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Abstract: For the identification of processes in lithium-ion batteries (LIB) by electrochemical impedance
spectroscopy, frequency data is often transferred into the time domain using the method of distribution
of relaxation times (DRT). As this requires regularization due to the ill-conditioned optimization
problem, the investigation of data-driven methods becomes of interest. One promising approach is the
Loewner method (LM), which has already had a number of applications in different fields of science
but has not been applied to batteries yet. In this work, it is first deployed on synthetic data with
predefined time constants and gains. The results are analyzed concerning the choice of model order,
the type of processes , i.e., distributed and discrete, and the signal-to-noise ratio. Afterwards, the LM is
used to identify and analyze the processes of a cylindrical LIB. To verify the results of this assessment
a comparison is made with the generalized DRT at two different states of health of the LIB. It is shown
that both methods lead to the same qualitative results. For the assignment of processes as well as for
the interpretation of minor gains, the LM shows advantageous behavior, whereas the generalized DRT
shows better results for the determination of lumped elements and resistive–inductive processes.

Keywords: impedance spectroscopy; lithium-ion battery; distribution of relaxation times; process
identification; Loewner framework

1. Introduction

Electrochemical impedance spectroscopy (EIS) is a state-of-the-art method for the non-
destructive characterization and analysis of electrochemical systems. Typical applications
for energy systems are fuel cells [1,2], lithium-ion batteries [3–5] (LIB), and double-layer
capacitors [6,7]. This technique was utilized for the analysis of individual frequency-
dependent processes [8] and the behavior of characteristic features of the whole spec-
trum [9–11]. Applications include the estimation of the state of charge (SOC) [12,13],
the state of health [12,14], the internal temperature [8,12], or the detection of lithium
plating [15–17].

For post-processing and interpretation of impedance data, the distribution of relax-
ation times (DRT) and the analysis of physical impedance models are the most prominent
methods. A comprehensive overview of impedance modeling is given by Gaddam et al.
in [18]. Different equivalent circuit models (ECM) are discussed and application examples
for LIBs as well as all solid state batteries are given. However, in their structure, ECMs
strongly rely on pre-assumptions about the processes. If the number and the nature of the
processes are not yet known or if the processes are entangled and difficult to separate, DRT
becomes interesting. A basic form of the DRT is obtained by fitting a finite number of RC
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elements to the impedance spectrum, enabling the assignment of even hard-to-separate
semicircles to individual processes [6,19]. The dynamics of the process correspond to the
time constant and the polarization contribution to the resistance. This method has already
been applied to a variety of problems, such as solid diffusivity [20], degradation mechanism
analysis [21–23], analysis of single electrodes [22,24], and the detection of lithium plating
in LIB [25,26]. Since the DRT method has the same name as its results, in the following the
term distribution of gains (DG) is used for the results.

The DRT has been extended by a distribution of RL elements as well as lumped
elements (R, L, and C) by Danzer [6] to the generalized distribution of relaxation times
(gDRT) to make it applicable to impedance data, which does not only contain resistive–
capacitive contributions. However, the challenge of regularization due to the ill-posed and
ill-conditioned optimization problem still needs to be addressed. Different approaches
to addressing this issue have already been investigated, such as the Tikhonov regulariza-
tion [6,19], the Gold-, Richardson Lucy-, and sparse-spike algorithms [27]. Nevertheless,
directly determining the DG without regularization would offer a sharper and more precise
separation of the individual processes and, therefore, an advantage for the characterization
of the electrochemical systems.

This can be achieved by applying the Loewner method (LM), which provides a data-
driven analysis of the underlying electrochemical processes without regularization. Orig-
inally, this method was introduced in [28] as a rational approximation tool based on
interpolation. Its original application was intended for approximating the frequency re-
sponse of a large-scale linear time-invariant system by means of the response corresponding
to a low-dimensional system.

For electrochemical systems, the LM has been recently applied to polymer electrolyte
membrane fuel cells (PEMFC) by Patel [29] and Sorrentino et al. [30]. The authors investi-
gated the distribution of gains obtained by the LM for different ECMs and compared these
with the analytical solutions. Furthermore, they investigated the EIS measurements of a
PEMFC in the purely data-driven setup and laid the the first steps towards extending the
LM for data-driven nonlinear reduced-order modeling of PEMFCs [31].

However, the investigated ECMs are not directly applicable for LIB. Furthermore,
although previously tackled in [32], such topics as the change in the distribution of gains
for different model orders or the robustness of the method under measurement noise are
illustrated in more detail in this work. Moreover, to our knowledge, this publication will for
the first time apply the LM to batteries. The following key points are addressed in detail:

• Analysis of the LM through different ECMs with known time constants and gains;
• Detailed discussion of the correlation between model order, error, and distribution of

gains for synthetic data;
• Investigation of the effects of noise on the distribution of gains;
• Application of the LM for process identification of LIB;
• Comparison of LM and gDRT.

The work is structured as follows: Section 2 contemplates the mathematical and
methodological approach of the LM. In Section 3 the LM is applied to different impedance
data to determine the distribution of gains. Therefore, firstly, the DGs for different ECMs are
determined and compared to their known time constants and gains. Afterwards, the impact
of noise is investigated and, finally, an LIB is characterized through the approach. To verify
the results, the distribution of gains obtained from the LM is compared to the gDRT in
Section 4. Therefore, two impedance spectra, one at the begin of life (BOL) and one at
the end of life (EOL), are analyzed. Finally, in Section 5, the results are summarized and
suggestions for future work are given.

