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Abstract

For a finite group D, we study categorical factorisation homology on oriented surfaces equipped
with principal D-bundles, which ‘integrates’ a (linear) balanced braided category A with D-action
over those surfaces. For surfaces with at least one boundary component, we identify the value of
factorisation homology with the category of modules over an explicit algebra in A, extending the
work of Ben-Zvi, Brochier and Jordan to surfaces with D-bundles. Furthermore, we show that the
value of factorisation homology on annuli, boundary conditions, and point defects can be described
in terms of equivariant representation theory.

Our main example comes from an action of Dynkin diagram automorphisms on representation
categories of quantum groups. We show that in this case factorisation homology gives rise to a
quantisation of the moduli space of flat twisted bundles.
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1 Introduction

In this paper we extend the work on categorical factorisation homology by Ben-Zvi, Brochier and Jor-
dan [BZBJ18al, BZBJI8b| to (framed) Es-algebras with an action of a finite group D. This leads to
functorial invariants for manifolds equipped with an SO(2) x D tangential structure, or in more geomet-
ric terms oriented 2-dimensional manifolds equipped with principal D-bundles.

Factorisation homology [AF15] [Lur] is a local-to-global invariant which ‘integrates’ higher algebraic
quantities, namely disk algebras in a symmetric monoidal higher category C, over manifolds. We will work
with C = Pr., the 2-category of k-linear compactly generated presentable categories for k£ an algebraically
closed field of characteristic 0. In the D-decorated setting, the coefficients A for factorisation homology are
given by balanced braided monoidal categories equipped with an additional D-action through balanced
braided monoidal automorphisms. Factorisation homology then assigns to every oriented 2-dimensional
manifold Y equipped with a principal D-bundle, described by its classifying map ¢: > — BD, a linear
category

A€ Pr. .

(Z,0)

This construction is functorial in the pair (X, ).

Our main example will be A = Rep,(G), the (locally finite) representation category of a quantum
group associated to a reductive group G and ¢ € C* (we assume ¢ is not a root of unity), which admits a
natural action of the group of outer automorphisms Out(G) of G. We use these coefficients to construct
a functorial quantisation of the moduli space of flat twisted bundles related to finite Out(G)-symmetries
in gauge theories. Before addressing the role of symmetries, we give a brief overview on the factorisation
homology approach to the quantisation of moduli spaces of flat bundles.

For a reductive algebraic group G, the moduli space M (X) of flat principal G-bundles over a Riemann
surfaces Y is ubiquitous in mathematical physics and symplectic geometry: For example, the symplectic
volume of M(X') computes the topological limit of the partition function of two dimensional Yang-Mills
theory on X' [Wit91], the state space of 3-dimensional Chern-Simons theory on X' can be constructed
by applying geometric quantisation to M(X) [Hit90, [ADPW9I], and deformations of the category of
quasi-coherent sheaves on M(X) describe boundary condition in the 4-dimensional Kapustin-Witten
theory [KWO05, [BZN16].

In [BZN13| [BZBJ18al BZBJI8b] it was shown that quasi-coherent sheaves on the classical moduli
space can be understood in terms of the factorisation homology of Rep(G):

QCoh(M(5)) = / Rep(G)
=
The category Rep(G) admits a well-studied deformation by the category Rep,(G) of (locally finite) U, (g)-
modules. Thus, using the local-to-global property of factorisation homology, the quantum analog of the
category of quasi-coherent sheaves on M(X) is defined in [BZBJ18a, [BZBJ18b] as the quantum character
stack [y, Rep,(G). This is a mathematical construction of the 2-dimensional part of the 4-dimensional
Kapustin-Witten theory as a topological quantum field theory, which assigns to an oriented surfaces
XY’ a quantisation of the moduli space of flat G-bundles on X', where ‘quantisation’ is understood as a
deformation of the category of quasi-coherent sheaves on the moduli space.

To explain the physical role of the D-action, we turn our attention to symmetries of quantum field
theories, in particular to symmetries of moduli spaces of G-local systems. One source for symmetries
are automorphisms of the classical space of fields preserving the classical action functional. In gauge
theories the space of fields is most naturally understood as a higher differential geometric object, namely
a smooth stack, and automorphisms should take this higher geometric structure into account. Concretely,
this means that the action of a symmetry group D only needs to close up to gauge transformations. In



the physics literature these are known as fractionalised symmetries [WWW18] and can be described by
group extensions

1—G—G—D—1

where the group G encodes the non-trivial interaction of gauge transformations and the symmetry group
D. We refer to [FPSV15] [MS20] for a detailed discussion of these symmetries in the case of discrete gauge
theories.

We will restrict our attention to extension of the form
1— G — G x0ut(G) — Out(G) — 1

with D = Out(G)E An element x € Out(G) acts on a gauge field described by a principal G-bundle with
connection by forming the associated bundle along the group homomorphism x: G — G. In [MSS19]
these symmetries have been studied in the context of 2-dimensional Yang-Mills theory. They restrict to
an action of Out(G) on the moduli space M(X). One motivation for developing the general framework
presented in this paper was to study these symmetries for quantum character stacks.

On the level of the local coefficients, i.e. for fEx-algebras, the symmetry is realised through the Out(G)-
action on Rep(G) by pullbacks. In Section [2.3| we show that this action extends to Rep,(G) and hence we
can compute the value of factorisation homology for Rep,(G) on oriented surfaces with principal Out(G)-
bundles. By evaluation on surfaces with trivial bundles we get an action of Out(G) on the quantum
character stack associated to an arbitrary surface. This implements the action of the symmetry on the
quantum character stack.

Factorisation homology on surfaces equipped with non-trivial Out(G)-bundles has also a natural
field theoretical interpretation: The value of factorisation homology describes the coupling of the quan-
tum character field theory to non-trivial Out(G)-background fields. In [MSS19] the topological limit
of the partition function of 2-dimensional Yang-Mills theory coupled to an Out(G)-background field
p: X — B Out(G) was related to the symplectic volume of the moduli space of flat ¢-twisted G-bundles
M, (X) [Meil7, Zer21]. We will show the analogous statement for quantum character stacks, i.e. that
they provided a quantisation of the category of quasi-coherent sheaves on M,(X).

Summary of results and outline. In Sectionwe review factorisation homology following [AF15],
with a focus on categorical factorisation homology on oriented 2-dimensional surfaces with D-bundles for
a finite group D. We will also allow for certain stratifications along the lines of [AFT15], namely boundary
conditions and point defects. The section concludes with some details related to the algebraic quantities
appearing in this paper. In particular, we introduce the representation category of a quantum group
Rep,(G), and show that it is naturally endowed with an Out(G)-action.

After the setup is established, we compute in Section [3] the factorisation homology with coefficients in
a rigid braided tensor category A with D-action 9 of an oriented punctured surface X' equipped with a D-
bundle. To that end we apply reconstruction techniques for module categories, following ideas presented
in [BZBJ184al Section 5]. We use a combinatorial description of the surface with decoration ¢: X — BD,
namely a decorated fat graph model (P, dy, ..., d,), see Definition[3.4 From (P,dy,...,d,) we can define
an algebra a7 == @I, F4 in A, where each F§ = fvecomp(A) VVRI(d; ).V is a twisted version
of Lyubashenko’s coend [Lyu95] in A. We show in Theorem that there is an equivalence of categories

/ A§ag1"“’d"—mod/\ ,
(Z,0)

identifying factorisation homology with the category of modules over an algebra which can be described
in purely combinatorial terms. This result is an extension of [BZBJ18a, Theorem 5.14] to surfaces with
D-bundles.

1To handle arbitrary extensions one could use non-abelian 2-cocycles.




In Section we explore the algebraic structure that arises on the collection of the factorisation
homologies

A
@: SIXR—sD

for varying decoration ¢, which turn out to assemble into an algebra over the little bundles operad
[IMW20b]. It was shown in [MW20Db] that categorical little bundles algebras can be identified with
braided D-crossed categories, as defined by Turaev [Tur00, [TurI0]. We compute the resulting D-crossed
categories concretely in terms of bimodule traces introduced in [FSS17).

The goal of Section [3.4] is to give an explicit description of the algebraic data describing boundary
conditions and point defects in D-structured factorisation homology. It is well-known that for oriented
2-manifolds without D-bundles, boundary conditions are incorporated by algebras over the Swiss-cheese
operad, and point defects by Es-modules [AFT15] [Ginl5]. For algebras in linear categories, [BZBJ18bl
Theorem 3.11] shows that the latter coincides with the notion of a braided module category as introduced
in [Enr08, Brol2l Brol3]. In order to extend these algebraic structures to the D-decorated setting, we
will work with combinatorial models for the decorated Swiss-cheese operad and the operad of decorated
disks with marked points respectively. If we let A be a balanced braided tensor category with D-action,
we find:

e Boundary conditions are given by a monoidal category C with D-action and a D-equivariant braided
functor A — Z(C) into the Drinfeld centre of C (see Proposition [3.12)).

e Point defects are equivariant balanced right modules over A as given in Definition (see Propo-

sition [3.18)).
In Section we treat the case of closed manifolds.

Lastly, Section [ is devoted to our main application, the quantisation of the moduli space of twisted
flat bundles via Out(G)-structured factorisation homology with coefficients in Rep,(G): For a connected
surface X' = X . of genus g and with r > 0 boundary components, together with a chosen point p
on the boundary, recall that the G-representation variety is the affine variety Hom(m (X), G) of group
homomorphisms. Since the fundamental group of X is free on n = 2g + r — 1 generators we have
Hom(m (X),G) = G™. Via the holonomy map, the G-representation variety is identified with the moduli
space M°(X) of flat G-bundles on X' with a trivialisation over p € 9¥, and there is an action of G on
M?°(X) changing the trivialisation.

Now, given an Out(G)-bundle p: m1 (X, ) — Out(G) described by a tuple (k1,...,ky) of elements
ki € Out(G), we can define the Out(G)-twisted representation variety M7 (X) = Hom,(m1(X), G), where
now the maps m;(X) — G are no longer group homomorphisms, but twisted by the elements k;, see
Section for the formal definitions. The moduli space of flat p-twisted bundles is the stacky quotient
M,‘;(E )/PG, with respect to the p-twisted conjugation action, and we show that the category of quasi-
coherent sheaves on this moduli space can be computed via Out(G)-structured factorisation homology:

Rep(G) = Q) O™ (G)-modrep(cr)
=1

p: X—BOut(G)

where on the right hand side ®}'_; 0% (G) is the algebra of functions on M (%) = G™ with the induced
p-twisted action by G.

We then follow the approach of Ben-Zvi, Brochier and Jordan [BZBJ18a] to quantise these moduli
spaces by locally choosing coefficients in the representation category of the corresponding quantum group
Rep,(G) and subsequently gluing this local data together via factorisation homology over the surface X



decorated with an Out(G)-bundle:

Rep,(G) = ap " -modgep ()

p: ¥—B Out(G)

We then show by means of a direct computation that the above provides a quantisation of the moduli space
of flat twisted bundles. To that end, we present in Proposition [f.1.1] a novel combinatorial formula for the
Poisson structure on Mj(X) and in Theorem we prove that the algebraﬂ ap™ " is a deformation
quantisation of the algebra of functions on M7 ().

