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Light can mediate effective dipole-dipole interactions between atoms or quantum emitters cou-
pled to a common environment. Exploiting them to tailor a desired effective Hamiltonian can have
major applications and advance the search for many-body phases. Quantum technologies are ma-
ture enough to engineer large photonic lattices with sophisticated structures coupled to quantum
emitters. In this context, a fundamental problem is to find general criteria to tailor a photonic
environment that mediates a desired effective Hamiltonian of the atoms. Among these criteria,
topological properties are of utmost importance since an effective atomic Hamiltonian endowed with
a non-trivial topology can be protected against disorder and imperfections. Here, we find gen-
eral theorems that govern the topological properties (if any) of photon-mediated Hamiltonians in
terms of both Hermitian and non-Hermitian topological invariants, thus unveiling a system-bath
topological correspondence. The results depend on the number of emitters relative to the number
of resonators. For a photonic lattice where each mode is coupled to a single quantum emitter, the
Altland-Zirnbauer classification of topological insulators allows us to link the topology of the atoms
to that of the photonic bath: we unveil the phenomena of topological preservation and reversal to
the effect that the atomic topology can be the same or opposite to the photonic one, depending on
Hermiticity of the photonic system and on the parity of the spatial dimension. As a consequence, the
bulk-edge correspondence implies the existence of atomic boundary modes with the group velocity
opposite to the photonic ones in a 2D Hermitian topological system. If there are fewer emitters
than photonic modes, the atomic system is less constrained and no general photon-atom topological
correspondence can be found. We show this with two counterexamples.

The study of topological phases and related phenom-
ena, such as edge states protected against disorder, dates
back to the discovery of the quantum Hall effect in
the 80s [1]. Since then, the field of topological phases
of matter has expanded considerably and today stands
out as a leading theme of modern condensed matter
physics [2, 3] and photonics [4, 5]. This rapid growth was
also prompted by the quest for quantum technologies im-
mune to disorder and to the detrimental interaction with
an environment [6]. Currently, a new paradigm of topo-
logical invariants is under intense investigation within the
framework of non-Hermitian physics, a burgeoning re-
search area spanning over photonics, condensed matter
and ultracold atoms [7, 8].

Despite considerable efforts in solid-state and photonic
settings, the exploration of topological effects in quan-
tum optics – and especially atom-photon interaction –
is still at an early stage. Some theoretical and experi-
mental works exploited topologically-protected photonic
edge modes as channels enabling uni-directional emis-
sion [9, 10], excitation/quantum state transfer between
quantum emitters [11–14] and multi-mode entanglement
generation [15]. Notably, it was predicted in a pho-

tonic Su–Schrieffer–Heeger (SSH) model that, being a
quantum zero-dimensional defect, an atom itself can seed
dressed bound states that are topologically protected [16],
the essential properties of which as well as criteria for
their occurrence were then derived on a general basis [17].
Specific investigations of topological dressed states were
carried out in other photonic analogues of prototypical
topological models such as the Harper–Hofstadter [18, 19]
and the Haldane model [17, 19] as well as in lossy sys-
tems exhibiting non-Hermitian topology [20, 21]. More-
over, atomic emission properties were proposed as sen-
sors of photonic topological phases [22]. Much of this
recent literature is motivated by outstanding technologi-
cal progress allowing the fabrication of photonic lattices
with engineered properties in the form of large periodic
arrangements (1D or 2D) of coupled cavities/resonators
and coherently couple them to a set of controllable
atoms/quantum emitters in various experimental plat-
forms such as ultracold atoms [23], circuit QED [24–28]
and coupled-resonator optical waveguides [29].

Against the above backdrop, an essential question still
remains unanswered: Given a photonic bath with known
topological properties, do the atoms coupled to it inherit
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TABLE I. Main results of the present work. If the degrees of
freedom of the system and those of the bath are equal the sys-
tem’s topology is preserved (νa = νp) or reversed (νa = −νp)
with respect to that of the bath, according to Eq. (1). Only Z
phases are included in the table, as in the Z2 case topology is
always preserved. The red arrows connect those cases that are
linked by the Hermitian-non-Hermitian correspondence [33].
The resonance condition ωe = ω0 is assumed (c.f. main text).

some non-trivial topology? If so, how are the topological
symmetry class and phase of the atoms related to those
of the field?

To tackle such a general issue, we adopt the stan-
dard Altland-Zirnbauer classification of topological in-
sulators [30] and consider a general model of photonic
lattice weakly coupled to a periodic arrangement of two-
level emitters in a way that the total system remains
translationally invariant (with a unit cell generally larger
than that of the bare photon field). We find general
results linking the photonic and atomic topological in-
variants. We thus unveil a relation between photonic
and atomic boundary modes under open boundary con-
ditions, on the basis of the bulk-edge correspondence in
the Hermitian case [31], and also a relation between skin
modes or more general bulk anomalous dynamics in the
non-Hermitian case [32, 33]. The main results of this
system-bath topological correspondence are summarized
in Table I.

RESULTS

System-Bath Topological Correspondence

Before diving into the specific quantum optical setup
under our consideration, we present our result in a gen-
eral setting.

Consider a multipartite quantum system with free

Hamiltonian Ĥe = ωe
∑
i ŝ
†
i ŝi, with ŝ

(†)
i being the an-

nihilation (creation) operator of the ith system’s exci-
tation. Suppose this system is coupled to a bath. We
assume that the bath Hamiltonian is number conserv-
ing, quadratic and translationally invariant. Then, un-
der periodic boundary conditions, it can be written in

the second quantized form as Ĥp =
∑

k B̂
†
kHp(k)B̂k.

