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ERROR BOUNDS FOR KERNEL-BASED APPROXIMATIONS OF THE KOOPMAN
OPERATOR

FRIEDRICH PHILIPP, MANUEL SCHALLER, KARL WORTHMANN, SEBASTIAN PEITZ, AND FELIKS NUSKE

ABSTRACT. We consider the data-driven approximation of the Koopman operator for stochastic differen-
tial equations on reproducing kernel Hilbert spaces (RKHS). Our focus is on the estimation error if the
data are collected from long-term ergodic simulations. We derive both an exact expression for the variance
of the kernel cross-covariance operator, measured in the Hilbert-Schmidt norm, and probabilistic bounds
for the finite-data estimation error. Moreover, we derive a bound on the prediction error of observables in
the RKHS using a finite Mercer series expansion. Further, assuming Koopman-invariance of the RKHS,
we provide bounds on the full approximation error. Numerical experiments using the Ornstein-Uhlenbeck
process illustrate our results.

1. INTRODUCTION

The Koopman operator [23] has become an essential tool in the modeling process of complex dy-
namical systems based on simulation or measurement data. The philosophy of the Koopman approach
is that for a (usually non-linear) dynamical system on a finite-dimensional space, the time-evolution of
expectation values of observable functions satisfies a linear differential equation. Hence, after “lifting”
the dynamical system into an infinite-dimensional function space of observables, linear methods become
available for its analysis. The second step is then to notice that traditional Galerkin approximations of the
Koopman operator can be consistently estimated from simulation or measurement data, establishing the
fundamental connection between the Koopman approach and modern data science. Koopman methods
have found widespread application in system identification [4], control [24, 42, 25, 17, 49], sensor place-
ment [31], molecular dynamics [50, 44, 35, 36, 18, 56], and many other fields. We refer to [19, 33, 5] for
comprehensive reviews of the state of the art.

The fundamental numerical method for the Koopman approach is Extended Dynamic Mode Decom-
position (EDMD) [54], which allows to learn a Galerkin approximation of the Koopman operator from
finite (simulation or measurement) data on a subspace spanned by a finite set of observables, often called
dictionary. An appropriate choice of said dictionary is a challenging problem. In light of this issue,
representations of the Koopman operator on large approximation spaces have been considered in recent
years, including deep neural networks [29, 32], tensor product spaces [21, 37], and reproducing kernel
Hilbert spaces (RKHS) [55, 11, 20]. In the work [20] it was shown that by means of the integral operator
associated to an RKHS, it is possible to construct a type of Galerkin approximation of the Koopman
operator. The central object are (cross-)covariance operators, which can be estimated from data, using
only evaluations of the feature map. Due to the relative simplicity of the resulting numerical algorithms
on the one hand, and the rich approximation properties of reproducing kernels on the other hand, kernel
methods have emerged as a promising candidate to overcome the fundamental problem of dictionary
selection.

A key question is the quantification of the estimation error for (compressed') Koopman operators. For
finite dictionaries and independent, identically distributed (i.i.d.) samples, error estimates were provided
in [26, 38], see also [58] for the ODE case and [49] for an extension to control-affine systems. The

'A compression of a linear operator T to a subspace M is given by PT|as, where P denotes a projection onto M.
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estimation error for cross-covariance operators on kernel spaces was considered in [34], where general
concentration inequalities were employed. The data were also allowed to be correlated, and mixing
coefficients were used to account for the lack of independence. In this article, we take a different route
and follow the approach of our previous paper [38], where we, in addition, also derived error estimates
for the Koopman generator and operator for finite dictionaries and data collected from long-term, ergodic
trajectories. This setting is relevant in many areas of science, where sampling i.i.d. from an unknown
stationary distribution is practically infeasible, e.g., in fluid or molecular dynamics. The centerpiece of
our results was an exact expression for the variance of the finite-data estimator, which can be bounded
by an asymptotic variance. The asymptotic variance by itself is a highly interesting dynamical quantity,
which can also be described in terms of Poisson equations for the generator [27, Section 3].

We consider the Koopman semigroup (K*);>( generated by a stochastic differential equation on the
space L2, where 1 is a probability measure which is invariant w.r.t. the associated Markov process. We
study the action of K* on observables in an RKHS H which is densely and compactly embedded in LZ. If
this action is considered through the “lens” of the kernel integral operator £ : Li — M (see Section 2.2),
we arrive at a family of operators Cf; = EK'E* (cf. Figure 1). The action of Cf; : H — H is that of a
cross-covariance operator:

Clyp = / (K) @)k(e, ) dulz), € H,

where k(-, -) is the kernel generating the RKHS H. These operators possess canonical empirical estima-
tors based on finite simulation data, which only require evaluations of the feature map.
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FIGURE 1. Diagram illustrating the different operators involved

Our contribution, illustrated in Figure 2, is two-fold. In our first main result, Theorem 3.1, we provide
an exact formula for the Hilbert-Schmidt variance of the canonical empirical estimator é[g; " of the cross-
covariance operator CY, for m data points sampled from a long ergodic simulation. This result extends
the findings in [38] to the kernel setting and no longer depends on the dictionary size (which would
be infinite, at any rate). Due to the infinite-dimensional setting, additional assumptions are required,
in particular, a spectral decomposition of the Koopman generator. Our result allows for probabilistic
estimates for the error [|Cjp” — C||#s, see Proposition 3.4.

As a second main result, we propose an empirical estimator for the restriction of the Koopman op-
erator K to H, truncated to finitely many terms of its estimated Mercer series expansion, and prove a
probabilistic bound for the resulting estimation error in Theorem 4.1, measured in the operator norm
for bounded linear maps from H to Li. This result can be seen as a bound on the prediction error for
the RKHS-based Koopman operator due to the use of finite data. In the situation where the RKHS is
invariant under the Koopman operator we are able to complement the preceding error analysis with a
bound on the full approximation error in Theorem 4.5.

Finally, we illustrate our results for a one-dimensional Ornstein-Uhlenbeck (OU) process. For this
simple test case, all quantities appearing in our error estimates are known analytically and can be well
approximated numerically. Therefore, we are able to provide a detailed comparison between the error
bound obtained from our results and the actual errors observed for finite data. Our experiments show that
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our bounds for the estimation error of the cross-covariance operator are accurate, and that the corrections
we introduced to account for the inter-dependence of the data are indeed required. Concerning the
prediction error, we find our theoretical bounds still far too conservative, which reflects the problem of
accounting for the effect of inverting the mass matrix in traditional EDMD. This finding indicates that
additional research is required on this end.

Variance representation Cross-covariance bound Estimation error Full Koopman
of empirical estimator —> Proposition 3.4 —> Theorem 4.1 —> Approximation Error
Theorem 3.1 ||C|{4] -C ﬁ't”Hs "Kﬁ/ - K;G""H-m}}()() K"~ K]’G""[HI—>L}(X)

| i.i.d. sampling | /

i _ Projection error
| Ergodic sampling | Trl\eorem 4.5

1K = Kllose czex)

FIGURE 2. Illustration of main results

The paper is structured as follows: the setting is introduced in Section 2. The result concerning the
variance of the empirical cross-covariance operator, Theorem 3.1, is presented and proved in Section 3,
while our bound for the prediction error is part of Theorem 4.1 in Section 4. Numerical experiments are
shown in Section 5, conclusions are drawn in Section 6.

2. PRELIMINARIES

In this section, we provide the required background on stochastic differential equations (Section 2.1),
reproducing kernel Hilbert spaces (Section 2.2), Koopman operators (Section 2.3), and their representa-
tions on an RKHS (Section 2.4).

2.1. Stochastic differential equations. Let X C R? and let a stochastic differential equation (SDE)
with drift vector field b : X — R? and diffusion matrix field o : X — R%*? pe given, i.e.,

dX; = b(Xt> dt + J(Xt) dWy, 2.1)

where W, is d-dimensional Brownian motion. We assume that both b and ¢ are Lipschitz-continuous and
that (1 + || - |[2) ~![||bl|2 + [|lo||] is bounded on X. Then [39, Theorem 5.2.1] guarantees the existence
of a unique solution (X;);>o to (2.1).

The solution (X):>0 constitutes a continuous-time Markov process whose transition kernel will be
denoted by p; : X x By — R, where By denotes the Borel o-algebra on X'. Then p;(z, -) is a probability
measure for all z € X, and for each A € By we have that p.(-, A) is a representative of the conditional
probability for A containing X, given Xy = -, i.e.,

pr(x, A) =P(Xy € A|Xo =2) forp-ae xeX.

