct

the transition matrix using two locally excited states created by the operator

Vα(x) =
∑

{ni},{n̄j}

α{ni}{n̄j} ·
∏
i,j

L−niL̄−n̄jO(x) (4)

5See [53–61] for studies on other information quantities (such as information metric, negativity, reflected entropy, etc)
in local or global quantum quenches in CFTs.
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and evaluate the pseudo-Rényi entropy using the replica method [5] and conformal mapping. In (4),

O(x) is a primary operator in Schrödinger picture with chiral and anti-chiral conformal dimension

∆, L−n (L̄−n) are holomorphic (anti-holomorphic) Virasoro generators, and α{ni},{n̄j} ∈ C are su-

perposition coefficients. Since the two-point function between descendant operators of different levels

does not vanish, the transition matrices we are permitted to construct have more degrees of freedom

than the cases of the primary operator. It is interesting to see whether the late-time behavior of the

pseudo-(Rényi) entropy of subsystems corresponding to these transition matrices has contributions

other than the quantum dimension.

The rest of this paper is organized as follows. In section 2, we briefly review the replica method for

locally excited states in 2D CFTs and provide our convention and some useful formulae for the later

calculations. In section 3, we mainly focus on the late-time behavior of the 2nd pseudo-Rényi entropy

of locally descendant excited states. For simplicity, we study the cases that a single holomorphic

Virasoro generator generates the descendants. More general and complicated situations are discussed

in section 4, where we derive the late-time behavior of the k-th pseudo-Rényi entropy for the generic

descendant states. We end with conclusions and prospects in section 5. Some calculation details are

presented in the appendices.

2 Setup in 2D CFTs

2.1 Replica method with local operators

Our focus is the pseudo-Rényi entropy of locally excited states created by acting the operator Vα (4)

on the ground state in RCFTs, which can be formulated in the path integral formalism using the

replica method. W can consider a RCFT that lives on a plane and has a vacuum state |Ω〉. We firstly

prepare two locally excited states using Vα to construct a real-time evolved transition matrix T 1|2(t),

|ψ1〉 ≡ e−εHVα(x1)|Ω〉, |ψ2〉 ≡ e−εHVβ(x2)|Ω〉, T 1|2(t) ≡ e−iHt |ψ1〉〈ψ2|
〈ψ2|ψ1〉

eiHt. (5)

Notice that an infinitesimally small parameter ε has been introduced to suppress the high energy

modes [63]. We can obtain the reduced transition matrix of subsystem A at time t by tracing out the

degrees of freedom of Ac (the complement of A), T 1|2
A (t) = trAc [T 1|2(t)]. It turns out that the excess

of the n-th pseudo-Rényi entropy of A with respect to the ground state, defined as ∆S(n)(T
1|2
A (t)) :=

S(n)(T
1|2
A (t))− S(n)

(
trAc

[
|Ω〉〈Ω|

])
, is of the form [30]

∆S(n)(T 1|2
A (t)) =

1

1− n
[

log〈
n∏
k=1

Vα(w2k−1, w̄2k−1)V †β (w2k, w̄2k)〉Σn

−n log〈Vα(w1, w̄1)V †β (w2, w̄2)〉Σ1

]
(6)

using the replica method. In (6), Σn denotes a n-sheeted Riemann surface with cuts on each copy

corresponding to A, and (w2k−1, w̄2k−1)and (w2k, w̄2k) are coordinates on the kth-sheet surface. The

term in the first line is given by a 2n-point correlation function on Σn, while a two-point function
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gives the one in the second line on Σ1. We can have

w2k−1 = x1 + t− iε, w2k = x2 + t+ iε,

w̄2k−1 = x1 − t+ iε, w̄2k = x2 − t− iε. (7)

2.2 Convention and useful formulae

The 2n-point correlation function on Σn in Eq.(6) can be evaluated with the help of a conformal

mapping of Σn to the complex plane Σ1. The subsystem is A = [0,∞) hereafter for convenience. We

can then map Σn to Σ1 using the simple conformal mapping

w = zn. (8)

Let us first focus on the case of n = 2. The calculation of ∆S(2)(T 1|2
A (t)) is related to the four-point

function known pretty well for exactly solvable CFTs. In our convention, using Eq.(8), the 4 points

z1, z2, z3, z4 in the complex plane are given by

z1 = −z3 = i
√
−x1 − t+ iε, z̄1 = −z̄3 = −i

√
−x1 + t− iε,

z2 = −z4 = i
√
−x2 − t− iε, z2 = −z4 = −i

√
−x2 + t+ iε. (9)

The key point is that one should treat t±iε as a pure imaginary number in all algebraic calculations and

take t to be real only in the final expression of the pseudo-Rényi entropy. To evaluate the four-point

correlation function, it is useful to focus on the cross ratios

η :=
z12z34

z13z24
=

(x1 + x2 + 2t) + 2
√

(x1 + t)(x2 + t) + ε2 + iε(x1 − x2)

4
√

(x1 + t)(x2 + t) + ε2 + iε(x1 − x2)
,

η̄ :=
z̄12z̄34

z̄13z̄24
=

(x1 + x2 − 2t) + 2
√

(x1 − t)(x2 − t) + ε2 − iε(x1 − x2)

4
√

(x1 − t)(x2 − t) + ε2 − iε(x1 − x2)
, (10)

where zij = zi − zj , and a useful relation is

1− η =
z14z23

z13z24
. (11)

Since we are mainly interested in the late-time (t → ∞) behavior of pseudo-Rényi entropy, one can

find some useful late-time formulae from (9)

lim
t→∞

z1 ∼ lim
t→∞

z4 ∼ −
√
t, lim

t→∞
z2 ∼ lim

t→∞
z3 ∼

√
t,

lim
t→∞

z12 ∼ lim
t→∞

z13 ∼ −
√
t, lim

t→∞
z24 ∼ lim

t→∞
z34 ∼

√
t,

lim
t→∞

z14 ∼ lim
t→∞

z23 ∼
√

1

t
. (12)

For the cross ratios (η, η̄), as shown in [30], we can have

lim
t→∞

(η, η̄) = (1 +
(x2 − x1 + 2iε)2

16t2
,−(x2 − x1 − 2iε)2

16t2
) ' (1, 0),

∂iη ∼
1

t
3
2

, ∂i∂jη ∼
1

t
, ∂i∂j∂kη ∼

1

t
5
2

, ∂i∂j∂k∂lη ∼
1

t2
(i 6= j 6= k 6= l). (13)
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For general n-th pseudo-Rényi entropy, the 2n points z1, z2, ..., z2n in the z-coordinates are given by

z2k+1 =e2πi
k+1/2

n (−x1 − t+ iε)
1
n , z̄2k+1 = e−2πi

k+1/2
n (−x1 + t− iε)

1
n ,

z2k+2 =e2πi
k+1/2

n (−x2 − t− iε)
1
n , z̄2k+2 = e−2πi

k+1/2
n (−x2 + t+ iε)

1
n , (k = 0, ..., n− 1). (14)

3 Second pseudo-Rényi entropy ∆S
(2)
A for descendent operators

The pseudo-Rényi entropy for locally excited states can be regarded as a generalization of the Rényi

entropy for locally excited states [19]. In RCFTs, it is known that the excess of the Rényi entropy

saturates to a constant equal to the logarithm of the quantum dimension of the inserted primary

operator [39]. A similar result for pseudo-Rényi entropy is found in [30], and the result also holds

for Rényi entropy constructed by two descendent operators in [45]. However, [45] only considers the

late-time behavior of Rényi entropy established by two descendent operators with the same Virasoro

generators and at the same insertion spatial coordinates. The pseudo-Rényi entropy with two descen-

dent operators at different levels is still unknown. This section will explore the 2nd pseudo-Rényi

entropy for some specific descendent operators.