Here k is the quasi-momentum, which is a good quan-
tum number because of translational invariance. The

FIG. 1. Setup. Two-level (|g〉, |e〉) quantum emitters (QEs)
coupled to a photonic lattice. The full light-atom system is
translationally invariant. The figure shows a specific 1D ex-
ample with two emitters in a photonic unit cell with Nb = 3
resonators (red, green and blue), for clarity. A more general
situation is discussed in the main text. The intracell cou-
plings are v and w, the intercell one is u, and the third res-
onator (blue) is lossy with rate γ. Translational invariance of
the light-atom Hamiltonian is achieved, e.g., by coupling two
QEs to the first two resonators of each photonic unit cell. This
way the atomic Hamiltonian features a unit cell of dimension
2 (cyan). This scheme is naturally applicable to supercon-
ducting cavity systems where the transmission line plays the
role of the photonic bath and superconducting qubits play the
role of two-level atoms.

matrixHp(k) is the single particle Hamiltonian in Fourier
space, whose eigenvalues yield the bath’s band struc-
ture, centered around the energy ω0. Finally, B̂k =

(b̂k,1, b̂k,2, . . .)
T where b̂k,j ’s are the Fourier transform of

the bath annihilation operators in real space b̂r,j , i.e.,

b̂k,j ∝
∑

r e
ik·rb̂r,j . We consider a weak system-bath

interaction given by a coherent exchange of excitations,

that is Ĥint = g
∑
i(ŝib̂

†
i + H.c.).

Assuming the dynamics is Markovian, the degrees of
freedom of the bath can be traced out. When the sys-
tem bare frequency ωe does not belong to the bath spec-
trum, this procedure leads to an effective dressed system
Hamiltonian Ĥa ∼ Ĥe+g2Ĝp(ωe), where the latter is the
resolvent operator of the bath [34].

Our results relate the topological properties of the bare
bath and of the system dressed by the bath, establish-
ing a system-bath topological correspondence. By setting
ωe = ω0, both Hamiltonians enjoy the same symmetries.
In addition, when the number of degrees of freedom of
the system and those of the bath are equal to each other,
we unveil the phenomena of topological preservation and
reversal on the basis of the Altland and Zirnbauer classi-
fication [30]. Namely, the topological invariants νa(p) of

Ĥa(p) are related as

νa =

{
νp for Z2 phases,

νp(−1)D+h for Z phases.
(1)

Here D is the spatial dimension while h is 1 (0) if Ĥp

is (non-)Hermitian. Integer topological invariants of the
bath are preserved or reversed by the system, according
to the dimension and Hermiticity. Z2 protected phases
of the bath are instead always inherited by the system.

This result is in accordance with the Hermitian-non-
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Hermitian correspondence introduced in Ref. [33]. There-
fore, the boundary mode of a D+1 Hermitian topological
system characterized by the topological invariant ν can
be mapped into a D non-Hermitian system on a closed
manifold, with identical topological invariant. Indeed, we
show how topological preservation (reversal), i.e., νa = νp
(νa = −νp), occurs in D + 1 dimensional Hermitian sys-
tems as well as non-Hermitian ones in D dimensions, see
Table I.

Quantum Optical System and Hamiltonian

In the commonly-studied weak-coupling and Marko-
vian regime, photons mediate second-order interactions
between the atoms which can be described by an effec-
tive many-body atomic Hamiltonian [16]. We study the
topological properties of the latter Hamiltonian, showing
that these depend in particular on the detuning between
the atomic frequency and the mean photonic frequency
(the latter is typically located at the middle of the central
photonic bandgap).

The setup we consider, a specific instance of the gen-
eral aforementioned setting, is illustrated in Fig. 1. It
comprises Ne two-level quantum emitters (QEs), each
with the ground state and an excited state, |g〉 and |e〉,
separated by the Bohr frequency ωe. The QEs are locally
coupled to a translationally invariant photonic lattice im-
plemented by coupled single-mode resonators. The unit
cell of the lattice contains Nb resonators. Hence, there
are (generally) as many sublattices as photonic bands.

The system is modeled by the Hamiltonian Ĥ =
Ĥe + Ĥp + Ĥint . The free atomic Hamiltonian reads

Ĥe = ωe
∑
n σ̂
†
nσ̂n, where σ̂n = |g〉n〈e|. Under periodic

boundary conditions (BCs), the bare photonic Hamilto-
nian can be expressed in terms of bath modes with a
definite quasi-momentum k as

Ĥp =
∑
k∈BZ

Â†kHp(k)Âk , (2)

where “BZ” stands for the first Brillouin zone, Â†k =

(â†k,1, ..., â
†
k,Nb

), âk,s’s are the bosonic annihilation opera-

tors of the field’s normal modes, and Hp(k) is the Nb×Nb
Bloch Hamiltonian matrix (see Methods). We label the
bare resonator frequency by ω0 and set ω0 = 0 as the
reference energy. The last term in the total Hamilto-
nian describes the interaction between QEs and the field
according to the usual rotating-wave approximation,

Ĥint = g

N∑
n=1

∑
s∈C

σ̂†nsâns + H.c , (3)

where C ⊆ {1, ..., Nb} is the set of sublattices coupled to
QEs. Here, âns is the real-space annihilation operator
of the resonator located in the nth unit cell, belonging
to the s-sublattice (s ∈ {1, ..., Nb}), and N is the total

number of unit cells. The atomic operator in Eq. (3) has
two indices in order to specify the resonator it couples
to.

In the following, we will consider a translationally in-
variant arrangement of emitters, with the periodicity
equal to or larger than that of the photonic lattice. Pro-
vided that ωe is in a photonic bandgap and the coupling
constant g is small (small compared to the spectral dis-
tance between ωe and the bath’s bands), the bath will
induce effective coherent interactions between the emit-
ters [16, 35, 36]. In this weak-coupling regime, the atomic
and photonic degrees of freedom do not mix much, and
it is meaningful to analyze the topological properties of
the atomic subsystem alone.

