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Horocycle averages on closed manifolds
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We study the ergodic integrals of the horocycle flows 4, of C” codimension
one mixing Anosov flows. In dimension three, for any suitably bunched C?
contact Anosov flow with orientable strong-stable distribution E_, we show that
|+ fOT g oh,(x)dp — u(p)| < %llgllcs for some € > 0, with u the invariant
measure of s,. We thereby implement the toy model program of Giulietti—
Liverani (2017) in the natural setting of geodesic flows in variable negative
curvature, where nontrivial resonances exist.
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1. Introduction

Anosov introduced a class of C? flows g« M — M, now bearing his name [3],
on closed (i.e., compact and boundaryless) orientable manifolds' M of dimension
d > 3. We focus on topologically mixing Anosov flows. A special class of mixing
Anosov flows are those preserving a contact structure. Geodesic flows on the unit
tangent bundle of a closed manifold with (possibly variable) negative sectional
curvature are well-studied classes of contact Anosov flows.

Every Anosov flow g, admits a strong stable foliation, tangent to a vector bundle
denoted E_. If this foliation is orientable and has dimension d_ equal to one, and if
8« 18 mixing, one associates with g, another flow, the horocycle flow h,: M — M,
such that for every x € M the trajectory hr(x) is a strong stable leaf (defined up
to speed reparametrisation). Horocycle flows were first introduced in the case of

MSC2020: primary 37C30; secondary 37C20, 37D20.
Keywords: transfer operators, resonances, Anosov flow, horocycle flow.
! All manifolds are implicitly endowed with a Riemannian metric.
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geodesic Anosov flows; see [43, p.84] or [37]. In a setting more general than
ours (with d_ > 1), Bowen and Marcus [15] then proved that the horocycle flow is
uniquely ergodic and minimal. Its invariant probability measure u (related to, but
distinct from, the measure of maximal entropy of g,; see Remark 4.16) plays an
important role below.

Since the horocycle flow is induced by the Anosov flow, there exists T (p, o, x) >0
such that

8aohy(x) =he(pax)08u(x), VX €M, Ya, p e R,.

We call 7(p, «, x) the renormalisation time. In the setting of unit speed geodesic
flows on finite-volume surfaces of constant negative curvature, compact or not,
renormalisation has been used effectively in the work of Flaminio and Forni [28] to
study the horocycle integrals

T
yx((p,T):zf pohy(x)dp, xeM, T=>0,
0

for ¢ : M — R in Sobolev spaces of positive order. Flaminio and Forni found
that the speed of convergence of y, (¢, T)/T to u(¢) as T — oo is controlled by
invariant distributions under the push-forward of the horocyclic vector field. These
distributions are also eigendistributions under the push-forward of the geodesic
vector field, and the eigenvalues give the powers of T appearing in the expansion
of yx(¢, T)/T — pu(g).

Their approach inspired Giulietti and Liverani [29] to study a toy model, replacing
the Anosov flow with a hyperbolic diffeomorphism F, using the renormalisation
dynamics as a key to study y. (¢, T). Letting hyp be the topological entropy
of F', they show analogously (for the corresponding invariant measure ) that the
speed of convergence to zero of v, (¢, T)/T — () is controlled by eigenvalues
in the annulus 1 < |z| < e (and the corresponding eigendistributions) of a
weighted transfer operator of F. Unfortunately, in the setting of [29], there are
in fact no eigenvalues in the annulus 1 < |z| < e"; see [6]. The approach of
Giulietti and Liverani has been applied successfully in the meantime by Faure—
Gouézel-Lanneau [27] to the linear flow in the stable direction of a two-dimensional
linear pseudo-Anosov map, and by Butterley—Simonelli [19] to parabolic flows
on (3-dimensional) Heisenberg nilmanifolds which are renormalized by partially
hyperbolic automorphisms (circle extensions of Anosov diffeomorphisms). In both
these algebraic applications, nontrivial eigenvalues are present.

Giulietti and Liverani suggested in [29, Conjecture 2.12] that a similar expansion
exists for more general (nonalgebraic) Anosov flows than in [28]: e.g., for the
geodesic flow of a surface with variable negative curvature. More precisely, letting
hiop be the topological entropy of the time-one map g1, we expect that there exists
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8 > 0 such that, for smooth enough observables ¢, the following expansion holds,?
analogously to [28; 29]:
Re A

Yx (g, T)=T/<pdu + Y T (T, 0)0.(9) +Erx(p). ey
d<Re A <hiop

Here, &7 = O(Tﬁ), uniformly in x; the O, are generalised eigendistributions
associated to the eigenvalue X for the adjoint (or dual) of the generator of a weighted
transfer operator (see (3)) acting on an anisotropic Banach space; the real parameter
d is an upper bound on the essential spectral bound of the generator; and ¢, (T, x) e C
satisfies sup, 7 |ci (T, x)||log T|=/* < 0o, where J, > 0 is the size of the largest
Jordan block of A.

The main result of this work, Theorem 4.8, provides an asymptotic expansion (1)
for C” time reparametrisations of the unit speed horocycle flow of codimension one
topologically mixing C” Anosov flows, if 7 > 2 and the distribution E_ is C" !,
under an essential spectral gap condition (Afﬁ;’lp < hyp), and a weak Dolgopyat
condition on the resolvent (Condition 3.12). As a consequence, we get power-
law convergence of the ergodic averages (Corollary 4.9). In Proposition 4.10, we
show that the conditions of Theorem 4.8 hold for C* contact Anosov flows in
dimension three, with orientable strong stable bundle E_, under the following
bunching assumption: Recalling that d_ = 1, define

h = Tim sup, log [[Dg_o(X)|£_|l A —— lim sup, log ||Dga(x)|E7||’

a—>00 o a—>00 o

and @ = 2;—_ € (0, 2]. The bunching condition is
+

: (@)

wjoo

o >

For constant negative curvature geodesic flows, we have @ = 2. Assumption
(2) thus holds for geodesic flows with variable strictly negative curvature close
enough to a constant, but the reader is warned that it does not apply to generic
three-dimensional contact Anosov flows.

For compact surfaces of constant negative curvature, Randol [44] proved that there
exist eigenvalues of the Laplacian arbitrarily close to 1. This provides examples for
which the expansion of Flaminio—Forni [28], and thus the expansion in Theorem 4.8,
is not reduced to Tf edu+Er..(¢).

As in the work of Giulietti and Liverani [29], the key idea to study y, (¢, T) is
to introduce the weighted semigroup of transfer operators, with generator X + V,

2For Anosov flows, hiop is positive; see [3]. For geodesic flows on finite-volume negatively curved
surfaces, hiop = 1.



390 ALEXANDER ADAM AND VIVIANE BALADI

defined by
Loy : Wyt (M) — W™ (M),  Lave=a (@08 a),

Po(x) = el Voss B o >

3)

where the potential is V = —3,0,7(0, 0, -) (so that ¢, = 9,7(0, —«, -)), and where
Wf,’t’q (M) is an anisotropic Banach space with regularity parameters s <0 < g <
t <r—1+sand p € (1, 00). In the case of the unit speed parametrisation of &,
we shall see that ¢, = detDg_,|g- is just the Jacobian along the strong stable
distribution at a negative time —«, and V =div (X|g_).

The paper is organised as follows: The transfer operator £, v is defined in
Section 2A (for more general potentials). The new anisotropic Banach spaces
W;’t’q (M) are constructed in Section 2C after introducing admissible cones for
C” Anosov flows in Section 2B (if p = 2 we get Hilbert spaces). These spaces
are a flow analogue to the spaces constructed in [8] to study hyperbolic diffeo-
morphisms. Anisotropic Banach spaces are now a standard tool for hyperbolic
dynamics (see [7; 10; 12; 30; 33; 41; 50], for example). Although we do not study
here the dynamical determinant or zeta function associated to the transfer operator
Lq.v, we believe that the spaces introduced in the present work are well suited
for this purpose (see [5]). Guedes Bonthonneau and Lefeuvre very recently [14]
applied a (microlocal) flow implementation of the spaces from [8] to study some
dynamical and geometric problems.

In Section 3, we establish properties of the transfer operator semigroup, its
generator X 4+ V and the resolvent R, (see (9)). Most of these results do not require
the contact assumption. Among those are norm bounds yielding a Lasota—York
inequality for the resolvent (Theorem 3.8). Then, in Corollary 3.9, we obtain a
strip in the spectrum of the generator containing at most countable eigenvalues of
finite multiplicity. Proposition 3.13 puts the weak Dolgopyat condition, 3.12, in
more standard form. These tools are used in Section 4 to show the main results,
Theorem 4.8 and Proposition 4.10. (Our proofs highlight sufficient conditions for
intrinsicness of resonances and portability of Dolgopyat bounds on the resolvent
when navigating between different Banach spaces.) We close with some supporting
results needed in the text: Appendix A contains elementary lemmas on integration
by parts, adapted from [8], Appendix B recalls the fragmentation/reconstitution
lemmas from [8], and Appendix C is devoted to interpolation and mollifiers.

We end this introduction with some remarks.

(1) The conjecture that the distributions O, in the expansion (1) are fixed by the
(adjoint) of the horocycle flow, which was the starting point in [28], remains open for
general codimension one mixing Anosov flows (see [29, Remark 2.10]). For smooth
contact Anosov flows with d = 3, invariance was proved by Faure—Guillarmou [35].
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(2) The anisotropic Banach spaces W;’t’q (M) in this paper are based on those in [8].
We could also define spaces B*'(M) based on those in [9] (or [5, Chapter 5]). We
expect that the following variational upper bound may be obtained for the essential
spectrum of the semigroup L, y on B (M):?

A (X, V) =
¢1

det(DgilEg,)

The above is in general better (even in the volume preserving case) than the bound
AS0P(X, V) we obtain in Corollary 3.9 (see (54)). Since A% (X, V) = hyop, the
essential spectral gap condition A" < o, would thus hold for B%/ (M) for arbi-
trarily small s < 0 and ¢ > O (so that the assumptions of Proposition 4.10 could
be weakened accordingly, and s’ could be taken arbitrarily close to 0 in (118)).
However, the scale B! (M) is more messy” to define, it is not an interpolation scale,
it does not include a Hilbert space, and showing (4) would require a thermodynamic
analysis of the sums over subcovers in the proof of Lemma 3.6. To keep the paper

short, we restrict to the scale W,S,’t’q (M).

sup{ha(gn) + )+ max{txa(Daile). Islxa(De-1le)} . @)
n

(3) The renormalisation time 7(p, «, - ) inherits the smoothness of the invariant
bundle E_, which is only Holder in general. We add the extra assumption that
E_ is smooth enough and that an essential spectral gap holds in Theorem 4.8 (and
Lemma 4.15), and we give settings where this is satisfied in Proposition 4.10. To
work with anisotropic spaces with higher regularity (depending only on r), one
could lift the dynamics to the Grassmannian [33; 29]. We have chosen to avoid the
cumbersome corresponding technicalities for the sake of readability.

(4) Finally, we mention two directions of future research: First, the expansions of
Flaminio and Forni [28] (or Faure—Tsujii [24; 26]; see also [20]) are not limited
to finite sets of eigenvalues. Our methods do not currently allow to go beyond
the smallest 8 such that 5 = o (X + V)| yysrayy, N {Rez > 8} is finite (8 = ! for
[28]). Second, even if the Dolgopyat condition 3.12 holds for some § < 0, we
cannot improve the remainder due to the term with ||¢||o in Lemma 4.14. Although
it is hoped that this term is spurious, an analogous error term is present in [28,
Theorem 1.5] or [29, Theorem 2.8].

2. The transfer operators and the Banach spaces

2A. Transfer operators associated to a flow g, and weight ¢o. The generator
X + V. Throughout, M is a compact, boundaryless, connected, orientable, smooth

3Here h fi 1s the entropy of an ergodic g; invariant probability measure and Xﬂ(A) is the largest
Lyapunov exponent of A.
4See also the caveat in [5, Remark 5.18] regarding the lack of validity of (27).
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manifold of dimension d > 3, and r > 1 is fixed, while g, : M > M,x €R,isa C"
Anosov flow on M. By definition, there is a Dg,-invariant splitting of the tangent
space TM = E_ & E & Ej of the tangent space such that for some C, > 1 and
0 <6 <1, we have

IDgevll < C0%|Ivll, Vo€ E—,  [[Dg—qvll <C.0|vll, VVEEL, VYa>0, (5)
while Eq = (X), where the C"~! vector field X is the generator of the flow defined by
X = 0a8-ala=0- (6)

The (strong) stable and unstable distributions E_ and E_ are Holder. For x € M,
we split T,M as E_ , @ E;  ® Ey .. The cotangent space T*M (the dual space of
TM) is split analogously:

T*M=E* ®@E:®E;, T/M=E' ®FE. ®E, xecM.

The splitting above is (Dg,)" -invariant and, up to taking larger C,, we have

{C*_lllé“ll < |(Dg-)" &l < CillEll, VE € Ef, Ya >0, o

[(Dg-sa)" &l < C.O%IIE]l, VEe€E}, o =%, YVa>0.
The dimensions of the spaces E, , do not depend on x, and we set d_ :=dim E_ =
dimE* and dy :=dimE; = dimE} =d — 1 —d_. Fixing a potential V €
C" (M, R), we introduce the ¢ -weighted transfer operators

Lov(@) =¢s (poga), a>0, peC (M), ®)
where

o () 1= exp(/OaV 0g_p(x) dﬂ), e V = duydalo—ot -

Given an integrability parameter, p € (1, 00), and suitable anisotropic regularity
parameters, s, t, and g as in (21) below, we will construct Banach spaces W;,’[’q (M),
containing C”" ~1(M) as a dense subspace, on which the operators £, v extend
continuously to form a strongly continuous semigroup (Lemma 3.7). In particular,
forall p € C"~1(M),

8a£a,V§0|a=0+ = XQO + V(p € W;’t’q(M)-
The generator of the semigroup is X 4+ V, we denote by R, its resolvent
Rep=GE~V-X"'0, z2goX+V)lya, @eWy (M), (9

where o (X 4 V)|p denotes the spectrum of the operator X + V on B. Theorem 3.8
will provide a Lasota—Yorke inequality for R, for large Re z. This gives a vertical
strip in the complex plane in which o (X + V)IW;.r.q () contains only isolated
eigenvalues of finite multiplicity (Corollary 3.9).
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2B. Cone ensembles. The atlas A. Cone hyperbolicity. Admissible cones for g,.
A cone is a nonempty convex set C C R such that A& € C forall £ € C and A € R.
We say that a cone C is d’-dimensional if d’ > 1 is the maximal dimension of a
linear subset of C. A cone C is compactly included in another cone C’, denoted by
C €(,if C CintC’ U{0}. Two cones C and C’ are transversal if CNC' = {0}.

We identify 7*M with R?, and for any d’ > 1 we denote the norm of £ € RY
by |&] = (X; 5})1/2. For £ € T)M, write § = §~ + £ 4 £°, where 7 € EX |
for o € {#, 0}. For y > 0, define two transversal closed cone fields on® 7*M, of
respective dimensions d_ and d, by

CY(x) := & | max{|&*], 1E°)} < &1},
Ch(x) = {& I max{|&™|, |£°)} < v |1},

and define a one-dimensional closed cone field on 7*M by

(10)

Ch):={& eTyM | max{|&"|, |T]} < yI&°l}.

Foro € {£, 0} we have E . CCJ (x) and, if y’ > y, then CJ (x) € ¢” (x). Moreover
T:M C |, CY (x), if y > 1 (any line through the origin must cross one side of the
unit cube in R3), while CY (x) and CY (x) are transversal if o #tand y < 1. Last
but not least, the lemma below is the key to construct admissible cones:®

Lemma 2.1. Let C, € [1, 00) and 0 € (0, 1) be the constants from (7). Then for
any y,y’ € (0,1) and all o > 0 such that C26%y < y’', we have, recalling ¢, (x)
and C; (x) from (10),

(Dg-)"C, (x) €C(ga(x)),  (Dga)"Cy(x) €C)(8—a(x)), Yx € M.

