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Waveform models are essential for gravitational-wave (GW) detection and parameter estimation of
coalescing compact-object binaries. More accurate models are required for the increasing sensitivity of
current and future GW detectors. The effective-one-body (EOB) formalism combines the post-Newtonian
(PN) and small mass-ratio approximations with numerical-relativity results, and produces highly accurate
inspiral-merger-ringdown waveforms. In this paper, we derive the analytical precessing-spin two-body
dynamics for the SEOBNRv5 waveform model, which has been developed for the upcoming LIGO-Virgo-
KAGRA observing run. We obtain an EOB Hamiltonian that reduces to the exact Kerr Hamiltonian in the
test-mass limit. It includes the full 4PN precessing-spin information, and is valid for generic compact
objects (i.e., for black holes or neutron stars). We also build an efficient and accurate EOB Hamiltonian that
includes partial precessional effects, notably orbit-averaged in-plane spin effects for circular orbits, and
derive 4PN-expanded precessing-spin equations of motion, consistent with such an EOB Hamiltonian. The
results were used to build the computationally efficient precessing-spin multipolar SEOBNRv5PHM
waveform model.
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I. INTRODUCTION

Since 2015, gravitational-wave (GW) observations [1–3]
by the LIGO and Virgo detectors [4,5] have significantly
improved our understanding of binary black holes (BHs)
and neutron stars (NSs), and their astrophysical formation
channels [6–8]. Making these detections and inferring the
properties of GW sources require accurate waveform
models, and the accuracy requirements for these models
will increase significantly [9] with upgrades to current GW
detectors [10], and with future detectors in space and on the
ground, such as LISA [11], the Einstein Telescope [12], and
Cosmic Explorer [13,14].

Numerical relativity (NR) simulations [15–17] provide
very accurate waveforms, but they are computationally
expensive, which makes it important to develop waveform

models that combine analytical approximation methods
with NR results to produce longer waveforms and to cover
the entire parameter space of binary systems. The most
commonly used approaches for GW sources of ground-
based detectors are post-Newtonian (PN), NR surrogate,
phenomenological, and effective-one-body (EOB) wave-
form models.
The PN approximation is a small-velocity and weak-field

expansion (see, e.g., Refs. [18–24] for reviews), and PN-
based Taylor-expanded waveform models [25–45] produce
fast-to-evaluate waveforms, but are only accurate for the
early inspiral. NR surrogate models [46–54] interpolate NR
waveforms, which is possible with the recent increase in the
number of NR catalogs [55–63]; hence, they are very
accurate, but they are limited to regions of the parameter
space for which NR simulations exist. Phenomenological
models [64–81] combine PN and EOB waveforms for the
inspiral with fits to NR results for the late inspiral and
merger-ringdown parts of the waveform.
The EOB formalism [82–86] combines information from

several analytical approximation methods with NR results.
It maps the dynamics of a compact binary to that of a test
mass or test spin in a deformed Schwarzschild or Kerr
background, with the deformation parameter being the
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symmetric mass ratio, implying that it contains the exact
strong-field test-body limit. EOB waveform models
have been constructed for nonspinning [84,87–94], spin-
ning [85,86,95–115], and eccentric binaries [116–121]. In
addition, tidal effects [122–126] and information from
the post-Minkowskian [127–132] and small mass-ratio
approximations [133–139] have been incorporated in
EOB models. To reduce the computational cost of EOB
waveforms, surrogate or reduced-order frequency-domain
models have been developed in Refs. [140–149].
EOB waveform models consist of three main compo-

nents: (i) the Hamiltonian, which describes the conservative
binary dynamics, and from which one obtains the equations
of motion (EOMs); (ii) the inspiral-merger-ringdown wave-
form, which resums PN information for the inspiral and
includes functional fits to NR results for the plunge and
merger-ringdown parts; and (iii) the radiation reaction (RR)
force, which is computed from the inspiral waveform
modes and is added to the EOMs to account for the energy
and angular momentum losses due to the emitted GWs.
Two main families of EOB waveform models exist:

SEOBNR (e.g., see Refs. [107,108,111]) and TEOBResumS
(e.g., see Refs. [113,115,150]). In this paper, we derive the
analytical precessing-spin two-body dynamics of the
SEOBNRv5 waveform model,1 which has been developed
for the upcoming LIGO-Virgo-KAGRA observing run (O4)
[151]. This waveform model has been built in Python
language and is publicly available. Details of the model are
provided in Ref. [152] for the software (pySEOBNR), in
Ref. [153] for the aligned-spin model (SEOBNRv5HM), in
Ref. [154] for the precessing-spin model (SEOBNRv5PHM),
and in Ref. [155] for the inclusion of second-order gravita-
tional self-force results in the nonspinning dissipative sector of
the SEOBNRv5 dynamics.
This paper is organized as follows. In Sec. II, we derive

a Hamiltonian,Hprec
EOB, that includes the full 4PN precessing-

spin information, and reduces in the test-mass limit to
the exact Hamiltonian of a nonspinning point particle in
Kerr background. The Hamiltonian is valid for generic
orbits (inclined, circular, or eccentric), and for generic
compact objects (BHs or NSs), since we include the spin-
multipole constants, which account for the tidal deform-
ability of the compact object due to its spin. As realized in
Refs. [109–111,156,157], solving the EOMs when using
the full precessing-spin EOB Hamiltonian can be computa-
tionally expensive. Therefore, to develop a more efficient
model, we first build a simpler EOB Hamiltonian that
includes partial precessional effects, Hpprec

EOB . Notably, we
incorporate in such Hamiltonian in-plane spin effects only
for circular orbits, and average them over an orbit, while
neglecting fourth order spin terms.

Then, building on previous studies [79,114,115,158],
which employed an aligned-spin orbital dynamics in the
coprecessing frame [31,159–161] and PN-expanded pre-
cessing-spin equations, we derive in Sec. III PN-expanded,
orbit-averaged, precessing-spin equations for quasicircular
orbits, and couple them consistently with Hpprec

EOB , which is
not restricted to aligned spins. We include in the PN-
expanded EOMs, the spin-orbit (SO) and spin-spin (SS)
couplings to next-to-next-to-leading order (NNLO), which
generalizes some results in the literature [39,114,158,162]
to higher PN orders for the SS coupling. Furthermore, even
for the SO contributions, our results for the EOMs employ a
different gauge and spin-supplementary condition (SSC), to
be consistent with the Hamiltonian, which leads to some
differences compared with previous results in the literature.
We summarize our results in Sec. IV, and include a few

Appendixes with more details about some aspects of the
calculations. We provide our results as Mathematica
files in the Supplemental Material [163].

A. Notation

We use geometric units in which c ¼ G ¼ 1.
We consider a binary with masses m1 and m2, with

m1 ≥ m2, and define the total mass M, reduced mass μ,
symmetric mass ratio ν, antisymmetric mass ratio δ, and
relative masses Xi as follows:

M ≡m1 þm2; μ≡m1m2

M
; ν≡ μ

M
;

δ≡m1 −m2

M
; Xi ≡mi

M
; ð1Þ

where i ¼ 1, 2.
We denote the spin vector of each body by Si, and define

the dimensionless spins χ i as

χ i ≡ ai
mi

≡ Si
m2

i

; ð2Þ

along with the intermediate definition for ai. The spin
magnitudes χi vary between −1 and 1, with positive spins
being in the direction of the orbital angular momentum. We
define the following combinations of ai:

a� ≡ a1 � a2: ð3Þ
The spin quadrupole, octupole, and hexadecapole con-

stants are denoted as CiES2 , CiBS3 , and CiES4 , respectively.
These constants equal 1 for BHs, but are greater than 1 for
NSs. We define

C̃iES2 ≡ CiES2 − 1;

C̃iBS3 ≡ CiBS3 − 1;

C̃iES4 ≡ CiES4 − 1; ð4Þ
such that expressions for BHs can be easily recovered by
setting C̃... → 0. To simplify some expressions, we define

1SEOBNRv5 is publicly available through the Python package
pySEOBNR git.ligo.org/waveforms/software/pyseobnr. Stable ver-
sions of pySEOBNR are published through the PythonPackage Index
(PyPI), and can be installed via pip install pyseobnr.
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the following combinations of spins and multipole
constants:

Ca2
� ≡ C̃1ES2a

2
1 � C̃2ES2a

2
2;

Cn·a2
� ≡ C̃1ES2ðn · a1Þ2 � C̃2ES2ðn · a2Þ2;
Ca3
� ≡ C̃1BS3a

3
1 � C̃2BS3a

3
2;

Ca4
� ≡ C̃1ES4a

4
1 � C̃2ES4a

4
2; ð5Þ

which are zero for BHs (see below the definition of n).
In the binary’s center of mass, we denote the relative

position and momentum vectors, r and p, with

p2 ¼ p2
r þ

L2

r2
; pr ¼ n · p; L ¼ r × p; ð6Þ

where n≡ r=r, L is the orbital angular momentum with
magnitude L, and J ¼ Lþ S1 þ S2 is the total angular
momentum. For precessing spins, we use the spherical-
coordinates phase-space variables fr; θ;ϕ; pr; pθ; pϕg,
where θ is the polar angle, ϕ is the azimuthal angle, and
pϕ and pθ are their conjugate momenta. For equatorial
orbits (aligned spins), the angular momentum reduces
to L ¼ pϕ.
For precessing spins, we use two orthonormal frames:

fl; n; λg and flN; n; λNg. In both frames, n is the unit vector
in the direction of r. The vector l is the direction of L, while
lN is the direction of LN ≡ μr × v, where v≡ ṙ is the
velocity with · ≡ d=dt being the time derivative. The other
unit vectors are defined by λ≡ l × n and λN ≡ lN × n.
The orbital angular frequency is denoted Ω, and we

define the velocity parameter v≡ ðMΩÞ1=3. We also often
use u≡M=r instead of r.

II. HAMILTONIAN

In the EOB formalism, the Hamiltonian HEOB, describ-
ing the conservative binary dynamics, is related to an
effective Hamiltonian Heff , describing the dynamics of a
test body in a deformed BH background, with ν being the
deformation, via the energy map [82]

HEOB ¼ M

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2ν

�
Heff

μ
− 1

�s
: ð7Þ

For nonspinning binaries, in the ν → 0 limit, Heff
reduces to the Hamiltonian of a (nonspinning) test mass
in a Schwarzschild background. The nonspinning EOB
Hamiltonian was first derived in Refs. [82,83] with 2PN
information, and then extended to 3PN [84] and 4PN [93],
with partial information at 5PN [164–166] and 6PN
[167,168].
For spinning binaries, one can follow two strategies:

either map the spinning binary dynamics into that of a test

mass or a test spin in a deformed Kerr background. Indeed,
the first spinning EOB Hamiltonian [85] was constructed
based on the Hamiltonian for the geodesic motion of a test
mass in Kerr spacetime, while including leading-order (LO)
SO and SS effects. This was later extended to the next-to-
leading order (NLO) [96] and NNLO [101] SO levels, in
addition to the NLO SS level for aligned [102,169,170] and
precessing spins [103], then to NNLO SS for aligned spins
and circular orbits [112], which was used to build the
(publicly available) TEOBResumS waveform model
[114,115]. The complete 4PN conservative dynamics for
precessing spins and generic orbits was incorporated in
EOB Hamiltonians in Ref. [104], and the 4.5PN SO
dynamics in Refs. [171,172].
The second strategy, which maps the spinning binary

dynamics into that of a test spin, was first developed in
Ref. [173] (to pole-dipole order) with NLO SO and LO SS
corrections [99], and then extended to NNLO SO in
Ref. [100]. Such a Hamiltonian is applicable for generic
(precessing) spins, and reproduces (resums) spin-orbit
couplings at all PN orders in the test-body limit, which
makes it more complicated than Hamiltonians based on the
dynamics of a test mass. The test-spin dynamics was
augmented to quadrupolar order in Ref. [174], and the
EOB Hamiltonian was extended to 4PN order in Ref. [104].
The first SEOBNRwaveformmodel developed for aligned-

spin BHs [97] used an effective Hamiltonian for a test mass
in a deformed Kerr spacetime. Subsequently, the SEOBNRv1
[105], SEOBNRv2 [106], SEOBNRv3 [109,110], and
SEOBNRv4 [107,108,111] models, publicly available in the
LIGO Algorithm Library [175], employed an effective
Hamiltonian for a test spin in a deformed Kerr background.
Here, to build the SEOBNRv5 model [153,154], we take the
effectiveHamiltonian tobe adeformationof the test-massKerr
Hamiltonian. Themasses of the backgroundBH and test mass
are identified to be M ¼ m1 þm2 and μ ¼ m1m2=M,
respectively, while the Kerr spin a is mapped to be

a ¼ a1 þ a2 ≡ aþ: ð8Þ

Anadvantageof thismap, besides its simplicity, is that theKerr
Hamiltonian reproduces all even-in-spin leading PNorders for
binary BHs [176].
To include PN information in the EOB Hamiltonian, we

write an ansatz for the coefficients of Heff and solve for the
unknowns such that HEOB is related to a PN-expanded
Hamiltonian HPN in another gauge by a canonical trans-
formation. To obtain that transformation, wewrite an ansatz
for a generating function G, perform the transformation
using Poisson brackets, such that

HEOB ¼ HPN þ fG; HPNg þ
1

2!
fG; fG; HPNgg þ…; ð9Þ

where each bracket introduces a factor of 1=c2, and finally
match the right- and left-hand sides of the above equation to
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solve for the unknown coefficients inHeff and the generating
function (see, e.g., Refs. [103,104] for more details).
We include in the Hamiltonian all 4PN information for

precessing spins, in addition to most of the 5PN nonspinning
contributions [164–166]. Many studies have contributed
to deriving the 4PN conservative dynamics, for nonspin-
ning binaries [93,177–190], at the SO level [191–204], SS
[205–217], and at higher orders in the spins [176,218,219].
We start from the 4PN precessing-spin Hamiltonian in the
gauge of Ref. [219], then perform a canonical transformation
to EOB coordinates. Thus, our EOB Hamiltonian includes
the NNLO SO and SS information, as well as the LO cubic-
and quartic-in-spin contributions.
In the following subsections, we begin by reviewing

the Kerr Hamiltonian, and by building on it, we construct
the effective Hamiltonian, which we first present for non-
spinning binaries, then for aligned and precessing spins. We
end this section by describing the differences between our
EOB Hamiltonian and others in the literature. In Sec. III A,
we obtain a more computationally efficient precessing-spin
Hamiltonian, albeit with partial precession effects. More
specifically, when PN is expanded, such a simplified
Hamiltonian reduces to the (PN-expanded) precessing-spin
Hamiltonian at cubic-in-spin order, with orbit-averaged in-
plane-spin effects for circular orbits. For convenience, Table I
summarizes the Hamiltonians used in this paper.

A. Kerr Hamiltonian

In Boyer-Lindquist coordinates ðt; r; θ;ϕÞ, the (inverse)
Kerr metric gμνKerr can be expressed by the line element (see,
e.g., Refs. [174,220])

ds2 ¼ gμνKerr∂μ∂ν

¼ −
Λ
ΔΣ

∂
2
t þ

Δ
Σ
∂
2
r þ

1

Σ
∂
2
θ þ

Σ − 2Mr
ΣΔ sin2 θ

∂
2
ϕ −

4Mra
ΣΔ

∂t∂ϕ;

ð10Þ

where M is the mass of the BH, a is its spin, and

Σ≡ r2 þ a2cos2θ; Δ≡ r2 − 2Mrþ a2;

Λ≡ ðr2 þ a2Þ2 − a2Δsin2θ: ð11Þ

The Kerr Hamiltonian for a nonspinning test mass HKerr

can be obtained by solving the mass-shell constraint
gμνKerrpμpν ¼ −μ2 for HKerr, where μ is the mass of the test
mass and pμ ¼ ð−HKerr; pr; pθ; pϕÞ.
Instead of using components to express the Kerr

Hamiltonian, we transform to a three-vector notation,
following Ref. [103], by treating the Boyer-Lindquist
coordinates as spherical coordinates, with r ¼ rðsin θ cosϕ;
sin θ sinϕ; cos θÞ and a ¼ ð0; 0; aÞ, in addition to writing
the momentum components in terms of the momentum
vector p using

pr ¼ n · p; pϕ ¼ Lz ¼ ðr × pÞz;
p2
θ

r2
¼ p2 − p2

r −
p2
ϕ

r2sin2θ
: ð12Þ

The Kerr Hamiltonian can then be written as [103,104]

HKerr ¼ 2Mr
Λ

L · aþ ½AKerrðμ2 þ BKerr
np ðn · pÞ2

þ BKerr
p p2 þ BKerr

npa ðn × p · aÞ2Þ�1=2: ð13Þ

The first term in Eq. (13) only contains odd-in-spin
contributions, while the square root is the even-in-spin
part, with

AKerr ¼ ΔΣ
Λ

; BKerr
np ¼ r2

Σ

�
Δ
r2

− 1

�
;

BKerr
p ¼ r2

Σ
; BKerr

npa ¼ −
r2

ΣΛ
ðΣþ 2MrÞ; ð14Þ

and

TABLE I. Summary of the Hamiltonians and their relations to each other. For each of the effective Hamiltonians, the corresponding
EOB Hamiltonian is obtained via the energy map in Eq. (7).