One-emitter-per-resonator case: topological
preservation and reversal

In the one-emitter-per-resonator case, the Bloch
Hamiltonian of the entire system is

H(k) =

[
ωeI gI
gI Hp(k)

]
, (4)

where I is the Ne-dimensional identity matrix. Remark-
ably, the entire atom-light Hamiltonian is topologically
trivial (see Methods). By means of standard perturba-
tion theory to second order, the effective atomic Hamil-
tonian is obtained (see Methods), and depends on the
resolvent operator of the bath as

Ha(k) = ωe +
g2

ωe −Hp(k)
. (5)

The real space form, Ĥa, is recovered by means of the
inverse Fourier transform.

We find that, depending on the spatial dimension, the
symmetries, and whether the photonic Hamiltonian is
Hermitian or not, the topology of this effective system
may be either preserved or reversed, at least for the fun-
damental symmetry classes. We provide here the general
results in the Hermitian and non-Hermitian cases as sum-
marized in Table I, together with prototypical examples.

Hermitian case

The identification of the 10 fundamental symme-
try classes was first made by Altland and Zirnbauer
(AZ) [30]. On this basis, the topological classification
of Hermitian non-interacting systems (insulators and su-
perconductors) has been later carried out [37, 38]. Only
five of these symmetry classes are relevant for the num-
ber conserving Hamiltonians we consider [5], see Table II.
The classification is based on time-reversal symmetry
(TRS or T ), particle-hole symmetry (PHS or C), and
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TABLE II. Periodic table of topological insulators. Altland-
Zirnbauer classification of Hermitian photonic topological in-
sulators based on time reversal (T ), particle-hole (C) and chi-
ral (S) symmetries, whose presence (absence) is highlighted
by 1 or + (0). The + sign indicates that T (or C) square to 1,
T 2 = 1 [30]. The black arrows highlight the off-resonant tran-
sitions between photonic and atomic symmetry classes. The
entries Z, Z2, 0 under the spatial dimension represent the
possible value of the appropriate topological invariant. The
table is adapted from Ref. [31].

chiral symmetry (S) [5, 30, 31]. Their explicit action on
the system Bloch Hamiltonian H(k) is given by

TH(k)T−1 = H(−k), (6)

CH(k)C−1 = −H(−k), (7)

SH(k)S−1 = −H(k). (8)

Both T and C are antiunitary operators, i.e., T = UTRSK
and C = UPHSK, where UTRS and UPHS are unitaries
and K denotes complex conjugation. Applying these to
Ha(k), one can show that TRS is never broken,

Ha(k) has TRS ⇔ Hp(k) has TRS (9)

for any atomic frequency in a bandgap. In turn, PHS,
and therefore chiral symmetry [31], can be broken. In-
deed

Ha(k) has PHS ⇔ Hp(k) has PHS (10)

only if ωe = 0, the same holding for chiral symmetry.
Conversely, in absence of photonic symmetries, no new
symmetry can be generated at the atomic level.

Equations (9) and (10) show that on resonance (ωe =

0), Ĥa and Ĥp belong to the same symmetry class; off
resonance, the following transitions of symmetry classes
take place when going from Ĥp to Ĥa: AIII → A, BDI
→ AI and D→ A, see Table II. Within the same symme-
try class, topologically distinct phases are characterized
by different values of the topological invariant (e.g., Zak
phase, Chern number, Chern-Simons invariants), which
we generally label as νl, with l = p, a referring to photonic
and atomic subsystems, respectively. According to the
bulk-edge correspondence, νl gives the number of edge
modes in the system with open BCs, the trivial phase
being the one with a zero topological invariant [31].

To ensure that the PHS and chiral symmetry are in-
herited, we focus on the case ωe = 0, so that Ha(k) =

photonic / atomic lattice sites
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FIG. 2. Hermitian topological preservation. Left: photonic
SSH lattice with staggered couplings v and w. Each QE is
coupled to each resonator with coupling strength g. The form
of the mediated QEs’ Hamiltonian Ĥa is sketched in purple.
Open BCs for the atomic system are obtained by removing
QEs, leaving the photonic lattice translationally invariant.
Right: Absolute value of the wave function of the photonic
edge states with N = 60 resonators (top), and atomic edge
states with Ne = 44 emitters (bottom) coupled to a periodic
SSH lattice with N resonators (top), d = 8 sites. The atomic
edge states have a non-zero weight mostly on the first and the
last site (notice the logarithmic scale). The non-zero ampli-
tude on the rest of the sites is a finite-size effect. The insets
show the photonic (atomic) energy spectra under open BCs
in units of v (g2/v). Parameter values: w = 1.5v, g = 0.1v,
ωe = 0.

−g2Hp(k)−1 with both Ha(k) and Hp(k) gapped across
0.

In the one-emitter-per-resonator case, our main result
is that Hermitian topology is preserved (νa = νp) for Z2

phases in any spatial dimension and for Z phases in odd
dimensions (in particular 1D and 3D). A topological re-
versal (νa = −νp) occurs for Z phases in even dimensions
(see Methods for the proof). The topological reversal in
particular has direct observable consequences on the ba-
sis of the bulk-boundary correspondence (as we discuss
later on).
Topological preservation— As a minimal example of

Hermitian topological preservation, we consider the case
of QEs coupled to an SSH lattice, see Fig. 2, whose
Hamiltonian reads

Ĥp =
∑
n

v â†n,1ân,2 + w â†n,2ân+1,1 + H.c. (11)

