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1 Introduction

The observations of gravitational waves from compact binary coalescence [4, 5] have ne-
cessitated a better understanding of compact binary dynamics, attracting practitioners
of quantum field theory (QFT) to develop QFT-inspired methods for handling the rela-
tivistic two-body problem [6–48]. An important aspect of relativistic two-body dynamics
is the effects of spin, where QFT-inspired methods have proved to be powerful tools
for their understanding, as can be inferred from the vast number of recent works on
the subject; post-Newtonian effective field theory (PNEFT) [49–59], scattering ampli-
tudes [1, 2, 60–72], post-Minkowskian effective field theory [73], and worldline quantum
field theory (WQFT) [74–78]. Of course, each approach comes with its own shortcomings;
e.g. on-shell-amplitude-based approaches suffer from appearance of unphysical poles [79],
and resolution of their appearance is an active area of research [62, 70, 71, 80–83].
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Another difficulty is the modelling of multipolar effects due to spin. Spinning compact
bodies develop multipole moments due to centrifugal forces, which for the most compact
known object of the universe is rather simple: The minimal coupling of ref. [79] reproduces
the multipolar structures of black holes, both for the gravitational [61, 62] and the elec-
tromagnetic [84] case. Generic compact spinning objects have richer multipolar structures,
however, and their description as point particles in QFT-inspired methods require intro-
duction of Wilson coefficients, which are tunable parameters modelling the strength of the
multipoles. Recently, a puzzle regarding the correct number of these parameters were raised
in ref. [2]; the number of tunable parameters for each multipole moment in effective field
theory (EFT) of massive higher-spin fields seems to be twice of that in PNEFT, where a
spin-induced multipole moment carries only one tunable Wilson coefficient [3]. Moreover,
it was suggested that the difference in the number of tunable parameters is related to
spin supplementary conditions (SSC) [85]. Motivated by the confusion over SSCs and
their critical role in classical relativity, we initiate a series of studies that investigate the
counterparts of SSCs in QFT. This first part of the series is devoted to understanding
the covariant SSC in the QFT context using the toy example of a spin-1 massive particle
coupled to an electromagnetic field, see the conclusions for future directions.

The SSC in classical relativity is a “gauge” constraint on antisymmetric rank-2 spin
tensor Sµν , usually for massive particles stated in a form of Sµνuν = 0 where uµ is a timelike
vector, which determines the centre of the spinning body. The constraint serves to reduce
the number of degrees of freedom (DOFs); while the full set of Lorentz generators have
D(D−1)

2 DOFs, the physical spin only corresponds to spatial rotation generators belonging
to the little group which has (D−1)(D−2)

2 DOFs.1 The gap of DOFs is filled by D − 1
independent constraints imposed by the SSC, which equals the number of boost generators.
Consult refs. [88, 89] for a review on various SSCs.

In QFT, spinning particles are classified by the Wigner classification and their spin
DOFs are described by polarisation tensors [90, 91]. For massive particles in the rest frame,
the physical polarisation tensors are purely spacelike tensors transforming irreducibly under
the little group SO(D − 1),2 which is the group of spatial rotations. This condition is also
known as the transversality condition, where the contraction of the polarisation tensor with
the particle’s momentum is constrained to vanish; pµεµν1···νs−1(p) = 0.

However, limiting the polarisation tensors to correspond to physical states is not enough,
as unphysical states can be excited in quantum processes. The polarisation tensors with
timelike components—which are sometimes referred to as longitudinal polarisations—do

1In some QFT-based calculations this inspired the definition of the spin tensor as the boost-subtracted
Lorentz generator [62, 86]. When compared with the contributions from the rotation generators, the
contributions from the boost generators can be neglected in the large spin limit (s → ∞) as shown in
appendix C of ref. [65], therefore it is not necessary to project out the boost generators to define the spin
tensor when parity-symmetric spin representations are used. This justifies the definition of the spin tensor
definition of ref. [1], where the spin tensor and its powers are defined as Lorentz generators and their
symmetrised powers sandwiched between polarisation tensors. Note that for fully chiral spin representations
boost generators cannot be distinguished from rotation generators [65, 87], leading to the introduction of
GEV in ref. [61]. JWK would like to thank Yilber Fabian Bautista for bringing the discrepancy to attention.

2We limit our discussion to bosonic case for simplicity.
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not correspond to physical states, but such tensors can be obtained from the physical
polarisation tensors using boost generators. This observation is relevant for vertex rules
in Feynman diagrams; the incoming and outgoing states of a single vertex have different
momenta, therefore the overlap between physical incoming state and unphysical outgoing
state is in general nonzero, leading to excitation of unphysical DOFs that only enters
as intermediate states. Therefore, in QFT it is important for the Lagrangian to have
special structures such that timelike polarisations become non-dynamical. For example, the
higher-spin field Lagrangians constructed in refs. [92, 93] contain auxiliary fields whose sole
purpose is to eliminate unphysical timelike polarisations from the physical spectrum.

Such constraints imposed on higher-spin Lagrangians have an obvious parallel with the
SSC; the special structures of the free Lagrangian and the SSC serve to non-dynamicalise
DOFs that can be excited through boost generators. The aim of this paper is to argue that
the two are different sides of the same coin; the covariant SSC, which non-dynamicalises
boost DOFs on the worldline, is equivalent to the projection conditions in QFT, which
remove from the physical spectrum the DOFs obtained by action of boost generators on the
physical polarisations of spinning fields. The claim is supported by studying three models
of spinning particles coupled to electromagnetism; the massive spin-1/2 and spin-1 fields in
QFT, and WQFT formalism for classical spinning particles. The advantage of these models
is that the impact of SSC on the dynamics can be studied at linear order in spin, which is
of lower order than in the corresponding gravitational case. The main “observable” is the
classical Compton amplitude,3 where a photon scatters off from a spinning charged particle.

2 Quantum field theory

The linear in spin dynamics can be studied in QFT using spin- 1
2 particles [94]. However,

Dirac spinors are insufficient for studying the QFT analogue of SSC as their equations of
motion (EOM) constrain all DOFs to be physical; the analogue of SSC is expected to be
constraints independent of mass-shell constraints that remove unphysical DOFs. On the
other hand, the theory of Dirac spinors coupled to electromagnetism can be used as the
control group which yields the correct linear-in-spin dynamics, as all DOFs are physical
and consideration of SSC is unnecessary.