Symbol Equation Description

HKerr (13) Kerr Hamiltonian for a (nonspinning) test mass in a generic orbit
HKerr eq (16) Kerr Hamiltonian for a (nonspinning) test mass in an equatorial orbit
HSchw (18) Schwarzschild Hamiltonian for a test mass
HnoS

eff (19) Effective Hamiltonian for nonspinning binaries; it reduces to HSchw when ν → 0

Halign
eff

(26) Effective Hamiltonian for aligned-spin binaries; it reduces toHnoS
eff in the zero-spin limit and toHKerr eq when ν → 0

Hprec
eff (35) Effective Hamiltonian for precessing-spin binaries with full precessional (prec) effects; it reduces to Halign

eff
for aligned spins and to HKerr when ν → 0

Hpprec
eff (47) Effective Hamiltonian for precessing-spin binaries with partial precessional (pprec) effects; it reduces to Halign

eff
for aligned spins and, when PN expanded, agrees with Hprec

eff to OðS3Þ (included), with orbit-averaged
in-plane-spin effects for circular orbits (pr ¼ 0)
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Σ ¼ r2 þ ðn · aÞ2; Δ ¼ r2 − 2Mrþ a2;

Λ ¼ ðr2 þ a2Þ2 − Δa2 þ Δðn · aÞ2; ð15Þ
where we used a cos θ ¼ n · a, a2 sin2 θ ¼ a2 − ðn · aÞ2,
and a2p2

ϕ=r
2 ¼ ðn × p · aÞ2.

For equatorial orbits, the Kerr Hamiltonian reduces to

HKerr eq ¼ 2Mpϕa

r3 þ a2ðrþ 2MÞ þ
�
AKerr eq

�
μ2 þ p2

þ BKerr eq
np p2

r þ BKerr eq
npa

p2
ϕa

2

r2

��
1=2

; ð16Þ

where

AKerr eq ¼ 1 − 2M=rþ a2=r2

1þ ð1þ 2M=rÞa2=r2 ;

BKerr eq
np ¼ a2

r2
−
2M
r

;

BKerr eq
npa ¼ −

1þ 2M=r
r2 þ a2ð1þ 2M=rÞ : ð17Þ

In the zero-spin limit, we obtain the Schwarzschild
Hamiltonian

HSchw ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�
1 −

2M
r

��
μ2 þ

�
1 −

2M
r

�
p2
r þ

p2
ϕ

r2

�s
: ð18Þ

B. Effective Hamiltonian for nonspinning binaries

The effective Hamiltonian for nonspinning (noS) bina-
ries can be expressed as

HnoS
eff ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
AnoS

�
μ2 þ AnoSD̄noSp2

r þ
p2
ϕ

r2
þQnoS

�s
; ð19Þ

where QnoSðr; prÞ is at least quartic in pr. In the test-mass
limit, we have

AnoSðrÞ !ν¼0
1 −

2M
r

; D̄noSðrÞ !ν¼0
1;

QnoSðr; prÞ !ν¼0
0; ð20Þ

and the effective Hamiltonian reduces to Eq. (18). For the
potentials AnoS, D̄noS, and QnoS, we use the results of
Ref. [165] (see Table IV there), which are missing two
quadratic-in-ν coefficients in AnoS and D̄noS at 5PN.
The 5PN Taylor-expanded potential AnoS is given by

ATay
noS ¼ 1 − 2uþ 2νu3 þ ν

�
94

3
−
41π2

32

�
u4

þ
�
ν

�
2275π2

512
−
4237

60
þ 128γE

5
þ 256 ln 2

5

�

þ
�
41π2

32
−
221

6

�
ν2 þ 64

5
ν ln u

�
u5

þ
�
νa6 − ν

�
144ν

5
þ 7004

105

�
ln u

�
u6; ð21Þ

where u≡M=r, γE ≃ 0.5772 is the Euler gamma constant,
and we replaced the coefficient of u6 in AnoS, except for the
log part, by the parameter a6, which is calibrated to
quasicircular NR simulations. Note that we pull out a
factor of ν from a6 compared with its definition in
Ref. [165]. Then, we perform a (1,5) Padé resummation
of ATay

noSðuÞ, while treating ln u as a constant, i.e., we use

AnoS ¼ P1
5½ATay

noSðuÞ�: ð22Þ
The Padé resummation of AnoS was first introduced in
Ref. [84] at 3PN order to ensure the presence of an
innermost stable circular orbit in the EOB dynamics for
any mass ratio. It was then adopted in the initial non-
spinning and spinning EOBNR models (e.g., see
Refs. [87,91,97]), and in all TEOBResumS models (e.g.,
see Refs. [88,96,113,115,150]).
The 5PN potential D̄noS reads as

D̄Tay
noS ¼ 1þ 6νu2 þ ð52ν − 6ν2Þu3 þ

�
ν

�
−
533

45
−
23761π2

1536
þ 1184γE

15
−
6496 ln 2

15
þ 2916 ln 3

5

�

þ
�
123π2

16
− 260

�
ν2 þ 592ν

15
ln u

�
u4 þ

�
−
3392ν2

15
−
1420ν

7

�
u5 ln u

þ
�
ν

�
294464

175
−
2840γE

7
−
63707π2

512
þ 120648 ln 2

35
−
19683 ln 3

7

�
þ
�
1069

3
−
205π2

16

�
ν3

þ
�
dν

2

5 −
6784γE
15

þ 67736

105
þ 58320 ln 3

7
−
326656 ln 2

21

�
ν2
�
u5; ð23Þ

where we set the remaining unknown coefficient dν
2

5 to zero, but it can be determined in the future from PN calculations, or
replaced by a calibration parameter to NR results for eccentric orbits. To improve agreement with NR, we perform a (2,3)
Padé resummation of D̄Tay

noSðuÞ, i.e.,

D̄noS ¼ P2
3½D̄Tay

noSðuÞ�: ð24Þ
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The 5.5PN contributions to AnoS and D̄noS are known [93,165]; however, since we Padé resum these potentials, we find it
more convenient to stop at 5PN.
For QnoS, we use the full 5.5PN expansion, which is also expanded in eccentricity to Oðp8

rÞ, and it reads as [165,168]

QnoS ¼
p4
r

μ2

�
2ð4− 3νÞνu2 þ u3

�
10ν3 − 83ν2 þ ν

�
−
5308

15
þ 496256 ln 2

45
−
33048 ln3

5

��
þ u4

��
640−

615π2

32

�
ν3

þ ν2
�
31633π2

512
−
1184γ

5
þ 150683

105
þ 33693536 ln2

105
−
6396489 ln3

70
−
9765625 ln5

126

�

þ ν

�
1295219

350
−
93031π2

1536
þ 10856γE

105
−
40979464

315
ln 2þ 14203593 ln3

280
þ 9765625 ln 5

504

�
þ ν

�
5428

105
−
592ν

5

�
lnu

�

þ 88703πνu9=2

1890

�
þ p6

r

μ4

�
u2
�
6ν3 −

27ν2

5
þ ν

�
−
827

3
−
2358912

25
ln2þ 1399437 ln 3

50
þ 390625 ln5

18

��

þ u3
�
−14ν4 þ 116ν3 þ ν2

�
159089

75
−
4998308864 ln2

1575
þ 26171875 ln5

18
−
45409167 ln3

350

�

þ ν

�
2613083

1050
þ 6875745536 ln2

4725
−
23132628 ln3

175
−
101687500 ln5

189

��
−
2723471πνu7=2

756000

�

þ p8
r

μ6

�
uν

�
−
35772

175
þ 21668992 ln 2

45
þ 6591861 ln3

350
−
27734375 ln5

126

�
þ u2

�
−6ν4 þ 24ν3

7

þ ν2
�
870976

525
þ 703189497728 ln2

33075
þ 332067403089 ln 3

39200
−
13841287201 ln 7

4320
−
468490234375 ln5

42336

�

þ ν

�
5790381

2450
−
16175693888 ln2

1575
þ 875090984375 ln5

169344
þ 13841287201 ln7

17280
−
393786545409 ln 3

156800

��

þ 5994461πνu5=2

12700800

�
: ð25Þ

C. Effective Hamiltonian for aligned spins

For aligned spins, the effective Hamiltonian reduces to
the equatorial Kerr Hamiltonian (16) in the test-mass limit.
To include PN information for arbitrary mass ratios, we use
the following ansatz:

Halign
eff ¼ Mpϕðgaþaþ þ ga−δa−Þ þ SOcalib þGalign

a3

r3 þ a2þðrþ 2MÞ

þ
�
Aalign

�
μ2 þ p2

ϕ

r2
þ ð1þ Balign

np Þp2
r

þ BKerr eq
npa

p2
ϕa

2þ
r2

þQalign

��
1=2

; ð26Þ

where the gyrogravitomagnetic factors2 gaþ and ga− include
the SO corrections, SOcalib is a calibration term to NR

results, and Galign
a3

contains cubic-in-spin corrections. The
nonspinning and SS contributions are included in Aalign,
Balign
np , and Qalign, while the quartic-in-spin corrections are

added in Aalign. The potential BKerr eq
npa is kept the same as in

the Kerr Hamiltonian for equatorial orbits.
In some papers [96,101], the gyrogravitomagnetic fac-

tors in the SO part of the Hamiltonian were chosen to be in
a gauge such that they are functions of 1=r and p2

r only,
but other papers [99,100] made different choices. For
SEOBNRv5, we find better results when using a gauge
in which gaþ and ga− depend on 1=r and L2=r2, but not on
p2
r , such that

g3.5PNaþ ¼ 7

4
þ
�
L̃2u2

�
−
45ν

32
−
15

32

�
þ u

�
23ν

32
−

3

32

��

þ
�
L̃4u4

�
345ν2

256
þ 75ν

128
þ 105

256

�

þ L̃2u3
�
−
1591ν2

768
−
267ν

128
þ 59

256

�

þ u2
�
109ν2

192
−
177ν

32
−

5

64

��
; ð28aÞ

2The SO part of EOB Hamiltonians is often expressed in
terms of S≡ S1 þ S2 and S� ≡ S1m2=m1 þ S2m1=m2, i.e.,
HSO ∝ ðgSSþ gS�S�Þpϕ=r3. The relation between the gyrogravi-
tomagnetic factors in this case and our definition in Eq. (26) is that

gaþ ¼ 1

2
ðgS þ gS� Þ; ga− ¼ 1

2
ðgS − gS� Þ: ð27Þ
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g3.5PNa− ¼ 1

4
þ
�
L̃2u2

�
15

32
−
9ν

32

�
þ u

�
11ν

32
þ 3

32

��

þ
�
L̃4u4

�
75ν2

256
−
45ν

128
−
105

256

�

þ L̃2u3
�
−
613ν2

768
−
35ν

128
−

59

256

�

þ u2
�
103ν2

192
−

ν

32
þ 5

64

��
; ð28bÞ

where the square brackets collect different PN orders, and
we defined L̃≡ L=ðMμÞ. These PN expressions were
obtained by canonically transforming the 3.5PN results
of, e.g., Ref. [203].
The 4.5PN SO coupling was derived in

Refs. [171,172,221,222], and can be included in the
effective Hamiltonian. However, we found that using a
calibration term at 5.5PN had a small effect on the
dynamics, and thus only included the 3.5PN information
with a 4.5PN calibration term of the form

SOcalib ¼ νdSO
M4

r3
pϕaþ: ð29Þ

For completeness, we write the 4.5PN part in terms of
L2=r2 instead of p2

r , which we obtained by canonically
transforming Eq. (5.6) of Ref. [172], leading to

g4.5PNaþ ¼ g3.5PNaþ

þ
�
L̃6u6

�
−
5425ν3

4096
−
1785ν2

2048
−
1715ν

4096
−
1575

4096

�

þ L̃4u5
�
75187ν3

20480
þ 37603ν2

10240
þ 3717ν

4096
−
1023

4096

�

þ L̃2u4
�
209

1024
−
15093ν3

5120
þ 80189ν2

7680
−
13059ν

1024

�

þ u3
�
1079ν3

2048
−
24131ν2

3072
þ
�
487π2

384
−
525331

18432

�
ν

−
175

2048

��
; ð30aÞ

g4.5PNa− ¼ g3.5PNaþ

þ
�
L̃6u6

�
−
1225ν3

4096
þ 525ν2

2048
þ 1785ν

4096
þ 1575

4096

�

þ L̃4u5
�
26491ν3

20480
þ 4801ν2

10240
−
4843ν

20480
þ 1023

4096

�

þ L̃2u4
�
−
9549ν3

5120
−
1777ν2

7680
−
28883ν

5120
−

209

1024

�

þ u3
�
1823ν3

2048
−
1025ν2

3072
−
�
5π2

384
þ 50215

18432

�
ν

þ 175

2048

��
: ð30bÞ

For the cubic-in-spin term Galign
a3

in Eq. (26), we obtain

Galign
a3 ¼ Mpϕ

r2

�
−
a3þ
4

þ δ

4
a−a2þ þ Ca3þ −

3

2
a−Ca2

−

þ 3

8
Ca2þ ðδa− þ 3aþÞ

�
; ð31Þ

where only the first two terms contribute for BHs. The
coefficients C::

�. are defined in Eq. (5).
As mentioned, we include SS and S4 PN information in

the effective Hamiltonian (26) through the following ansatz
[cf. Eq. (17)]:

Aalign ¼ a2þ=r2 þ AnoS þ Aalign
SS þ Aalign

S4

1þ ð1þ 2M=rÞa2þ=r2
;

Balign
np ¼ −1þ a2þ

r2
þ AnoSD̄noS þ Balign

np;SS;

Qalign ¼ QnoS þQalign
SS ; ð32Þ

where the nonspinning contributions AnoS, D̄noS, and QnoS
are given by Eqs. (22), (24), and (25), respectively.
For the SS contributions, we obtain

Aalign
SS ¼ −

MCa2þ
r3

þM2

r4

�
9a2þ
8

−
5

4
δa−aþ þ a2−

�
ν

2
þ 1

8

�
− δCa2

− − Ca2þ

�
þM3

r5

�
a2þ

�
−
175ν

64
−
225

64

�

þ δa−aþ

�
117

32
−
39ν

16

�
þ a2−

�
21ν2

16
−
81ν

64
−

9

64

�
−
51

28
δCa2

− þ
�
207ν

28
−
51

28

�
Ca2þ

�
; ð33aÞ

Balign
np;SS ¼

M
r3

�
a2þ

�
3νþ 45

16

�
−
21

8
δa−aþ þ a2−

�
3ν

4
−

3

16

�
þ ð3ν − 3ÞCa2þ

�
þM2

r4

�
a2þ

�
−
1171ν

64
−
861

64

�

þ δa−aþ

�
13ν

16
þ 449

32

�
þ a2−

�
ν2

16
þ 115ν

64
−
37

64

�
þ
�
6ν −

19

4

�
δCa2

− þ
�
111ν

4
−
3

4

�
Ca2þ

�
; ð33bÞ
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Qalign
SS ¼ Mp4

r

μ2r3

�
a2þ

�
25

32
− 5ν2 þ 165ν

32

�
þ δa−aþ

�
45ν

8
−

5

16

�
þ a2−

�
−
15ν2

8
þ 75ν

32
−
15

32

�
þ
�
35ν

4
− 5ν2

�
Ca2þ

�
: ð33cÞ

The quartic-in-spin contribution in A is given by

Aalign
S4

¼ M
r5

�
−
3

4
Ca4þ −

3

2
aþCa3þ þ 3

2
a−Ca3

−

þ
�
−
9

8
a2− −

5a2þ
8

�
Ca2þ −

9

8
ðCa2þ Þ2

þ 9

8
ðCa2

− Þ2 þ 9

4
a−aþCa2

−

�
; ð34Þ

which vanishes for BHs since the Kerr Hamiltonian with
the mapping (8) reproduces it [176].