Proof. We show the first claim. The proof of the second claim is analogous. Let
E=& +&T+£%€C)(x). We estimate

max{|(Dg-a)y §*1. |(Dg—a)y §°1} < C.omax{|§* |, 1€°])
< Coy[E7] = C20"y|(Dg-a)" &7 1.
Since C;,_e (ga(x)) € C;,(ga(x)) for all € € (0, y’), we conclude. O
Next, we adapt to flows the cone ensembles for hyperbolic diffeomorphisms

from [5; 8]:

SThese cones have nonempty interior while [40, Proposition 17.4.4] uses “flat" cones included in
EYQE".

%No such property holds for C())/ (x). The cones in (10) are strictly expanding and contracting,
respectively, and this is not true for C(J)/ (x).
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Definition 2.2 (cone ensembles ® for flows; coverings ®). A cone ensemble of
RY, withd = d_ +dy+1,de > 1,is apair @ = (C, ), where C = (C_, C1, Cp) is
a triplet of pairwise transversal closed cones with nonempty interiors, of respective
dimensions d_, d,, and 1, while ® = (®_, &, &), where each ®, is a C* map
from the unit sphere S to [0, 1], such that

D 4D +Pg=1, Blensi=1, oc{+0}.

In addition, we require that Co = {& | || < y|&4|} for some finite yp.
For two cone ensembles ® and ©’ of RY, we say that®’ < @ if

RI\(C;UC) eC. and RI\C,ecjuc.

Finally, for a cone ensemble ®, we say that a triplet P = (5+, d_, ) is a
covering of ® if each ®, : S — [0, 1] is C*°, with Py |supp v, = 1.

Definition 2.3 (cone hyperbolicity). Let K € R? be compact with nonempty interior,
and let ©® = (C, ), ® = (C’, ®’) be cone ensembles. A diffeomorphism F: K —
F(K) is called cone-hyperbolic from ® to ® (on K) if

(D, F)" R\ (C,uc))eC-, (DF"(R'\C,)ecuc_,b vxek. (1)

The conditions in (11) ensure that no parts of higher regularity in the anisotropic
Banach spaces of Section 2C are mapped to parts of lower regularity (see (37) in
the proof of (36) below).

We next introduce a crucial ingredient to construct the anisotropic Banach spaces.

Lemma 2.4 (admissible cone ensembles for g_,). There exists an atlas A, formed
of a finite open cover {V, € M | w € Q} of M and C" local diffeomorphisms
Ke: V, — R, such that, setting K, := k4, (V,), we have

min d(K,, K,y) >1 and Ky :=|J K, is compact, (12)
wF#w' w
and, fixing coordinates (x1, . .., xg) € R? and recalling (6), the flow box condition

(Dko) (X1v,) = Ol (V) (13)

holds, and further, setting V. wow := Vi N g4 (Vo) for each a € R and w, o' € Q
such that Vo, N\ go (Vo) # B, and also defining F_y ww : Ko(Va.ww) = Ko (V) as

. -1
F g ow =Ky 0g_ao0k, ,

7For our purposes, the second condition could be replaced by the weaker condition
RY\ (C-UCy) echuC.

8For our purposes, the second condition could be replaced by (D F)¥ (Rd \(C_ UCQ_)) €CoUC_.
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there exists ag > 0 and, for each w, there exist cone ensembles ©,, such that the
cone Dkl (Cy ) in the cotangent space contains the normal subspace E} and is
bounded away from E¥ for vt # o, and, for all @ > oy, the map F := F_g 4y is
cone-hyperbolic from ®, to O on K := k4, (Vo wa)-

Remark 2.5 [5, Remark 4.12]. For any ® < ® the identity is cone-hyperbolic
from © to ©'. If F is cone-hyperbolic from ©' to ©, then there exists @' < ©’
such that F is cone-hyperbolic from ©’ to O, and there exists © > © such that F
is cone-hyperbolic from @’ to ©. Thus, Lemma 2.4 implies that there exist cone
ensembles ®©/ < ©,, such that for all @ > «p the map F_, . is cone-hyperbolic
from @/ to O, on k4, (Ve e ). Finally, the proof of Lemma 2.4 provides an atlas A,
cone ensembles @/ < ©,,, and o > 0 such that «,, o Ka:,l is cone-hyperbolic from
Oy to ® and F_, . is cone-hyperbolic from ©/ to O, for all @ > «p. (Such
pairs {©,}, {©/} are called adapted to A and g,. They are used in Lemma C.2.)

Proof of Lemma 2.4. Let cc(A) denote the convex closure of a set A.” By uniform
continuity of the stable and unstable distributions, setting
cr, = cc( U (Dx;l)”cg(x)), selt), weR, ye 1),
xeV,
we may choose (small) V,, k,, satisfying (12)—(13) and y* € (0, 1), y* € (0, y*)
such that

(D))" CY , €CY (x), (Du)"CY, €CL (x), YweQ, xeV,, (14
and

(De, kDT (1) €C7, (Deyok )T Cl (x) €C1, YweQ, x e V,.
(15)
For C, > 1,0 < 1 asin (7), and y, y*, y* as above, let ®yg > 0 be such that
Ci@"‘y* < y*forall « > ag. By (14) and Lemma 2.1, we have, using the transversal
closed cones Ci, >

(Dga)" (Dyk) " CL , € (Dga)"C (x) € CY (g-a(x)), Vo >ag, VX €V,

We proceed similarly for (Dg_q)" (Dyk,)" Cf’ > using (15) and Lemma 2.1. Hence,
for o > ap and w, o' € Q such that V, .. # &, we have

(DF 400)*C’ , €CY . (DFywe)'Cl, =DF,

Twwe) Cro €CY,. (16)
Thus, there exist cone ensembles ©,, such that for any « > ay and o, @' € Q
with Vy ., # &, using the first claim of (16), the first inclusion in (11) holds for
F=F_4 o0, 0 =0,,0 =0,, while using the second claim of (16), the second

inclusion in (11) holds. (]

9Taking the convex closure may be useful for tiny y > 0.
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2C. The anisotropic Banach spaces. We shall make use of a Paley—Littlewood
decomposition: Let x4 : Ry — [0, 1] be a C* map such that x4|jp,1) = 1 and
supp x+ < [0, 2]. Set

Wo(&) = x4+ (E]),  Wa(®) = x+(127"ED) — x4+ (127", n> 1, £ e R (17)

o.¢]
This defines a C partition of unity on R? since > W, (§) =1. We have ¥, (§) =
Wy (27"1g), and thus n=0

suppW, C{€ e R | 2" < |g| < 2"}, vn > 1.

Given a cone ensemble ® = (C, ®), we set

x+(&)
3

§
’ \pa,n(%') = "Ilﬂ(s)q)U(lST ’ 50 e{:tvo}, nZ 1-
This also defines a C* partition of unity on R? since > 00y > cix.0 Yo ) =1.
Writing the inverse Fourier transform as F-lox) :== 2n)~¢ fRd ey (&) de,
where £x := (£, x) denotes the scalar product, we have, for o € {£,0},n > 1,

LI"(7,0('{-:) =

—1 -1 1 —1
IE™ Wall, = IF"Wille, <oo and [[F " WonllL, = IF" Yo illr, < o0,

Analogous estimates hold for FI\IIU’O and F~ 1.

Using the convolution vy * vy(x) 1= fRd v1(x — y) v2(y) dy of two distributions
v1, v2, we associate to any W with F~'W e L (R?) a pseudodifferential operator
with symbol W via

WOPY(x) := (F W) % v)(x) = F1(W - Fo)(x)
=@m [ [ TR Eu0) dsdy. (1)
K 17
Young’s inequality, [|vy * va2|lL, < [lvillL,[lv2llL, forall p € (1, 00), gives
Pl < [F' WL, lvllz,, Vpe(l, 0. (19)

The (Bochner) space L p(le, ‘H) associated to a Hilbert space H is defined by
||U||LP(Rd’H) = ||U||'H||LP(Rd). The following is a variant of the Marcinkiewicz
theorem, generalising (19):

Theorem 2.6 (see [47, Theorem 0.11.F], for example). Let H| and H, be Hilbert
spaces, and let L(H 1, Hy) be the space of bounded linear operators from H, to Hy
endowed with the operator norm. If Q(-) € C (R, L(Hy, Ha)) satisfies

102 Q@) | 3er702) < Cp(L + IEND PV for each multi-index .
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the operator QO defined for compactly supported continuous a : R¢ — H, by'°

1

O .
Qa0 = g

[ e 0®at) dy ds (20)
extends for each 1 < p < oo to a bounded operator LP(R‘I, Hi) — LP(Rd, Ho), and
1Ol L, @ By.L, @3 < NF' Qllz, e, 201,34 -

We will mostly consider the three cases
Hi=Hy=C; Hi=Hy=40(C); Hy=+05 and H; =€ 0r Hy =15 ;
where €5, €5 are the Hilbert spaces associated, for fixed
—r—1)<s<0<g=<t<r-—1 @29

and —(r—1D<s'<s,—-(r—1)<qg' <q,—(r—1)<t <t,to

1

. 2\?2 . / 2\2
lalles = (24 o)’ Nally = (X 47 agl?)’,
o,n 2 o,n

where we set
c(—):i=s, c(+):=t, c0):=q, (—):=s, J+):=t, J0):=q". (22)

Set C)(K) :={f :R? — C| f is C” with support in K} for K € R? compact
with nonempty interior and 7 € [0, co]. We introduce the basic building block for
our anisotropic spaces:

Definition 2.7 (local anisotropic norm and Banach space). Fix a cone ensemble ©®
and!!

pe(l,o0), —-(r-1<s<g=<t<r-—1. (23)

For a compactly supported C* function v : R? — C, set

= ns |\ yOP .12 nt (\,OpP . 2 n Op 2%
ol = (X 41020 447 02 4 4 1)
g = (2

L,®RY)
For K C RY compact with nonempty interior, the Banach space Wzit(;)q (K) is defined
to be the completion of C;°(K) under || - || sra.

p.© o0 1
oy . O 2
We shall also use the auxiliary seminorm [|v]|y« = H ( > 4wy |2)
L n=0 '

L,(Rd)

OWith F~1 0(x) = (27) ~%a €/* Q(§) d&, for x € RY, the notation (20) is compatible with (18).
n the present work, we shall eitherhave s =g =tort —(r—1) <s <0<t <r—1withg <t.
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The definition of ||v]| W is just like'? [8, (2.4)], except that we have three cones
instead of two. We record the following result for convenience; the continuous
inclusion claim is obvious, while the compact inclusion claim — which is in fact
not used in the present work —is proved exactly like [8, Proposition 5.1], using
Arzela—Ascoli:

Lemma 2.8 (continuous and compact embeddings, local spaces). Let K C R be
compact with nonempty interior. Let ® be a cone ensemble and fix p, s.q,1 as
in (23). Foranys <s,q' <q,andt <t,the inclusion W (K) cw s t q (K) is
continuous. If s’ < s,t' <t,and q’ < q, the same mcluszon is compact.

Next, letting ||v||Wz = |[(1 + A2y L, denote the classical isotropic Sobolev
(Triebel-Lizorkin) norm, the arguments'? of [8, Appendix A] give, for p, s, t, g as
in (23), a constant C € (1, o) with!*

1 1 )
Fallvlhy;ror < S lvlwg < [vllyes < Cllvllg <ol VoeCE(K). (24)

It follows that C(r)_l(K) cwhh q(K) (as a dense subset).
We are finally ready to deﬁne our anisotropic space of distributions on M:

Definition 2.9 (anisotropic Banach space). Let
A=1{V = (Voloea, ko : Vo = RYueal,

ap > 0, and cone ensembles {®,},cq admissible for {g_q}y>q, be as given by
Lemma 2.4. Fix a C” partition of unity {,: M — [0, 1]},cq, subordinate to V,
that is, with supp ¥, C V,,. For p, s, t, ¢ as in (23), we put!® for ¢ € C>®(M)
(extending ¥, ok, ! from «,,(V,,) to R? by zero),

lolysea = (D2 [ 7100 Laveron,'I2 Heqda)l. 25)

weR

The Banach space W), "*? (M) is defined as the completion of C*° (M) under |- || Wit

We show in Lemma C.1 that the scale W;”’q(M ) is an interpolation scale. (The
proof also shows this for the scale W;’,Ié)q(K ).) In Lemma C.2 we use mollifiers to
approximate the identity.

2This is a “Sobolev”-type (Triebel-Lizorkin) norm. A “Besov—Holder” version [8, (2.3)] should
work too, in particular for p = oco.

138ee also [5, (4.17)—(4.18), footnote 15].

14 Generalise [8, (A.2), (A.4), (A.5)] to three cones, noting that, if s = #(= ¢q), then ® plays no role
for the norm denoted by WT(; s:1:(4.)p there, so that the condition ®' > © for [8, (A.5)] is immaterial.

15 Integration with respect to « allows one to handle the times « € [0, ag] where the flow is
not sufficiently hyperbolic. (This is similar to [25, Definition 8.1] and, replacing the integral by a
supremum, to [7, (3.6)]. See [18, Lemma 6] for a slightly different trick.) The identity (26) shows
why the L, norm is natural.
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Note that W};’t’q(M ) depends on the atlas A, the cone ensembles 0, and «y.
It follows from (24) and the bound sup,c(g oo | Lo, v@llc—1 < Clao) @l cr-1 that
cr—' (M) c W,S,’t’q(M), as a dense subset. It is not hard to show that W,s,’l’q(M) is
contained in the set of distributions of order r —1+d/p on M. For p =2, the space
W[S,’t’q is a Hilbert space since it satisfies the parallelogram law [11, Lemma 15.2]:

lo1+@2ll3ysva + 101 = @2lgsa = 2001 1000 + 2002000 (26)

Clearly, if s’ <s,q' <q,and ¢ <t, we have the continuous injection WS B M C
W,S, 4’ (M). Due to the integration over « in the deﬁnmon (25) of the norm, the
compact inclusion from Lemma 2.8 does not carry over'® automatically to the space
W,S,’t’q (M) (despite the fact that M is compact). We provide a direct proof of the
following lemma instead:

Lemma 2.10 (compact embeddings). Fix p € (1, 00) and s, q, t as in (23). If s’ <'s,
q' <q,andt <t satisfy —r—1<s' <q’' <t', the inclusion W[s,’l’q (M)C W, TA(M)
is compact.

Proof. It suffices to show that the inclusion W q(M ) C WS '8! (M) is compact.
Indeed, for every € > 0 there exists C(€) < oo such that, for any v € W; Oq,

IIUIIW;f.(_S'.q' = €lvllysia + C(é)llvllwgig/.s' (27)
(This is easy to prove along the lines of [5, Remarks 2.22, 4.27]). Thus,
1ol ysram = €ll@llyra + CEN@N s Vo € Wy (M).