3.1 ∆S
(2)
A for Vα = L−1O, Vβ = O

We first consider the simplest case, which is different from the previous studies [30]: Vα(x1) =

L−1O(x1), Vβ(x2) = O(x2). The 2nd pseudo-Rényi entropy, which, according to (6), is related to

a four-point function on Σ2,

exp{−∆S(2)(T 1|2
A (t))} =

〈L−1O(w1, w̄1)O†(w2, w̄2)L−1O(w3, w̄3)O†(w4, w̄4)〉Σ2

〈L−1O(w1, w̄1)O†(w2, w̄2)〉2Σ1

. (15)

For the first descendant operators, the transformation law of them under the conformal mapping

w = z2 is given by

∂O(wi, w̄i) =(w′i)
−∆(w̄′i)

−∆

(
(w′i)

−1∂O(zi, z̄i)−∆
w′′i

(w′i)
2
O(zi, z̄i)

)
, (16)

where the prime denotes the derivative with respect to z or z̄. Then the four-point function in (15)

can be written in the light of correlators on the plane as

〈L−1O(w1, w̄1)O†(w2, w̄2)L−1O(w3, w̄3)O†(w4, w̄4)〉Σ2

=
( 4∏
i=1

|w′i|−2∆
)
·
( ∂z1

∂w1

∂z3

∂w3
〈∂O(1)O†(2)∂O(3)O†(4)〉Σ1 + ∆2

( ∂z1

∂w1

)2∂2w1

∂z2
1

( ∂z3

∂w3

)2∂2w3

∂z2
3

〈O(1)O†(2)O(3)O†(4)〉Σ1

−∆
∂z1

∂w1

( ∂z3

∂w3

)2∂2w3

∂z2
3

〈∂O(1)O†(2)O(3)O†(4)〉Σ1 −∆
∂z3

∂w3

( ∂z1

∂w1

)2∂2w1

∂z2
1

〈O(1)O†(2)∂O(3)O†(4)〉Σ1

)
,

(17)
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where we use the notation O(i) ≡ O(zi, z̄i). Due to the conformal symmetry, we can express the

four-point functions involved in (17) as follows

〈O(1)O†(2)O(3)O†(4)〉Σ1 =|z13z24|−4∆G(η, η̄),

〈∂O(1)O†(2)O(3)O†(4)〉Σ1 =|z13z24|−4∆∂z1G(η, η̄)− 2∆

z13
|z13z24|−4∆G(η, η̄),

〈O(1)O†(2)∂O(3)O†(4)〉Σ1 =|z13z24|−4∆∂z3G(η, η̄) +
2∆

z13
|z13z24|−4∆G(η, η̄),

〈∂O(1)O†(2)∂O(3)O†(4)〉Σ1 =|z13z24|−4∆∂z1∂z3G(η, η̄) +
2∆

z13
|z13z24|−4∆(∂z1 − ∂z3)G(η, η̄)

+
−2∆(2∆ + 1)

z2
13

|z13z24|−4∆G(η, η̄), (18)

where

G(η, η̄) := lim
z→∞

|z|4∆〈O(z, z̄)O(1, 1)O(η, η̄)O(0, 0)〉Σ1 . (19)

Under the conformal mapping between Σ2 and Σ1, we can have

〈L−1O(w1, w̄1)O†(w2, w̄2)L−1O(w3, w̄3)O†(w4, w̄4)〉Σ2

=2−8∆|z1z2z3z4|−2∆|z13z24|−4∆ ·
{

1

4z1z3

[
∂z1∂z3 +

2∆

z13
(∂z1 − ∂z3)− 2∆(2∆ + 1)

z2
13

]
G(η, η̄)

+
∆2

4z2
1z

2
3

G(η, η̄)− ∆

4z1z2
3

[
∂z1 −

2∆

z13

]
G(η, η̄)− ∆

4z2
1z3

[
∂z3 +

2∆

z13

]
G(η, η̄)

}
. (20)

At the late times (t→∞), as shown in [30], η and η̄ approach to 1 and 0, respectively, which leads to

the following late time behavior of G(η, η̄) for RCFTs

lim
t→∞

G(η, η̄) ' d−1
O (1− η)−2∆η̄−2∆, (21)

where dO is the quantum dimension of the operator O. Hence we can obtain

lim
t→∞

∂z1G(η, η̄) '2∆∂z1η

1− η
d−1
O (1− η)−2∆η̄−2∆, lim

t→∞
∂z3G(η, η̄) ' 2∆∂z3η

1− η
d−1
O (1− η)−2∆η̄−2∆,

lim
t→∞

∂z1∂z3G(η, η̄) '2∆∂z1∂z3η

1− η
d−1
O (1− η)−2∆η̄−2∆ +

2∆(2∆ + 1)∂z1η∂z3η

(1− η)2
d−1
O (1− η)−2∆η̄−2∆. (22)

On the other hand, the two-point function in (15) is

〈L−1O(w1, w̄1)O†(w2, w̄2)〉Σ1 = ∂w1

1

|w12|4∆
=
−2∆

w12
· 1

|w12|4∆
. (23)

Substituting (20), (22) and (23) into (15) and setting z3 = −z1, z4 = −z2, we obtain

lim
t→∞

exp{−∆S(2)(T 1|2
A (t))}

' w
2
12

4∆2
η2∆(1− η̄)2∆

{
−1

4z2
1

[ 2∆
z2
1+z2

2

8z3
1z2

(1− η)dO
−

2∆(2∆ + 1)
(z2

1−z2
2)2

64z4
1z

2
2

(1− η)2dO
+

2∆2 z
2
2−z2

1

4z2
1z2

z1(1− η)dO
− ∆(2∆ + 1)

2z2
1dO

]
+

∆2

4z4
1dO

− ∆

4z3
1

[ 2∆
z2
2−z2

1

8z2
1z2

(1− η)dO
− ∆

z1dO

]
+

∆

4z3
1

[ 2∆
z2
1−z2

2

8z2
1z2

(1− η)dO
+

∆

z1dO

]}
'd−1
O . (24)
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In going from the second to the third line, we use Eq.(9) and perform the Laurent expansion at infinity.

The late-time limit of the 2nd pseudo-Rényi entropy is thus given by

lim
t→∞

∆S(2)
(
T 1|2(t)

)
= log dO. (25)

In this simplest case, the late-time behavior of the 2nd pseudo-Rényi entropy of L−1O with O is the

same as that of the primary operator O.

3.2 ∆S
(2)
A for Vα = L−nO, Vβ = O

We next consider a more complicated case that Vα is a general n-level descendant associated with the

Virasoro generator L−n, and Vβ is still a primary. The two-point function of Vα and Vβ reads [64]

〈L−nO(w1, w̄1)O(w2, w̄2)〉 =
(n+ 1)∆

wn21

|w12|−4∆. (26)

We then compute the four-point function on Σ2. Under the conformal transformation, the level n

descendant transforms as

L−nO(wi, w̄i) = (w′i)
−(∆+n)(w̄′i)

−∆L−nO(zi, z̄i) + ... (27)

The ellipsis stands for operators with lower conformal dimensions, contributing to lower-order singu-

larity in the correlation functions. Then at a late time

〈O(−n)(w1, w̄1)O†(w2, w̄2)O(−n)(w3, w̄3)O†(w4, w̄4)〉Σ2

∼
( 4∏
i=1

|w′i|−2∆
)
(w′1)−n(w′3)−n〈O(−n)(1)O†(2)O(−n)(3)O†(4)〉Σ1 . (28)

We can pick out the most singular terms of the four-point function on the z-plane in (28). According to

(12) and (60) in appendix A, the leading contribution at late time in 〈O(−n)(1)O†(2)O(−n)(3)O†(4)〉Σ1

should be

(n− 1)∆

zn41

〈O(1)O†(2)O(−n)(3)O†(4)〉Σ1 +
−∂z4
zn−1

41

〈O(1)O†(2)O(−n)(3)O†(4)〉Σ1

=
((n− 1)∆

zn41

− ∂z4
zn−1

41

)((n− 1)∆

zn23

− ∂z2
zn−1

23

)
〈O(1)O†(2)O(3)O†(4)〉Σ1 + ...