D. Effective Hamiltonian for precessing spins

For precessing spins, we derive an effective Hamiltonian
that reduces to the Kerr Hamiltonian in Eq. (13), and
includes higher PN information through the following
ansatz:

Hprec
eff ¼ Mr

Λ
½L · ðgaþaþ þ ga−δa−Þ þ SOcalib þGprec

a3
�

þ ½Aprecðμ2 þ Bprec
p p2 þ Bprec

np ðn · pÞ2
þ BKerr

npa ðn × p · aþÞ2 þQprecÞ�1=2: ð35Þ
Similarly to the aligned-spin case, gaþ and ga− include the
SO corrections, SOcalib is an NR calibration term, and Gprec

a3

contains S3 corrections. The nonspinning and SS contri-
butions are included in Aprec, Bprec

p , Bprec
np , and Qprec, while

the S4 corrections are added in Aprec. The potential BKerr
npa is

the same as in the Kerr Hamiltonian.
The gyrogravitomagnetic factors gaþ and ga− are given

by Eq. (28), the same as in the aligned-spin case, since they
are independent of spin. The calibration term is also similar,
except for adding a dot product

SOcalib ¼ νdSO
M4

r3
L · aþ: ð36Þ

For the cubic-in-spin term Gprec
a3 , we obtain

Gprec
a3 ¼ L · aþ

�
L2

μ2r3

�
δ

2
ðn · a−Þðn · aþÞ −

ðn · aþÞ2
4

�
þ p2

r

μ2r

�
5

4
ðn · aþÞ2 − δ

3

2
ðn · a−Þðn · aþÞ

�

þM
r2

�
−
a2þ
4

þ ðn · aþÞ2 þ δ
5

24
ðaþ · a−Þ − δ

5

3
ðn · a−Þðn · aþÞ þ

1

8
a21ð3δC̃1ES2 þ 4C̃1BS3Þ

þ 1

8
a22ð4C̃2BS3 − 3C̃2ES2δÞ −

3

8
ða1 · a2ÞðC̃1ES2ðδ − 3Þ − C̃2ES2ðδþ 3ÞÞ þ ðn · a1Þ2

�
−
3

8
C̃1ES2ð2δþ 3Þ − 5C̃1BS3

2

�

þ 3

4
ðn · a1Þðn · a2ÞðC̃1ES2ð2δ − 7Þ − C̃2ES2ð2δþ 7ÞÞ þ 1

8
ðn · a2Þ2ðC̃2ES2ð6δ − 9Þ − 20C̃2BS3Þ

��

þ L · a−

�
p2
rδðn · aþÞ2
4μ2r

−
L2δðn · aþÞ2

4μ2r3
þM

r2

�
δa2þ
24

þ 2

3
δðn · aþÞ2 þ

1

8
a21ð4C̃1BS3 − 3C̃1ES2Þ

þ 1

8
a22ð3C̃2ES2 − 4C̃2BS3Þ −

3

8
ða1 · a2ÞðC̃1ES2ðδ − 3Þ þ C̃2ES2ðδþ 3ÞÞ þ ðn · a1Þ2

�
−
3

8
C̃1ES2ðδ − 6Þ − 5C̃1BS3

2

�

þ 3

4
ðn · a1Þðn · a2ÞðC̃1ES2ð2δ − 7Þ þ C̃2ES2ð2δþ 7ÞÞ þ ðn · a2Þ2

�
5C̃2BS3

2
−
3

8
C̃2ES2ðδþ 6Þ

���
: ð37Þ

We include SS and S4 PN information in the effective Hamiltonian (35) through the following ansatz for the potentials
[cf. Eq. (14)]:

Aprec ¼ ½a2þ=r2 þ AnoS þ Aprec
SS þ Aprec

S4
�½1þ ðn · aþÞ2=r2 þ Ain plane

SS þ Ain plane
S4

�
1þ a2þ=r2 þ 2Ma2þ=r3 þ ðn · aþÞ2=r2 − 2Mðn · aþÞ2=r3 þ a2þðn · aþÞ2=r4

;

Bprec
p ¼ 1

1þ ðn · aþÞ2=r2 þ Bin plane
p;SS

;
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Bprec
np ¼ −1þ a2þ=r2 þ AnoSD̄noS þ Bprec

np;SS þ Bin plane
np;SS

1þ ðn · aþÞ2=r2
;

Qprec ¼ QnoS þQprec
SS þQin plane

SS ; ð38Þ

where the nonspinning contributions AnoS, D̄noS, and QnoS are given by Eqs. (22), (24), and (25), respectively, while Aprec
SS ,

Bprec
np;SS, andQ

prec
SS are the same as in Eq. (33) except for replacing aþa− by aþ · a−. The other terms Ain plane

SS , Bin plane
p;SS , Bin plane

np;SS ,

Qin plane
SS , and Ain plane

S4
only contain in-plane spin components, which vanish in the aligned-spin case.

The spin-spin contributions read as

Aprec
SS ¼ −

MCa2þ
r3

þM2

r4

�
9a2þ
8

−
5

4
δa− · aþ þ a2−

�
ν

2
þ 1

8

�
− δCa2

− − Ca2þ

�
þM3

r5

�
a2þ

�
−
175ν

64
−
225

64

�

þ δa− · aþ

�
117

32
−
39ν

16

�
þ a2−

�
21ν2

16
−
81ν

64
−

9

64

�
−
51

28
δCa2

− þ
�
207ν

28
−
51

28

�
Ca2þ

�
; ð39aÞ

Ain plane
SS ¼ 3MCn·a2þ

r3
þM2

r4

�
33

8
δðn · a−Þðn · aþÞ þ

�
−
ν

2
−
3

8

�
ðn · a−

�
2

þ
�
7ν

4
−
15

4

�
ðn · aþ

�
2

þ 3δCn·a2
− þ ð3νþ 6ÞCn·a2þ

�
þM3

r5

�
δð17νþ 8Þðn · a−Þðn · aþÞ þ

�
−
41ν2

8
þ 551ν

32
−
219

64

�
ðn · a−

�
2

þ
�
1771ν

96
−
11ν2

8
−
293

64

�
ðn · aþ

�
2

þ δ

�
81ν

16
þ 1245

224

�
Cn·a2
− þ

�
3555

224
−
13ν2

16
þ 515ν

56

�
Cn·a2þ

�
; ð39bÞ

Bin plane
p;SS ¼ M

r3

�
−
3

4
δðn · a−Þðn · aþÞ þ

�
3ν

4
−

3

16

�
ðn · a−

�
2

þ
�
7ν

4
þ 15

16

�
ðn · aþ

�
2

þ ð3ν − 3ÞCn·a2þ

�

þM2

r4

�
δ

�
49ν

4
þ 43

8

�
n · a−n · aþ þ

�
545ν

32
−
19ν2

8
−
219

64

�
ðn · a−

�
2

þ
�
805ν

96
−
11ν2

8
−
125

64

�
ðn · aþ

�
2

þ δ

�
81ν

16
−
189

32

�
Cn·a2
− þ

�
−
13ν2

16
þ 203ν

8
−
51

32

�
Cn·a2þ

�
; ð39cÞ

TABLE II. Summary of the main differences of the SEOBNRv5 Hamiltonian derived here, which builds on the results of
Refs. [103,104], compared with that of SEOBNRv4 and TEOBResumS.

SEOBNRv5 SEOBNRv4 [99,100,107,111] TEOBResumS [102,112,113]

Nonspinning part 4PN with partial 5PN
in AnoS and D̄noS, 5.5PN

in QnoS

4PN in AnoS, 3PN in D̄noS
and QnoS

4PN with partial 5PN in AnoS, 3PN
in D̄noS and QnoS

AnoS resummation (1,5) Padé Horizon factorization and log
resummation

(1,5) Padé

D̄noS resummation (2,3) Padé Log Taylor expanded (DnoS ≡ 1=D̄noS
is inverse-Taylor resummed)

Hamiltonian in the ν → 0 limit Reduces to Kerr
Hamiltonian for a test
mass in a generic orbit

Reduces to Kerr Hamiltonian
for a test spin, to linear order
in spin, in a generic orbit

The A potential reduces to Kerr,
but not the full Hamiltonian

Spin-orbit part 3.5PN, in ðr; L2Þ gauge,
Taylor expanded

3.5PN, added in the spin map 3.5PN, in ðr; p2
rÞ gauge,

inverse-Taylor resummed
Higher-order spin information NNLO SS (4PN), LO S3

(3.5PN), LO S4 (4PN)
LO SS (2PN) NNLO SS (4PN) for circular orbits

Precessing-spin Hamiltonian Yes Yes No
Spin-multipole constants included Yes No Yes (in the SS contributions

for circular orbits)
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Bprec
np;SS ¼ M

r3

�
a2þ

�
3νþ 45

16

�
−
21

8
δa− · aþ þ a2−

�
3ν

4
−

3

16

�
þ ð3ν − 3ÞCa2þ

�
þM2

r4

�
a2þ

�
−
1171ν

64
−
861

64

�

þ δa− · aþ

�
13ν

16
þ 449

32

�
þ a2−

�
ν2

16
þ 115ν

64
−
37

64

�
þ
�
6ν −

19

4

�
δCa2

− þ
�
111ν

4
−
3

4

�
Ca2þ

�
; ð39dÞ

Bin plane
np;SS ¼ M

r3

�
45

8
δðn · a−Þðn · aþÞ þ

�
−
15ν

4
−
45

8

�
ðn · aþ

�
2
�
þM2

r4

�
δ

�
129ν

4
−
17

8

�
ðn · a−Þðn · aþÞ

þ
�
−
33ν2

4
þ 981ν

16
−
165

16

�
ðn · a−

�
2

þ
�
−
11ν2

2
þ 1901ν

48
þ 199

16

�
ðn · aþ

�
2

þ δ

�
9ν

4
−
75

8

�
Cn·a2
−

þ
�
−
13ν2

4
þ 37ν

4
þ 39

8

�
Cn·a2þ

�
; ð39eÞ

Qprec
SS ¼ Mp4

r

μ2r3

�
a2þ

�
−5ν2 þ 165ν

32
þ 25

32

�
þ δa− · aþ

�
45ν

8
−

5

16

�
þ a2−

�
−
15ν2

8
þ 75ν

32
−
15

32

�

þ
�
35ν

4
− 5ν2

�
Ca2þ

�
; ð39fÞ

Qin plane
SS ¼ Mp4

r

μ2r3

�
δ

�
35

16
−
273ν

8

�
ðn · a−Þðn · aþÞ þ

�
105ν2

8
−
525ν

32
þ 105

32

�
ðn · a−

�
2

þ
�
119ν2

4
−
2849ν

96
−
175

32

�
ðn · aþ

�
2

þ
�
35ν2 −

245ν

4

�
Cn·a2þ

�

þMp3
r

μ2r3

�
δ

�
69ν

8
−
5

8

�
ðp · a−Þðn · aþÞ þ

�
−
59ν2

4
þ 341ν

24
þ 25

8

�
ðp · aþÞðn · aþÞ

þ δ

�
69ν

8
−
5

8

�
ðp · aþÞðn · a−Þ þ

�
−
15ν2

2
þ 75ν

8
−
15

8

�
ðp · a−Þðn · a−Þ

þ ð35ν − 20ν2ÞðC̃1ES2ðn · a1Þðp · a1Þ þ C̃2ES2ðn · a2Þðp · a2ÞÞ
�
; ð39gÞ

while the quartic-in-spin contributions in Aprec are given by

Aprec
S4

¼ M
r5

�
−
1

4
a21a

2
2½C̃1ES2ð3C̃2ES2 þ 2Þ þ 2C̃2ES2 � −

3

2
ða1 · a2Þ2½C̃1ES2C̃2ES2 þ C̃1ES2 þ C̃2ES2 �

þ a21ða1 · a2ÞðC̃1ES2 − 3C̃1BS3Þ þ
1

4
a41ð2C̃1ES2 − 3C̃1ES4Þ þ 1 ↔ 2

�
; ð40aÞ

Ain plane
S4

¼ M
r5

�
ðn · a1Þ4

�
21C̃1ES2

2
−
35C̃1ES4

4

�
þ ðn · a2Þðn · a1Þ3ð21C̃1ES2 − 35C̃1BS3Þ

þ ðn · a1Þ2
�
ðn · a2Þ2

�
−
105

4
C̃1ES2C̃2ES2 − 21C̃1ES2 − 21C̃2ES2

�
þ ða1 · a2Þð15C̃1BS3 − 12C̃1ES2Þ

þ a21

�
15C̃1ES4

2
− 9C̃1ES2

�
þ 15

4
a22C̃1ES2C̃2ES2 þ

3a22C̃1ES2

2
þ 3a22C̃2ES2

�

þ ðn · a1Þa21ðn · a2Þð15C̃1BS3 − 6C̃1ES2Þ þ a21ðn · a2Þ2
�
15C̃1ES2C̃2ES2

4
þ 3C̃1ES2 þ

3C̃2ES2

2

�

þ ðn · a1Þðn · a2Þða1 · a2Þ
�
15C̃1ES2C̃2ES2 þ

27C̃1ES2

2
þ 27C̃2ES2

2

�
þ 1 ↔ 2

�
; ð40bÞ

which are zero for BHs.
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E. Hamiltonian in tortoise coordinates

EOB waveform models often use the tortoise coordinate
pr� instead of pr, since it improves stability of the EOMs
near the event horizon [97,223]. In the nonspinning case,
the tortoise coordinate r� is defined by

dr�
dr

¼ 1

ξðrÞ ; ξðrÞ≡ AnoSðrÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
D̄noSðrÞ

q
; ð41Þ

and the conjugate momentum pr� is given by

pr� ¼ prξðrÞ: ð42Þ

The nonspinning effective Hamiltonian in Eq. (19) can
be written in terms of pr� as

HnoS
eff ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2
r� þAnoSðrÞ½μ2þp2

ϕ=r
2þQnoSðr;pr� Þ�

q
; ð43Þ

where we obtain QnoSðr; pr�Þ from Eq. (25) by converting
pr to pr� using Eq. (42); then PN expands to 5.5PN.
For both aligned and precessing spins, a convenient

choice for ξðrÞ is

ξðrÞ ¼
ffiffiffiffiffiffiffiffiffiffi
D̄noS

p
ðAnoS þ a2þ=r2Þ
1þ a2þ=r2

; ð44Þ

which is similar to what was used for ξ in SEOBNRv4
[97,105] except for the different resummation and PN
orders in AnoS and D̄noS. In the ν → 0 limit, ξ reduces to the
Kerr value ðdr=dr�ÞKerr ¼ ðr2 − 2Mrþ a2þÞ=ðr2 þ a2þÞ.
The PN expansion of ξðrÞ is given by

ξðrÞ ≃ 1 −
2M
r

þ 3νM2

r2
þ 2Ma2

r3
þ…; ð45Þ

which equals 1 at LO, while the spin contribution enters at
3PN. Hence, we can directly replace pr by pr� in the 3.5PN
S3 and 4PN SS contributions in the Hamiltonian.

F. Comparison with other models

In this section, we obtained an EOB Hamiltonian that
reduces in the ν → 0 limit to the Kerr Hamiltonian for a
nonspinning test mass in a generic orbit. The nonspinning
part of the Hamiltonian contains 4PN and partial 5PN
results, which are Padé resummed. The Hamiltonian also
includes the full 4PN precessing-spin contributions, which
are the same PN information included in the Hamiltonians
derived in Ref. [104], which extended the results of
Ref. [103] to higher orders; however, we use different
resummations/factorizations from those employed in the
above references.
Table II summarizes the main features of the

SEOBNRv5 Hamiltonian, and compares it to two other
waveform models: SEOBNRv4 [99,100,107,111] and
TEOBResumS [102,112,113].

III. COMPUTATIONALLY EFFICIENT
PRECESSING-SPIN DYNAMICS

In Sec. II D, we derived an effective Hamiltonian for
precessing spins that reduces to the Kerr Hamiltonian for
generic orbits. The EOMs from that Hamiltonian read as

ṙ ¼ ∂Hprec
EOB

∂p
; ṗ ¼ −

∂Hprec
EOB

∂r
þF ;

Ṡi ¼
∂Hprec

EOB

∂Si
× Si þ ṠRRi ; ð46Þ

whereF is the RR force, and ṠRRi is the RR contribution to
the spin-evolution equations, which starts at Oðv11S2Þ
[224,225] and is thus neglected in the order we con-
sider here.
These equations are computationally expensive to

evolve numerically. Therefore, we simplify them such that
we can solve the two-body dynamics more efficiently
without losing much accuracy when describing the preces-
sional effects. It was shown in Refs. [31,159–161] that
precessing-spin waveforms can be built starting from
aligned-spin waveforms in the coprecessing frame, in
which the z axis remains perpendicular to the instantane-
ous orbital plane, and then applying a suitable rotation to
the inertial frame. The precessing-spin SEOBNRv3 and
SEOBNRv4 models employed the full EOB precessing-
spin Hamiltonian [99,100] to evolve the dynamics in
the coprecessing frame. To build the precessing-spin
TEOBResumS model and speed up the computational
time, Refs. [114,115] used an aligned-spin EOB
Hamiltonian when evolving the EOMs in the coprecessing
frame. Also, the IMRPhenomT model [79] is built using a
purely aligned-spin dynamics in the coprecessing frame.
Here, to improve the accuracy in describing preces-

sion effects, we find it important to incorporate at least
partial precessing-spin information in the Hamiltonian used
in the coprecessing frame, as studies in Ref. [154] have
demonstrated. To do that, we first obtain a precessing-spin
Hamiltonian simpler than the full one derived in Sec. II D,
such that it reduces to Halign

eff for aligned spins, and only
includes the in-plane spin components for circular orbits
(pr ¼ 0). Then, we orbit average the in-plane spin com-
ponents in the Hamiltonian, and use it to evolve the EOMs
for the dynamical variables r; pr;ϕ, and pϕ, while the
evolution equations for the spin and angular momentum
vectors are computed in a PN-expanded, orbit-averaged
form for quasicircular orbits. The procedure to obtain the PN-
expanded EOMs, and the appropriate dynamical variables, is
similar to what was used in Refs. [79,114,115,158], but we
include higher PN orders in the EOMs, and derive them from
the SEOBNRv5 EOB Hamiltonian, employing a different
gauge and SSC. Other differences in the waveform model
from previous work are described in Ref. [154].
In the following subsections, we present the

Hamiltonian, then derive the PN-expanded EOMs for
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precessing spins, in EOB coordinates, up to NNLO SO
(3.5PN) and NNLO SS (4PN).