The ideal model for studying the role of SSC in the QFT context is the Proca action;
it is the simplest theory that has enough DOFs to allow unphysical DOFs, which are the
timelike polarisations. The Proca action is given as4

L = −1
4GµνG

µν + m2

2 vµv
µ = −1

2∂µvν∂
µvν + 1

2∂µvν∂
νvµ + m2

2 vµv
µ , (2.1)

where the first term, −1
2(∂µvν)2, combines with the mass term and gives dynamics to the

DOFs carried by the vector field vµ. Therefore, it is appropriate to call this term the kinetic
term. On the other hand, the second term +1

2∂µvν∂
νvµ only serves to non-dynamicalise

3The absolute square of a scattering amplitude is an observable, but the amplitude itself is not an ob-
servable.

4Mostly negative sign convention is used for the metric.
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timelike polarisations of vµ, thus it will be called the projection term. The role of the
projection term can be easily studied through threshold analysis, where fields are only
allowed to have time dependence.

vµ(t, ~x)→ vµ(t) ⇒ L = 1
2
[
(v̇i)2 −���(v̇0)2

]
+ 1

2�
��(v̇0)2 + m2

2
[
v2

0 − v2
i

]
. (2.2)

The projection term cancels the time derivatives of v0 coming from the kinetic term, making
the timelike DOF v0 non-dynamical. Note that without the projection term the v0 DOF
develops a negative kinetic term typical of ghost fields, implying negative norms or violations
of unitarity. This is why timelike polarisations are generally considered as unphysical DOFs
and special care is taken to remove them from the physical spectrum, e.g. as in models of
massive gravity [95].

The presence(absence) of the projection term corresponds to imposing(lifting) the
covariant SSC on the worldline description, which will be demonstrated in the remainder of
the paper. The amplitudes are computed in the all-incoming convention and D = 4 is implied
whenever explicit D dependence is not stated. Details of converting the spinor/polarisation
vector expressions to spin vector/tensor expressions can be found in appendix A. The
xTensor package of the xAct bundle [96] was used in some of the calculations.

2.1 Action and Feynman rules

2.1.1 Spinor QED

We consider the following Lagrangian for spinor QED

L = Ψ̄(iγµDµ −m)Ψ + i∆g
8m Ψ̄FµνγµγνΨ− 1

4(Fµν)2

= Ψ̄(iγµ∂µ −m)Ψ +AµΨ̄γµΨ + ∆gFµν
4m Ψ̄ i

4[γµ, γν ]Ψ− 1
4(Fµν)2 ,

(2.3)

where Dµ = ∂µ − iAµ is the covariant derivative and ∆g = (g − 2) gives the anomalous
magnetic moment. The charge of the field e = −1 can be determined by identifying iDµ as
the “mechanical momentum” πµ = pµ − eAµ.

πµ = iDµ = i∂µ +Aµ = pµ − eAµ ⇒ e = −1 . (2.4)

The Feynman rules for this theory are5

1. Propagators6

Ψ̄ Ψ
p

= 〈Ψ(p)Ψ̄(−p)〉 =
−i(/p+m)
−p2 +m2 − iε

(2.5)

Aµ Aν

p

= −i
[ −ηµν
−p2 − iε

]
(2.6)

5The package TikZ-Feynman [97] was used to draw the diagrams.
6Ordering operators for 2pt functions will be implicit throughout the manuscript.
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2. Vertex

Aα

Ψ

Ψ̄

k3

p1

p2 = i

[
γα + ∆g

8m( /k3γ
α − γα /k3)

]
(2.7)

The only free parameter that can be tuned in this theory is ∆g.

2.1.2 Vector QED

We consider the following Lagrangian for vector QED

L = −(Dµvν)†Dµvν +H(Dµvν)†Dνvµ +m2v†µv
µ − i(g −H)Fµνv†µvν −

1
4(Fµν)2 , (2.8)

where vµ is a complex vector field, Dµ = ∂µ − iAµ is the covariant derivative, and g is
the gyromagnetic ratio. The discrete variable H ∈ {0, 1} parametrises the presence of the
projection term; H = 0 to switch on dynamical unphysical timelike polarisations, and H = 1
to switch them off. The Feynman rules are given as

1. Propagator

v†µ vν

p

= −i

−δνµ + Hpνpµ
m2−(1−H)p2

−p2 +m2 − iε

 (2.9)

2. Vertices

Aα

vµ

v†ν

k3

p1

p2 = i

[
−(p1 − p2)αδµν +H(p1νη

αµ − pµ2δ
α
ν )

+ (g −H)(−k3νη
αµ + kµ3 δ

α
ν )

]
(2.10)

Aα

Aβ vµ

v†ν

= i
[
−2δαβ δµν +H(δαν δ

µ
β + ηαµηβν)

]
(2.11)

with the usual propagator for photons. The propagator of the massive spin-1 field can be
obtained by inverting the quadratic action. The H parameter for the propagator and the
vertices cannot be independently tuned due to gauge constraints.
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Unlike the spinor case, there are two free parameters (g and H) for this action. However,
only g is continuously tunable and corresponds to ∆g of the spinor theory; for generic
H /∈ {0, 1} the propagator develops poles away from p2 = m2, and timelike polarisations
become dynamical with masses differing from that of physical polarisations, as can be seen
from a threshold analysis.7

vµ(t, ~x)→ vµ(t) ⇒ L = |v̇i|2 − (1−H)|v̇0|2 +m2
[
|v0|2 − |vi|2

]
. (2.12)

The ratio of the coefficients of the time derivative term and the mass term determines
the mass-shell conditions, and timelike polarisation has the same mass as the physical
polarisations only if H = 0. The timelike polarisation becomes non-dynamical if H = 1,
and the mass-shell condition loses its meaning.

2.2 Analysis of 3pt amplitudes

The on-shell 3pt ampliutde for spinor QED is

iA3,sQED =
k3

p

−(p+ k3) = iū(p+ k3)
[
/ε3 + ∆g

8m( /k3 /ε3 − /ε3 /k3)
]
u(p)

= i

[
p · ε3
m

ūu− 2 + ∆g
4m i(k3µε3ν − k3νε3µ)ū i4[γµ, γν ]u

]
,

(2.13)

where the u spinors satisfy the Dirac equation relation /pu(p) = mu(p). In the rest frame of
pµ, the first term of the last line can be interpreted as the coupling to the scalar potential
φ [62], while the second term can be interpreted as the coupling to the magnetic field via
the spin generator Σµν = i

4 [γµ, γν ].8 The following identification is used,

(p · ε3)↔ mA0 = mφ , ki3ε
j
3 − k

j
3ε
i
3 ↔ i(∂iAj − ∂jAi) = −iεijkBk , (2.14)

where φ is the scalar potential and ~B is the magnetic field. Converting the spin generator
to the spin tensor ūΣµνu = ūSµνu, the 3pt amplitude can be written as

A3,sQED = ū(p+ k3)
[
φ11− 2 + ∆g

4m εijkBkSij
]
u(p)

= −ū(p+ k3)
[
eφ11− e(2 + ∆g)

2m BkSk
]
u(p) ,

(2.15)

7The pole of the expression obtained by contracting the propagator eq. (2.9) with pµpν corresponds to
the mass-shell condition of timelike polarisations. The timelike polarisations with mass-shell conditions
differing from that of physical polarisations do not seem to have a corresponding worldline description.