We now show that WS L M) C WS s (M) is compact. For a C” diffeomor-
phism F: K — F(K) and f € C;~ 1(K ), we introduce the local transfer operator

Mg CNF(K)) = C N (K), Mps@)=f-(oF), (28)

The key fact is that the operator M ¢ is bounded for the classical Sobolev norm
W; onRYifse(—r—1,r—1) (apply the results of [5, Chapter 2], for example),
with norm depending only on | f ||CH and || F||¢-. In particular, since Fy, g 1=
Ko/ O8a olcajl and fy 0 = Upp— a)OK* are C”, respectively C™ ' (onkK,) uniformly
in a € [0, ag], with ¢_, ¢ = 1,17 the decomposition

V) ok, = (ud—a L0ualpogal)o Koy 0 Key © 8a) 0K,

leads to, with Mo, = sup,, . ye[0.001 I'MF, ws < 00,

oc 0o fa,w ||

I(Pwep) orc,,’ ws < Mag 2 1(Der [La]) oKy lws» Vo, Vo, Va € [0, ao]. (29)

16gee [4] and [2], for instance, for relevant results in this context.
171t is useful here that |« | 1s bounded away from zero.
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Now let ¢, be a sequence in the unit ball of W;”’q(M ). By definition (25) of
the norm, for every m there exists a(m) € [0, ap] such that

1

—12 _
” (Vo 'La(m),(ba(m)(pm)olcw/] } W;s@swl < (P '»Ca(m),qba(m)(pm) Owal ”3}‘/;/0‘;/ =< %s Vo'.
Thus, using (29), and recalling C from (24),
_ 12 C-#Q
|| (Pwm) ok, : || ws < Mg ) || Qs * La(m).dam Pm) © Ka)/l < My, w
w/
VYo', VYm. (30)

Assume for a contradiction that there is € > 0 and, for any ko > 1, there are
k, £ > ko with

||90k—90z|| sl > €. (31)

By definition, this implies that there exists w € 2 with

E2

A || ("-9 Eoz V(gpk - @()) OKCU || Ws’ y/ s/dol > E

Now, using again the key fact, and setting My, =Ssup,, . ye(0.00) 1M F_y ooy foao lws's
’ P
we get

f |G Loy @ = g0) 010, [y

<Cay sup |(Pu-Lag, @k —¢0) ok, st

ael0,00]

< Cao- (M, )* Y |Wur (o — @) ok
(1)/

2 (32

Since (30) implies that (J, - (¢ — @¢)) © K{;l is a sequence in a bounded subset of
W;(K u) for each o', and since the embedding W;(K M) C W[S,/(K M) 1s compact,
we find kg such that (32) is smaller than €? J#Q for all k > £ > ko and thus the
desired contradiction with (31). [l

3. Properties of the transfer operator, the generator, the resolvent

3A. Basic estimates on the local anisotropic space. The natural order — <0 < +
on {—, +, 0} is compatible with our choice s = c(—) < g = c(0) <t = c(+) from
(22). Inspired by [8], we introduce the following definition:

Definition 3.1 (arrow relation). For K C R? compact with nonempty interior, let
F:K — F(K) be a C" cone hyperbolic diffeomorphism from ®' to ® on K. For
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a covering @’ of @', set

|Fl.:= sup [IDF(x)"n|, |F ly:= sup |DF '(x)"&|. (33)
xeK _ x€F(K)
nesupp ; gesupp Oy

Fixs <0<gq <t.Forn, £>0,and o, t € {%, 0}, we say that (t, £) — (o, n) if

(2" <|FI" or279<|F7'[’)) and o <7 and <"t <24 F|,, (34)

24| F-1 —
and we say that (t, £) 4>k (o, n) otherwise.
Recalling (17), let ¥y, ¥} € C* be such that Wy |suppw, = 1 and Wy |suppw, = 1.

Set W, (&) := U, (27"11¢) for n > 2. With'® (39), (40), and (41), the following
lemma shows the usefulness of the arrow relation:

Lemma 3.2. If F is a C" cone hyperbolic diffeomorphism from ®’ to © on K , there
exist a covering ®' of ® and a constant C; = C{(F, K) > 0 such that, setting

X*f), \T';,,,(a::@n(s)%;(i), §eRloe(0), n=1,

€] 35)

W o) =

we have
inf d(supp W, , — DF (x)Tsupp W, ) > C12™>8 (7, ) 5 (0,n). (36)
xXe ’

Proof. If o < 1, then (36) follows from (34) (without using cone-hyperbolicity).
Indeed, if n > ¢,
d(supp Wy, DF (x)" supp \PIV/;’Z) >l 22|y,
=211 =23 F)) > 2" 2, Vx e K,

while, if n < £, we have

d(supp Wy, — DF (x)"supp ¥, ) > 271 (2"~* = 2}|F|,) > 27|F|,, Vx e K.

If 0 > 7, then either t =0 and 0 =+, or t = — and o € {0, +}. In both cases,
cone-hyperbolicity of F implies
|J (supp Wo) N (DF (x)" supp W;) = {0}, (37)
xek

which is a trivial intersection of closed cones. Hence there exists a covering @’ such
that | . x (supp o) N (DF (x)" supp \Il;) = {0}, and (36) holds for suitable C;. [

For a C" diffeomorphism F : K — F(K), cone-hyperbolic from ® to ® and
a covering @’ of ®' satisfying (36) and f € C(r)_l(K ), recalling the weighted

18 In our application below, | F |+ < 1 while |F71 |- > 1.
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composition operator Mg ¢(v) = f - (v o F) from (28), set, for a = (a;,) in
L p([RRd , £5) (Lemmas 3.3 and 3.4 providing the necessary summability),
0
(O o =V D" Mp slarye),
(r,0)—k (o,n)
0 =0
(QF @on =W > Mp (¥, Fary).
(.0 %>k (o.n)

Then, taking a; ¢ := (¥’ )&p v for the ensemble ©, we have

Op Op
IMP.pvllysee = 1050 a+ Q2 ally, e (38)

Lemma 3.3 describes the < term in the decomposition above. It will give
the “contracting” factor C+ in Lemma 3.5 for ¢ = %, while the term with Cy in
Lemma 3.5 for 0 = 0 will become compact for the resolvent, see Lemmas 3.11
and 3.6).

Lemma 3.3 (the bounded term). Fix p € (1, 00) and s, q, t as in (21). There exists
C < oo such that, for each compact K C R¢ with nonempty interior, each C"
cone-hyperbolic'® diffeomorphism F : K — F(K) from ©' to ®, each covering P’
of ®', and each f € C6_1(K)

O —1] —
102 call L, @t.eq) < Cmax{|FIy, |F |2} supg| £1det DF 77| flall, g 5

1
+C|F| supg| f|det DF|7V/7]. H (Z 4ﬂ1‘f|ao,g|2)2 ,
V4

V4
Proof. Recall (22). There exists C < oo, independent of F, such that
Z zc(a)n—c(r)f — Z 2(0(6)—c(r))n+c(r)(n—é) < Z 2c(r)(n—£)
n:(t,£)— g (o,n) n:(t,£)— g (o,n) n:(t,£)—k(o,n)
< Cmax{|F[, [F~' M},
Y(z, ), o, with (o, 7) #(0,0). (39)

Similarly, up to taking a larger constant C < oo, we have

26(0)”—6(1’)5 S CmaX{lFK;’_, IF_1||_S|}a
Y(o,n), t, with (o, 7) #(0,0). (40)

L:(t,8)— g (o,n)

Theorem 2.6 applied to H| = Ha = €5 and (Qb). 1 (§) = Vo,,(§)bo 0 (§) gives Dy

such that
1
(e )
o,n L

Set p = max{|F|',, |F~1|""}. By Cauchy-Schwarz and (39)~(40), we find D;

Y Mg sacy

(t,0)—>k (o,n)

, V£ F,a.

P

Op
10% ali, @ = D1 |

9Cone hyperbolicity is not really needed.
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and D3 such that

1

3D, Y H (Z )3 ye(@m—c()j )3 20(0)n+c(r)€|MFfar£|2>7
(r,0)#(0,0) n ju(z,j)—>k(o,n) L:(r,8)—~ g (o,n) L

P
1

3
<D, Y H (KF,s,zZ > 2C(U)n+c(r)£|MF,far,e|2)
(1,0)#(0,0) n g:(t,0)— g (o,n) L

P

1
=D, Y H <?»F,s,z Z4C(I)€|MF,far,Z|2 )3 26(0)n—c(7:)€>2
¢

(1,0)%(0,0) n:(t,0)= g (o,n) Lp
1
_ 2
< Dy sup|fldetDF|'/?| Y| H (A%’M Z4C(r)e|ar,£|2) ., Vf,F,a.
K o,T )4 p
Finally, since there exists Cyp < 00, independent of F, such that
2600=8 < Coo| FIE, Ve, and
n:(0,£)— g (0,n)
41)
2600=0 < Coo| FIE, Vn,
£:(0,6)— g (0,n)
we find D4 such that
2.1
H <Z 4C(0)n Z MF,far,Z )2
n (0,£)=  (0,n) Lp
1
<D —1/p 4 qt 22
< Dy sup| f|det DFI"VPIFIG| [ (24 lao.e®)" |, VF, fra. O
K 14 P

We next bound the other term in the decomposition (38) of M ¢. For this, we
need the following strengthening of condition (21):

t—(r—1)<s<0<gqg<t. (42)

Lemma 3.4 (the compact term). Fix p € (1, 00), and fix s, q, t as in (42). Let
s'<s,qg <qandt <tsatisfyt—(r—1)<s' <0<gq <t. Let F beaC"
cone-hyperbolic diffeomorphism from ®’ to ® on K, let d’ be given by Lemma 3.2,
and let f € CS_I(K). Then there exists C(F, f) < oo such that

0

10 allL, @) < CCF, )+ [lal
Proof. We shall work along the lines of [8, pp. 144—147], using Lemma 3.2 and
integration by parts. For x € R? and (t, £) ¥k (o, n), write

7,0 . (27.[)2d Op T,/ Op
g @) () 1= o Vol M, (W ¢ be o) (x)

|Lp’ Va.

cANE _ Al N ~ o~ ~ ~ ~
_ / / R RO TG (aco) dudEdifdy,
yeK J R xR xR

where we used the change of variables £ = 27"& and 7 = 2~¢y. Integrating by parts
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r—1 times (see Lemmas A.1-A.2) in y, and using (36), we rewrite (J(f”,fa)(x) as

/ / zZ"g(x y) ,QZU(F(Y) w)‘lj 1(‘5)\IJ 1(77)
yeK JRIxRIxRY .

2max{n e}(r 1) ar ¢ (w) dw d& dij dy,

where all partial derivatives of f._1 . ¢(7, g, y) with respect to 1 and & are bounded
by a constant C,(F, f) uniformly in n, £, and (£, 77, y) € supp W; 1 X supp \IJ/ 1 %K.
Define b : R — [0, 1] by

1 if [y <1,
b(y):={ e
ly|~4-!

If |x — y|2" > 1 we integrate (d + 1)-times by parts in é, and if |lw — F(y)[2¢ > 1
we integrate (d + 1)-times by parts in 7. Hence, we arrive at the following formula
for (JI;fa)(x):

if |y| > 1.

fr 1,n, e(if 77 Y) S o~
e On(x=y)be(w—=F(y))ar ((w)dwd§ dndy,
v/):eK v/supp U, lxsupp\l/ R4 amax{n.6}(r=1) i

where b, (w) = b(2"w) (m > 0), and f,,l’n’g(é, 1, y) is uniformly bounded by
C’ (F, f). Thus, there exists C3 < oo such that for all x € R4

|(JEEa)(x)] < C3 Co(F, )27 ™800 (p, % (by o F) x|z el) (x),
if (7,£0) Sk (o,n). (43)

Sincer —1>t—s">0and c(o) <t, c'(r) > s, there exists € > 0 such that for
all o and 7,

2(c(a)+e)n—c’(r)E—max{n,E}(r—1) < 2(t+e)n—s’€—max{n,€}(r—1) < 2—56
Vn>1,V0>1. (44)

We can assume n - £ 7~ 0 since if n =0 or £ =0 then £ or 7 is bounded. (By note 18,
we have n - £ # 0 in our application.) Hence, using the triangle inequality and
then (43), we find C(¢) < oo such that, for all a,

Op
194 allL, e,

~ 10

< C(e)sup 2elerte)n || ‘I’S,E Z Mst'(\I';,epaff) ||L (RY)

on (1,09 (1) !

i / ~ 10

<C(e)sup Y  2€@Fm=c@OQOYWR M (U] Par o)L,

o (z,0)%k (@,n)

2d(n+£) i Ve (D) ¢
=C(e)—7sup Y, 2C@FIm=c®OLAON IR )|,

Q)T on (20045 x (0m)
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Applying Young’s inequality (with [|by,|lL, = 2_dm||b||L1, for m = ¢ and n) and
(44) then yields finite constants Cy4, Cs, C¢ (depending on €, F and f) such that,
again for all a,

Op
19 callL,w

< C4 sup Z 2(c(o)+e)nfc (r)meax{n,Z}(rf1)2(n+€)d20 (r)Zan * (b€ o F) *dy g ”Lp

on t{
—L "(T)4
<CsY 272" ar I,
T,
(1)L
< Cosup2° W NarellL, < C(F. f) lall, g - O
7,4

We end this subsection with a bound on the transfer operator Mg ¢ from (28).

Lemma 3.5 (bounding the local transfer operator). Let K C R? be compact with
nonempty interior. Fix p € (1,00) and fix s, q, t as in (42). Let s’ <s,q' <gq
andt’ <t satisfyt — (r — 1) < s’ <0 < g’ <t'. Then there exists C < 0o such
that for any cone- -hyperbolic C"-diffeomorphism F from ®' to ® on K, taking the
covering P’ given by Lemma 3.2, we have, for any f : R — C in Cy~ 1(K) and all

s.t,q
ve W, rky
IME, ¢ IIW;.f@q

< C(CF, Plvllyvra +Co(F, Hlivlys | +CalF, Plvllysea ),
p,® F(K) .0 F(K)

p ()’ F(K)

where C(F, f) is from Lemma 3.4, and, recalling | F |+, | Fo, and |F ~'|_ from (33),

q
]/P maX{17|F|O}’

Co(F, f) = sup

Ci(F, f) = -max{|F|', [F~'"}.

& ‘ |detDF|1/P

Proof. Let v € Woe! o) C WS 6% ). For T € {£,0, £ > 0, set ar ¢ = (¥ )*Pv.
Recalling (22), we have a = a(v) € Lp([RRd ) C Lp([R{d EC ), and more precnsely

lallL,®e e = ||U||W;v.f(;;g.F o’ lall, SR = =lvllysra

p®’ F(K)
IS4 auc Y 1, = Wby

Letting < k be as in Definition 3.1, the decomposition (38) gives

0,0/ F(K)

0 0
IMr pvllysea = 1Qg, P ka+ 02 vall, @i
< ||Q7_> Ka||L ®d,e5) + ||QL> kL, e

We conclude using Lemmas 3.3 and 3.4. U
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3B. Lasota—Yorke type bounds on the transfer operator. For s <0 <t and a > 0,
set

20D () i= max{[|(Dg-o) " 151, I 1(Dge) 1ex N7}, xeM. (@5
There exists C’ < oo such that sup, A" (x) < C’'gminttIshe by property (7).

Lemma 3.6 (bounding the transfer operator). Fix p € (1, 00) and fix s, g, t as in
42). Lett —(r—1) <s' <s<0<gqg <t <t. Thereexist A= A(X, V) < 0o and
C=C(X,V) < oo, such that, for all ¢ € W;,r,q (M),

1£av@llysa < Ce*l@llva + Cligaldet Dg ol =PRI i@l s, Yo 0.

This bound shows that £, y is an operator semigroup on Ws’t’q(M ). As usual
for flows, however, it is not a true Lasota—Yorke bound since W q(M ) is not
compactly embedded in Ws 4 (M) if ¢’ = q. However, using Lemma 3.11, we
will prove in Theorem 3.8 that the resolvent (z — V — X)~! satisfies a Lasota—Yorke
bound.

Proof. If & < ag, using [ = [ “+ [ . we find

ap—a’
I£a.v@llysra < @llysra + 1 Loy, oy @ llysrra-

We may assume from now on that o > «g. Recalling the charts «,, : V,, — R4,
the partition of unity ¢, and the cone systems ®, (from Lemma 2.4) above
Definition 2.9, write, as before,

Va,ww’ =V, mga(vw’) and F—a,ww’(x) =Ko 08—« OKajl(x), X € Kw(va,ww’)v

a>oay, w,0 €.

Since o > g, each F_, ., is cone-hyperbolic from ®,y to ©,, on k,(Vy.ww)-

The intersection multiplicity of a family of sets is the maximal number of sets
having nonempty intersection, while the intersection multiplicity of a family of
functions is the intersection multiplicity of the family of the supports of the functions.