A. Hamiltonian with partial precessing-spin dynamics

The precessing-spin Hamiltonian presented in Sec. II D
reduces to the exact Kerr Hamiltonian in Eq. (13) for
generic orbits. Here, we consider a simpler Hamiltonian
that starts with an ansatz similar to the aligned-spin
Hamiltonian in Eqs. (26) and (32), then complement it
with precessing-spin corrections for circular orbits only
(i.e., we do not include in-plane spin terms proportional to
pr). Thus, this Hamiltonian reduces toHalign

eff from Sec. II C
for aligned spins, and to HKerr eq for ν → 0, but does not
reduce to the full precessing-spin HamiltonianHprec

eff and the
Kerr Hamiltonian for generic orbits.
We use the following ansatz for the pprec effective

Hamiltonian [cf. Eqs. (26) and (35)]

Hpprec
eff ¼ ML · ðgaþaþ þ ga−δa−Þ þ SOcalib þ hGpprec

a3 i
r3 þ a2þðrþ 2MÞ

þ
�
Apprec

�
μ2 þ Bpprec

p
L2

r2
þ ð1þ Bpprec

np Þðn · pÞ2

þ BKerr eq
npa

ðL · aþÞ2
r2

þQpprec

��
1=2

; ð47Þ

where the gyrogravitomagnetic factors and SO calibration
term are the same as in Eqs. (28) and (36), with the same
value of dSO as the aligned-spin model.

The SS corrections are added such that [cf. Eqs. (32)
and (38)]

Apprec ¼ a2þ=r2 þ AnoS þ Aprec
SS þ Aprec

S4
þ hÃin plane

SS i
1þ ð1þ 2M=rÞa2þ=r2

;

Bpprec
p ¼ 1þ hB̃in plane

p;SS i;
Bpprec
np ¼ −1þ a2þ=r2 þ AnoSD̄noS þ Bprec

np;SS;

Qpprec ¼ QnoS þQprec
SS ; ð48Þ

where the nonspinning contributions are given by
Eqs. (21)–(25), the SS corrections Aprec

SS , Bprec
np;SS, and

Qprec
SS are the same as in Eq. (39), and the S4 term Aprec

S4

is given by Eq. (40a). The purely in-plane SS contributions
are included in Ãin plane

SS and B̃in plane
p;SS , which are obtained by

writing an ansatz with unknown coefficients and matching
it to a 4PN-expanded precessing-spin Hamiltonian with
pr ¼ 0. We indicate with h::i the result of orbit averaging
the in-plane spin components, as explained in Sec. III B
below. We do not include in-plane S4 corrections for
simplicity, and because it is not straightforward to con-
sistently orbit average the S4 terms in the Hamiltonian.
Thus, the partial precessing-spin Hamiltonian agrees with
the full precessing-spin Hamiltonian Hprec

eff from Sec. II D
when PN expanded to 4PN and to OðS3Þ (included) for
circular orbits.
For the terms Ãin plane

SS and B̃in plane
p;SS , we obtain

Ãin plane
SS ¼ M

r3
½2ðn · aþÞ2 þ 3Cn·a2þ � þM2

r4

�
33

8
δn · aþn · a− þ

�
−
ν

2
−
3

8

�
ðn · a−

�
2

þ
�
7ν

4
−
31

4

�
ðn · aþ

�
2

þ 3δCn·a2
− þ 3νCn·a2þ

�
þM3

r5

�
δ

�
17ν −

1

4

�
n · aþn · a− þ

�
−
41ν2

8
þ 583ν

32
−
171

64

�
ðn · a−

�
2

þ
�
187

64
−
11ν2

8
þ 1435ν

96

�
ðn · aþ

�
2

þ δ

�
81ν

16
−

99

224

�
Cn·a2
− þ

�
867

224
−
13ν2

16
þ 179ν

56

�
Cn·a2þ

�
; ð49aÞ

B̃in plane
p;SS ¼ −

ðn · aþÞ2
r2

þM
r3

�
3

4
δn · aþn · a− þ

�
3

16
−
3ν

4

�
ðn · a−

�
2

þ
�
−
7ν

4
−
15

16

�
ðn · aþ

�
2

þ ð3 − 3νÞCn·a2þ

�

þM2

r4

�
δ

�
−
49ν

4
−
43

8

�
n · aþn · a− þ

�
19ν2

8
−
545ν

32
þ 219

64

�
ðn · a−

�
2

þ
�
11ν2

8
−
805ν

96
þ 125

64

�
ðn · aþ

�
2

þ δ

�
189

32
−
81ν

16

�
Cn·a2
− þ

�
13ν2

16
−
203ν

8
þ 51

32

�
Cn·a2þ

�
; ð49bÞ

and for the cubic-in-spin term Gpprec
a3

, we get

Gpprec
a3

¼ L · aþ

�
L2

μ2r3

�
δ

2
ðn · a−Þðn · aþÞ −

ðn · aþÞ2
4

�
þM

r2

�
−
a2þ
4

−
3

4
ðn · aþÞ2 þ δ

5

24
ðaþ · a−Þ

− δ
5

3
ðn · a−Þðn · aþÞ þ

1

8
a21ð3δC̃1ES2 þ 4C̃1BS3Þ þ

1

8
a22ð4C̃2BS3 − 3C̃2ES2δÞ
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−
3

8
ða1 · a2ÞðC̃1ES2ðδ − 3Þ − C̃2ES2ðδþ 3ÞÞ þ 3

4
ðn · a1Þðn · a2ÞðC̃1ES2ð2δ − 7Þ − C̃2ES2ð2δþ 7ÞÞ

þ ðn · a1Þ2
�
−
3

8
C̃1ES2ð2δþ 3Þ − 5C̃1BS3

2

�
þ 1

8
ðn · a2Þ2ðC̃2ES2ð6δ − 9Þ − 20C̃2BS3Þ

��

þ δL · a−

�
−
L2ðn · aþÞ2

4μ2r3
þM

r2

�
a2þ
24

þ 5

12
ðn · aþÞ2 þ

1

8
a21ð4C̃1BS3 − 3C̃1ES2Þ þ

1

8
a22ð3C̃2ES2 − 4C̃2BS3Þ

−
3

8
ða1 · a2ÞðC̃1ES2ðδ − 3Þ þ C̃2ES2ðδþ 3ÞÞ þ ðn · a1Þ2

�
−
3

8
C̃1ES2ðδ − 6Þ − 5C̃1BS3

2

�

þ 3

4
ðn · a1Þðn · a2ÞðC̃1ES2ð2δ − 7Þ þ C̃2ES2ð2δþ 7ÞÞ þ ðn · a2Þ2

�
5C̃2BS3

2
−
3

8
C̃2ES2ðδþ 6Þ

���
: ð50Þ

B. Orbit averaging the precessing-spin contributions

To simplify the EOMs, we remove the explicit depend-
ence of the Hamiltonian on the n · ai terms by taking their
orbit average. Since the spin-precession timescale (∼v−5) is
larger than the orbital timescale (∼v−3), orbit averaging the
in-plane spin contributions is expected to provide a good
approximation for the dynamics.
We define the unit vectors ðlN; n; λNÞ in Cartesian

coordinates such that lN is aligned with the z axis, and
hence the vector components are given by

lN ¼ ð0; 0; 1Þ;
n ¼ ðcosϕ; sinϕ; 0Þ;
λN ≡ lN × n ¼ ð− sinϕ; cosϕ; 0Þ; ð51Þ

where ϕ is the orbital phase. When neglecting RR effects,
an orbit average yields

hnii ¼ 1

2π

Z
2π

0

nidϕ ¼ 0 ¼ hλiNi;

hninji ¼ hλiNλjNi ¼
1

2
ðδij − liNl

j
NÞ; ð52Þ

which lead to the following relations for the spin dot
products:

hðn · SiÞni ¼ hðλN · SiÞλNi ¼
1

2
½Si − ðlN · SiÞlN�;

hðn · SiÞ2i ¼ hðλN · SiÞ2i ¼
1

2
½S2i − ðlN · SiÞ2�;

hðn · S1Þðn · S2Þi ¼ hðλN · S1ÞðλN · S2Þi

¼ 1

2
½S1 · S2 − ðlN · S1ÞðlN · S2Þ�: ð53Þ

The Hamiltonian from Sec. III A depends on ðn · aþÞ2,
ðn · a−Þ2, and ðn · aþÞðn · a−Þ, and can be made a function
of only a� and lN using the following orbit-averaged
expressions:

ðn · a�Þ2 ≃
1

2
½a2� − ðlN · a�Þ2�;

ðn · aþÞðn · a−Þ ≃
1

2
½aþ · a− − ðlN · aþÞðlN · a−Þ�: ð54Þ

When taking the orbit average, we neglect RR since
the Hamiltonian encodes the conservative dynamics, and
the RR timescale (∼v−8) is much larger than the spin-
precession timescale. We account for dissipative effects in
the EOMs through the RR force and the orbital-frequency
evolution equation, as described below.
When restricting to binary black holes, the explicit

expression of the partial-precessing Hamiltonian as a
function of a� and lN is given in Appendix A of Ref. [154].

C. Equations of motion

The “Newtonian” angular-momentum vector LN is
perpendicular to the instantaneous orbital plane, since it
is defined by

LN ≡ μr × v; ð55Þ
where v≡ ṙ is the velocity. We use a coprecessing frame
aligned with the orthonormal unit vectors ðlN; n; λNÞ, with
lN being the direction of LN. Since lN is perpendicular to r
and v, we can write the velocity as

v ¼ ṙnþ rΩλN; ð56Þ
which can be considered as a definition for the orbital
frequency Ω, implying that Ω ¼ jn × vj=r.
The Hamiltonian is expressed in terms of the canonical

angular momentum L≡ r × p. We denote the L-based unit
vectors by ðl; n; λÞ, where l is the direction of L and
λ≡ l × n, and then express the EOMs derived from the
Hamiltonian in terms of lN.
In the coprecessing frame, the partial precessing-spin

dynamics can be approximated by the following EOMs:

ṙ ¼ ∂Hpprec
EOB

∂pr
; ϕ̇ ¼ ∂Hpprec

EOB

∂pϕ
;

ṗr ¼ −
∂Hpprec

EOB

∂r
þ F r; ṗϕ ¼ Fϕ; ð57Þ
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where Hpprec
EOB is related to Hpprec

eff from Eq. (47) through

Eq. (7), and the quantities hGpprec
a3

i, hÃin plane
SS i, and hB̃in plane

p;SS i
in Hpprec

eff can be expressed in terms of aþ, a− and lN once
we replace the n · a� terms by their orbit average using
Eq. (54). The explicit expressions are given in Appendix A
of Ref. [154].
At each time step, we also evolve the PN-expanded

equations for the spins and angular momentum, given by

Ṡi ¼ ΩSi × Si;

L ¼ LðlN; v; SiÞ;
l̇N ¼ l̇NðlN; v; SiÞ; ð58Þ

where v≡ ðMΩÞ1=3, and ΩSi ≡ ∂Hprec
EOB=∂Si is the spin-

precession frequency, computed in a PN expansion from
the precessing-spin EOB Hamiltonian. These equations are
derived in the following subsections to NNLO SS in an
orbit average for quasicircular orbits.
Equations (57) and (58) can be solved simultaneously for

the dynamical variables. Alternatively, they can be
decoupled by computing the orbital frequency used in
Eq. (58) in a PN expansion, which can be expressed as

v̇ ¼
�

ĖðvÞ
dEðvÞ=dv

�
PN-expanded

; ð59Þ

where EðvÞ is the energy of the binary system and ĖðvÞ is
the rate of energy loss.
Using the EOB orbital frequency, obtained by solving

Eq. (57), can lead to slightly more accurate results when
solving Eq. (58) than the PN-expanded frequency from
Eq. (59). However, the SEOBNRv5PHM waveform model
[154] uses the PN-expanded frequency since decoupling
Eqs. (57) and (58) makes it possible to use the postadiabatic
approximation [92,226–228], which improves the compu-
tational efficiency of the model.
In Sec. III F below, we obtain v̇ in a PN-expanded form,

including the NNLO SS contribution that was recently
derived in the flux in Ref. [229]. In all equations derived in
this section, we include PN orders up to NNLO SS, which
implies different powers in v for each quantity depending
on the LO, as summarized in Table III.
Some precessing-spin waveform models, such as

Refs. [109,111,230], considered a coprecessing frame
adapted to the orbital angular momentum L, instead of
LN. Therefore, for completeness, we also provide in
Appendix C, the EOMs expressed in terms of l.

D. Angular momentum vector

To obtain the angular momentum unit vector l in terms of
lN, we first use the EOMs (46), and the definition of LN
from Eq. (55), to get lN in a PN expansion, i.e.,

lN ≡ LN

jLNj
¼ μ

jLNj
r ×

∂Hprec
EOB

∂p
; ð60Þ

where we use the Hamiltonian before taking the orbit
average of the in-plane spin terms.
Then, we specialize to circular orbits, which are defined

by pr ¼ 0 and ṗr ¼ 0. To obtain r and L as functions of v
for circular orbits, we solve

d
dt
ðr · pÞ ¼ r · ṗþ ṙ · p ¼ 0;

v3 ¼ M
r
jn × vj; ð61Þ

for rðl; λ; n; Si; vÞ and Lðl; λ; n; Si; vÞ, perturbatively in a
PN expansion, after using the EOMs (46) without RR.
We substitute that solution for r and L in Eq. (60), and

replace λ using

Si ¼ ðn · SiÞnþ ðλ · SiÞλþ ðl · SiÞl
¼ ðn · SiÞnþ ðλN · SiÞλN þ ðlN · SiÞlN; ð62Þ

which implies that

ðλ · SiÞ2 þ ðl · SiÞ2 ¼ ðλN · SiÞ2 þ ðlN · SiÞ2;
ðλ · S1Þðλ · S2Þ þ ðl · S1Þðl · S2Þ
¼ ðλN · S1ÞðλN · S2Þ þ ðlN · S1ÞðlN · S2Þ: ð63Þ

That way, the right-hand side of Eq. (60) only depends on l,
lN, λN, v, and the spins.
To solve Eq. (60) for lðlN; λN; Si; vÞ, we expand it in spin,

such that

l≡ lN þ lSO þ lSS; ð64aÞ

since l is in the same direction as lN for nonspinning
binaries, while lSO and lSS are the SO and SS contributions.
Solving order by order in spin, we obtain

TABLE III. Orders in v at which the nonspinning, SO, and SS
contributions first enter r, L, Ṡi, l̇N, and v̇ for quasicircular orbits.
The last column indicates the highest power in v we include in
each quantity.