8The identification can be viewed as “de-quantisation” of the photon field in the Dyson series expansion
of the S-matrix. Operationally this corresponds to demoting the annihilation operators and momenta of the
photon field to positive frequency components and Fourier modes of the classical background Maxwell field.
The idea can be extended to higher order couplings in the background field, e.g. ref. [98].
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where the charge e = −1 of the particle has been restored in the last line. Comparing the
expression with the Zeeman Hamiltonian,

HZ = Qφ− ~µ · ~B , ~µ = Qg

2m
~S , (2.16)

the combination g = 2 + ∆g is identified as the gyromagnetic ratio.9

The on-shell 3pt amplitude for vector QED is

iA3,vQED =
k3

p1

p2

= −i [2(p1 · ε3)(ε2 · ε1) + g {(ε2 · k3)(ε3 · ε1)− (ε2 · ε3)(k3 · ε1)}] .

(2.17)

Although the vertex rule eq. (2.10) depends on H , the dependence drops out in the on-shell
amplitude. Note that the Ward identity for the massive spin-1 particle ε1 → p1 is satisfied
only when g is set to g = 2.10 Using the identification eq. (2.14), the 3pt amplitude can be
written as

A3,vQED = −2mεi2
[
φ(−δij) + g

2mBk(−iεijk)
]
εj1

= −2mεi2
[
eφδij − eg

2mBk(Sk)ij
]
εj1 ,

(2.18)

where unit charge e = −1 has been restored to the final expression and the matrix element
expression for the spin operator (Sk)ij = −iεkij has been used. This form of the 3pt
amplitude has an obvious parallel to the spinor expression eq. (2.15), and the parameter g
in the vector QED is identified as the gyromagnetic ratio.

2.3 Compton amplitudes in the classical limit

For the helicity-preserving configuration, the polarisation vectors of the external photon
states are set as

εµ1 = εµ1+ = [1|σ̄µ|4〉√
2〈14〉

, εµ4 = εµ4− = [1|σ̄µ|4〉√
2[41]

, (2.19)

where spinor definitions follow the conventions of ref. [62] and k4 is the outgoing particle,
i.e. k0

4 < 0. For the helicity-flipping configuration, the polarisation vectors of the external
photon states are set as

εµ1 = εµ1+ = [4|σ̄µ|1〉√
2[14]

, εµ4 = εµ4+ = [1|σ̄µ|4〉√
2[41]

. (2.20)

9The Dyson series expression for the S-matrix is S = 11 + iT = T exp(−i
∫
Hdt), and amplitudes are

defined as the matrix elements of the T -matrix. This absorbs the extra sign between A3 and HZ .
10This requirement is similar to but different from higher-spin gauge symmetry proposed in ref. [82]; the

higher spin gauge symmetry is intended to work for off-shell currents.
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The Mandelstam variables are defined as s = (p2 + k1)2 = m2 + 2mω~ and t = (k1 + k4)2 =
q2~2, where ω is the frequency of the (incoming) photon in the rest frame11 of the massive
spinning particle. Conventions for the spin vector can be found in appendix A. The classical
limit is taken using the ~ counting [23, 65]

kµ1 → ~kµ1 , k
µ
4 → ~kµ4 , S

µ → ~−1Sµ , (2.21)

together with the ~ counting of Mandelstam variables and expanding the expression to
leading order in ~. The scattering angle θ is defined by the relation q2 = −4ω2 sin2(θ/2).

2.3.1 Classical Compton amplitude for spinor QED

The Compton amplitude is obtained by adding two diagrams.

iA4,sQED =
k1

k4

p2

p3 = + (2.22)

For the helicity-preserving configuration, the Compton amplitude is

iA+−
4,sQED = ū(−p3)

[
− i(4ω

2 + q2)
4mω2 + i[(g − 2)2ω2 − gq2]

8m2ω2 [(k1 − k4) · S]

+(4 + g2)
8m3ω

εµνλσk
µ
1 p

ν
2k

λ
4Sσ

]
u(p2)

= ū(−p3)
[
− i cos2(θ/2)

m
+ i[g2 − 2g(1 + cos θ) + 4]

8m2 [(k1 − k4) · S]

+(4 + g2)
8m3ω

εµνλσk
µ
1 p

ν
2k

λ
4Sσ

]
u(p2) ,

(2.23a)

where g = 2 + ∆g. For the helicity-flipping configuration, the Compton amplitude is

iA++
4,sQED = ū(−p3)

[
− iq2

4mω2 −
i((g2 − 4)ω2 − gq2)

8m2ω2 [(k1 + k4) · S]

−(g2 − 4)
8m3ω

εµνλσk
µ
1 p

ν
2k

λ
4Sσ

]
u(p2)

= ū(−p3)
[
i sin2(θ/2)

m
+ i[g2 + 2g(1− cos θ)− 4]

8m2 [(k1 + k4) · S]

+(g2 − 4)
8m3ω

εµνλσk
µ
1 p

ν
2k

λ
4Sσ

]
u(p2) .

(2.23b)

11The incoming momentum (pµ2 ) defines the rest frame.
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2.3.2 Classical Compton amplitude for vector QED

The Compton amplitude is obtained by adding three diagrams.

iA4,vQED =
k1

k4

p2

p3 = + + (2.24)

While the Compton amplitude can be analysed up to O(S2) order in spin, the Compton
amplitude will be truncated to linear order as the results will only be compared up to
this order in spin. For the helicity-preserving configuration without propagating timelike
polarisations (H = 1), the Compton amplitude is

iAH=1 ,+−
4,vQED = − i(4ω

2 + q2)
2ω2 + i[(g − 2)2ω2 − gq2]

4mω2 [(k1 − k4) · S]

+ (4 + g2)
4m2ω

εµνλσk
µ
1 p

ν
2k

λ
4Sσ

= −2i cos2(θ/2) + i[g2 − 2g(1 + cos θ) + 4]
4m [(k1 − k4) · S]