This model belongs to the BDI class, hosting Z
phases [16]. On resonance, the effective Hamiltonian be-
tween QEs preserves chiral symmetry and therefore, ac-
cording to our result, possesses the same topology as the
underlying photonic lattice. This can be verified through
the bulk-edge correspondence. Indeed, by introducing
atomic boundary conditions, which is achievably consid-
ering a finite array of QEs in a larger periodic photonic
SSH lattice, the atomic part supports topological edge
states in the non-trivial phase—despite the high connec-
tivity of the mediated interactions.
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FIG. 3. Hermitian topological reversal. Upper left: sketch of a setup showing Hermitian topological reversal. QEs (green
spheres) coupled to a QWZ 2D photonic lattice (gray plane), Eq. (12). Photonic open boundary conditions are imposed only
along the x direction. The parameter d measures the thickness (in photonic unit cells) of the outer stripes, separating the
photonic and atomic boundaries. It serves to interpolate between the case of a system full of emitters (d = 0), and that of
a finite array of QEs in a periodic array of resonators along the x direction at fixed y (d � 0). Right: energy spectrum of
the full system made of quantum emitters coupled to a QWZ bath with open (periodic) boundary conditions along the x (y)
direction. Each emitter is coupled to one bath site, except for two stripes of size d (unit cells) along the edges of the bath. The
plots in the top row highlight the photonic spectrum, the atomic one being very close to zero (zoom in the bottom row; note
the different energy scales). The colors denote the degree of localization along the x direction according to the legend (bottom
left). States corresponding to grey energies are delocalized, while those corresponding to red (blue) energies are localized at
the right (left) boundary. The triviality of the full light-matter system is made patent by the absence of edge states in the gap
around the resonant frequency (leftmost plot, d = 0). The effects of the topological reversal are apparent for large d (rightmost
plot): focusing on the boundary modes in, e.g., the right boundary (red), the photonic and atomic modes have opposite group
velocities. The same holds true for the blue mode. Parameter values: L = 50 unit cells along the x direction, u = 1.2, ωe = 0
and g = 0.1J . The isolated points that can be appreciated in the lower figures for the cases d = 1 and d = 4 are due to
the discretization of the (in fact, continuous) momentum along the y direction chosen for the numerical computations. They
correspond to the photonic edge states.

Topological reversal— The Hermitian topological re-
versal occurs in two dimensions. To show its implica-
tions, we consider QEs coupled to a 2D Chern insulator
described by the Qi-Wu-Zhang’s (QWZ) model [39] (class
A). The Bloch Hamiltonian Hp(k) for this model reads

HQWZ(k) = J sin(kx)σx + J sin(ky)σy

+ J [u+ cos(kx) + cos(ky)]σz , (12)

where σα (α ∈ {x, y, z}) are the Pauli matrices. Assum-
ing open boundary conditions along the x direction only,
this system supports chiral photonic boundary modes
propagating in opposite ways along y, whenever |u| < 2.
The topological reversal (see Table I) predicts opposite
photonic and atomic Chern numbers, resulting in atomic
boundary modes featuring excitons which travel with op-
posite velocities with respect to their photonic counter-
parts. This is indeed the case when considering a finite
array of QEs along the x direction, c.f. Fig. 3. When the
set of QEs lies deep in the photonic bulk, each photonic
boundary mode has a corresponding atomic one but with
opposite chirality on the same boundary.

Non-Hermitian case

When the Hamiltonians are allowed to be non-
Hermitian, the number of fundamental symmetry classes
increases from 10 (AZ classes) to 38 (Bernard-LeClair
classes) [40, 41]. Here we focus only on a subclass of the
latter that naturally generalizes the former. A crucial
difference is that complex conjugation is no longer equiv-
alent to transposition. The appropriate non-Hermitian
equivalent of Eqs. (6)-(8) gives the symmetry constraints
of the non-Hermitian AZ classes as [41]

UTRSH
∗(k)U−1TRS = H(−k), (13)

UPHSH
T(k)U−1PHS = −H(−k), (14)

SH†(k)S−1 = −H(k). (15)

There is also a dual of these classes, called non-Hermitian
AZ† [41], for which the symmetry constraints read

UTRSH
T(k)U−1TRS = H(−k), (16)

UPHSH
∗(k)U−1PHS = −H(−k), (17)

SH†(k)S−1 = −H(k). (18)

As highlighted in Ref. [33], the topological classification
of a Hermitian AZ class in D dimensions coincides with
that of the corresponding non-Hermitian AZ (AZ†) class
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in D+1 (D−1) dimensions. The topological preservation
and reversal we unveil here are fully consistent with this
Hermitian-non-Hermitian correspondence (see Methods).

In the one-emitter-per-resonator-case, our main re-
sult for the non-Hermitian AZ (AZ†) classes is that
non-Hermitian topology is always preserved except for
Z phases in odd dimensions (see Methods for the
proof). We discuss here two setups illustrating the non-
Hermitian topological reversal and preservation, respec-
tively.

Topological reversal— This is especially important for
1D systems, such as those considered in Refs. [20, 42]. In
1D, a point gap spectrum characterized by a nontrivial
winding number ν is the topological origin of the non-
Hermitian skin effect [32]. The sign of ν can in general
be related to the boundary on which the skin states ac-
cumulate. Note that there are also more sophisticated
symmetry-protected versions, such as the Z2 skin effect
protected by TRS† discussed in Ref. [32]. This provides
an example where the spectral winding always vanishes
but with a nontrivial Z2 number that signals a pair of
skin modes localized at both boundaries. Nevertheless,
a non-zero winding number is typical of non-reciprocal
models and generally emerges as a combination of bro-
ken TRS and dissipation [43].

The topological reversal entails that photonic skin
states on one edge correspond to atomic skin states on
the opposite edge. Thus, by locally coupling QEs to all
sites of a non-reciprocal lattice, the QEs themselves are
a reversed non-reciprocal system.

As in Ref. [21], we consider a photonic Hatano-Nelson
1D array with non-reciprocal right JR = J(1+δ) and left
JL = J(1 − δ) couplings, and uniform local dissipation
γ = 2δJ ,

Ĥp =
∑
n

JRâ
†
n+1ân + JLâ

†
nân+1 − iγa†nân (19)

with QEs coupled to all modes. Since there is only one
resonator per unit cell, we dropped the sublattice index.
Under open BCs, the photonic skin modes accumulate
onto the right for δ > 0. The atomic periodic system pos-
sesses reversed topology (opposite windings), and there-
fore its skin modes accumulate to the left (see Fig. 4).