Throughout, we will assume the existence of an invariant (Borel) probability measure p for the Markov
process (X¢)¢>0, i.e., we have

[ it Ay (o) = ) 22)
forall t > 0.

In addition to being invariant, we will often assume that p is ergodic, meaning that for any ¢ > 0
every pg-invariant set A (that is, py(z, A) = 1 for all z € A) satisfies u(A) € {0,1}. In this case, the
Birkhoff ergodic theorem [15, Theorem 9.6] (see also (D.1)) and its generalizations apply, and allow us
to calculate expectations w.r.t. p using long-time averages over simulation data.

We let || - ||, denote the LE,(X)-norm, 1 < p < oc. In the particular case p = 2, scalar product and
norm on the Hilbert space L7 (') will be denoted by (-, -),, and | - ||,., respectively.
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2.2. Reproducing kernel Hilbert spaces. In what follows, let £ : X x X — R be a continuous and
symmetric positive definite kernel, that is, we have k(z,y) = k(y, z) forall z,y € X and

m
Z k(xi,xj)cicj > 0
1,7=1

for all choices of x1,...,2,, € X and cy,...,¢c, € R. It is well known that k generates a so-called
reproducing kernel Hilbert space (RKHS) [1, 6, 40] (H, (-,-)) of continuous functions, such that for
1 € H the reproducing property

b@) = (0, 8(x)), wE, 23)
holds, where ® : X — H denotes the so-called feature map corresponding to the kernel £, i.e.,
O(x) = k(z, ), reX.
In the sequel, we shall denote the norm on H by || - || and the kernel diagonal by ¢:
o(z) = k(z,x), reX.
Then for x € X we have
12(2)[* = (®(2), D(x)) = (k(z,-), k(z, ) = k(z,2) = ¢(2).

We shall frequently make use of the following estimate:

k(z,y)| = (@(x), 2(y))] < [[@@)[[[2W)] = Velz)e(y).
In particular, it shows that k& is bounded if and only if its diagonal ¢ is bounded.

By LI, (X), p € [1,00), we denote the space of all functions (not equivalence classes) on X’ with a
finite p-norm || - ||,,. Henceforth, we shall impose the following

Compatibility Assumptions:
(A1) p € L2(X).

(A2) If ¥ € LZ(X) such that [ [ k(z, y)(x)¢(y) du(z) du(y) = 0, then ¢ = 0.
(A3) If ¢ € H such that ¢)(x) = 0 for y-a.e. x € X, then ¢)(z) =0 forall z € X.

Many of the statements in this subsection can also be found in [52, Chapter 4]. However, as we aim
to present the contents in a self-contained way, we provide the proofs in Appendix A.

The following lemma explains the meaning of the compatibility assumptions (A1) and (A2).

Lemma 2.1. Under the assumption that ¢ € Elﬂ(é’( ) (in particular, under assumption (Al)), we have
that Hl C L2(X) with

19l < Vel -llll, ¢ eH, 24

and assumption (A2) is equivalent to the density of H in EZ(X ).

We have meticulously distinguished between functions and equivalence classes as there might be
distinct functions ¢, v € H, which are equal p-almost everywhere?, i.e., ¢ = ¢ in Li(/‘( ). The com-
patibility assumption (A3) prohibits this situation so that H can in fact be seen as a subspace of Li(X ),
which is then densely and continuously embedded.

ZFor example, if ;1 = 8, and ¢(a) = 1)(a)
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Remark 2.2. (a) Condition (A1) implies k € Lﬁ@)u()( x X'), where 11 ® p is the product measure on
X x X.

(b) The density of H in Li()( ) is strongly related to the term universality in the literature, see [53].
(c) Condition (A3) holds if supp u = X, cf. [52, Exercise 4.6].

It immediately follows from

/ (@)@ ()| du(z) < [ ]lullel}, 2.5)

for ¢ € L2 (X) that the linear operator £ : L7 (X) — H, defined by
gvi= [ V@) dut), b e LX),

is well defined (as a Bochner integral in H) and bounded with operator norm not larger than ||¢|| }/ 2,

Remark 2.3. The so-called kernel mean embedding &, mapping probability measures v on X to the
RKHS H, is defined by Exv = f ®(x) dv(x), see, e.g., [51]. Hence, we have £ = Exv with dv = ) dp.

Note that the operator £ is not an embedding in strict mathematical terms. The terminology embedding
rather applies to its adjoint £*. Indeed, the operator £ enjoys the simple but important property:

(Ep,m) = /w(iv)@(%‘)m) dp(z) = /w(ﬂﬂ)n(w) dp() = (¢, M) (2.6)

for ¢ € LZ(X ) and € H. This implies that the adjoint operator £* : H — Li(X ) is the inclusion
operator from H into L?(X), i.e.,

E'n=n, n € H. 2.7
We shall further define the covariance operator
Cy :=EE* € L(H).

Recall that a linear operator 7' € L(H) on a Hilbert space H is trace class if for some (and hence for
each) orthonormal basis (e;);jen of H we have that ZJO-L((T*T)V 2e;,e;) < co. A linear operator
S € L(H, K) between Hilbert spaces H and K is said to be Hilbert-Schmidt [12, Chapter I11.9] if S*S is
trace class, i.e., || S||%g := Py | Se;i||* < oo for some (and hence for each) orthonormal basis (e;) jen-

Lemma 2.4. Let the Compatibility Assumptions (A1)—(A3) be satisfied. Then the following hold.

(a) The operator & is an injective Hilbert-Schmidt operator with

€115 = Nl

(b) The space H is densely and compactly embedded in Li(z’\f ).
(¢) The operator Cyy is an injective non-negative selfadjoint trace class operator.

The next theorem is due to Mercer and can be found in, e.g., [45]. It shows the existence of a particular
orthonormal basis (ej)‘;‘;l of Li(é‘( ) composed of eigenfunctions of £*£, which we shall henceforth call
the Mercer basis corresponding to the kernel k. Again for the sake of self-containedness, we give a short

proof in Appendix A.

3In what follows, by L(H, K) we denote the set of all bounded (i.e., continuous) linear operators between Hilbert spaces
and K. As usual, we also set L(H) := L(H,H).
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Theorem 2.5 (Mercer’s Theorem). There exists an orthonormal basis (e;)32, of L2(X) consisting of
eigenfunctions of £*E with corresponding eigenvalues \; > 0 such that Z;)i1 A = |l¢lli < oco. Fur-

thermore, ( fj)j’il with f; = \/\je; constitutes an orthonormal basis of H consisting of eigenfunctions
of Cy with corresponding eigenvalues \;. Moreover, for all v,y € X,

(o) =Y @) fily) =) Aej(@)e;(y),
i j

the series converges absolutely.

2.3. The Koopman semigroup. The Koopman semigroup (K');>o associated with the SDE (2.1) is
defined by

(K () = B[ (X)|Xo = ] = / b(y) prl, dy),

for ¢ € B(X), the set of all bounded Borel-measurable functions on X, and p:(x, dy) = dp:(x,-)(y). It
is easy to see that the invariance of u is equivalent to the identity

[ Ktvdu= [ v 2.8)

forall ¢ > 0 and ¢ € B(X') (which easily extends to functions ¢ € LL(X ), see Proposition 2.7).

Remark 2.6. Note that in the case 0 = 0 the SDE (2.1) reduces to the deterministic ODE & = b(x).
Then (2.8) implies [ |¢(¢(t,2))[>du(z) = [ |¢(z)|* du(z) for all t > 0 and all ¢ € B(X), where
o(+, z) is the solution of the initial value problem y = b(y), y(0) = x. Hence, the composition operator
K : 9 — 1o ¢(t,-) is unitary in Li(X ). However, we shall require below (see Theorem 3.1) that K
has its spectrum in the interior of the unit circle. Therefore, we assume throughout that o # 0.

The proofs of the following two propositions can be found in Appendix A.

Proposition 2.7. For each p € [1,00] and t > 0, K' extends uniquely to a bounded operator from
LE(X) to itself with operator norm || K*||pp _,;» < 1.
H W

By C,(X') we denote the set of all bounded continuous functions on X'. As the measure p is finite, we
have Cy(X) C B(X) C Li,(X) forall p € [1,00]. In fact, Cp,(X) is dense in each LL,(X), p € [1,00),
see [48, Theorem 3.14].

Proposition 2.8. (K');>( is a Co-semigroup of contractions in L (X) for each p € [1, 00).

The infinitesimal generator of the Cp-semigroup (K');>q is the (in general unbounded) operator in
L2(X), defined by

to), _
L = L*-1lim w (2.9)

P50

whose domain dom L is the set of all ¢ € Li()( ) for which the above limit exists. By Proposition 2.8

and the Lumer-Phillips theorem (see [28]), the operator £ is densely defined, closed*, dissipative (i.e.,
Re(Lv,1), < 0forall ¢ € dom £), and its spectrum is contained in the closed left half-plane.