+ (4 + g2)
4m2ω

εµνλσk
µ
1 p

ν
2k

λ
4Sσ ,

(2.25a)

where g is the gyromagnetic ratio. This expression matches the spinor case eq. (2.23a) up
to normalisation of the spinors ūu = 2m. For the helicity-flipping configuration, it is

iAH=1 ,++
4,vQED = − iq

2

2ω2 −
i[(g2 − 4)ω2 − gq2]

4mω2 [(k1 + k4) · S]− (g2 − 4)
4m2ω

εµνλσk
µ
1 p

ν
2k

λ
4Sσ

= 2i sin2(θ/2)− i[g2 + 2g(1− cos θ)− 4]
4m [(k1 + k4) · S]

− (g2 − 4)
4m2ω

εµνλσk
µ
1 p

ν
2k

λ
4Sσ ,

(2.25b)

which also matches the spinor case eq. (2.23b).
Interestingly, the effect of projection condition does not vanish in the classical limit,

iAH=1 ,+−
4,vQED − iAH=0 ,+−

4,vQED =
i(g − 2)2

[
mω{(k1 − k4) · S} − iεµνλσkµ1 pν2kλ4Sσ

]
4m2ω

, (2.26a)

iAH=1 ,++
4,vQED − iAH=0 ,++

4,vQED =
i(g − 2)2

[
mω{(k1 + k4) · S} − iεµνλσkµ1 pν2kλ4Sσ

]
4m2ω

, (2.26b)

and the difference is directly proportional to (∆g)2 = (g − 2)2. This is another indication
that g = 2 is a special coupling [99], which is also the coupling of Kerr-Newman black
holes to electromagnetic fields [100] and the gyromagnetic ratio for the minimal coupling
amplitudes in the sense of ref. [79]. It may be of interest to the reader that the differences
eq. (2.26) contribute to the classical limit of one-loop integral coefficients.
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3 Worldline description from worldline QFT

In the worldline description of spinning particles, the particles are treated as classical particles
and the SSC can be explicitly imposed on the worldline action. A convenient worldline
description for studying effects of SSC is the worldline quantum field theory (WQFT)
formalism [47, 74], where the preservation of covariant SSC on the worldline can be traded
for the preservation of supersymmetry (SUSY) on the worldline [75]. This simplifies the
constraint equations as can be seen by writing the worldline translation generator as H and
writing the preservation conditions as

{Sµνuν ,H} ' 0 (D − 1 conditions, SSC) v.s. {Q,H} ' 0 (1 condition, SUSY)

where ' is an equality up to the spin order of interest. The reduction in the number of
constraint equations shows the advantage of the WQFT description.

To compare the QFT amplitude results with worldline-based calculations, a WQFT
action with (broken) N = 1 SUSY is constructed. Since it is known that (g−2) can be viewed
as a measure of SUSY breaking [101], and considering the fact that CE in the gravitational
case could be tuned by a “soft” SUSY breaking operator which allowed approximate
conservation of SUSY charges, we expect two sets of operators that contribute to (g − 2) in
the electromagnetic case; the “soft” breaking term which approximately preserves the SUSY
charges, and the “hard” breaking term which do not preserve the SUSY charges in any
sense. The expectation is that the “soft”(“hard”) breaking corresponds to H = 1(H = 0) of
vector QED, since SUSY preservation is interpreted as SSC preservation [75].

3.1 Construction of WQFT action

Following the treatement of ref. [75], the supercharge is written as12

Q = ψ · π + θm , (3.1)

where the Poisson brackets are defined by13

{xµ, pν} = δµν , {ψµ, ψν} = −iηµν , {θ, θ} = +i , (3.2)

and the “mechanical momentum” πµ is defined as

πµ = pµ − qAµ ⇒ {πµ, πν} = qFµν , (3.3)

leading to the Hamiltonian

−2iH = {Q,Q} = −i
[
π · π −m2 + iqFµνψ

µψν
]
, (3.4)

12See also ref. [102] for a QCD generalisation.
13Following ref. [75], the Grassmann variable for the compactified direction is denoted as θ, and the

momentum pϕ dual to the compactified coordinate ϕ is fixed as a constant pϕ = m. The momentum variable
pρ for the Grassmann variable ρ is defined using the right derivative pρ := − δS

δρ̇

∣∣
R
. The Poisson brackets

for Grassmann variables should be understood as Dirac brackets instead; see e.g. appendix B.
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and the action

S = −
∫
dτ

[
pµẋ

µ +mϕ̇+ i

2ψ · ψ̇ −
i

2θθ̇ − eH− iχQ
]

= −
∫
dτ

[
pµẋ

µ +mϕ̇+ i

2ψ · ψ̇ −
i

2θθ̇ −
e

2
(
π2 −m2 + iqFµνψ

µψν
)
− iχ (ψ · π + θm)

]
(3.5)

where e is the einbein and χ is the gravitino. The variation in e yields the mass-shell
constraint H = 0 and the variation in χ yields the SUSY conservation constraint. The
mass-shell constraint can be solved to compute the energy E of the particle

H = 0 = (E − qφ)2 − (~p− q ~A)2 −m2 − qFµνSµν .

∴ E = qφ+
√
m2 + qFµνSµν + (~p− q ~A)2 ' qφ+m− q~S

m
· ~B + (~p− q ~A)2

2m ,
(3.6)

where Sµν = −iψµψν was adopted and the positive root has been taken. This is the energy
of a particle with gyromagnetic ratio g = 2 on a background electromagnetic field.

This spin tensor definition is justified since the algebra satisfied by Sµν = −iψµψν is
identical to the one by orbital angular momentum tensor Lµν = xµpν − xνpµ.

{Lµν , Lαβ} = ηµαLνβ − ηναLµβ + ηµβLαν − ηνβLαµ ,
{Sµν , Sαβ} = ηµαSνβ − ηναSµβ + ηµβSαν − ηνβSαµ .

(3.7)

While the algebra of Sµν is canonical which implies the canonical SSC [103], the dynamics
of Sµν is different from that expected for the canonical SSC and follows the covariant
SSC instead [75]. Since m is constant and ϕ decouples from the rest of the variables, the
compactified direction kinetic term mϕ̇ can be dropped when studying the dynamics.