Relation to topological field theories. We conclude the introduction by briefly commenting on
the relation to topological field theories. We restrict our discussion to framed field theories since we want
to highlight the additional structure coming from the bundle decorations and because this is the case most
studied in the literature on fully extended field theories. In the undecorated setting, i.e. for manifolds
without D-bundles, factorisation homology gives rise to fully extended topological field theories. More
precisely, for an Ep-algebra € in a (nice) symmetric monoidal (oo, 1)-category C, Scheimbauer [Sch14]
explicitly constructed a fully extended framed topological field theory taking values in the higher Morita
category of E,-algebras [Sch14l [Haul7, [JFS17] in C via factorisation homology for framed manifolds,
assigning & to the framed point. For n = 2 and C = Pr, the Morita category is the 4-category BrTens
of braided tensor categories with central algebra&ﬂ as l-morphisms, central bimodules as 2-morphisms,
and functors and natural transformations as 3- and 4-morphisms, respectively [BJS18]. Every object of
BrTens is 2-dualisable [GS18| BJS18] and hence by the cobordism hypothesis [BD95|, [Lur09] defines a
2-dimensional framed topological field theory, namely the one explicitly constructed by Scheimbauer.

If one adds decorations with principal D-bundles, the corresponding topological field theories are
known as D-equivariant field theories [Turl(]. Factorisation homology for E,-algebras with D-action
is expected to provide examples of D-equivariant field theories with values in the Morita category of
E,-algebras. Our work can be understood as exploring this (expected) equivariant field theory in the
oriented setting and dimension n = 2 with values in Pr.. As a complementary example it was shown
in [MW20a] that equivariant higher Hochschild homology, that is factorisation homology for E..-algebras
with D-action in chain complexes, gives examples of equivariant field theories in any dimension n.

D-equivariant field theories can also be studied through the cobordism hypothesis, which implies that
2-dimensional framed fully extended D-equivariant field theories with values in BrTens are described by
functors BD — BrTens. Such a functor is described by picking out an object A € BrTens, together with
a central algebra M, for every d € D, a central Mg, o M4,-Mg,4,-bimodule for every pair dy,d2 € D and
furthermore 3- and 4-morphisms for all triples and quadruples of group elements, respectively, satisfying
a coherence condition involving five group elements. This data can be constructed from an Es-algebra in
Pr. with D-action by setting My = A, seen as an E;-algebra in bimodules over itself, where the left action
is twisted by acting with d. The coherence isomorphisms for the D-action induce the additional data.
However, this is only a special case for the data classifying equivariant framed field theories according to
the cobordism hypothesis and situations outside this class do not seem to be accessible using factorisation
homology with values in Pr..

The type of factorisation homology we compute in this article is a special case of equivariant fac-
torisation homology for global quotient orbifolds [Wee20]; namely the case of free actions. The general
case, which requires additional input data, should give rise to field theories defined as functors out of the
bordism category introduced in [GS21]. Hence, our results provide a first steps towards computing this
field theory.

2The algebra a;'” """ is the combinatorial algebra a5’ """ in A = Rep,,(G).
3For A, B € BrTens a central algebra is an Ej-algebra in A-B-bimodules.
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2 Setup

In this section we review some of the necessary mathematical background and introduce the main example
of Out(G)-actions on the representation category of a quantum group Rep,(G) leading to a coherent
quantisation of moduli spaces of twisted flat bundles in Section [4]

2.1 Review of factorisation homology for manifolds with G-structures

Let Man,, be the topological category of n-dimensional manifolds which admit a finite good open cover
with embeddings as morphisms. The morphism spaces are equipped with the compact-open topology.
The disjoint union of manifolds equips Man,, with the structure of a symmetric monoidal category. Let
G be a topological group and p: G — GL(n) a continuous group homomorphism. A G-structure on a
manifold M is a homotopy lift

BgG

|0

M —— BGL(n)

of the classifying map for the frame bundle. These homotopy lifts correspond to a reduction of the
structure group of the frame bundle to G. There is a space of tangential G-structures on M, given by
the mapping space Spaces/BGL(n)(M, BG). This space is a model for the oco-groupoid of tangential G-
structures on M. Homotopies in this space lead to a natural notion of morphisms of tangential structures.

Example 2.1. We list some important examples of G-structures.

e For G = %, a G-structure is the same as the choice of a framing on M.

e For G = SO(n) — GL(n) the canonical embedding, a G-structure is the same as the choice of an
orientation.

Prso(n)

e For G = SO(n) x D and p: SO(n) x D ——— SO(n) — GL(n), a G-structure is the choice of an
orientation on M together with a map M — BD, i.e. a principal D-bundle. This is the example
considered in this paper.

To construct the oco-category Mang of manifolds with G-structure we proceed as follows: there is a
symmetric monoidal functor 7: Man,, — Spaces /BGL(n) Of 00-categories sending a manifold M to the
classifying map M — BGL(n) of its frame bundle [AF15] Section 2.1]. The category Man,gL of manifolds
with tangential G-structure is defined as the pullback

Many —— Spaces, pg

| !

Man,, —— Spaces,p:r,(n)



Denote by Diskg C Mani the full symmetric monoidal subcategory whose objects are disjoint unions of
Euclidean spaces. Let V be a symmetric monoidal oco-category. A Diskg—algebra in V is a symmetric
monoidal functor A: Disk{ — V.

Remark 2.2. For the tangential structures of Example disk algebras have a description in terms of
more classical objects:

e A Disk};-algebra is an E,-algebra, see for example [AF15].
e A Disk?9™_algebra is a framed E,-algebra, see for example [AFT5).

o A Diskio(")XD -algebra is a framed E,-algebra equipped with a D-action, see for example [Wee20),
Proposition 4.6].

Example 2.3. In Figure we give a sketch for n = 2 of the disk operations in Diskg, for the tangential
structures of the previous remark, and the corresponding algebraic structures on A: Diskg — (W, ®).

0o 09 i [

— ~ mAA— A ~ o grm = morT
@ ®

Q Q d(d): A— A > - 0: idy = idy4

>

BD

Figure 1: First row: Disk embeddings (or isotopies thereof) in Disk} that give rise to the multiplication m
and the braiding o in the Ex-algebra A. Here 7: A®Q A — A® A denotes the braiding in V. Second row:
On the right, the additional operation in the oriented case given by a loop in the space of disk embeddings
in Diskgo(Q), rotating the disk by 27. Together with the operations in the first row, this endows A with
the structure of a framed Ej;-algebra. On the left, the additional operation in the D-decorated oriented
case, given by the identity disk embedding in DlskSO(Q)XD with homotopy d: id*(e) = e, inducing an
automorphism of A for each d € D, i.e. a D-action on A.

Let (V,®) be a symmetric monoidal co-category. We assume that V admits sifted colimits and that
® preserves them in each component. Factorisation homology f. A with coefficients in the Diski—algebra

A is the left Kan-extension [AFT5]:

Disk?d —24 V

| A
Man¢

The condition that ® preserves sifted colimits makes factorisation homology into a symmetric monoidal
functor. Hence, the value of factorisation homology on any manifold M is naturally pointed by the
inclusion () < M of the empty manifold:

(] M



——
My

Figure 2: An example of a collar-gluing.

2.1.1 Excision

The main tool for computing factorisation homology will be ®-excision. Excision allows one to reconstruct
the value of factorisation homology from a certain decomposition of M, namely from a collar-gluing [AFT5]
Section 3.3]. We recall that a collar-gluing of a G-structured manifold M is given by a smooth map

f: M — [_1’ 1] )
such that f~(—1,1) — (—1,1) is a manifold bundle. If we define M_ = f~1[-1,1), M, == f~1(-1,1]
g1 ; ; _
and Mo == f~(—1,1), we will often denote the collar-gluing by M = M_J,,, M.

We can choose an equivalence 6: M =5 N x (—1,1) in the co-category of G-structured manifolds,
where N is the fibre over an arbitrary point in (—1, 1), as illustrated in Figure The object | Nx(—1,1) A
has a natural Ej-algebra structure in V, which gives rise to an Ej-algebra structure on | Mo A. We fix
oriented embeddings

My (_15 ]-) U (_17 1] — (_17 1] and - [_13 ]-) U (_17 1) — [_17 ]-) )

which are the identity in a neighbourhood of the boundary. Using the equivalence 6, we lift these
embeddings to maps act_: M_ LU My — M_ and acty: My U M, — My of G-structured manifolds,
see Figure [3] below for a sketch.

Evaluation of factorisation homology on act_ and act; equips |, v A and / M. A with the struc-

ture of a right and left module over [ Mo A, respectively. At this point we want to highlight that the
module structures depend on the chosen trivialisation 6; see Section for an example. The value of
factorisation homology on M can be computed as the relative tensor product [AF15, Lemma 3.18]

A= A A
/M M- f?ft My

defined through the bar construction in V.

-

Figure 3: The map which induces the right [ Mo A-module structure on f . A. Here, the green collar
depicts the manifold N x (—1,1).




2.1.2 Point defects and boundary conditions

Factorisation homology admits a natural extension to stratified manifolds [AFT15], which in more physics
oriented language corresponds to incorporating defects in the field theory that we wish to study via
factorisation homology. For us, only two types of defects will be relevant; namely point defects and
boundary conditions. Instead of going through the heavy machinery of stratified manifolds, we only
mention the concrete examples studied in this paper following [BZBJ18b].

We fix G = SO(2) x D and define the oo-category Mangy* whose objects are oriented 2-dimensional
manifolds X', together with a collection of marked points pq,...,p, € X and a continuous map ¢: X'\
{p1,...,pn} — BD. Morphisms are embeddings of manifolds, mapping marked points bijectively onto
marked points, which are compatible with the morphisms into BD. We denote by Diskg)* the full
subcategory whose objects are disjoint unions of disks with one or zero marked points. Notice that we do
not require the D-bundles to extend to the whole of 3. As for smooth manifolds, factorisation homology
can again be defined by left Kan extension:

Disk§, —2— V

|

Mang .

The second type of defects we want to study are boundary conditions. To that end, we define
the category Mang)a of oriented 2-dimensional manifolds X' with boundary 9% and continuous maps

Y — BD. We denote by Diskg’a the full subcategory with objects disjoint unions of disks and half
disks, by the latter we mean manifolds diffeomorphic to R x R>¢.

We will adopt the following terminology:

Definition 2.4. By point defects in G = SO(2) x D-structured factorisation homology we mean a
symmetric monoidal functor F: Diskg’* — V. Similarly, by a boundary condition we mean a symmetric

monoidal functor F: Diskgya — V.

In Section [3.4) we will give an algebraic characterisation of point defects and boundary conditions.

Remark 2.5. Unless otherwise stated, we will usually work with trivial boundary conditions in this
paper, meaning that we use the same disk algebra for a disk with empty boundary, as for a disk with
non-empty boundary.

2.2 The categorical case

From now on we specialise to 2-dimensional manifolds and tangential structures of the form D x SO(2),
where D is a finite group. Throughout this paper we will work with factorisation homology with values in
the (2, 1)-category Pr. of k-linear compactly generated presentable categories with compact and cocontin-
uous functors and natural isomorphisms between them, meaning that we will not use any non-invertible
2-morphisms. For us k will always be an algebraically closed field of characteristic 0, usually k£ = C.
Recall that an object ¢ in a k-linear category C is compact if the functor Hom(e, —) preserves filtered
colimits. A category C is compactly generated if every object can be written as a filtered colimit of com-
pact objects and a functor is compact if it preserves compact objects. We refer the reader to [BZBJ18al
Section 3] for more details on Pre.