Lemma 2.9. The constant function 1 is contained in dom L and L1 = 0. Moreover, if M := span{1} C
Li(X), then both M and M~ are invariant under L and all Kt, t > 0.

“Recall that a linear operator 7', defined on a subspace dom 7" of a Hilbert space 7, which maps to a Hilbert space K, is
closed if its graph is closed in H x K.
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Proof. tis easy to see that K1 = 1 for each ¢ > 0 and hence 1 € dom £ with £1 = 0. Hence K'M C
M forallt > 0and LM C M. Now, if ¢ L 1, then (K'¢, 1), = [ K'¢du = [¢dp = (3, 1), =0,
which shows that also KM+ ¢ M~L. The relation LM+ ¢ M~ follows from (2.9). ]

2.4. Representation of Koopman Operators on the RKHS. Using the integral operator &, it is possi-
ble to represent the Koopman operator with the aid of a linear operator on H, which is based on kernel
evaluations. This construction mimics the well-known kernel trick used frequently in machine learning.
To begin with, for any x,y € X’ define the rank-one operator C,, : H — H by

Cryth := (1, 2(y))@(z) = Y (y)®(x).

For t > 0 and ) € H we further define the cross-covariance operator Cf; : H — H by

Chiti= [ [ Cop ity du(w) = [ (K'9)(@)0(a) duta) = EK0 = K€",
Thus, we have
Ch = EK'E". (2.10)

In other words, the cross-covariance operator C}; represents the action of the Koopman semigroup
through the lens of the RKHS integral operator £ (see [20] for details). Being the product of the two
Hilbert-Schmidt operators 5 K and £, the operator Cfm is trace class for all ¢ > 0 (cf. [16, p. 521]).

Note that due to po(x = §,, for t = 0 this reduces to the already introduced covariance operator

//Cmypo x,dy) du(zx /Cm du(z) = EE* = Cy.
The identity (2.10) shows that for all n, 1) € H we have
(n, Cia®h) = (0, K'9),, 2.11)

which shows that the role of Cf; is analogous to that of the stiffness matrix in a traditional finite-
dimensional approximation of the Koopman operator. In this analogy, the covariance operator Cy plays
the role of the mass matrix.

2.5. Empirical estimators. Next, we introduce empirical estimators for Cf; based on finite data (xy,, yx),
k=1,...,m. We consider two sampling scenarios for fixed ¢ > 0:

(1) The xj are drawn i.i.d. from p, and each y; ~ p is obtained from the conditional distribution
pt(xk, ), i.e., yk|(zr = ) ~ p(z,-) for p-a.e. © € X. For example, y;, can be obtained by
simulating the SDE (2.1) starting from x, until time ¢.

(2) p is ergodic and both x; and ¥, are obtained from a single (usually long-term) simulation of the
dynamics X; at discrete integration time step At > 0, using a sliding-window estimator, i.e.,

=Xo~p, Tr=Xgat, and yr = XgApqe-

Moreover, we assume that there exists a Riesz basis (1;)72, of L2 (X) consisting of eigenfunc-

2(Re pj) At

tions of the generator £ with corresponding eigenvalues /i satlsfymg E?io e < 00.

Remark 2.10. It easily follows from the discussion in Appendix B that the last assumption on the
generator £ and on the decay of its eigenvalues j1; is equivalent to the similarity of £ to an (unbounded)
normal operator N such that eNV2! ¢ L(LZ(X )) is Hilbert-Schmidt. If the assumption holds with
1; = Se;, where (e;) is an orthonormal basis of Li(X), the operator N is givenby N = >, j1;( -, €j)€;
with dom N = {t) : (1 (¢, €;)) € £} and £ = SNS™L. The condition > 22 e2®e1)A! < oo then
obviously means that the eigenvalues of eV form an ¢2 sequence.
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Recall that the joint distribution of two random variables X and Y is given by
dPxy(z,y) = dPy|x—(y) - dPx ().
Set X = x; and Y = y;. Then, in both cases (1) and (2), we have Px = i and
Py|x—=2(B) = P(yy € Blzy = z) = P(X; € B|Xo = ) = pi(z, B).
In other words, for the joint distribution ¢ of z; and y;, we have
dpot(x,y) = dpi(x,-)(y) - du(x) = p(z, dy) - dp(z).
More explicitly,

a4 xB) = [ pile.B)dula).
Now, since

C’H = //C’Iypt x,dy) dp(zx /nydMOt(%‘ y) = E[ka,yk]v

for the empirical estimator for Cf; we choose the expression
1 &
= > Copy (2.12)
k=0

3. VARIANCE OF THE EMPIRICAL ESTIMATOR

In case (1), the law of large numbers [3, Theorem 2.4] and, in case (2), ergodicity [2] ensures the
expected behavior

. Amt it o
n%gnoo HC]HI CHHHS =0 a.s.

However, this is a purely qualitative result, and nothing is known a priori on the rate of this convergence.
The main result of this section, Theorem 3.1, contains an exact expression for the Hilbert-Schmidt vari-
ance of the empirical estimator Cy ' based on m data points, which then yields probabilistic estimates

for the expression ||Cl"" — Cty||zrs, see Proposition 3.4. Here, our focus is on the estimation from a
single ergodic trajectory, i.e., case (2) above. While the broader line of reasoning partially resembles that
of our previous paper [38], we require additional steps due to the infinite-dimensional setting introduced
by the RKHS.

In Theorem 3.1 and its proof, we will be concerned with evolving kernels k; : X x X — R, defined

by
") =//k(y,y’)pt(x,dy)pt(x’,dy')-
We have

@)= [ [@.ew i ntea) = { [ o) pte.dn. [ o) ni ).

The integrals in the last expression are well defined as limits in H for p-a.e. z, 2’ € X as

[ [1ewlnte.ay)dute) = [ [Vo@ntedyauto) = [ Vot@aut) < o1

see (2.8). This shows that k; is well defined ((u ® p)-a.e.) and that it is a positive definite kernel on its
domain. Moreover, ky = k and

(e, )] < / NET / Vo) puledy) (e dyf) = (KU/@)(@) - (K /)(@).
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In particular, k; € L2 (X?) with || k|| 12, < lol|1. By ®; we denote the corresponding feature map,
e

i
ie.,

Py (x) = ki (x,-).
Note that not necessarily ®;(x) € H. Finally, we define

Oy, = O(z)Py(2).
We are now in the position to formulate our first main result.

Theorem 3.1. Setting z, = (vk,yx), k = 1,...,m, the Hilbert-Schmidt variance of the empirical
estimator can be written as

m—1
P 1 -
E[|ICq" — Chll4s] = — |Eo(t) +2 > mek B[(C, — Cy, Cay — cﬁ)HS]] . 3D
k=1

where
Eo(t) = E[[|Cx, — Chllirs) = (K'e, ) — (k. kodpz

In case (1), E [||5ﬁ”"t — Chll3s] = %Eo(t), whereas in case (2) we have

~ 1 1 —qm
E[||Cit — Clyll4s] = — 2§ Gyt (L 7 32
[ICx tllEs] = m - g m 1-q )| (3.2)

with _
qj = e diy = (cju, Vi, and  cjy(x) = (By Vi) e

Before proving Theorem 3.1 in Subsection 3.1 below, let us comment on its statements and draw some
conclusions.

Remark 3.2. (a) Note that, by ergodicity of the invariant measure 1, the generator £ has no eigenvalues
on the imaginary axis, except the simple zero eigenvalue (see Proposition D.1 in the Appendix). In
contrast, if we drop the ergodicity assumption, we have

vo—1

E[||ém,t_CtH2 ]:l +2Z ]tQJ il_q‘;n m— 1 Zd

J=vo

where vy = #{j : p; € 27”Z} is the number of eigenvalues of £ of the form 22’;1, k € Z, counting

multiplicities. Obviously, the last term does not decay to zero as m — oo if Z”O ! d;i # 0.

(b) The definition of c¢;; requires ®; , to be in LZ(X ) for p-a.e. x € X. This will in fact be proved in
Lemma 3.6 below.

In the following, we let

1 1=g >~ djiq;
+22 djt4; < J) and o2 ::Eo(t)+2ZLq?.