We claim that there exists an integer vy > 2, depending only on d, such that the
following holds: There exist C = C, < oo and, for each o > o, a finite refinement
Wa = {Wasloea, Of Vo = {Va,00'}w,0)eq2, Of intersection multiplicity at most vy,
such that

supy | @« - |detDg_o| /7| < Cinfy |@o - |detDg_o| /7|, VW e W,.  (46)

Indeed, since there exists K, < oo with SUPge[0.4] d(g—p(x), g-p(y) < Kuod(x,y),
while log ¢, = foa V(g—p(x))dB, and (noting that o — arp[a/ap] € [0, o))

log |detDg_q|
[a/ep]—1
= IOg |d€t Dg—(a—ao[a/ao])| O &—([ar/atg]— e + Z IOg |det Dg—ocol ©8—tay >
£=0
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where V and |detDg_q, |, [det Dg_ (4 —ag[w/ap)) | are uniformly continuous on M (they
are in fact y-Holder for y = min{r—1, 1}), there exists a finite refinement>° Y, of
V, such that (46) holds for all W e 170[- A finite refinement W, of ]701 satisfying
the claimed intersection multiplicity bound can then be obtained, e.g., by covering
M with d-dimensional balls of radius the Lebesgue number of Vy centred on an
appropriate lattice; see, e.g., [5, footnote 19, p. 46]. (Note that the cardinality of Vy
or W, is immaterial in view of the use of the reconstitution Lemma B.2 below.)
Finally, fix a C” partitionm of unity {¥y z}aeq, of M, subordinate to the cover W,
with intersection multiplicity at most vy.

After these preliminaries, we perform the estimate. Let ¢ € W,""Y(M); by
definition, we have

oo
_12
”‘Ca’v(p”%ﬁ‘“q =#Q Ia?géfo H (Vo - (La,v o Lavp)) ok, : H W;:téz) do’.
Next, using Ly v 0 Ly v = Lo, v 0 Lo,y and setting ¢, = Ly, v (@), we find
|| (Vv (Lor,v 0 Lyvep)) o0 ";] || W;to‘i)

—1 —1
= ” Z AZ (19(1)190[,(?) ' ¢0[) o Ka) : (1960/ : (poz’) o KUJ/ ] F—a,a)a)’ ” 5.0.q
' €Q weR, .00
1

< Cof ™ max (3 | Gutus b oy Dor gu) 0k o Frav [y )’
w'e WEQy W60

’ 1! gl 47
W;,(f)a‘)q ’ ( )

+Cp,max Y [(90Pas- o) oky' - Bur-gur) ok 0 Fy,
w/GQ&')EQa

using the fragmentation lemma, B.1. By Lemma 3.5 the term on the last line of (47)
is bounded by

Cou(X, V) max 1w ar) 0k st (48)

) () o
for Go,a(x, V) < oco. Remark 2.5 gives systems ©/ < ©, (independent of «)
such that F_, . is cone-hyperbolic from @ZD, to ®, on ky,(Vy. we). For o > ag
and @ € Q,, let 5‘%(;, M — [0,1] be C"7!, supported in W, 5, and such that
50,,03190,,(,3 = V4.5, and set

fai = BuPaisda) ok, Vas=uPas)or, 0F,, . (49

Then, Lemma 3.5 gives C,, < oo and 607a(X , V) < o0 such that each term in the

2OUsmg the bounded distortion argument for hyperbolic maps [40, Proposition 20.2.6], one can
construct Vg by first iterating [« /o] times the cover {V,,} and then reﬁnlng to guarantee that the
diameter in the last coordinate in charts is < a~ /7. The cardinality of such Ve grows like C allvce,
for C > 1. This is not needed.

21We can ensure that o~ 1/ %45l cr—1 is controlled by the largest expansion of F_, . This
is not needed.
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sum on the second-to-last line of (47) is bounded by
CpCa(Fovv o fai)1Pais - (s - @ar) 0k DT g
Pv®(/u/

+ Co.a (X, VI @ur - ga) 0k 5 17 -

p,@;),

(50)

Due to the strict inequality between cone ensembles, the reconstitution Lemma B.2
bounds the p-th root of the sum of (50) over @, uniformly in «. Recalling (48),
taking the square, the maximum over w, and integrating over o/, we find C < oo
and C, = C, (X, V) < oo such that

2 2 —~ 2 2
”E"‘*V((p)”W,ﬁ”"’ =< C(/x . ||§0”W;/,,/,q +C wrif}’)iz(czt(F—a,ww” fa,c?))) : ”(p”W;fq s
Ya >ag. (51)

We next estimate C+(F_y 00/, fo.»). By construction of &, in the proof of
Lemma 2.4, and since the covering @' from Lemma 3.2 used in Lemma 3.5 can be
taken such that supp 5150 is bounded away from E? (in charts) if T # o, there exists
C < oo such that, recalling (33), we have for all « > «y, all w, @', and all ® € Qg,
setting Ky 5 = Ko (SUPP {905,5)),

|F—a,ww/|+,Ka1(;, <C sup H (Dg—a)tr |Ef§_r

xeKy

’

|F—_o:,a)w’|—qKa,&) <C sup H (Dga)[r |Ef,

xeKy

g—a(x)

Thus, using (46) and inf |11 | sup 2| < sup |¢1 ¢ | for continuous vy, ¥, we find
C < oo such that

Ci(F_gw0s fui) < C max (sup @y - [detDg_o|~"/7] - sup [151*])
WeW, " w w

— . ox (
< C max (infyy|———2—| . sup A1)
- WeWu< W‘ |detDg_q|1/P WP| |

$u (
A s,t,a)
PM|ldetDg_y |77

IA
)

su , Ya>ap.

In view of (51), we have proved the lemma. U

Strong continuity suffices (it is not necessary [16]) to show that X + V is the
generator of L, y:

Lemma 3.7 (strong continuity; domain of the generator X 4+ V). Let p € (1, 00)
and fix s, q, t as in (42). The family {Ly v }a>0 of bounded operators on W;’t’q(M)
forms a strongly continuous semigroup. The generator of this semigroup is

X+V:DX+V)— Wih(M),



HOROCYCLE AVERAGES ON CLOSED MANIFOLDS AND TRANSFER OPERATORS 409

which is closed on its (dense) domain D(X+V) C W;’t’q (M). Moreover, if g <r—2
or if g is C” in the flow direction, setting D,y := C" "' (M) ifq < r — 2, and
otherwise

D1 :=C" " (M)={p e C"" (M) | ¢ is C" in the flow direction},

D(X + V) contains®* D,_, as a dense subset for the graph norm || - ||W;.z,q(M) +
(X +V)(- )”W'Y*”q(M)-

Proof. To establish strong continuity, it suffices to show limg o [| Lo — || W () =
0 for all ¢ € Wv b M) (22, Proposition 1.1.3]). Lemmas 3.6 and 2.8 give C < oo
such that || L, v(pIIqu < C||¢||W* rq for all @ € [0, 1]. By density of C*°(M), for
every € > O there is p = @ € C"~ 1 (M) such that ||¢ — gollwuq < €. Therefore,

1Love = @llysra < Loy @ = Plysra + 19 = Gllygsea +1Lav @ — Gllysra
< (CHDe+Lavd —Gllysea, Ye>0,Yae[0,1]. (52)

Since € C"~1" (M) (if 0 < g < r —2 then the argument can be adapted to ¢ € C" 1)
we have 0y Ly vp € C"~'(M). Thus, there exists C(@.) < oo such that

o
v = Glyzeo = | [ “utaviaal ..,

<a sup [[9zLa, v(ﬂllww < C(go)a. (53)
0<a<«

Comblnmg (52) and(53) yields limy o [| Lo — ‘P”W”"(M) = 0. We also have
limg o' (Lop — 9) = X@ + V@ for ¢ € C" Lr(M). Strong continuity and
Theorem II.1.4 of [22] then imply that X 4 V is the generator of the semigroup,
and that it is closed with domain dense in W,,"?(M). Clearly, L, v (C"~"(M)) C
C"~1(M), and, if ¢ is C" in the flow direction, then L v (C"~1"(M)) S C" =17 (M).
The final claim thus follows from [22, Proposition I1.1.7], since L, v (Dy—1) C D,—1
and limy_,o ™! (Ly,ve — @) exists for ¢ € D,_; in the two cases considered. [

3C. Lasota—Yorke bounds for the resolvent. Discrete spectrum of X + V. Recall
A1) from (45). We set
1
Amin = AP (X, V) i= lim — log | ¢e|det Dg_q| /P26
oa—00 (f

min

Loans  Od

the limit exists and is finite by superadditivity.

22 A5 observed in [16], strong continuity implies that the || - || ” completion D of

y )"
Do={ff Lavedaloe Wy M), >0

is a dense subset of W;,’t’q (M), sothat D= Wf,’t’q (M). Clearly, Ly v (Dy) CDg and Dy C D(X+V).
Thus, Dy is a dense subset of D(X + V) for the graph norm, without any conditions on g or ¢y .
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Recalling A(X, V) from Lemma 3.6, we may and shall replace A(X, V) by
max{A(X, V), Anin} from now on. The following theorem will furnish an essential
spectral bound for X + V:

Theorem 3.8 (Lasota—Yorke inequality for the resolvent). Let p € (1, 00) and
let s, q, t be as in (42). Let s’ < s, t' <t and q' < q satisfy g — 1 < q’ and
t—(r—1)<s <0<q <t Forany e > 0, there exists C < 00 such that for
all§ > 0,allze CwithRez > A(X,V)+6,alln e N, and all ¢ € W;’t’q(M),
recalling our notation R, = (z — X — V)~1,

1
SIRIH gl s

Czl+ 1)
= n ”(/JHWS’J’-q/ + $,t,p
(Rez —A(X,V)) v (Rez—e—A (X, V)"

min

Il 5o

Theorem 3.8 implies that the spectral radius of the resolvent R, on W;’t’q(M )
is bounded by [Rez — A(X, V)|~! if Rez > A(X, V) (a very rough bound). In
addition, we have:

Corollary 3.9 (essential spectral radius). Forall z € C withRez > A(X, V), the
essential spectral radius of R, on W;’t’q (M) is bounded by |Re 7 — )‘fﬁiﬁp X, V)|~L
Moreover, the set {A € o (X + V)| W () |Re A > )\fr’lfr’lp (X, V)} consists of isolated
eigenvalues of finite multiplicity.

Proof. Since the inclusion W, (M) C W;,”,’q/ (M) is compact by Lemma 2.10, the
first claim follows from a result of Hennion [36, Corollaire 1] and Theorem 3.8. The
second claim then follows from the spectral mapping theorem?? for the resolvent
[22, Theorem V.1.13]. (]

If ASEEP (X, V) > AS0P (X, V), where

min

Il P (X, V) = supRe 0 (X + V) yysra )

max

then the isolated eigenvalues furnished by Corollary 3.9 are called the Ruelle—
Pollicott resonances of X +V on W;,’t’q(M ). We will apply the following theorem
to our scale W;’t’q(M ) and, in Lemma 4.15, to the scale from [30]:

Theorem 3.10 (intrinsicness of Ruelle-Pollicott resonances). Let By and BB, be
two Banach spaces of distributions on M on which {L,, v} is a strongly continuous
semigroup with generator X +V. Assume that both By and B contain C"~' (M) as a
dense subset and are continuously embedded in the dual of C"~'(M). If there exists
Amin > —00 such that the sets D; ={A €0 (X+V)|p |ReA > Amin}, i =1, 2, consist
of isolated eigenvalues of finite multiplicity, then D; = D,, including multiplicities.

23This spectral mapping theorem says that o (R ;)\ {0} = {(z—)h)_1 |[Aea(X+V)}ifzéo(X+V),
and (z—2)"isan eigenvalue if and only if A is an eigenvalue.
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In particular, the corresponding generalised eigenvectors belong to B1 N B, (in fact,
to the intersection of the domains of X +V on B and on ;).

Proof. If r = o0, this is a special case of [32, Theorem 2.3], which refers to [23,
Theorem 1.5]. If r < 00?* the proof of [23, Theorem 1.5] using meromorphic
extensions of suitable resolvents applies, replacing L (M) by the dual of C"~!(M)
and using that C"~ (M) is a dense subset of both B; and B,. [l

Lemma 4.15 says that Amax” (X, V) = hop (for suitable s, 7, g, p) for V as in

Section 4.

The remainder of Section 3C is devoted to the proof of Theorem 3.8. Since the
resolvent can be written as a Laplace transform (integrating along the flow), the
proof will follow from the flow box condition (13), Lemma 3.6, and the next lemma:

Lemma 3.11 (integration along the flow). Fix p € (1, 00). There exists C < 00
such that

R AT o L (F—Dn g, OP 2\2 =
[( amwgnor)’ | =cf( 45wk, er) | v =0,
n=0 L, n=0 Ly,
Moreover, adapting the proof gives
L oo 1
[(E ot |, =cl(Evoiury],
n=0 Ly n=0 ’ L,

Proof. 1t is enough to consider the terms with n > 0. The starting point is
o) - _
Wb (B, 0) = (F ' Wg,0) % (3, v) = (3, F ' Wo ) 0 =2"(Dg P, Vv € L, (RY),

where (D;(£)b),, :=2""iE;Wo ,(£)b, forn eN, £ e R, and b € C.
For a sequence a of complex numbers with [|a||¢, ) := (Y 4’”|an|2)1/2 < 00,
we put

2
<@@mw=4gww®%,sGWJmN,

where \IJ(/) , 1s associated via (35) to a coverlng U’ of © with supp \IJ/ contained in a
cone around &;. Then (QdOdeOpv) = lIJO v. Since there exists 7 < oo such that
2"l < |&| < l|&4] for any & € supp \IJO ,.» the map Qg satisfies the decay condition
in Theorem 2.6. Hence, taking H1 = Hy = {a | ||all¢, i) < oo}, the map 0, isa
bounded linear operator on L p([RRd, £,(7)). This concludes the proof, since it gives
C < 0o such that || Q4 DyPvlleyr) Iz, < CIIDa vl L, - O

Proof of Theorem 3.8. By Lemma 3.6, for z € C such that Rez > A(X, V) (see [22,
Corollary II.1.11]), we have

00 le—za
R;%p:/ ————Lyveda, VneN, (55)
o m—=1)!

24wWe expect that intrinsicness can also be proved by using dynamical determinants.
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forall ¢ € W;’t’q (M). Introducing the truncated iterated resolvent

A le—ztx
R = —— Ly veda, 56
tr, zgo /0 (l’l _ 1)' Ve ao ( )

we claim that

IR} ¢l < I llysea

VA>0,VRez>0,Vn>e-ap-Rez+A). (57)

Rez+ A)"

This bound holds because, using Lemma 3.6, Sup, (0,4 e~ Rez <1 and

@ n-l o 1
/ de=-"C<—
o (m—1)! n! = (Rez+ A)"
ifn>e-ap- (Rez+ A) (recall that n! > n”e‘”) we find

ay on—l,—Reza C”‘ﬂ”w“‘f
MEE— s.t,q di <C _
[ v ellgon da = CB gl o < T

VRez >0, Vi > eap(Rez+ A).

’

We can therefore focus on times o > ¢ in (55) and invoke Remark 2.5.
Lemma 3.6 gives C; = C1(€) < oo such that for all n € N

oo ,n—1,—Reza
1 o e
IRE gl ysra < / | Lo VRl s da
0

n—1)!
< < IRl e+ —— 1Rl
= Rez—AX, V)W e T (Re 2—e— )t LW

(58)
where, for ®/ < ©,, as in Remark 2.5, we replaced ® by ®' in the first term of the
last line. Lemma 3.6 also gives C» < oo such that

IR-@llysea < ﬁz(x,v)uwnwgm, (59)
so that the last term in (58) is bounded as claimed. The starting point to bound the
first term is the fact that the flow box condition (13) gives (D« DICH o)) =Xlv,,
and hence

3y (V- @) ok ) = ((XByp) -G+ V0 - (XP)) 0k, (60)

Using the triangle inequality (and —oo < ¢’) to separate the contribution of ®' 0
and applying Lemma 3.11 with (60) (for ¢ = L, vR.¢) to bound this term, we
find C3 < oo such that

|| (P - Ea’,VRzW) o KLZI || W;f’@r)/;f(’(w) = || (P - Ea’,VRZ(p) o K; || ; g (Ko)

+C3|(XV) - Lot vRz0) 0K ||W’1 o, (Ko)

+ C3|| (90 - XR Lo vp) 0k, ”qu, (Ko)’
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where we used for the last term that (55) implies Ly v R.¢ = R Ly v@. Since
(X9,) olcgl =y, (U oxajl) € Cgfl(/cw(Vw)) (using that ¥, and «,, are C", with
¥, is compactly supported in V,,) and ¢ — 1 < ¢/, Lemma 3.5 for the identity map
gives C4 < 0o such that

|(X90) - Lo vRop) 0k,

) || Wq 1 ( S C4 s)l;g “ (ﬁw . ,Ca/,ng) OKC;1 ||W;i'(.l);q,(Kw).