Every oo-functor from Manfxso(

the following concrete description.

D to Pr. will factor through its homotopy 2-category which admits



Definition 2.6. We denote by D-Man, the (2, 1)-category with

e Objects: Oriented 2-dimensional manifolds X' equipped with a continuous map ¢: X — BD.

e 1-Morphisms: Smooth embeddings f: X1 — X5 together with the choice of a homotopy h: p; —
[rea.

e 2-Morphisms: A 2-morphism (fi1,h1) — (f2,h2) is given by an equivalence class of isotopies
X: fi — fo, together with a map v: X7 x A? — BD filling

I3 p2

/\

Two such pairs (x,v) and (x’,7’) are equivalent if there exists an isotopy of isotopies from x to x’
(i.e. amap 2: ¥ x A2 — X filling the bottom in Equation (2.1))) and a map I': ¥ x A> —s BD

filling
f 2 P2

(2.1)
I S02 / 2

f2902

Jip2

where the faces are labeled with the various maps which are part of the morphisms.

We denote the corresponding disk category by D-Disks.

Remark 2.7. Similarly, there are truncated versions D-Man, , and D-Mans g of the categories l\/lanQD*X 50(2)
and ManQDgSO( ) introduced above.

One reason to work with Pr. is that it is a closed symmetric monoidal (2,1)-category under the
Deligne-Kelly tensor product X. In particular, the tensor product X preserves sifted colimits in each
variable, see [BZBJ18al Proposition 3.5]. For any two objects C,D € Pr., the Deligne-Kelly tensor
product C XD € Pr, of C and D is characterised via the natural equivalence

Pr.[C XD, &] = Bil.[C,D; €] ,

where Bil.[C,D; ] is the category of k-bilinear functors from C x D to &, preserving colimits in each
variable separately.

Definition 2.8. A tensor category A in Pr. is rigid if all compact objects of A are left and right
dualisable.

10



Definition 2.9. A balancing is a family of natural isomorphisms (6y : V' — V)ye4, such that 6;, =
id1 ,, and so that it is compatible with the braiding ¢ of A: Oyew = ow,v 00w @0y ooyw : VO W —
V ® W, graphically we depict this compatibility as follows:

Vew VeWw

A balanced tensor category is then a braided tensor category equipped with a balancing.

By a result of Salvatore and Wahl [SWO03], the 2-category of framed Es-algebras (or equivalently
Diskgo(z)-algebras) in Pr. can be identified with the 2-category of balanced braided tensor categories
bBr. We also recall that a ribbon category in Pr, is a rigid balanced braided tensor category so that the
balancing maps satisfy 0yv = (6y)Y. One can show that in this case giving a balancing is equivalent to
giving a pivotal structure, see e.g. [HPT16, Appendix A.2]. Finally, a D-Disks-algebra is described by a
balanced braided tensor category with D-action.

Definition 2.10. Let A be a balanced tensor category. A D-action on A is a (2-)functor 9: * /D —
*// Autpg, (A) from the category with one object and D as automorphisms to the 2-category with one ob-
ject, balanced braided automorphismsﬂ of A as 1-morphisms and natural transformations as 2-morphisms.
In more details, the action consists of an auto-equivalence ¥(d): A — A for each d € D, and for each
composable pair d;,d; € D we have a natural isomorphism ¢;;: ¥(d;d;) =5 9(dy)9(dy) satisfying the
usual associativity axiom.

Our main example will be constructed from Dynkin diagram automorphisms acting on the represen-
tation categories of quantum groups, see Section [2.3]

2.2.1 Excision for manifolds with D-bundles

Consider an object (X, ) in D-Mang, where X' is an oriented 2-manifold and ¢: X' — BD a continuous
map. Let ¥ = X¥_ Usg, X1 be a collar-gluing and 0: ¥y = N x (—1,1) a diffeomorphism of oriented
manifolds. Notice that when using excision to compute factorisation homology on (X, ¢), the restriction
©|Nx(—1,1) is not required to be constant along the interval (—1,1), though it will be homotopic to the
constant map. For the cases of interest to us, making this homotopy compatible with the collar-gluing
will introduce a D-twist in the action featuring in excision. We illustrate this last point with an example

which will be relevant later on:

Example 2.11. Assume that the map ¢ is such that its restriction g0|27\20 as well as g0|g+\go agree with

the constant map to the base point * of BD. Furthermore, let us fix a diffeomorphism 6: X = Nx (-1,1)
of oriented manifolds. Here, N is the codimension 1 submanifold determined by the given collar-gluing,
see Figure 2| We choose ¢ such that its pullback to N x (—1,1) is given by

{*, for s ¢ (—1,1)

'}/d—l(S‘i’%), for s € (— )

for all n € N, as illustrated in Figure Here, v4-1: [0,1] — BD is the loop corresponding to the
inverse of a given group element d € D. We then extend 6 to an equivalence of D-manifolds, where the

9

O™ p(n, s) =

(I NI
N[ D=

7

4 A braided automorphism is balanced if it preserves 6.
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collar N x (—1,1) is equipped with the constant map to BD. The equivalence is established using a

homotopy H: (67')*¢|x, = *, which is given by 741 for every point in N x (—1, —3], continues the loop

Y41 to its end point on N x (=1, 1) and is constant on N x [%, 1), as sketched in Figure Hence, we

202
get an equivalence

/ A= A=¢C
(Zo,pls0) Nx(=1,1)

Given a balanced tensor category A with a D-action, we now want to deduce the module structures
featuring in the excision formulae for f(E,w) A. Denote by X* and X7} two objects in D-Mang, whose
underlying manifolds agree with X and Xy, but whose maps to BD are assumed to be constant. The
value of factorisation homology on these manifolds naturally defines module categories M _ and M over
the Fi-algebra C. In order to obtain an explicit description of the module structures obtained by excision,

note that the homotopy H from above can be used to construct an equivalence 0 : X =N X with
homotopy H : (9*1)”‘<,0|24r = * in D-Many. We use this equivalence to identify f(2+ ols )A = fz* A as
PlEy +

categories. This equivalence can be promoted to an equivalence of module categories, i.e. the following
diagram commutes:

NX(—l,l)UE+ —_— E+

id '—’(9+aH+)l J(Q%HH
Nx(-1,1)uxXy — X%

We can see that the action of C on f(z* ols.) A is precisely given by the C-module structure of M. On
+P12y

the contrary, the situation is a bit more involved for the C-module structure of f( S oels ) A: We cannot

simply identify X¥'_ = ¥* via H since the homotopy is not constant near N x {—1}. However, we can

construct an equivalence 6_: X _ =, 2% from a homotopy H_, which is defined by using the loop 74
similarly to how we used 74-1 above. This gives rise to an identification f( S opls ) A~ [ 5. A together

with a weakly commuting diagram
Y_UNXx(-1,1) —— X
(6_,H_)u(id ,ml J{(e,,H,)
Y* UN x (-1,1) —— X*

in D-Mans. From the horizontal maps we deduce that the module structure relevant for excision is
obtained by twisting by the D-action on C:

id X (d
actd s M_ ¢ D w2 ML

Ya-1 (t = to)
N x € € > J H(S,to) = Ya-1 (fO)
1 1
-1 - 3 1
*
N x (—1,1)
(a) The map ¢ on a collar-gluing. (b) Sketch of the homotopy H for some fixed to € [0, 1].
Figure 4
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We write M_ 4 for this module category. Combining everything we arrive at

A2 M_BM,
(Z.9) ¢

Remark 2.12. Notice that alternatively we could have chosen a trivialisation of Xy which extends to
XY_, instead of X, which would have resulted in a twisting of My by d~!. In this sense the module
structures featuring in excision for D-structured oriented 2-manifolds are not unique, though the value
of the relative tensor product is.

2.3 Actions of diagram automorphisms and their quantisation

For applications to quantum physics, we will be mostly interested in factorisation homology for the ribbon
category Rep,(G). In this section we will show that Rep,(G) admits an Out(G)-action, which can be seen
as a quantisation of the Out(G)-symmetry in gauge theory.

The outer automorphism group Out(G) of G is finite and can be identified with the group of Dynkin
diagram automorphisms. Concretely, one finds for the non-trivial outer automorphism groups

Type A, ,n>2| D, ,n>4| Dy | Eg
Out(G) Zs Zg S | Zs

The identification of outer automorphisms and Dynkin digram automorphisms provides an explicit split-
ting Out(G) — Aut(G) and allows us to write down the short exact sequence

1— G — G x0ut(G) — Out(G) — 1

containing the semi-direct product.

The category Rep(G) of G-representations is a symmetric monoidal ribbon category and hence in
particular a framed Ej-algebra. The finite group Out(G) acts naturally on the category Rep(G) by
pulling back representations along the inverse and this symmetry extends to the representation category
of the corresponding quantum group, see Proposition below.

We will use the following notation and conventions. We consider a finite-dimensional simple complex
Lie algebra g with Cartan matrix (a;j)1<ij<n. We fix a Cartan subalgebra h C g and select a set of
simple roots IT = {ay,...,a,}. We write A for the weight lattice and we choose a symmetric bilinear
form (-,-) on A such that (o, ;) = a;;. For the rest of this paragraph we will restrict our attention to
Lie algebras with Dynkin diagrams of type A,, (n > 2), D,, (n > 4), or Eg, since these are the only cases
for which we have non-trivial Dynkin diagram automorphisms.

A formal quantum group U (g) is a Hopf algebra deformation of the universal enveloping algebra U(g)
over C[[A]] with generators {Ha,, X }a,cm, subjected to certain relations, see for example [CP] Section
6.5] for details. In order to define positive and negative root vectors, we fix a reduced decomposition
Wo = Sy Siy - .- Siy Of the longest element wy in the Weyl group of g. The positive and negative root
vectors are then defined as

X; =T,T,...T,_, X%

in Ux(g) by acting on the generators with elements T; € By of the braid group associated to g [CP)
Section 8.1 ]. The formal quantum group U (g) is quasi-triangular with universal R-matrix given by the
multiplicative formula [CP| Theorem 8.3.9]

R = .Qﬁ, Q - H eh(a;leO‘i(gH&j), 7/?\, - Hrféﬁy )
a; eIl By

where the order in the second product is such that the f,-term is to the left of the Ss-term if » > s, and
Rga,. = equ((l—q*Q)XE; ®X; ) for ¢ = exp(h). It is shown in [CP}, Corollary 8.3.12] that R is independent
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of the chosen reduced decomposition of wy. We denote by Rep,(G) the category of topologically free left
modules over Uy (g) of finite rank. This tensor category comes with a braiding defined via the universal
R-matrix R of Ux(g).

Proposition 2.13. The braided tensor category Rep;(G) admits a left action of Out(G).