=|z13z24|−4∆d−1
O (1− η)−2∆η̄−2∆

×
(

(n− 1)2∆2

zn41z
n
23

− (n− 1)∆

zn41z
n−1
23

· 2∆∂z2η

1− η
− (n− 1)∆

zn−1
41 zn23

· 2∆∂z4η

1− η

+
1

zn−1
41 zn−1

23

·
(2∆(2∆ + 1)∂z2η · ∂z4η

(1− η)2
+

2∆∂z2∂z4η

1− η

))
+ ... (29)

Combine (26), (29) with t→∞, the leading-order behavior of exp{−∆S(2)(T 1|2
A (t))} is

lim
t→∞

e−∆S(2)
(
T 1|2
A (t)

)
∼ w2n

12

(n+ 1)2∆2
× 1

4nzn1 z
n
3

d−1
O

(
(n− 1)2∆2

zn41z
n
23

− (n− 1)∆

zn41z
n−1
23

· 2∆∂z2η

1− η
− (n− 1)∆

zn−1
41 zn23

· 2∆∂z4η

1− η

+
1

zn−1
41 zn−1

23

·
(2∆(2∆ + 1)∂z2η · ∂z4η

(1− η)2
+

2∆∂z2∂z4η

1− η

))
+ ...

∼ 1

dO
+ ... (30)
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Again, the ellipsis denotes terms with sub-leading contributions. Hence the late-time limit of the 2nd

pseudo-Rényi entropy of the transition matrix constructed by a primary O and its n-level descendant

L−nO is still log dO.

3.3 ∆S
(2)
A for Vα = L−nO, Vβ = L−mO

In this subsection, we use the conformal block and operator product expansion (OPE) to show the

phenomenon discovered in previous subsections is true for a general case: Vα = L−nO, Vβ = L−mO.

In terms of [64], the two-point function of Vα and Vβ reads6

〈L−nO(w1, w̄1)L−mO(w2, w̄2)〉Σ1

=
1

12
(−1)n(w1 − w2)−m−n

1

|w12|4∆(
Γ(m+ n)

(
cm
(
m2 − 1

)
n
(
n2 − 1

)
+ 24∆(m+ n)(m+ n+ 1)(mn− 1)

)
Γ(m+ 2)Γ(n+ 2)

+ 12∆(∆(m+ 1)(n+ 1) + 2)

)
.

(31)

The late-time behavior of the four point function on Σ2 of (6) can be derived according to(27)

〈O(−n)(1)O(−m)†(2)O(−n)(3)O(−m)†(4)〉Σ2

∼
( 4∏
i=1

|w′i|−2∆
)
(w′1)−n(w′2)−m(w′3)−n(w′4)−m〈O(−n)(1)O(−m)†(2)O(−n)(3)O(−m)†(4)〉Σ1 . (32)

We can next pick out the most singular terms of the four-point function on the z-plane in (32).

According to (12) , the leading contribution at late time in 〈O(−n)(1)O†(2)O(−n)(3)O†(4)〉Σ1 comes

6Here the following equation to simplify the result has been used

m−1∑
k=1

(k + m)(−k + m + 1)(k + n− 1)!

(k + 1)!(n− 2)!
=

2
(
m2n + m

(
2n2 − 1

)
− n(n + 1)

)
Γ(m + n)

Γ(m + 1)Γ(n + 2)
−m(m + 1)n + 2.
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from the OPE of O(−n)(1)O†(4) and O†(2)O(−n)(3) .

〈O(−n)(1)O(−m)†(2)O(−n)(3)O(−m)†(4)〉Σ2

∼
( 4∏
i=1

|w′i|−2∆
)
(w1 − w2)−m−n(w3 − w4)−m−nG(η, η̄)(−1)m+n

(
− 1

12Γ(m+ 2)2Γ(n+ 2)2
∆eiπn(−1)−m−n((m(m+ 1)n− 2)Γ(m+ 2)Γ(n+ 2)

− 2(m+ 1)(m2n+m(2n2 − 1)− n(n+ 1))Γ(m+ n))((−(−1)2)−m−nΓ(m+ n)

(m(m2 − 1)eiπnn(−1)m+n(c(n2 − 1) + 24∆) + 24∆eiπm(n+ 1)1m+n(m(2mn−m+ n2 − 1)− n))

+ 12∆(−1)−nΓ(m+ 2)Γ(n+ 2)(1−m(n+ 1)(∆ +m(∆ + n)) + (−1)−meiπm(2−mn(n+ 1))))

+
1

12
∆(m+ 1)(∆ +m)1−m−2n(−1)−2m−n(

1

n(n+ 1)Γ(m+ 2)Γ(n− 1)
Γ(m+ n)

(m(m2 − 1)(−1)nn(−1)m+n(c(n2 − 1) + 24∆) + 24∆(−1)m(n+ 1)1m+n(m(m(2n− 1) + n2 − 1)− n))

+ 12∆1n(n− 1)((−1)m(n+ 1)(∆ +m(∆ + n)) + (−1)m+11m(mn(n+ 1)− 2)))

1

12
∆(2∆ +m)1−m−2n(−1)−2m−n(

1

mΓ(m)Γ(n+ 2)
Γ(m+ n)

(m(m2 − 1)(−1)nn(−1)m+n(c(n2 − 1) + 24∆) + 24∆(−1)m(n+ 1)1m+n(m(m(2n− 1) + n2 − 1)− n))

+ 12∆(m+ 1)1n((−1)m(n+ 1)(∆ +m(∆ + n)) + (−1)m+11m(mn(n+ 1)− 2)))

+
1

144(m+ 1)Γ(m− 1)Γ(m)Γ(m+ 2)2Γ(n− 1)Γ(n+ 2)

((−1)m+1m1−2(m+n)(−1)−m−n(c(m2 − 1) + 24∆)Γ(m+ n)((m+ 1)(−1)n+1n(−1)m+nΓ(m)Γ(m+ 2)

(c(n2 − 1) + 24∆)Γ(m+ n) + 12∆1nΓ(m− 1)((m+ 1)Γ(m)((−1)m(−n− 1)Γ(m+ 2)Γ(n+ 2)

(∆ +m(∆ + n)) + (−1)m1m((mn(n+ 1)− 2)Γ(m+ 2)Γ(n+ 2) + 2n(n+ 1)Γ(m+ n)))

− 2(−1)m1m(n+ 1)(2mn−m+ n2 − 1)Γ(m+ 2)Γ(m+ n))))
)

+ . . . (33)

The complete derivation detail of Eq.(33) is shown in appendix B.

Combine (31) and (33) and take the limit t→∞, the leading-order behavior of exp{−∆S(2)(T 1|2
A (t))}

is

lim
t→∞

e−∆S(2)
(
T 1|2
A (t)

)
∼ 1

dO
+ ... (34)

The ellipsis denotes terms with sub-leading contributions. The late-time limit of the 2nd pseudo-Rényi

entropy of the transition matrix constructed by a m-level descendant operator L−mO and a n-level

descendant operator L−nO is log dO.