The expectation for g 6= 2 (which corresponds to non-vanishing “finite-size” effects
CE 6= 0 in the gravitational context) is that SUSY is broken [101] and there are two sets of
worldline operators responsible for SUSY breaking; the one that preserves the SSC (the
“soft” SUSY breaking), and the one that does not preserve the SSC (the “hard” SUSY
breaking).14 The soft breaking term is expected to break SUSY at O(ψ3) or higher orders
in Grassmann variables, while the hard breaking term is expected to break SUSY at O(ψ2)
or lower orders. Starting from the ansatz for (g − 2) interaction Hg−2,

Hg−2 = c1Fµνψ
µψν + c2

(π · ψ)Fµνπµψν

π2 , (3.8)

the SUSY variation on Hg−2 yields;

{Q,Hg−2} = c1{ψ · π, Fµνψµψν}+ c2{ψ · π,
(ψ · π)Fµνπµψν

π2 }

= −2ic1Fµνπ
µψν + c2

{ψ · π, (ψ · π)Fµνπµψν}
π2 +O(ψ3)

= −i(2c1 + c2)Fµνπµψν +O(ψ3) ,

(3.9)

14It is known that a theory with g 6= 2 cannot be double copied to a gravitational theory because the
coupling of spin to gravity is universal [62, 104, 105]. Therefore this term is irrelevant for double-copy
construction of integrands for gravitational dynamics [102].
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which singles out the soft SUSY breaking combination as 2c1 + c2 = 0. This combination
can be written using the projector Pµν as

Fµνψ
µψν − 2(π · ψ)Fµνπµψν

π2 = FαβP
α
µ P

β
ν ψ

µψν , Pµν = δµν −
πµπν
π2 , (3.10)

where the projector projects onto the transverse space orthogonal to πµ. To fix the
normalisation for Hg−2, consider πµ to be directed along the time direction in the rest
frame of the particle. Using the relation Sµν = −iψµψν this combination can be rewritten
as an anomalous Zeeman coupling term

−i(g − 2)q
4m FαβP

α
µ P

β
ν ψ

µψν ' (g − 2)q
4m FαβP

α
µ P

β
ν S

µν ' (g − 2)q
2m (− ~B) · ~S , (3.11)

fixing the natural normalisation as c1 = i(g − 2)q/4, or15

Hg−2 = i
(g − 2)q

4 FαβP
α
µ P

β
ν ψ

µψν = i
(g − 2)q

4

[
Fµνψ

µψν − 2(π · ψ)Fµνπµψν

π2

]
. (3.12)

The free parameter that can be tuned without changing the gyromagnetic ratio is c2,16 which
is parametrised by h in parallel to the H parameter of the QFT case. The perturbation
∆H to the Hamiltonian H appearing in eq. (3.5) is parametrised as

∆H = H∆g,h = i
∆gq

4

[
Fµνψ

µψν − h2(π · ψ)Fµνπµψν

π2

]
, (3.13)

where tunable parameters ∆g = (g − 2) and h were highlighted in red for discernability.
The expectation is that h = 0 corresponds to H = 0 and h = 1 to H = 1; SSC preservation
on the worldline (h = 1) is expected to match non-dynamical timelike polarisations for the
field theory (H = 1). A similar argument can be made for h = 0 and H = 0, which can be
found in appendix C.17 The substitution of H → H+H∆g,h in eq. (3.5) yields

S = −
∫
dτ

[
pµẋ

µ +mϕ̇+ i

2ψ · ψ̇ −
i

2θθ̇ − e(H+H∆g,h)− iχQ
]
. (3.14)

The form of the action suitable for calculations is obtained by inserting the equations of
motion from the variation by pµ,

− δS
δpµ

= 0 = ẋµ−e
(
πµ− i∆ghq2π2

[{
ψµ− 2πµ(π ·ψ)

π2

}
Fαβπ

αψβ+(π ·ψ)Fµαψα
])
− iχψµ ,

which are solved perturbatively to O(ψ3), i.e.

πµ = e−1(ẋµ − iχψµ) + i∆ghq
2π2

[{
ψµ − 2πµ(π · ψ)

π2

}
Fαβπ

αψβ + (π · ψ)Fµαψα
]

= e−1(ẋµ − iχψµ) + i∆gheq
2ẋ2

[{
ψµ − 2ẋµ(ẋ · ψ)

ẋ2

}
Fαβẋ

αψβ + (ẋ · ψ)Fµαψα
]

+O(ψ3) .

15A factor of (−m) is multiplied to the worldline Hamiltonian; see eq. (3.4) and eq. (3.6).
16The c2 tunes electric-dipole-like coupling ∝ ~p · ~E.
17A key difference between the parameters h and H is that while H is forced to be discrete by mass-shell

conditions, there does not seem to be an analogous condition forcing h to be discrete. The authors would
like to thank the anonymous referee for pointing this out.
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When studying linear-in-spin dynamics, terms of order O(ψ3) and higher can be neglected.
The action eq. (3.14) now becomes

S = −
∫
dτ

[
ẋ2

2e + qA · ẋ+ i

2ψ · ψ̇ −
i

2θθ̇ − iχ
(
ẋ · ψ
e

+mθ

)
+ e

2

(
m2 − i(2 + ∆g)q

2 Fµνψ
µψν + i∆ghq (ẋ · ψ)Fµν ẋµψν

ẋ2

)]
+O(ψ3) .

(3.15)

Under gauge-fixing by χ = 0 and e = m−1, together with the rescaling ψµ →
√
mψµ, the

action becomes

S = −
∫
dτ

[
m

2 ẋ
2 + qA · ẋ+ i

2mψ · ψ̇ −
i(2 + ∆g)q

4 Fµνψ
µψν

+ i∆ghq(ẋ · ψ)Fµν ẋµψν

2ẋ2 + · · ·
]
,

(3.16)

where elipsis denotes terms irrelevant for Feynman rules. The rescaling of ψµ rescales the
spin tensor definition as Sµν = −imψµψν .

3.2 Derivation of Feynman rules

To derive the Feynman rules, the worldline fields are decomposed into their background
values and their fluctuations.

xµ = bµ + vµτ + zµ(τ) ,
ψµ = Ψµ + ψ′µ(τ) .

(3.17)

Whenever an expression quadratic in the background Grassmann field Ψµ appears, it will
be written using the background spin tensor Sµν = −imΨµΨν instead.