Proof. The outer automorphisms Out(G) can be identified with the automorphism group Aut(I7) of the
Dynkin diagram of g. An element xk € Aut(I1) acts on the generators of Up(g) via

H,, — H, X — X3

K(i)? A (i) "

We thus get an action p of Out(G) on the tensor category Rep, (G) defined by pulling back a representation
along the inverse automorphism, i.e. p(k)(X) = (k~1)* X, for any X € Rep,(G). It is left to show that
the action preserves the braiding. The action of k on a positive, respectively negative, root vector is
given by

+ _
K.Xﬁr =

We now make use of the following explicit expressions for wy, details can be found for example in [Hum90,
Section 3.19]. First, divide the vertices of the Dynkin diagram into two nonempty disjoint subsets S and
S’, so that in each subset the corresponding simple reflections commute. Let a and b be the products
of the simple reflections in S and S’, respectively. For A, (n odd), D, (n > 4) and Eg we can set
wo = (ab)", where h is the respective Coxeter number. Whereas for A,, (n even), wy can be represented
either as wy = (ab)%a or as wy = b(ab)?. We thus see that x sends a given reduced decomposition of
the longest Weyl group element wy to another reduced decomposition of wy. But since the R-matrix is
independent of the chosen reduced decomposition the result follows. O

+
Tiny -+ Tugir 1) X,

ir—1) A,

Proposition 2.14. The action of Out(G) on Repy(G) is compatible with the balancing automorphism
of Rep,(G).

Proof. The balancing in Rep;,(G) is given by acting with the ribbon element ¢, = exp(hH,)up, of Up(g), see
[CPL Section 8.3.F]. Here, H, = Y. | p1;Hq, with coefficients p; = Z?zl ai_j1 and up = mp(Sp @ id)Ra 1
with my, and Sp the multiplication and antipode in Up(g) respectively. It follows from Proposition m
that a Dynkin diagram automorphism k € Aut(I7) preserves the element uy. So it is left to show that k
preserves the element H,. Since the Cartan matrix is invariant under the Dynking diagram automorphism,

we have p; = >0, a;} = > a;(lim(j) =2 a;(lim = fin(s) and thus x.H, = H,. O

Let ¢ € C* be a non-zero complex number which is not a root of unity and let U,(g) be the corre-
sponding specialisation of the rational form of Ux(g). A precise definition of U,(g) can be found e.g. in
ICPL Section 9]. We denote by Rep,(G) the category of locally finite U, (g)-modules of type 1. Strictly
speaking, U,(g) is not quasi-triangular. However, it’s representation category admits a braiding [CP|
Section 10.1.D]. On a representation V ® V' € Rep,(G), the braiding is defined by the so-called quasi
R-matrix Oy vy = 1o Ev,v'ﬁv,\//, where 7 is the map swapping the tensor factors and Ey - is an in-
vertible operator on V ® V' acting on the subspace V) ® Vl: by the scalar ¢M*), for X, € A. Moreover,

the standard ribbon element for U,(g) acts on Vy as the constant ¢g~(MMN=2(0) with p the half-sum of
positive roots, giving rise to the balancing in U,(g). Hence, we get the ¢g-analog of Proposition m

Proposition 2.15. The braided balanced tensor category Rep,(G) admits a left action of Out(G).

2.4 Reconstruction theorems for module categories

The following is a brief recollection of [BZBJ18al Section 4] which will allow us to compute the value of
factorisation homology explicitly in terms of module categories over certain algebras in the next section.
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We start by recalling that the inclusion () — X' of the empty manifold into a surface X induces a canonical
functor 1p,, = Vect, — | 5. A on the level of factorisation homology, see Section We thus have a
distinguished object Disty; € [ 5. A, given as the image of k£ under this functor. If we assume that X' is not
closed and we choose a marked interval in its boundary, there is a natural A-module structure on | s A,
induced by embedding a disk along the marked interval. In order to study the factorisation homology
of the surface X, we wish to describe the entire category | 5. A internally in terms of A. To that end,
following [BZBJ18a], we will apply techniques from Barr-Beck monadic reconstruction to monads arising
from adjunctions of module functors of the form actpigty, : A — . s A

Applying monadic reconstruction techniques to module categories was first done for fusion categories
in the work of Ostrik [Ost03], and later in the setting of finite abelian categories in [DSPSI3]. Here,
we will recall its further generalisation to categories in Pr., as developed in [BZBJ18al Section 4]. For
the remainder of this section, let A be an abelian rigid tensor category in Pr, and M an abelian right
A-module category with action functor act: M X A — M. For each m € M, the induced functor

actym: A — M, actp(a) =m®a

admits a right adjoint which we denote actfl. For any pair of objects m,n € M, define the internal
morphisms from m to n as the object Hom 4(m,n) = actf(n) € A representing the functor a —
Homp (m ® a,n). Then, there is a natural algebra internal to A given by End 4(m) = Hom 4(m,m),
which is called the internal endomorphism algebra of m. For each m € M, we get a functor

—_~—

act®: M — (act® oact,,)-mody

sending an object n € M to Hom 4(m, n) with canonical action actff o act,, o actf (n) — actf (n) given
by the counit of the adjunction. The monadicity theorem (see Theorem below) then tells us when
this functor is an equivalence. In order to state the theorem, we adopt the following terminology.

Definition 2.16. An object m € M is called
e an A-generator if act® is faithful,
e A-projective if actﬁ is colimit-preserving,

e an A-progenerator if it is both A-projective and an A-generator.
Theorem 2.17 ([BZBJ18a, Theorem 4.6]). Let m € M be an A-progenerator. Then the functor

act®: M = End 4 (m)-mod 4,

is an equivalence of A-module categories, where A acts on the right by the tensor product.

When computing factorisation homology of a surface, we will make extensive use of ®-excision, as
explained in Section On a categorical level this means that we wish to apply monadic reconstruction
to the relative Deligne-Kelly tensor product of two module categories. For this, notice that if M is a

left A-module category and a an algebra in A, one can use the A4-action on M to define the category of
a-modules in M, which we denote by a-mod .

Theorem 2.18 ([BZBJ18al Theorem 4.12]). Let M_ and M be right-, respectively left A-module
categories. Assume that m € M_ and n € M are both A-progenerators. Then there are equivalences

M_ Ky My = End 4(m)-mody, = (End 4(m), End 4(n))-bimod 4

of categories.
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The following special case will be of particular interest for us: We assume that M is itself a tensor
category and that the .A-module structure on M is induced by a tensor functor F': A — M, which
is such that every object in M appears as a subobject, or equivalently a quotient, of an object in the
image of F'. Tensor functors with this property are called dominant. When in this setting, we have the
following base-change formula:

Corollary 2.19 (|[BZBJ18a, Corollary 4.13]). Let F: A — M be a dominant tensor functor and
m € M_ an A-progenerator. Then there is an equivalence of M -module categories

M_ K4 My = F(End 4(m)) -moda, -

3 Factorisation homology for surfaces with D-bundles

In this section we use excision and reconstruction theorems to compute factorisation homology of a rigid
balanced braided tensor category A equipped with D-action, for D a finite group, over a surface X' with
principal D-bundles and at least one boundary component.

Furthermore, we study the algebraic structure corresponding to the evaluation on annuli, boundary
conditions and point defects.

3.1 Reconstruction for rigid braided tensor categories with group action

For d € D, consider the right A®2-module category Mg, whose underlying category is A and the action
is

idXid X 3
JARARID, g RARA LS My (3.1)

where T3 is the iterated tensor product functor tKyX 2z — 2@y ® 2.

reg: MyRAK A

Lemma 3.1. 14 is a progenerator for the twisted regular action reg®.

Proof. The unit 14 is a progenerator for the right regular action (see [BZBJ18a), Proposition 4.15] for a
proof). Since 9(d) is an automorphism of A, it is also a progenerator for reg?. O

The internal endomorphism algebra End 4=2(14) can be explicitly described by the coend

Vecomp(A)
/ VVRId YV,

where V'V is the dual of V and the colimit is taken over compact objects in A. To derive the above
expression it is enough to note that the action is given by pre-composition of the regular action with the
automorphism id X(d) with adjoint id X(d~') and use Remark 4.16 of [BZBJ18a]. Applying the tensor
product functor T': AN A — A to End 4x2(14) we get the object

V €comp(A)
F4 ::/ VVedd ).V . (3.2)

Notice that for the identity element e € D, this is Lyubashenko’s coend [ VY @ V' [Lyu95|, which in
particular is a braided Hopf algebra in .A.

Example 3.2. Let H be a ribbon Hopf algebra with D-action, meaning that an element d € D acts on H

be Hopf algebra automorphisms, the universal R-matrix is D-invariant, i.e. R € (H® H)” and the ribbon
element is preserved by the H-action. Let Rep(H) be the braided tensor category of locally finite left
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modules over H on which the elements d € D act through the pullback of representations along d—'. It is
a well-known result that at the identity element e € D, the algebra Fg, o(H) is identified with the braided
dual of H, also known as the reflection equation algebra (REA), equipped with the coadjoint action. Its
underlying vector space is given by the matrix coefficients H® of finite dimensional H-representations. As
an algebra, the REA can be obtained from the so-called Faddeev-Reshetikhin-Takhtajan (FRT) algebra
via twisting by a cocycle given in terms of the universal R-matrix [DMO03]. In more detail, the FRT
algebra is identified with the coend

VGRepfd(H)
FFRT = / VYRV € Rep(H)™ X Rep(H) ,

where Rep(H )™V is the category with the opposite monoidal product, with multiplication mggrr induced
by the canonical maps

VVRV)@ (WYRW)= VY@ WY)RVeW)2(WeV)'RW e V) 2% Frr .

The REA is then given by the image of the FRT algebra under the composite functor

(id,o)Xid
—_—

Rep(H)™ X Rep(H) Rep(H) X Rep(H) - Rep(H) , (3.3)

where (id, o) denotes the identity functor, equipped with a non-trivial tensor structure given by the
braiding o in Rep(H).

In the decorated case, we precompose the functor in (3.3)) with the automorphism 1X(d). Then, for
any d € D, the underlying vector space of ]-'gep( H) is identified again with H° via

VVodV Y HO (¢ ©v) = ¢(—b (d 1) ),

for any V € Rep'(H), but H® is now equipped with the twisted coadjoint action ad;(h ® ¢)(v) =
#(S(h(1))(=)d.hy >v). The multiplication on the coend algebra is defined in terms of its universal
property. Concretely, consider the following dinatural map

Ta*v,wV @d*w

fow: VVod VoW od* W VVeWYed Wed'V = (WaV)' ed (WaV) 2% Fi o
Then there exists a unique multiplication map }'gep(H) ® fgep(H) R fgep(H) such that fyw =mo (v ®
tw). Explicitly, the product of ¢, € ]:gep( iy 18 given by

miipa (¢ ® 1) = mprr(¢(R1(—)d.RY) @ Y(S(RH)Ra(-)) -

In the language of [DMO03], we thus find that Fgep( sy 18 obtained by twisting the module algebra (H®, ad})
by the cocycle Ry ® d.-R} @ RaRS @ 1, where we write R = R1 ® Ro and we use primes to distinguish
different copies of the R-matrix.

Example 3.3. The category of finite-dimensional U, (g)-modules of type 1 is a semisimple braided tensor
category via the quasi R-matrix ©. The quantised coordinate algebra O,(G) is then defined as the algebra
of matrix coefficients of objects in this category. Given an automorphism x € Out(G), the twisted coend
algebra takes the form T(LmRepq(G)xz (C)) =@, VY ® k*V, where the sum runs over the simple
objects. By a quantum version of the Peter-Weyl theorem (see for example [Ganl8, Proposition 4.1]) we
get an identification @, VY ® k*V = O,4(G) as vector spaces, and by the previous example, we thus find
that the coend algebra is isomorphic to Oy(G) with k-twisted multiplication.