Topological preservation— Topology may also be pre-
served in the non-Hermitian case. As a simple exam-
ple, we consider a chiral symmetric non-Hermitian pho-
tonic bath in two dimensions. From the perspective
of Hermitian-non-Hermitian correspondence [33], such
a system mimics the gapless surface states of three-
dimensional chiral topological insulators [45]. Accord-
ingly, it can be characterized by the net chiral charge of
Dirac cones above the base energy, which is nothing but
ωe in our setup and is constrained by the chiral symmetry
to be purely imaginary. We focus on the model studied
in Ref. [33]:

Hp(k) = J sin(kx)σx + J sin(ky)σy

+ iJ(2 cos(kx) + cos(ky)− 3) , (20)

FIG. 4. Non-Hermitian topological reversal. (a) In a bare pho-
tonic Hatano-Nelson model, Eq. (19) with N = 20 resonators,
photonic skin states accumulate on the right edge. (b) Cou-
pling emitters to the same photonic lattice, under periodic
BCs, the atomic skin states accumulate on the left edge. Both
figures display the normalized average of all skin modes |ψi〉,∑

i |〈n|ψi〉|2, with |n〉 being the lattice site. Atomic open BCs,
inducing the skin effect, are taken by removing 2d = 10 QEs
(outer violet stripes) while keeping the photonic structure pe-
riodic. The top inset shows the photonic (blue) and atomic
(red) complex spectrum under periodic BCs in units of J . The
bottom inset is a zoom of the top one. We find opposite wind-
ings, witnessing the topological reversal. The vertical dashed
orange axis is ReE = Reωe. The dashed black circle with
center ωe illustrates the strength of the atom-photon interac-
tion g (the radius). This is highlighted because the reversal
in 1D can be described by a circular inversion with respect to
this circle [44]. Parameters: δ = 0.5, g = 0.5J , ωe = −iJ .

whose complex spectrum is shown in the left panel in
Fig. 5. With ωe chosen to be−iJ , the topological number
is 1 since there is a single Dirac cone with a positive chiral
charge above ωe. The corresponding emitter Hamiltonian
can then be obtained from Eq. (5). Its spectrum is shown
in the right panel of Fig. 5. The same reasoning gives
the topological number of the emitter Hamiltonian as 1,
implying the preservation of topology.

Fewer-emitters-than-resonators case: violation of
topological correspondence

We consider now the most general case of a transla-
tionally invariant system of QEs coupled to a photonic
lattice. The interaction Hamiltonian within a unit cell
can be written as

Ĥint,n = g Ŝ†n Π Ân + H.c. (21)
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FIG. 5. Non-Hermitian topological preservation. Spectrum
of the 2D chiral symmetric non-Hermitian photonic lattice
(20) (blue) and that of the coupled emitters spectrum (red)
obtained from Eq. (5). The right panel is the zoom-in of the
left one. The dots illustrate the Dirac cones with either (+) or
(−) chiral charge. According to Eq. (5), each photonic Dirac
cone above (below) ωe is mapped to an atomic Dirac cone
above (below) ωe with the same chiral charge. The topological
preservation follows from the fact that the total chiral charge
above ωe gives the topological number. Dark-shaded areas
are swiped twice as k varies in the BZ. Here ωe = −iJ and
g = 0.5J .

where Ĥint =
∑
n Ĥint,n, ÂT

n = (ân1, . . . , ânNs
), ŜTn =

(σ̂n1, . . . , σ̂nNb
), c.f. Eq. (3). The rank of the projector

Π = diag(p1, . . . , pNb
), pi ∈ {0, 1}, specifies the number

of QEs per unit cell. In the previous part we had Π =
1Nb

.

The Bloch atomic Hamiltonian in this general case
reads

Ha(k) = Π

(
ωe +

g2

ωe −Hp(k)

)
Π , (22)

where only the non-zero block selected by Π is relevant.
Importantly, when the lattice constant of the emitter
“superlattice” is larger than that of the photonic bath,
the same expression for the effective Hamiltonian can be
used, considering a suitably enlarged bath unit cell.

By considering specific setups, we conclude that no
general statements as in the one-emitter-per-resonator
case can be made. In particular, we show that an Hermi-
tian topological photonic lattice in 1D can induce both
non-topological and topological interactions, according
to the emitters’ arrangement. Finally, we show how a
non-Hermitian non-topological photonic lattice can me-
diate non-Hermitian topology at the atomic level. These
counterexamples support our claim.

Violation of Hermitian topological preservation

Consider a 1D photonic lattice whose Bloch Hamilto-
nian is

Hp(k) = [v + w cos k]σx

+ w sin k[cos(2θ)σy + sin(2θ)σz] , (23)

with v, w > 0, θ ∈ [0, π/4]. This two-band model cor-
responds to an SSH lattice for θ = 0, and to a spe-
cific configuration of a Creutz ladder for θ = π/4 [17].

More precisely, Hp(k) = U†θHSSH(k)Uθ, with Uθ =
cos θ12 + i sin θσx being a unitary transformation of the
unit-cell modes. It belongs to the BDI symmetry class
for any θ, UTRS = cos(2θ)12 − i sin(2θ)σx, UPHS = σz
and UCH = UPHSU

∗
TRS being the unitaries implementing

antiunitary TRS and PHS, and unitary chiral symmetry,
respectively [5, 31].

The original two-site photonic unit cell (ân,1, ân,2)
can be formally enlarged to a four-site one by relabel-
ing (ân,1, ân,2, ân+1,1, ân+1,2)→ (ân,1, ân,2, ân,3, ân,4). A
two-band atomic Hamiltonian is then obtained by cou-
pling only two QEs to two resonators in this enlarged
photonic unit cell. There are only two non-equivalent
ways to do so. We set ωe = 0, as to preserve chiral sym-
metry.

i) The on-cell case corresponds to coupling QEs to the
resonators in sublattices 1 and 2, i.e., Π = diag(1, 1, 0, 0).
Since [Π, Us] = 0, for s ∈ {TRS, PHS, CH}, the atomic
subsystem inherits all the symmetries of the photonic
one. Besides belonging to the same symmetry class,
atomic and photonic systems have the same topology, as
in the one-emitter-per-resonator case. Indeed, by high-
lighting the dependence on the parameters in the Bloch
photonic Hamiltonian HSSH(k; v, w), one can see that
Ha(k) ∝ [HSSH(k; v2,−w2)]−1. Thus, the atomic and
photonic systems possess the same winding number [46].