2. Loewner Method

Model order reduction usually refers to the sub-discipline of computing low-order
dynamical systems of differential equations by means of numerical tools. Such models are
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required to approximate and preserve the properties and/or the structure of the original,
potentially large-scale dynamical system.

However, in many engineering practices, the models expressed in the input–state–
output framework are not exactly known, motivating the extension of the classical results to
the data-driven model order reduction paradigm. Hence, analysis in the data-driven context
is absolutely necessary. A purely-interpolatory, data-driven approach is the Loewner
framework (LF) which was introduced in [28]. This can be used to learn/discover reduced-
order dynamical models from frequency–response measurements, i.e., evaluations of the
transfer function on a particular grid in the complex plane.

In this section, we present a short summary of the LF, as originally introduced in [28].
The main attribute of this data-driven approach is that it does not need any prior knowledge
of the original hidden model, but only samples of the frequency response corresponding to
it. Hence, without having access to the exact equations governing the original dynamics, LF
reconstructs a surrogate model that matches well the input–output behavior of the hidden
dynamical system. The reconstructed LF is subsequently extended by an eigenvalue
decomposition to determine the gains and time constants of the underlying electrochemical
processes of the impedance [30]. In this work, the entire evaluation process is described as
the Loewner method. A procedure diagram of the whole process can be found in Figure 1.

EIS data

Alternate data split

Partial fraction expansion

Loewner Matrices

SVD

Model reduction

DG

Data acquisition

Data transformation

Model reduction

Data analysis

Figure 1. Flow chart of the LM.
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For fairly extensive tutorial papers on LF for linear systems which tackle implemen-
tation issues and provide insights into many types of applications, we refer the reader
to [33,34], as well as to the recent book on interpolation-based methods [35]. Furthermore,
the problem of noisy/perturbed measurements was addressed in [36,37]. Finally, process-
ing methods for identifying the polynomial terms in the transfer function from data were
proposed in [38]. There, the behavior at ∞ is encoded by the presence of Jordan blocks in
the system’s matrix pencil.

The LF is based on frequency–domain measurements {(ı̇ıω`, H(ı̇ıω`)|1 ≤ ` ≤ 2n}
corresponding to the transfer function of the underlying unknown/hidden dynamical
system, described in state–space representation by{

Eẋ(t) = Ax(t) + Bu(t),

y(t) = Cx(t) + Du(t).
(1)

We denote with N the order of the minimal linear dynamical system of equations
in (1); there, x(t) ∈ RN is the state variable, u(t) is the control input, and y(t) is the
observed output. Typically, in the LF, we do not have direct access to system matrices
E, A ∈ RN×N , B, CT ∈ RN×1, or to D ∈ R. Instead, frequency response data are used,
i.e., samples of the transfer function Z(s) = C(sE−A)−1B corresponding to system (1).
Such data values can be inferred in various fields of engineering, from numberless types
of practical experiments. The interpolation problem under hand is formulated as follows,
given measured or computed data values partitioned into two disjoint subsets:

{(ı̇ıω`, Z(ı̇ıω`)|1 ≤ ` ≤ 2n}  
right data : {

(
λj, Z(λj)

)
, j = 1, . . . , n}, and,

left data : {(µi, Z(µi)), i = 1, . . . , n}.
(2)

Here, the λjs and µis are selected from the measurement points ı̇ıω`, typically in an
alternate manner. We seek to find a low-order rational function Ĥ(s), corresponding to a
reduced-order dynamical model, so that the following interpolation conditions hold:

Ẑ(µi) = Z(µi) := vi, Ẑ(λj) = Z(λj) := wj. (3)

The first step is to re-arrange the data into matrix format; in this direction, let the
Loewner matrix L ∈ Cn×n and the shifted Loewner matrix Ls ∈ Cn×n be defined as follows:

L(i,j) =
vi − wj

µi − λj
, Ls(i,j) =

µivi − λjwj

µi − λj
, (4)

while the data vectors V ∈ Cn×1,W ∈ C1×n are

V(i,1) = vi, W(1,j) = wj, for i, j = 1, . . . , k. (5)

The raw, unprocessed LF model is composed of matrices

Ẽ = −L, Ã = −Ls, B̃ = V, C̃ = W ⇒
{

Ẽ ˙̃x(t) = Ãx̃(t) + B̃u(t),

ỹ(t) = C̃x̃(t).
(6)

The data-driven state–space reconstructed model computed in (6) through the Loewner
approach acts as a surrogate to the original linear model that generated the data, or as a
faithful approximant thereof. The distinction will be clarified in the following paragraph.

In the case n = N, the original system in (1) is perfectly recovered. In case n < N we
can compute merely an approximated model by means of interpolation, i.e., there are no
guarantees that the information is fully recovered. If n > N, which is usually the case, we
follow the compression procedure outlined below.