4 k-th pseudo-Rényi entropy for generic descendent states

In the previous section, the 2nd pseudo-Rényi entropy corresponding to L−nO and L−mO is the same

as the 2nd pseudo-Rényi entropy of the corresponding primary operator O at a late time, and they

all equal to the logarithm of the quantum dimension of the primary operator. However, to derive

the pseudo-entropy, it is reasonable to consider the k-th pseudo-Rényi entropy and take k analytic

9



continuation to 1. In this section, the late-time behavior of k-th pseudo-Rényi entropy with two linear

combination descendent operators will be checked whether it is still log dO.

4.1 ∆S
(k)
A for Vα = L−nO, Vβ = L−mO

We begin with calculating the general case discussed above: Vα = L−nO, Vβ = L−mO. Since the

anti-holomorphic part of these operators is still primary, we only focus on the holomorphic part here.

The late-time behavior of the 2k-point function on Σk can be derived according to (27)

〈O(−n)(w1)O(−m)†(w2) . . .O(−n)(w2k−1)O(−m)†(w2k)〉Σk
,

∼F(w1, w2, . . . , w2k,m, n,∆)〈O(−n)(1)O(−m)†(2) . . .O(−n)(2k − 1)O(−m)†(2k)〉Σ1 + . . . , (35)

where

F(w1, w2, . . . , w2k,m, n,∆) =
( 2k∏
i=1

|w′i|−2∆
)
(w′1)−n(w′2)−m . . . (w′2k−1)−n(w′2k)

−m (36)

is the leading factor coming from the conformal transformation between correlation functions on Σk

and correlation functions on Σ1.

According to (14), at the late-time limit, we can find the following relations

lim
t→∞

(z2i+4 − z2i+1) ' w2 − w1

kt
e2πi i+1

k t
1
k ' 0,

lim
t→∞

(z̄2i+2 − z̄2i+1) ' w1 − w2

kt
e−2πi

i+ 1
2

k t
1
k ' 0. (37)

Hence the leading term of 2k-point correlation function on Σ1 comes from the OPE of

O(−n)(2i+ 1)O(−m)†(2i+ 4), i.e.,

〈O(−n)(1)O(−m)†(2) . . .O(−n)(2k − 1)O(−m)†(2k)〉Σ1

∼D1,4D3,6 . . .D2k−3,2k〈O(1)O†(2) . . .O(2k − 1)O†(2k)〉Σ1 , (38)

where D2i+1,2i+4 is a derivative operator that only contains constants related to the information of two

descendant operators and derivatives coming from the most singular part of the OPE of O(−n)(2i +

1)O(−m)†(2i+ 4),

D2i+1,2i+4 = D(∂2i+1, ∂2i+4;m,n, c,∆). (39)

See appendix B for a concrete example of the D-operator. We need to pick up the proper channel

to expand the 2k-point function into the holomorphic and the anti-holomorphic part, as graphically

shown in figure 1. In each channel, only the identity operator contributes to the final result. Hence,

the 2k-point function breaks up into k two-point functions for the holomorphic part(and k for the

anti-holomorphic part).

〈O(−n)(1)O(−m)†(2) . . .O(−n)(2k − 1)O(−m)†(2k)〉Σ1

∼(F00[O])k−1D1,4D3,6 . . .D2k−3,2k〈O(1)O†(4)〉Σ1〈O(3)O†(6)〉Σ1 . . . 〈O(2k − 3)O†(2k)〉Σ1

∼(F00[O])k−1〈O(−n)(1)O(−m)†(4)〉Σ1〈O(−n)(3)O(−m)†(6)〉Σ1 . . . 〈O(−n)(2k − 3)O(−m)†(2k)〉Σ1 . (40)
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Figure 1: k − 1 fusion transformations to obtain ∆S
(k)
A

In the last line, the fact that D2i+1,2i+3 is a linear operator, and coordinates zi and zj are independent

for i 6= j has been applied.

Changing back into the w-coordinate, with the leading divergent term being transformed homo-

geneously and keeping the most divergent term, we can find

〈O(−n)(w1)O(−m)†(w2) . . .O(−n)(w2k−1)O(−m)†(w2k)〉Σk

∼(F00[O])k−1F(w1, w2, . . . , w2k,m, n,∆)

〈O(−n)(1)O(−m)†(4)〉Σ1〈O(−n)(3)O(−m)†(6)〉Σ1 . . . 〈O(−n)(2k − 3)O(−m)†(2k)〉Σ1 + . . .

∼(F00[O])k−1〈O(−n)(w1)O(−m)†(w4)〉Σk
〈O(−n)(w3)O(−m)†(w6)〉Σk

. . . 〈O(−n)(w2k−3)O(−m)†(w2k)〉Σk

+ . . . (41)

The two-point function of descendent operators on Σk and that on Σ1 are similar at late time

〈O(−n)(w2i+1)O(−m)†(w2i+4)〉Σk

∼(w′2i+1)−∆−n(w′2i+4)−∆−m〈O(−n)(z2i+1)O(−m)†(z2i+4)〉Σ1

∼(kzk−1
2i+1e

2πi i
k )−∆−n(kzk−1

2i+4e
2πi i+1

k )−∆−m C0(m,n)

((z2i+1 − z2i+4)e2πi i+1
k )2∆+m+n

∼e(−2πi 1
k

)(−∆−n)(kt
k−1
k )−∆−n(kt

k−1
k )−∆−m C0(m,n)

(w2i+1 − w2i+4)2∆+m+n
(kt

k−1
k )2∆+m+n

∼e(−2πi 1
k

)(−∆−n)〈O(−n)(w1)O(−m)†(w2)〉Σ1 . (42)

Therefore, at a late time, for two descendent operators with a single Virasoro generator, we still have

lim
t→∞

∆S(k) = log dO, and its pseudo-entropy is log dO.

4.2 ∆S
(k)
A for Linear combination of descendent operators

Let us consider two linear combination operators constructed by operators in O’s conformal family.

Vα(w, w̄) =
∑
i

CiVi(w, w̄), Vi(w, w̄) = L−{Ki}L̄−{K̄i}O(w, w̄), (43)

Vβ(w, w̄) =
∑
i

C ′iV
′
i (w, w̄), V ′i (w, w̄) = L−{K′i}L̄−{K̄′i}

O†(w, w̄), (44)

where L−{Ki} ≡ L−ki1L−ki2 ...L−kini
, (0 ≤ ki1 ≤ ki2 ≤ ... ≤ kini), and L−{K̄i} ≡ L−k̄i1L−k̄i2 ...L−k̄in̄i

,

(0 ≤ k̄i1 ≤ k̄i2 ≤ ... ≤ k̄in̄i). Likewise for L−{K′i} and L−{K̄′i}
. If the combination coefficients Ci
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(C ′i) are required to be dimensionless, all Vi(w, w̄)
(
V ′i (w, w̄)

)
should have the same mass dimension,

denoted as N (N ′). This indicates that {Ki} and {K ′i} satisfy

|Ki|+ |K̄i| = N, |K ′i|+ |K̄ ′i| = N ′,
(
|Ki| ≡

ni∑
j=1

kij , |K̄i| ≡
n̄i∑
j=1

k̄ij
)
. (45)

The two point function of Vα and Vβ is

〈Vα(w1, w̄1)Vβ(w2, w̄2)〉Σ1

=
∑
i

∑
j

CiC
′
j〈L−{Ki}O(w1)L−{K′j}O

†(w2)〉Σ1〈L̄−{K̄i}O(w̄1)L̄−{K̄′j}
O†(w̄2)〉Σ1

=
∑
i

∑
j

CiC
′
j

c0({Ki}, {K ′j})

(w1 − w2)2∆+|Ki|+|K′j |

c0({K̄i}, {K̄ ′j})