1—q] m 1—ygj

Then
E[|IC5" — Chllfzs] = =
and 02, — o2 as m — oco. Both infinite series converge absolutely as (g;) € ¢? by assumption, and
(dj+) € £? as shown in the proof of Theorem 3.1. We can therefore interpret o2, as asymptotic variance
of the estimator CA']%] ’t, similar to our previous results in [38, Lemma 6].
An upper bound on the variance can be obtained as follows:
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Corollary 3.3. In case (2), for all m € N we have
4B
0—7271 < <Kt§07 80>,u, 1+ 7”QH€2 5 (33)
Ady
where A and B denote the lower and upper Riesz bounds of (1;), respectively,

q=(q;)71 and (5q:}12111|1—qj| > 0.

Proof. First of all, by Lemma 3.6,
Eo(t) = (K'¢, o) — <k’kt>Li®u < (K'o,0)u.
We have |1 — ¢;j| > 64 and |g;| < 1 forall j > 1 and hence

2
<1+ — Z ’%|k> < 57(1‘

This and (3.7) imply (3.3). O

1 ‘ 1 1—q]m
11— gl m 1—gj

Proposition 3.4. We have the following probabilistic bound on the estimation error:

0.2

—mQ, in case (2), (3.4)
me
Am,t
P(HCIEI — Oy llus > 5) < EO(Z;), in case (1), (3.5)
me
ms2
2¢ slkliZ , in case (1) with bounded kernel. (3.6)

In particular, the above also holds upon replacing the lefi-hand side by P(||EK ') — (7;; | > €) for

Proof. The inequalities (3.4) and (3.5) are an immediate consequence of Markov’s inequality, applied to
the random variable ||Cf; — CI1"'||%, . The inequality (3.6) follows from Cf; — Ci"t = L Ly (Ch
C.,), Hoeffding’s inequality for Hilbert space-valued random variables [43, Theorem 3. 5] (see also [30
Theorem A.5.2]), and (cf. Lemma 3.6 below)

ICt: — Coyllirs < IClillms + 1Cayllms = [ k)2 + Ve ) < 2[Floo,
since also ||k¢||co < ||k||co- The estimate
|EK" Y — CEpl| = |EKTE™ — CEl| = |(Ch = Yol < |ICh — Ci*llus
finally yields the last claim. U

Remark 3.5. Under additional assumptions (boundedness of the kernel, mixing, etc.), other concen-
tration inequalities than Markov’s, such as, e.g., [3, Theorem 2.12] (a-mixing) or [46, Théoréme 3.1]
(B-mixing), might lead to better estimates than (3.4).

3.1. Proof of Theorem 3.1.
Lemma 3.6. Lett > 0. Then ®; ,, € Li(?()for p-a.e. v € X with
1Dl < (@) (K p) (@) - (K'p,0) -

Moreover, for every t > 0 we have

ICollis = o@)p(y)  and | Chllis = (k. ko) / / B1.0(y) dpi(y) dia().
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Proof. We estimate
|0 (2P = [k(z, 2" he(2,2")[* < ol ) (@) (K'@)(2) - (K'\/p)*(2')
p(2) (K p)(2) - p(a’) (K'p)(a"),

where we have applied Jensen’s inequality to (K*,/@)(x). This proves the first inequality. Next, if
(fj) C H denotes the Mercer basis corresponding to k, then

(Coy, CaryYris = Y _(Coyfis Cary fi) = > Fiw) £y Ye(,2') = k(z,2))k(y, o)

This proves ||Cyy /%5 = ¢(2)p(y). Moreover, it yields

2
1CL 1% = H/Cmy dpos(z,y)|| = //’f(fv,w’)k(y,y’) dpos(z,y) dpos(z',y')

HS
= [ [rwar | [ [ k0st) o) ptat | dte') dute) = bz

as claimed. O

Proof of Theorem 3.1. First of all, we have

m—1
o, 1
E[IC" - Chlihs] = [Hf S = ] =E[ 3 {Cuy = Clr O - Ch)ys]
m— m—1 m—1
1 2
72 Z C]%IH%{S + m <Czk - C’]Ilz]b CZ@ - C]%I>Hs
k= k=0 (=k+1
1 t (12 2 s t t
= 7]E|:||CZO - CIHIHHS] + 2 (m — k)E[<CZk = O, Cyy — CH)HS]-
k=1

where we exploited that E[(C,, — Cly, C., — C}) ms] only depends on the difference ¢ — k.
Let us compute the first term. Since E[C,] = C and thus E[(C,, C%) ms] = ||CL %5

E[Cx — Cillizs] = E[lICz0ll7rs] — l|Ciallzis-
For ¢ € H we have

IC2%[I* = ¥ (y0) @(x0)|I” = ¥(y0)*¢(0).
Using the Mercer basis (f;) C H corresponding to & in H (cf. Theorem 2.5), we obtain

E[|Ca0 ) = B[ S lICaill?] = [Z fi(yo)%e(0)| = Elip(wo)(o)]-
Note that the latter equals (¢(x) = k(z, x) by definition)

Elp(o)o(wo)] = [ (o) [ o) prle,dy) du(o) = [ ola) (') @) due) = (K", )
‘We obtain
E[[Cx — Chilirs] = Blp(ao)o(wo)] - (kkidrz = (K o, 0h— (kokidyz_ = Eo(t)
and thus (3.1).

Case (1). In this case, 2z and zy are independent for k£ # ¢, so that
E[(Czk — C']fﬂ, C., — Cﬁ)Hg] =0.
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Hence, the statement of the theorem for case (1) follows.

Case (2). Here, the cross terms do not vanish. In fact,

E[<Czk - C]It-]DCZo - Cﬁ>HS] = E[<Czkvczo>HS] - HC]I{]IH%{S = E[Z<Czkfi>cmfi> - HC]IZIH%{S

- ]EKZfi(yk)fi(yo))k(&"k,xo)} — ICk s

= E[k(yk, yo)k(zr, 20)] — [|Clil3rs-

Now,

E[k(yk,yo xk,xg //// v k(2 x) pe(2!, dy') peac(z, d’) py(x, dy) dup(x)
_ / / k(z,2') [ / / Ky, o) po(, dy) pt(a:’,dy')} proae(@, da’) du(z)
// 2,2 V(2,2 proa (@, da’) da(a)
= [ | [e@@@ie) nadedo)| dute)
= [R50, duta).

Hence,

E[(Cs, — Cii, Cx — Ci)s] = /(K’“A@t,x)(ﬂ«") dp() — (K, k) g2

HOp

Let us now exploit the assumptions on the spectral properties of the generator £ in case (2). For pu-a.e.

xr € X, we have
<I>1‘,:):—ZC‘]1‘/ ¢j7

the series converging in L2 i.(X). Therefore,

oo
K, = cht VK Py = ch,t(:n)e J
§=0

and thus (for k > 1)

/(KkAth)tyx)( /ZC p eNjkAt,l/J Z . eMikAt _ Zdj,t ) qf.
=0 j=0

This series converges absolutely for each ¢ > 0 due to our assumption that | j |gj|> < oo and since for

each j € Ny we have by Lemma 3.6 that
o o0 o0 .
Soldsal? < B2 flesall2 = B / D (00 )l ()
j=0 =0 '

_AQ/H@mu?du B Ko,

where A and B are the Riesz bounds of (1);).

3.7)
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Without loss of generality, we may assume that 9 = 0 with o9 = 1 and pq,..., tyy—1 € QA”ZZ

and ¢ € 1+ for k > 1, see Lemma 2.9. The duality relations then imply ¢y = 1. Now, cot(x) =
<(I)t,zv ]l>,u = f k‘(w,y)kt(:n,y) d/.L( ) and hence

dos = (ot Dy = [ corlw)du(@) = [ [ o)t y) duty) due) = (e bi)zz - G9)
This implies
E[(C., — Cl, Csy — Zd]t @; — (k. ko) Zdjt ¢
and therefore
. 1 2 00 m—1
E[”Cg’t - Cﬁ”%fs] = EEo(t) + m Zdj,t Z(l - %)Qf
j=1 k=1
1 vo—1 m—1 00 m—1
== Bo(t) +2 ) djp Y (1—2)gF+2> djy > (1-£)qf
j=1 k=1 j=vo k=1
The identity
m—1 1—g™ .
(1—’“)qk:{1zq(l_’}“ rh) et
m m—1 . o
k=1 E ifg=1
finally yields (3.2). O

4. BOUND ON THE KOOPMAN PREDICTION ERROR

The kernel cross-covariance operator Cf; can also be used to approximate the predictive capabilities
of the Koopman operator, for observables in H. Approximating the full Koopman operator involves
the inverse of the co-variance operator, which becomes an unbounded operator on a dense domain of
definition in the infinite-dimensional RKHS case. Moreover, its empirical estimator aﬁL is finite-rank and
thus not even injective. While Fukumizu et al. tackle this problem in [10] by means of a regularization
procedure, we choose to use pseudo-inverses instead (cf. Remark 4.2). We truncate the action of the
Koopman operator using IV terms of the Mercer series expansion and derive a bound for the prediction
error for fixed truncation parameter /N. While we use similar ideas as presented in [11], we heavily
rely on our new results on the cross-covariance operator, cf. Section 3. Afterwards, we deal with the
case of Koopman-invariance of the RKHS [22]. Here, we establish an estimate for the truncation error,
which then yields a bound on the deviation from the full Koopman operator. We emphasize that this
error bound is extremely useful in comparison to its prior counterparts based on the assumption that the
space spanned by a finite number of so-called observables (dictionary) is invariant under the Koopman
operator. The latter essentially requires to employ only Koopman eigenfunctions as observables, see,
e.g., [25, 14].