Note that it is sufficient to analyze the Ĥa obtained in
the SSH case (θ = 0) since the other cases (θ 6= 0) are
unitarily equivalent.

ii) The cell-breaking case corresponds to coupling
QEs to the resonatorsin sublattices 2 and 3, i.e., Π =
diag(0, 1, 1, 0). The atomic Hamiltonian inherits PHS,
with UPHS = −σz for any θ, but loses TRS and chi-
ral symmetry, except for θ = 0. For an SSH photonic
lattice (θ = 0), the mediated Hamiltonian is topologi-
cal when the photonic one is not, and vice versa. In-
deed, Ha(k) ∝ [HSSH(k;w2,−v2)]−1, therefore the pho-
tonic winding number is zero (non-zero) when the atomic
one is non-zero (zero). This is reminiscent of the change
in topology following a redefinition of the intra/intercell
coupling amplitudes. For 0 < θ < π/4, the medi-
ated Hamiltonian belongs to the D symmetry class, hav-
ing only PHS, while for θ = π/4 the mediated atomic
Hamiltonian is gapless for any v, w, the gap being ∆ =
2g2w cos(2θ)/(v2 + w2). It is therefore meaningless to
compare the photonic and atomic topologies in these
cases.
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FIG. 6. Violation of the Hermitian topological preservation. (a) Photonic lattice as in Eq. (23) in real space under open BCs
in the non-topological phase v > w. QEs are coupled to it in the on-cell and cell-breaking configurations below and above the
photonic lattice, respectively. In the former, the atomic system inherits all symmetries and topology of the photonic lattice.
In the latter, a pair of topologically protected atomic edge states appear (only one is shown in cyan) even without photonic
topology. For θ = 0, the atomic system has chiral symmetry and belongs to the BDI symmetry class, its topological number
being the winding number. Wiggly lines sketch the mediated couplings between QEs, their thickness representing the strength.
In the almost-fully dimerized limit (v � w), the atomic system follows the photonic dimerization in the on-cell configuration,
while it does not in the cell-breaking one, motivating the emergence of the edge states. (b) Same as (a), with a topological
photonic lattice, with on-cell and cell-breaking configurations being above and below the photonic lattice, respectively. Here
photonic edge states (shaded red) come along with atomic ones (shaded cyan) in the on-cell configuration. Parameter values
for the edge states: ωe = 0, θ = 0 (a different θ does not substantially affect their profile), w/v = 4/5 in (a), v/w = 2/5 [4/5]
in (b) for the photonic [atomic] one.

Violation of non-Hermitian topological reversal

Just like the Hermitian case, we cannot generally claim
topological reversal or preservation if the number of emit-
ters is smaller than that of resonators. A general method
to construct counterexamples is that of stacking two
topological photonic lattices with opposite topological
numbers and coupling only one of them to emitters in
the one-emitter-per-resonator manner. While the entire
photonic bath is trivial, the emitter Hamiltonian will be
nontrivial due to either topological reversal or preserva-
tion with respect to the sublattice with which it inter-
acts. The nontrivial emitter topology persists even if we
turn on the coupling between the two photonic lattices,
provided the coupling is not so strong that the emitter
Hamiltonian remains gapped. Note that this recipe also
applies to Hermitian systems.

As a simple (counter)example, we construct a 1D non-
Hermitian photonic bath with zero spectral winding num-
ber that nevertheless induces a nonzero spectral winding
number for the emitter Hamiltonian. The bath consists
of two unidirectional Hatano-Nelson chains with oppo-
site chiralities and Hermitian inter-chain hopping. The
emitters are only coupled to one of them, say the left-
ward one. We can then write down the photonic Bloch
Hamiltonian and projector as

Hp(k) =

[
κ(eik − i) J

J κ(e−ik − i)

]
, Π =

[
1 0
0 0

]
. (24)

We assume J < κ so that Hp(k) is gapped with respect
to ωe = −iκ. Substituting the above expressions (24)
into Eq. (22), we obtain

Ha(k) = − g2κ

κ2 − J2
e−ik − iκ, (25)

which turns out to be characterized by a nonzero spectral
winding number νa = −1 with respect to the base energy

ωe [47]. To visualize such a breakdown of non-Hermitian
topological reversal in this model, we consider a finite
system under the open boundary condition and cut off
some emitters near the boundaries. As shown in Fig. 7,
we find that the skin effect occurs in the emitter array,
despite the fact that the photonic bath does not exhibit
a skin effect.

DISCUSSION

We have investigated the relationship between the
topological properties of a photonic lattice and those of
the photon-mediated dipole-dipole Hamiltonian of a pe-
riodic set of atoms coupled to it.

A complete characterization is carried out in the case
of a topological photonic lattice, both in the Hermitian
and non-Hermitian case, where each mode is coupled to a
single quantum emitter. The atomic system, under a res-
onance condition maintaining the photonic symmetries,
can possess either the same or opposite topology depend-
ing on the spatial dimension and whether the photonic
Hamiltonian is Hermitian or not.

Within the general classification we provide, the topo-
logical reversal stands out in particular. In Hermi-
tian systems, this effect predicts the existence of atomic
boundary modes featuring excitations propagating with
opposite chirality with respect to the photonic ones of
the underlying 2D lattice. In 1D non-Hermitian systems
instead, our analysis provides a general framework for
understanding reversed non-reciprocal mediated interac-
tions by non-reciprocal photonic baths [20, 42].