17



3.2 Computation on punctured surfaces

Throughout this section we consider connected oriented surfaces with at least one boundary component.
We can pick a ciliated fat graph model to describe the surface X we want to work with, which in [BZB.J18a]
is conveniently defined via a gluing-pattern, that is a bijection P: {1,1’,...,n,n'} — {1,...,2n}, such
that P(i) < P(i). Here, n is the number of edges of the fat-graph model of X. Given a gluing pattern P,
we can reconstruct Y as depicted in Figure namely by gluing n disks D4, with two marked intervals
each to a disk 420D with 2n 4+ 1 marked intervals, thereby gluing the intervals ¢ and ¢ to P(i) and P(i’),
respectively.

Definition 3.4. A D-labeled gluing pattern is a gluing pattern P: {1,1',... n,n'} — {1,...,2n}
together with n elements dy,...,d, € D.

Notice that the fundamental group of a genus g surface with r + 1 boundary components is free on
n = 2g + r generators. This implies that a D-labeled gluing pattern determines a principal D-bundle on
the surface constructed from the gluing pattern. Furthermore, up to equivalence all principal D-bundles
on surfaces with at least one boundary arise in this way.

[DVmd\. iy iy

b ¢><

b, LR [T [ S [P T e e e 1 j(;
(a) Generators of the homotopy group m;(X). (b) Gluing a surface from a decorated gluing pattern.
Figure 5
For a D-labeled gluing pattern (P, d; ...d,) we are going to define an algebra adl’ 4 c A As an

object in A, it is defined by the tensor product

dl: 7 ®fd
’

where the fj" are defined by the coend in Equation (3.2]). The gluing pattern can be used to define
an algebra structure on this object in complete analogy with [BZBJI8a]. To that end, we will use the

following terminology: Two labeled discs D¢ and DY} with i < j are called
e positively (negatively) linked if P(i) < P(j) < P(i') < P(j') (P(j) < P(i) < P(j') < P(%"))
e positively (negatively) nested if P(i) < P(j) < P(j') < P(i') (P(j) < P(i) < P(i") < P(j"))
e positively (negatively) unlinked if P(i) < P(i') < P(j) < P(j') (P(j) < P(j') < P(i) < P(?"))

To each of the above cases, we assign a crossing-morphism as depicted in Figure [f] below. Notice that
the crossing-morphism in the nested case differs from the one given in [BZBJ18al Definition 5.8].

Now, for each pair of indices 1 < i < j < n, the restriction of the multiplication to .7:;1(" ®.7:A C a‘;;’ ndn

is defined by

FhoFioriery U, rh o Frh o FY 0 F MM Fh o FY
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Figure 6: Definition of crossing-morphisms LT, N*, U™ : ]-":f(' ® ff{ — ]:;ll" ® ffff for positively linked,
nested and unlinked decorated discs. Notice that we read the diagrams from bottom to top.

where C' is either L*, N* or U*, depending on whether the decorated discs D% and ID)ili are *-linked,
+-nested or +-unlinked.

Finally, given a D-labeled gluing pattern, we wish to describe the module structure induced by gluing
the marked disks D% to the disk 42-1, as sketched in Figure To that end, we look at the example of a
sphere with three punctures (S?)3 and a D-bundle described by the map ¢: 71 ((S?)3) — D sending the
two generators of the fundamental group to di and ds, respectively. The corresponding gluing pattern
is P(1,1/,2,2") = (1,2,3,4), decorated by the tuple (di,d2) € D?. We then choose a collar-gluing
(S?)3 =2 ¥_ Us, Xy for the punctured sphere, as sketched on the right hand side of Figure m and an
equivalence in D-Mans, so that the maps to BD are constant on X \ Xy and X \ X and are given by
the loops v4, and 4, on fixed open intervals in X, which are depicted by the red and blue intervals in
Figure[7] We immediately see that we are in a situation similar to Example The right AX.4-module
structure on fDdi A, for i = 1,2, is the twisted regular action reg® from . The module structure for
more general decorated gluing patterns can be worked out analogously.

2o
Figure 7: Example: sphere with three punctures.
Theorem 3.5. Let X be a surfaces with at least one boundary component. Fix a principal D-bundle

@: X — BD on X and a corresponding D-labeled gluing pattern (P, dy,...,dy). There is an equivalence
of categories

/ A= af,l""’d" -mod 4
(Z)

Proof. The following is an extension of the proof given in [BZBJ18a, Theorem 5,14] to surfaces with
D-bundles. We have seen that for a d-labeled disk D, with two marked intervals we have [, A= A as

plain categories, with the markings inducing the structure of a right A®2-module category with module
structure given by the twisted regular action reg?. Now, fu_DdT; A = A®" has the structure of a right
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A®27_module category. Indeed, using the decorated gluing pattern (P, dy, ... ,dn) we have an action:

regh M (21K R, )R (31 R - Byan) — (210yp1)@9(d1).ypan) B B (20 @Ypm) @9(dn)-Yp(nr))
We denote the resulting right module category by M‘Ii;""’d".

On the other hand, we have the disk 42»De with 2n marked intervals to the left and one marked
interval to the right. This turns | ,.p, A= Ainto a (A¥2" A)-bimodule via the iterated tensor product

(1 X Ry, KyRzr— 21 Q- Q@ 29, QYR 2.

We denote the resulting bimodule category by 4m2n.A4. Using excision, we then have

~ di,...,dn
A ME B iy
(Z.9) A=z

Let 7p: {1,...,2n} — {1,1',...,n,n'} be the bijection given by postcomposing the map defined by
2k — 1+ k, 2k — K’ with P. Notice that this map is part of the action regfﬁ"“’dz. Applying monadic
reconstruction as in Theorem together with Lemma we can identify /\/l;l;l""’d" with modules over
an algebra Endszn(lA)CIl;"”’” € A¥?" obtained from End ym2(14)% X --- X End 4= (14)% by acting
with 75'. Applying Corollary to the dominant tensor functor T2": A*™ — A, we thus get

/ A2 T (End gm0 (1.4)%5 ) -mod 4
X

as right A-module categories.
Let us write TZ”(EndAmn(lA)‘Iijl"”’d") = ap for brevity. To finish the proof, we want to show that

there is an isomorphism of algebras ap = a'Ii;""’d". Consider the subalgebras

ivi/ . 7 & n
F = Ele,ztm)x,zt,w)(1A)Ul € A%

and their images under the tensor functor ]-'ﬁ) = TZ"(.FX’iI)) € A. By embedding each ]-'X) into ap we
get a map

mp: F oo F@ < a8 Map
where m is the multiplication in ap. This map establishes the isomorphism on the level of objects in A.
The restriction of the multiplication to the image of one of the fﬁ) agrees with the multiplication m in
fji. So it is left to show that for each pair of indices 1 < i < j < n the composition

FRoFQ o 7 o 7P U298, 7O o 7O 0 7P @ FP 27 7O @ FP T2 Gp,

for C being L*, N* or U*, agrees with 77Lp|(f§‘i)®]__f4j>)®2. To that end, consider the following diagram

T4<]_‘J(4’Lﬂ,) ®]_‘v(477j,)) — T4(]_“E‘77J') ®]_‘54277'/))

Jig e i

FQoF) T (m)

x /
ap

F o 7Y
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where the label T%(m) on the vertical arrow means applying the tensor functor to the multiplication
in End sm2n (1 A)Cll;"”’d". The dashed arrows, making the above diagram commute, can be described by
exhibiting the tensor structure of the iterated tensor product functor

Jij: ]-'X) ® ]:i{) — T4(}'X’i’)) ® T4(]:¢(4j’j,)) =, T4(}"¢(4i’i,) - fi{’j/))

given by the shuffle braidingﬂ As an example, consider the gluing pattern P(1,1/,2,2") = (1,3,4,2)
describing positively nested handles. The corresponding shuffle braiding is

Ji2=(10180)o(1®c®1l), J1=08181)oc(1Rxcx1),

and we observe that the composition J; 21 o Ja1 agrees with the nested crossing morphism le 9! ]—“jf ®

fjl — ]-"jl ® ]—"jff. From commutativity of the above diagram, we then get that mp| Flagrit =
A A

mp| Flgrdz © Nf’ 5, which finishes the proof for the positively nested case. The other five cases can be
A A ’
worked out analogously.

O

3.3 Little bundles algebras and braided D-crossed categories

The value of oriented factorisation homology of a rigid balanced braided category A on S' x R is given by
the Drinfeld centre Z(A) of A. In [BZBJI8b, Remark 3.2] it is observed that [, A carries two natural
monoidal structures induced from the topology of genus zero surfaces; one is induced by stacking annuli
in the R-direction, which we will denote ®g, and the other one is induced by embedding annuli into the
pair of pants and will be denoted ®pants. The monoidal structure coming from the pair of pants requires
some explanation: Evaluating factorisation homology on the pair of embeddings sketched in Figure
gives rise to the cospan

L1leo)« Lout x
AKX / RGELUN A &2t A
S1xR S1xR Pants S xR

in Pr.. Using the right adjoimﬁ L3t 10 Loutx We get an induced tensor product ®pants, which agrees with
the usual tensor product on the Drinfeld centre. We refer to [Was20| for a detailed algebraic discussion of
the type of interaction we expect between these two monoidal structures in the case of fusion categories.

Figure 8: The maps inducing the monoidal structure ®papts.

For the case of interest in the present work, i.e. in the case that A is equipped with a D-action, the
situation is slightly different since the annulus S' x R can be endowed with different maps into BD. We

5The shuffle braiding J: a1 @ -+ @ an @ b1 ® -+ @ by, 2 ® @ an ® by is given by J = 04,5, , 00
Caz® - @an,bs © Tas®---®an,by » Where o is the braiding of A.

6Note that the right adjoint L5t 1s again in Pre since tout is given by acting on the distinguished object in fPants A
which is a progenerator.
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can assume that, up to homotopy, every map ¢: S' x R — BD is constant in the R-direction and hence
we still find an E;-algebra structure ®g on f(gl <R,0) A. On the other hand, the pair of pants only induces
an Es-algebra structure in the case that all maps into BD are chosen to be constant. The non-constant
maps into BD induce instead another interesting algebraic structure on the collection of values taken by
factorisation homology on all possible maps ¢: S' x R — BD, a little D-bundles algebra [MW20b].

The operad EZ of little D-bundles is coloured over the space of maps from S* to BD. To describe the
space of operations we need to introduce some notation: For a disk embedding f € Ex(r) we denote by
C(f) the complement of the interior of all embedded disks. Let ¢ = (¢1,...,¢,) be an r-tuple of maps

;1 St — BD and v¢: S' — BD another map. The space of operations EZ (z) consists of pairs of an

element f € Ey(r) together with a map &: C(f) — BD whose restriction to dC(f) is given by (,1).
By construction we have the following:

Proposition 3.6. The value of factorisation homology on S equipped with varying D-bundle decorations
has the structure of a little D-bundles algebra.

The main result of [MW20b, Theorem 4.13] identifies algebras over EZ inside the 2-category Cat of
categories with braided D-crossed categories as defined by Turaev [Tur00, [Turl0] and recalled below.
The proof directly carries over to Pr,.

Definition 3.7. A braided D-crossed category is a D-graded monoidal category

AP = @ Ag, such that ®: AgX Ay — Agar

deD

together with a D-action on AP, which is such that the image of the action by an element h € D on
Ag is contained in Ay gp-1, and natural isomorphisms cxy: X ® Y — d.Y ® X for X € Ay, satisfying
natural coherence conditions [Gall7].