(w̄1 − w̄2)2∆+|K̄i|+|K̄′j |
, (46)

where the coefficient c0 depends on the decomposition of generic Virasoro generators. At the late

time, the 2k-point function reads

〈Vα(w1, w̄1)Vβ(w2, w̄2) . . . Vα(w2k−1, w̄i2k−1
)Vβ(wj2k , w̄2k)〉Σk

=
∑
i1

∑
j2

· · ·
∑
i2k−1

∑
j2k

Ci1C
′
j2 . . . Ci2k−1

C ′j2k

〈L−{Ki1
}O(w1)L−{K′j2}

O†(w2) . . . L−{Ki2k−1
}O(w2k−1)L−{K′j2k}

O†(w2k)〉Σk

〈L̄−{K̄i1
}O(w̄1)L̄−{K̄′j2}

O†(w̄2) . . . L̄−{K̄i2k−1
}O(w̄2k−1)L̄−{K̄′j2k}

O†(w̄2k)〉Σk

∼d−(k−1)
O

∑
i1

∑
j2

· · ·
∑
i2k−1

∑
j2k

Ci1C
′
j2 . . . Ci2k−1

C ′j2k

〈L−{Ki1
}O(w1)L−{K′j4}

O†(w4)〉Σk
. . . 〈L−{Ki2k−3

}O(w2k−3)L−{K′j2k}
O†(w2k)〉Σk

〈L̄−{K̄i1
}O(w̄1)L̄−{K̄′j2}

O†(w̄2)〉Σk
. . . 〈L̄−{K̄i2k−1

}O(w̄2k−1)L̄−{K̄′j2k}
O†(w̄2k)〉Σk

∼d−(k−1)
O

∑
i1

∑
j2

· · ·
∑
i2k−1

∑
j2k

Ci1C
′
j2 . . . Ci2k−1

C ′j2k

c0({Ki1}, {K ′j4})

(w1 − w4)
2∆+|Ki1

|+|K′j4 |
. . .

c0({Ki2k−3
}, {K ′j2k})

(w2k−3 − w2k)
2∆+|Ki2k−3

|+|K′j2k |

c0({K̄i1}, {K̄ ′j2})

(w̄1 − w̄2)
2∆+|K̄i1

|+|K̄′j2 |
. . .

c0({K̄i2k−1
}, {K̄ ′j2k})

(w̄2k−1 − w̄2k)
2∆+|K̄2k−1|+|K̄′2k|

. (47)

The first formula transforms the correlation function on Σk into combinations of its holomorphic and

anti-holomorphic parts. In the second formula, we have extracted its leading term on Σ1, separated

it into k two-point functions using the fusion rule, and then changed the correlation function on Σ1

back to Σk. The third formula has used the property of the two-point part on Σk (42).

Combine (46) and (47), the k-th pseudo-Rényi entropy for linear combination of descendent oper-
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ators is

∆S(k) =
1

1− k
log
〈Vα(w1, w̄1)Vβ(w2, w̄2) . . . Vα(w2k−1, w̄i2k−1

)Vβ(wj2k , w̄2k)〉Σk

(〈Vα(w1, w̄1)Vβ(w2, w̄2)〉Σ1)k

∼ 1

1− k
log

{
d
−(k−1)
O ×∑

i1

· · ·
∑
j2k

Ci1 . . . C
′
j2k
c0({Ki1}, {K ′j4}) . . . c0({Ki2k−3

}, {K ′j2k})c0({K̄i1}, {K̄ ′j2}) . . . c0({K̄i2k−1
}, {K̄ ′j2k})

(
∑
i

∑
j
CiC ′jc0({Ki}, {K ′j})c0({K̄i}, {K̄ ′j}))k

}
.

(48)

For the last formula, we have applied the restrictive condition (48) and the fact that when ε→ 0, all

zi and z̄i are real.

There are two types of contributions to the pseudo-entropy of two linear combination operators.

The first one takes a universal form, depending on the quantum dimension of the corresponding

primary operator. There may also have an extra contribution to the pseudo-entropy. To see this,

consider the 2nd pseudo-Rényi entropy,

∆S(2) ∼ log dO

− log


∑
i1,i3

∑
j2,j4

Ci1Ci3C
′
j2
C ′j4c0({Ki1}, {K ′j4})c0({Ki3}, {K ′j2})c0({K̄i1}, {K̄ ′j2})c0({K̄i3}, {K̄ ′j4})

(
∑
i

∑
j
CiC ′jc0({Ki}, {K ′j})c0({K̄i}, {K̄ ′j}))2

 .

(49)

In general, the numerator is not equal to the denominator in the last line of (49). So the k-th pseudo-

Renyi entropy may acquire additional correction. It is zero when correlation functions containing Vα

and Vβ can be divided into the product of the holomorphic part and antiholomorphic part. How-

ever, the extra correction may be nonzero in general. The following two examples can illustrate the

phenomenon.

• Example 1 with Vα(w1, w̄1) = (L−1 + L̄−1)O(w1, w̄1) Vβ(w2, w̄2) = (L−1 + L̄−1)O(w2, w̄2)

The two-point function is

〈Vα(w1, w̄1)Vβ(w2, w̄2)〉Σ1 =
−4∆(4∆ + 1)

(x1 − x2)4∆+2
. (50)

Formula (50) is easy to check. Here, we replace x1 + t and x2 + t into w1 and w2 in the final

result. The four-point function is

〈Vα(w1, w̄1)Vβ(w2, w̄2)Vα(w3, w̄3)Vβ(w4, w̄4)〉Σ2 ∼
8∆2(16∆ + 1 + 8∆)

(x1 − x2)8∆+4
. (51)

We explicitly show how to compute the four-point function on Σ2 without showing the derivation

of (51) in detail. Again we keep the final result replaced by x1 and x2.

From (50) and (51), we can have

∆S(2) ∼ log dO + log 2. (52)
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In this case, the correlation function of Vα and Vβ can not be divided into the product of the

holomorphic part and antiholomorphic part, and ∆S(2) contains an extra correction log 2 besides

log dO.

• Example 2 with Vα(w1, w̄1) = L−{K1}L̄−{K̄1}O((w1, w̄1), Vβ(w2, w̄2) = L−{K′2}L̄−{K̄′2}O(w2, w̄2)

According to (46), the two-point function on Σ1 reads

〈Vα(w1, w̄1)Vβ(w2, w̄2)〉Σ1

=〈L−{K1}O(w1)L−{K′2}O
†(w2)〉Σ1〈L̄−{K̄1}O(w̄1)L̄−{K̄′2}O

†(w̄2)〉Σ1

=
c0({K1}, {K ′2})

(w1 − w2)2∆+|K1|+|K′2|
c0({K̄1}, {K̄ ′2})

(w̄1 − w̄2)2∆+|K̄1|+|K̄′2|
. (53)

The 2k-point correlation function is

〈Vα(w1, w̄1)Vβ(w2, w̄2) . . . Vα(w2k−1, w̄i2k−1
)Vβ(wj2k , w̄2k)〉Σk

=〈L−{K1}O(w1)L−{K′2}O
†(w2) . . . L−{K1}O(w2k−1)L−{K′2}O

†(w2k)〉Σk

〈L̄−{K̄1}O(w̄1)L̄−{K̄′2}O
†(w̄2) . . . L̄−{K̄1}O(w̄2k−1)L̄−{K̄′2}O

†(w̄2k)〉Σk

∼d−(k−1)
O 〈L−{K1}O(w1)L−{K′2}O

†(w4)〉Σk
. . . 〈L−{K1}O(w2k−3)L−{K′2}O

†(w2k)〉Σk

〈L̄−{K̄1}O(w̄1)L̄−{K̄′2}O
†(w̄2)〉Σk

. . . 〈L̄−{K̄1}O(w̄2k−1)L̄−{K̄′2}O
†(w̄2k)〉Σk

∼d−(k−1)
O

c0({K1}, {K ′2})
(w1 − w4)2∆+|K1|+|K′2|

. . .
c0({K1}, {K ′2})

(w2k−3 − w2k)
2∆+|K1|+|K′2|

c0({K̄1}, {K̄ ′2})
(w̄1 − w̄2)2∆+|K̄1|+|K̄′2|

. . .
c0({K̄1}, {K̄ ′2})

(w̄2k−1 − w̄2k)
2∆+|K̄1|+|K̄′2|

. (54)

In this case the correlation function of Vα and Vβ can be divided, and lim
t→∞

∆S(k) = log dO, i.e.