The case of a fully translationally invariant setup,
though with fewer emitters than resonators, has been
also considered. A reduced number of atomic degrees of
freedom represent a weaker constraint so that no general
photon-to-atom topological correspondence is found. To
support our claim we have discussed two instances of the
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FIG. 7. Violation of the non-Hermitian topological reversal.
The photonic bath is built from two coupled unidirectional
Hatano-Nelson chains with opposite chiralities with 2N sites
in total. Under open BCs, only the resonators in the up-
per chain are coupled to emitters, except for the leftmost and
rightmost d sites. Note that a background loss captured by an
imaginary shift −iκ is omitted in the inset. There is no pho-
tonic skin effect (top), yet the atomic skin effect occurs (bot-

tom). Both figures display |〈n|ψi〉|2 with n being an atomic
or photonic site and · · · being the average over all the normal-
ized right eigenstates |ψi〉. On the photonic side, we further
sum up each pairs of sites in the same unit cell, i.e., those
with the same horizontal positions. Here the parameters are
chosen to be N = 20, d = 3, J = 0.5κ and g = 0.1κ.

violation of such correspondence.

METHODS

Photonic Hamiltonian

The photonic Hamiltonian in real space reads

Ĥp =

Nc∑
n,m=1

Nb∑
s,s′=1

〈rn, s| Ĥp |rn+m, s′〉 â†nsân+m,s′ , (26)

where Nc is the number of unit cells, |rn, s〉 = â†ns |vac〉
and the closure relation is 1p =

∑
n,s |rn, s〉〈rn, s|.

Translational invariance impose the couplings to be in-
dependent on the cell position, 〈rn, s| Ĥp |rn+m, s′〉 =

〈r0, s| Ĥp |rm, s′〉.
Assuming periodic BCs and using the closure relation

1p =
∑

k,s |k, s〉〈k, s|, where |k, s〉 = â†ks |vac〉 and the

overlap 〈rn, s|k, s′〉 = δss′e
−ik·rn/

√
Nc, we have

âns =
1√
Nc

∑
k

e−ik·rn âks . (27)

This gives the photonic Hamiltonian of the periodic
lattice as

Ĥp =
∑
k

Nb∑
s,s′=1

〈r0, s| Ĥp |rn, s′〉 e−ik·rn â†ksâks′ . (28)

By introducing the vector operator Â†k = (â†k,1, ..., â
†
k,Nb

)
and denoting the matrix elements

[Hp(k)]ss′ =
∑
n

〈r0, s| Ĥp |rn, s′〉 e−ik·rn , (29)

it can be recast in the form given in the main text,
c.f. Eq. (2).

Effective mediated Hamiltonian

Consider the atomic frequency ωe to be at distance ∆
from the photonic continuum. If the atom-photon cou-
pling g is weak so that g/∆� 1, then it is possible to adi-
abatically eliminate the photonic bath and derive an ef-
fective photon-mediated atomic Hamiltonian Ĥa [48, 49].

In the case of one emitter per resonator, its explicit
expression reads

Ĥa = Ĥe +
∑
nm

∑
ss′

hns,ms′ σ̂
†
nsσ̂ms′ (30)

where

hns,ms′ = g2 〈rm, s′| Ĝp(ωe) |rn, s〉 (31)

with Ĝp(z) = (z − Ĥp)
−1 being the Green’s function of

the bare photonic Hamiltonian and |rm, s〉 the state with
one excitation in the sth resonator of the mth unit cell
of the photonic lattice. The double index in the atomic
operators specifies both cell (n,m) and sublattice (s, s′)
the emitter is coupled to.

As Ĥp is translationally invariant, so is its resolvent
operator [34] and

〈rm| Ĝp(ωe) |rn〉 =
1

N

∑
k∈BZ

eik·(rm−rn)

ωe −Hp(k)
(32)

where 〈rm| Ĝp(ωe) |rn〉 is the Nb×Nb matrix in the sub-
lattice space. Therefore, the atomic Hamiltonian can be
written in Bloch form as

Ĥa =
∑
k∈BZ

Ŝ†kHa(k)Ŝk (33)

where Ŝ†k = (σ̂†k1, ..., σ̂
†
kNb

), Ha(k) is the Bloch Hamilto-

nian as in Eq. (5) and

σ̂ks =
1√
N

∑
n

eik·rn σ̂ns (34)

with rn being the atomic operator position in real
space [21].
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In the case of fewer emitter than resonators, still ar-
ranged so to preserve translational invariance, one can
repeat the above arguments, with a small modification:
the indices s and s′ in Eq. (31) belong only to the sublat-
tices coupled to QEs, i.e. those for which p1 = 1 in the
projector Π = diag(p1, . . . , pNb

). This straightforwardly
leads to the insertion of the projection Π in Eq. (32),
which yields Eq. (22) in the main text.

Triviality of the full atom-light Hamiltonian

Here we prove that the entire atom-light Hamiltonian
in Eq. (4) is topologically trivial. Its spectrum and eigen-
states can be computed analytically as follows. Suppose

Uk is the unitary that diagonalizes Hp(k), U†kHp(k)Uk =
diag (ω1(k), ω2(k), . . . , ωN (k)) ≡ Λ(k). Then,

(I2 ⊗ Uk)†H(k)(I2 ⊗ Uk) =

[
ωeI gI
gI Λ(k)

]
. (35)

Thus, for each band of the bare bath, ωj(k), there are
two bands

ω±,j =
ωe + ωj(k)

2
±
√

[ωe − ωj(k)]2

4
+ g2 , (36)

which are eigenvalues of

Hj(k) =
ωe + ωj(k)

2
I +

ωe − ωj(k)

2
σz + gσx . (37)

And the corresponding eigenvectors are |v±,j(k)〉 ⊗
|uj(k)〉, where |uj(k)〉 is the eigenstate of Hp(k) with
eigenvalue ωj(k), while |v±,j(k)〉 is the eigenstate of
Hj(k) with eigenvalue ω±,j(k). Note that, regardless the
value of ωe, as long as it lies in a gap of the bare bath’s
spectrum, half of the spectrum is above it and half be-
low it, ω−,j < ωe < ω+,j for all j. If we now consider
the bands below ωe and compute the topological invari-
ant, we can consider instead the topologically equivalent
Hamiltonian

H = I − 2P (k) , (38)

with P (k) =
∑
j |uj(k)〉〈uj(k)| ⊗ |−〉〈−| = I ⊗ |−〉〈−|,

with a constant |−〉, therefore dH = 0, so Chn = 0,
c.f. Eq. (47).