Using XR,p =zR,9 — VR0 — ¢, and, again, R, Ly v¢ = Ly v R, we find

|90 - XR Lorve) 0k, ||Wq & k) < 2l|| (90 LarvRep) 0k W)

+ |0 VL vRop) 0k, || K,

+ | B0 Larve)orcy | ,,/,q,l(K - (61)
PO, @

Since V e C"~1 (M), we may bound the first term in (61) with Lemma 3.5 for the
identity map. Using the definition of ||Rz<p|| s.+.q as an integral of local norms
over a’ € [0, o], this bounds the first term of (58) as claimed (we use (59) for the
terms with R,¢). O

3D. Dolgopyat bounds for the resolvent of weighted transfer operators. In the
contact Anosov case and for the potential V introduced in the next section, the
spectrum of X + V has already been studied [30], on a different Banach space. We
will use in the proof of Lemma 4.15 that the discrete spectra of X +V on our Banach
spaces and the spaces of [30] coincide in a big enough half-plane (“intrinsicness”),
but it is not clear how to exploit this to obtain the bounds on the resolvent needed in
Section 4. Indeed, in the self-adjoint case, there exist good bounds on the iterated
resolvent R in terms of the distance between z and the spectrum. However, even
when Wg’t’q(M ) is a Hilbert space, the operator X + V' is not self-adjoint a priori,
so the existence of a spectral gap for X + V does not imply good bounds on the
resolvent in general (see [20; 26; 49] for special cases where such bounds are
known). For this reason, we introduce the following condition:

Condition 3.12 (weak Dolgopyat bounds on the resolvent). There exist p € (1, 00),
s, g, t as in (42), constants

s"eR, 8 e@ibP aslbary,

min ’ “'max

and constants ag > 0, by > 1, ¢; < 1 < C1, such that, for all a > a¢ and y’ in the

range 1

log(1 + (iid?? —8)Ja)’

aCi <y < (62)

we have
5,1,q, —
IR, i asiar @l < Cila 4 G = ™ elers Vbl = by,

where n = [y log |b]].
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Using the mollification ideas introduced by Liverani in [7, §5, §7] and [10, §9],
we will show that Condition 3.12 implies norm estimates on the resolvent (see [16,
Remark 2.6]):

Proposition 3.13 (strong Dolgopyat bounds on the resolvent). If there exists Co < 00
with

1 £av Ly < Coe ™ Va2 0, (63)
fort —(r—1)<s' <0<q <t,witht —t' =q—q' =5 —5" >0, for some s,
qg,tand p > max{d/t,d/(r — 1+ s)} such that Condition 3.12 holds for c, Cy,
then there exist § € O‘fﬁﬁlpv kfﬁ;’xq’p), a>0,by>1,C < o0, and y satisfying the
unprimed version of (62), all such that

max

IRt s < Cla+ G ? = 817", V1b| = by, (64)
where n = [y log |b]].

Before proving Proposition 3.13, we make further remarks. Bounds (64) on
suitable anisotropic Banach spaces are used in many places in the literature, starting
with Liverani’s breakthrough paper [41] (see, for example, [7; 10; 30]). This has
been axiomatized by Butterley in [16]: together with a weak Lipschitz control on
o — Ly, v, the bounds (63) and (64) imply the spectral gap property

o(X+ V)|W]i.t.q(M) N{Re A > 8} is a finite set.”

The above spectral gap can be used to get exponential decay of correlations, but
the implication in the other direction is not known in general. (Dolgopyat [21]
obtained exponential decay of correlations for Gibbs measures with arbitrary Holder
potentials for geodesic flows on surfaces of strictly negative curvature or, more
generally, C> Anosov flows such that E_ and E are C' and not jointly integrable,
using symbolic dynamics. His ideas led to results of Liverani on the SRB measure
of contact Anosov flows [41]. See [34] and [51], and references therein, for recent
sufficient conditions ensuring exponential mixing for Gibbs measures and Anosov
flows.)

The bounds (64) have been established [41; 49; 7; 30] for the generator X
associated to contact Anosov flows and the potential V = 0, replacing our spaces
W;’t’q by other anisotropic Banach spaces. For the potential V used in Section 4,
Dolgopyat bounds are shown in [30, §7] (see also the argument sketched by Faure
and Guillarmou before [35, Proposition 3.4]). We expect that (64) or Condition 3.12

Z5Beware that this does not imply a spectral gap (quasicompactness) for the time-one transfer
operator: we do not expect L, v to be eventually norm continuous [22, Theorem §I1.5.3], so a priori
we only have o (Ly,y) C exp(ao (X + V)) for @ > 0 (equality holds for eigenvalues and residual
spectrum); see [22, §V.2.b]. A spectral gap for the time-one transfer operator is only known in special
cases [26; 49].
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can be proved directly in our setting. For our purposes it is sufficient instead to refer
to [30, §7] in Section 4 to establish Condition 3.12, and then invoke Proposition 3.13.
We thereby illustrate how to build bridges between results for different anisotropic
spaces (once the essential radius is controlled, exact growth is obtained, and, for
the Dolgopyat estimate, mollification bounds are known).

Proof of Proposition 3.13. Let {©/,} and {®,,} form an adapted pair for A and g,
in the sense of Remark 2.5. Denote by ||¢]|| W (@) the norm constructed with
©/, instead of ©,. We start with three trivial but useful observations: First, for any

B >0,38, >0,and §; > 0, we have for all |b| > 1 and a > & that

B
(0’ log(1+ £) —log(1 — ‘l—‘)) (©3)

(If § =0 and B > 0, taking 8, > 0 small enough, we can choose y’ arbitrarily large
in (65).)
Second, for any 8’ > 0 and 83 > 8, > 0, we have, for all || > 1 and a > 0,
ﬂ/
log(1+2)—log(1+%2)

Third, for any 0 < §g < §> and §; > 0, we have, for all a > §; and m, my € N,

8 8
a8 |a—81| 7™ < |a+38| ™™ if ﬂ>10g(1+;°)—10g(1—;1)‘
=< m> " log(1+2)—log(1+2%)

la — 51|—W’10g|bﬂ |b|_ﬂ <la +82|—F}/’log|b|1 ,

vy’ e

ja+85] 71 P p1E" < a5y 7T 102y (66)

(67)

(If 6; = 0, for fixed §, > 0, taking §p > O small enough, we can choose m/n
arbitrarily small.)

Set Amax = And’? . To deduce (64) from Condition 3.12, we use the Lasota—
Yorke estimate: We may assume that s” < min{—d—1, s}. Then, for any &, €
(0, Amax — AoiF), Theorem 3.8 with (27) give C, C(s”, m), and A(X, V) > Amax,
such that for all ¢ € W;,"l’q(M) and all m,n € N,

mtln 2C(s”, m)|b|
IR Iy = G A, VP

n
” a+ib+kmax(p”W;”vx”,»”

+——=—IIR;, Pllystas
(Cl+82)m a+ib+Aimax Wp

Vbl > 1,Va > A(X,V)—XAmax+1. (68)

Then, we proceed as in [7, §5, §7] or [10, §9]: First, since the condition (63)
gives ||RZ+ib+kmax‘p”W,’§""’ <Ca™" ||¢||W;,r,q, for any €y > 0 (to be fixed in the next
paragraph and by (75)) there exist m and n with m < €gn, such that the last term on
the right-hand side of (68) satisfies the required condition: indeed, apply (67) for
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mi=m,my=n, 8 =0, 6= Sg, taking o > 0 small enough such that m < egn is
allowed, and choose § > min(e€, Amax — 80).
For the first term on the right-hand side of (68), it is enough to bound

2C(s", m)|b]
(@+ Amax — A(X, V)"

||Rn(p Rtrz¢” N

Indeed, it is not hard to see that there exists C(s”) > 1 such that C(s”, m) < C(s”)™.
Let 8§1(s”) > A(X, V) — Amax > 0 be such that
2C(s", m) - 2C(s"H™ - C
(a - A(X’ V) - )\'max)m o (a - A(Xv V) - )\max)m o (a - 51(5//))m '
Vm>1, Va>¥8/(s").

Then, the contribution of [|R7, Z(,0|| S < ||Rzrz‘/’||w”" is controlled by (57),
applying (67) for my =n, my =m, 31 =681(s") > 0, and 82 = A > §p > 0, for large
enough A, taking ¢y small enough that

mlog(l +80/a) —log(1 —81(s")/a)
log(14+ A/a) —log(1+éo/a)

and taking by large enough to ensure n = [y'log |b|] > eag(a + Amax + A) if
|b| > by, for ¥’ > Ca determined below. (Again, choose § > min(€, Amax — 80)-)

Set R} . = R"(p Rtrz Fixing s, ¢/, t' withqg' — g =t' —t =5'—5 < 0, and
t—@r—1)<s <0<gq' <t', we decompose, for any s” < s’,

(69)

IR ¢l < DR, (Me@) llyyr + CIBIITR (¢ — Meo)lyysa» (70)

where M is the mollification operator in charts defined by (116), for € = |b| ™",
with ¥ > 1 to be chosen later. Let {®/ } form an adapted pair with {®,,}. By (63)
we have

||R* a+1b+kmax(§0 ME(p)” V g’ S ”(p Mé(p” T g (@/) . (71)

Then the mollification estimate Lemma C.2 gives

C C ¢ C —k(s—s")
e =Mepll s o < —€ Npllygea < —1b] lplysea,  (72)

If « > 1/(s — s’), applying (65) with B = k(s —s’) — 1 >0and a > § =0,
82 = Amax — 9, the bounds (71) and (72) take care of the second term in the right-hand
side of (70), assuming

k(s—s)—1
< .
10g(1 + ()Lmax - 8)/a)

Note that this inequality is compatible with ' > aC if « is large enough.

(73)
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Fix ng € (0, min{¢, r — 1 4 s}), small. By the Sobolev embeddings for W;,JF”O =
F ;E”O and Bég, oo [45, Theorem 2.2.3(1)] in dimension d, we have

~ ~ ) d
Iollcr = Cliglly om0, if p>—.

b no
Thus, Condition 3.12 bounds the first term in the right-hand side of (70) by
C110] Clb|
- M <——|IM .
T g Mevler < e Mgl

Since the charts in A are C", the classical isotropic mollification estimate of [7,
Lemma 5.3] (replacing X¢ by M and 2 by r there) becomes: For each p € (1, 00)
andall —r +1 < s <s' <r+s <r, there exists Cs such that for all small enough
€ > 0 and every ¢ € W (M), we have

”MG(QO)”Wﬁ,(M) < Cye’™* ”§0||W;(M)-

Therefore, since —r +1 <s <0 < 1419 < r +s, taking s’ = 1 + 1 and recalling
(24), we obtain

E|b| Mool - E|b|€s717710 ol _ 6|b|l+l<r
|@+Amax —8'|" v WII’MO T la+Amax—98'|" Pllwy = |a+Amax —8'|"
We need to multiply the above by C(a — 8;(s”))™™. For this, we use that

14+«r

>

log(1 + (Amax — 8")/a) —log(1 +é&2/a)
is compatible with the upper bound (73) on y’, so long as we take 85 € (0, Amax —8")
on the right-hand side of (66) small enough, for 8’ =1+ kr and 83 = Amax — 9.

We conclude the proof of the proposition by applying (67) for a > §; = §;(s”),
8 as in the previous paragraph, m; = n, my = m, for §y € (0, §2), and ¢ € (0, 1)
such that

lplwes

v (74)

log(1+8o/a) —log(1 —é1(s")/a) _1 (75)
log(1+682/a) —log(1+é0/a) €0

Indeed, taking & > €] closer to Ay if necessary to ensure § < Apax — 8o, and for
y' > aC; satisfying (73)—(74), take y > 0 such that (using m < €yn)

yMog|bl1=m+n < (e + 1)y'Tlog|b]1.
Thanks to (73), we can ensure that y < 1/ log(l+M>, up to taking 8 < Amax
closer to Amax, a O
Remark C.3 explains why we are not able to carry out successfully the bounds in
the previous proof by using mollifiers through isotropic spaces as in [7, Lemma 5.4,

(7.5)—(7.6)].
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4. Asymptotics of horocycle integrals

In this section, we assume throughout that » > 2, the C” Anosov flow g, on M
is topologically mixing with stable dimension d_ = 1, and that the strong-stable
distribution E_ is orientable.

4A. Horocycle flow h,. Horocycle integral y. (¢, T). Renormalisation time
T(p, a, x). We shall focus on stable horocycle flows. Analogous results exist for
unstable horocycle flows.

Definition 4.1 (stable horocycle flow). A (stable) horocycle flow for a topologically
mixing C” Anosov flow g, on M with d_ = 1 and E_ orientable is a C° flow & 0
on M such that 9,4, € E_\ {0} for all p € R.

Remark 4.2 (unit speed parametrisation). The stable manifolds of the flow g, are
the submanifolds tangent to the bundle E£_ (this bundle is in general only Holder,
and existence is ensured by the stable manifold theorem; see [40, Theorem 17.4.3],
for example). We can parametrise stable manifolds by the arc-length induced by
the Riemannian metric on M. Since we assumed that E_ is orientable, this defines
uniquely a horocycle flow with [d,/,| = 1, called the unit speed horocycle flow. All
other horocycle flows are obtained by time reparametrisations. Topological mixing
of g, implies that each stable manifold is dense in M [43, p. 84] so any horocycle
flow is minimal.

Our main object of interest is the following (stable) horocycle integral:

Definition 4.3 (horocycle integral). The horocycle integral of the horocycle flow
h, for the observable ¢ € C%(M) at x € M is defined by

T
ye(o, T) = jo 9 oh,(x)dp. (76)

Writing 1(¢) = [ @du, where p is the unique?® 7 p-invariant probability measure,
we have

0, VxeM,VYoeC'(M). (77)

. Erx(@)
ye(@. T)=T-u(@)+Erx(@), lim 22 =
T—ooo T

Our main result, Theorem 4.8 in Section 4B, gives a more precise asymptotic
expansion, involving the spectrum and eigendistributions of a suitably weighted
transfer operator L, v. A crucial ingredient in our analysis is the renormalisation
time (first introduced by Marcus [43, p.83] to study ergodic properties of the
horocycle flow):

26See [15] for a proof of unique ergodicity. If g, preserves a smooth measure see also [42]. See
also Remark 4.16.
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Definition 4.4 (pointwise renormalisation time). A map 7: R*> x M — R that
satisfies

gath(x) :hr(p,a,x)ogoz(x), Vo, e R,Vx e M, (78)
is called a (pointwise) renormalisation time for the stable horocycle flow £,,.

For the unit speed horocycle flow of the geodesic flow on a compact surface of
constant negative curvature, the renormalisation time is 7 (o, &, X) = p exp(—at/op).
More generally:

Lemma 4.5 (properties of 7(p, «, x)). There exists a unique solution t(p, o, x)
to (78). In addition t(p, a, x) is differentiable in p, and we have®’

(0, a,x) =y (0,7(0,, ), p), VxeM,VaeR, VpeR, (79)
(3pho(x))*(0pho(x))
(aphO 0 8u (x))*(3ph0 0 gu (X)) '
Vxe M, VaeR. (80)

0,7(0, o, x) =det Dgy|g_(x) -

In particular, 3,7(0,a,x) > 0, (0,2, x) =0, (p, 0, x) = p. Moreover, there
exists C < oo with

1 s Wy —

nge ho < C Vx € M, ¥p € R with |p| > 1, Ya >0,  (81)
0

|

—< P e < VxeM, VpeR, Va > 0with |t(p,a,x)| > 1.