We call the braided D-crossed category assigned to A by factorisation homology the D-centre ZP(A)
of A. The d-components ZP(A) are given by factorisation homology on ¢4: S! x R — BD, where
a4 corresponds to the loop d € w1 (BD) = D and is constant in the R-direction. To compute the D-
centre explicitly, we recall the concept of bimodule traces and twisted centres from [DSPS13| [FSS17]. Let
A € Pr. be a monoidal category and M be an A-bimodule category. The bimodule trace of M is

TI‘A(M) =M &A@Arev A y

where A" denotes the category A with the reverse multiplication. Assume now that F: A — A is
a monoidal functor and denote by ()M the (A, A)-bimodule whose left action is pulled back along F.
Similarly, we will denote M 7y the bimodule whose right action is pulled back along F. The F-twisted
centre Z7 (M) is then the Drinfeld centre of the bimodule category M Fy.

Proposition 3.8. Let d be an element of D. There is a natural isomorphism
27 (A) = Tra(Ma)

where My is the bimodule constructed in Section [3.1] via the twisted regular1 action. Moreover, one can
identify the bimodule trace Tr4(Myg) with the twisted Drinfeld centre ZV(@ ) (A).

Proof. The first statement follows directly from applying excision to the cover sketched in Figure [J]
combined with the results of Section [2.2.1] Note that here excision is not used as in the proof of
Theorem [3.5
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Figure 9: Collar-gluing for the annulus with a map to BD.

For the second statement, recall that since A is rigid we can apply Theorem to identify My =
End(14)"4 -mod 4z grev, where End(1,4)?(@ is the endomorphism algebra of 14 in AKX A™ with respect
to the ¥(d)-twisted regular action. A categorical version of the Eilenberg-Watts theorem [BJS18, Lemma
5.7] then gives an equivalence

Tr 4(M ~  End(14)"@-mody @ H vev ((9(a-1y A, A
rA(Ma) . L( A)"'Y-mod 4 = Hom g arev ((9(a-1)) )

But, by [FSS17 Lemma 2.13] this is precisely the 9(d)-twisted Drinfeld centre of A as claimed. O

Let us introduce the following bimodule category Ax D = ;. p Ma. This category has the structure
of a D-graded monoidal category via

RQaxp: Mgk Mg — Mgg
xR’ — x@9(d).a

as indicated by the notation.

Corollary 3.9. The trace Tr 4(A x D) of the bimodule A x D agrees with the D-centre Z”(A) and is
a braided D-crossed category.

Remark 3.10. In [GNN09], the graded centre of a D-graded fusion category C = @, Cq is defined
to be Z¢, (C) = Tre, (C) and equipped with the structure of a braided D-crossed category. In the case
that A is a braided fusion category with D-action, the D-centre Z”(A) agrees with the graded centre of
A x D. A careful comparison of the two little bundles algebra structures would take us too far from the
content of the paper.

Remark 3.11. We also leave a detailed study of the interaction of the monoidal structure ®g induced by
stacking annuli in the R-direction with the D-crossed braided structure as an interesting open question
for further research.

3.4 Algebraic description of boundary conditions and point defects

In Section we explained that boundary conditions and point defects for D x SO(2)-structured fac-
torisation homology with values in Pr, are classified by symmetric monoidal functors from the categories
of stratified disks D-Disky o and D-Diskg . to Pr., respectively. In this section we will describe the al-
gebraic structure classifying these functors. Our strategy will be the following: The source categories
can naturally be identified with the envelope of the coloured operads D-fSC, a framed and D-equivariant
version of the Swiss-cheese operad [Vor99], and D-fE}, a framed and D-equivariant Ep-operad with a
frozen strand [CG20], respectively. Hence, defect data corresponds to algebras over them. Both operads
are aspherical, meaning that all the homotopy groups of the operation spaces vanish in degree higher
than 1. For this reason we can work equivalently with the groupoid valued operads IT;(D-fSC) and
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I, (D-fE}), instead of topological operads. We extend existing combinatorial models [[dr17, [CG20] in
terms of generators and relations to the situation at hand. The results will be combinatorially described
groupoid valued coloured operads D-fPeBr and D-fBr! equivalent to IT;(D-fSC) and II;(D-fE}).

We will work within the 2-categorical framework for operads, see for example Section 2 of [MW20d].
The advantage of this is that all structures will automatically be coherent in the appropriate sense.
Alternatively, one could work with Y-cofibrant models, similar to the parenthesised braid model for the
Es-operad [Erel7-I, Chapter 6], at the categorical level [CG20), Idr17].

3.4.1 Boundary conditions

We briefly recall the situation without principal bundles [BZBJ18b]. The category Diskg‘: o 1s equivalent
to the envelope of the topological Swiss-cheese operad SC with its two colours D and Dy, corresponding
to the standard disk and the half-disk. The spaces of operations are given by rectilinear embeddings. In
particular, one has that

SC(D;...,D;D) = Ea(n), SC(Ds,...,Da;Ds) = E1(n)
———

n n

In Figure |10 we sketch an operation with different colours and in Figure [11| we list the generatorsﬂ for
the corresponding combinatorial model PeBr of permutations and braids, constructed in [Idri7], together
with the respective topological operations.

®
Ala

Figure 10: An example of an operation in SC(Dy, Dy, D, D, D; Dy).

®
®

The relations for PeBr are such that an algebra over SC corresponds to a braided monoidal category
A, a monoidal category C and a braided functor A — Z(C) into the Drinfeld centre of C. For a
complementary physical perspective on the correspondence between boundary conditions and maps into
Z(C) we refer the reader to [FSV13].

To study boundary conditions for oriented manifolds, one works with the framed Swiss-cheese op-
erad fSC where embeddings are allowed to rotate the disks . In the respective combinatorial model
fPeBr for the framed Swiss-cheese operad this is incorporated by introducing one additional genera-
tor in fPeBr(ID; D), the balancing, and imposing the relation corresponding to Equation inside
fPeBr(D, D; D), see also Figure Hence, we see that in order to extend an algebra (A,C) over SC to an
algebra over fSC, we need to equip A with a balancing.

Finally, we turn our attention to the D-equivariant version D-fSC of the framed Swiss-Cheese operad,
together with its combinatorial model D-fPeBr, whose envelope is equivalent to D-Disks 5. We can
assume without loss of generality that all bundles are trivial and hence the colours of the operads do

"We refer [MW20b) Section 4.1] for more details on generators and relations for groupoid valued operads.
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Generating objects:

/K
Y Y

Generating morphisms:

X A=A =
XA~ -
SRS

Figure 11: Generating operations for fPeBr and their image under the equivalence fPeBr =N s 1(fSC).
The arrows indicate the paths in the space of embeddings. If we ignore the last generating morphism, we
recover the generators of PeBr.

s

ehle
OB @

not change. However, for every group element d € D, we get an additional arity one operation in both
D-fPeBr(D; D) and D-PeBr(Dy; Dy) corresponding to gauge transformations of the trivial bundle, which
‘commute’ with all the other generators. Hence, we can identify D-fPeBr with the Boardman-Vogt tensor
product fPeBr @py D, where we consider the group D as an operad concentrated in arity one. On the
level of algebras this implies Alg(D-fSC; Pr.) = Alg(fPeBr; Alg(D; Pr..)). But a D-algebra is just an object
of Pr. equipped with a D-action, and so we can summarise our discussion in the following proposition.

Proposition 3.12. Let A be a balanced braided category with D-action. Boundary conditions for A in
D x SO(2)-structured factorisation homology are given by a monoidal category C € Pr. with D-action
and a D-equivariant braided functor A — Z(C) into the Drinfeld centre of C with its induced D-action.
Example 3.13. The trivial boundary condition, corresponding to simply removing the boundary and
computing factorisation homology on the resulting manifold without boundary, is given by taking C = A

together with the canonical embedding A — Z(A) induced by the braiding on A.

Example 3.14. The sources for boundary conditions from [BZBJI8D, Section 2.3] have natural gener-
alisations to the equivariant setting:

1. Let A be a balanced braided category with D-action and denote by F5(A) the category of com-
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mutative algebras in A, which comes with an induced D-action. For every homotopy fixed poin‘ﬂ
a € FEy(A)P| the category a-mod inherits a natural D-action and provides an example for boundary
conditions of the bulk theory described by A.

2. Consider the quantum Borel algebra U,(b) — U,(g), which is the subalgebra generated by the
elements {KOKjE , X Yasem, following conventions from [CPL Section 9.1.B]. We get a forgetful tensor
functor Rep,(G) — Rep,(B). Moreover, as noted in [BZB.J18b], Section 2.3], the R-matrix provides
a central structure on this forgetful functor. We observe that we have an Out(G)-action on U,(b),
given on generators by Kci — Ki[(ai) and H;‘i — H:'(ai) for any k € Out(G). We conclude that

we get an Out(G)-equivariant functor Rep,(G) — Z(Rep,(B)).

Remark 3.15. There is another generalisation of the Swiss-cheese operad to the equivariant setting
with operations consisting of an element in SC equipped with a map to BD on the complement of the
embedding. This is similar to the generalisation of the little disks operad given by the little bundles
operad. We also expect this operad to play an important role in the description of boundary conditions
for equivariant field theories.

3.4.2 Point defects

We again start by recalling the framed result from [BZBJ18b| in the language of coloured operads and
then gradually build up to the oriented and D-equivariant setting. The disk category Diskg* can be
described as the envelope of a topological operad with two colours, D and D,, corresponding to a disk
and a marked disk, respectively. The spaces of operations are given by rectilinear embeddings which map
marked points bijectively to marked points. The concrete structure of this coloured operad makes it into
a moperad as defined in [Will6, Definition 9]. A combinatorial model for this topological operad is given
in [CG20] in terms of parenthesised braids with a frozen strand. In Figure we give a strict version of
this combinatorial model, which will be denoted Br'. The description in terms of generators and relations
allows us to read off the corresponding algebraic structure which was introduced in [Enr08| Brol2| [Brol3].

Definition 3.16. Let A be a braided category. A braided module over A is a right module category
< MK A — M equipped with a natural isomorphism F: 4 = < satisfying (suppressing coherence
isomorphisms)

Enmaz,y = (idm <0, }) 0 (Ep,y Qidg) o (idy, <o)
Emaey = (Bme idy) 0 Epar,y © (idm <0y, 0 02,y))

for all m € M and z,y € A.

The framed version fBr', giving a combinatorial model for the envelope of Disks ., can be described
by an extension of Br' obtained by adding two additional generating morphisms 6 € fBrl(]D); D) and 0, €
fBr! (D4, D,), corresponding to rotating the disks by 27. Furthermore, we need to include Relation
for 0 and Relation (R4) from Figure [12] for 0,.

We note that the system of relations is over-determined: To see this, note that Relation (R4) allows
one to rewrite Ep, p in terms of the balancing 6 and 6,. Inserting this into Relation (R3) in Figure
we find that this relation is automatically satisfied and hence obsolete. To show that the combinatorial
description is correct, it is enough to note that the operation spaces in fE% can be identified with the ones
of fE5. Reading off the corresponding algebraic structure from the combinatorial model, one finds an
equivalent reformulation of the braided balanced modules introduced in [BZBJ18b, Theorem 3.12]. The

[~}

8Here a homotopy fixed point is a commutative algebra a together with algebra isomorphisms 74: d.a — a for all d € D
such that 74 od'.7q = T4 4.
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Generating objects:

Generating morphisms:
‘/ d d
C /K . /kd -
AR d
Py
Lol b o QQQ
d d

Relations:
/<\(R1)/S\ H/(RQ) /S RS R4) j]

Figure 12: Generating operations and relations for D-fBr! and their image under the equivalence

D-fBrt = II;(D-fEY). Notice that we did not depict the relations related to the D-action. The d-
labels on the disk for the first two generating objects mean that the map to BD is the loop d in radial
direction. In D-Mans this embedding is isomorphic to the identity embedding equipped with the ho-
motopy corresponding to d. If we ignore the D-labels, we get generators and relations of fBr'. If we

furthermore drop the second generating morphism as well as relation (R4), we get a combinatorial model
for E3.

only additional structure to the one described in Definition is that of a balancing Ox: idy = id g
on M compatible with FE.