The boundary conditions on the fluctuation fields zµ and ψ′µ determine the boundary
conditions of their propagators. The boundary condition for Feynman propagators corre-
sponds to the symmetric boundary condition for the fluctuation fields [75]. The worldline
fluctuation fields and the gauge field are expanded in terms of positive frequency modes18

zµ(τ) =
∫
ω
e−iωτzµ(ω) ↔ zµ(ω) =

∫
τ
e+iωτzµ(τ) ,

ψ′µ(τ) =
∫
ω
e−iωτψ′µ(ω) ↔ ψ′µ(ω) =

∫
τ
e+iωτψ′µ(τ) ,

Aµ(x) =
∫
k
e−ik·xAµ(k) ↔ Aµ(k) =

∫
x
e+ik·xAµ(x) ,

(3.18)

which relates them to annihilation operators and incoming convention for the momenta,19

where the measure for each space is defined as∫
ω

:=
∫
dω

2π ,
∫
k

:=
∫

dDk

(2π)D ,

∫
τ

:=
∫
dτ ,

∫
x

:=
∫
dDx . (3.19)

The Feynman rules can be read out by expanding the worldline action eq. (3.16) in fluctuation
fields eq. (3.17) and inserting the mode expansions eq. (3.18).

18In the classical theory, this sign choice guarantees analyticity of (causal) worldline fluctuations on the
upper half plane of ω space, provided that worldline fluctuations are polynomially bounded in τ .

19Note that outgoing convention was used for the same expansion in ref. [75].
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3.2.1 Worldline propagators

The propagators for worldline fluctuation fields are obtained from the quadratic terms of
the free action, which is given as

Sfree = −m2

∫
ω

{
[v2 − 2iωv · z(ω) + ω2z(−ω) · z(ω)] + ω[Ψ · ψ′(ω) + ψ′(−ω) · ψ′(ω)]

}
.

The terms linear in fluctuations are proportional to the classical equations of motion satisfied
by the background fields, and therefore can be dropped. The quadratic terms determine
the propagators;20

zµ(−ω) zν(ω)
ω

= 〈zν(ω)zµ(−ω)〉 = −i η
µν

mω2 (3.20)

ψ′µ(−ω) ψ′ν(ω)
ω

= 〈ψ′ν(ω)ψ′µ(−ω)〉 = −i η
µν

mω
(3.21)

where the iε prescription has been dropped for simplicity. The iε prescription can be restored
depending on the choice of boundary conditions for the propagators, e.g. ω → ω + iε for
causal propagation along the arrow. The propagators are related to the time domain 2pt
functions by the following Fourier transform.

〈f(τ)f(0)〉 =
∫
ω
e−iωτ 〈f(ω)f(−ω)〉 . (3.22)

3.2.2 Interaction vertices

The terms linear in Aµ generate the interaction vertices. The terms without worldline
fluctuation fields give the background coupling

iSbg
int =

∫
k
e−ik·bδ̄ (k · v)

[
−iq(A · v)− (2 + ∆g)q

2
kµAνSµν

m

+ ∆ghq
2v2

(kµAν − kνAµ)vαvµSαν

m

]
.

(3.23)

When covariant SSC is imposed on the background spin tensor (Sµνvν = 0), the last term
vanishes and the background coupling becomes independent of the parameter h.

The linear coupling to zµ fluctuations is given as

iSzint =
∫
k

∫
ω
e−ik·bδ̄ (k · v + ω)

[
−q {(A · v)(k · z) + ω(A · z)}

+ i
(2 + ∆g)q

2
kµAνSµν

m
(k · z)− i∆ghq2v2

ω(kµAν − kνAµ)vµzαSαν

m

−i∆ghq2v2

[
(k · z)vµ − 2ω (v · z)

v2 vµ + ωzµ
] (kµAν − kνAµ)vαSαν

m

]
,

(3.24)

where the last line vanishes when covariant SSC is imposed. It is clear from the expression
that propagating zµ fluctuations cannot contribute to O((∆g)2S1) interactions at O(q2)

20The possible sign factor from ordering of the two-point function has been absorbed by the functional
integral measure.
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order, where q is the charge. Note that the vertex rule still depends on the parameter h
even if covariant SSC is imposed.

The linear coupling to ψ′µ fluctuations is given as

iSψ
′

int =
∫
k

∫
ω
e−ik·bδ̄ (k · v + ω) (kµAν − kνAµ)

[
i
(2 + ∆g)q

2 Ψµψ′ν − i∆ghq2v2 Ψµvν(v · ψ′)

−i∆ghq2v2 (v ·Ψ)vµψ′ν
]

(3.25)

where the (v ·Ψ) dependent term has been separated out to the last line. The covariant SSC
for the background spin tensor can be alternatively expressed as (v ·Ψ) = 0 [75]. Imposing
the SSC removes the last line from the vertex rule, although the h dependence persists
similar to the zµ case.

3.3 The Compton amplitude and comparison with vector QED

The scattering of a photon off the spinning particle consists of two terms; worldline
propagation of ψ′ fluctuations and worldline propagation of z fluctuations. The conditions
v2 = 1 and (v ·Ψ) = 0 are imposed to simplify the calculations, leading to the expression

e−i(k1+k4)·bδ̄ ((k1 + k4) · v)

×−i2q
2

m

[(ε1 · v)(ε4 · v)(k1 · k4)
(k1 · v)2 + (ε1 · v)(ε4 · k1)− (ε4 · v)(ε1 · k4)

k1 · v
− (ε1 · ε4)

− i
(2 + ∆g

2

) (k1 · S · ε1)
m

((ε4 · v)(k1 · k4)
(k1 · v)2 + k1 · ε4

k1 · v

)
− i

(2 + ∆g
2

) (k4 · S · ε4)
m

((ε1 · v)(k1 · k4)
(k1 · v)2 − k4 · ε1

k1 · v

)
− i(k1 · S · k4)

m

(
(2 + ∆g)2(ε1 · ε4)

4(k1 · v) − (∆g)2(2h− h2)
4

(ε1 · v)(ε4 · v)
k1 · v

)

− i(ε1 · S · ε4)
m

(
(2 + ∆g)2(k1 · k4)

4(k1 · v) + (∆g)2(2h− h2)
4 (k1 · v)

)

+ i
(k1 · S · ε4)

m

(
(2 + ∆g)2(ε1 · k4)

4(k1 · v) + (∆g)2(2h− h2)
4 (ε1 · v)

)

+i(ε1 · S · k4)
m

(
(2 + ∆g)2(k1 · ε4)

4(k1 · v) − (∆g)2(2h− h2)
4 (ε4 · v)

)]
.