Let (e;) be the Mercer orthonormal basis of Li(z’l’ ) corresponding to the kernel k and let \; = ||Ee;|| .
as well as f; := \/)\76]- (cf. Theorem 2.5). We arrange the Mercer eigenvalues in a non-increasing way,
ie.,

Let ¢ € H. Then

Ktq/) = Z<Kt¢7 €j>Mej = Z<CH¢7 6] = Z C]fﬂ¢7 €j>€j + Z <C]Itﬂw) ej>€j' “4.1)

7j=1 7=1 j=1 j=N+1
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4.1. Estimation error. In the next theorem, we estimate the probabilistic error between the first sum-
mand

N
K}f\ﬂp = Z<C]§-Hwae]>eja 7/1 € H7
j=1

and its empirical estimator, which is of the form z;vzl (Cy T, €;)e; with approximations €; of the e;.

Theorem 4.1. Assume that the eigenvalues \; of Cy are simple, i.e., N\j1 > \j for all j. Fix an
arbitrary N € N and let

A. _ )\ 1
Sn = in 24— gt 4.2
NI T 2 “2
Further, let ¢ € (0,0y) and § € (0,1) be arbitrary and fix some® m > max{N, 526} Let now
)\1 > > )\ denote the largest m eigenvalues of C’ﬁ‘ in descending order and let €1, ..., e, be
corresponding eigenfunctions, respectively, such that ||e;| = o ; 1/2 forj=1,...,m. Ifwe deﬁne
N
K;thi[} = Z<Cﬁl’tw7é\j>é\]a 17[) € H7 (43)
j=1
then, with probability at least 1 — 0, we have that
~ 1 N+1
t m,t 1/2
I = R lnovgen < |+ 5o lelllelh?] @

All of the above statements equally apply to case (1) upon replacing o, by Ey(t).

12~

Remark 4.2. (a) If we set fj = A;'" - ¢j, then

and thus
N N L
See =Y =, i) = (G Qw,
j=1 j=17"
\Xhere @ N = Z;V: (- fj)fj is the orthogonal projector onto the span of the first N eigenfunctions of
m in H. Therefore,

N = Z (Ci'p, 25085 = (G QN CE .
J=1
In particular, for N = m we have K K}’t = (aﬁf)TCA’m’t, which surely is one of the first canonical choices
for an empirical estimator of K*.

(b) The functions €; have unit length in the empirical Li—norm:

l o=, S~
- Zej(xk)ej(xk) = <C’H €j, ej> = 1.
k=1

Therefore, projecting onto the first /N empirical Mercer features is the whitening transformation com-
monly used in traditional EDMD [19].

2H¢H

5By Corollary 3.3, an amount of at least m > max {N ,

1+ jéB |q|52} } data points suffices.



ERROR BOUNDS FOR KERNEL-BASED APPROXIMATIONS OF THE KOOPMAN OPERATOR 15

Proof of Theorem 4.1. By Proposition 3.4, both events ||Cl; — Cii"' || gs < ¢ and [|Cyg — C||us < €
occur with probability at least 1 — 0/2, respectively. Hence, they occur simultaneously with probability
at least 1 — 6.

In the remainder of this proof we assume that both events occur. Then all the statements deduced in
the following hold with probability at least 1 — 4.

Let us define the intermediate approximation

N
Kyt =Y (Ci'v,ej)ej, ¢ el

j=1

Let ¢ € H be arbitrary. Setting C' := Cf; — éﬂf ' we have

Z <C¢a€j>6’j = Z_: [(Cue;)]* = Z_; (¥, C"e;) [

Ky — K| =

< Il Zuc*eju%uwu Z HC*fJIIQ b Zucmu?

7=1
?/J 2SN T/J am
< I Zuo g2 = ” |Gk — G2,

and thus,

~ (0
1K — B, < 20

Next, we aim at estimating the remaining error

- E.

B

N
K3ty — Kty =Y (CE', ej)e; —

j=1

(Ci'y, 85)E;

Mz

1

I
2

I
Mz

A}WC”%,JZ =S ONHCE Y, )

Jj=1

<.
Il
—

I
Mz

NS I

HMZ

<.
I
—

Mz

NP f fifféf]

<.
I
-

I
Mz

N
AN Z YP;f,

<.
Il
-

where f = 6&1’%,

Bif =(ffi)fy  and  Bif =(f fi)fj
By (2.4), it suffices to estimate the above error in the || - [|-norm. By Theorem C.3, the first summand can
be estimated as

N-|Ca—Co N
< — .
S < s Ml

N N N 1 ~
| oot =g <X e = Bl <
j=1 j=1"7
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For the second summand we have
N I N [ Y -1 -1 2 A\ — 2
[0 =B = =X IR A s W 5,12
=1 j=1 j=1

Now, note that ¢ < dy by assumption and therefore ||Cy — égggn s < oy < % < ’\TN For
j=1,..., N, according to Theorem C.1 this implies

Nz N =N = N =10 - Cflls = A= > 5
Hence,
a |A 1Cs — Cgll%s A
IS0 3B < 42 D131 < IO Clns g gy
Jj=1 N
and thus,
N 9 1
AL AThH P H<— < - .
|05t =502 < ke < 55l
7=1
From

St - - .
ICH" I < ICg™ — Call + ICxll < ICE™" — Cigllus + IEK'E*|| < e+ llolly
we conclude

mt

- . L N1
1R = Kyl < s (et el e
NON

All together, we obtain (recall (2.4))

K 1/2 =
Kt = Ryl < 1B = K+ ol 1R e — B3y

‘WH N+1 1/2
et S el e
1 N +1 1/2
— | — 1 .
Tt 5oy @ lelleli? | <
which implies (4.4). O

4.2. Projection error in case of Koopman-invariance of the RKHS. In the preceeding section, we
have seen that the empirical operator K K,L’t can be written as (aﬁl )Té’ﬁb *if m = N. In the limit m — oo,
we would arrive at the operator Cyy 10%1, which is not even well-defined for all 1y € H, in general.
However, if the RKHS is invariant under K*, the above operator limit is well-defined as a bounded
operator on Hl. In this situation we are able to extend Theorem 4.1 to an estimate on the full error made
by our empirical estimator.
We start by defining the operator
Ky = Oy'Ch

on its natural domain

dom Ky := {¢p € H : Citp € ran Cy}. 4.5)

We consider K}; as an operator from H into itself (with domain of definition in H).

Lemma 4.3. We have
dom Kfj = {yp e H: K% € H}, (4.6)

and Kﬁ is closed.
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Proof. Note that Cfyyp € ran Cyy if and only if EK'y) = Cy¢ for some ¢ € H. Since Cy¢ = E¢ and
ker & = {0}, the latter is equivalent to K% = ¢ € H, which proves the representation of the domain.
As to the closedness of Ky, let (¢,,) C dom K}; and ¢ € H such that ¢,, — ¢ in H and K[y, — ¢ in
H as n — oo. The latter implies Cfytp,, — C¢, while the first implies Cfytp, — Chpin Has n — oo,
from which we conclude that C{i) = Co, i.e., 1 € dom K}; and Kb = ¢. g

If the Koopman operator leaves the RKHS H invariant (i.e., K'H C H), K is defined on all of H.
Moreover, since the canonical inclusion map £* : H — L?(p) is injective, it possesses an unbounded
inverse on its range H, and therefore:

Ch'Cho = Ox'EK'E* ¢ = (E€*) 1L (£ K p = (%) 'K €% 9. (4.7)
Remarkably, invariance of H under the Koopman operator implies that the left-hand side not only repro-
duces the Koopman operator on H, but actually defines a bounded operation.

Parts of the next proposition can be found in [22, Theorem 5.3] and [8, Theorem 1].