C™ t(p,a,x)

(82)

These bounds will come from [30, Appendix C]. That limp_woM =
e~ %heop for all @ > 0 follows from [43]; see the proof of Lemma 4.6. p

The key fact behind our main result (Theorem 4.8) is the following consequence
of (78), known as renormalisation:

28

T ©(T,a,x)
f @ohy(x)dp =/ (La,vp)oh,oga(x)dp, (83)
0 0
where the transfer operator £, v is defined by (8), choosing
= —040,7(0,0,-), ie,¢py=209,7(00, —a,-), (84)

and assuming that ¢, is C"~!. The underlying idea will be to take & = O(log T)
so that (7, o, x) = O(1), and then exploit the information on the spectrum of the
semigroup L, v obtained in the previous section.

271n (80), we denote by (3ph0)* € E* the canonical dual of d,hq := dph, lpo=0-
28The proof of (83) is a simplification of that of Sublemma 4.13 below.
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Since the derivative of the Jacobian is the divergence and 0,8y |o=0 = X, we
find for the unit speed horocycle flow that (80) implies

V =div(X|z ) and ¢ = det Dg_o |- .

Hence, if E_ is C"~! then o € C""1(M). More generally, if E_ is Cc™ 1, for
any C” time reparametrisation of the unit speed horocycle flow, the weight ¢,, is
C"~! by (80). (Compare [29, Remark 2.4].) In order to fit in the Banach norm
setting of Sections 2 and 3, we will need ¢, to be C" ~! for r > 2, and we will
have to introduce the horocycle integrals (92) localised by smooth cutoff functions
(following [29], see the proof of Lemma 4.14), replacing thus (83) by the more
involved version of “renormalisation” in Sublemma 4.13.

Before proving Lemma 4.5, we state and prove a consequence of (83) and
classical results:

Lemma 4.6 (the invariant measure j as an eigenvector). If ¢, from (84) is C" ™!,
we have

l’lmp()l

(Lo ve) =" 1), VYa >0, Yp e C'(M). (85)

Remark 4.7 (spectrum of X + V on L'(n)). Lemma 4.6 gives u(|Ly vel) <
w(Levlel) = u(lpl) for all @ > 0 and any ¢ € C%(M). Therefore, since u is a
Radon measure, for each o > 0, the operator £, v is bounded on the Banach space
L'(1), with norm equal to e Hence, using [22, Corollary I1.1.11] and (55), the
spectral radius of R, = (z — (X + V))~! on L'(n) is bounded by |Re z — hiop| if
Re z > hyop. The spectrum of X +V on L'(1) thus lies in the half-plane Re z < hp.

Proof of Lemma 4.6. Unique ergodicity (77) (twice), renormalisation (83), and a
result of Marcus [43, Lemma 3.1, p. 84] give, for all « > 0 and ¢ € cO(m),

() T 1 ©.T) T (T, a, x) 1 « T )
e m — , = 1m , T , ,
= DT T—00 T (T, o, x) Vouco (o V¥ %X
— e—ahtopu(ﬁa’ VQD) ‘:’

Proof of Lemma 4.5. Since stable leaves are dense and the flow %, is nonsingular,
this flow does not admit any periodic orbits. For x € M and p, « € R, set hy ,(x) 1=
8aohyog_y(x). Then d,hy , € E_ , \ {0}. Hence h, ,(x) parametrises the same
stable manifold as &, (x). If there were two different pointwise times 7, there would
exist p1 < p2 € Rsuch that 2, ,(x) =h,, (x) =h,,(x), and this would contradict the
absence of periodic orbits. Thus, 7(p, «, x) is uniquely defined and differentiable
in p. We deduce from (78) that

ht(p,a1+a2,-)(ga1+a2( : )) = 8o +ar (hp( : )) = 8a; (hf(p,az,-)(gaz( : )))
= hr(r(o.an.)a1.80y () (81402 ()
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and

he(p)+p2.0.x) (8 (X)) = a (B4, (X)) = a (B, 08— © g (P, 08— © g (X))
= e (o), (0) e (pr,0,2) (8o (X)) -
This implies that, for all a1, an, p1, 2 € R,
T(p, a1 ton, ) =1(T(p, 2, ), A1, 8ay (),
(o1 +p2, -, x) =1(p1, -, hp, (X)) +T(02, -, X).

Then, using 7(0, o, x) = 0, and differentiating the identities in (86) at p = 0 and
01 =0, we find

(86)

0,7(p,a,x) =0,7(0,, hp(x)), Ve,

(87)
0,7(0, a1, 84, (X)), T(0, a2, x) = 9,7(0, 1 + 2, x), Yoy, as.
Next (79) follows from the definition (76) of y, and the first claim of (87).
To show (80), we take derivatives on both sides of (78) with respect to p:
Dgaaphp(x) = apf(p» o, x)- (3pho) o hr(p,a,x) 0 gu(x). (88)

We have
(8ph0 0 8a)* (Dgadpho) = (3pho 0 8a)* ((8a)x9ph0) = (8a)*(3pho © g)*(9pho)
= det(Dgal£_)*(8,h0)*(3ph0)
= detDgy|£_(8,/0)*(9,h0) . (89)

Setting p = 0 in (88), we obtain (80), using (89) and the nonsingularity of the
horocycle flow. That 0,7 (0, «, x) > 0 follows from (80), for instance.

Next, since h, is nonsingular, the stable manifold W, := ho 1;(y) has length
bounded from above and below uniformly in y € M. Using (80) and® [30,
Lemma C.3, Remark C.4] (recalling that g, is transitive), we find C3z, C4, C5 < 00
such that

]
(p, —a,x) < C3/ detDg_qyg_ohy(x)dp < Cap sup / detDg_q g _dW,
0 yeM

< Csp sup vol (g4 (W,)) < Cepe®, Vp>1,a>0,xeM.
yeM

A lower bound for 7(p, —«, x) is obtained analogously, using [30, Lemma C.1].
This shows (81) for p > 1. We get (81) for all p < —1 since (79) implies
T(—p,a,x) =—T(p, o, h_p(x)).

Finally, (82) follows from (80) and the following consequence of the first claim
of (86):

P = T(T(,O, o, X), —Q, goz(x)) - T(|T(pa o, X)|, —, ga(x))- D

2There is a typo in [30, Section C] and the set W there should actually be unstable.
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4B. Main result: asymptotic expansion for the horocycle integral. To state our
main result, Theorem 4.8, we need some notation. Denote by (X + V)’ the dual
of X + V (acting on the dual of W, (M)). Recall that o ((X + V)’)|(W;,f,q(M)), —
o(X+ V)IW;,r,q( ay (by [22, Section I1.2.5], strong continuity of the dual semigroup
is not needed for this). Therefore, by Corollary 3.9, each A € o (X + V)IW;.r,q( M)
with Re A > )‘fﬁiflp is an eigenvalue of finite geometric multiplicity n, and finite
algebraic multiplicities m;_;, | <i <n,, of (X 4+ V), with generalised eigenstates
O(x.,i,j) in the domain of (X + V)', for 1 < j <m;_;, with

(X+V)Y =206 =0, (X+V) =100 #0, 1<j<m;;. (90)
We may now state our main theorem:

Theorem 4.8 (an expansion for horocycle integrals). Let r > 2 and let h, be a C"
reparametrisation of the unit speed horocycle flow of a topologically mixing C"
Anosov flow g, such that d_ = 1, with E_ orientable and*® C"~'. Assume that
there existt —(r — 1) <s <0<g<t<r—2andp € (d/min{t,r — 14 s}, 00)
with

)Lfl;;’lp < hyop, and Condition 3.12 holds for some & with )Li;;’lp <68 < hop-

Then ¥s .= o(X + V)|w;"~"(M) N{Ar € C| ReA > max{0, §}} is finite, and there
exists Ty > 1 such that for each (A, i, j) withh € X5, 1 <i <mnj,and 1 < j <m,; ;,
there are®! functions

cir,i,jy - (Tp, 00) x M — C, with sup e, (T, x)| < o0,
T>Ty, xeM
and for any § > max{0, 8} there exists C5 < o0 such that for all ¢ € C" (M) and all
T=>T,

T
/0 @ oh,(x)dp

A .
=Tu@) +&ras,@+ Y X ThelogT) ' cpi (T, x)-Op.i (@),

rEXs  1<i<nmy
)\#htop 1Sj5mk,i

where

sup [E7.,x,(@)] < C5(T*" " pllcr + o). )
xeM

The proof of Theorem 4.8 is given at the end of Section 4D. We record an
immediate corollary:

30Hence 8,7 (0, —a, -) € C"~1 (M) for all @ > 0.
31Note that (109) gives a formula for ¢, ;, ;) using the generalised eigenvector of (4, i, j). We do
not show infz7. 7 x le,i,j) (T, x)| > 0.
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Corollary 4.9 (power law convergence). Under the assumptions of Theorem 4.8,
there exist € € (0, min{1, 1 — 68/ hyp}) and C. < 00 such that, for all p € C" (M),

1 T C C
7 [ 9ena)dp— )| = Zolllcr + = ligllco. VT > 0.

d—

A contact form is a 1-form v € T*M such that v A (/\nz:l1 dv) vanishes nowhere,
where d denotes the exterior derivative. (A contact form can only exist if d is odd.) A
flow g, on M is a contact flow if there exists a C' contact form v which is preserved
by the pullback of g,. Geodesic flows on (the unit tangent bundle of) negatively
curved compact manifolds are examples of Anosov contact flows. Contact Anosov
flows are topologically mixing [39, Theorem 3.6].

Proposition 4.10. Let g, be a C3 contact Anosov flow on a compact manifold M of
dimension d = 3. Assume the strong-stable distribution E_ is orientable. Then for
any €1 > 0, we may chooser € (2,3)andt — (r —1) <s <0 <t <r —2 such that
E_ is C"~" and such that, for any C" reparametrisation of the unit speed horocycle
flow, we have )»ininp < €1 for all p € (1, 00). In addition, if the flow satisfies the
bunching condition (2), there exists py > 1 such that Condition 3.12 holds for some
8" € [max{A>:7, 0}, hiop) if p > po.

The proposition above is proved in Section 4E. Its assumptions hold if g, is the
geodesic flow on a C? surface of strictly negative curvature (E_ is C>~7 for any
n € (0, 1) by [38, Theorem 3.1]; for the orientability of E£_, see [30, Lemma B.1])
with & satisfying (2). In particular, they hold if g, is the geodesic flow on a C?
compact surface of constant negative curvature, where @ = 2.

We compare our main theorem and Proposition 4.10 with the results of Flaminio
and Forni [28]: Let M be the unit tangent bundle of a compact surface of constant
negative curvature, and let g, be its unit speed geodesic flow. Then the canonical
volume form vol on M is the measure of maximal entropy for g,. The unit speed
horocycle flow leaves vol invariant as well, so that i = vol. Also, the vector fields
X and V = hy,, are constant, r = 00, and hp = 1 because 7(p, a, x) = p exp(—a).
In this setting [28, Theorem 1.5] the noninteger obstructions to convergence, cor-
responding to our eigenvalues A, are connected to the nonzero eigenvalues o of
the Laplacian via A = % + % —o. The eigenvalue hy,p = 1 is simple, there are
no other eigenvalues of real part equal to 1, all eigenvalues with Re A > % are
semisimple, and there are only finitely many eigenvalues with Re A > % Moreover,
since r = oo, for any p € (1, 0o) (including p = 2) the parameters —s, ¢ can be
taken large enough to ensure }‘:ﬁiﬁp = )»f{én < 0. Since Condition 3.12 holds for

some § > % (see Proposition 4.10), we find c(; ;1) and €7, 5, as in Theorem 4.8
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such that

fwoh ()dp=Tvol(@)+ Y ZTC(A,U(T 06,01y (@) + E7r.x, (9).
1625\

4C. Localised horocycle integrals, properties of the renormalisation time t. In
view of the smooth cutoff decomposition of y, (-, T) in Lemma 4.14 below, we
introduce localised horocycle integrals as follows. For any bounded compactly
supported w : R — R, let

Yuwx (@) = wa(p)-Gpohp(X))dp, xeM, geC'(M). 92)

To show Theorem 4.8, it will be useful®? to view Yw.x as an element of the dual
of W,‘;’t’q(M):

Lemma 4.11. There exists C < 00, depending on maxye(0,o0] |P—a © §—allcr-1s
the partition of unity 9, and the charts k., (Definition 2.9), such that for any
we Cy N (R) and p € W)"T (M)

sup |yu,(9)| < Clsuppw] - [lwllcur - Il s »
xeM
VPE(I»OO),Vl—(r—1)<s<0<q’§t,

Before proving it, we show an easy consequence of Lemma 4.11: The unique
h ,-invariant measure 1 belongs to the dual space of W, " (M).

Corollary 4.12. Let p € (1, 00) and let s, q, t be as in (42). If ¢, from (84) is cr1
then € (W;’t’q(M))’. Also, by Lemma 4.6, we have

ASL4P > hiop € 0 (X + V)lW;,r,q(M).

max

If )Lfnfnq < kfn;)? P the statement of this corollary could alternatively be obtained

from [30, §4]; see the proof of Lemma 4.15.

Proof. Fix € > 0 small (much smaller than the diameter of M). For x € M denote
by Ci 1(M) the set of ¢ € C"~!(M) which vanish in an € neighbourhood of x.
Then there exist 6(¢) > 0 and C(¢) such that for any 7 > 1 with d(hr(x), x) <§
there exists w’¢ € C} (R, [0, 1]) with [supp (w”€)| < T +2 and [|[w”¢| - < C(e),
such that

Lo, 71(P)@(hy(x) = w(P)p(h,(x)), Vo e Ci (M), VpeR.

For any x € M, since h,(x) is dense, there is a sequence T,, = T, (x, €) such that
d(ht,(x),x) <n~!and T, — oco. By unique ergodicity (77) and Lemma 4.11, we

32The corresponding result for the anisotropic norms of [29] is slightly more intuitive.
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have

l(p)| < lim
n—oo

= lim
n—o00

1 1
Fnyx((p» T,) Tnywrnvf,x(ga)'

<2C©Cllgllysa, Vo eCil(M).  (93)

Next, using a C* function Y =, ,  : M — [0, 1], vanishing in an € neighbourhood
of x and identically 1 in an € neighbourhood of some y # x, we can write any
@ € C" 1 (M) as Yo+ (1 =), where Yo € C; ' (M) and (1 — )¢ € C}H(M).
Applying (93) at x and y gives

(@) < 2CEOC (1Y@l + (1= P)@llgaea), Yo e C ™1 (M),

where ﬁ’;’t’q is defined like W‘;’t’q, but using systems of cones (:)w (see Remark 2.5)
ensuring that ||1ﬁ<p||v7,;,x,q <C|¥lcr ||(p||W;,t,q for some C < oo and all ¢, . We
conclude by density of C"~! functions in W, (M). O

Proof of Lemma 4.11. Let §, denote the Dirac distribution, fix w € Cs_l (R), and
set

o0
We g op s (2) 1= (D B 0 &) 05 (2) / W(0)84(z — Kapy © 8 0 hp(x)) dp,
—0
P0.u(2) = D0 - Lavp) ok, (2),

forzeRY, xeM,a>0, w,w,w €, ¢ C 1 (M). Since h,, has no periodic
orbits and M is compact, Wy, ¢,w,,,,« 1S @ bounded function supported in the interior
of a subset J of the (one-dimensional) stable leaf at g, (x) (using (78)) in charts. In
addition, there exists C such that

|J] < Co |suppw| and sup [ wrgonwmallie < CollwlLy -
ael0,ap]
XeEM, w; e
Next, since ¢_q 0 g_, = 1/¢, we have, exchanging the integrals with respect to
z and p (so that z =k, 0 gy 0 h,(x))

Yw,x ((,0) = Z /[R{d wx,(b,wl,wz,a(z) : @wl,a(z) dz, Va > 0.

w1, wr€N

Recalling \'Ivf(;’n from (35), we find, using Plancherel’s theorem for the inner product
of two functions, \Aljg’nllla,n = W, ,, Cauchy—Schwarz for the sum in o and n,
Holder’s inequality, a constant C < oo such33 that, for all p € (1,00) and all
t—(r—1<s<0<q' <t,