For chiral systems in odd dimensions, the bath’s Bloch
Hamiltonian can be written as

Hp(k) =

[
0 Qp(k)

Q†p(k) 0

]
, (39)

with Qp(k) being a suitable matrix. Then, the Bloch
Hamiltonian of the bath with emitters (ωe = 0) can also
be written in the same block-off-diagonal form, with

Q(k) =

[
Qp(k) gI
gI 0

]
. (40)

Note that the inverse is given by

Q(k)−1 =

[
0 g−1I

g−1I −g−2Qp(k)

]
. (41)

Thus,

Q−1dQ =
∑
j

[
0 0

g−1∂jQ 0

]
dkj . (42)

As a consequence, Tr
[
(Q−1dQ)2n+1

]
= 0, so ν2n+1 = 0,

c.f. Eq. (46).
Finally, we provide an alternative proof showing that

the entire system is trivial without referring to any for-
mulas of topological invariants. We note that Eq. (4) can
be continuously deformed into

H1 = (ωeσ0 + gσx)⊗ I , (43)

with σ0 being the two-by-two identity matrix, via a linear
interpolation

Hλ(k) = (1− λ)H(k) + λH1, λ ∈ [0, 1]. (44)

One can check that det(Hλ(k)− ωeσ0 ⊗ I) =
det
(
−g2I

)
6= 0, so the Hamiltonian remains gapped near

ωe during the deformation. Note that any time-reversal
symmetry is preserved, so is the particle-hole (chiral)
symmetry if it is extended as (−C) ⊕ C ((−S) ⊕ S).
Since H1 does not depend on k and is thus obviously
trivial, we conclude that H(k), which is continuously
connected to H1, is also trivial. Note that the above
proof applies equally to Hermitian and non-Hermitian
systems. Moreover, the fact that an appropriately
extended chiral symmetry requires a minus sign on the
emitter side explains why the triviality of the entire
system does not contradict topological preservation in
chiral symmetric systems.

Proof of topological preservation and reversal

Here we provide a general analysis of which fundamen-
tal symmetry class (in Hermitian AZ, non-Hermitian AZ,
or non-Hermitian AZ†) exhibits topological reversal or
otherwise topological preservation for the one-emitter-
per-resonator setup. As in the main text, to ensure that
the PHS and chiral symmetry are inherited, we focus
on the case of ωe = 0, so that Ha(k) = −g2Hp(k)−1

with both Ha(k) and Hp(k) gapped near 0. We observe
that for the non-Hermitian case, both Bloch Hamiltoni-
ans have to be point-gapped around ωe with a negative
imaginary part so that their spectra both lie below the
real axis in the complex energy plane. This is just a rigid
shift along the imaginary axis that does not affect the
following discussion.

One obvious observation is that the mapping from
Hp(k) to Ha(k) is invertible. This immediately implies
that, after taking the topological equivalence classes of
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Ha(k) and Hp(k), we obtain an automorphism on the
classification group. Recalling that nontrivial Hermitian
AZ classes are classified by Z2 or Z,1 and so are the non-
Hermitian AZ (AZ†) classes, it suffices to consider the
automorphisms on Z2 or Z (with respect to addition). In
the former case (Z2), the only automorphism is the iden-
tity map, implying that all the Z2 phases exhibit topo-
logical preservation. In the latter case (Z), the only two
possibilities of an automorphism are identity map and
inversion (n 7→ −n), corresponding to topological preser-
vation and switch, respectively. We emphasize the above
results apply to both Hermitian and non-Hermitian sys-
tems. The remaining problem is thus to distinguish the
Z phases exhibiting topological reversal from those ex-
hibiting topological preservation.

We first focus on the Hermitian case. Using the band-
flattening (H → sgnH) technique [38], we know that
the map from Hp(k) to Ha(k) can be simplified into a
simple inversion (H → −H) on the level of topological
equivalence classes. If the spatial dimension is odd, all
the Z phases are chiral symmetric, and thus the Bloch
Hamiltonian takes the form

H(k) =

[
0 Q(k)

Q(k)† 0

]
. (45)

The integer topological number is the winding number
given by

ν ∝
∫
BZ

Tr
(
Q−1dQ

)D
. (46)

Obviously, this topological invariant does not change
upon the inversion H → −H (leading to Q → −Q).
Otherwise, in even spatial dimensions, the topological
number is the Chern number, which is determined by
the flattened Bloch Hamiltonian H(k) via

Ch ∝
∫
BZ

Tr
(
H(dH)D

)
. (47)

Unlike the winding number, the Chern number is also
inversed upon the inversion of the Hamiltonian.

We move now to the non-Hermitian case. Here the
counterpart of band flattening is unitarization [47]

H → V = H
(√

H†H
)−1

, (48)

upon which the photon-to-atom map is simplified into
V → −V †. As mentioned in the main text, the topologi-
cal numbers in odd dimensions are the winding numbers
given in Eq. (46) and we always have the topological
reversal. In even dimensions, any Z topological phase
exhibits a chiral symmetry S (cf. Eq. (15)). The integer
topological number is then given by the Chern number
(47) of iSV [41], which can be checked to be Hermitian
and flattened (i.e., square to identity). After the oper-
ation V → −V †, this quantity turns out to undergo a
unitary conjugation:

iSV → −iSV † = iV S = S−1(iSV )S, (49)

leaving the Chern number unchanged.
In summary, concerning the Hermitian AZ classes, a

topological reversal occurs only for Z phases in even
dimensions. Concerning the non-Hermitian AZ (AZ†)
classes, a topological reversal occurs only for Z phases in
odd dimensions.
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