(3.26)

The notation (p · S · q) = pµSµνqν was used above. To compare with the amplitude results
eq. (2.25), the WQFT Compton amplitude is defined as the above expression without the
impact parameter space transformation factors e−i(k1+k4)·bδ̄ ((k1 + k4) · v). Normalising to
unit charge (q2 = 1) and using the polarisation vectors defined in section 2.3, the Compton

– 15 –



J
H
E
P
0
7
(
2
0
2
3
)
0
4
2

amplitudes with h = 1 become

iAh=1 ,+−
WQFT = −2i cos2(θ/2)

m
+ i[g2 − 2g(1 + cos θ) + 4]

4m2 [(k1 − k4) · S]

+ (4 + g2)
4m2ω

εµνλσk
µ
1 k

ν
4Sλvσ , (3.27a)

iAh=1 ,++
WQFT = 2i sin2(θ/2)

m
− i(g2 + 2g(1− cos θ)− 4)

4m2 [(k1 + k4) · S]

− (g2 − 4)
4m2ω

εµνλσk
µ
1 k

ν
4Sλvσ , (3.27b)

where ~ counting is done with (k1 ·v) = ω~ and (k1 ·k4) = −2ω2~2 sin2(θ/2), the spin tensor
is converted to the spin vector Sµ by the relation Sµν = −εµναβvαSβ, and the superscript
+−(++) denotes helicity preserving(flipping) configuration. These expression match with
eq. (2.25) up to an overall m−1 factor21 under the identification pµ2 = mvµ. Moreover, the
differences between h = 1 and h = 0 also match with eq. (2.26).

iAh=1 ,+−
WQFT − iAh=0 ,+−

WQFT =
i(g − 2)2

[
ω{(k1 − k4) · S} − iεµνλσkµ1 kν4Sλvσ

]
4m2ω

, (3.28a)

iAh=1 ,++
WQFT − iAh=0 ,++

WQFT =
i(g − 2)2

[
ω{(k1 + k4) · S} − iεµνλσkµ1 kν4Sλvσ

]
4m2ω

, (3.28b)

which is a strong indication that covariant SSC of the worldline theory, parametrised by
the h coefficient, is related to the projection conditions in QFT, parametrised by the H
coefficient.

4 Conclusion

The match in the classical limit between WQFT Compton amplitudes eq. (3.27) and vector
QED Compton amplitudes eq. (2.25), especially the match between the effect of SSC
breaking term in WQFT amplitudes eq. (3.28) and the effect of removing the projection
term in vector QED amplitudes eq. (2.26), supports the view that imposing covariant
SSC on the worldline description of spinning particles is equivalent to removing unphysical
timelike polarisations from the physical spectrum of higher-spin fields. Interestingly, on-shell
methods do not suffer from this problem since unphysical polarisations are removed from
the get-go, although the results generally suffer from unphysical intermediate states in
the form of unphysical poles which need to be removed by other means [62, 70, 71, 81].
Furthermore, let us stress that the unphysical DOFs have an impact on classical observables
if they are not projected out at the level of the Lagrangian.22

The view that covariant SSC and physical state projection conditions are equivalent
has immediate consequences. One consequence is that it suggests a possible resolution to

21This factor can be absorbed by rescaling the delta constraint m−1δ̄(k · v) = δ̄(k ·mv) = δ̄(k · p).
22Or if the propagators do not have proper projectors, when the QFT is understood in the Weinbergian

sense [106] where the Lagrangian is simply a means of obtaining consistent interaction vertex rules. Main-
taining gauge invariance can become nontrivial in this approach; the H parameter dependence in vector
QED is an example of projectors affecting the vertex Feynman rules.
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the puzzle raised in EFT description of massive higher-spin fields for binary dynamics [2].
In this construction, two families of operators modelling spin-multipole effects were found
to contribute independently to classical dynamics. Whereas one family of operators—the
C-type operators—have corresponding counterparts in the worldline theory of spinning
particles introduced in ref. [3], the other family of operators—the H-type operators—do
not have corresponding counterparts, which seems to imply an apparent doubling of the
number of tunable parameters. The view suggests that the mismatch is due to not imposing
the transversality conditions on the massive higher-spin fields [1, 2], and that removing
the unphysical timelike polarisations from the physical spectrum will induce additional
constraints on unfixed parameters such that the number of tunable parameters will match
that of PNEFT. Another consequence is that the view offers a guiding principle for
constructing WQFT action of spinning particles with higher order spin-induced multipole
moments; the operators are chosen so that SUSY is broken as “softly” as possible.

One method of removing unphysical timelike polarisations from the physical spectrum
is to introduce Stückelberg fields [95]. Therefore it is likely that the higher-spin gauge
symmetry of ref. [82], which uses Stückelberg fields for gauge symmetry, automatically
implements the physical state projection conditions. It would be interesting to check
if the doubling of tunable parameters observed in ref. [2] is resolved when higher-spin
gauge symmetry is imposed, i.e. the higher-spin gauge symmetry allows at most one free
parameter to be tuned at each spin-multipole moment order. Moreover, explicitly studying
the higher-spin case would also clarify if the discontinuous massless limit [107, 108] makes
a qualitative difference from the vector QED case.23 Another interesting future direction
would be to elaborate on the Thomas-Wigner rotation factor associated with the definition
of the polarisation tensor [65, 66], which has an effect of switching from the covariant SSC
to the canonical SSC, in a more general setup.

We conclude this paper with a curious observation regarding the gyromagnetic ratio
and classical scattering amplitudes. The (g − 2)2 dependence of the difference eq. (2.26)
implies that the overlap between physical external states and unphysical intermediate states
is proportional to (g − 2), i.e. 〈ψunphys|ψphys〉 ∝ (g − 2). Weinberg has commented that
exponentiation of the eikonal amplitude for g 6= 2 holds when a sum rule constraining
the anomalous magnetic moment ∆g = (g − 2) to the amplitudes for radiative decay is
satisfied [109]. The two statements are similar in that both are statements about ∆g of
scattering amplitudes in the classical limit, and that both relate ∆g to transitions between
observed states and unobserved states.
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A Spin operator conversion for spinor and vector QED

For Dirac spinors, the following relations are used to reduce spinor products into spin tensor
expressions.

ū(p2 + q) /Au(p2) = ū(p2 + q)
{ /A, /p2}+ /q /A

2m u(p2)

= (A · p2)
m

ū(p2 + q)u(p2) + 1
2mū(p2 + q)/q /Au(p2)

ū(p2 + q) /A/Bu(p2) = ū(p2 + q){
/A, /B}+ [ /A, /B]

2 u(p2)

= (A ·B)ū(p2 + q)u(p2)− 2iAµBν ū(p2 + q)Sµνu(p2)

(A.1)

Gamma matrix chains with more than three gamma matrices can be reduced to above cases
using Clifford algebra {γµ, γν} = 2ηµν .

For vector fields, the following decomposition of polarisation vector outer product [65]
is used to recast into spin vector expressions.