Finally, we move on to describe point defects in the D-equivariant setting, which is slightly more
subtle than the boundary conditions described in the previous section. The reason for this is that the
disk with one marked point D, is replaced by a collection of marked disks D? equipped with a map to
BD with holonomy d. The combinatorial model for D-fE3 can be derived from the model for the framed
version of the little bundles operad given in [Woi20], Section 5.4.2] similar to the derivation of the model
for fE% from the one for fEs. It is important to note here that we only consider configurations where the
map to BD has non-trivial holonomy around the frozen strand. We list the generators and relations for
the combinatorial model D-fBr! in Figure The corresponding algebraic notion is:

Definition 3.17. Let A be a balanced braided category with D-action. An equivariant balanced right
module over A is a D-graded category M = @, Ma equipped with

e a D-action act™: x /D — %// Aut(M) such that the image of M, under the action of d’ € D is
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contained in M g g4-1,
e an equivariant right A-action <: MK A — M |

e natural isomorphisms 6%,: idy, — act)! and E¢: < — <o (ida, Kacty]) foralld € D .
such that (suppressing coherence isomorphisms)
e for all mg € My and z,y € A
B yaz,y = (idm, 40;35) 0 (Emg,y <idy) o (idm, 409;;) )
e and for all mgy € Mg and x € A
Ot myaw = Emaz © 0%, <04z)
We can summarise our discussion in the following proposition.

Proposition 3.18. Point defects in D x SO(2)-structured factorisation homology are equivalent to
equivariant balanced modules.

Example 3.19. Let C be a boundary condition for a bulk theory .A. We can form a point defect from
this boundary condition by removing a small circle around every marked point and inserting C. On the
algebraic level, the map from boundary conditions to point defects sends C to the D-centre ZP(C) with
the A-action induced by the functor A — Z(C) c ZP(C).

Remark 3.20. In [BZBJ18b] a different approach to the description of point defects is taken: They
are identified with modules over the value assigned to the annulus by factorisation homology equipped
with the stacking tensor product. The same approach should work in the situation considered in this
section, hence we expect that equivariant balanced modules over A can equivalently be described by
graded modules over the graded centre ZP(A) equipped with the stacking tensor product.

Example 3.21. Here we set D = Out(G). For each element x € Out(G), let h € G act via k-twisted
conjugation Adjy(g) = hgr(h™') on G. Denote C* C G the orbits of this action, i.e. the r-twisted
conjugacy classes of G. For each k-component of the Out(G)-centre of Rep(G), we thus get a tensor
functor

/( ... Repl) = QUOR(G/G) — QCoM(C™/G)

where the G acts by k-twisted conjugation.

3.4.3 Closed surfaces and marked points

We first compute the value of factorisation homology on a closed, unmarked surface X' equipped with a
map ¢: X — BD. We use a decomposition of X' into a surface X, with one boundary component and
a disk D, see Figure

We denote by ¢, the restriction of ¢ to Y, which has trivial holonomy around the boundary 9,
since the bundle extends to Y. Excision now implies that the value of factorisation homology on X' is
given by the relative tensor product

/ A A R’ A, (3.4)
(Z,9) (Zo,00) f(slxR,*)‘A
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(=D 0

Figure 13: The surface X, obtained from X by removing a disk D.

where *: S! x R — BD is the constant map at the base point. Given a decorated gluing pattern for
X, we showed in Theorem [3.5] that one obtains identifications

/ A afj"“d”—modA, / A= Fo-mody ,
(Zos0) (STXR,*)

via monadic reconstruction in A. Now in order to compute the relative tensor product , we have to
describe the categorical factorisation homology internal to the annulus category fs1 g A The techniques
to do so were developed in [BZBJI8D, Section 4], and we will briefly review the main results that will be
used to compute factorisation homology on closed surfaces with D-bundles.

We first recall the notion of a quantum moment map, see [Saf21l Section 3] for more details. For every
V € A we have a natural isomorphism, the so-called “field goal” isomorphism [BZBJI8b, Corollary 4.6] :

N Fa

N
TVv:FAQV —VRFu 71vi= N
;

Fai N

Now let A be an algebra in A. A quantum moment map is an algebra map p: A — F4 in A such that
it fits into the following commutative diagram

A Fu 228 Ao A
TA /A

FaioA Y 4eA

It is shown in [BZBJ18bl Corollary 4.7] that algebras A € fSlxR'A amount to the data of a quantum
moment map p: FG — A.

As mentioned in Remark braided modules are identified in [BZBJ18b| with module categories
over F9-mody, where the latter is equipped with the tensor product ®g induced by stacking annuli
in the radial direction. Let now M be a braided module category and assume there is a progenerator
m € M for the induced A-action. In the situation at hand, M = f( Sy 00) A and the progenerator is
the distinguished object given by the pointing via the inclusion of the empty manifold. The following
reconstruction result for M is proven in [BZBJ18b, Theorem 1.1]: There is an equivalence

M= A-mody, 4, A=End,(m) ,

where the endomorphism algebra comes with a canonical quantum moment map px, : Fa — A. The
right action of F4-mod4 on M is then given by [BZBJ18bl Corollary 4.7] :

A-mod K F 4-mod — A-mod
VRX+—Ver, X ,
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where the algebra homomorphism px, and the field goal transformations are used to form the relative
tensor product.

Remark 3.22. Conversely, given an algebra A € A and a quantum moment map p: F4 —> A, the cat-
egory M = A-mod 4 is equipped with the structure of a braided module category. We refer to [BZBJ18bl
Section 4.3] for an explicit description of the braided module structure that one obtains from the given
quantum moment map .

Applying the above reconstruction result to the situation at hand, we get quantum moment maps

dn

uZD:}"AHa%“” and pp: Fq4— 1g ,

which endow adpl""d" and 14 with the structure of algebras in F4-mod 4. Finally, by [BZBJ18bl, Corollary
4.8], we get:

Proposition 3.23. The factorisation homology on a closed decorated surface (X, ) is given by

A= (a‘;}""’d" -m0d-14)5 +-mod

(Zs9)

the category of adﬁ"“’d" -1 4-bimodules inside F 4-mod 4.

Remark 3.24. Let {z1,...,2,} C X be a collection of marked points on the surface and ¢: X'\
{z1,...,2.} — BD a continuous map. Let X, be the surface obtained from X' by removing a small disk
D% around each point x;, where the label d; indicates that the holonomy of ¢ around the i-th boundary
component 0; %, is given by the group element d; € D. Let M = @ ., Mg be an equivariant balanced
right module over A. Applying excision, we can express factorisation homology over the marked surface
X7 via the following relative tensor product:

/ (A,M)%/ A < (Mo, 2B My,
(Z@) {@1,r}) (o) (fig1 ay) ARB 1 4 ) A)

4 Quantisation of flat twisted bundles

In this section we describe the Poisson algebra of functions on the moduli space of flat Out(G)-twisted G-
bundles on an oriented surface X' and its quantisation via factorisation homology over X with coefficients
in the ribbon category Rep,(G) equipped with the Out(G)-action defined in Section

4.1 The moduli space of flat twisted bundles

We first recollect some background about twisted bundles in the differential geometric setting, see
for example [Meil7] and [Zer21] for more details and [MSS19] for the non-flat version. Let X be
an oriented surface equipped with a principal Out(G)-bundle P — X. The group homomorphism
G x Out(G) — Out(G), given by projection onto the second factor, induces a morphism of smooth
groupoidgﬂ Bunga,ft(G)NG(Z) — Bunouy () (¥). The groupoid of flat P-twisted G-bundles is defined as

9Here smooth groupoids can, for example, be modelled as sheaves of groupoids on the site of Cartisan space as in [BMS21]
Section 5.1]. We will not go into the details here because they will not be important for what follows.
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the homotopy pullback

fla fla
BuntP(E) B BunG;Out(G) (X)

| |

x* —P Bung(a) ()

The trivial P-twisted G-bundle is the bundle P xou¢(g) (G x Out(G)) associated to P using the group
homomorphism Out(G) — G x Out(G), kK —> 1 x k. Note that the automorphisms of the trivial flat
P-twisted G-bundle are G™*) and not (G x Out(G))™(*) as one might naively expect.

Remark 4.1. The moduli space of flat Out(G)-twisted bundles on a closed surface X was studied in the
differential geometric setting in [Meil7l, [Zer21]. In particular, it is shown in loc. cit. that the moduli space
of Out(G)-twisted flat bundles for a compact Lie group G carries a canonical Atiyah-Bott like symplectic
structure.

Since in this paper we obtain our results in the algebraic setting, we will now give another description
of flat twisted bundles that is more suitable for us, namely the holonomy description of twisted G-bundles.
We will only consider surfaces X with at least one boundary component and a marked point v € 9% on
one of the boundary circles. For brevity we write simply 71 (X) for m1(X,v). For any group G, we call
the space of group homomorphisms Hom(7; (X), G) the G-representation variety. It comes with a natural
action of G via conjugation: g.p(y) = gp(y)g~! for all g € G, v € 7 (¥) and ¢ € Hom(m(X),G). As
before, we fix a principal Out(G)-bundle, here described by a group homomorphism p: 71 (X) — Out(G).
Such a map p is given by picking an element k € Out(G) for every generator in 71(X). Then, an element
in the p-twisted G-representation variety is a lift

G x Out(G)

T l

m(¥) —5— Out(G) .

We write Hom,, (7 (X), G) to denote the space of lifts. Concretely, elements in Hom, (71 (X), G) can be
described by maps ¢: 71 (X) — G, which are such that ¢(y1 0 2) = ¢(71)p(11)-¢(72). The group G
acts via twisted conjugation, i.e. the action of an element g € G is given by o(y) — gp(Y)p(v).g7 .
Given a set E of free generators of 71(X), we get an identification Hom,,(m (X), G) = GF.

There is a bijective correspondence between elements in the twisted representation variety Hom, (7 (X), G)
and elements in
M (X)) := {Isomorphism classes of flat twisted G-bundles with trivialisation over v € X'} ,

which is established via the holonomy map. The group G acts on MZ(Z‘ ) by changing the trivialisation.
The moduli space of flat twisted bundles is then given by the quotient stack

M,(2) = MR(X) /PG,

where the notation /” indicates that G acts via twisted conjugation.

4.1.1 The twisted Fock-Rosly Poisson structure

For the remainder of this section, X' is a connected surface with at least one boundary component. We
will give an explicit description of the Poisson structure on MZ(E ), following the strategy of Fock and
Rosly [FROS8| using lattice gauge theory.
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We choose a ciliated fat graph model for X with one vertex and edges F = {ey,...,e,}, constructed
from a gluing pattern for X as defined in Section Furthermore, we choose an Out(G)-labeling
{K1,...,kn} of the gluing pattern describing the twisting principal Out(G)-bundle p. The fundamental
group of X is freely generated by the edges F of the graph model, as depicted in Figure Using the
holonomy description from the previous section, we can characterise a p-twisted bundle on X' by a graph
connection, that is a labeling of every edge e; € E with a group element g; € G:

hol: MS(X) 5 Hom, (m1(,0),G) = G® .