33The bounds below can be viewed as yet another avatar of integration by parts.
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(&40] |Vw,x ()]

L
/0 w1,w

<C sup >

ael0,a0] wi,w2

Z /Rdwx,qb,wl,wz,a(Z)(pwl,a(Z) dZ‘dOl
1,07

/R Y27 OGP (w5 o) (27U (g, ) (2) dz| dar
o,n

1
(Z4 T A Weponomal) | 16l O
o,n L]_
P
using the definition (25) of the norm in (94). To conclude, it suffices to find Cy < oo
such that
max_ sup |8’ (wy 4 w1.00.0) Ly, < Colsuppw] lwllz. .,

oe{+,0} M
orweQ S VO<a <ap, VneN, (95)

and (since c¢(+) > 0 and ¢(0) > 0, it is enough to consider o = —)

O C
max _ sup ||\IJ’ P (Wy..01.000, o[)||L1 vr = 36=Dn [supp w| |lw]l cisi

w1, a)zEQ xeM
YVO<a<ay,VneN. (96)

Now Young’s inequality for || [F_l(\flt/,’n) RV~
Comax diam V,,.
Finally, we show (96) There are CO (depending on maxye[o. o] |p—o 0 8—allcr-1s
Yo, and k), a subset J CR, and a "~ diffeomorphism 3 : J — J C R? with3*
|J] < C1J| < Colsupp wl, with max{||Fllcr1, I3~ c-1} < Co, and

Liy, gives (95) for Cy =

o

Wx,p,w1,w2, a(2) =

(2n>d /RfR L@ 01 0,0 (2) dEAZ

= W L@ T g 0 (GO di d,

With Wy ¢ w,.w.c ©y @ C"~! function supported in the interior of J such that

SUp (| Wy gm0 © Fll vy < Collwller, ¥F <r—1.
ael0,ap]
XeEM, w; eQ
Note that J lies in a stable cone in charts. Thus, there exists C; > O such that
[0y (¥ (y))| = C12" for any & in the support of \IJ/_’" (which lies inside E* in
charts). Finally, integrating | |r — 1|] times by parts with respect to y, following by
a regularised integration by parts if |[r — 1| is not an integer (Lemmas A.1 and A.2),

and ending with Young’s inequality, we get (96). ([

HAsa warmup, the reader is invited to think of the case when J is a subset of a coordinate axis
o md
in R%.
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The next two lemmas use the following version of the renormalisation equa-
tion (83) for the localised horocycle integral (92).

Sublemma 4.13 (renormalisation and smooth localisation). Fix x € M and ¢ € C°.
Then

Ywx(9) = /Rw(f(,o, —, 8a (X)) - Lave(hp(ga(x))) dp, Ya = 0.

Proof. By definition and our choice ¢y = 9,7(0, —«, ),
/Rw(f(p, —a, 8u(x))) - Lo ve(hy(gu(x))) dp
= Yw(r(-,—0.ga (0)).g0(x) (La,d,7(0,—a, ) 9) -

Thus, the sublemma follows from (78) and the first claims of (86) and (87), since

00
Ywx (@) = / oow(p) *Pogq ohr(p,a,x) o gu(x)dp

- /_Zw(r(p, —0, 8 (X)) 9o g a0ohyogu(x) 9,T(0, — gu(x)) dp
- /_:wu(p, —a, 8a())) - (3,70, =, ) - 908 o) 0 hy0 gy(x) dp

= ywof(-,—a,ga(x)),ga(x)(apf(oy -, - ) @ Og—a)’ Vo = 0. ]

Taking w = wr to be the characteristic function wr = 119,17, we have yy,, » (@) =
vx (¢, T), and by choosing « = O (log 7)) we can ensure (in view of Lemma 4.5)
that the support of wy o 7(-, —«, g4(x)) has size O (1), uniformly in x. In order
to apply Lemma 4.11, some regularity of w is required: we thus need a more
clever choice of localisation function wr = wr . We state the corresponding result,
similar to [28, Lemma 5.16], [29, Lemma 3.19].

Lemma 4.14 (bounds for localised horocycle integrals). Let C > 1 be as in (81)—
(82) and fix C > max{C, 4}. If ¢, from (84) is C"~', then for every T > CC and
X € M there exists a compactly supported C" function w = wr , : R — [0, 1] with

V2 (@ T) = Yur, x (@) £2CCllplico, Yo € CO(M). 97)

Moreover, for pe (1,00) andt— (r—1) <s <0< q’' <q <t, there exists C <o
such that, if ¢ € W,S,’t’q(M ) satisfies

1£av @i < explera) max{l, lal~}Cy, Ve =0, (98)

1
1—(C/C)¥/ e’

3

for some Sa>0, J=1,and Cz < o0, then, settingC(a) = we have

35The proof gives (99), replacing CC(a) - T Mop (log T)/~1 by C- (log T)J if a = 0 and by
C-(ogT)/~lifa<o.
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SUp Yy, x (@) < CC@) T (log T)~'C;, VT > CC. (99)
xeM

Proof. For x € M and T > CC, inductively define sequences o;" = o (x, T) € R,
k>1, by

C=1(T,af ,x),

1=1(z(C, —oz,:r, 8uit (x)), oe,:r_l,x) = t(@,a,j_l — oz,j, 8uit (x)),

a = ozf,

—1=1(2(=C, —ay, g (hr (), ey, hr(0) = T(=C 5 = o, g (h7 (x))),

where we used the first claim of (86). In the special case when 7 (p, o, x) = ,oe_‘"h“’P
we find

+_ log(T/C)

_ log(1/C)
o = e

<0, k>=2.
htop

+ + =
h 0, o —o =0 —oy_ ;=
top

More generally, since 7(7°,0,x) =T and (7, «, x) is continuous in &, the bounds
(81)~(82) give 0 < log(T/(CC)) < hyop - @iF <log(TC/C). It is also easy to check
that off <o, and o <o, , forall k > 2, and that (81) gives

_ 1 C -
{ehon (@ —e 1) | huop(erf —e 1)) ¢ [E 5] Vk>2,VxeM,NVT > CC. (100)

Thus, we have
T/(COY < o <TCk/CK, VEk=>1. (101)

Fixing a C* function x : R — [0, 1] such that x|[1.00) =1 and x|(—c0,0) =0, we
put

wi(p) = x(t(p, ), X)) x(—=t(p—T, a7, hr(x))),
and, for k > 2 (note that w; and the w,ﬁc depend on x and T),
w; (0) = x(t(p, o, x)) — x(t(p, |, X)),
w, (p) =x(=t(o—T,0, ,hr(x))) — x(=t(o—T,0,_;, h7(x))).

Then, for any ny > 1, we have
wi(p)+ 3w (o) + ¥ wi ()
k=2 k=2
=wi(p) + x(t(p, o, x) — x(t(p, o, x))
+x(—t(p—T,a, ,hr(x)) — x(—=t(p =T, oy, hr(x))), (102)
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so that (82) and (101) imply wy + > oo (w; + w; ) = 1|,7). Define Ny > 1
by min{a;\}# ay } >0 and max{oz;++1, oy o1} < 0; it follows from (101) that
Ny €[1,log(T)/ log(E/C)]. Then put

Ny N_
wre(p) =wi(p) + Y wi () + Y wy (p).
k=2

k=2
Setting ny = Ny in (102), the definitions of xy and aij 41 then give

supp (1ljo,71 — wr.x) C
[09 T((_ja _a;++1’ g(x;r/++1(x))] U [T + T(_(_ja _a];7+]9 ga;,7+l(hT(-x))7 T)] (103)

Using max{ozlt+ s %y 11 =0, the claim (97) now follows from (82).
Next, for ¢ € W;’[’q(M), using ¥y x (@) = Yvo(—+T).hr(x)(@), Sublemma 4.13
gives®®

wa,x,X ((Z) = Ny N
Ving,+ ) Lot vO T2 Var o o (Lor v@)+2 Vo (hr())(Ly- y@), (104)
* k=2 ay (x) k k=2 k o k

where, recalling (86), we put w; = w(z(-, —otf“, 8ut x)=x -X((_? —-),and

W (p) = wi (T(p, =y, g+ (),
lb/:(p) = wl:(T +t( s —(X]:, g(xl:(hT(x)))v

for k > 2. Since W} (p) = x (p) — x (x(p, o | — ), 8o+ (x))) and also Wy (p) =
x(=p) = x(=t(p, ,_y — 0, g, (h7(x)))), we find

supp w; C [0, CC] and supp ﬁ)lj U —suppw, < [0, CC], VkeN. (105

Since ¢y € C"7', (79)—(80) imply sup,~g ven 10p7 (-, &, X)|[cr—1 < 00, s0 (100)
gives

sup max{||wi | cr, sup sup ||1Z)ki||cr} < 00. (106)

xXeM k>2 T-CC
Thus, if (98) holds for ¢, applying Lemma 4.11, and (101) to (104), we find C<oo
such that

max{N_,N.}
V< CC-T op j-1 C o
SUP [Vary .2 (@) < CC3T ™ (log T) Y (C/C) e, (107)
* k=1

for all T > CC. Since 4 < C < C, summing Y o 1(C/c?)"ﬁ gives (99). O

36This is analogous to the decomposition in [29, Lemma 3.1]. We use more explicit smoothing
functions.
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4D. Exact bounds (sup, || e~ "op Lo, Wit < o0). Proof of Theorem 4.8. We
saw in Lemma 4.6 that p, the unique £ ,-invariant probability, is a fixed point of
e‘h“’P"‘ﬁfx’v acting on Radon measures, in Remark 4.7 that

SUPy >0 ”e_hwpaﬁa,V”L'(M) <1,

and in Corollary 4.12 that 1 € (W),"?(M))’, so that Aax ” > higp. If X000 F < hyop,

we get more.’’

Lemma 4.15 (peripheral spectrum and exact growth). If E_ is C" ' and A>0F <

min
hiop for some p € (1,00) and s, q, t as in (42), then for all 0 < g <t we have
Aﬁ;;’,f”p = hwp. Moreover, hyp is a simple eigenvalue and the only element of
{A eo(X+ V)|W;,r,q(M), Re A = htop}. In particular, there are no maximal Jordan

blocks, and>® SUPg>0 ||e—“htopﬁa’v ||W;.r,q < Q.

For the potential V associated to the SRB measure, where Ay ¥ =0, the results

above are well known, see [17, Lemma 5.1] and [18] (the claims there are for other
Banach spaces, but intrinsicness can be applied as in our proof of Lemma 4.15).

Remark 4.16 (MME and bypassing unique ergodicity). Exploiting the results of
[30] as in the proof of Lemma 4.15, it can be shown (without using Corollary 4.12),
that the unique fixed point of e‘hmp"‘ﬁ;’v in the dual of W,S,’t’q (M) is a Radon
measure /i, and letting v € W, "7 (M) be the unique fixed point of e~"r% £, y, that
the distribution formally defined by . (¢) = u(pv) is a Radon measure, and it is
the unique measure of maximal entropy (MME) of g, which is (exponentially)
mixing. (See, e.g., [33] for the discrete-time analogue.) In fact, unique ergodicity
of h, —that is, (77) — could be obtained from the information on the peripheral
spectrum of L, v, bypassing the results of Bowen and Marcus from [15]. To keep
the paper short, we refer to [15].

Before showing Lemma 4.15 we state and prove consequences of the exact
growth.

Corollary 4.17 (exact growth for the resolvent). Assume that E_ is C"~! and
ASEP < hiop for p € (1,00) and s, q, t as in (42). Fix 0 < g <t. There exists C < 00

min

such that

Rn sty < —mm —
IR = Rez— gy

||(p||Wls7.t,lI , YRez > hyp, V> 1.
371n fact, only the exact growth claim is needed from Lemma 4.15: the rest of the information about
the peripheral spectrum could be obtained by an ad hoc argument based on (85), the identity in the
proof of Lemma 4.6, (99), and Sublemma 4.13. See [1, Lemma 5.18(v) and last claim of Lemma 5.14].
38 This exact growth estimate is a key ingredient, e.g., for [16, Assumption 1] used in the proof of
Theorem 4.8. See, e.g., the inverse Laplace transform in [16, Lemma 4.3].
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Moreover, recalling (56), there exist C < 0o and a system ® = {® } with © < ©,,
such that

”RZQD — R;ll’,z(p”W'Y’t’q ”(pHW.y,t,q , VRCZ > htOp , Vn > 1.
p p,0

S e —

(Rez — htop)n
Proof. The first bound follows from exact growth (sup,,~ le=hon Lo, v |l it < 00),
simplifying (58). The second claim follows from exact growth, using Remark 2.5
(for @ > ag) with (55). O

Proof of Lemma 4.15. By Corollary 3.9, since A7 < hyp, we claim that we
can exploit Theorem 3.10 about intrinsicness to transfer®” the results of Giulietti,
Liverani, and Pollicott in [30] to our spaces.

Indeed, first recall that a C"~! one-form is a C"~! section of the cotangent bundle
T*M, or equivalently, a C"~! map from the tangent space TM to R whose restriction
to each fibre 7 M is a linear functional on 7, M. Using that the Anosov flow gq is
topologically mixing (and E_ is orientable), they showed in [30, (4.5), Lemma 4.7,
Proposition 4.9, for £ = d_ = 1] that h, (denoted oy, there, withd_s =d_)is a
simple eigenvalue and the only element A of the spectrum with Re A > Ay, for the
generator Y @) of the pullback semigroup Eéd‘) of g_, [30, (2.9)] acting on the
closure B!B14- of "1 one-forms on M vanishing in the flow direction, for an
anisotropic Banach norm (see [30, Definition 3.6 and (4.6)] for { =d_ =1, p =1,
and g = ¢, and note that this is equivalent to letting the pullback semigroup act
on the Grassmannian of line bundles in TM as in [33; 29]). A key step for this is
the fact that, setting Xrlmlfll := hop +min{l, [s[}log 6 < hyp, the intersection of the
spectrum of ¥ @) on B4~ with the half-plane Re 1 > ijm';' contains only isolated
eigenvalues of finite multiplicity (this is shown by establishing the corresponding
result for the resolvent Rgd’) [30, Definition 4.4, Lemma 4.8]).

Next, recall that, by our assumptions, » > 2 and E_ is C r=1 (so that E* is C r=1
too). The (closed) subspace El"sl of BU:IsI4- obtained by taking the closure (for
the norm of B'-5-4-) of the space 27! of those C"~! one-forms taking values in
E*, is invariant under Cf),d’). Using the natural bijection ¢ — (¢(-), E*(-)) from
C""'(M) to ;" we see that the restriction of L5~ to Q! coincides with our
operator L, v on C” —L(M). Tt is well-known*° that restricting a bounded operator R
to a closed invariant subspace B C B can fill up the holes (a hole in a compact set of
C is a bounded connected component of its complement) in the original spectrum,
but the spectrum of the restriction does not intersect the unbounded connected
component of o (R|p) (see [46, Corollary 4.1]). Hence, the intersection of the

An independent proof should exist. To exclude maximal Jordan blocks, a geometric argument is
needed see [30, §4.3]. Maybe (81)—(82) can help; see [1, Lemma 5.17].

40For example, the spectrum of the two-sided shift restricted to sequences vanishing on one side is
the whole disc, while the original spectrum is the circle.
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spectrum of Y (@~ )| 1,5 with the half-plane Re A > Al lsl still contains only isolated
eigenvalues of ﬁmte multiplicity. Some of the elgenvalues of Y- on BLIshd- can
disappear for the restricted operator, but we already established in Corollary 4.12

tp 71s|

;mnp’ )\'1’1’11:1 } <[ htop, we
can apply Theorem 3.10, usm% also that C"~! functions are dense in Wy, and in
BH *|and that Wy "¢ and B""' are both continuously embedded into the dual of

clsl+max 1.1} 130, Lemma 3.10]. O

that & is an eigenvalue in our space. Finally, since max {2

Proof of Theorem 4.8. The starting point of the proof is

T
ye(1, T)u(p) = /0 w(@)dp = T pu(@);

this is trivial for the unit speed horocycle flow, an easy computation otherwise.
Thus, we may and shall assume ©(¢) = 0, replacing ¢ by ¢ — (@) (constants
belong to our Banach space).