Consequently, in some practical applications characterized by large data sets, the ma-
trix pair (Ls, L) could be indeed singular, and hence, processing it may potentially cause
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numerical issues. This corresponds to the case k > n, i.e., “more data than necessary
scenario”. In such scenarios, one needs to perform a singular value decomposition (SVD)
of the Loewner matrices to extract the main/dominant characteristics, and to eliminate
the inherent redundancies that cause the singularities to appear. Consequently, projec-
tion matrices Xk, Yk ∈ Cn×k are chosen as the left and, respectively, the right truncated
singular vector matrices. More details can be found in [33]. Here, k ≤ N represents the
truncation index and represents the order of the fitted model. When k = N, the original
dynamics are perfectly recovered; however, a flexibility in choosing the value k is typically
allowed in order to balance the accuracy of the fit and the complexity of the fitted model.
The reduced-order Loewner matrices that contain the compressed data information are
computed as follows:

L̂ = X∗kLYk, L̂s = X∗kLsYk, V̂ = X∗kV, Ŵ = WYk. (7)

The system matrices corresponding to a compressed LF of dimension k can be computed:

Ê = − L̂, Â = − L̂s, B̂ = V̂, Ĉ = Ŵ ⇒
{

Ê ˙̂x(t) = Âx̂(t) + B̂u(t),

ŷ(t) = Ĉx̂(t).
(8)

The transfer function of the fitted reduced-order model can be written as

Ẑ(s) = Ĉ(sÊ− Â)−1B̂ = Ŵ( L̂s − s L̂)−1V̂. (9)

We now follow the procedure of the algorithm proposed in [29,30,32]. In order to
extract time constants and gains from the matrices in (7), a generalized eigenvalue decom-
position (EVD) of the matrix pair (Ar, Er) needs to be performed:

L̂s = L̂VrΣrV−1
r , (10)

with Σr =diag(λ1, · · · , λr) ∈ Cr×r as the matrix of eigenvalues, and Vr = [v1 v2 · · · vr] ∈
Cr×r is the matrix of right eigenvectors. Let also V−1

r = [ṽ1 ṽ2 · · · ṽr] ∈ Cr×r. Then, in the
case of invertible matrix Er, the transfer function in (9) is appropriately rewritten as

Ẑ(s) = Ŵ( L̂s − s L̂)−1V̂ = Ŵ(sIr − L̂−1 L̂s)
−1(− L̂−1V̂)

= Ŵ(sIr −VrΣrV−1
r )−1(− L̂−1V̂) = [ŴVr](sIr − Σr)

−1[−V−1
r L̂−1V̂] (11)

=
r

∑
i=1

ri
s− λi

.

The residues constitute the diagonal elements of the eigenvalues matrix Σr, while the
residues of transfer function Zr can be obtained by the following equation:

ri = [Ŵvi][ṽT
i (− L̂−1V̂)]. (12)

Afterwards, the time constants and the poles can be computed by applying, respec-
tively, the following formulas:

Ri = −
ri
λi

, τi = −
1
λi

, ∀ 1 ≤ i ≤ r, (13)

which transform Zr(s) = ∑r
i=1

ri
s−λi

to Zr(s) = ∑r
i=1

Ri
1+τis

. More details are to be found in
the flow chart from Figure 1, and in the original preceding publications [29,30].

3. Application of Loewner Method for Process Identification

The LM is applied to different ECMs in this section. This offers the possibility to
compare the results with the known time constants of the assumed elements. At first, the
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SVD method is used for the determination of the model order as introduced in Section 2.
The resulting model orders and DGs are analyzed and discussed in detail, as well as the
influence of noise on the SVD , which is reviewed in Section 3.2. All calculations are
performed on a Windows 11 home unit with an AMD Ryzen 5 Pro 4650U processor and
32 GB RAM using Matlab 2020b.

3.1. Analysis of Different Equivalent Circuit Models

The impedances used in this section are uniformly determined in a frequency range of
10−3 ≤ f ≤ 103 in a logarithmic distance with a total of 60 frequency points.

In the first ECM, two RC elements are connected in series, as shown in Figure 2a.
The complex impedance ZRC is calculated through

ZRC =
R1

1 + ı̇ıωτ1
+

R2

1 + ı̇ıωτ2
, (14)

where R is the corresponding resistance of the RC element and τ = RC the time constant,
taking the capacity C into account. The impedance is calculated for all frequency points,
considering the angular frequency ω = 2π f . The Nyquist plot of the resulting impedance
spectrum for R1 = 10 mΩ, R2 = 15 mΩ, τ2 = 0.5 s, and τ1 = 3 s is shown in Figure 2b. It
can be seen that in the superposition of the two semicircles the RC elements are difficult
to separate.

10−2

100

10−4

−

−5

R� R�

C� C�

(a) (b)

(c) (d)

k = 2

Figure 2. ECM for two RC elements (a), Nyquist plot of the impedance ZRC (b), SVD of the Loewner
matrices (c), DG (d).
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As shown in Figure 2c, the SVD implies an existing model order of k = 2, which fits to
the order of Equation (14). Although singular values can be determined for higher model
orders, these can be neglected since they have a magnitude of 10−17 and are therefore
relegated to the numerical calculation.

The DG (Figure 2d) shows that the exact values of the time constants and gains can
be recovered by employing the LM. Since the values in this simple example correspond
exactly to the ECM diagram, no error analysis is performed.