Quantity LO S0 LO SO LO SS Highest order

r v0 v3 v4 v8

L v−1 v2 v3 v7

Ṡi � � � v5 v6 v10

l̇N � � � v6 v7 v11

v̇ v9 v12 v13 v17
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lSO ¼ ðλN · S1ÞλN
Mμ

�
−
v3

2
ð3X2 þ νÞ þ v5

�
ν2

8
−
9ν

8
þ
�
3ν

2
þ 9

8

�
X2

�

þ v7
�
ν3

48
þ 9ν2

4
−
27ν

16
þ
�
−
ν2

2
þ 15ν

4
þ 27

16

�
X2

��
þ 1 ↔ 2; ð64bÞ

lSS ¼
v4

M2μ2
λN½ðlN · S1ÞðλN · S1ÞðX2 − νÞ þ νðlN · S1ÞðλN · S2Þ�

þ v6

M2μ2

�
λNðlN · S1ÞðλN · S1Þ

�
ν2

6
þ 5ν

2
þ
�
−
11ν

3
−
5

2

�
X2

�
þ λNðlN · S1ÞðλN · S2Þ

�
−
7ν2

6
− 4ν

�

þ lNðλN · S1Þ2
�
−
ν2

8
þ 9ν

8
þ
�
−
3ν

4
−
9

8

�
X2

�
þ lNðλN · S1ÞðλN · S2Þ

�
−
ν2

8
−
3

2
ν

��

þ v8

M2μ2

�
λNðlN · S1ÞðλN · S1Þ

�
−
211ν3

144
−
41ν2

16
−
9ν

16
þ
�
−
479ν2

144
þ 2νþ 9

16

�
X2

�

þ lNðλN · S1Þ2
�
ν3

16
−
45ν2

16
−
27ν

16
þ
�
15ν2

16
þ 9ν

8
þ 27

16

�
X2

�

þ λNðlN · S1ÞðλN · S2Þ
�
−
179ν3

144
þ 9ν2

32
−
3ν

8
þ
�
3ν2

8
þ 3ν

2

�
X2

�

þ lNðλN · S1ÞðλN · S2Þ
�
ν3

16
þ 69ν2

32
þ 9ν

8

��
þ 1 ↔ 2; ð64cÞ

which is independent of the spin-quadrupole constants. Substituting lðlNÞ in the solution of Eq. (61) yields rðlN; λN; n; Si; vÞ
and LðlN; λN; n; Si; vÞ, which are given in Appendix A.
Finally, we use these relations to obtain L ¼ Ll and take its orbit average using Eq. (53), leading to

L≡ μM
v

ðL̄S0 þ L̄SO þ L̄S1S2 þ L̄S2 þ L̄S2C̃Þ; ð65aÞ

L̄S0 ¼ lN

�
1þ

�
ν

6
þ 3

2

�
v2 þ

�
ν2

24
−
19ν

8
þ 27

8

�
v4 þ

�
7ν3

1296
þ 31ν2

24
þ
�
41π2

24
−
6889

144

�
νþ 135

16

�
v6

þ v8
�
−

55ν4

31104
−
215ν3

1728
þ
�
356035

3456
−
2255π2

576

�
ν2 þ ν

�
98869

5760
−
128γE
3

−
6455π2

1536
−
256

3
ln 2 −

128 ln v
3

�

þ 2835

128

��
; ð65bÞ

L̄SO ¼ v3

Mμ

�
ðlN · S1ÞlN

�
−
7ν

12
−
7X2

4

�
þ S1

�
−
ν

4
−
3X2

4

��

þ v5

Mμ

�
ðlN · S1ÞlN

�
11ν2

144
−
55ν

16
þ
�
55ν

24
−
33

16

�
X2

�
þ S1

�
ν2

48
−
15ν

16
þ
�
5ν

8
−

9

16

�
X2

��

þ v7

Mμ

�
ðlN · S1ÞlN

�
5ν3

96
þ 275ν2

32
−
405ν

32
þ
�
−
25ν2

32
þ 195ν

8
−
135

32

�
X2

�

þ S1

�
ν3

96
þ 55ν2

32
−
81ν

32
þ
�
−
5ν2

32
þ 39ν

8
−
27

32

�
X2

��
þ 1 ↔ 2; ð65cÞ
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L̄S1S2 ¼
νv4

ðMμÞ2
�
lN½2ðlN · S1ÞðlN · S2Þ − ðS1 · S2Þ� þ

ðlN · S1ÞS2
2

þ ðlN · S2ÞS1
2

�

þ νv6

ðMμÞ2
�
lN

�
ðlN · S1ÞðlN · S2Þ

�
13ν

36
−
7

6

�
þ 2νðS1 · S2Þ

3

�
þ S2ðlN · S1Þ

�
5

4
−
7ν

24

�
þ S1ðlN · S2Þ

�
5

4
−
7ν

24

��

þ νv8

ðMμÞ2
�
lN

�
ðlN · S1ÞðlN · S2Þ

�
−
361ν2

432
þ 361ν

288
þ 15

4

�
þ
�
−
5ν2

72
−
245ν

24
−
5

4

�
ðS1 · S2Þ

�

þ S2ðlN · S1Þ
�
−
223

288
ν2 −

349ν

64
þ 15

8

�
þ S1ðlN · S2Þ

�
−
223

288
ν2 −

349ν

64
þ 15

8

��
; ð65dÞ

L̄S2 ¼
v4

ðMμÞ2
�
lN

�
ðlN · S1Þ2ðX2 − νÞ þ S21

�
ν

2
−
X2

2

��
þ ðlN · S1ÞS1

�
X2

2
−
ν

2

��

þ v6

ðMμÞ2
�
lN

�
ðlN · S1Þ2

�
121ν2

72
þ 35ν

8
þ
�
11ν

2
−
35

8

�
X2

�
þ S21

�
−
ν2

3
− νþ

�
1 −

5ν

3

�
X2

��

þ S1ðlN · S1Þ
�
5ν2

24
−
11ν

8
þ
�
11

8
−
ν

2

�
X2

��

þ v8

ðMμÞ2
�
lNðlN · S1Þ2

�
−
505ν3

864
þ 347ν2

96
þ 111ν

32
þ
�
−
2833ν2

288
þ 199ν

16
−
111

32

�
X2

�

þ lNS21

�
5ν3

144
þ 275ν2

48
−
15ν

16
þ
�
295ν2

144
−
455ν

48
þ 15

16

�
X2

�

þ S1ðlN · S1Þ
�
−
235ν3

288
þ 563ν2

96
−
21ν

32
þ
�
−
113ν2

32
−
7ν

3
þ 21

32

�
X2

��
þ 1 ↔ 2; ð65eÞ

L̄S2C̃ ¼ C̃1ES2

ðMμÞ2 lN
�
v4
�
ðlN · S1Þ2

�
3X2

2
−
3ν

2

�
þ S21

�
ν

2
−
X2

2

��

þ v6
�
ðlN · S1Þ2ðν2 − 3νþ ð3νþ 3ÞX2Þ þ S21

�
−
ν2

3
þ νþ ð−ν − 1ÞX2

��

þ v8
�
ðlN · S1Þ2

�
−
5ν3

48
þ 1475ν2

112
−
135ν

16
þ
�
−
65ν2

16
þ 55ν

16
þ 135

16

�
X2

�

þ S21

�
5ν3

144
−
1475ν2

336
þ 45ν

16
þ
�
65ν2

48
−
55ν

48
−
45

16

�
X2

���
þ 1 ↔ 2: ð65fÞ

For aligned spins, LðvÞ is gauge invariant, and our result
agreeswith the literature (e.g.,withRefs. [202,219,229,231]).
However, for precessing spins, L is gauge dependent, and
our result disagreeswithRefs. [114,158,202], even at LOSO,
because these references used the covariant (Tulczyjew-
Dixon) SSC [191,232], while we use the canonical
Newton-Wigner (NW) SSC [233,234], since we are work-
ing in a Hamiltonian formalism [173,174]. Appendix B
shows how to transform between our result and that of
Refs. [114,158,202] at LO SO.

E. Spin-evolution equations

We obtain the spin-precession frequency ΩSi by differ-
entiating the Hamiltonian with respect to the spin vector.
Then, we take the circular-orbit limit by setting pr ¼ 0
and replacing r and L by Eqs. (A1) and (A2). Finally,
averaging the spin components over an orbit using Eq. (53)
yields

Ṡ1 ¼ ΩS1 × S1; ð66aÞ
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ΩS1 ¼
lN
M

�
v5
�
3X2

2
þ ν

2

�
þ v7

��
9

8
−
5ν

4

�
X2 −

ν2

24
þ 15ν

8

�
þ v9

��
5ν2

16
−
39ν

4
þ 27

16

�
X2 −

ν3

48
−
55ν2

16
þ 81ν

16

��

þ v6

M2μ

�
lN

�
lN · S1

�
3ν

2
−
3X2

2

�
−
3ν

2
lN · S2

�
þ ν

2
S2

�

þ v8

M2μ

�
lN

�
lN · S1

�
−
17ν2

12
−
9ν

4
þ
�
9

4
−
15ν

4

�
X2

�
þ lN · S2

�
ν2

12
−
ν

2

��
−
ν2

4
S2

�

þ v10

M2μ

�
lN

�
lN · S1

�
121ν3

144
−
91ν2

16
−
27ν

16
þ
�
385ν2

48
−
97ν

16
þ 27

16

�
X2

�

þ lN · S2

�
103ν3

144
þ 139ν2

48
−
9ν

4

��
þ
�
ν3

48
þ 49ν2

16
þ 3ν

8

�
S2

�
;

þ C̃1ES2

M2μ
lNðlN · S1Þ

�
v6
�
3ν

2
−
3X2

2

�
þ v8

�
−
3ν2

4
þ 9ν

4
þ
�
−
9ν

4
−
9

4

�
X2

�

þ v10
�
ν3

16
−
885ν2

112
þ 81ν

16
þ
�
39ν2

16
−
33ν

16
−
81

16

�
X2

��
; ð66bÞ

and similarly Ṡ2 ¼ ΩS2 × S2, with ΩS2 given by Eq. (66b) after exchanging the two bodies’ labels 1 ↔ 2. The SO and LO
SS parts of the spin-precession frequency agree with the orbit-averaged results given by Eqs. (1)–(5) of Ref. [114], but the
NLO and NNLO SS terms do not agree with Refs. [158,235] because of the different gauge.

F. Evolution of the orbital frequency

The evolution equation for the orbital frequency is given by Eq. (59) in terms of the energy loss and the derivative of the
binding energy. The circular-orbit binding energy can be obtained from the Hamiltonian (minus the rest mass) by setting
pr ¼ 0; replacing r, L, and l by Eqs. (A1), (A2), and (64); and then taking the orbit average. This leads to

EðvÞ≡ −
μv2

2
ðĒS0 þ ĒSO þ ĒS1S2 þ ĒS2 þ ĒS2C̃Þ; ð67aÞ

ĒS0 ¼ 1þ
�
−

ν

12
−
3

4

�
v2 þ

�
−
ν2

24
þ 19ν

8
−
27

8

�
v4 þ

�
−
35ν3

5184
−
155ν2

96
þ
�
34445

576
−
205π2

96

�
ν −

675

64

�
v6; ð67bÞ

ĒSO ¼ lN · S1
Mμ

�
v3
�
2ν

3
þ 2X2

�
þ v5

�
−
ν2

9
þ 5νþ

�
3 −

10ν

3

�
X2

�
þ v7

�
−
ν3

12
−
55ν2

4
þ 81ν

4
þ
�
5ν2

4
− 39νþ 27

4

�
X2

��

þ 1 ↔ 2; ð67cÞ

ĒS1S2 ¼
ν

ðMμÞ2
�
v4½−3ðlN · S1ÞðlN · S2Þ þ ðS1 · S2Þ� þ v6

�
ðlN · S1ÞðlN · S2Þ

�
5ν

18
−
5

3

�
−
5ν

6
ðS1 · S2Þ

�

þ v8
�
ðlN · S1ÞðlN · S2Þ

�
721ν2

216
þ 973ν

72
−
21

2

�
þ ðS1 · S2Þ

�
7ν2

72
þ 343ν

24
þ 7

4

���
; ð67dÞ

ĒS2 ¼
v4

ðMμÞ2
�
ðlN · S1Þ2

�
3ν

2
−
3X2

2

�
þ S21

�
X2

2
−
ν

2

��

þ v6

ðMμÞ2
�
ðlN · S1Þ2

�
−
85ν2

36
−
15ν

4
þ
�
15

4
−
25ν

4

�
X2

�
þ S21

�
5ν2

12
þ 5ν

4
þ
�
25ν

12
−
5

4

�
X2

��

þ v8

ðMμÞ2
�
S21

�
−
7ν3

144
−
385ν2

48
þ 21ν

16
þ
�
−
413ν2

144
þ 637ν

48
−
21

16

�
X2

�

þ ðlN · S1Þ2
�
847ν3

432
−
637ν2

48
−
63ν

16
þ
�
2695ν2

144
−
679ν

48
þ 63

16

�
X2

��
þ 1 ↔ 2; ð67eÞ
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ĒS2C̃ ¼ C̃1ES2

ðMμÞ2
�
v4½ðlN · S1Þ2

�
3ν

2
−
3X2

2

�
þ S21

�
X2

2
−
ν

2

��

þ v6
�
ðlN · S1Þ2

�
−
5ν2

4
þ 15ν

4
þ
�
−
15ν

4
−
15

4

�
X2

�
þ S21

�
5ν2

12
−
5ν

4
þ
�
5ν

4
þ 5

4

�
X2

��

þ v8
�
S21

�
−
7ν3

144
þ 295ν2

48
−
63ν

16
þ
�
−
91ν2

48
þ 77ν

48
þ 63

16

�
X2

�

þ ðlN · S1Þ2
�
7ν3

48
−
295ν2

16
þ 189ν

16
þ
�
91ν2

16
−
77ν

16
−
189

16

�
X2

���
þ 1 ↔ 2: ð67fÞ

Note that we did not include the 4PN nonspinning
contribution in the binding energy to keep it at the same
order as the energy flux, which is known to the 3.5PN order
[236]. The nonspinning and SO parts agree with Eqs. (233)
and (415) of Ref. [19], while the SS part agrees in the
aligned-spin limit with, e.g., Refs. [219,231].
The NNLO SO contribution to the energy flux was

derived in Ref. [162], while the NNLO SS (4PN beyond the

LO) contribution was derived in Ref. [229], though the
SS tail contribution at 3.5PN was obtained for aligned
spins only. The result in Ref. [229] is expressed in terms
of gauge-dependent quantities. Therefore, we use their
EOMs to obtain the circular-orbit energy flux as a function
of v, and orbit average the in-plane spin components,
leading to

Ė≡ −
32ν2v10

5
ð ˙̄ES0 þ ˙̄ESO þ ˙̄ES1S2 þ ˙̄ES2 þ ˙̄ES2C̃Þ; ð68aÞ

˙̄ES0 ¼ 1þ v2
�
−
35ν

12
−
1247

336

�
þ 4πv3 þ v4

�
65ν2

18
þ 9271ν

504
−
44711

9072

�
þ πv5

�
−
583ν

24
−
8191

672

�

þ v6
�
−
775ν3

324
−
94403ν2

3024
−
134543ν

7776
þ π2

�
41ν

48
þ 16

3

�
−
1712 ln v

105
−
1712γE
105

þ 6643739519

69854400
−
3424 ln 2

105

�

þ πv7
�
193385ν2

3024
þ 214745ν

1728
−
16285

504

�
; ð68bÞ

˙̄ESO ¼ lN · S1
Mμ

�
v3
�
−
3ν

2
−
5X2

4

�
þ v5

�
157ν2

18
−
23ν

8
þ
�
43ν

4
−
13

16

�
X2

�
þ πv6

�
−
17ν

3
−
31X2

6

�

þ v7
�
−
1117ν3

54
þ 625ν2

189
þ 180955ν

13608
þ
�
−
1501ν2

36
þ 1849ν

126
þ 9535

336

�
X2

�

þ πv8
�
21241ν2

336
−
10069ν

672
þ
�
130583ν

2016
−
7163

672

�
X2

��
þ 1 ↔ 2; ð68cÞ

˙̄ES1S2 ¼
ν

ðMμÞ2
�
v4
�
289

48
ðlN · S1ÞðlN · S2Þ −

103

48
ðS1 · S2Þ

�

þ v6
�
ðlN · S1ÞðlN · S2Þ

�
−
2023ν

72
−
5647

168

�
þ ðS1 · S2Þ

�
821ν

72
þ 2123

84

��

þ v8
�
ðlN · S1ÞðlN · S2Þ

�
2161ν2

48
þ 60241ν

252
þ 107771

1512

�
þ ðS1 · S2Þ

�
−
4405ν2

144
−
194687ν

1008
−
895429

9072

��

þ 63π

4
v7ðlN · S1ÞðlN · S2Þ

�
; ð68dÞ
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˙̄ES2 ¼
v4

ðMμÞ2
�
ðlN · S1Þ2

�
287X2

96
−
287ν

96

�
þ S21

�
89ν

96
−
89X2

96

��

þ v6

ðMμÞ2
�
ðlN · S1Þ2

�
2621ν2

144
þ 1255ν

56
−
�
461ν

72
þ 1255

56

�
X2

�
þ S21

��
185ν

72
þ 801

56

�
X2 −

727ν2

144
−
801ν

56

��

þ v8

ðMμÞ2
�
ðlN · S1Þ2

�
−
5615ν3

96
−
62031ν2

448
−
250813ν

6048
þ
�
−
11903ν2

288
þ 202963ν

1344
þ 250813

6048

�
X2

�

þ S21

�
3371ν3

288
þ 406253ν2

4032
þ 963901ν

18144
þ
�
439ν2

96
−
389723ν

4032
−
963901

18144

�
X2

��

þ πv7

ðMμÞ2 ðlN · S1Þ2
�
65X2

8
−
65ν

8

�
þ 1 ↔ 2; ð68eÞ

˙̄ES2C̃ ¼ C̃1ES2

ðMμÞ2
�
v4½ðlN · S1Þ2ð3X2 − 3νÞ þ S21ðν − X2Þ�

þ v6
�
ðlN · S1Þ2

�
129ν2

8
þ 837ν

112
þ
�
−
135ν

16
−
837

112

�
X2

�
þ S21

�
−
43ν2

8
−
279ν

112
þ
�
45ν

16
þ 279

112

�
X2

��

þ v8
�
ðlN · S1Þ2

�
−
81ν3

2
−
41191ν2

672
þ 74911ν

3024
þ
�
−
209ν2

48
þ 46801ν

672
−
74911

3024

�
X2

�

þ S21

�
27ν3

2
þ 41191ν2

2016
−
74911ν

9072
þ
�
209ν2

144
−
46801ν

2016
þ 74911

9072

�
X2

��

þ πv7ðlN · S1Þ2ð8X2 − 8νÞ
�
þ 1 ↔ 2; ð68fÞ

where the SS tail part [Oðv7Þ beyond the LO] is only known for aligned spins, so we expressed it in terms of lN · Si as an
approximation for the precessing case, which would also depend on S21 and S1 · S2.
Inserting E and Ė in Eq. (59) and PN expanding yield

v̇≡ 32νv9

5M
ð ˙̄vS0 þ ˙̄vSO þ ˙̄vS1S2 þ ˙̄vS2 þ ˙̄vS2C̃Þ; ð69aÞ

˙̄vS0 ¼ 1þ
�
−
11ν

4
−
743

336

�
v2 þ 4πv3 þ

�
59ν2

18
þ 13661ν

2016
þ 34103

18144

�
v4 þ π

�
−
189ν

8
−
4159

672

�
v5

þ v6
�
541ν2

896
−
5605ν3

2592
−
56198689ν

217728
þ π2

�
451ν

48
þ 16

3

�
−
1712 ln v

105
−
1712γE
105

þ 16447322263

139708800
−
3424 ln 2

105

�

þ π

�
91495ν2

1512
þ 358675ν

6048
−
4415

4032

�
v7; ð69bÞ

˙̄vSO ¼ lN · S1
Mμ

�
v3
�
−
19ν

6
−
25X2

4

�
þ v5

�
79ν2

6
−
21611ν

1008
þ
�
281ν

8
−
809

84

�
X2

�
þ πv6

�
−
37ν

3
−
151X2

6

�

þ v7
�
−
10819ν3

432
þ 40289ν2

288
−
1932041ν

18144
þ
�
−
2903ν2

32
þ 257023ν

1008
−
1195759

18144

�
X2

�

þ πv8
�
34303ν2

336
−
46957ν

504
þ
�
50483ν

224
−
1665

28

�
X2

��
þ 1 ↔ 2; ð69cÞ
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˙̄vS1S2 ¼
ν