∆S(k) has no extra correction.

5 Conclusion and prospect

In this paper, we investigate the pseudo-Rényi entropy of local descendent operators in RCFTs, ex-

tending the previous studies in [30] [39] [45]. In [30] [45], it has been found that the late-time excess

of the pseudo-Rényi entropy of two primary states and the Rényi entropy of a descendent state equal

to the logarithmic quantum dimension of the primary operator in RCFTs. It is a natural question to

consider the pseudo-Rényi entropy of the descendent states.

Firstly, we show that in some special cases: Vα = L−1O, Vβ = O and Vα = L−nO, Vβ = O

with O being primary, the late-time excess of the 2nd pseudo-Rényi entropy (6) is still logarithmic

of the quantum dimension of the primary operator. Using the conformal block and operator product

expansion, we compute the 2nd pseudo-Rényi entropy constructed by two descendent operators with

different Virasoro generators. We show that their 2nd pseudo-Rényi entropy is the same as their
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primaries for such states. Although the calculation looks quite complicated, the leading divergent

terms in the late time limit are simple, behaving as the one for primary operators.

Further, we compute k-th pseudo-Rényi entropy with two descendent operators L−nO and L−mO.

We extract the most divergent term of the 2k-point function on Σk with an overall factor F (35), and

then associate the 2k-point function of descendent operators with the 2k-point function of primary

operators (38) with some derivative operators of the form

D2i+1,2i+4 = D(∂2i+1, ∂2i+4;m,n, c,∆). (55)

We find the 2k-point function breaks up into k two-point functions for the holomorphic part(and k for

the anti-holomorphic part). The two-point function only depends on the conformal weight and some

constant (42). As a result, in this case, the pseudo-entropy of the descendent operators is the same as

primaries.

Finally, we discuss the most generic descendent operators, which are two linear combination oper-

ators constructed by operators in O’s conformal family

Vα(w1, w̄1) =
∑
i

CiVi(w1, w̄1), Vβ(w2, w̄2) =
∑
j

C ′jVj(w2, w̄2). (56)

Unsurprisingly, we find that the pseudo-Rényi entropy of these operators is generally different from

that of the primary operator O. The entropies are the same as the ones of the primary when the

correlation function of Vα and Vβ can be divided into the product of the holomorphic part and the

anti-holomorphic part. A typical example is

Vα(w1, w̄1) = L−{K1}L̄−{K̄1}O(w1, w̄1), Vβ(w2, w̄2) = L−{K′2}L̄−{K̄′2}O(w2, w̄2). (57)

Otherwise, there is an extra contribution. A typical example of extra contribution is

Vα(w1, w̄1) = (L−1 + L̄−1)O(w1, w̄1), Vβ(w2, w̄2) = (L−1 + L̄−1)O(w2, w̄2). (58)

In general, the k-th pseudo-Rényi entropy for two linear combination operators only depends on the

coefficients of the two-point functions and the combination coefficients,

∆S(k) ∼ 1

1− k
log

{
d
−(k−1)
O ×∑

i1

· · ·
∑
j2k

Ci1 . . . C
′
j2k
c0({Ki1}, {K ′j4}) . . . c0({Ki2k−3

}, {K ′j2k})c0({K̄i1}, {K̄ ′j2}) . . . c0({K̄i2k−1
}, {K̄ ′j2k})

(
∑
i

∑
j
CiC ′jc0({Ki}, {K ′j})c0({K̄i}, {K̄ ′j}))k

}
.

(59)

Noticing the current results in RCFTs, one can directly calculate the pseudo-entropy of generic local

operators in Liouville CFT, holographic CFTs, non-diagonal CFTs, etc. Since the spectra in such

theories have different structures, the associated pseudo-entropy will be highly different from those

in RCFTs. In particular, since holomorphic and antiholomorphic conformal blocks have different

structures in non-diagonal CFTs, the late-time behavior of the entanglement entropy and pseudo-

entropy associated with locally excited states will not be the same as the ones demonstrated in the

current paper. We would like to leave them to future work.
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A Reduction of 〈O(−n)(1)O†(2)O(−n)(3)O†(4)〉Σ1

With following the standard way [64], we can compute the four-point function 〈O(−n)(1)O†(2)O(−n)(3)O†(4)〉Σ1

in this section.

〈O(−n)(1)O†(2)O(−n)(3)O†(4)〉Σ1

=− 1

2πi

4∑
i=2

∮
C(zi)

dz(z − z1)−n+1〈T (z)O(1)O†(2)O(−n)(3)O†(4)〉Σ1

=
−1

2πi

∮
C(z2)

dz

(z − z1)n−1

{
∆〈O(1)O†(2)O(−n)(3)O†(4)〉Σ1

(z − z2)2
+
∂z2〈O(1)O†(2)O(−n)(3)O†(4)〉Σ1

z − z2
+ reg(z − z2)

}
+
−1

2πi

∮
C(z3)

dz

(z − z1)n−1

{
n(n2 − 1)c/12 + 2n∆

(z − z3)n+2
〈O(1)O†(2)O(3)O†(4)〉Σ1

+
n−1∑
k=1

(n+ k)〈O(1)O†(2)O(−(n−k))(3)O†(4)〉Σ1

(z − z3)k+2
+

(∆ + n)〈O(1)O†(2)O(−n)(3)O†(4)〉Σ1

(z − z3)2

+
∂z3〈O(1)O†(2)O(−n)(3)O†(4)〉Σ1

z − z3
+ reg(z − z3)

}
+
−1

2πi

∮
C(z4)

dz

(z − z1)n−1

{
∆〈O(1)O†(2)O(−n)(3)O†(4)〉Σ1

(z − z4)2
+
∂z4〈O(1)O†(2)O(−n)(3)O†(4)〉Σ1

z − z4
+ reg(z − z4)

}
=

(n− 1)∆

zn21

〈O(1)O†(2)O(−n)(3)O†(4)〉Σ1 +
−∂z2
zn−1

21

〈O(1)O†(2)O(−n)(3)O†(4)〉Σ1

+
(n− 1)∆

zn41

〈O(1)O†(2)O(−n)(3)O†(4)〉Σ1 +
−∂z4
zn−1

41

〈O(1)O†(2)O(−n)(3)O†(4)〉Σ1

+ (−1)n
(
n(n2 − 1)c/12 + 2n∆

)
(2n− 1)!

(n+ 1)!(n− 2)!

〈O(1)O†(2)O(3)O†(4)〉Σ1

z2n
13

+ (−1)n
n−1∑
k=1

(n+ k)!

(k + 1)!(n− 2)!