However, RC elements represent only processes with a fixed time constant, so it is
necessary to evaluate how the method behaves with distributed processes. For this reason,
Sorrentino et al. [30] examined ZARC and Gerischer elements. However, those elements
cannot directly represent the typical diffusion behavior of an LIB in the frequency domain.
In the literature, a constant phase element (CPE) is often used to represent this characteristic
low-frequency behavior [39,40]. Therefore, the previously investigated ECM is extended
by a CPE, as shown in Figure 3a. The impedance

ZRC,CPE =
R1

1 + ı̇ıωτ1
+

R2

1 + ı̇ıωτ2
+

1
(ı̇ıω)φCCPE

, (15)

is expanded by the parameter CCPE = 1000 and the exponent φ = 0.6. In the Nyquist
plot (Figure 3b), the superposition of the RC elements and the CPE becomes visible. The
low-frequency minimum and the diffusion branch arise through the model adaption, which
are both characteristic features of LIBs.

The curve of the SVD in Figure 3c shows significantly different behaviour when
considering elements with distributed time constants, offering three options for the choice
of model order:

1. Using the bend point of the singular value curve, considering all values with the
highest gradient, leading to k = 8;

2. Introducing a tolerance limit, here exemplary 10−8 leading to k = 22;
3. Choosing the first model order in which the singular values are (nearly) zero.

The last option will inevitably lead to over fitting due to the high arising model order.
Furthermore, no zero values of the SVD occur for real measured data. For this reason
the method is not further analyzed. The differences between the first two methods are
discussed in detail below.

As can be seen in Figure 3d, a higher model order leads to a reduced error of the
magnitude. However, the DG in Figure 3e,f shows that even for a lower model order,
the qualitative course of the gains can be seen. The CPE element exhibits a continuously
flattening progression from high time constants to low time constants. Thereby, at high
time constants extremely high gains occur. This is attributed to the transfer function of the
CPE, which cannot be determined directly with the partial fraction decomposition. In order
to represent the behaviour of a CPE with the given Equation (3), the mentioned high values
for high time constants are needed.

Furthermore, the DG shows a superposition of the RC elements and the CPE. The gains
differ by 3.98 % and 5.15 % for k = 8 and 1.43 % and 1.45 % for k = 22. Accordingly,
the effect is reciprocal to the model order. The reason for this is that the peaks present at
lower model order must cover a wider range of time constants. Another difference between
the two cases is that the peak at the highest time constant increases significantly with the
model order. This is attributed to the superposition of the individual peaks in combination
with the impedance function of the CPE. At lower model order, the peak at the highest time
constant must also cover other processes at lower time constants and is therefore limited in
terms of its gain. With increasing model order, this effect will become less prominent and
the gain of the peak is increased.

To illustrate the underlying effects in more detail, a video of the distribution of gains
as a function of model order is included in the Supplementary part of this work. For the
upcoming investigations, the tolerance method is chosen provided that a decent gradient
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of the singular values is present. If this is not the case (usually for measurement data),
the method of the bend point is used.

10−9
10−3 103

10−1

10−510−10

10−20

100

−

−10

R� R�

C� C�

CPE

258 mΩ

(a) (b)

(c) (d)

(e) (f)

k = 8

k = 22

146 mΩ

−5 −5

Figure 3. ECM for two RC elements and CPE (a), Nyquist plot of the impedance ZRC,CPE and LM
with k = 22 (b), SVD of the Loewner matrices (c), error of magnitude for different model orders (d),
DG for k = 8 (e) and k = 22 (f).

Since purely resistive and inductive effects also need to be taken into account, the cor-
responding lumped elements are added to the ECM according to Figure 4a. Hence,
the impedance is calculated through

ZBattery(ı̇ıω) = R0 + ı̇ıωL0 +
R1

1 + ı̇ıωτ1
+

R2

1 + ı̇ıωτ2
+

1
(ı̇ıω)φQCPE

, (16)
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considering the ohmic resistance R0 = 10 mΩ and the inductance L0 = 10 µH. The resulting
Nyquist plot, shown in Figure 4b, matches qualitatively to that of an LIB. The SVD pictured
in Figure 4c no longer shows the characteristic first bend point but exhibits an almost
constant gradient for a wide range of model orders. To allow fair comparison to the
previous examined model, the tolerance value is chosen to be the same, resulting in a model
order of k = 23.

In the DG (Figure 4d), two peaks at 11 ns occur, which are assigned to the lumped
elements since the polarization is quasi instantaneous. For clarity, these peaks are plotted
as positive time constants with the corresponding gains. These peaks are represented in the
partial fraction decomposition as Jordan blocks. This means that the time constant and the
gain are complex values. Here, the amount of the real and imaginary part for both peaks
are similar but differ in the sign of the imaginary part:

GBattery ∈ [5 mΩ− ı̇ı556 mΩ, 5 mΩ+ ı̇ı556 mΩ, ...], (17)

τBattery ∈ [−11 ns− ı̇ı8.98 ns, −11 ns + ı̇ı8.98 ns, ...]. (18)
−

−10

−20

−5
−5

10−10

10−20

10−4

10−6

10−8
10−3 103

R� R�

C� C�

CPE R� L�

(a) (b)

(c) (d)

(e)

260 mΩ

k = 23

Figure 4. ECM for battery model (a), Nyquist plot of the impedance ZBattery (b), SVD of the Loewner
matrices (c), DG (d), and error of magnitude (e).
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Consider the impedance function characterizing the behavior at ∞ of ZBattery(ı̇ıω)
in (16) as Z∞(ı̇ıω) = R0 + ı̇ıωL0. This polynomial of degree 1 can be realized by an order
n = 2 DAE (differential-algebraic equation) system; a minimal realization can be written as

E∞ =

[
0 1
0 0

]
, A∞ =

[
1 0
0 1

]
, C∞ =

[
1 0

]
, B∞ = −

[
R0
L0

]
. (19)

The dynamics are written as follows (here, x(t) =
[
x1(t) x2(t)

]T):

{
E∞ẋ(t) = A∞x(t) + B∞u(t),

y(t) = C∞x(t).
⇒


ẋ2(t) = x1(t)− R0u(t),

0 = x2(t)− L0u(t),

y(t) = x1(t).