ðMμÞ2
�
v4
�
721ðlN · S1ÞðlN · S2Þ

48
−
247ðS1 · S2Þ

48

�

þ v6
�
ðlN · S1ÞðlN · S2Þ

�
14433

224
−
11779ν

288

�
þ
�
6373ν

288
þ 16255

672

�
ðS1 · S2Þ

�

þ πv7
�
207ðlN · S1ÞðlN · S2Þ

4
− 12ðS1 · S2Þ

�
þ v8

��
−
162541ν2

3456
−
195697ν

896
−
9355721

72576

�
ðS1 · S2Þ

þ ðlN · S1ÞðlN · S2Þ
�
33163ν2

3456
−
10150387ν

24192
þ 21001565

24192

���
; ð69dÞ

˙̄vS2 ¼
v4

ðMμÞ2
�
ðlN · S1Þ2

�
719X2

96
−
719ν

96

�
þ S21

�
233ν

96
−
233X2

96

��

þ v6

ðMμÞ2
�
ðlN · S1Þ2

�
25373ν2

576
þ 2185ν

448
þ
�
19423ν

576
−
2185

448

�
X2

�
þ S21

�
−
6011ν2

576
−
8503ν

448
þ
�
8503

448
−
1177ν

576

�
X2

��

þ πv7

ðMμÞ2
�
ðlN · S1Þ2

�
209X2

8
−
209ν

8

�
þ S21ð6ν− 6X2Þ

�

þ v8

ðMμÞ2
�
ðlN · S1Þ2

��
11888267

48384
−
2392243ν2

6912
þ 4063301ν

16128

�
X2 −

869429ν3

6912
þ 14283281ν2

48384
−
11888267ν

48384

�

þ S21

�
138323ν3

6912
þ 711521ν2

5376
þ 8207303ν

145152
þ
�
250693ν2

6912
−
812353ν

5376
−
8207303

145152

�
X2

��
þ 1 ↔ 2; ð69eÞ

˙̄vS2C̃ ¼ C̃1ES2

ðMμÞ2
�
v4
�
ðlN · S1Þ2

�
15X2

2
−
15ν

2

�
þ S21

�
5ν

2
−
5X2

2

��

þ v6
�
ðlN · S1Þ2

�
129ν2

4
−
1977ν

224
þ
�
1977

224
−
73ν

16

�
X2

�
þ S21

�
−
43ν2

4
þ 659ν

224
þ
�
73ν

48
−
659

224

�
X2

��

þ v8
�
ðlN · S1Þ2

�
−
1567ν3

24
þ 29329ν2

224
−
597271ν

6048
þ
�
−
5675ν2

96
−
1517ν

168
þ 597271

6048

�
X2

�

þ S21

�
1567ν3

72
−
29329ν2

672
þ 597271ν

18144
þ
�
5675ν2

288
þ 1517ν

504
−
597271

18144

�
X2

��

þ πv7½ðlN · S1Þ2ð26X2 − 26νÞ þ S21ð6ν − 6X2Þ�
�
þ 1 ↔ 2: ð69fÞ

The SO and LO SS parts of v̇ agree with, e.g., Eq. (A1)
of Ref. [39].

G. Evolution of the angular momentum vector

To obtain the PN expansion for l̇N, we start from
the equation for the total angular momentum J ¼
Lþ S1 þ S2. We first neglect RR, and in the following
subsection compute the RR contribution. Setting J̇ ¼ 0
yields

L̇þ Ṡ1 þ Ṡ2 ¼ 0; ð70Þ

where Ṡi is given by Eq. (66), while L̇ can be computed by
taking the time derivative of Eq. (65).
Solving Eq. (70) for l̇N yields3

l̇N ≡ l̇SON þ l̇S1S2N þ l̇S
2

N þ l̇S
2C̃

N ; ð71aÞ

3To solve Eq. (70), we split l̇N and Ṡi into SO and SS con-
tributions, such that l̇N ≡ l̇SON þ l̇SSN and Ṡi ≡ ṠSOi þ ṠSSi , and then
solve order by order in spin for l̇SON and l̇SSN . When performing
this calculation, several simplifications can be done: Ṡi is
perpendicular to Si, leading to S1 · Ṡ1 ¼ 0 ¼ S2 · Ṡ2, and since
ṠSOi is perpendicular to lN, we get lN · ṠSOi ¼ 0.
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l̇SON ¼ lN × S1
M2μ

�
v6
�
−
ν

2
−
3X2

2

�
þ v8

�
ν2

4
−
9ν

4
þ
�
9ν

4
þ 9

4

�
X2

�

þ v10
�
−
ν3

48
þ 81ν2

16
−
27ν

16
þ
�
−
21ν2

16
þ 63ν

16
þ 27

16

�
X2

��
þ 1 ↔ 2; ð71bÞ

l̇S1S2N ¼ ν

M3μ2

�
3

2
v7½ðlN × S1ÞðlN · S2Þ þ ðlN × S2ÞðlN · S1Þ�

þ v9
�
ðlN × S1ÞðlN · S2Þ

�
−
5ν

4
−
15X2

8
−
21

4

�
þ ðlN × S2ÞðlN · S1Þ

�
−
5ν

4
þ 15X2

8
−
57

8

�

−
5

8
δlNðlN · S1 × S2Þ þ

3

8
δðS1 × S2Þ

�

þ v11
�
ðlN × S1ÞðlN · S2Þ

�
−
ν2

6
þ 25ν

4
þ
�
71ν

32
þ 9

32

�
X2 þ

15

16

�

þ ðlN × S2ÞðlN · S1Þ
�
−
ν2

6
þ 271ν

32
þ
�
−
71ν

32
−

9

32

�
X2 þ

39

32

�

þ δ

96
ð89ν − 27ÞlNðlN · S1 × S2Þ −

9

32
δð2νþ 1ÞðS1 × S2Þ

��
; ð71cÞ

l̇S
2

N ¼ ðlN × S1ÞðlN · S1Þ
M3μ2

�
v7
�
3X2

2
−
3ν

2

�
þ v9½2ν2 þ 9νþ ð3ν − 9ÞX2�

þ v11
�
−
23ν3

16
−
157ν2

16
−
93ν

16
þ
�
−
439ν2

48
þ 4νþ 93

16

�
X2

��
þ 1 ↔ 2; ð71dÞ

l̇S
2C̃

N ¼ C̃1ES2

M3μ2
ðlN × S1ÞðlN · S1Þ

�
v7
�
3X2

2
−
3ν

2

�
þ v9

�
11ν2

8
þ 9ν

8
þ
�
11ν

4
−
9

8

�
X2

�

þ v11
�
−
43ν3

96
þ 1077ν2

224
þ 27ν

32
þ
�
−
479ν2

96
þ 3ν

2
−
27

32

�
X2

��
þ 1 ↔ 2; ð71eÞ

which agrees up to NLO SO [i.e., toOðv8Þ] with Eq. (4c) of
Ref. [114] provided that one uses the coefficients of LðlNÞ
from Eq. (65), instead of those in Ref. [114] because of the
different SSC. Note that l̇N has a component parallel to lN,
which enters at NLO and NNLO S1S2, and is given by

l̇N · lN ¼ νlN · S1 × S2
M3μ2

�
−
δ

4
v9 þ δ

96
ð35ν − 54Þv11

�
: ð72Þ

H. Radiation-reaction contribution to l̇N
When computing l̇N, RR enters through v̇, which is given

by Eq. (69), and from the nonzero J̇, which is given by

J̇ ¼ L̇þ Ṡ1 þ Ṡ2

¼ ṙ × pþ r × ṗþ Ṡ1 þ Ṡ2

¼ r ×F þ ṠRR1 þ ṠRR2 ; ð73Þ

where we used the EOMs (46) to relate J̇ to the RR force
F . Since we are working to NNLO SS [i.e. to Oðv10Þ] in L̇
and Ṡi, we only need J̇ to Oðv3Þ beyond its LO, which is
Oðv7Þ, and we can neglect the RR contribution to Ṡi
because it starts at Oðv11S2Þ [224,225].
The RR force F for circular orbits in the SEOBNR

waveform models is chosen to be in a gauge such that
[86,111]4

F ¼ Ė
ΩL

p: ð74Þ

4This relation was derived in Ref. [86] for precessing spins,
and is given at LO SO by Eq. (3.27) there, which includes an
extra term depending on ðp · SiÞL that averages to zero over
an orbit.
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Using the energy loss from Eq. (68) and expanding to LO
SO for circular orbits, we get

F ≃ −
32

5
ν2v9λ

�
1þ v2

�
−
13ν

4
−
1247

336

�
þ 4πv3

þ v3

Mμ

�
l · S1

�
−
4ν

3
−
3X2

4

�
þ 1 ↔ 2

��
; ð75Þ

where we did not write the n component ofF since it does
not contribute to J̇ and is proportional to pr. Then, from
Eq. (73), and using Eq. (64) to replace l ¼ n × λ by lN, we
obtain

J̇ ¼ −
32

5
Mν2v7

�
lN

�
1þ v2

�
−
35ν

12
−
1247

336

�
þ 4πv3

�

þ v3

Mμ

�
lNðlN · S1Þ

�
−
5

4
ν −

1

2
X2

�

þ S1

�
−
ν

4
−
3X2

4

�
þ 1 ↔ 2

��
: ð76Þ

Following similar steps as in the previous subsection,
except for including J̇ and v̇, we obtain the following RR
contribution to l̇N:

l̇RRN ¼ −
64

5

v8

M

�
νlN

�
1þ v2

�
−
37ν

12
−
1751

336

�
þ 4πv3

�

þ v3

Mμ

�
lNðlN · S1Þ

�
9ν2

8
−
19ν

12
þ 5X2ν −

25

8
X2

�

þ S1

�
ν2

8
þ 3νX2

8

�
þ 1 ↔ 2

��
: ð77Þ

We do not include this RR contribution in the
SEOBNRv5PHM waveform model [154], but we checked
that it has a negligible effect on the dynamics.

IV. CONCLUSIONS

In this paper, we derived an aligned-spin Hamiltonian
(Sec. II C), which is used in the SEOBNRv5HM waveform
model [153], and a full precessing-spin Hamiltonian
(Sec. II D) that reduces in the test-mass limit to the exact
Kerr Hamiltonian for generic orbits. The Hamiltonians
include the nonspinning part at 4PN order, with partial 5PN
and 5.5PN results, in addition to the full 4PN spin
information (NNLO SO, NNLO SS, LO S3, LO S4).
The full 5PN spin contributions (NNNLO SO and SS,
NLO S3 and S4) to the conservative dynamics are known
from the recent work in Refs. [171,172,221,222,237–242],
but we leave their inclusion in the Hamiltonian for future
work. Our results include the spin-multipole constants, and
are thus valid for NSs, though one also needs to include

dynamical tidal effects, which can be included as was done
in SEOBNRv4T [124].
Furthermore, we derived (in Sec. III) a simpler precess-

ing-spin Hamiltonian, Hpprec
EOB , and PN-expanded EOMs,

which orbit average the in-plane spin components, and are
used in the computationally efficient SEOBNRv5PHM
waveform model [154]. We included in the EOMs the
NNLO SO and SS contributions in a gauge consistent with
our EOB Hamiltonian and the NW (canonical) SSC.
Extending the precessing-spin EOMs to include LO S3

and LO S4 is straightforward, but the equations become
lengthy, and would likely have a smaller effect than the
error introduced due to orbit averaging the SS contribu-
tions. It would still be interesting to compute those higher-
order spin contributions and quantify their effect on the
dynamics. It is also important to extend the RR force and
waveform modes for precessing spins beyond the LO SO
and SS contributions derived in Refs. [243,244].
The results obtained in this paper have contributed

to improving the accuracy of SEOBNRv5 waveform
models, as detailed in Refs. [153,154]. For example,
Ref. [154] demonstrated that using the partially precessing
Hamiltonian Hpprec

EOB , and comparing the waveforms to a set
of highly precessing NR simulations, led to 100% (86.4%)
of cases with a maximum unfaithfulness below 3% (1%),
while using the aligned-spin Hamiltonian Halign

EOB led to
95.8% (75.4%) of cases below 3% (1%). Furthermore, we
generally find that SEOBNRv5 waveform models provide
noticeable improvements in accuracy compared with the
previous version of the model, SEOBNRv4, and to other
IMRPhenom and TEOBResumS models (see for example
Fig. 9 of Ref. [153] and Fig. 4 of Ref. [154]). These results
highlight the importance of including and resumming
analytical PN information in waveform models.
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APPENDIX A: ANGULAR MOMENTUM AND SEPARATION FOR CIRCULAR ORBITS

In this Appendix, we write r and L for circular orbits and precessing spins, which are obtained by solving Eq. (61) and
replacing l by lðlNÞ from Eq. (64).
For LðlN; n; λN; Si; vÞ, we get

L≡Mμ

v
ðL̄S0 þ L̄SO þ L̄S1S2 þ L̄S2 þ L̄S2C̃Þ; ðA1aÞ

L̄S0 ¼ 1þ v2
�
ν

6
þ 3

2

�
þ v4

�
ν2

24
−
19ν

8
þ 27

8

�
þ v6

�
7ν3

1296
þ 31ν2

24
þ
�
41π2

24
−
6889

144

�
νþ 135

16

�

þ v8
�
2835

128
þ ν

�
98869

5760
−
128γE
3

−
6455π2

1536
−
256 ln 2

3
−
128 ln v

3

�
þ
�
356035

3456
−
2255π2

576

�
ν2

−
215ν3

1728
−

55ν4

31104

�
; ðA1bÞ

L̄SO ¼ lN · S1
Mμ

�
v3
�
−
5ν

6
−
5X2

2

�
þ v5

�
7ν2

72
−
35ν

8
þ
�
35ν

12
−
21

8

�
X2

�

þ v7
�
ν3

16
þ 165ν2

16
−
243ν

16
þ
�
−
15ν2

16
þ 117ν

4
−
81

16

�
X2

��
þ 1 ↔ 2; ðA1cÞ

L̄S1S2 ¼
ν

M2μ2

�
2v4½ðlN · S1ÞðlN · S2Þ − ðn · S1Þðn · S2Þ�

þ v6
�
ðn · S1Þðn · S2Þ

�
16

3
−
2ν

3

�
þ ðlN · S1ÞðlN · S2Þ

�
4ν

9
þ 4

3

�
þ ðλN · S1ÞðλN · S2Þ

�
9ν

4
−
7

3

��

þ v8
�
ðn · S1Þðn · S2Þ

�
−
205ν2

72
−
5315ν

144
þ 15

4

�
þ ðlN · S1ÞðlN · S2Þ

�
−
265ν2

108
−
715ν

36
þ 25

4

�

þ ðλN · S1ÞðλN · S2Þ
�
21ν2

8
þ 235ν

18
− 4

���
; ðA1dÞ

L̄S2 ¼
v4

M2μ2
ðν − X2Þ½ðn · S1Þ2 − ðlN · S1Þ2� þ

v6

M2μ2

�
ðn · S1Þ2

�
−
5ν2

3
−
23ν

3
þ
�
23

3
− 8ν

�
X2

�

þ ðlN · S1Þ2
�
14ν2

9
þ 2νþ

�
10ν

3
− 2

�
X2

�
þ ðλN · S1Þ2

�
9ν2

8
þ 109ν

24
þ
�
65ν

12
−
109

24

�
X2

��

þ v8

M2μ2

�
ðlN · S1Þ2

�
−
295ν3

216
þ 365ν2

24
þ 15ν

8
þ
�
−
815ν2

72
þ 5ν

8
−
15

8

�
X2

�

þ ðn · S1Þ2
�
−
185ν3

144
þ 2275ν2

144
−
95ν

16
þ
�
175ν2

48
−
985ν

36
þ 95

16

�
X2

�

þ ðλN · S1Þ2
�
21ν3

16
−
55ν2

36
þ 65ν

16
þ
�
−
13ν2

36
þ 1237ν

144
−
65

16

�
X2

��
þ 1 ↔ 2; ðA1eÞ
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L̄S2C̃ ¼ C̃1ES2