Proposition 4.4. Fort > 0, the following statements are equivalent:
() K'H c H.
(i) Kl € L(H).
(iii) ran Cjj C ran Cy.

Proof. With regard to the two representations (4.5) and (4.6) of the domain, it is immediate that both (i)
and (iii) are equivalent to dom Kﬁ = H. The equivalence of the latter to (ii) follows from the closed
graph theorem. 0

Note that if one of (i)—(iii) holds, then KfHI = K! |m-

Theorem 4.5. In addition to the assumptions in Theorem 4.1, assume that H is invariant under the
Koopman operator K t. For fixed N € N, let 6 be as in (4.2), choose ¢, §, and m as in Theorem 4.1
and define the empirical estimator KJT\,"’t as in (4.3). Then, with probability at least 1 — § we have that
Zm 1 N+1 1/2
t
K" — Ky ||IHI—>L2 ) < VA4 K + [\/)\— + SN AN ——— L+ llell)lell "] e (4.8)

Proof. First of all, Theorem 4.1 implies that

IK" = K sz ) < 1K' = Koz + 1K = K7 oz )

1 N +1 1/2
< IR = Klnozon + | =+ 5o (U Telllelh]
Now, for ¢y € H,
oo 2 (e e] oo
1
| = Kielli = || D (Caveides| = 3 (Cavnen)l = > [(Ciw, fi)l?
j=N+1 " j—N+1 j=N+1"Y
= > IRk, Cufl? =3 MRS AP < A K
j=N+1"7 j=N+1
which proves the theorem. 0

We have just proved that the projection error | K'¢) — KX 4||,, decays at least as fast as the square
roots of the eigenvalues of Cpy. Recall that ()\;)jen € ¢1(N), since Cy is trace class with Dt A =

Tr(Ca) = 1€ 1Hs =

1, see Lemma 2.4(c).
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5. ILLUSTRATION WITH THE ORNSTEIN-UHLENBECK PROCESS

For the numerical illustration of our results, we consider the Ornstein-Uhlenbeck (OU) process on
X =R, which is given by the SDE

dXt = —OéXt dt + th,

where e > 0 is a positive parameter.

5.1. Analytical Results. Since all relevant properties of the OU process are available in analytical form,
we can exactly calculate all of the terms appearing in our theoretical error bounds. Moreover, we can
also compute the exact estimation and prediction errors for finite data in closed form. Let us begin by
recapping the analytical results required for our analysis, which can be found in [41].

The invariant measure p, and the density of the stochastic transition kernel p;, are given by

S « « e
du(z) = \/;e * da and dpe(z,y) = /mexp [— U—Q(y — e g)?| dx dy,
0 0

with v = (1 — e=29%) /2a. The Koopman operators K* are self-adjoint in Li(R), their eigenvalues and
corresponding eigenfunctions are given by

1

\V29iadg!

qj =e ! and Yi(x) = H;(V2ax), j €Ny,
where H are the physicist’s Hermite polynomials.

We consider the Gaussian radial basis function (RBF) kernel with bandwidth o > 0, i.e.,
(z —y)?
o2 '

k(z,y) = exp [—

Let us quickly verify that this choice of the kernel satisfies the compatibility assumptions (A1)—(A3).
Indeed, (A1) is trivial as k(z, z) = 1 and (A3) follows easily from the continuity of the functions in H.
To see that H is dense in L2 (R) (i.e., (A2)), let ¢» € L2(R) be such that (¢, ®(y)), = 0 for all y € R.
The latter means that ¢+ ¢, = 0, where ¢(z) = 1(z)e™°* and @, (z) = e *"/7°. We apply the Fourier
transform and obtain <$ - Py = 0. Noting that the Fourier transform of a Gaussian is again a Gaussian,
we get QAﬁ = 0 and thus ¢ = 0.

The Mercer eigenvalues and features with respect to the invariant measure y of the OU process, i.e.,
the eigenvalues and eigenfunctions of the integral operator £*& in Li(R), are also available in analytical
form [9]. They are given by

a 1] 2,2 .
Ai = \/a [0201] and wi(z) = ve S H; (Vanz), i€ N,
using the following constants:
4 11/4 7 1/2 o
=14+ — = 2_ (21 O, = 2 -2
n |: +a0_2:| ) Yi |:2ZP(Z+1):| ) C 2(77 )7 1 04+C +o

With these results, we can compute the variance of the empirical estimator for C}; as described in The-
orem 3.1. The eigenvalues q; were already given above. The coefficients d;; can be calculated using
Mercer’s theorem as

o= [ [ 2oty /)50 @) dis o, ) dpo ')
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2
=> XX [/ or(x)pe(y)ibs(x) dﬂo,t(fE»?J)] :
kot

The series needs to be truncated at a finite number of terms and the integrals can be calculated by numer-
ical integration. As do; = (k, kt>L2® = Hcﬁ“%{s (cf. (3.8)), and hence
HOp

2
ICkIs = MeAe [/ or(@)pe(y) duo,t(%y)] ; (5.1

k0

the Hilbert-Schmidt norm of the cross-covariance operator C}; can be computed similarly. Since, for the
Gaussian RBF kernel, we have go(:z:) = k(z,z) = 1 for all z, we therefore find

Eo(t) = (K'¢, ¢), — |Clil s = 1~ [ICll s,
completing the list of terms required by Theorem 3.1. In addition, we notice that upon replacing ei-
ther one or two of the integrals in (5.1) by finite-data averages, we can also calculate ||Cjy' ’tH%S and
(Ch, C’g 'Y i1. Therefore, the estimation error for finite data {(zy, Yk) } 7, can be obtained by simply
expanding the inner product
it t it
ICk — CE™' s = ICH I Fs + 1C5 " 1 s — 2(Ci™, Ch) ms,

allowing us to precisely compare the estimation error to the error bounds obtained in Theorem 3.1.

Besides the estimation error for Cf;, we are also interested in the prediction error, Which is bounded
according to Theorem 4.1. We will compare these bounds to the actual error || (K% — K t)d)” 12 (%), for

a specific observable ¢ € H and a fixed number of N Mercer features. For the OU process, it is agaln
beneficial to consider Gaussian observables ¢:

b(x) = ¢217T; exp [—(;;:0)} |

Application of the Koopman operator leads to yet another, unnormalized Gaussian observable, which is
given by

K'¢(z) =

exp

{_ (mo — e‘“t:v)z] 7 2

! 3 oy = 08 + vf.
\/2mo? 20}
The inner products of K¢ with the Mercer eigenfunctions ¢; can be evaluated by numerical integration,
providing full access to the truncated observable K% ¢. On the other hand, the empirical approximation
K]T\,"’tcb can be computed directly based on the data. We note that

N m N i N
Ripto = 32 (O, ) = 0 S oluw) 32 (B(an) )6 = 10 S oaw) D6
=1 k=1 i=1 k=1 =1

The functions €; can be obtained from the eigenvalue decomposition of the standard kernel Gramian

matrix
1 1
— Ky = — [k m
m X m [ (xk)xl)]k:,lzl )

as the latter is the matrix representation of the empirical covariance operator C’ﬁL on the subspace
span{®(z;)}{" . If LKy = VAV is the spectral decomposition of the Gramian, then

ml/2 Z WJ(I) i)
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are the correctly normalized eigenfunctions according to Theorem 4.1. Plugging this into the above, we
find

m N m m
~ 1 1 1
Kx’tQS(l') = — Z d)(yk) Z — Z ij‘(ﬂj‘l, l’k)iA Z V'Tjk(ajr’ SL’)
Mo J=1 ml/Q)‘J =1 ml/Q)‘j r=1
1 7l oy T
= —o(Y)T Ky [VNAN VN} Kxa
1
= — (V) VNAY VN Ko,

where ¢(Y) = [$(yr)liy> Ko = [k(wn, 2)]fy, Vv = V[N Oy, Ay = diag(3)) 1L,

5.2. Numerical Results. For the actual numerical experiments, we set @ = 1, choose the elementary
integration time step as A; = 1072, and set the lag time to ¢ = 0.05. We compute the exact variance
E[||Ch— Cﬁﬁﬁ” 1% 5| by the expression given in Theorem 3.1, and also the coarser estimate for the variance
given in Corollary 3.3. We test three different kernel bandwidths, o € {0.05,0.1,0.5}. All Mercer series
are truncated after the first 10 terms for o € {0.1,0.5}, and 20 terms for ¢ = 0.05, while Koopman
eigenfunction expansions are truncated after 15 terms.