(20)

It is to be noted that the second equation above, i.e., 0 = x2(t)− Lu(t), is the algebraic
condition (no dynamics, since the differential part is 0). Additionally, simple computations
can confirm that

Z∞
Battery(ı̇ıω) = C∞(ı̇ıωE∞ −A∞)−1B∞ = R0 + ı̇ıωL0. (21)

We note that E∞ is a Jordan block with a double eigenvalue 0. Such matrices are very
prone to perturbations, see [41]. By perturbing the entries of matrix E∞ with ε > 0, the 0
eigenvalues (time constants) will modify with a value of ≈

√
ε (in absolute value). This

means that, for example, if ε = 10−12, we actually perturb the time constants from a double
0 to ≈

√
ε(1± ı̇ı) = 10−6(1± ı̇ı). Additionally, such a Jordan block will be included in the

large Loewner data matrix (before the compression step). After compression, the Jordan
structure is most likely lost (because of numerical perturbations). It was shown in [38]
that in order to preserve the Jordan structure (behavior at infinity), one needs to apply
certain processing steps. Basically, these are needed to estimate the polynomial terms from
data of the transfer function, i.e., R0 and L0 in (16) as a first step. Then, as a second step,
the estimated polynomial part should be subtracted from the data, and the then classical
Loewner approach can be applied to the processed data. Finally, the polynomial part is
re-attached to the fitted (strictly-proper) transfer function to yield the required approximant.

However, the peaks associated with such Jordan blocks cannot be directly assigned to
a lumped element. The sum of the two peaks is rather

θ =
G1

1 + ı̇ıωτ1
+

G2

1 + ı̇ıωτ2
(22)

a superposition of the resistance and the inductance. To determine the values of those
lumped elements, the assumption

θ = R0 + ı̇ıωL0, (23)

can be made. This requires that the peaks are not influenced by the effects of other
elements (or processes), as will be further discussed in Section 3.3. Looking at the limit
value consideration

lim
ω→0

θ = R0 = Re(θ), (24)

it becomes clear that the real part of θ represents the pure ohmic part of the impedance.
Consequently, the inductance L0 can be determined by means of

L0 =
θ − R0

ω
. (25)
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Pursuing this idea, a relative error of 0.03 % and 0.02 % can be determined for R0 and
L0, respectively. Therefore, this method can be used to determine the lumped elements.

Investigating the error of the magnitude in Figure 4e shows a progression over several
orders of magnitude. In the low frequency range in which the CPE element has the highest
polarization contribution, the largest deviations occur. As already described, these are
due to the impedance function which cannot be represented precisely by means of the
partial fraction decomposition due to the restricted model order. In the high frequency
area the deviation becomes smaller, since the Jordan blocks offer an accurate method to
display the inductive behavior. Comparing the error of the battery model with that of
the model with two RC elements and CPE it can be seen that higher values arise. This
is because the model order k for the DG has only been increased by one due to the SVD
analysis. The model order of the impedance function on the other hand has increased by
two. Furthermore, the superposition of the CPE and lumped elements, which the partial
fraction decomposition cannot directly describe, has an impact on the deviation. However,
the mean error remains in a low range with a value of 2.7× 10−4 ‰.

3.2. Analysis of Noise

To investigate the effect of measurement noise to the LM, complex valued white
Gaussian noise was added to the impedance function (16) of the battery model. The model
order was chosen in the same way as in Section 3.1 (k = 23) to allow a fair comparison of
the effects.

At first, a signal-to-noise ratio (SNR) of 150 dB was added to the impedance through
the Matlab algorithm awgn. Since this small noise value leads to no visible deviations in the
Nyquist plot, it is not shown separately. Nevertheless, these deviations already affect the
singular values as shown in Figure 5b. The curve flattens significantly for higher model
orders and shows a much higher minimal value. From Figure 5c, it is visible that there is a
slight mean offset of about 5.8 µΩ in magnitude between the original and SNR = 150 dB
data. In the DG, those effects can be directly seen by three effects. The first is the shifting
of time constants. Peaks at time constants below 62.4 s shift to higher values and peaks
above this value shift to lower ones. The second effect is the slight change of gains, which
is coupled with the shift of the time constants. The last effect is the split of the peak of the
second RC element. Two new peaks are formed to the right and left of the original peak,
which add up approximately to the magnitude of the original peak.

This effect becomes more clear when comparing the amplitude of noise with the DG
according to Figure 5e. However, an investigation of the lower model order k displays
only the peaks, which are due to the underlying processes. Choosing k = 10 through the
previously mentioned bend point method results in the DG shown in Figure 5f. There,
it can be seen that the number of peaks and the gains of the corresponding peaks differ.
However, the characteristic course of the process-relevant peaks is still visible. The error
of the magnitude underlines this behavior, as these deviate only slightly between the two
model orders. Only at the lower frequency range do higher deviations occur, which are due
to the fact that the CPE can only be represented to a certain extent by the lower model order.