M2μ2

�
v4½ðlN · S1Þ2ðX2 − νÞ þ ðn · S1Þ2ð2ν − 2X2Þ þ ðλN · S1Þ2ðX2 − νÞ�

þ v6
�
ðlN · S1Þ2

�
2ν2

3
− 2νþ ð2νþ 2ÞX2

�
þ ðn · S1Þ2

�
−
4ν2

3
þ 4νþ ð−4ν − 4ÞX2

�

þ ðλN · S1Þ2
�
2ν2

3
− 2νþ ð2νþ 2ÞX2

��

þ v8
�
ðn · S1Þ2

�
5ν3

36
−
1475ν2

84
þ 45ν

4
þ
�
65ν2

12
−
55ν

12
−
45

4

�
X2

�

þ ðlN · S1Þ2
�
−
5ν3

72
þ 1475ν2

168
−
45ν

8
þ
�
−
65ν2

24
þ 55ν

24
þ 45

8

�
X2

�

þ ðλN · S1Þ2
�
−
5ν3

72
þ 1475ν2

168
−
45ν

8
þ
�
−
65ν2

24
þ 55ν

24
þ 45

8

�
X2

���
þ 1 ↔ 2; ðA1fÞ

which agrees for aligned spins with, e.g., Eq. (8.24) of Ref. [231] and Eq. (5.2) of Ref. [219].
For rðlN; n; λN; Si; vÞ, we obtain

r≡M
v2

ðr̄S0 þ r̄SO þ r̄S1S2 þ r̄S2 þ r̄S2C̃Þ; ðA2aÞ

r̄S0 ¼ 1þ v2
ν

3
þ v4

�
ν2

9
−
5ν

4

�
þ v6

�
2ν3

81
þ 11ν2

12
þ
�
41π2

48
−
1585

72

�
ν

�

þ v8
��

544

9
−
451π2

192

�
ν2 þ ν

�
153211

2880
−
64γE
3

−
11375π2

3072
−
128

3
ln 2 −

64 ln v
3

��
; ðA2bÞ

r̄SO ¼ lN · S1
Mμ

�
v3
�
−
ν

6
−
X2

2

�
þ v5

�
−
19ν2

48
þ 3ν

16
þ
�
ν

8
−

3

16

�
X2

�

þ v7
�
−
47ν3

3456
−
61ν2

192
−

5ν

128
þ
�
907ν2

1152
þ 139ν

32
þ 5

128

�
X2

��
þ 1 ↔ 2; ðA2cÞ

r̄S1S2 ¼
ν

M2μ2

�
−2v4ðn · S1Þðn · S2Þ

þ v6
�
ðn · S1Þðn · S2Þ

�
85

24
−
2ν

3

�
þ ðlN · S1ÞðlN · S2Þ

�
5ν

18
−
8

3

�
þ ðλN · S1ÞðλN · S2Þ

�
ν −

8

3

��

þ v8
�
ðn · S1Þðn · S2Þ

�
−
59ν2

48
−
1115ν

96
−
87

32

�
þ ðlN · S1ÞðlN · S2Þ

�
5ν2

12
þ 55ν

24
þ 3

2

�

þ ðλN · S1ÞðλN · S2Þ
�
35ν2

24
þ 183ν

16
þ 15

4

���
; ðA2dÞ

r̄S2 ¼
v4

M2μ2
ðν−X2Þðn · S1Þ2 þ

v6

M2μ2

�
ðn · S1Þ2

�
ν2

12
−
49ν

12
þ
�
49

12
−
25ν

6

�
X2

�
þ ðlN · S1Þ2

�
29ν2

36
þ 11ν

4
þ
�
11ν

6
−
11

4

�
X2

�

þ ðλN · S1Þ2
�
ν2

2
þ 17ν

6
þ
�
7ν

3
−
17

6

�
X2

��

þ v8

M2μ2

�
ðn · S1Þ2

�
−
101ν3

32
þ 585ν2

32
−
67ν

32
þ
�
−
595ν2

96
−
163ν

8
þ 67

32

�
X2

�

þ ðlN · S1Þ2
�
5ν3

24
−
47ν2

24
− 3νþ

�
−
13ν2

8
−
25ν

24
þ 3

�
X2

�

þ ðλN · S1Þ2
�
35ν3

48
−
105ν2

16
−
75ν

16
þ
�
9ν2

16
þ 15ν

8
þ 75

16

�
X2

��
þ 1↔ 2; ðA2eÞ
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r̄S2C̃ ¼ C̃1ES2

M2μ2

�
v4
�
ðlN · S1Þ2

�
X2

2
−
ν

2

�
þ ðn · S1Þ2ðν − X2Þ þ ðλN · S1Þ2

�
X2

2
−
ν

2

��

þ v6
�
ðlN · S1Þ2

�
ν2

2
þ 5νX2

6

�
þ ðn · S1Þ2

�
ν2

2
−
3ν

2
þ
�
3

2
−
19ν

6

�
X2

�
þ ðλN · S1Þ2

�
ν2

2
þ 5νX2

6

��

þ v8
�
ðlN · S1Þ2

�
325ν2

84
þ
�
−2ν2 −

5ν

6

�
X2

�
þ ðλN · S1Þ2

�
325ν2

84
þ
�
−2ν2 −

5ν

6

�
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�
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�
−
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þ
�
11ν2
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−
43ν
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−
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�
X2

���
þ 1 ↔ 2: ðA2fÞ

APPENDIX B: SSC TRANSFORMATION
FOR THE ANGULAR MOMENTUM

The transformation from the canonical NW SSC to the
covariant SSC is given by the center-of-mass shift [247]

xiðNWÞ → xiðcovÞ þ
1

2mi
viðcovÞ × Si; ðB1Þ

where xi and vi ≡ ẋi are the position and velocity vectors of
each body, with i ¼ 1, 2.
In the NW SSC, the vector LNðNWÞ ¼ μrðNWÞ × vðNWÞ,

where r≡ x1 − x2 and v≡ v1 − v2 are the relative position
and velocity, respectively. Transforming to the covariant
SSC leads to

LNðNWÞ ¼ μrðcovÞ × vðcovÞ

þ X2
2

2

��
M
r
þ v2

�
S1 − ðv · S1Þv −

M
r
ðn · S1Þn

�

þ X2
1

2

��
M
r
þ v2

�
S2 − ðv · S2Þv −

M
r
ðn · S2Þn

�
;

ðB2Þ

where all quantities on the right-hand side are in the
covariant SSC, but we dropped the label in the SO part
to simplify the notation. Dividing LNðNWÞ by its magnitude,
using r ¼ rn and v ¼ rΩλN ¼ rv3λN=M for circular orbits,
and taking an orbit average yields

lNðNWÞ ¼ lNðcovÞ þ
v3

2Mμ
fX2

2½S1 − ðlN · S1ÞlN�

þ X2
1½S2 − ðlN · S2ÞlN�g: ðB3Þ

Our result for LðlNÞ in Eq. (65) is in the NW SSC, while
Eq. (A5) of Ref. [114] is in the covariant SSC; the
difference up to LO SO is given by

LEq: ð65Þ
ðNWÞ − LRef: ½114�

ðcovÞ ¼ −
v2

2
fX2

2½S1 − ðlN · S1ÞlN�
þ X2

1½S2 − ðlN · S2ÞlN�g
þOðv3Þ: ðB4Þ

The leading PN order of LðlNÞ in Eq. (65) is μMlN=v,
and v is invariant under an SSC transformation; hence, the
difference is due to the SSC transformation of lN. Indeed,
we see from Eqs. (B4) and (B3) that accounting for that
transformation cancels the difference between our result
and that of Ref. [114].

APPENDIX C: EQUATIONS
OF MOTION IN TERMS OF l

In Sec. III, we derived the PN-expanded EOMs for
precessing spins by using a frame adapted to the vector
LN ≡ μr × v. In this Appendix, we include the correspond-
ing equations in a frame adapted to the orbital angular
momentum L≡ r × p, since one can define a coprecessing
frame to be aligned with l, as in the SEOBNRv4PHM
waveform model [111] for example.
The EOMs in this case are given by Eq. (57) and

Ṡi ¼ ΩSi × Si;

l̇ ¼ l̇ðl; Si; vÞ;

v̇ ¼ ĖðvÞ
dEðvÞ=dv : ðC1Þ

The effective Hamiltonian is the same as in Sec. III A,
except that we replace the n · a� terms by the following
orbit average

ðn · a�Þ2 ≃
1

2
½a2� − ðl · a�Þ2�;

ðn · aþÞðn · a−Þ ≃
1

2
½aþ · a− − ðl · aþÞðl · a−Þ�; ðC2Þ

i.e., in terms of l, instead of lN as in Eq. (54).
The spin-precession frequency ΩSi can be directly

computed by taking the derivative of the Hamiltonian with
respect to the spin vector, then orbit averaging the in-plane
spin components, leading to

THEORETICAL GROUNDWORK SUPPORTING THE PRECESSING- … PHYS. REV. D 108, 124036 (2023)

124036-25



ΩS1 ¼
l
M

�
v5
�
3X2

2
þ ν

2

�
þ v7

��
9

8
−
5ν

4

�
X2 −

ν2

24
þ 15ν

8

�
þ v9

��
5ν2

16
−
39ν

4
þ 27

16

�
X2 −

ν3

48
−
55ν2

16
þ 81ν

16

��

þ v6

M2μ

�
l

�
l · S1

�
3ν

2
−
3X2

2

�
−
3ν

2
l · S2

�
þ ν

2
S2

�

þ v8

M2μ

�
l

�
l · S1

�
−
37ν2

24
−
9ν

8
þ
�
9

8
−
9ν

2

�
X2

�
þ l · S2

�
−
ν2

24
− 2ν

��
þ S2

�
3ν

2
−
ν2

8

��

þ v10

M2μ

�
l

�
l · S1

�
127ν3

144
−
17ν2

2
−
27ν

16
þ
�
53ν2

6
−
25ν

4
þ 27

16

�
X2

�

þ l · S2

�
109ν3

144
þ 443ν2

96
−
27ν

8

��
þ
�
−
ν3

48
þ 43ν2

32
þ 3ν

2

�
S2

�
;

þ C̃1ES2

M2μ
lðl · S1Þ

�
v6
�
3ν

2
−
3X2

2

�
þ v8

�
−
3ν2

4
þ 9ν

4
þ
�
−
9ν

4
−
9

4

�
X2

�

þ v10
�
ν3

16
−
885ν2

112
þ 81ν

16
þ
�
39ν2

16
−
33ν

16
−
81

16

�
X2

��
; ðC3Þ

and similarly for ΩS2.
To compute the equation for l̇, we first need the orbit-averaged angular momentum, which can be obtained by solving

Eq. (61) for r and L, leading to

L≡Mμ

v
ðL̄S0 þ L̄SO þ L̄S1S2 þ L̄S2 þ L̄S2C̃Þ; ðC4aÞ

L̄SO ¼ l · S1
Mμ

�
v3
�
−
5ν

6
−
5X2

2

�
þ v5

�
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−
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−
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L̄S1S2 ¼
ν

M2μ2
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v4½3ðl · S1Þðl · S2Þ − S1 · S2� þ v6
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L̄S2 ¼
v4

M2μ2
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L̄S2C̃ ¼ C̃1ES2
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where the nonspinning part is the same as in Eq. (A1). Taking the time derivative of L ¼ Ll, and then solving
J̇ ¼ L̇þ Ṡ1 þ Ṡ2 for l̇ yields

l̇≡ l̇SO þ l̇S1S2 þ l̇S2 þ l̇S2C̃ þ l̇RR; ðC5aÞ
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The evolution of the orbital frequency can be obtained by replacing lN in Eq. (69) by its PN expansion in terms of l,
resulting in
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where the nonspinning part is the same as in Eq. (69b).

MOHAMMED KHALIL et al. PHYS. REV. D 108, 124036 (2023)

124036-28



[1] B. P. Abbott et al. (LIGO Scientific and Virgo Collabora-
tions), GWTC-1: A gravitational-wave transient catalog of
compact binary mergers observed by LIGO and Virgo
during the first and second observing runs, Phys. Rev. X 9,
031040 (2019).

[2] R. Abbott et al. (LIGO Scientific and Virgo Collabora-
tions), GWTC-2: Compact binary coalescences observed
by LIGO and Virgo during the first half of the third
observing run, Phys. Rev. X 11, 021053 (2021).

[3] R. Abbott et al. (LIGO Scientific, VIRGO, and KAGRA
Collaborations), GWTC-3: Compact binary coalescences
observed by LIGO and Virgo during the second part of the
third observing run, arXiv:2111.03606.

[4] J. Aasi et al. (LIGO Scientific Collaboration), Advanced
LIGO, Classical Quantum Gravity 32, 074001 (2015).

[5] F. Acernese et al. (VIRGO Collaboration), Advanced
Virgo: A second-generation interferometric gravitational
wave detector, Classical Quantum Gravity 32, 024001
(2015).

[6] B. P. Abbott et al. (LIGO Scientific and Virgo Collabora-
tions), Binary black hole population properties inferred
from the first and second observing runs of Advanced
LIGO and Advanced Virgo, Astrophys. J. Lett. 882, L24
(2019).

[7] R. Abbott et al. (LIGO Scientific and Virgo Collabora-
tions), Population properties of compact objects from the
second LIGO-Virgo gravitational-wave transient catalog,
Astrophys. J. Lett. 913, L7 (2021).

[8] R. Abbott et al. (LIGO Scientific, VIRGO, and KAGRA
Collaborations), The population of merging compact
binaries inferred using gravitational waves through
GWTC-3, Phys. Rev. X 13, 011048 (2023).

[9] M. Pürrer and C.-J. Haster, Gravitational waveform accu-
racy requirements for future ground-based detectors, Phys.
Rev. Res. 2, 023151 (2020).

[10] B. P. Abbott et al. (KAGRA, LIGO Scientific, and Virgo
Collaborations), Prospects for observing and localizing
gravitational-wave transients with Advanced LIGO, Ad-
vanced Virgo and KAGRA, Living Rev. Relativity 21, 3
(2018).

[11] P. Amaro-Seoane et al. (LISA Collaboration), Laser
interferometer space antenna, arXiv:1702.00786.

[12] M. Punturo et al., The Einstein Telescope: A third-
generation gravitational wave observatory, Classical Quan-
tum Gravity 27, 194002 (2010).

[13] D. Reitze et al., Cosmic explorer: The U.S. contribution to
gravitational-wave astronomy beyond LIGO, Bull. Am.
Astron. Soc. 51, 035 (2019).

[14] M. Evans et al., A horizon study for cosmic explorer:
Science, observatories, and community, arXiv:2109.09882.

[15] F. Pretorius, Evolution of binary black hole spacetimes,
Phys. Rev. Lett. 95, 121101 (2005).

[16] M. Campanelli, C. O. Lousto, P. Marronetti, and Y.
Zlochower, Accurate evolutions of orbiting black-hole
binaries without excision, Phys. Rev. Lett. 96, 111101
(2006).

[17] J. G. Baker, J. Centrella, D.-I. Choi, M. Koppitz, and J. van
Meter, Gravitational wave extraction from an inspiraling
configuration of merging black holes, Phys. Rev. Lett. 96,
111102 (2006).

[18] T. Futamase and Y. Itoh, The post-Newtonian approxima-
tion for relativistic compact binaries, Living Rev. Rela-
tivity 10, 2 (2007).

[19] L. Blanchet, Gravitational radiation from post-Newtonian
sources and inspiralling compact binaries, Living Rev.
Relativity 17, 2 (2014).

[20] G. Schäfer and P. Jaranowski, Hamiltonian formulation of
general relativity and post-Newtonian dynamics of com-
pact binaries, Living Rev. Relativity 21, 7 (2018).

[21] M. Levi and J. Steinhoff, Spinning gravitating objects in
the effective field theory in the post-Newtonian scheme,
J. High Energy Phys. 09 (2015) 219.

[22] R. A. Porto, The effective field theorist’s approach to
gravitational dynamics, Phys. Rep. 633, 1 (2016).