In the first set of experiments, we use Chebyshev’s inequality to compute the maximal estimation
error ||Cly — C’ﬁ” || s that can be guaranteed with confidence 1 — § = 0.9, for a range of data sizes
m between m = 20 and m = 50.000. As a comparison, we generate 200 independent simulations of
length m + A%, corresponding to the sliding-window estimator with m data points, for each data size.
We then compute the resulting estimation error using the expressions given in the previous section. We
extract the 1 — J-percentile of the estimation error for all trajectories, i.e., the maximal error that is not
exceeded by 100 * (1 — 0) percent of the trajectories. In addition, we also use Chebyshev’s inequality
with the i.i.d. variance %Eo(t) to predict the estimation error. The comparison of these results for all
data sizes m and the different kernel bandwidths is shown in Figure 3. We observe that the bound from
Theorem 3.1 is quite accurate, over-estimating the actual error by about a factor three, and captures the
detailed qualitative dependence of the estimation error on m. The coarser bound from Corollary 3.3,
however, appears to discard too much information, it over-estimates the error by one to two orders of
magnitude, and also does not capture the initial slope for small m. Finally, we note that for the larger
kernel bandwidths, the i.i.d. variance is indeed too small, leading to an under-estimation of the error.
This observation confirms that it is indeed necessary to take the effect of the correlation between data
points into account.

In a second set of experiments, we test the performance of our theoretical bounds concerning the
prediction of expectations for individual observables, obtained in Theorem 4.1. For the same three
Gaussian RBF kernels as in the first set of experiments, we consider the observable ¢ = g, i.e., the first
Mercer feature, and choose N = 10 in the Mercer series expansion K4 ¢ and its empirical approximation
Kﬁ’té. Note that ¢ is a different observable depending on the bandwidth. Again, we set 1 — § = 0.9,
and use the bound from Theorem 4.1 to bound the Li—error between K ¢ and K K}’tgb. As a comparison,
we compute the actual Li—error by numerical integration, using the fact that we can evaluate KJthb and

Kﬁ’tqﬁ based on the discussion above. We repeat this procedure 15 times and provide average errors
and standard deviations. The results for all three kernels are shown in Figure 4, and we find that our
theoretical bounds are much too pessimistic in all cases. This finding highlights our previous observation
that bounding the prediction error outside the RKHS still requires more in-depth research.
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Error for Cf, t=0.05, 0 =0.050 Error for Cf, t=0.05, 0 =0.100 Error for Cf, t=0.05, 0=0.500

FIGURE 3. Probabilistic error estimates for C}; associated to the OU process, at lag time
t = 0.05, and the Gaussian RBF kernel with different bandwidths o € {0.05,0.1,0.05}
(corresponding to left, center and right panels). The blue and green curves show the es-
timated error using the fine and coarse bounds from Theorem 4.1 and Corollary 3.3, re-
spectively, while the purple curves represent the bound obtained from the i.i.d.-variance
%Eo (t). The red curve shows the 0.9-percentile of the estimation error based on 200
independent simulations.

Prediction Error t =0.05, 0= 0.050 Prediction Error t=0.05, 0= 0.100 Prediction Error t=0.05, 0= 0.500

—e- Prediction N = 10
= =+—#— Data Bound N = 10

—e~ Prediction N = 10 =&~ Prediction N = 10 -y
—$— Data Bound N = 10 —$— Data Bound N = 10

FIGURE 4. Comparison of the theoretical bound on the prediction error ||K% ¢ —
f(}\’;’tqﬂ u» 1f @ is chosen as the first Mercer feature (g, using N = 10 in the Mercer
series representation. The predicted error is shown in blue, error bars for the actual error
obtained from 15 independent data sets are shown in red. Different panels correspond
to the same kernel bandwidths as in Figure 3 above.

6. CONCLUSIONS

We have analyzed the finite-data estimation error for data-driven approximations of the Koopman
operator on reproducing kernel Hilbert spaces. More specifically, we have provided an exact expression
for the variance of empirical estimators for the cross-covariance operator, if a sliding-window estimator
is applied to a long ergodic trajectory of the dynamical system. This setting is relevant for many complex
systems, such as molecular dynamics simulations. Our results present a significant improvement over
the state of the art, since they concern a setting where the notorious problem of dictionary selection
can be circumvented, and therefore no longer depend on the dictionary size. We have also extended
the concept of asymptotic variance to an infinite-dimensional approximation space for the Koopman
operator. Our numerical study on the Ornstein Uhlenbeck process has shown that, even using a simple
mass concentration inequality, accurate bounds on the estimation error can be obtained.

In our second result, we have extended our estimates to a uniform bound on the prediction error for
observables in the RKHS. Thereby, we have circumvented dealing with an unbounded inverse of the
covariance operator by applying a finite-dimensional truncation of the associated Mercer series. In case
of Koopman-invariance of the RKHS, however, we were able to find a bound on the truncation error
which then yields estimates for the full approximation error.
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Still, the resulting error bounds have proven very conservative in the numerical examples. Therefore,
obtaining sharper bounds on the prediction error constitutes a primary goal for future research.
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APPENDIX A. PROOFS

Proof of Lemma 2.1. Let 1 € H. Then (2.4) follows from

[ 1@ P dutz) = [ 1w 0@)P duto) < [61° [ ola)duto) = [6]Plelh.
Assume that (A2) holds and that ¢) € Li(z’\,’) is such that (¢, ®(x)), = 0 forall z € X. Then

- / (16, B(2)) () dps(r) = / / ke, 0) (@) (y) du(z) du(y).

Hence, 1) = 0 by (A2). Conversely, assume that H is dense in L> a(X). Lety € Li(é\,’ ) such that

[ [ k(z,9)¥(2)¢(y) du(x) du(y) = 0. Since the 1ntegrand equals (Pp(z)®(z),¥(y)P(y)) and the

integral [ ¢(z)®(z)dp(x) exists by (2.5), we obtain [t(z)®(x)du(x) = Oy. This implies that
)

W, ®(y))p = [¥(x)k(z,y)du(z) = 0 for each y € X. Hence< u = 0 foreach ¢ € H :=
span{®(z) : € X'}. Now, let ¢ € H. Then there exists a sequence (cZ)n) C H such that ||¢, — ¢|| = O
as n — oo. Therefore,

(Vs Ol = [0, ¢ = dn)ul < [Pllulld = dnlln < [lluv/llellille — énll.
Hence, (1), ¢),, = 0, and the density of H in L2 (X) implies ¢ = 0. O

Proof of Lemma 2.4. (a) For ¢ € L7 (X) we have

v = / / () () (a), (1)) du(z) duly) = / / ko, 9) ()b (y) diu(z) du(y).

Hence, the injectivity of £ follows from (A2). If (e;) is an orthonormal basis of H, then

Sl = 2 el = Z/m )2 du(x) Z/ 2), e du( /|<1> )2 dpz).

The claim is now a consequence of | ®(x)||? = o(x).

(b) By Lemma 2.1, H is dense in Li(z’\.’ ). Moreover, £* is compact by (a) and Schauder’s theorem
[47, Theorem 4.19].

(c) This follows from (a) and ker Cy = ker E£* = ker £* = {0} by (A3). O

Proof of Theorem 2.5. By Lemma 2.4, the operator £*E € B(Li(/l’ )) is a positive self-adjoint trace-
class operator. Hence, by the well known spectral theory of compact operators (see, e.g., [12]) there
exists an orthonormal basis (e;)52; of Li(z’l’ ) consisting of eigenfunctions of £*& corresponding to a
summable sequence ()\j);-";l of strictly positive eigenvalues. Since £*ip = 1 for v € H, we have
Ee; = Ajej and thus e; € H for all j and Cye; = EE%¢; = Ee; = Aje;. Moreover, (fi, f;) =
VAj/Ai(€eiej) = \/\j/Nilei, e5) = dij by (2.6) so that the f; indeed form an orthonormal system in
H. The completeness of ( f;) in H follows from the injectivity of £. Finally, Z;’il Aj=TrCy = |lell1

and
k(z,y) = (@(x), 2(y)) = Y _((2), fi)(f;, ng
J
which completes the proof. O
Proof of Proposition 2.7. Let € B(X). Forp = oo we have |(K')(z)| = [E® [ (Xt ]\ < E*[|P(Xy)]] <
S t

|
|loo- If p < 00, by Jensen’s 1nequa11ty, for every convex ¢ : R — R we have ¢ o K ) (po)
and thus |Kty[P < Kt|y|P,

IIK%\%:/IK%!”duS/Kt|¢|pdu=/W"du: 1115

leads to
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The claim now follows by density of B(X) in LL,(X). O