In summary, it can be said that by applying noise, information about the underlying
impedance function is lost. Therefore, choosing higher model orders is not recommended,
since these partially represent the measurement noise. Using the bend point method as
an indication for the model order has provided promising results. However, the proper
determination of the model order remains a challenging task which must be carried out
based on experience values.
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Figure 5. Nyquist plot (a), SVD (b), error of magnitude (c), distribution of gains (d) for different level
of noise. Distribution of gains for SNR = 45 dB for different model orders (e), zoom for the different
model orders (f).

3.3. Measured Impedance Data

In a final step, the LM is applied to measured impedance spectra. The device under
test is a cylindrical SAMSUNG INR21700-50E LIB with a nominal capacity of 4.9 A h.
The cell is charged to 50% and relaxed for multiple hours afterwards. The EIS is measured
using a Zahner Zennium Pro. The measurements are conducted galvanostatically with
an amplitude of 150 mA in a frequency range from 50 mHz to 10 kHz and validated with
an extended Kramers–Kronig test according to Plank et al. [42]. The Nyquist plot of the
resulting spectrum is shown in Figure 6a. The matching SVD is pictured in Figure 6b. Due
to the noise in the measurement data, the perturbations of the SVD described in Section 3.2
are apparent. The model order is therefore chosen through the bend point method leading
to a model order of k = 8. The DG that results from the measured impedance spectrum is
plotted in Figure 6c. Clearly visible is a large inductive and resistive–inductive contribution
at very low time constants. These are caused by the design of the cylindrical cell, where
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the rolled-up electrode sheets usually contribute largely to the inductive cell behavior.
An apparent issue for the DG in this case is that due to the presence of inductive, resistive,
and combined resistive–inductive behavior, the separation of those contributions is no
longer possible. The peaks 1a and 1b, which are representative of this, are also no longer
present as a Jordan block, since they differ in terms of time constants. It would therefore be
necessary to determine the lumped elements prior for a comprehensive interpretation of
the DG and determine the combined resistive–inductive behavior afterwards. Since this
is less interesting for the analysis of the electrochemical cell behavior, it is neglected for
further interpretation. A closer look is now taken at the processes at higher time constants
with a close up of the distribution pictured in Figure 6d.

The remaining gains show a large contribution at high time constants which is usually
assigned to the solid-state diffusion in the electrode particles. In the regime of time constants
from 1× 10−4 s to 1 s, the distribution shows five processes. The process with the lowest
time constant lies in a regime that is too fast to be caused by charge transfer effects or the
crossing of boundary layers. It can therefore be concluded that peak 2 is linked to electric
effects such as particle–particle contact resistances or similar. The polarization contribution
at peak 3 fits the dynamics of boundary layer crossing and is caused by the usually more
dominant effects on the anode most likely linked to the anode’s solid electrolyte interphase
(SEI). The three peaks between 1× 10−2 s and 1 s show dynamics that are often assigned
to charge transfer of lithium ions. Whether the single gains are linked to charge transfer
on the anode or cathode side can hardly be distinguished. To distinctively determine the
electrochemical processes behind the polarization contributions visible in the distribution of
gains, further measurements containing the variation of temperature and SOC is necessary,
which is partly carried out in Section 4. Nevertheless, the polarization contributions, time
constants, and number of processes that can be identified by the applied method are in
very good agreement with process identification by EIS reported in the literature [22,43,44].
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Figure 6. Nyquist plot (a), SVD (b), distribution of gains (d), and analyzed processes of the distribu-
tion of gains (c) of the measurement data.
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4. Comparison of Loewner Method and Generalized Distribution of Relaxation Times

To validate the results obtained from the LM, they are compared with the gDRT. For a
detailed description and the mathematical background of the gDRT the reader is referred
to Danzer [6]. Since the applied gDRT uses a Tikhonov regularization [6], its results are
highly depending on the choice of its regularization parameter λ [19]. There are several
methods to determine this meta parameter [19,45–47] comprehensibly, but in this work the
L-curve method introduced by Paul et al. [47] is used. The number of time constants nτ is
chosen as three times the number of measuring points according to Hahn et al. [19].

First, the two methods are compared using the measurements introduced in Section 3.3
at the BOL of the cell. Afterwards, the cell was aged by cycling at −10 °C with 1C in the CC
phase for 20 cycles. With a total loss of about 19.9% of the initial capacity, the cell reached
the initially defined EOL criterion. The capacity was measured during discharge using the
CCCV method at a current of 0.5C and at 25 °C. The cutoff current was set to 0.05C. Since
the cell under test is a high-energy cell with a maximum continuous charging current of
0.5C specified in the data sheet, these are extraordinarily harsh fast charging conditions.
Consequently, this let to a rapid decrease in available capacity. At this point, the impedance
was measured similar to Section 3.3 and both results are compared. This comparison is
of special interest since the ability of the LM to not simply describe the system under
investigation but, beyond this, to enable a secure and easy track of the system’s behavior
with changing parameters is investigated.