[23] M. Levi, Effective field theories of post-Newtonian grav-
ity: A comprehensive review, Rep. Prog. Phys. 83, 075901
(2020).

[24] S. Isoyama, R. Sturani, and H. Nakano, Post-Newtonian
templates for gravitational waves from compact binary
inspirals, arXiv:2012.01350.

[25] E. Poisson and C. M. Will, Gravitational waves from
inspiraling compact binaries: Parameter estimation using
second post-Newtonian wave forms, Phys. Rev. D 52, 848
(1995).

[26] T. Damour, B. R. Iyer, and B. S. Sathyaprakash, Improved
filters for gravitational waves from inspiralling compact
binaries, Phys. Rev. D 57, 885 (1998).

[27] S. Droz, D. J. Knapp, E. Poisson, and B. J. Owen,
Gravitational waves from inspiraling compact binaries:
Validity of the stationary phase approximation to the
Fourier transform, Phys. Rev. D 59, 124016 (1999).

[28] T. Damour, B. R. Iyer, and B. S. Sathyaprakash, Frequency
domain P approximant filters for time truncated inspiral
gravitational wave signals from compact binaries, Phys.
Rev. D 62, 084036 (2000).

[29] T. Damour, B. R. Iyer, and B. S. Sathyaprakash, A com-
parison of search templates for gravitational waves from
binary inspiral, Phys. Rev. D 63, 044023 (2001); 72,
029902(E) (2005).

[30] A. Buonanno, Y.-b. Chen, and M. Vallisneri, Detection
template families for gravitational waves from the final
stages of binary–black-hole inspirals: Nonspinning
case, Phys. Rev. D 67, 024016 (2003); 74, 029903(E)
(2006).

[31] A. Buonanno, Y.-b. Chen, and M. Vallisneri, Detecting
gravitational waves from precessing binaries of spinning
compact objects: Adiabatic limit, Phys. Rev. D 67, 104025
(2003); 74, 029904(E) (2006).

[32] T. Damour, B. R. Iyer, and B. S. Sathyaprakash, A com-
parison of search templates for gravitational waves from
binary inspiral—3.5PN update, Phys. Rev. D 66, 027502
(2002).

[33] K. G. Arun, B. R. Iyer, B. S. Sathyaprakash, and P. A.
Sundararajan, Parameter estimation of inspiralling com-
pact binaries using 3.5 post-Newtonian gravitational wave
phasing: The non-spinning case, Phys. Rev. D 71, 084008
(2005); 72, 069903(E) (2005).

[34] A. Gopakumar, M. Hannam, S. Husa, and B. Bruegmann,
Comparison between numerical relativity and a new
class of post-Newtonian gravitational-wave phase

THEORETICAL GROUNDWORK SUPPORTING THE PRECESSING- … PHYS. REV. D 108, 124036 (2023)

124036-29

https://doi.org/10.1103/PhysRevX.9.031040
https://doi.org/10.1103/PhysRevX.9.031040
https://doi.org/10.1103/PhysRevX.11.021053
https://arXiv.org/abs/2111.03606
https://doi.org/10.1088/0264-9381/32/7/074001
https://doi.org/10.1088/0264-9381/32/2/024001
https://doi.org/10.1088/0264-9381/32/2/024001
https://doi.org/10.3847/2041-8213/ab3800
https://doi.org/10.3847/2041-8213/ab3800
https://doi.org/10.3847/2041-8213/abe949
https://doi.org/10.1103/PhysRevX.13.011048
https://doi.org/10.1103/PhysRevResearch.2.023151
https://doi.org/10.1103/PhysRevResearch.2.023151
https://doi.org/10.1007/s41114-018-0012-9
https://doi.org/10.1007/s41114-018-0012-9
https://arXiv.org/abs/1702.00786
https://doi.org/10.1088/0264-9381/27/19/194002
https://doi.org/10.1088/0264-9381/27/19/194002
https://arXiv.org/abs/2109.09882
https://doi.org/10.1103/PhysRevLett.95.121101
https://doi.org/10.1103/PhysRevLett.96.111101
https://doi.org/10.1103/PhysRevLett.96.111101
https://doi.org/10.1103/PhysRevLett.96.111102
https://doi.org/10.1103/PhysRevLett.96.111102
https://doi.org/10.12942/lrr-2007-2
https://doi.org/10.12942/lrr-2007-2
https://doi.org/10.12942/lrr-2014-2
https://doi.org/10.12942/lrr-2014-2
https://doi.org/10.1007/s41114-018-0016-5
https://doi.org/10.1007/JHEP09(2015)219
https://doi.org/10.1016/j.physrep.2016.04.003
https://doi.org/10.1088/1361-6633/ab12bc
https://doi.org/10.1088/1361-6633/ab12bc
https://arXiv.org/abs/2012.01350
https://doi.org/10.1103/PhysRevD.52.848
https://doi.org/10.1103/PhysRevD.52.848
https://doi.org/10.1103/PhysRevD.57.885
https://doi.org/10.1103/PhysRevD.59.124016
https://doi.org/10.1103/PhysRevD.62.084036
https://doi.org/10.1103/PhysRevD.62.084036
https://doi.org/10.1103/PhysRevD.63.044023
https://doi.org/10.1103/PhysRevD.72.029902
https://doi.org/10.1103/PhysRevD.72.029902
https://doi.org/10.1103/PhysRevD.67.024016
https://doi.org/10.1103/PhysRevD.74.029903
https://doi.org/10.1103/PhysRevD.74.029903
https://doi.org/10.1103/PhysRevD.67.104025
https://doi.org/10.1103/PhysRevD.67.104025
https://doi.org/10.1103/PhysRevD.74.029904
https://doi.org/10.1103/PhysRevD.66.027502
https://doi.org/10.1103/PhysRevD.66.027502
https://doi.org/10.1103/PhysRevD.71.084008
https://doi.org/10.1103/PhysRevD.71.084008
https://doi.org/10.1103/PhysRevD.72.069903


evolutions: The non-spinning equal-mass case, Phys.
Rev. D 78, 064026 (2008).

[35] M. Boyle, D. A. Brown, L. E. Kidder, A. H. Mroue, H. P.
Pfeiffer, M. A. Scheel, G. B. Cook, and S. A. Teukolsky,
High-accuracy comparison of numerical relativity simu-
lations with post-Newtonian expansions, Phys. Rev. D 76,
124038 (2007).

[36] A. Buonanno, B. Iyer, E. Ochsner, Y. Pan, and B. S.
Sathyaprakash, Comparison of post-Newtonian templates
for compact binary inspiral signals in gravitational-wave
detectors, Phys. Rev. D 80, 084043 (2009).

[37] P. Ajith, Addressing the spin question in gravitational-
wave searches: Waveform templates for inspiralling com-
pact binaries with nonprecessing spins, Phys. Rev. D 84,
084037 (2011).

[38] A. Klein, N. Cornish, and N. Yunes, Gravitational wave-
forms for precessing, quasicircular binaries via multiple
scale analysis and uniform asymptotics: The near spin
alignment case, Phys. Rev. D 88, 124015 (2013).

[39] K. Chatziioannou, A. Klein, N. Yunes, and N. Cornish,
Gravitational waveforms for precessing, quasicircular
compact binaries with multiple scale analysis: Small spin
expansion, Phys. Rev. D 88, 063011 (2013).

[40] K. Chatziioannou, A. Klein, N. Yunes, and N. Cornish,
Constructing gravitational waves from generic spin-
precessing compact binary inspirals, Phys. Rev. D 95,
104004 (2017).

[41] C. K. Mishra, A. Kela, K. G. Arun, and G. Faye, Ready-to-
use post-Newtonian gravitational waveforms for binary
black holes with nonprecessing spins: An update, Phys.
Rev. D 93, 084054 (2016).

[42] S. Isoyama and H. Nakano, Post-Newtonian templates for
binary black-hole inspirals: The effect of the horizon fluxes
and the secular change in the black-hole masses and spins,
Classical Quantum Gravity 35, 024001 (2018).

[43] B. Moore, M. Favata, K. G. Arun, and C. K. Mishra,
Gravitational-wave phasing for low-eccentricity inspiral-
ling compact binaries to 3PN order, Phys. Rev. D 93,
124061 (2016).

[44] B. Moore, T. Robson, N. Loutrel, and N. Yunes, Towards a
Fourier domain waveform for non-spinning binaries with
arbitrary eccentricity, Classical Quantum Gravity 35,
235006 (2018).

[45] B. Moore and N. Yunes, A 3PN fourier domain waveform
for non-spinning binaries with moderate eccentricity,
Classical Quantum Gravity 36, 185003 (2019).

[46] J. Blackman, S. E. Field, C. R. Galley, B. Szilágyi, M. A.
Scheel, M. Tiglio, and D. A. Hemberger, Fast and accurate
prediction of numerical relativity waveforms from binary
black hole coalescences using surrogate models, Phys.
Rev. Lett. 115, 121102 (2015).

[47] J. Blackman, S. E. Field, M. A. Scheel, C. R. Galley, D. A.
Hemberger, P. Schmidt, and R. Smith, A surrogate model
of gravitational waveforms from numerical relativity sim-
ulations of precessing binary black hole mergers, Phys.
Rev. D 95, 104023 (2017).

[48] J. Blackman, S. E. Field, M. A. Scheel, C. R. Galley,
C. D. Ott, M. Boyle, L. E. Kidder, H. P. Pfeiffer, and B.
Szilágyi, Numerical relativity waveform surrogate model

for generically precessing binary black hole mergers, Phys.
Rev. D 96, 024058 (2017).

[49] V. Varma, S. E. Field, M. A. Scheel, J. Blackman, L. E.
Kidder, and H. P. Pfeiffer, Surrogate model of hybridized
numerical relativity binary black hole waveforms, Phys.
Rev. D 99, 064045 (2019).

[50] V. Varma, S. E. Field, M. A. Scheel, J. Blackman, D.
Gerosa, L. C. Stein, L. E. Kidder, and H. P. Pfeiffer,
Surrogate models for precessing binary black hole simu-
lations with unequal masses, Phys. Rev. Res. 1, 033015
(2019).

[51] D. Williams, I. S. Heng, J. Gair, J. A. Clark, and B.
Khamesra, Precessing numerical relativity waveform sur-
rogate model for binary black holes: A Gaussian process
regression approach, Phys. Rev. D 101, 063011 (2020).

[52] N. E. M. Rifat, S. E. Field, G. Khanna, and V. Varma,
Surrogate model for gravitational wave signals from
comparable and large-mass-ratio black hole binaries, Phys.
Rev. D 101, 081502 (2020).

[53] T. Islam, V. Varma, J. Lodman, S. E. Field, G. Khanna,
M. A. Scheel, H. P. Pfeiffer, D. Gerosa, and L. E. Kidder,
Eccentric binary black hole surrogate models for the
gravitational waveform and remnant properties: compa-
rable mass, nonspinning case, Phys. Rev. D 103, 064022
(2021).

[54] T. Islam, S. E. Field, S. A. Hughes, G. Khanna, V. Varma,
M. Giesler, M. A. Scheel, L. E. Kidder, and H. P. Pfeiffer,
Surrogate model for gravitational wave signals from non-
spinning, comparable-to large-mass-ratio black hole bina-
ries built on black hole perturbation theory waveforms
calibrated to numerical relativity, Phys. Rev. D 106,
104025 (2022).

[55] J. A. Gonzalez, U. Sperhake, and B. Bruegmann, Black-
hole binary simulations: The mass ratio 10∶1, Phys. Rev. D
79, 124006 (2009).

[56] L. T. Buchman, H. P. Pfeiffer,M. A. Scheel, and B. Szilagyi,
Simulations of non-equal mass black hole binaries with
spectral methods, Phys. Rev. D 86, 084033 (2012).

[57] T. Chu, H. P. Pfeiffer, and M. A. Scheel, High accuracy
simulations of black hole binaries: Spins anti-aligned with
the orbital angular momentum, Phys. Rev. D 80, 124051
(2009).

[58] A. H. Mroue et al., Catalog of 174 binary black hole
simulations for gravitational wave astronomy, Phys. Rev.
Lett. 111, 241104 (2013).

[59] M. Boyle et al., The SXS Collaboration catalog of binary
black hole simulations, Classical Quantum Gravity 36,
195006 (2019).

[60] J. Healy, C. O. Lousto, Y. Zlochower, and M. Campanelli,
The RIT binary black hole simulations catalog, Classical
Quantum Gravity 34, 224001 (2017).

[61] J. Healy and C. O. Lousto, Fourth RIT binary black hole
simulations catalog: Extension to eccentric orbits, Phys.
Rev. D 105, 124010 (2022).

[62] K. Jani, J. Healy, J. A. Clark, L. London, P. Laguna, and D.
Shoemaker, Georgia tech catalog of gravitational wave-
forms, Classical Quantum Gravity 33, 204001 (2016).

[63] F. Foucart et al., Gravitational waveforms from spectral
Einstein code simulations: Neutron star-neutron star and

MOHAMMED KHALIL et al. PHYS. REV. D 108, 124036 (2023)

124036-30

https://doi.org/10.1103/PhysRevD.78.064026
https://doi.org/10.1103/PhysRevD.78.064026
https://doi.org/10.1103/PhysRevD.76.124038
https://doi.org/10.1103/PhysRevD.76.124038
https://doi.org/10.1103/PhysRevD.80.084043
https://doi.org/10.1103/PhysRevD.84.084037
https://doi.org/10.1103/PhysRevD.84.084037
https://doi.org/10.1103/PhysRevD.88.124015
https://doi.org/10.1103/PhysRevD.88.063011
https://doi.org/10.1103/PhysRevD.95.104004
https://doi.org/10.1103/PhysRevD.95.104004
https://doi.org/10.1103/PhysRevD.93.084054
https://doi.org/10.1103/PhysRevD.93.084054
https://doi.org/10.1088/1361-6382/aa96c5
https://doi.org/10.1103/PhysRevD.93.124061
https://doi.org/10.1103/PhysRevD.93.124061
https://doi.org/10.1088/1361-6382/aaea00
https://doi.org/10.1088/1361-6382/aaea00
https://doi.org/10.1088/1361-6382/ab3778
https://doi.org/10.1103/PhysRevLett.115.121102
https://doi.org/10.1103/PhysRevLett.115.121102
https://doi.org/10.1103/PhysRevD.95.104023
https://doi.org/10.1103/PhysRevD.95.104023
https://doi.org/10.1103/PhysRevD.96.024058
https://doi.org/10.1103/PhysRevD.96.024058
https://doi.org/10.1103/PhysRevD.99.064045
https://doi.org/10.1103/PhysRevD.99.064045
https://doi.org/10.1103/PhysRevResearch.1.033015
https://doi.org/10.1103/PhysRevResearch.1.033015
https://doi.org/10.1103/PhysRevD.101.063011
https://doi.org/10.1103/PhysRevD.101.081502
https://doi.org/10.1103/PhysRevD.101.081502
https://doi.org/10.1103/PhysRevD.103.064022
https://doi.org/10.1103/PhysRevD.103.064022
https://doi.org/10.1103/PhysRevD.106.104025
https://doi.org/10.1103/PhysRevD.106.104025
https://doi.org/10.1103/PhysRevD.79.124006
https://doi.org/10.1103/PhysRevD.79.124006
https://doi.org/10.1103/PhysRevD.86.084033
https://doi.org/10.1103/PhysRevD.80.124051
https://doi.org/10.1103/PhysRevD.80.124051
https://doi.org/10.1103/PhysRevLett.111.241104
https://doi.org/10.1103/PhysRevLett.111.241104
https://doi.org/10.1088/1361-6382/ab34e2
https://doi.org/10.1088/1361-6382/ab34e2
https://doi.org/10.1088/1361-6382/aa91b1
https://doi.org/10.1088/1361-6382/aa91b1
https://doi.org/10.1103/PhysRevD.105.124010
https://doi.org/10.1103/PhysRevD.105.124010
https://doi.org/10.1088/0264-9381/33/20/204001


low-mass black hole-neutron star binaries, Phys. Rev. D
99, 044008 (2019).

[64] Y. Pan, A. Buonanno, J. G. Baker, J. Centrella, B. J. Kelly,
S. T. McWilliams, F. Pretorius, and J. R. van Meter, A data-
analysis driven comparison of analytic and numerical
coalescing binary waveforms: Nonspinning case, Phys.
Rev. D 77, 024014 (2008).

[65] P. Ajith et al., Phenomenological template family for
black-hole coalescence waveforms, Classical Quantum
Gravity 24, S689 (2007).

[66] P. Ajith et al., Inspiral-merger-ringdown waveforms for
black-hole binaries with non-precessing spins, Phys. Rev.
Lett. 106, 241101 (2011).

[67] L. Santamaria et al., Matching post-Newtonian and
numerical relativity waveforms: Systematic errors and a
new phenomenological model for non-precessing black
hole binaries, Phys. Rev. D 82, 064016 (2010).

[68] M. Hannam, P. Schmidt, A. Bohé, L. Haegel, S. Husa, F.
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