ε∗µ(p)εν(p) = −
(
ηµν

2 −
pµpν

m2

)
11− i

2mεµναβpαSβ −
(SµSν + SνSµ

2 − SαSαηµν

4

)
, (A.2)

where SαSα = −~S · ~S = −2~2 is the quadratic Casimir and 11 is the identity operator in
little group space. Unfortunately, this expression does not capture the quadratic Casimir
dependence faithfully and following rules are adopted when interpreting the results.

1. If a term with ~−2 scaling of the form ~−2ASαSα appears, it should be understood as
~−2ASαSα → −2A11 instead.

2. Since a classical term of dependence q2S2 cannot be distinguished from a quantum
term of dependence ~2q211, the results are analysed modulo q2S2 dependence.

The polarisation vector for the outgoing particle needs to be rewritten in terms of the
incoming particle momentum to use the relation eq. (A.2). The following boost operation
is used to relate the incoming polarisation vector εµ3 of the outgoing momentum −pµ3 to the
outgoing polarisation vector ε∗µ2 of the incoming momentum pµ2 .

εµ3 = G(−p3; p2)µνε∗ν2 =
[
δµν −

(p2 − p3)µ(p2 − p3)ν
m2 + (−p3 · p2) + 2(−p3)µp2ν

m2

]
ε∗ν2

= ε∗µ2 + 2(p2 − p3)µ(p3 · ε∗2)
4m2 − (p2 + p3)2 .

(A.3)

The Thomas-Wigner rotation factor [65, 66] is irrelevant for the Compton amplitude and
has been neglected.

B Symplectic structure of Grassmann variables

Consider the following Lagrangian for the Grassmann variable a.

L = i

2aȧ− V (a) . (B.1)
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The canonical momentum is defined by a right derivative;

pa := − δL
δȧ

∣∣∣∣
R

= − ia2 . (B.2)

This means the momentum variable pa is not independent from the position variable a,
and this equation should be considered as a primary constraint φ1 which is weakly zero
(φ1 ' 0).

φ1 := pa + ia

2 ' 0 . (B.3)

Due to the sign choice for pa, the Hamiltonian is given as

H = −paȧ− L = V (a) . (B.4)

The non-vanishing Poisson brackets {•, •} are given as

{a, pa} = +{pa, a} = 1 , (B.5)

where the sign factor is due to the graded nature of the algebra for Grassmann variables.
Using Hamiltonian EOM {f,H} = ḟ , the following secondary constraint is obtained.

φ2 = φ̇1 = {φ1,H} = {pa, V (a)} = ∂V (a)
∂a

∣∣∣∣
L
' 0 . (B.6)

The secondary constraint φ2 vanishes under the Poisson bracket since it is independent of a
and pa,24 which means that φ2 is a first-class constraint. On the other hand, the primary
constraint φ1 has a nonvanishing Poisson bracket with itself, which means that φ1 is a
second-class constraint;

{φ1, φ1} =
{
pa + ia

2 , pa + ia

2

}
= i . (B.7)

This is troublesome since the points on the constraint surface φ1 = 0 get transported away
from the constraint surface by the momentum map of the vector field {•, φ1}, thereby
making the constraint condition no longer preserved. Therefore the Poisson bracket is
modified into the Dirac bracket to make φ1 vanish under the brackets. The Dirac bracket
{•, •}∗ is defined as;

{P,Q}∗ := {P,Q} − {P, φ1} [{φ1, φ1}]−1 {φ1, Q} = {P,Q}+ i{P, φ1}{φ1, Q} . (B.8)

We find

{a, a}∗ = +i , {a, pa}∗ = 1/2 , {pa, pa}∗ = −i/4 , (B.9)

which is consistent with the constraint φ1 = pa + ia/2 ' 0. The Poisson brackets in eq. (3.2)
for Grassmann variables should be understood as Dirac brackets.

24A function f(η) of a Grassmann variable η can be at most linear in η.
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C Fixing zeros of h and H parameters

The h = 0 case of the WQFT ∆g term eq. (3.13) can be argued to be equivalent to the
H = 0 case of vector QED action eq. (2.8) by attempting to write it as a worldline action,
following a procedure similar to that of ref. [110]. Up to total derivatives, the vector QED
action for H = 0 can be written as

L = v†α

[
(DµD

µ +m2)δαβ −
g

2Fµν
{
iηµαδνβ − iηναδ

µ
β

}]
vβ + · · · , (C.1)

where ellipsis denotes terms irrelevant for equations of motion of the field vµ. Writing the
covariant derivative as the mechanical momentum Dµ = −iπµ and the terms inside the
curly brackets as the spin generator Σµν , the action can be written as

L = −v†α
[
(πµπµ −m2)δαβ −

ge

2 Fµν (Σµν)αβ
]
vβ + · · · , (C.2)

where the charge of the particle e = −1 has been restored. The terms inside the square
brackets of eq. (C.2) matches the worldline Hamiltonian H+H∆g,h with h = 0 up to an
overall factor.

2(H+H∆g,h=0) =
(
π2 −m2 − qFµνSµν

)
+
(
−∆gq

2 FµνS
µν
)

= π2 −m2 − gq

2 FµνS
µν .

(C.3)

It is unclear if this procedure of generating worldline actions from QFT actions can be
generalised when projection conditions are imposed, e.g. for H = 1 case of eq. (2.8). In
ref. [110] gauge-fixing terms were tuned to remove the projection terms of the Maxwell action.

D Classical equations of motion from the WQFT Hamiltonian

The classical equations of motion can be obtained by substituting Sµν = −iψµψν into the
worldline Hamiltonian Htot = H+H∆g,h=1;

Htot = H+H∆g,h=1 = 1
2

(
π2 −m2 − gq

2 FµνS
µν −∆gqπ

αFαβS
βγπγ

π2

)
, (D.1)

ẋµ = {xµ,Htot} = πµ − ∆gqSµαFαβπβ

2π2 +O(παSαβ) , (D.2)

π̇µ = {πµ,Htot} = qFµαπα + qg

4 ∂
µFαβS

αβ +O(F 2) +O(παSαβ) , (D.3)

Sµ = −1
2ε

µαβγπαSβγ , S
µν = −εµναβπαSβ/π2 , (D.4)

Ṡµ = {Sµ,Htot} = gq

2 F
µαSα + ∆gq

2
πµSαF

αβπβ
π2 +O(F 2) +O(S2) +O(παSαβ) , (D.5)

where O(F 2) denotes nonlinear terms in the field strength, O(παSαβ) denotes terms
proportional to the covariant SSC, and O(S2) denotes terms quadratic in spin. Note that
the last equation is the BMT equation [111]. SSC is preserved due to {παSαβ ,Htot} =
O(S2) +O(παSαβ).
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