For the BOL measurement, it can be seen in Figure 7c that the mean error is 23.97 µΩ
lower for the gDRT. This is due to the significantly higher model order, which is 189 for
the gDRT and 8 for the LM. By comparing the DG by the LM in Figure 7f and the DG
by gDRT in Figure 7d, it is shown that the peaks are located at approximately the same
time constants and have the same qualitative course. However, for higher time constants,
a mismatch can be found between the gDRT and LM. The reason for this is that both
methods cannot represent the diffusion behavior directly. The regularization of the gDRT
as well as the limited model order of the LM lead to the deviating results. Furthermore,
process 2 of the gDRT shows multiple peaks, while the same process in the LM only
shows a singular process in the middle of the time constants of the two peaks of the gDRT.
The behavior of the gDRT could therefore be attributed to the combination of measurement
noise in conjunction with regularization. The peaks 4 and 5 would not be analyzed if the
distribution was analyzed by only the gDRT, due to the low polarization contribution.
However, as discussed later, these peaks change due to aging and can therefore not be
assigned to noise. Therefore the LM offers the possibility to analyze these polarization
contributions. At low time constants of the gDRT, the inductive–resistive contribution
occurs through peak 1. For the LM, it can be seen that the previous introduced θ splits up
into the two peaks 1a and 1b, as discussed in Sections 3.3 and 3.1. This can be attributed to
the superposition of the inductive and inductive–resistive behavior. Since the inductive
behavior is instantaneous, the peaks in the negative peak in the distribution of gains is
shifted to lower time constants. The gDRT, however, only represents the resistive inductive
part, since the pure inductive contributions are considered through a lumped element.

For the EOL measurement, the impedance shown in the Figure 7b arises. It is shifted
by an ohmic offset and the half-circle width is extended. Investigating the SVD in Figure 7a
reveals the same model order of k = 8 through the method of bend point. The mean
difference between the error of the gDRT and the LM is with 5.1 µΩ in the same order of
magnitude as the BOL measurement. The comparison of the distribution of gains at BOL
and EOL resulting from the LM is shown in Figure 7e,d. With the same same model order
being optimal, the single polarization contributions can be clearly assigned to each other.
The most apparent changes are visible for the peaks 2, 3, and 7. Peak 7, positioned at lower
time constants, is usually attributed to solid-state diffusion. The growth of the gain at this
peak is therefore a sign of worse diffusion processes in the electrode particles which is
reported as a side effect of the reduced cell capacity [22]. The gains of the peaks 2 and 3
were attributed earlier to the crossing of boundary layers, such as the SEI by lithium ions.
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The larger contribution of these peaks to the cell polarization is most likely caused by the
increased thickness of these boundary layers, either by further reaction between one of
the electrodes and the electrolyte or by the metallic dissolution of metallic lithium on the
anode. The latter is a common aging mechanism at low temperatures, high SOCs, and high
charging currents [48], which matches the cycling parameters of the cell as well as the large
capacity loss after only 20 cycles. Conclusively, the findings in the distribution of gains
match the expected changes in the impedance of a cell that was strongly aged by metallic
lithium deposition.
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Figure 7. SVD (a), Nyquist plot (b), error of magnitude (c), DG (d), zoom of the distribution of
gains (e), distribution of gains (f) for the BOL and EOL LIB.
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To further support the claims about the assignment of gains in the LM to electrochemi-
cal processes, two additional spectra taken at 15 °C and 5 °C are plotted in Figure A1 in the
Appendix A. The DG accomplished by gDRT and LM both show a rising peak 7 with lower
temperature, caused by the hindered solid-state diffusion at low temperatures. The bad
low temperature performance of graphite is often attributed to rising charge transfer and
SEI resistance in the literature [49–51]. Therefore, the rising polarization of peaks 2 and 3 at
lower temperatures is a strong indication that these indeed show the crossing of boundary
layers on the anode.

Comparatively, a more significant change in the resistive–inductive behavior is visible
through gDRT, which cannot be separated from the change in purely resistive and inductive
behavior by the LM. However, the allocation and separation of the individual processes
is challenging in the gDRT, since the peaks change in terms of time constants and gains.
Due to the regularization, a merge of peaks 2 and 3 occurs, which further challenges the
interpretation of the results.

A quantitative comparison of the determined gains of the processes based on the
two methods is not possible for two reasons. First, the gDRT, unlike the LM, provides a
distribution of values for all processes rather than discrete values for individual processes.
This leads to different magnitudes of the results. However, one could fit Gaussian peaks
into the distribution function of the gDRT, as described in [19]. It remains questionable
whether the assumption of this distribution function is correct. Moreover, the result of
this peak fitting is subject to additional uncertainties due to the optimization algorithm
used and the regularization of the gDRT. In Figure A2, it is shown that the number of
peaks in the gDRT strongly depends on the regularization parameter. In addition, different
regularization parameters can lead to the same number of peaks, resulting in different
gains for the individual processes as can be seen in Table A2 for the BOL measurement.
As mentioned earlier, identifying processes in EOL measurement with gDRT is challenging,
further complicating the approach to quantification. Second, and probably more important,
the two methods use distinctly different approaches to determine the results. Contrary to
the LM, the gDRT does not consider the contribution of lumped elements (R, L, C) in the
distribution of gains, but specifies these as additional values. Therefore, the values obtained
by LM must be different to those of the gDRT at different time constants, which can be seen
by comparing Tables A1 and A2. Using the example of the polarization contribution of
peak 7, it can be seen that the LM reaches higher values due to the capacitance considered.
For this reason, only the previously conducted qualitative comparison of both methods
is permissible.