Proof of Proposition 2.8. Let ¢ € Cy(X) and fix z € X. Denote the stochastic solution process of the
SDE (2.1) with initial value x by X}*. Since X7 (w) is continuous in ¢ for P-a.e. w € Q (see [39, Theorem
521D, (X7 (w)) = (X§(w)) = ¢(z) ast — 0 for P-a.e. w € Q). Hence, by dominated convergence,

Khp(z) = / B(XE W) dP(w) — b(x)

as t — 0. It now follows from Proposition 2.7 and, again, dominated convergence that || K'¢) — 1|, — 0
ast — 0. If yp € L},(X) and € > 0, there exists n € C,(X) such that ||¢) — ||, < /3. Choose § > 0
such that || K'n — ||, < e/3 fort < &. Then

1K % = ¢llp < K" (0 =)l + 1K' = nllp + [In — 9l < e
for t < §, which proves the claim. O

APPENDIX B. RIESZ BASES

Recall that a Riesz basis [7] of a Hilbert space H is a sequence (v);) C H satisfying span{v;} = H
and for which there exist A, B > 0 such that for all ¢ € ¢,

Allellz < HZWHH < Bllell>

The constant A (B, resp.) is called a lower (upper, resp.) Riesz bound of the basis. Also recall that to
every Riesz basis (¢;) there exists a dual Riesz basis (w]) such that Wgﬂﬂkﬁ-t = 0. If (¢;) has the
bounds A and B, then (@Z)J) has bounds 1/B and 1/A. Every element f of H admits a representation

f= Z <f ¢J>H¢j 2 <f ¢j>y¢] and
AN < SUF)E < BS  and B < ST < A2
7 J

It can furthermore be easily seen that a sequence (1);) C H is a Riesz basis of H if and only if there
exists a boundedly invertible linear operator S € L(?) and an orthonormal basis (e;) of # such that

1j = Se; for all j. Then Q,Zj = (S71)*e; forall j, B =S|, and A = ||S~!||7L.

APPENDIX C. SOME FACTS FROM SPECTRAL THEORY

In this section, let H be a Hilbert space. If P is an orthogonal projection in H, we set P+ = I — P.
For v € H, ||v|| = 1, denote by P, the rank-one orthogonal projection onto span{v}.

We say that a linear operator on H is non-negative if it is self-adjoint and its spectrum is contained
n [0,00). For a non-negative compact operator 7" on H we denote by A\ (7)) > Xo(T) > ... the
eigenvalues of 7" in descending order (counting multiplicities). We set \;(T) = 0 if j > rank(T).
Moreover, if T has only simple eigenvalues®, we let P;(T) denote the orthogonal projection onto the
eigenspace ker(T — \;(7')) and Q,(T) = > "_, Pj(T) the spectral projection corresponding to the n
largest eigenvalues of 7.

Theorem C.1 ([12, Cor. I1.2.3]). If T and T are two non-negative compact operators on ‘H, then for all
JjeN,
(A (T) = A (D) < T =T,

bic., dim ker(T' — A) = 1 for each eigenvalue \ of T
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Lemma C.2. Forv,w € H with ||v|| = |w|| = 1 we have

1Py = Pull = | Py Poll = V1 = [{v,w) 2. (eR))
Proof. First of all, the second equation in (C.1) is clear, since

1P PofII? = 1(f, ) Pyl = [(f,0)P(1 = [[Pwv]|?) = [(f,0)P(1 = (v, w) ).
Second, if P, ,, denotes the orthogonal projection onto H,, ., := span{v, w}, we have

||Pv_Pw||:H(Pv_Pw)Pv,wH:||(Pv_Pw)|Hv,wH: sup [(Py — Pu)z||,
TEH v, w, ||z||=1

which is a two-dimensional problem in H, . Now, if © € H,, 4, ||| = 1, we write = av + bw and
obtain a? + 2aby + b = 1, where v = (v, w). Moreover, (z,v) = a + by, (z,w) = a7y + b and so

1Py = Pu)z|* = [[{z, v)v — (&, ww|* = |[(a + by)v — (ay + b
= (a4 b7)> = 2(a + by)(ay + b)y + (ay + b)?
= a® + 2aby 4 b*~* — 2vy(a®y + aby? + ab + b%y) + a*+* + 2aby + b
= (1 —~%)a* + 2aby — 2aby® + b*(1 — ~?)
= (1 —~*)(a® + b* + 2abv)

— 1 |{v, )P

Hence, the objective function is constant on {z € #,,, : ||z|| = 1} and (C.1) is proved. O

The next theorem is a variant of the Davis-Kahan sin(©) theorem (cf. [57]).

Theorem C.3. Let T and T be non-negative Hilbert-Schmidt operators on ‘H, let n € N, assume that
the largest n + 1 eigenvalues of T are simple, and set

5= min T = X(T)
j=1,..n 2 '

T —T)|lgs < 6, thenforj =1,...,n we have

IT -7

IP(T) - P(T)] < =

Proof. For j € Nput \; = \;(T), P; = P;(T), /):j = )\j(f), and ﬁj = Pj(f) By Theorem C.1, we
have |\; — XJ| < ||IT = T||us < 6 for all j, hence Xj is contained in the interval I; = (\; — 6, \; + 6)
for j = 1,...,n + 1. By assumption, sup /1 < inf [; for j = 1,...,n. In particular, the intervals
Iy, ..., I 41 are pairwise disjoint.

Now, let j € {1,...,n}. Then for k € N\ {j} we have |\, — Aj| > 4. Therefore, we have
dist(Aj, o (T)\{\;}) > ¢ and thus, for f € PJ-LH,

(T = Xj) fIl = dist ()‘j7U(T‘13]_LH))HfH = dist(Aj, o (TN DI = ol fII-
As T'P; = \; Pj and ]%Lf = f]SjL, we obtain

1T =TI = |[PH(T = T)P;|| = |} TP; — PjTP|| = |(T = M) Py Pyl = 6| P; Py

The claim now follows from Lemma C.2. O
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APPENDIX D. ERGODICITY AND THE GENERATOR

In this section, we prove the following proposition on the spectral properties of the generator £ under
the ergodicity assumption.

Proposition D.1. Assume that the invariant measure i is ergodic. Then ker £ = span{1} and ker(L —
iwl) = {0} for w € R\{0}.

Proof. First of all, it is worth mentioning that £/ = 0 implies K1) = 1 forall¢ > 0 and that £ = iw),
w € R\ {0}, implies K27/“4) = ). Therefore, it suffices to show that K1) = 1 for some ¢t > 0 and
P € Li(x’\,’ ) is only possible for constant ). For this, we consider the Markov process (X,,+)5°,. For
convenience, we assume w.l.o.g. that ¢ = 1 holds. By invariance of y, the process (X,,)72, is stationary,
ie., (X)) and (X,11)3, are equally distributed as X™0-valued random variables. According to
[15, Lemma 9.2] there exist X'-valued random variables X _, k£ € N, such that X := (X,,),ez is also
stationary. By P, denote the law of the X’ Z_yalued random variable X.

On S := X7 define the left shift T : S — S by T(2n)nez ‘= (Tny1)nez. Stationarity of X means
that also T'X ~ P,.

Aset A € B = @,y Bx is called shift-invariant if 77'4 = A. It is easy to see that the set of

shift-invariant sets forms a sub-c-algebra Z of B%(. Now, by [13, Corollary 5.11] and the ergodicity of
p we have P, (A) € {0,1} for any A € Z. Now, Birkhoff’s Ergodic Theorem [15, Theorem 9.6] states
that

lim — Z f(TFX) =E[f(X)|X '] (D.1)

n—oo N

almost surely and in L'(Q) for any f € LI(S ). Given ¢ € L}L(X ), let us apply this theorem to the
function f = v o mp, where the projection mg : S — X is defined by 7o (zy,)nez = xo. First of all,

/ f1dP, = / 146(20) | APy (itn)nez) = / ()] da() < oo

as P, oy ' = pu. Hence, we have f € LI(S) Furthermore, we compute f(T%X) = ¢(m(TF X)) =
¥(Xg). For A € T we have P(X ' A) = P,(A) € {0,1}. Thus, we obtain

735%21# X) =Elf(X)) = [ 1P, = [womap, = [vau

almost surely and in L*(2).

Therefore, if ¢ € L2(X) such that K’ = 1), then K™ =) for all k € Ny, hence for p-ae. x € X
we have

1 n—1 1 n—1 n—1
)= 23w = I k) = LS w6 =
k=0 k=0 k 0

=E

lZ:?ﬁ(th) onfb“] nﬂo/?ﬁdw
k=0

Thus, ¢ must indeed be (u-essentially) constant. 0
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