〈O(1)O†(2)O(−(n−k))(3)O†(4)〉Σ1

zn+k
13

+
(n− 1)(∆ + n)

zn31

〈O(1)O†(2)O(−n)(3)O†(4)〉Σ1 +
−∂z3
zn−1

31

〈O(1)O†(2)O(−n)(3)O†(4)〉Σ1 (60)

B Reduction of〈O(−n)(1)O(−m)†(2)O(−n)(3)O(−m)†(4)〉Σ1

In terms of (12), the most divergent term of 〈O(−n)(1)O(−m)†(2)O(−n)(3)O(−m)†(4)〉Σ1 should only

contain z14 and z23, as any terms containing z13,z24,z12 and z34 are subleading. So we can firstly
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expand O(1)’s Virasoro generator,

〈O(−n)(1)O(−m)†(2)O(−n)(3)O(−m)†(4)〉Σ1

∼− 1

2πi

∮
C(z4)

dz

(z − z1)n−1
〈T (z)O(1)O(−m)†(2)O(−n)(3)O(−m)†(4)〉Σ1

∼− 1

2πi

∮
C(z4)

dz

(z − z1)n−1
〈O(1)O(−m)†(2)O(−n)(3)(

m(m2 − 1)c/12 + 2m∆

(z − z4)m+2
O†(4)

+
m−1∑
k=1

(m+ k)

(z − z4)k+2
O−(m−k)†(4) +

(∆ +m)

(z − z4)2
O(−m)† +

∂3O(−m)†(4)

z − z4
)〉Σ1

∼(−1)m
(n+m− 1)!

(m+ 1)!(n− 2)!

m(m2 − 1)c/12 + 2m∆

zn+m
41

〈O(1)O(−m)†(2)O(−n)(3)O†(4)〉Σ1

+ (−1)n
m−1∑
k=1

(n+ k − 1)!

(k + 1)!(n− 2)!

(m+ k)

zn+k
14

〈O(1)O(−m)†(2)O(−n)(3)O(−(m−k))†(4)〉Σ1

+
(n− 1)(∆ +m)

zn41

〈O(1)O(−m)†(2)O(−n)(3)O(−m)†(4)〉Σ1

− ∂4

zn−1
41

〈O(1)O(−m)†(2)O(−n)(3)O(−m)†(4)〉Σ1 . (61)

The correlation function with four Virasoro generators is deformed into correlation functions containing

no more than 3 Virasoro generators. We can then expand O(4)’s Virasoro generator,

〈O(1)O(−m)†(2)O(−n)(3)O(−m)†(4)〉Σ1

∼− 1

2πi

∮
c(z1)

dz

(z − z4)m−1
〈T (z)O(1)O(−m)†(2)O(−n)(3)O†(4)〉Σ1

∼−
∮
c(z1)

dz

(z − z4)m−1
〈( ∆

(z − z1)2
O(1) +

∂1O(1)

Z − Z1
)O(−m)†(2)O(−n)(3)O†(4)〉Σ1

∼(m− 1)∆

zm14

〈(O(1)O(−m)†(2)O(−n)(3)O†(4)〉Σ1 −
∂1

zm−1
14

〈(O(1)O(−m)†(2)O(−n)(3)O†(4)〉Σ1 . (62)

Form (61) and (62), we can read the exact form of D1,4 introduced in (38)

D1,4 =(−1)m
(n+m− 1)!

(m+ 1)!(n− 2)!

m(m2 − 1)c/12 + 2m∆

zn+m
41

+ (−1)n
m−1∑
k=1

(n+ k − 1)!

(k + 1)!(n− 2)!

(m+ k)

zn+k
14

(
(m− k − 1)∆

zm−k14

− ∂1

zm−k−1
14

)

+
(n− 1)(∆ +m)

zn41

(
(m− 1)∆

zm14

− ∂1

zm−1
14

)

− ∂4

zn−1
41

(
(m− 1)∆

zm14

− ∂1

zm−1
14

). (63)
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We can expand O(2)’s Virasoro generator and O(3)’s Virasoro generator in a similar way,

〈O(1)O(−m)†(2)O(−n)(3)O†(4)〉Σ1

∼−
∮
c(z3)

dz

(z − z2)m−1
〈O(1)T (z)O†(2)O(−n)(3)O†(4)〉Σ1

∼−
∮
c(z3)

dz

(z − z2)m−1
〈O(1)O†(2)(

n(n2 − 1)c/12 + 2n∆

(z − z3)n+2
O(3)

+
n−1∑
l=1

(n+ l)

(z − z3)l+2
O−(n−l)(3) +

(∆ + n)

(z − z3)2
O−n(3) +

∂3

z − z3
O(−n)(3))O†(4)〉Σ1

∼(−1)n
(n+m− 1)!

(n+ 1)!(m− 2)!

n(n2 − 1)c/12 + 2n∆

zm+n
32

〈O(1)O†(2)O(3)O†(4)〉Σ1

+ (−1)m
n−1∑
l=1

(m+ l − 1)!

(l + 1)!(m− 2)!

(n+ l)

zm+l
23

〈O(1)O†(2)O(−(n−l)(3)O†(4)〉Σ1

+
(m− 1)(∆ + n)

zm32

〈O(1)O†(2)O(−n)(3)O†(4)〉Σ1 −
∂3

zm−1
32

〈O(1)O†(2)O(−n)(3)O†(4)〉Σ1 . (64)

Finally, we can have

〈O(1)O†(2)O(−n)(3)O†(4)〉Σ1 ∼
(n− 1)∆

zn23

G− ∂2

zn−1
23

G, (65)

where G is 〈O(1)O†(2)O(3)O†(4)〉Σ1 , and in late-time limit, it’s d−1
O (1− η)−2∆η̄−2∆.
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Combining (61),(62),(64) and (65), we have

〈O(−n)(1)O(−m)†(2)O(−n)(3)O(−m)†(4)〉Σ1

∼(−1)m
(n+m− 1)!

(m+ 1)!(n− 2)!

m(m2 − 1)c/12 + 2m∆

zn+m
41

{(−1)n
(n+m− 1)!

(n+ 1)!(m− 2)!

n(n2 − 1)c/12 + 2n∆

zm+n
32

G

+ (−1)m
n−1∑
l=1

(m+ l − 1)!

(l + 1)!(m− 2)!

(n+ l)

zm+l
23

(
(n− l − 1)∆

zn−l23

G− ∂2

zn−l−1
23

G)

+
(m− 1)(∆ + n)

zm32

(
(n− 1)∆

zn23

G− ∂2

zn−1
23

G)− 1

zm−1
32

(
n(n− 1)∆

zn+1
23

G+
(n− 1)∆∂3

zn23

G− (n− 1)∂2

zn23

G− ∂3∂2

zn−1
23

G)}

+ (−1)n
m−1∑
k=1

(n+ k − 1)!

(k + 1)!(n− 2)!

(m+ k)

zn+k
14

{(m− k − 1)∆

zm−k14

[(−1)n
(n+m− 1)!

(n+ 1)!(m− 2)!

n(n2 − 1)c/12 + 2n∆

zm+n
32

G

+ (−1)m
n−1∑
l=1

(m+ l − 1)!

(l + 1)!(m− 2)!

(n+ l)

zm+l
23

(
(n− l − 1)∆

zn−l23

G− ∂2

zn−l−1
23

G)

+
(m− 1)(∆ + n)

zm32

(
(n− 1)∆

zn23

G− ∂2

zn−1
23

G)− 1

zm−1
32

(
n(n− 1)∆

zn+1
23

G+
(n− 1)∆∂3

zn23

G− (n− 1)∂2

zn23

G− ∂3∂2

zn−1
23

G)]

− 1

zm−k−1
14

[(−1)n
(n+m− 1)!

(n+ 1)!(m− 2)!

n(n2 − 1)c/12 + 2n∆

zm+n
32

∂1G+

(−1)m
n−1∑
l=1

(m+ l − 1)!

(l + 1)!(m− 2)!

(n+ l)

zm+l
23

(
(n− l − 1)∆

zn−l23

∂1G−
∂1∂2

zn−l−1
23

G) +
(m− 1)(∆ + n)

zm32

(
(n− 1)∆

zn23

∂1G−
∂1∂2

zn−1
23

G)

− 1

zm−1
32

(
n(n− 1)∆

zn+1
23

∂1G+
(n− 1)∆∂1∂3

zn23

G− (n− 1)∂1∂2

zn23

G− ∂1∂3∂2

zn−1
23

G)]}

+
(n− 1)(∆ +m)

zn41

{(m− 1)∆

zm14

[(−1)n
(n+m− 1)!