Nevertheless, the interpretation of impedance data remains a difficult task that must be
performed with care and by experts. Both the gDRT and the LM have different advantages
and disadvantages which are summarized in Table 1. It can be concluded that neither
method is superior and it may be beneficial to combine them in the future.

Table 1. Advantages and disadvantages of LM and gDRT.

Lowener Method Generalized DRT

− Meta parameter needed (k) − Meta parameter needed (λ, nτ)
+ Simple process identification − Difficult process identification
− Interpretation of resistive, capacitive, and
resistive–inductive processes is challenging

+ Interpretation of resistive, inductive, and
resistive–inductive behavior possible

+ Smaller polarization contributions inter-
pretable

− Partial merging of peaks due to regulariza-
tion

5. Conclusions

In this study, the Loewner method is introduced to determine the distribution of gains
for the data-driven analysis and process identification of impedance spectra. The method
is based on the model reduction by the Loewner framework, which is extended by an
interpretation of the diagonal elements of the eigenvalue matrix.
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In a first step, the method is verified using equivalent circuit models with known
time constants and gains. Therefore, elements with fixed time constants (RC elements),
distributed time constants (CPE), and lumped elements (R, L) are analyzed. Two challenges
arise: the correct choice of the model order and the interpretation of lumped elements.
For the first challenge, the bend point, tolerance limit, and zero singular value decompo-
sition methods are examined. The results show that the tolerance method seems to be
the most suitable for synthetic data, whereas for noisy data the bend point method seems
to be advantageous. When interpreting the lumped elements, it is found that they are
represented as Jordan blocks in the distribution of gains. With this knowledge, a method for
determining the values of the lumped elements is developed and a deviation of 0.03% and
0.02% to the predefined values is obtained for the resistance and inductance, respectively.
However, this method is only applicable to synthetic data containing resistive and inductive
contributions only.

In a second step, the effects of the measurement noise are investigated. Already, a high
signal-to-noise ratio leads to a significant change of the singular value decomposition which
influences the choice of the model order. It is shown that analysis using the bending point
method remains stable even under the influence of higher amplitudes of the measurement
noise. Furthermore, it is found that the model order can be drastically reduced as the
signal-to-noise ratio decreases without increasing the model error. The reason for this is the
superposition of measurement noise and small polarization contributions.

In the third part of the study, the Loewner method is applied to measure impedance
data of a cylindrical lithium-ion battery at two different states of health. The resulting
distribution of gains is compared with the results obtained from the generalized distribution
of relaxation times. Both methods show the same qualitative trajectories in the distribution
function, with minor differences in error. It is found that process identification is easier with
the Loewner method, since no peak fit needs to be conducted. In addition, aging effects
are easier to assign since there is no overlap of peaks due to regularization as there are
within the distribution of relaxation time analysis. This also leads to the effect that peaks
with smaller gains can be evaluated. On the other hand, the interpretation of the lumped
elements is challenging with this approach. For this purpose, the generalized distribution
of relaxation times provides favorable behavior. In future work, both methods will be
combined to overcome the disadvantages of each method. In addition, similar methods
will be applied to time–domain data from lithium-ion batteries.

In summary, the Loewner method is an alternative, data-driven, and regularization-
free approach for evaluating and analyzing impedance spectra from lithium-ion batteries
as well as for the process identification of electrochemical storage and conversion systems.
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Abbreviations
The following abbreviations are used in this manuscript:

BOL Begin of life
CPE Constant phase element
DRT Distribution of relaxation times
ECM Equivalent circuit model
EIS Electrochemical impedance spectroscopy
EOL End of life
gDRT Generalized distribution of relaxation times
LIB Lithium-ion battery
LM Loewner method
LWF Loewner framework
PEMFC Polymer electrolyte membrane fuel cell
SEI Solid electrolyte interphase
SNR Signal-to-noise ratio
SOC State of charge
SVD Singular value decomposition
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Figure A1. Nyquist plot (a), distribution of gains obtained by gDRT (b), distribution of gains obtained
by LWF (c) of the measurement data at different temperatures.
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10−110−310−5 101

Figure A2. Number of peaks of the distribution of gains determined with gDRT as function of the
regularization parameter.

Table A1. Distribution of gains for the different processes obtained by LM.

1a 1b 2 3 4 5 6 7

BOL 27.30 mΩ −16.36 mΩ 2.50 mΩ 1.06 mΩ 0.30 mΩ 0.79 mΩ 2.17 mΩ 11.54 mΩ
EOL 29.96 mΩ −15.95 mΩ 4.03 mΩ 3.31 mΩ 0.85 mΩ 1.03 mΩ 3.44 mΩ 18.52 mΩ

Table A2. Distribution of gains for the different processes of the BOL measurement obtained by gDRT.

λ I II III IV V VI VII

0.08 3.58 mΩ 3.38 mΩ 0.67 mΩ 0.21 mΩ 1.46 mΩ 1.27 mΩ 3.65 mΩ
0.11 3.13 mΩ 3.38 mΩ 0.62 mΩ 0.20 mΩ 1.32 mΩ 1.22 mΩ 3.54 mΩ
0.14 2.99 mΩ 3.41 mΩ 0.60 mΩ 0.19 mΩ 1.19 mΩ 1.40 mΩ 3.28 mΩ
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