This identification chooses an orientation for every edge in the fat graph model which we choose to agree
with the natural orientation coming from the gluing pattern. Hence, we get an identification

My(2) =GP )G
where h € G acts via twisted conjugation
(g@l yr gﬁn) — (hgellq’l(h)il7 M hgenﬁn(h)il)

In this way, we consider the algebraic functions on G¥ as an element of Rep(G) and we denote this
algebra by O”(G¥). Quasi-coherent sheaves on M ,(X) can now be identified with modules over O?(GF)
in Rep(G).

Proposition 4.2. Let X be a surface of genus g and with r > 1 boundary components. Given a principal
Out(G)-bundle p: m1(X) — Out(G), described by the elements k1, ..., Keg1r—1 € Out(G), and a gluing
pattern P for X, there is an isomorphism OF (G?97Tm=1) o g7Jb"2977=1 of algebras in Rep(G).

Proof. To establish the isomorphism on the level of vector spaces, we use the algebraic Peter-Weyl
theorem:

oG =PhVviev ,
1%

where the sum on the right hand side is over all irreducible representations of G and O(G) is the Hopf
algebra of matrix coefficients of irreducible G-representations. Next we take into account the twist by a
given automorphism x € Out(G): a group element h € G acts on ¢ € O%(G) via h>¢ = ¢(h~1(—)k(h)).
As explained in Example we thus get an isomorphism O%(G) = @, VY @k*V = ]:Fl;ep(G) compatible
with the G-action. O

In combination with Theorem ﬁ, the above result shows that [ (2.0) Rep(G) agrees with the category
of quasi-coherent sheaves on the moduli space M,(X) of twisted bundles. Note that G¥ is a finite
dimensional smooth algebraic variety and independent of the concrete form of the gluing pattern or
topology of Y. However, we will see shortly that the Poisson structure is sensitive to the topology.

In order to describe the Poisson structure on the representation variety Mj(X'), we notice that there
is an equivariant embedding

12 GE — (G x Out(@))F
(Geys-- -gen) — (961 X K1y---Fe, X Kin)

which identifies G¥ with a connected component of (G x Out(G))¥ since Out(Q) is discrete. The G-
action on the right side is via the embedding G — G x Out(G) and conjugation inside G x Out(G).
Using the gluing pattern for X', together with the choice of a classical r-matrix r € g ® g, Fock and
Rosly’s construction [FRO8| gives a Poisson structure 7rr on (G x Out(G))¥, such that the action of
G » Out(@Q) is Poisson-Lie. Pulling back 7mpgr along ¢, we get the desired Poisson structure on MZ(E),
which is compatible with the twisted G-action. In Proposition [£.1.1] below we give an explicit formula for
the Poisson structure T () We just described on M;(E), which is a twisted version of the Fock-Rosly

Poisson structure on G¥ given in [FR98|, Proposition 3].
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Figure 14: Generators of the fundamental group for an r-punctured genus g surface.

Proposition 4.3. Let the surface X be represented by a ciliated fat graph with one vertex v and a set E
of edges. Let (x;)i—1,....dim(g) e a basis of g. Then for a given choice r = r"x; ® x; € g ® g of a classical
r-matrix there is a Poisson structure on M (X) given by the bivector

TM, () = Zr zi(a) Nz (B ZT”% ) A zj(a)

a=p

where o and B run over the set of half—edgeﬂ and

—z8(a), « is incoming at v
€T (a) = L . .
(ka)szi (@), « is outgoing at v
where xf‘/ L (@) denotes the right/left-invariant vector field of z; acting on the a-copy of G¥. Furthermore,

the induced Poisson structure on the subalgebra of G-invariant functions is independent of the chosen fat
graph model for X..

4.2 Quantisation

cyRp

In Section we constructed an algebra a'" ,n=2g+r—1, from a combinatorial presentation of
the decorated surface Y. We now explain how these algebras provide a deformation quantisation of the
twisted Fock-Rosly Poisson structure on M5 (X). To that end, we consider aj""""" as an object in the
representation category Rep,(G) of the formal quantum group. It is the tensor product @, Oy (G),
where each O;'(G) is a k;-twisted REA of quantised coordinate functions. The multiplication on the
tensor product is defined in terms of the crossmg morphlsms depicted in Figure [(] We will show in
Theorem [4.4) . that for all elements f;* € OF' and gh € (’)h we have

[fﬁ 7gh ]
h

where {-, -} is the twisted Fock-Rosly Poisson structure from Proposition and f* = f;" mod(h) €
O%i(G), and similarly for g"i.

We present a reformulation of the Poisson structure on M$(X) that will prove useful for what follows.
Let r = w4+t be the decomposition of the classical r-matrix into an anti-symmetric part w and an invariant

mod(h) = {f™, g™}

10We break up the edges of the graph, so that from each edge we get an incoming and an outgoing half-edge at the vertex
v. Since the chosen graph is ciliated, we get an ordering < on the set of half-edges.
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symmetric element ¢t. For a given automorphism x € Out(G), define the bivector field

ﬂ_fS-cTS — wad(n),ad(n) + tR,L(H) _ tL(n),R ,

where the superscripts indicate that the action by left-invariant vector fields is twisted by the automor-
phism &, and we used the notation 224(%) = 2% — k, 2L for the vector field generated by the element z € g
via the twisted adjoint action h — ghk(g™') of G on itself. In the case k = e, the bivector field 7§pg
agrees with the Semenov-Tian-Shansky (STS) Poisson structure on G, see [STS94]. Using the decorated

gluing pattern (P, {k1,...,Kag4n—1}) for X, we define the bivector

T=Y s+ Y Tas — Tha

a€EFE a<f

where 7, g is a 2-tensor, acting on the a-component of the first factor and on the S-component of the
second factor of G¥ x G¥, and is defined by
_p2d(ma)ad(re) , if & and 3 are positively unlinked

2,1
—r;dl(““)’ad('{’j) _ 9¢L(ka),R

Ta,B = , if o and B are positively linked

—r;i('i”)’ad(w) — 2tL(se). B o 9pl(ka).L(ks)  if o and B are positively nested

And similarly, the 2-tensor g , acts on the S-component of the first factor and on the a-component of

the second factor of G¥ x G¥ and is defined as T8,a = T(Ta,3), where T swaps the two tensor factors.

Similarly, for the remaining three cases, we define
p2d(ra),ad(xs) , if & and B are negatively unlinked

r?dz(ﬁa)’ad(nﬁ) + 2t L(ks) , if @ and B are negatively linked

Ta,B = ,
r?fiz(”“)’ad(w) + otfL(ks) _ 9pL(ka)L(k6)  if o and B are negatively nested

and set again 7, = 7(ma,p). A direct computation shows that 7 agrees with the twisted Fock-Rosly
Poisson structure defined in Proposition

Theorem 4.4. The algebra a”""***"~" is a quantisation of the twisted Fock-Rosly Poisson structure
on MS(X) = G*9%"~1. Its subalgebra of Up(g)-invariants does not depend on the choice of the gluing
pattern P and is a quantisation of the Poisson structure on the affine quotient M7 (X)) /G.

Proof. First, we show that the quasi-classical limit of the commutator of two quantised functions in
O (G) agrees with the x-twisted STS Poisson structure n§pg. We recall from Example that the
multiplication in the k-twisted REA Of(G) is related to the multiplication in the FRT-algebra via a
twisting cocycle given in terms of R-matrices. The commutator in the (untwisted) FRT-algebra H®,
H = Uy(g), can be computed by acting with

1@ 1HR(1I®1) - (Ry' @V RHKR (R, R))

on the components VV@™VWVYRV W, for V,W € Rep,(G), since the multiplication in the FRT-algebra
is given by the Hopf pairing (—, —) between H° and H:

<mFRT(¢w)7h> = <¢®waA(h)>a (Z5,'L/)€Ho,hEH

and A(—) = R7'A°P(—)R. Now we take into account the twist by &, as well as the twisting cocycle
R ® k. R1 ®RYR2 ® 1, to compute the commutator in Of (G) component-wise by acting with

(R}, @™ RyRe) B (v Ry @ 1) — C o (RyRa @ R) K (1® k.R1) (4.1)
where C' = (Ry' @™ Ry ) K (k. Ry @ k.R))
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on VV@™WIWVKV®W. To compute the quasi-classical limit of the action ([4.1]), we use that in the limit
exp(h) — 1, the R-matrix has the following expansion: R = 1+ hr + O(h?), where r = r; @ ro € g©? is
the classical r-matrix. Explicitly, the quasi-classical limit of (4.1)) is

7,3(5),2 + ’1"1’2 _ r4(n),1 _ ,r2,1 T 7“2’1 _ 7"4’3 c U(g)®4 ,

where for instance ("2 = 1 ® ry ® @1 € U(g)®* and the superscript s means that the respective
action will be twisted by k. More explicitly, the first two copies of U(g)®* act on O%(G) via  — 2",

for x € g, and the last two copies act via  — —r,2”. Thus, we find that the quasi-classical limit of

the commutator is the bivector field on G given by

R,L L,L R,L
_ LR 4+ BB i (k) rbl = _pL(=).R + (k) + BB 4 9 Ll _ L LL

)

_ Wad(f-@),ad(n) + tR’L(H) _ tL(’@)vR

_ K
= TsTS >

R,R _ .L.L R.R L,L

where we used that r = W't — o,

Next, we prove the claim for two positively unlinked edges o < (. We recall that the crossing
morphism for two unlinked edges v < 3 is given by acting on O;” (@) ® Of*(G) with

Ut =712340(R1®1®1®@ kaR2)(1® kg R1 @1 @ kaR2)(R1®1OR2®1)(1 ® ks R1 @Ry ® 1)
= T12,34 © ﬁ+
Hence, the commutator on components ¢ ® kv € Op*(G) and Y ® Kjw € 0" (@) can be computed via
(Moge (@) ®@Mers () © (L= (U™ ) (@ riv @ 1% @y @ mjuw)
Taking the quasi-classical limit of this action thus amounts to

1-7(U")

. mod(h) = —r32(a) _ pAlre)2(ka) _ 131 _ pdkp)il ¢ 7(g)@4 (4.2)

where this time the first and third copy in U(g)®* act via # — 2® and the second and the forth copy
via x — —k,x", so that the right hand side of ({#.2) acts on 0%~ (G)® O"#(G) via —r;i(m"‘)’ad(w), which
agrees with 7, g as claimed. Similarly, for two positively linked edges we have
_ (Lt
1—7(L") mod(h) = 2(%a)3 _ pA(ee)20ka) _ p3 1 _ pA(me) 1
h

and we see that in the positively linked case the 2-tensor 7, g differs from the unlinked case by adding a
term —2tL(5e).E Tastly, for two positively nested edges we find

N+
1—7(NT) mod(h) = r2(5e)3 4 p2(ra)dlss) _ 31 _ pAlrs) 1
h
which differs from the linked case by adding the term 2t=(%e)-L(%5) wwhich ends the proof for the positively
unlinked, linked and nested case. The remaining three cases can be worked out analogously. O
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