Fix 0 < g <t. By Lemma 4.15, Al = hiop, it is a simple eigenvalue and the
only maximal eigenvalue of X + V on W,"¥(M). Hence, Ohop = Ohiop. 1.1 = I
so that Op,,, (¢) =0

For a general Ruelle—Pollicott resonance A € o (X + V)| W (1) withRe A > )Lfninp ,

recalling the notation introduced above (90), we denote by D, ; ;) € D(X + V),
forl <i <njand 1 <j <m,,, its generalised eigenstates, i.e.,

X+V-=2Dij=0, (X+V-2)/"Dy,j #0.

We write Dy,,, := Dj,,.1,1- There is a curve I'; around A with

) (= (X V) sodz—Zl'Imo,
i=1

2im

where IT, ; is a projector of rank m;_;, with

my.i

I, = ZD(A,i,j) ®Ou.ij, 1 <i<ny, Owije€DX+V)),
j=1

where
L if (A, iy, 1) = (A2, 02, j2),

On o (Der i o) =
(Kl,ll,Jl)( (Kz,lzsjz)) io otherwise.

In addition, there are finite-rank nilpotent operators N, ;, for 1 <i < n,, such that

I'IM,,-,HM,,& =0and NA],I']N)»z,iz =0 if )»1 75 )»2 or i] 75 iz,
N)Lz,iz if kl :kz and il Iiz,

NN =00 T i Nows, = Nogo T iy =
A A,i1YV A0 Ayl HAy,0y 0 if A # Ag or iy # ia,
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and, using the surjection from eigenvalues of X 4+ V to those of the semigroup
(22, V (2.3)],

Ly, v =exp(ah) exp(aN; )11, Ya > 0.

(See also [16], for example.) Therefore, for each (A, i, j) there exists C; ; < 00
such that

1£a,v D, jllysre < CijexplerRed) max{1, |/ =} Do jyllyys e, Yor € R, (108)

In other words, Dy, ;. ;) satisfies (98) for all & € R if a = Re . > A7, Assume

that § > 0, let
rE X =0(X+V)|W;,t,q(M)m{Z € C|Rez >}

and fix x € M.
LetT > Ty=CC > 1 and wrx € C6_1 be given by Lemma 4.14, and define

couip(T,x):=T " (log T)l_ijrtx,x(’D()L,i,j)) eC,
l<i<ny, 1=<j<m;. (109)

Then (99) from Lemma 4.14 implies that sup, 7~ 7, [¢a.i.j)(T, x)| < 0o. With the
decomposition

my i

Yurox Ti®) = - O6ui ) (@) Vwr.x (Doni,j))
i=1
m. i A i1
= . IC(A,i,j)Thmp (log T) ™" Oa..i jy(@)
j:

and using Lemma 4.15, we find for any finite subset As C X5 that

Yx (@, T) = Yuwr . x(Dhy,) (@)
n); Mmp.

A .
+ 3 3 cpipnT o Qog T 'O iy (@) + Erx.ns (),
aeds i=1 j=1
)‘#hmp

where vy, x(Dpy,) 1t (9) = 0 and

n
ETx .05 (@0) = Yy, .x (f/) -2 X HA,i(/)) +1: (@, T) = Yy, x(®).
reAsi=I
To conclude, we show that finiteness of 25 and the claimed bound on &7, 5,
follow from Condition 3.12. We first check that Assumptions 1, 2, and 3A from
[16] hold for the semigroup e‘h‘OPo‘ﬁa,V on W;'[’q (M) (with generator X +V — hyop
and resolvent R;4p,,): Note that Ry, = (hop — (X + V))~! is bounded on the
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codimension one subset W (hyqp) of W;’t’q formed of those ¢ such that w(¢) =
Therefore, the norm on W (i) defined by

1Criop — (X + V) TH@) s
1Ryl

satisfies ||@|lweak < ||¢||W;,r.q. The identity

||¢||weak =

o -
¢ . e—htopaﬁa’vgz = (htop — (X + V))/(; e_hlop()lﬁ&’v@d&

thus implies Assumption 1 in [16], i.e

1 . _ ~
sup —|lid — e h“"’aﬁa,v||W;’f’q(M)_>W6ak <00, Vo € W(hp). (110)
a>0
(Indeed, it is enough to consider « € (0, 1] in (110) due to the exact growth.)
Since hop — )Lfr’lfr’lp > 0, the essential spectral radius of R;p,, is not larger than

Re z + hop — fninp |=! by Corollary 3.9, giving Assumption 2 in [16]. Finally,
since p > d/min{t,r — 1 4 s}, Proposition 3.13 and Corollary 4.17 imply that
Condition 3.12 gives (64), i.e., Assumption 3A from [16] for Rthiop-

Thus [16, Theorem 1] gives #Xs5 < oo and furnishes, for § > 8, a constant

Cp(8) < oo with

Jeteean(v= & 3 M), =Coe W= XVl
hexs = e Va>0, (111)
for all Y € W (hop).

Finally, Lemma 4.14 gives the bound (91) for sup, |Er x5, (¢)|: First note that
(97) implies that sup, 7 [vx(@, T) — Ywr, . x(@)| < Cll¢llco. Then, introducing
¥ = (hop — (X + V) @, for j = 1,2, we have max;_ ||, IIWw = Cllelcr,
because V € C"~!, and t < r — 2. Then (99), with o=y € Ws q(M) and

Cy = Cpll(hop — (X + V)@ llysra,

gives Ty < 0o such that

Voo (9= 5 3 Mhie)| <ECHCHET Mo

reX;si=1

sup,

(htop (X+V))WIHWH4,
YT >Ty. O

4E. Proof of Proposition 4.10. We assumed the flow fixes a C! contact 1-form
v € T*M. In particular, v is annihilated on £ + E_ and the volume in /\3T*M
is preserved by the flow. Then, since d = 3, we already mentioned that [38,
Theorem 3.1] gives that E_ is C>~7 for any 7 € (0, 1). Taking r = 3 — 7j, we find
0,700, -0, -) € C’~! for any C” reparametrisation of the unit speed horocycle flow.
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It follows from (80) and Lemma 3.5 that the transfer operators associated to C”
reparametrisations are conjugate to each other and thus have the same spectrum (us-
ing Remark 2.5). For the unit speed parametrisation we have ¢, = 0,7(0, —«, 0) =
detDg_,|r_. We claim that

min{¢,—s}

1
ASLP(X, V) = Jim —log ¢ |det(Dgo)" | £+ |

IIllIl

l2oor) - (112)

Indeed, d_ = d, =1, and since the flow g, preserves volume, i.e., |detDg,| =1,
we find

|det(Dg—o)" |3

= |det(Dg,a ga)tr |E(’;

det(Dyg_, 2e)" x|

Using (45) and the upper and lower bounds on |det(Dg_a ga)" | E; |, We get (112).

Then, taking—s—t—r;1 :—1 ﬁ,wehavet—r+1<s<0<t<r—2,

and formula (112) together with (80) give A P < €, if 7 > 0 is small enough.

It remains to discuss Condition 3.12. (This COIldlthIl is stable under reparametriza-
tions of the horocycle flows, using (55) and the conjugacy mentioned in the previous
paragraph.) Since we assumed (2), the second*! claim of [30, Proposition 7.5]
holds for £ = d_. Therefore, since our operator R, coincides with the operator
denoted R%)(z) in [30] restricted to one-forms that take their images in E* (as
in the proof of Lemma 4.15), the second claim of [30, Proposition 7.5], combined
with [30, Lemma 7.4], [30, (7.1)] (which holds due to the exact growth bounds)
and (65) (for 6; =0, §, > 0 and B = 3yp), gives n € (0, 1), ap > 1, b6 > 1,
82 € (0, hygp), C <00, yp € (0, 1), Cy > 1, and, for any a > ap and y' > aCy such
that*?> ’ < 3yy/log(1 + 8,/a), we have

log |b
IR e @l g0y < Cla+ 8~ 2PN 51,0, Vib > by, (113)

for the anisotropic Banach spaces 5/, j = 0, 1, in the scale from the proof of
Lemma 4.15. (The statement of [30, Proposition 7.5] is for a € [agp, 2ap] and
y' > C1; the proof gives (113).)

By [30, Lemma 3.10] the space B lies in the dual of C'*"(M). Thus, if
s” <—1—-n—3—2, we have ||(p|| o < Cll¢|lgo.1+1. (Use Sobolev embeddings
[45, Theorem 2.2. 3(1)] for the dual By, 17" of biFL, D C'*1(M) [45, Definition
2.1.3.1(ii), Remark 2.1.5.1] and W‘ = F s" 2 in dimension d = 3.) The last bound
of [30, Remark 3.8] gives [|¢[| 1.1 < Cllgallcl ending the proof.

4IThe proof of [30, Proposition 7.5] has a gap since a factor WOt W g missing from [30,
(7.14)]. However, the statement is correct [31, Theorem 1 and its proof], replacing the condition
min{1, &} > % in [30] by: “A4 —A_ < ¥gA_ with 9 € (0, }) and = > 1,” which hold since we
assumed (2).

2we may take §» > 0 small enough in (65) to ensure aC| < 3y0/10g(l +87/a).
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Appendix A: Integration by parts

Lemma A.1 (integration by parts; cf. text after Remark 3.3 in [8]). Ler f: RY — R
be C' and compactly supported. For any C? function G: R? — R such that
infaupp £ Y91 (3,G)? > 0,

d

. _ ; (0:G(2) f(2)

e f(2) dz:z/ 6 E O ——————dz
/Rd W =Y 0,60

For z € R? we write V.G = (0;G(2))j=1,...q for the gradient and VI'G =
Z?:l 0;G(z) for the divergence of G : RY - R. Letv: R — Ry be C*°,
supported in the unit ball, and such that fRd v(x)dx = 1. Then we have:

Lemma A.2 (regularised integration by parts [8, (3.4)]). Fix 1 <r < 2. Let
f: RY — C be a compactly supported C"~'-map, let G: R? — R be C” and such
that |V,G(z)|> = Zj?zl(ajG)Z > 0 on supp f. Set®

. V:G(@) f(2)
SN TR
Then, for every L > 1,

[ @ dz

1 iLG . iLG
= Z/Rdez (z)vgha(z) dz—z/Rdel (z)vérG(z)(h(z) —hs(z)) dz.

hs :=8_d-h*v(§), 5>0.

Appendix B: Fragmentation and reconstitution

A finite set of C" functions ¥; : R4 — [0, 1] such that Zj ¥j(x) <1forall x € R4
is called a C” subpartition of unity. The fragmentation and reconstitution lemmas
of [8] and [5] extend straightforwardly to our anisotropic spaces. The first lemma
is a variant of [8, Lemma 7.1]:

Lemma B.1 (fragmentation). Let 1 < p < oo and let s, q, t as in (21) be real
numbers, and let K C R? be compact. Forany s',t', q' € Z, there exists C < 00 such
that, for any C" subpartition of unity {9} ;j=1,..; of K with intersection multiplicity
v, there exists éﬁ < 00 such that (in the applications, we take s’ < s,t’ < t, and
9 <q)
J p . J
[ 050| L, = o (S 10000 )+ Co 3 90l (114)
j=1 Wp,@ j p.© j=1 p.©
The last lemma, a variant of [8, Proposition 7.2] (see also [5, Lemma 4.29)), is
useful to group partitions of unity associated with a fixed cone system:

In particular, there exists C > 1 such that ||V, o < 5Hh\|cr—18r_1 and [|h —hsllL,, <
Clihllcr-18"1.
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Lemma B.2 (reconstitution). Let 1 < p < o0, let s, q, t as in (21) be real, and let
K C R? be compact. If ® < © then forany s, q',t' € Z, there exists C < 0o such
that, for any C" subpartition of unity {0;}j=1,..; of K with intersection multiplicity
v, there exists Cj, < 0o such that (in the applications, we take s’ < s,t" <t, and
q9' <q) J |

7Y 1/p ’
(; ||ﬂjv||W;._t5) < OV P llyysg + Collvly e (115)

Appendix C: Interpolation, mollification, and approximations of the identity

Let [By, B2],, for u € (0, 1), denote the complex (Calderén) interpolation of an
interpolation pair of Banach spaces By, B,. The Banach spaces in this paper are
complex interpolation spaces:

Lemma C.1 (interpolation). Setting w(x, x2) = (1 — w)x; + wx, for w € (0, 1),
we have for any p € (1,00),allt;—(r—1) <s; <0<gqj<t;, j=1,2,and all
w € (0, 1) that

[W;"“’q1 (M), W,‘f”z’qz(M)]w = W;”"’(M),
s=w(sy,s2), t=w(,n), g=wqq).

Proof. The norms on R given by ||x||,., = 2""|x|, n € N, form a complex inter-
polation scale with respect to w € R. The lemma thus follows from using [48,
Theorems 1.18.1, 1.18.4] to show that the local norms || - ||Wstq have the desired
interpolation property, and then applying [48, Theorem 1. 1§4] to the function
ar> [[(PuLlave) ok, ”W;;;’?p on [0, ap]. O

Recall the finite atlas .4, indexed by w € €2, and the pair {©,,}, {©/} of adapted
cone systems from Lemma 2.4 and Remark 2.5. Let {U,} be an open cover of M
with U,, C V,,. Let v be as in Lemma A.2 and set v (x) = e v (x/€). Fix C®
functions ¥, : M — [0, 1], with ¥, supported in U, such that ) D (x) =1 for
all x € M. Finally, let € > 0 be such that the e-neigbourhood of «,,(U,,) is contained
in k,(V,) for each w. As in [7, (5.4)], define a mollifier operator M, by setting,
for any distribution ¢ of order at most r on M,

(Me () () = /R Vel =Y (i, () dv = [ve (¥ ok, )] (W),
) we, uecky,(Uy), (116)
Me (@) = ZQ Vo - (Me(@))w 0 ko) -

Since {®,} and {®/ } are adapted to A and g,, the fact that ®/ < ©,, in the next
lemma is not a problem:

Lemma C.2 (approximation of the identity). For any p € (1, 00),all s',t',q' € R
and all n > 0 such that —(r — 1)+t +n <s' < —n <0< q’ <t, there exists
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C < oo such that, letting W), 9(@") be the space constructed with @,
Meg — ol S’~’/*‘7,(®/) <Cé'llgll S/+'7J’+n,q’+na Vo, Ve > 0.

Proof. Minkowski-type integral bounds hold for the local norms W o(’I : There
exists Cj; < oo such that for any ¥ : RY — R, and any family (py ew I®7,
uniformly bounded in y,

H/ V(e (- )dyH e SCulY Nl ey sup ||¢y||qu. (117)

.6l

(See [7, Remark 5.1]. We already established 1nterpolat10n for our spaces.) So we
proceed as in the proof of [7, Lemma 5.4]. The changes of charts k., ok I (one
chart is for the mollifier and the other for the norm) are cone-hyperbolic from ®,,
to @/ , by construction. O

Remark C.3. If we attempted to show Dolgopyat bounds using mollifiers through
isotropic spaces as in [7, Lemma 5.4, (7.5)—(7.6)], we would face a factor

IR s m (118)
instead of Ca™" in (72). After applying (65) with 8 =« (s —s’) — 1 > 0, we would
end up with an upper bound
- k(s—s)—1

1og(1 + (Amax — 8)/a) —log(1 — |s'|log ©) /a)

In our main application, Proposition 4.10, we need to take s’ close to —1 to guarantee
Amin < Amax. The upper bound would then conflict with (74). This is why (proving
(4) would give another solution to this problem) we used mollification through

/

anisotropic spaces as** in [30, Lemma D.2], taking advantage of the exact growth
from Lemma 4.15. Our norms are different from those of [30]: Their drawback is
that we need to go through charts twice to prove Lemma C.2 (we have Remark 2.5
to save us). Their strength is that we can use the interpolation®* Lemma C.1 and
Minkowski inequalities to prove Lemma C.2.
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