(n+ 1)!(m− 2)!

n(n2 − 1)c/12 + 2n∆

zm+n
32

G

+ (−1)m
n−1∑
l=1

(m+ l − 1)!

(l + 1)!(m− 2)!

(n+ l)

zm+l
23

(
(n− l − 1)∆

zn−l23

G− ∂2

zn−l−1
23

G)

+
(m− 1)(∆ + n)

zm32

(
(n− 1)∆

zn23

G− ∂2

zn−1
23

G)− 1

zm−1
32

(
n(n− 1)∆

zn+1
23

G+
(n− 1)∆∂3

zn23

G− (n− 1)∂2

zn23

G− ∂3∂2

zn−1
23

G)]

− 1

zm−1
14

[(−1)n
(n+m− 1)!

(n+ 1)!(m− 2)!

n(n2 − 1)c/12 + 2n∆

zm+n
32

∂1G

+ (−1)m
n−1∑
l=1

(m+ l − 1)!

(l + 1)!(m− 2)!

(n+ l)

zm+l
23

(
(n− l − 1)∆

zn−l23

∂1G−
∂1∂2

zn−l−1
23

G) +
(m− 1)(∆ + n)

zm32

(
(n− 1)∆

zn23

∂1G−
∂1∂2

zn−1
23

G)

− 1

zm−1
32

(
n(n− 1)∆

zn+1
23

∂1G+
(n− 1)∆∂1∂3

zn23

G− (n− 1)∂1∂2

zn23

G− ∂1∂3∂2

zn−1
23

G)]}

− 1

zn−1
41

{m(m− 1)∆

zm+1
14

[(−1)n
(n+m− 1)!

(n+ 1)!(m− 2)!

n(n2 − 1)c/12 + 2n∆

zm+n
32

G

+ (−1)m
n−1∑
l=1

(m+ l − 1)!

(l + 1)!(m− 2)!

(n+ l)

zm+l
23

(
(n− l − 1)∆

zn−l23

G− ∂2

zn−l−1
23

G) +
(m− 1)(∆ + n)

zm32

(
(n− 1)∆

zn23

G− ∂2

zn−1
23

G)

− 1

zm−1
32

(
n(n− 1)∆

zn+1
23

G+
(n− 1)∆∂3

zn23

G− (n− 1)∂2

zn23

G− ∂3∂2

zn−1
23

G)]

19



+
(m− 1)∆

zm14

[(−1)n
(n+m− 1)!

(n+ 1)!(m− 2)!

n(n2 − 1)c/12 + 2n∆

zm+n
32

∂4G

+ (−1)m
n−1∑
l=1

(m+ l − 1)!

(l + 1)!(m− 2)!

(n+ l)

zm+l
23

(
(n− l − 1)∆

zn−l23

∂4G−
∂4∂2

zn−l−1
23

G)

+
(m− 1)(∆ + n)

zm32

(
(n− 1)∆

zn23

∂4G−
∂4∂2

zn−1
23

G)

− 1

zm−1
32

(
n(n− 1)∆

zn+1
23

∂4G+
(n− 1)∆∂4∂3

zn23

G− (n− 1)∂4∂2

zn23

G− ∂4∂3∂2

zn−1
23

G)]

− (m− 1)

zm14

[(−1)n
(n+m− 1)!

(n+ 1)!(m− 2)!

n(n2 − 1)c/12 + 2n∆

zm+n
32

∂1G

+ (−1)m
n−1∑
l=1

(m+ l − 1)!

(l + 1)!(m− 2)!

(n+ l)

zm+l
23

(
(n− l − 1)∆

zn−l23

∂1G−
∂1∂2

zn−l−1
23

G) +
(m− 1)(∆ + n)

zm32

(
(n− 1)∆

zn23

∂1G−
∂1∂2

zn−1
23

G)

− 1

zm−1
32

(
n(n− 1)∆

zn+1
23

∂1G+
(n− 1)∆∂1∂3

zn23

G− (n− 1)∂1∂2

zn23

G− ∂1∂3∂2

zn−1
23

G)]

− 1

zm−1
14

[(−1)n
(n+m− 1)!

(n+ 1)!(m− 2)!

n(n2 − 1)c/12 + 2n∆

zm+n
32

∂4∂1G

+ (−1)m
n−1∑
l=1

(m+ l − 1)!

(l + 1)!(m− 2)!

(n+ l)

zm+l
23

(
(n− l − 1)∆

zn−l23

∂4∂1G−
∂4∂1∂2

zn−l−1
23

G)

+
(m− 1)(∆ + n)

zm32

(
(n− 1)∆

zn23

∂4∂1G−
∂4∂1∂2

zn−1
23

G)

− 1

zm−1
32

(
n(n− 1)∆

zn+1
23

∂4∂1G+
(n− 1)∆∂4∂1∂3

zn23

G− (n− 1)∂4∂1∂2

zn23

G− ∂4∂1∂3∂2

zn−1
23

G)]}. (66)

The correlation function of four descendent operators becomes the correlation functions of their cor-

responding primary operators with some constants and derivatives.

For i 6= j 6= k 6= l, we can have

∂iG =
2∆∂iη

1− η
G,

∂j∂iG =
2∆∂j∂iη

1− η
G+

2∆(2∆ + 1)∂jη∂iη

(1− η)2
G,

∂k∂j∂iG =
2∆∂k∂j∂iη

1− η
G+ 2∆(2∆ + 1)[

∂j∂iη∂kη + ∂j∂kη∂iη + ∂k∂iη∂jη

(1− η)2
G+

(2∆ + 2)∂jη∂iη∂kη

(1− η)3
G]

∼ 2∆(2∆ + 1)[
∂j∂iη∂kη + ∂j∂kη∂iη + ∂k∂iη∂jη

(1− η)2
G+

(2∆ + 2)∂jη∂iη∂kη

(1− η)3
G],

∂l∂k∂j∂iG =
2∆∂l∂k∂j∂iη

1− η
G+

(2∆(2∆ + 1))

(1− η)2
(∂k∂j∂iη∂lη + ∂k∂j∂lη∂iη + ∂l∂j∂iη∂kη + ∂k∂l∂iη∂jη

+ ∂i∂jη∂l∂kη + ∂i∂kη∂j∂lη + ∂i∂lη∂k∂jη)G+
2∆(2∆ + 1)(2∆ + 2)

(1− η)3
(∂j∂iη∂kη∂lη + ∂j∂kη∂iη∂lη

+ ∂k∂iη∂jη∂lη + ∂l∂iη∂kη∂jη + ∂j∂lη∂kη∂iη + ∂l∂kη∂iη∂jη)G

+
2∆(2∆ + 1)(2∆ + 1)(2∆ + 3)

(1− η)4
∂iη∂jη∂kη∂lηG

∼ (2∆(2∆ + 1))

(1− η)2
(∂i∂jη∂l∂kη + ∂i∂kη∂j∂lη + ∂i∂lη∂k∂jη)G+

2∆(2∆ + 1)(2∆ + 1)

(1− η)3
(∂j∂iη∂kη∂lη + ∂j∂kη∂iη∂lη

+ ∂k∂iη∂jη∂lη + ∂l∂iη∂kη∂jη + ∂j∂lη∂kη∂iη + ∂l∂kη∂iη∂jη)G+
2∆(2∆ + 1)(2∆ + 2)(2∆ + 3)

(1− η)4
∂iη∂jη∂kη∂lηG.

(67)
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